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To Annemarie and Hagen II 



Nature alone knows what she wants. 

Goethe 


Preface to the Fifth Edition 


The paperback version of the fourth edition of this book was sold out in Fall 2008. 
This gave me a chance to revise it at many places. In particular, I improved con¬ 
siderably Chapter 20 on financial markets and removed some technical sections of 
Chapter 5. 

Among the many people who spotted printing errors and suggested changes of 
various text passages are Dr. A. Pelster, Dr. A. Redondo, and especially Dr. An- 
nemarie Kleinert. 


H. Kleinert 
Berlin, January 2009 
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Nature alone knows what she wants. 

Goethe 


Preface to Fourth Edition 


The third edition of this book appeared in 2004 and was reprinted in the same 
year without improvements. The present fourth edition contains several extensions. 
Chapter 4 includes now semiclassical expansions of higher order. Chapter 8 offers 
an additional path integral formulation of spinning particles whose action contains 
a vector field and a Wess-Zumino term. From this, the Landau-Lifshitz equation 
for spin precession is derived which governs the behavior of quantum spin liquids. 
The path integral demonstrates that fermions can be described by Bose fields—the 
basis of Skyrmion theories. A further new section introduces the Berry phase, a 
useful tool to explain many interesting physical phenomena. Chapter 10 gives more 
details on magnetic monopoles and multivalued fields. Another feature is new in 
this edition: sections of a more technical nature are printed in smaller font size. 
They can well be omitted in a first reading of the book. 

Among the many people who spotted printing errors and helped me improve 
various text passages are Dr. A. Chervyakov, Dr. A. Pelster, Dr. F. Nogueira, Dr. 
M. Weyrauch, Dr. H. Baur, Dr. T. Iguchi, V. Bezerra, D. Jalin, S. Overesch, and 
especially Dr. Annemarie Klcinert. 


H. Kleinert 
Berlin, June 2006 
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Preface to Third Edition 


This third edition of the book improves and extends considerably the second edition 
of 1995: 

• Chapter 2 now contains a path integral representation of the scattering am¬ 
plitude and new methods of calculating functional determinants for time- 
dependent second-order differential operators. Most importantly, it introduces 
the quantum field-theoretic definition of path integrals, based on perturbation 
expansions around the trivial harmonic theory. 

• Chapter 3 presents more exactly solvable path integrals than in the previous 
editions. It also extends the Bender-Wu recursion relations for calculating 
perturbation expansions to more general types of potentials. 

• Chapter 4 discusses now in detail the quasiclassical approximation to the scat¬ 
tering amplitude and Thomas-Fcrmi approximation to atoms. 

• Chapter 5 proves the convergence of variational perturbation theory. It also 
discusses atoms in strong magnetic fields and the polaron problem. 

• Chapter 6 shows how to obtain the spectrum of systems with infinitely high 
walls from perturbation expansions. 

• Chapter 7 offers a many-path treatment of Bose-Einstein condensation and 
degenerate Fermi gases. 

• Chapter 10 develops the quantum theory of a particle in curved space, treated 
before only in the time-sliced formalism, to perturbatively defined path in¬ 
tegrals. Their reparametrization invariance imposes severe constraints upon 
integrals over products of distributions. We derive unique rules for evaluating 
these integrals, thus extending the linear space of distributions to a semigroup. 

• Chapter 15 offers a closed expression for the end-to-end distribution of stiff 
polymers valid for all persistence lengths. 

• Chapter 18 derives the operator Langevin equation and the Fokker-Planck 
equation from the forward-backward path integral. The derivation in the lit¬ 
erature was incomplete, and the gap was closed only recently by an elegant 
calculation of the Jacobian functional determinant of a second-order differen¬ 
tial operator with dissipation. 
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• Chapter 20 is completely new. It introduces the reader into the applications 
of path integrals to the fascinating new held of econophysics. 

For a few years, the third edition has been freely available on the internet, and 
several readers have sent useful comments, for instance E. Babaev, H. Baur, B. 
Budnyj, Chen Li-ming, A.A. Dragulescu, K. Glaum, I. Grigorenko, T.S. Hatamian, 
P. Hollister, P. Jizba, B. Hastening, M. Kramer, W.-F. Lu, S. Mukhin, A. Pelster, 
M.B. Pinto, C. Schubert, S. Schmidt, R. Scalettar, C. Tangui, and M. van Vugt. 
Reported errors are corrected in the internet edition. 

When writing the new part of Chapter 2 on the path integral representation of 
the scattering amplitude I profited from discussions with R. Rosenfclder. In the new 
parts of Chapter 5 on polarons, many useful comments came from J.T. Devreese, 
F.M. Peeters, and F. Brosens. In the new Chapter 20, I profited from discussions 
with F. Nogueira, A.A. Dragulescu, E. Eberlcin, J. Kallsen, M. Schweizer, P. Bank, 
M. Tenney, and E.C. Chang. 

As in all my books, many printing errors were detected by my secretary S. Endrias 
and many improvements are due to my wife Annemarie without whose permanent 
encouragement this book would never have been finished. 


H. Kleinert 
Berlin, August 2003 
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Preface to Second Edition 


Since this book first appeared three years ago, a number of important developments 
have taken place calling for various extensions to the text. 

Chapter 4 now contains a discussion of the features of the semiclassical quanti¬ 
zation which are relevant for multidimensional chaotic systems. 

Chapter 3 derives perturbation expansions in terms of Feynman graphs, whose 
use is customary in quantum field theory. Correspondence is established with 
Rayleigh-Schrodinger perturbation theory. Graphical expansions are used in Chap¬ 
ter 5 to extend the Feynman-Kleinert variational approach into a systematic vari¬ 
ational perturbation theory. Analytically inaccessible path integrals can now be 
evaluated with arbitrary accuracy. In contrast to ordinary perturbation expansions 
which always diverge, the new expansions are convergent for all coupling strengths, 
including the strong-coupling limit. 

Chapter 10 contains now a new action principle which is necessary to derive the 
correct classical equations of motion in spaces with curvature and a certain class of 
torsion (gradient torsion). 

Chapter 19 is new. It deals with relativistic path integrals, which were previously 
discussed only briefly in two sections at the end of Chapter 15. As an application, 
the path integral of the relativistic hydrogen atom is solved. 

Chapter 16 is extended by a theory of particles with fractional statistics ( anyons ), 
from which I develop a theory of polymer entanglement. For this I introduce non- 
abelian Chern-Simons fields and show their relationship with various knot polyno¬ 
mials (Jones, HOMFLY). The successful explanation of the fractional quantum Hall 
effect by anyon theory is discussed — also the failure to explain high-temperature 
superconductivity via a Chern-Simons interaction. 

Chapter 17 offers a novel variational approach to tunneling amplitudes. It ex¬ 
tends the semiclassical range of validity from high to low barriers. As an application, 
I increase the range of validity of the currently used large-order perturbation theory 
far into the regime of low orders. This suggests a possibility of greatly improving 
existing resummation procedures for divergent perturbation series of quantum field 
theories. 

The Index now also contains the names of authors cited in the text. This may 
help the reader searching for topics associated with these names. Due to their 
great number, it was impossible to cite all the authors who have made important 
contributions. I apologize to all those who vainly search for their names. 



XIV 


In writing the new sections in Chapters 4 and 16, discussions with Dr. D. Wintgen 
and, in particular, Dr. A. Schakel have been extremely useful. I also thank Professors 
G. Gerlich, P. Hanggi, H. Grabert, M. Roncadclli, as well as Dr. A. Pelster, and 
Mr. R. Karrlein for many relevant comments. Printing errors were corrected by my 
secretary Ms. S. Endrias and by my editor Ms. Lim Feng Nee of World Scientific. 

Many improvements are due to my wife Annemarie. 


H. Kleinert 

Berlin, December 1994 
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Preface to First Edition 


These are extended lecture notes of a course on path integrals which I delivered at the 
Freie Universitat Berlin during winter 1989/1990. My interest in this subject dates 
back to 1972 when the late R. P. Feynman drew my attention to the unsolved path 
integral of the hydrogen atom. 1 was then spending my sabbatical year at Caltech, 
where Feynman told me during a discussion how embarrassed he was, not being able 
to solve the path integral of this most fundamental quantum system. In fact, this had 
made him quit teaching this subject in his course on quantum mechanics as he had 
initially done. 1 Feynman challenged me: “Klcinert, you figured out all that group- 
theoretic stuff of the hydrogen atom, why don’t you solve the path integral!” He was 
referring to my 1967 Ph.D. thesis 2 where I had demonstrated that all dynamical 
questions on the hydrogen atom could be answered using only operations within 
a dynamical group 0(4,2). Indeed, in that work, the four-dimensional oscillator 
played a crucial role and the missing steps to the solution of the path integral were 
later found to be very few. After returning to Berlin, I forgot about the problem since 
I was busy applying path integrals in another context, developing a field-theoretic 
passage from quark theories to a collective field theory of hadrons. 3 Later, I carried 
these techniques over into condensed matter (superconductors, superfluid 3 He) and 
nuclear physics. Path integrals have made it possible to build a unified field theory 
of collective phenomena in quite different physical systems. 4 

The hydrogen problem came up again in 1978 as I was teaching a course on 
quantum mechanics. To explain the concept of quantum fluctuations, I gave an in¬ 
troduction to path integrals. At the same time, a postdoc from Turkey, I. H. Duru, 
joined my group as a Humboldt fellow. Since he was familiar with quantum mechan¬ 
ics, I suggested that we should try solving the path integral of the hydrogen atom. 
He quickly acquired the basic techniques, and soon we found the most important 
ingredient to the solution: The transformation of time in the path integral to a new 
path-dependent pseudotime, combined with a transformation of the coordinates to 

1 Quoting from the preface of the textbook by R.P. Feynman and A.R. Hibbs, Quantum Me¬ 
chanics and Path Integrals , McGraw-Hill, New York, 1965: “Over the succeeding years, ... Dr. 
Feynman’s approach to teaching the subject of quantum mechanics evolved somewhat away from 
the initial path integral approach.” 

2 H. Kleinert, Fortschr. Phys. 6, 1, (1968), and Group Dynamics of the Hydrogen Atom, Lec¬ 
tures presented at the 1967 Boulder Summer School, published in Lectures in Theoretical Physics, 
Vol. X B, pp. 427-482, ed. by A.O. Barut and W.E. Brittin, Gordon and Breach, New York, 1968. 

3 See my 1976 Erice lectures, Hadronization of Quark Theories , published in Understanding the 
Fundamental Constituents of Matter, Plenum press, New York, 1978, p. 289, ed. by A. Zichichi. 

4 H. Kleinert, Phys. Lett. B 69, 9 (1977); Fortschr. Phys. 26, 565 (1978); 30, 187, 351 (1982). 
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“square root coordinates” (to be explained in Chapters 13 and 14). 5 These trans¬ 
formations led to the correct result, however, only due to good fortune. In fact, our 
procedure was immediately criticized for its sloppy treatment of the time slicing. 6 * 
A proper treatment could, in principle, have rendered unwanted extra terms which 
our treatment would have missed. Other authors went through the detailed time- 
slicing procedure,' but the correct result emerged only by transforming the measure 
of path integration inconsistently. When I calculated the extra terms according to 
the standard rules I found them to be zero only in two space dimensions. 8 The 
same treatment in three dimensions gave nonzero “corrections” which spoiled the 
beautiful result, leaving me puzzled. 

Only recently I happened to locate the place where the three-dimensional treat¬ 
ment went wrong. I had just finished a book on the use of gauge holds in condensed 
matter physics. 9 The second volume deals with ensembles of defects which are de¬ 
fined and classified by means of operational cutting and pasting procedures on an 
ideal crystal. Mathematically, these procedures correspond to nonholonomic map¬ 
pings. Geometrically, they lead from a hat space to a space with curvature and 
torsion. While proofreading that book, I realized that the transformation by which 
the path integral of the hydrogen atom is solved also produces a certain type of 
torsion (gradient torsion). Moreover, this happens only in three dimensions. In two 
dimensions, where the time-sliced path integral had been solved without problems, 
torsion is absent. Thus I realized that the transformation of the time-sliced measure 
had a hitherto unknown sensitivity to torsion. 

It was therefore essential to find a correct path integral for a particle in a space 
with curvature and gradient torsion. This was a nontrivial task since the literature 
was ambiguous already for a purely curved space, offering several prescriptions to 
choose from. The corresponding equivalent Schrodinger equations differ by multiples 
of the curvature scalar. 10 The ambiguities are path integral analogs of the so-called 
operator-ordering problem in quantum mechanics. When trying to apply the existing 
prescriptions to spaces with torsion, I always ran into a disaster, some even yielding 
noncovariant answers. So, something had to be wrong with all of them. Guided by 
the idea that in spaces with constant curvature the path integral should produce the 
same result as an operator quantum mechanics based on a quantization of angular 
momenta, I was eventually able to find a consistent quantum equivalence principle 


5 I.H. Duru and H. Kleinert, Phys. Lett. B 84, 30 (1979), Fortschr. Phys. 30, 401 (1982). 

6 G.A. Ringwood and J.T. Devreese, J. Math. Phys. 21, 1390 (1980). 

'R. Ho and A. Inomata, Phys. Rev. Lett. 4 8, 231 (1982); A. Inomata, Phys. Lett. A 87, 387 
(1981). 

8 H. Kleinert, Phys. Lett. B 189, 187 (1987); contains also a criticism of Ref. 7. 

9 H. Kleinert, Gauge Fields in Condensed Matter, World Scientific, Singapore, 1989, Vol. I, pp. 
1- 744, Superflow and Vortex Lines, and Vol. II, pp. 745-1456, Stresses and Defects. 

10 B.S. DeWitt, Rev. Mod. Phys. 29, 377 (1957); K.S. Cheng, J. Math. Phys. 13, 1723 (1972), 
H. Kamo and T. Kawai, Prog. Theor. Phys. 50, 680, (1973); T. Kawai, Found. Phys. 5, 143 
(1975), H. Dekker, Physica A 103, 586 (1980), G.M. Gavazzi, Nuovo Cimento 101 A, 241 (1981); 
M.S. Marinov, Physics Reports 60, 1 (1980). 
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for path integrals in spaces with curvature and gradient torsion, 11 thus offering also 
a unique solution to the operator-ordering problem. This was the key to the leftover 
problem in the Coulomb path integral in three dimensions — the proof of the absence 
of the extra time slicing contributions presented in Chapter 13. 

Chapter 14 solves a variety of one-dimensional systems by the new techniques. 

Special emphasis is given in Chapter 8 to instability (path collapse) problems in 
the Euclidean version of Feynman’s time-sliced path integral. These arise for actions 
containing bottomless potentials. A general stabilization procedure is developed in 
Chapter 12. It must be applied whenever centrifugal barriers, angular barriers, or 
Coulomb potentials are present. 12 

Another project suggested to me by Feynman, the improvement of a variational 
approach to path integrals explained in his book on statistical mechanics 13 , found 
a faster solution. We started work during my sabbatical stay at the University of 
California at Santa Barbara in 1982. After a few meetings and discussions, the 
problem was solved and the preprint drafted. Unfortunately, Feynman’s illness 
prevented him from reading the final proof of the paper. He was able to do this 
only three years later when I came to the University of California at San Diego for 
another sabbatical leave. Only then could the paper be submitted. 14 

Due to recent interest in lattice theories, I have found it useful to exhibit the 
solution of several path integrals for a finite number of time slices, without going 
immediately to the continuum limit. This should help identify typical lattice effects 
seen in the Monte Carlo simulation data of various systems. 

The path integral description of polymers is introduced in Chapter 15 where 
stiffness as well as the famous excluded-volume problem are discussed. Parallels are 
drawn to path integrals of relativistic particle orbits. This chapter is a preparation 
for ongoing research in the theory of fluctuating surfaces with extrinsic curvature 
stiffness, and their application to world sheets of strings in particle physics. 15 I have 
also introduced the field-theoretic description of a polymer to account for its increas¬ 
ing relevance to the understanding of various phase transitions driven by fluctuating 
line-like excitations (vortex lines in superfluids and superconductors, defect lines in 
crystals and liquid crystals). 16 Special attention has been devoted in Chapter 16 to 
simple topological questions of polymers and particle orbits, the latter arising by 
the presence of magnetic flux tubes (Aharonov-Bohm effect). Their relationship to 
Bose and Fermi statistics of particles is pointed out and the recently popular topic 
of fractional statistics is introduced. A survey of entanglement phenomena of single 
orbits and pairs of them (ribbons) is given and their application to biophysics is 
indicated. 


11 H. Kleinert, Mod. Phys. Lett. A 4, 2329 (1989); Phys. Lett. B 236 , 315 (1990). 

12 H. Kleinert, Phys. Lett. B 224 , 313 (1989). 

13 R.P. Feynman, Statistical Mechanics, Benjamin, Reading, 1972, Section 3.5. 

14 R.P. Feynman and H. Kleinert, Phys. Rev. A 34 , 5080, (1986). 

15 A.M. Polyakov, Nucl. Phys. B 268, 406 (1986), H. Kleinert, Phys. Lett. B 174, 335 (1986). 
16 See Ref. 9. 
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Finally, Chapter 18 contains a brief introduction to the path integral approach 
of nonequilibrium quantum-statistical mechanics, deriving from it the standard 
Langevin and Fokker-Planck equations. 

I want to thank several students in my class, my graduate students, and my post¬ 
docs for many useful discussions. In particular, T. Eris, F. Langhammer, B. Meller, 
I. Mustapic, T. Sauer, L. Sernig, J. Zaun, and Drs. G. German, C. Holm, D. John¬ 
ston, and P. Kornilovitch have all contributed with constructive criticism. Dr. U. 
Eckern from Karlsruhe University clarified some points in the path integral deriva¬ 
tion of the Fokker-Planck equation in Chapter 18. Useful comments are due to Dr. 
P.A. Horvathy, Dr. J. Whitenton, and to my colleague Prof. W. Thcis. Their careful 
reading uncovered many shortcomings in the Erst draft of the manuscript. Special 
thanks go to Dr. W. Janke with whom I had a fertile collaboration over the years 
and many discussions on various aspects of path integration. 

Thanks go also to my secretary S. Endrias for her help in preparing the 
manuscript in DTf^X, thus making it readable at an early stage, and to U. Grimm 
for drawing the figures. 

Finally, and most importantly, I am grateful to my wife Dr. Annemarie Kleinert 
for her inexhaustible patience and constant encouragement. 


H. Kleinert 
Berlin, January 1990 
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1 

Fundamentals 


Path integrals deal with fluctuating line-like structures. These appear in nature in a 
variety of ways, for instance, as particle orbits in spacetime continua, as polymers in 
solutions, as vortex lines in superfluids, as defect lines in crystals and liquid crystals. 
Their fluctuations can be of quantum-mechanical, thermodynamic, or statistical ori¬ 
gin. Path integrals are an ideal tool to describe these fluctuating line-like structures, 
thereby leading to a unified understanding of many quite different physical phenom¬ 
ena. In developing the formalism we shall repeatedly invoke well-known concepts of 
classical mechanics, quantum mechanics, and statistical mechanics, to be summa¬ 
rized in this chapter. In Section 1.13, we emphasize some important problems of 
operator quantum mechanics in spaces with curvature and torsion. These problems 
will be solved in Chapters 10 and 8 by means of path integrals. 1 

1.1 Classical Mechanics 

The orbits of a classical-mechanical system are described by a set of time-dependent 
generalized coordinates qi(t),, g_/v(f). A Lagrangian 

L{qiA*,t) (l.i) 

depending on qi,... ,q N and the associated velocities qu ... An governs the dynam¬ 
ics of the system. The dots denote the time derivative d/dt. The Lagrangian is at 
most a quadratic function of q % . The time integral 

A[qi] = [ dtL(qi(t),qi(t),t ) (1.2) 

Jt a 

of the Lagrangian along an arbitrary path q^t) is called the action of this path. The 
path being actually chosen by the system as a function of time is called the classical 
path or the classical orbit qf{t). It has the property of extremizing the action in 
comparison with all neighboring paths 

Qi(t) = qf(t) + Sqi(t) (1.3) 

1 Readers familiar with the foundations may start directly with Section 1.13. 
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having the same endpoints q(h), q(t a ). To express this property formally, one 
introduces the variation of the action as the linear term in the Taylor expansion of 
A[qi) in powers of 5qi(t): 

= { A|([', d" &qi\ A\q, \ } 1 i ii term in <)q, ■ (T4) 


The extremal principle for the classical path is then 


SA[q.i] 




0 


(1.5) 


for all variations of the path around the classical path, Sq.i(t) = q^t) — qf(t), which 
vanish at the endpoints, i.e., which satisfy 


Sqi(t a ) = Sqi(t b ) = 0. 


( 1 . 6 ) 


Since the action is a time integral of a Lagrangian, the extremality property can 
be phrased in terms of differential equations. Let us calculate the variation of A[q t \ 
explicitly: 


5A[qi\ = {A[qi + Sqi\ - A[< 7 i]}i in 

rh 


dt {L ( qi(t ) + Sqi(t), <ji(t) + Sqi(t),t ) - L (. q^t ), qi(t),t)} 


lin 


[ dt I Tr~dqi(t) + jrrfiqi(t) 
ha I oqi dqi 


fF , (OL ddL\ 8L e . . 

L dt {wrdiw} 5qi{t)+ w; ki(t) 


(1.7) 


The last expression arises from a partial integration of the 5qi term. Here, as in the 
entire text, repeated indices are understood to be summed ( Einstein’s summation 
convention). The endpoint terms (surface or boundary terms) with the time t equal 
to t a and tb may be dropped, due to (1.6). Thus we find for the classical orbit qf(t) 
the Euler-Lagrange equations: 

d_dL_ _ dL_ 

dt dqi dqi 

There is an alternative formulation of classical dynamics which is based on a 
Legendre-transformed function of the Lagrangian called the Hamiltonian 

dL 

H = 77®- L(qi,q h t). (1.9) 

dqi 


( 1 . 8 ) 


Its value at any time is equal to the energy of the system. According to the general 
theory of Legendre transformations [1], the natural variables which H depends on 
are no longer q t and q t , but q x and the generalized momenta p t , the latter being 
defined by the N equations 

Pi=SrL{qi,qi,t). ( 1 . 10 ) 

dqi 
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In order to express the Hamiltonian H ( pi , qi , t) in terms of its proper variables pi, q t , 
the equations (1.10) have to be solved for q, by a velocity function 

qi = Vi(pi,qi,t). ( 1 . 11 ) 


This is possible provided the Hessian metric 


hij(qi,qi,t) 


d 2 

dcpdip 


L(qi,qi,t ) 


( 1 . 12 ) 


is nonsingular. The result is inserted into (1.9), leading to the Hamiltonian as a 
function of p t and qp 


H ( pi , f/j, t) = PiVi(pi, q-i, t) - L ( q-i , ( Pi , q t , t) ,t). (1.13) 


In terms of this Hamiltonian, the action is the following functional of Pi(t) and 


A\p h qi 


rh 


dt 




(1.14) 


This is the so-called canonical form of the action. The classical orbits are now spec¬ 
ified by pf(t), qf(t). They extremize the action in comparison with all neighboring 
orbits in which the coordinates qft) are varied at fixed endpoints [see (1.3), (1.6)] 
whereas the momenta Pi(t) are varied without restriction: 


qi(t) = q?(t) + Sqi(t), 5qi(t a ) = Sqi(t b ) = 0, 

Pi(t) = pf(t) + Spi(t). 


In general, the variation is 


5A[pi, qi 



flTT 

5pi(t)qi(t) 4 ~Pi{t)Sqi{t) - -—dpi - —Sqi 

OPi UQi 





Pi(t) + 


dH 

dqi 



4 -Pi(t)Sqi(t) 


tb 

t a 


(1.16) 


Since this variation has to vanish for the classical orbits, we find that pf(t),qf(t) 
must be solutions of the Hamilton equations of motion 


Pi 


q* 


dH 
dqi ’ 
dH 

dpi' 


(1.17) 


These agree with the Euler-Lagrange equations (1.8) via (1.9) and (1.10), as can 
easily be verified. The 2 N -dimensional space of all pi and q, l is called the phase 
space. 
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An arbitrary function 0(pi(t), qi(t),t ) changes along an arbitrary path as follows: 


o? . . . dO . DO . dO 


(1.18) 


If the path coincides with a classical orbit, we may insert (1.17) and find 


dO 

dt 


dH dO dO dH 


dpt dq-i dpi dq-i 


{H,0} + 


dO 
~dt ' 


dO 

~dt 


(1.19) 


Here we have introduced the symbol called Poisson brackets: 


{A, B} 


dA dB dB dA 

dpi dqi dpi dq.i ’ 


( 1 . 20 ) 


again with the Einstein summation convention for the repeated index i. The Poisson 
brackets have the obvious properties 


{A,B} = —{B,A} antisymmetry, (1.21) 

{A, {B, C}} + {B, {C, A}} + {C, {A, B}} = 0 Jacobi identity. (1-22) 

If two quantities have vanishing Poisson brackets, they are said to commute. 

The original Hamilton equations are a special case of (1.19): 

d dH dpi dpi dH dH 

dt Pl ,Pl d Pj d qj d Pj d qj dq, ’ 

d dH dqi dqi dH dH 

dt ^ ,Pl dpjdqj dpjdqj dpi 

By definition, the phase space variables pi, qi satisfy the Poisson brackets 

{Pi 1 Qj\ &ij i 

{Pi,Pj} = 0, (1.24) 

UiHj} = 0 . 

A function 0(pi,qi ) which has no explicit dependence on time and which, more¬ 
over, commutes with H (i.e., {O, H} = 0), is a constant of motion along the classical 
path, clue to (1.19). In particular, H itself is often time-independent, i.e., of the form 

H = H(pi, q^. (1.25) 


Then, since H commutes with itself, the energy is a constant of motion. 
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The Lagrangian formalism has the virtue of being independent of the particular 
choice of the coordinates q % . Let Qi be any other set of coordinates describing the 
system which is connected with q, by what is called a local 2 or point transformation 


Qi fii.Qjjt')- 


(1 26) 


Certainly, to be of use, this relation must be invertible, at least in some neighborhood 
of the classical path, 

Qi = r\(qj,t). (1.27) 

Otherwise Qi and q, could not both parametrize the same system. Therefore, f t 
must have a nonvanishing Jacobi determinant: 


det 


dfA 

dQj) 


7^0. 


In terms of Qi, the initial Lagrangian takes the form 

L’ (Qj, Qj , t) = L (/* (Qj, t ), fi ( Qj,t ), f) 

and the action reads 

A — f dtt 1/ [Q j (t),Qj(t),t s j 

J t a 

= [ dt L (/j (Qj{t),f ), ft (Qj(t),t ), f) . 


(1.28) 


(1.29) 


(1.30) 


By performing variations 5Qj(t), SQj(t) in the first expression while keeping 
dQj (t a ) = 5Qj(tb ) = 0, we find the equations of motion 


d dU 8L' 
dt dQj dQj 

The variation of the lower expression, on the other hand, gives 


5A 



' 9L r r , 9L xA 

T^—dfi + 77 —ofi 

K U(Ji (JQi J 

' dL ddL\ dL \t b 

K dqi dtdqi) dqi 


(1.31) 


(1.32) 


If dqi is arbitrary, then so is dfi. Moreover, with dqi(t a ) = dqiftf) = 0, also dfi 
vanishes at the endpoints. Hence the extremum of the action is determined equally 
well by the Euler-Lagrange equations for Q 3 {t) [as it was by those for qff)}. 

2 The word local means here at a specific time. This terminology is of common use in field 
theory where local means, more generally, at a specific spacetime point. 
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Note that the locality property is quite restrictive for the transformation of the 
generalized velocities q t (t). They will necessarily be linear in Q 3 : 


Qi = fi(Qj,t) = iprQj + ^ir- 


dQj 


dt 


(1.33) 


In phase space, there exists also the possibility of performing local changes of 
the canonical coordinates p z , q* to new ones Pj , Qj. Let them be related by 


Pi 

Pi(Pj i Qj ? t ), 

(1.34) 

Qi 

Qi{Pj i Qj i t) 1 

Pj 

= Pjipil Qii t), 

(1.35) 

Qj 

= Qj(Pi,qi,t). 


with the inverse relations 


However, while the Enler-Lagrange equations maintain their form under any local 
change of coordinates, the Hamilton equations do not hold, in general, for any trans¬ 
formed coordinates Pj(t), Qj{t). The local transformations Pi(t), q^t ) —* Pj(t), Qj(t ) 
for which they hold, are referred to as canonical. They are characterized by the form 
invariance of the action, up to an arbitrary surface term, 


rt b 


dt \pi<ii- H(pi,qi,t)] = 


rtb 


dt 


PjQj - H'(P jr Qj,t) 


(1.36) 


where H'(Pj,Qj,t ) is some new Hamiltonian. Its relation with H(p i ,q i ,t ) must be 
chosen in such a way that the equality of the action holds for any path Pi(t),qi(t) 
connecting the same endpoints (at least any in some neighborhood of the classical 
orbits). If such an invariance exists then a variation of this action yields for Pj(t) 
and Qj(t) the Hamilton equations of motion governed by H'\ 

dH' 


P = 


Qi = 


dQr 

dH' 

~dP' 


(1.37) 


The invariance (1.36) can be expressed differently by rewriting the integral on the 
left-hand side in terms of the new variables Pj(t),Qj(t ), 


r^b 


dt { pi 


+ H-Q, + %)- H(p,(P,,Q„t), q ,(P,,Q,,t),t) 


APi’ 


dQj J dt r 
and subtracting it from the right-hand side, leading to 
rtb 


(1.38) 


>t a 


p dq ' \ nn 
Pj Pi o/n dQj 


dQj 


dq-i 


p ^ dP 
Vl dPj 3 


H' + p l -^-H\dt\ = -F{Pj,Qj,t) 


(1.39) 
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The integral is now a line integral along a curve in the ( 2N + l)-dimensional space, 
consisting of the 2TV-dimensional phase space variables pi, q, and of the time t. 
The right-hand side depends only on the endpoints. Thus we conclude that the 
integrand on the left-hand side must be a total differential. As such it has to satisfy 
the standard Schwarz integrability conditions [2], according to which all second 
derivatives have to be independent of the sequence of differentiation. Explicitly, 
these conditions are 


dpi_dqi_ _ dqj dp.j 
dP k dQi dP k dQi 

dpi_dqi_ _ dqj dpj 
dP k dp dP k dp 

dpi dqj _ dqj dpj 

dQ k dQi dQ k dQi 


(1.40) 


dpj_dcp_ _dcpdpi_ _ d(H' - H) 
dt dPi dt d Pi dPi 

dpi dqi dqi dpi _ d(H' - H ) 


(1.41) 


dt dQi dt dQi dQi 

The first three equations define the so-called Lagrange brackets in terms of which 
they are written as 


(Pk, Qi ) = $kh 

(P fc , Pi) = 0, 

(Qk,Qi) = 0. (1.42) 


Time-dependent coordinate transformations satisfying these equations are called 
symplectic. After a little algebra involving the matrix of derivatives 


/ dPi/dpj dPi/dqj \ 

\ dQi/dpj dQi/dqj ) ’ 


its inverse 

x / dpi/dPj dpi/dQj \ 

\ dqi/dPj dqi/dQj ) 

and the symplectic unit matrix 


E 





(1.43) 


(1.44) 


(1.45) 


we find that the Lagrange brackets (1.42) are equivalent to the Poisson brackets 


{Pk,Ql} = Ski, 
{Pk,Pi} = o, 
{Qk,Qi} = o. 


(1.46) 
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This follows from the fact that the 2TV x 2TV matrix formed from the Lagrange 
brackets 


\ (Pi, Pj) (P„Q,) ) 


can be written as (E l J l E) T J 1 , while an analogous matrix formed from the 
Poisson brackets 


/ {P„Qi) -{Pi,Pi) \ 
\W„Oj} ~{Qi,p}) 


(1.48) 


is equal to J (E^ 1 J E) T . Hence C = P -1 , so that (1.42) and (1.46) are equivalent to 
each other. Note that the Lagrange brackets (1.42) [and thus the Poisson brackets 
(1.46)] ensure p^i — PjQj to be a total differential of some function of Pj and Qj in 
the 2TV-dimensional phase space: 


PiQi PjQj dt G { P j^Qj^)- 


(1.49) 


The Poisson brackets (1.46) for Pi,Qi have the same form as those in Eqs. (1.24) 
for the original phase space variables Pi,qi- 

The other two equations (1.41) relate the new Hamiltonian to the old one. They 
can always be used to construct H'(Pj, Qj, t) from H(pi, qi, t ). The Lagrange brack¬ 
ets (1.42) or Poisson brackets (1.46) are therefore both necessary and sufficient for 
the transformation Pi,qi —» Pj, Qj to be canonical. 

A canonical transformation preserves the volume in phase space. This follows 
from the fact that the matrix product J (LA 1 JE) T is equal to the 2TV x 2TV unit 
matrix (1.48). Hence det (J) = ±1 and 


[Q J \dp t dip] = FI / \ dP j d Qj] ■ (!-50) 

i j 


It is obvious that the process of canonical transformations is reflexive. It may 
be viewed just as well from the opposite side, with the roles of p % , q z and Pj,Qj 
exchanged [we could just as well have considered the integrand (1.39) as a complete 
differential in Pj,Qj,t space]. 

Once a system is described in terms of new canonical coordinates Pj,Qj, we 
introduce the new Poisson brackets 


{A,B}' 


dA c)B 

dPj dQj 


dB dA 
dPj dQj ’ 


(1.51) 


and the equation of motion for an arbitrary observable quantity O (Pj(t),Qj(t),t) 
becomes with (1.37) 


dO 

dt 




dO_ 
~dt ’ 


(1.52) 
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by complete analogy with (1.19). The new Poisson brackets automatically guarantee 
the canonical commutation rules 

{P»Qj}' = Sij, 

{Pi,PjY = 0, (1.53) 

{Qi,QjY = 0 . 

A standard class of canonical transformations can be constructed by introducing 
a generating function F satisfying a relation of the type (1.36), but depending 
explicitly on half an old and half a new set of canonical coordinates, for instance 

F = F(q il Q jl t). (1.54) 


One now considers the equation 



H(pi,qi,t)\ 



PjQj - H'(P h Q h t) + f t F(q h Q j ,t) 


(1.55) 


replaces PjQj by —PjQj + 4 PjQj , defines 


P(Qi, Pj, t) = F(q h Qj, t) + PjQj, 


and works out the derivatives. This yields 


rh 


dt [p t q, + PjQj - [. H(pi , q h t) - H\Pj, Qj,t)]j 

(QJT Qp Qp 

Jt dt | ^7(ft. P V + gp-iVi’ Pj, t)Pj + Pj, t) 


(1.56) 


A comparison of the two sides yields the equations for the canonical transformation 


d 

Pi = -j^F{qi,Pj,t), 


Qj = 


d 

dP ' 


(1.57) 


F(Vi,Pj,t )• 


The second equation shows that the above relation between F(q i} Pj,t) and 
F{qi,Qj,t) amounts to a Legendre transformation. 

The new Hamiltonian is 

H \Pj,Qj,t) = H(pi, q.i, t) + F(q i: Pj,t ). (1.58) 

Instead of (1.54) we could, of course, also have chosen functions with other mixtures 
of arguments such as F(q i} Pj, t ), F(pi, Qj, t ), F{p i: Pj, t ) to generate simple canonical 
transformations. 
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A particularly important canonical transformation arises by choosing a gener¬ 
ating function F(qi,Pj ) in such a way that it leads to time-independent momenta 
Pj = a.y Coordinates Qj with this property are called cyclic. To find cyclic co¬ 
ordinates we must search for a generating function F(qj, Pj,t) which makes the 
transformed H' in (1.58) vanish identically. Then all derivatives with respect to the 
coordinates vanish and the new momenta Pj are trivially constant. Thus we seek a 
solution of the equation 


Pj, t) = —H(pi, q. u t), (1.59) 

where the momentum variables in the Hamiltonian obey the first equation of (1.57). 
This leads to the following partial differential equation for E(ft, Pj,t): 

d t F(qi,Pj,t ) = -H(d q .F(qi, Pj,t),qi,t), (1.60) 

called the Hamilton-Jacobi equation. Here and in the sequel we shall often use the 
short notations for partial derivatives d t = d/dt, d qi = d/d qi . 

A generating function which achieves this goal is supplied by the action functional 
(1.14). When following the classical solutions starting from a fixed initial point and 
running to all possible final points q % at a time t, the associated actions of these 
solutions form a function A(qi,t). Expression (1.14) show that if a particle moves 
along a classical trajectory, and the path is varied without keeping the endpoints 
fixed, the action changes as a function of the end positions (1.16) by 


SA\pi, ft] = Pi(t b )Sqi(t b ) - Pi(t a )8qi(t a ). (1.61) 

From this we deduce immediately the first of the equations (1.57), now for the 
generating function A(ft,f): 


Pi = -S-A(qi,t). (1.62) 

% 

Moreover, the function A(ft,f) has the time derivative 

^ A(qi(t),t ) = Pi(t)<ji(t) - H(pi(t), ft (t), t). (1.63) 

Together with (1.62) this implies 


<M(ft, t) = -Hfa , ft, t). (1.64) 

If the momenta p t on the right-hand side are replaced according to (1.62), A(ft,f) 
is indeed seen to be a solution of the Hamilton-acobi differential equation: 

d t A(q h t) = -H(d qi A(q h t),qi,t). (1.65) 
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1.2 Relativistic Mechanics in Curved Spacetime 


The classical action of a relativistic spinless point particle in a curved four¬ 
dimensional spacetime is usually written as an integral 

A = -Me 2 j drL(q, q) = -Me 2 j drsjg^{r)q v (T), (1.66) 


where r is an arbitrary parameter of the trajectory. It can be chosen in the final 
trajectory to make L(q,q) = 1, in which case it coincides with the proper time of 
the particle. For arbitrary r, the Euler-Lagrange equation (1.8) reads 


d_ 

dt 


1 

L(q, q) 


fliMl" 


l 

2 L( q ,q) 


{du9K\) q K q x - 


(1.67) 


If r is the proper time where L(q,q) = 1, this simplifies to 

M) = \ (d„g K a) q K q X , (1-68) 

or 

g^q u = (^dufhzX - d\gq K q X ■ (1-69) 

For brevity, we have denoted partial derivatives d/dq^ L by <9 /t . This partial derivative 
is supposed to apply only to the quantity right behind it. At this point one introduces 
the Christoff el symbol 


1 

^ 'Xuji = T d u g\^ (1.70) 

and the Christoffel symbol of the second kind 3 

r K / = g^r Kua . (1.71) 

Then (1.69) can be written as 

^ = 0. (1.72) 

Since the solutions of this equation minimize the length of a curve in spacetime, 
they are called geodesics. 

3 In many textbooks, for instance S. Weinberg, Gravitation and Cosmology , Wiley, New York, 
1972, the upper index and the third index in (1.70) stand at the first position. Our nota¬ 
tion follows J.A. Schouten, Ricci Calculus, Springer, Berlin, 1954. It will allow for a closer 
analogy with gauge fields in the construction of the Riemann tensor as a covariant curl of 
the Christoffel symbol in Chapter 10. See H. Kleinert, Gauge Fields in Condensed Matter, 
Vol. II Stresses and Defects, World Scientific Publishing Co., Singapore 1989, pp. 744-1443 
(http://www.physik.fu-berlin.de/~kleinert/b2). 




12 


1 Fundamentals 


1.3 Quantum Mechanics 

Historically, the extension of classical mechanics to quantum mechanics became 
necessary in order to understand the stability of atomic orbits and the discrete 
nature of atomic spectra. It soon became clear that these phenomena reflect the 
fact that at a sufficiently short length scale, small material particles such as electrons 
behave like waves, called material waves. The fact that waves cannot be squeezed 
into an arbitrarily small volume without increasing indefinitely their frequency and 
thus their energy, prevents the collapse of the electrons into the nucleus, which 
would take place in classical mechanics. The discreteness of the atomic states of an 
electron are a manifestation of standing material waves in the atomic potential well, 
by analogy with the standing waves of electromagnetism in a cavity. 


1.3.1 Bragg Reflections and Interference 

The most direct manifestation of the wave nature of small particles is seen in diffrac¬ 
tion experiments on periodic structures, for example of electrons diffracted by a crys¬ 
tal. If an electron beam of fixed momentum p passes through a crystal, it emerges 
along sharply peaked angles. These are the well-known Bragg reflections. They 
look very similar to the interference patterns of electromagnetic waves. In fact, it 
is possible to use the same mathematical framework to explain these patterns as in 
electromagnetism. A free particle moving with momentum 

P = (p\p 2 ,---,P D )- (1-73) 


through a D- dimensional Euclidean space spanned by the Cartesian coordinate vec¬ 
tors 

x = [x\x 2 ,..., x D ) (1-74) 

is associated with a plane wave, whose held strength or wave function has the form 

T p (x,f) = e ikx -^, (1.75) 


where k is the wave vector pointing into the direction of p and u is the wave fre¬ 
quency. Each scattering center, say at x', becomes a source of a spherical wave 
with the spatial behavior e tkR /R (with R = |x — x'| and k = |k|) and the wave¬ 
length X = 2-Jt/k. At the detector, all held strengths have to be added to the total 
held strength 4/(x, t). The absolute square of the total held strength, |T(x, t)| 2 , is 
proportional to the number of electrons arriving at the detector. 

The standard experiment where these rules can most simply be applied consists 
of an electron beam impinging vertically upon a hat screen with two parallel slits 
a with spacing d. At a large distance R behind these, one observes the number of 
particles arriving per unit time (see Fig. 1.1) 


dN 2 

oc!», + *,!»« 


^ik(R+^d sin if) 


+ e 


ik(R-^dsinif) 


1 

w 


(1.76) 
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Figure 1.1 Probability distribution of particle behind double slit, being proportional to 
the absolute square of the sum of the two complex field strengths. 

where ip is the angle of deflection from the normal. 

Conventionally, the wave function T (x, t) is normalized to describe a single par¬ 
ticle. Its absolute square gives directly the probability density of the particle at the 
place x in space, i.e., d 3 x |\l/(x, t)\ 2 is the probability of finding the particle in the 
volume element d 3 x around x. 

1.3.2 Matter Waves 

From the experimentally observed relation between the momentum and the size of 
the angular deflection p of the diffracted beam of the particles, one deduces the 
relation between momentum and wave vector 


p = hk, (1-77) 

where h is the universal Planck constant whose dimension is equal to that of an 
action, 

h = = 1.0545919(80) x 10~ 27 ergsec (1.78) 

2tt 

(the number in parentheses indicating the experimental uncertainty of the last two 
digits before it). A similar relation holds between the energy and the frequency of 
the wave \I/(x, t). It may be determined by an absorption process in which a light 
wave hits an electron and kicks it out of the surface of a metal, the well-known 
photoelectric effect. From the threshold property of this effect one learns that an 
electromagnetic wave oscillating in time as e~ lut can transfer to the electron the 
energy 

E = Hu, (1.79) 

where the proportionality constant % is the same as in (1.77). The reason for this 
lies in the properties of electromagnetic waves. On the one hand, their frequency to 
and the wave vector k satisfy the relation to/c — |k|, where c is the light velocity 
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defined to be c = 299 792.458 km/s. On the other hand, energy and momentum 
are related by E/c = |p|. Thus, the quanta of electromagnetic waves, the photons , 
certainly satisfy (1.77) and the constant h must be the same as in Eq. (1.79). 

With matter waves and photons sharing the same relations (1.77), it is suggestive 
to postulate also the relation (1.79) between energy and frequency to be universal for 
the waves of all particles, massive and massless ones. All free particles of momentum 
p are described by a plane wave of wavelength A = 27r/|k| = 27rh/|p|, with the 
explicit form 

T p (x,t) =.tfe i<Jpx - E * t) / h , (1.80) 

where J\f is some normalization constant. In a finite volume, the wave function 
is normalized to unity. In an infinite volume, this normalization makes the wave 
function vanish. To avoid this, the current density of the particle probability 

j(x, t) = t ) V ^(x, t) (1.81) 

2 m 

is normalized in some convenient way, where V is a short notation for the difference 
between forward- and backward-derivatives 

■0*(x, t) V -0(x, t) = ^*(x, t) V ^(x, t) — ^*(x, t) V ^(x, t) 

= ^(x,i)V^(x,f)-[V^(x,t)]^(x,f). (1.82) 

The energy E p depends on the momentum of the particle in the classical way, 
i.e., for nonrelativistic material particles of mass M it is E p = p 2 /2M, for relativistic 
ones E p = c\J p 2 + M 2 c 2 , and for massless particles such as photons E p = c|p|. The 
common relation E p = hu for photons and matter waves is necessary to guarantee 
conservation of energy in quantum mechanics. 

In general, both momentum and energy of a particle are not sharply defined as 
in the plane-wave function (1.80). Usually, a particle wave is some superposition of 
plane waves (1.80) 

*(x, t) = J -4A /(p) e «p»-E»<>/*. (1.83) 

By the Fourier inversion theorem, /(p) can be calculated via the integral 

/(p) = J d 3 x e _,px/?i 'h(x, 0). (1.84) 

With an appropriate choice of /(p) it is possible to prepare T(x, t) in any desired 

form at some initial time, say at t — 0. For example, T(x, 0) may be a function 

sharply centered around a space point x. Then /(p) is approximately a pure phase 
/(P) e *P x / fl ) and the wave contains all momenta with equal probability. Con¬ 
versely, if the particle amplitude is spread out in space, its momentum distribution 
is confined to a small region. The limiting /(p) is concentrated at a specific mo¬ 
mentum p. The particle is found at each point in space with equal probability, with 
the amplitude oscillating like T(x, t) ~ e *(px-E p q/U 


H. Kleinert, PATH INTEGRALS 




1.3 Quantum Mechanics 


15 


In general, the width of T(x, 0) in space and of /(p) in momentum space are 
inversely proportional to each other: 

AxAp~h. (1.85) 

This is the content of Heisenberg’s principle of uncertainty. If the wave is localized 
in a finite region of space while having at the same time a fairly well-defined average 
momentum p, it is called a wave packet. The maximum in the associated probability 
density can be shown from (1.83) to move with a velocity 

v = dEp/dp. (1.86) 

This coincides with the velocity of a classical particle of momentum p. 


1.3.3 Schrodinger Equation 

Suppose now that the particle is nonrelativistic and has a mass M. The classical 
Hamiltonian, and thus the energy E p , are given by 

tf(p) = E P = ^ (1.87) 

We may therefore derive the following identity for the wave held T p (x, t): 

j 7 ^ /(p) |ff(p) - £„] e *(p*-Ep*)/ft = o. (1.88) 

The arguments inside the brackets can be removed from the integral by observing 
that p and E p inside the integral are equivalent to the differential operators 


p = — ih'V , 

E = ihd t 


(1.89) 


outside. Then, Eq. (1.88) may be written as the differential equation 

[H(-iUV) - ih<9 t )]T(x, t) = 0. (1.90) 

This is the Schrodinger equation for the wave function of a free particle. The equa¬ 
tion suggests that the motion of a particle with an arbitrary Hamiltonian H( p, x, t) 
follows the straightforward generalization of (1.90) 

(H-ihd t ) T(x,t) = 0, (1.91) 

where H is the differential operator 


H = H(-ihV,x,t). 


( 1 . 92 ) 
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The rule of obtaining H from the classical Hamiltonian H( p, x, t) by the substitution 
p —> p = —ih'V will be referred to as the correspondence principled We shall see in 
Sections 1.13-1.15 that this simple correspondence principle holds only in Cartesian 
coordinates. 

The Schrodinger operators (1.89) of momentum and energy satisfy with x and t 
the so-called canonical commutation relations 


\pi, Xj} = — ih , [E, t] = 0 = ih. 


(1.93) 


The linear combinations of the solutions of the Schrodinger equation (1.91) form, 
at each time t, a Hilbert space. If the Hamiltonian does not depend explicitly on 
time, If the Hamiltonian does not depend explicitly on time, the Hilbert space can 
be spanned by the energy eigenstates \I/E n (x, t) = e~ lEnt ^ h ^f E n (^), where ^b„(x) are 
time-independent stationary states , which solve the time-independent Schrodinger 
equation 

ff(P,x)* a .(x) = S„* 6 ,(x). (1.94) 

The validity of the Schrodinger theory (1.91) is confirmed by experiment, most 
notably for the Coulomb Hamiltonian 


ff(p,x) 



(1.95) 


which governs the quantum mechanics of the hydrogen atom in the center-of-mass 
coordinate system of electron and proton, where M is the reduced mass of the two 
particles. 

Since the square of the wave function, |T(x, t) | 2 , is interpreted as the probability 
density of a single particle in a finite volume, the integral over the entire volume 
must be normalized to unity: 


J d 3 x |T(x, t)\ 2 = 1 . 


(1.96) 


For a stable particle, this normalization must remain the same at all times. If 
\H(x, t) is to follow the Schrodinger equation (1.91), this is assured if and only if the 
Hamiltonian operator is Hermitian, 5 i.e., if it satisfies for arbitrary wave functions 
\Pi, T 2 the equality 

J d 3 x [_HT 2 (x, t)]*Ti(x, t) = J d 3 x^* 2 {pi., t).HTi(x, t). (1-97) 

4 Our formulation of this principle is slightly stronger than the historical one used in the initial 
phase of quantum mechanics, which gave certain translation rules between classical and quantum- 
mechanical relations. The substitution rule for the momentum runs also under the name Jordan 
rule. 

5 Problems arising from unboundedness or discontinuities of the Hamiltonian and other 
quantum-mechanical operators, such as restrictions of the domains of definition, are ignored here 
since they are well understood. Correspondingly we do not distinguish between Hermitian and self- 
adjoint operators (see J. v. Neumann, Mathematische Grundlagen der Quantenmechanik, Springer, 
Berlin, 1932). Some quantum-mechanical operator subtleties will manifest themselves in this book 
as problems of path integration to be solved in Chapter 12. The precise relationship between the 
two calls for further detailed investigations. 
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The left-hand side defines the Hermitian-adjoint W of the operator 77, which sat¬ 
isfies the identity 

Jd*xn^t)H^t) = Jd 3 x[H^,t)T^,t) (1.98) 

for all wave functions \l/i(x, t), T 2 (x, t). An operator 77 is Hermitian, if it coincides 
with its Hermitian-adjoint 77b 

77 = 77b (1.99) 

Let us calculate the time change of the integral over two arbitrary wave functions, 
J d 3 x%{x,t)'f 1 (x,t). With the Schrodinger equation (1.91), this time change van¬ 
ishes indeed as long as 77 is Hermitian: 

f d 3 £'L 2 (x,f)'Li(x,f) 

at J ( 1 . 100 ) 

= J d 3 x T^x, t)77Ti(x, t) — J d 3 x [77T 2 (x, f)]*Ti(x, t) = 0. 


This also implies the time independence of the normalization integral 
/ d 3 x |T(x, t )| 2 = 1. 

Conversely, if 77 is not Hermitian, one can always find an eigenstate of 77 whose 
norm changes with time: any eigenstate of (77 — H^)/i has this property. 

Since p = — ih'V and x are themselves Hermitian operators, 77 will automatically 
be a Hermitian operator if it is a sum of a kinetic and a potential energy: 

77(p, x, t) = T(p, t) +V (x, t). (1.101) 

This is always the case for nonrclativistic particles in Cartesian coordinates x. If p 
and x appear in one and the same term of 77, for instance as p 2 x 2 , the correspon¬ 
dence principle does not lead to a unique quantum-mechanical operator 77. Then 
there seem to be, in principle, several Hermitian operators which, in the above exam¬ 
ple, can be constructed from the product of two p and two x operators [for instance 
aprxr+/3x p + 7 px p with a+P+^t = 1]. They all correspond to the same classical 
p 2 x 2 . At first sight it appears as though only a comparison with experiment could 
select the correct operator ordering. This is referred to as the operator-ordering 
problem of quantum mechanics which has plagued many researchers in the past. If 
the ordering problem is caused by the geometry of the space in which the particle 
moves, there exists a surprisingly simple geometric principle which specifies the or¬ 
dering in the physically correct way. Before presenting this in Chapter 10 we shall 
avoid ambiguities by assuming 77(p,x, t) to have the standard form (1.101), unless 
otherwise stated. 
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1.3.4 Particle Current Conservation 


The conservation of the total probability (1.96) is a consequence of a more general 
local conservation law linking the current density of the particle probability 


ft 

j(x,t) = -i—ip(x,t) V ^(x,t) 

2m 

(1.102) 

with the probability density 


p(x,t) = V'*(x,t)V'(x,t) 

(1.103) 

via the relation 


dtp(*,t) = - V ■ j(x,t). 

(1.104) 


By integrating this current conservation law over a volume V enclosed by a surface 
S, and using Green’s theorem, one finds 


f d 3 x d t p(x,t) — — f d 3 x V • j(x, t) = — f dS-j(x,t), (1.105) 

Jv JV ' Js 

where dS are the directed infinitesimal surface elements. This equation states that 
the probability in a volume decreases by the same amount by which probability 
leaves the surface via the current j(x, t). 

By extending the integral (1.105) over the entire space and assuming the currents 
to vanish at spatial infinity, we recover the conservation of the total probability 
(1.96). 

More general dynamical systems with N particles in Euclidean space are 
parametrized in terms of 3 N Cartesian coordinates x. u {y = 1,..., N ). The Hamil¬ 
tonian has the form 

N 2 

H(Pv,*v,t) = J2 1 ^- + V(x u ,t), (1.106) 

u=l Z1V1 v 

where the arguments pj,, ~x. u in H and V stand for all p^’s, x„ with v — 1, 2, 3,..., N. 
The wave function T(x !y ,t) satisfies the iV-particle Schrodinger equation 


N 


-£ 

. u= 1 


n 2 


2 M, 


■dy, 2 + V(x„,t) 


T(x^,t) = ihd t ^(yi u ,t). 


(1.107) 


1.4 Dirac’s Bra-Ket Formalism 

Mathematically speaking, the wave function T (x, t) may be considered as a vector in 
an infinite-dimensional complex vector space called Hilbert space. The configuration 
space variable x plays the role of a continuous “index” of these vectors. An obvious 
contact with the usual vector notation may be established, in which a .D-dimensional 
vector v is given in terms of its components with a subscript i = 1 .D, by 
writing the argument x of T(x, t) as a subscript: 

T(x,f) = T x (f). (1.108) 


H. Kleinert, PATH INTEGRALS 




1.4 Dirac's Bra-Ket Formalism 


19 


The usual norm of a complex vector is defined by 

M 2 = J2 v * v i- (1.109) 

i 


The continuous version of this is 

|T| 2 = J = J d 3 xT*(x,f)T(x,t). (1.110) 

The normalization condition (1.96) requires that the wave functions have the norm 
|T| = 1, i.e., that they are unit vectors in the Hilbert space. 

1.4.1 Basis Transformations 

In a vector space, there are many possible choices of orthonormal basis vectors bj a 
labeled by a — 1,..., D, in terms of which 6 

Vi = ^r j bi a ' v a , (1-111) 

a 

with the components v a given by the scalar products 

= ( 1 . 112 ) 

i 

The latter equation is a consequence of the orthogonality relation 1 

Y^brb*' = 5 aa \ (1.113) 

i 

which in a finite-dimensional vector space implies the completeness relation 

'£b i a *b j a = 8 ij . (1.114) 

a 

In the space of wave functions (1.108) there exists a special set of basis functions 
called local basis functions of particular importance. It may be constructed in the 
following fashion: Imagine the continuum of space points to be coarse-grained into 
a cubic lattice of mesh size e, at positions 

x n = (ni, n 2 ,n 3 )e, ni )2 , 3 = 0, ±1, ±2,... . (1.115) 

Let /? n (x) be a function that vanishes everywhere in space, except in a cube of size 
e 3 centered around x n , i.e., for each component Xi of x, 


/i n (x) = { 

|Xi - x ni \ < e/2, i = 1,2,3. 

(1.116) 

lo 

otherwise. 



6 Mathematicians would expand more precisely Vi = , but physicists prefer to shorten 

the notation by distinguishing the different components via different types of subscripts, using for 
the initial components i,j , k,... and for the 6-transformed components a, b 1 c,... . 

'An orthogonality relation implies usually a unit norm and is thus really an orthonormality 
relation but this name is rarely used. 
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These functions are certainly orthonormal: 

J d 3 xh n {x)*h n \x) = 5 nn '. (1.117) 

Consider now the expansion 

T(x,f) = ^/? n (x)T n (f) (1.118) 

n 

with the coefficients 

T n (t) = J d 3 x /i n (x)*T(x, t) « Vdf(x n , t). (1.119) 

It provides an excellent approximation to the true wave function d ; (x, f), as long as 
the mesh size e is much smaller than the scale over which d/(x, t) varies. In fact, if 
d/(x, t) is integrablc, the integral over the sum (1.118) will always converge to d/(x, t). 
The same convergence of discrete approximations is found in any scalar product, 
and thus in any observable probability amplitudes. They can all be calculated with 
arbitrary accuracy knowing the discrete components of the type (1.119) in the limit 
e —> 0. The functions /r n (x) may therefore be used as an approximate basis in the 
same way as the previous basis functions / a (x),g b ( x )> with any desired accuracy 
depending on the choice of e. 

In general, there are many possible orthonormal basis functions / a (x) in the 
Hilbert space which satisfy the orthonormality relation 

J d 3 x / a (x)*/ a, (x) = 8 aa ', (1.120) 

in terms of which we can expand 

T(x,f) = ]T/ 0 (x)vI/a(t), (1.121) 

a 

with the coefficients 

T a (f) = |d 3 xr(x)*T(x,f). (1.122) 

Suppose we use another orthonormal basis / 6 (x) with the orthonormality relation 


/ d 3 xf\x)'f i '(x) = s w ', E/WM-^'hx-x'), 

J b 

to re-expand 


= ^/ 6 (x)T fe (f), 


with the components 


^ b(t ) = J d 3 xf b (x.)* T(x,f). 

Inserting (1.121) shows that the components are related to each other by 


Mt) = E 


d 3 x/ ft (x)7“(x) 


*«(*)■ 


(1.123) 

(1.124) 

(1.125) 


(1.126) 
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(1.128) 


1.4.2 Bracket Notation 

It is useful to write the scalar products between two wave functions occurring in the 
above basis transformations in the so-called bracket notation as 

(b\a) = Jd 3 xf\xrr(x). (1.127) 

In this notation, the components of the state vector T(x, t) in (1.122), (1.125) are 

'ba(f) = (a|tf(t)), 

*b(t) = 

The transformation formula (1.126) takes the form 

mm = £<6|a)<a|*(S)>. (1.129) 

a 

The right-hand side of this equation may be formally viewed as a result of inserting 
the abstract relation 

]T|a)(a| = l (1.130) 

a 

between (6| and |T(f)) on the left-hand side: 

mm = <6|ii*(*» = (i.i3i) 


Since this expansion is only possible if the functions / 6 (x) form a complete basis, 
the relation (1.130) is alternative, abstract way of stating the completeness of the 
basis functions. It may be referred to as completeness relation a la Dirac. 

Since the scalar products are written in the form of brackets (a|a'), Dirac called 
the formal objects (a| and |a'), from which the brackets are composed, bra and ket , 
respectively. In the bracket notation, the orthonormality of the basis / a (x) and 
g b (x) may be expressed as follows: 


(1.132) 


(i a\a') = 

J d 3 x/“(x)7 a '(x) 

= s aa ‘ 

(b\b') = 

[ d 3 xf b (x)*f b \x) 

= s bb '. 


In the same spirit we introduce abstract bra and ket vectors associated with the 
basis functions h n (x) of Eq. (1.116), denoting them by (x n | and |x n ), respectively, 
and writing the orthogonality relation (1.117) in bracket notation as 


(x n |x n /) = J d 3 x /i n (x)*/i n, (x) = <5 nn /. 

The components T n (f) may be considered as the scalar products 

T n (f) = (x n |T(t)) « \/e%(x n ,f). 


(1.133) 


(1.134) 
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Changes of basis vectors, for instance from |x n ) to the states |a), can be performed 
according to the rules developed above by inserting a completeness relation a la 
Dirac of the type (1.130). Thus we may expand 

T n (f) = (x n |T(f)) = ^(x n |a)(a|T(t)). (1.135) 

a 

Also the inverse relation is true: 

(a|T(f)) = ^(a|x n )(x n |T(f)). (1.136) 

n 

This is, of course, just an approximation to the integral 

J d 3 a; h n (x)*(x|T(f)). (1.137) 

The completeness of the basis h n (x) may therefore be expressed via the abstract 
relation 

E|x n )(x n | «1. (1.138) 

n 

The approximate sign turns into an equality sign in the limit of zero mesh size, 
e ->■ 0. 


1.4.3 Continuum Limit 


In ordinary calculus, finer and finer sums are eventually replaced by integrals. The 
same thing is done here. We define new continuous scalar products 

1 


<xi m) 


(Xnl'I'(t)), 


(1.139) 


where x n are the lattice points closest to x. With (1.134), the right-hand side is 
equal to T(x n ,f). In the limit e —> 0, x and x n coincide and we have 


(x|T(f)> = T(x,f). 

The completeness relation can be used to write 

(a|T(f)) « E(°l x n)( x n|^W) 

n 

« y£ 3 (o|x)(x|>t(())|^ 

n 

which in the limit e —>■ 0 becomes 

(a|'h(t)) = [ d 3 x (a|x)(x|T(f)). 


(1.140) 


(1.141) 


(1.142) 


This may be viewed as the result of inserting the formal completeness relation of 
the limiting local bra and ket basis vectors (x| and |x), 


J d 3 x |x)(x| = 1, 


(1.143) 
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evaluated between the vectors (a| and |T(f)). 

With the limiting local basis, the wave functions can be treated as components 
of the state vectors | *&(£)) with respect to the local basis |x) in the same way as any 
other set of components in an arbitrary basis |a). In fact, the expansion 

(a|T(f)) = /d 3 x<a|x)(x|*(t)) (1.144) 

may be viewed as a re-expansion of a component of |T(f)) in one basis, |a), into 
those of another basis, |x), just as in (1.129). 

In order to express all these transformation properties in a most compact nota¬ 
tion, it has become customary to deal with an arbitrary physical state vector in a 
basis-independent way and denote it by a ket vector |T(f)). This vector may be spec¬ 
ified in any convenient basis by multiplying it with the corresponding completeness 
relation 

y~) | a) (a | = 1, (1.145) 

a 

resulting in the expansion 

l*«> = D“X“l*«>- (1-146) 

a 

This can be multiplied with any bra vector, say (6|, from the left to obtain the 
expansion formula (1.131): 

<W)> = (1-147) 

a 

The continuum version of the completeness relation (1.138) reads 

J d 3 a;|x)(x| = 1, (1.148) 


and leads to the expansion 

| T(f)) = /d 3 ,|x><x|T(t)>, (1.149) 


in which the wave function \l/(x, t) = (x|T(f)) plays the role of an xth component 
of the state vector |T(f)) in the local basis |x). This, in turn, is the limit of the 
discrete basis vectors |x n ), 



(1.150) 


with x n being the lattice points closest to x. 

A vector can be described equally well in bra or in ket form. To apply the above 
formalism consistently, we observe that the scalar products 


= |d 3 x/ a (x)*/ 6 (x), 
= |d 3 x/ & (x)7“(x) 


(a 16) 
(b\a) 


(1.151) 
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satisfy the identity 

(b\a) = < a\b )*. (1.152) 

Therefore, when expanding a ket vector as 

l*W> =£I“X“I*W>. (i-isa) 

a 

or a bra vector as 

W<)I=£(*(<)I«)R (1-154) 

a 

a multiplication of the first equation with the bra (x| and of the second with the ket 
|x) produces equations which are complex-conjugate to each other. 

1.4.4 Generalized Functions 

Dirac’s bra-ket formalism is elegant and easy to handle. As far as the vectors |x) are 
concerned there is, however, one inconsistency with some fundamental postulates of 
quantum mechanics: When introducing state vectors, the norm was required to be 
unity in order to permit a proper probability interpretation of single-particle states. 
The limiting states |x) introduced above do not satisfy this requirement. In fact, 
the scalar product between two different states (x| and |x') is 

1 1 

(x|x) « — (x n |x n /) = -r(W, (1.155) 

e A e A 

where x n and x n / are the lattice points closest to x and x'. For x/x*, the states are 
orthogonal. For x = x', on the other hand, the limit e —» 0 is infinite, approached 
in such a way that 

e'E^nn' = h (1.156) 

n' ^ 

Therefore, the limiting state |x) is not a properly normalizable vector in the Hilbert 
space. For the sake of elegance, it is useful to weaken the requirement of normal- 
izability (1.96) by admitting the limiting states |x) to the physical Hilbert space. 
In fact, one admits all states which can be obtained by a limiting sequence from 
properly normalized state vectors. 

The scalar product between states (x|x') is not a proper function. It is denoted 
by the symbol <5®(x — x') and called Dirac 5-function: 

(x|x) = 5 (3 ) (x-x). (1.157) 

The right-hand side vanishes everywhere, except in the infinitely small box of width 
e around x ps x'. Thus the (5-function satisfies 

<5^(x — x') = 0 for x 7 ^ x'. (1.158) 

At x = x', it is so large that its volume integral is unity: 

J d 3 x' (5^(x — x') = 1. (1.159) 
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Obviously, there exists no proper function that can satisfy both requirements, (1.158) 
and (1.159). Only the hnite-e approximation in (1.155) to the 5-function are proper 
functions. In this respect, the scalar product (x|x') behaves just like the states |x) 
themselves: Both are e —>• 0 -limits of properly defined mathematical objects. 

Note that the integral Eq. (1.159) implies the following property of the 5 - 
function: 

5 (3) (a,(x — x')) = -^-5® (x — x'). (1.160) 

M 

In one dimension, this leads to the more general relation 

Hf( x )) = 22 | f( x .)\ ^ X ~ Xi ^ (1-161) 

where Xi are the simple zeros of f(x). 

In mathematics, one calls the 5-function a generalized function or a distribution. 
It defines a linear functional of arbitrary smooth test functions /(x) which yields 
its value at any desired place x: 

5[/;x] = J d 3 x 5® (x — x , )/(x / ) = /(x). (1.162) 

Test functions are arbitrarily often differentiable functions with a sufficiently fast 
falloff at spatial infinity. 

There exist a rich body of mathematical literature on distributions [3]. They 
form a linear space. This space is restricted in an essential way in comparison 
with ordinary functions: products of 5-functions or any other distributions remain 
undefined. In Section 10.8.1 we shall find, however, that physics forces us to go 
beyond these rules. An important requirement of quantum mechanics is coordinate 
invariance. If we want to achieve this for the path integral formulation of quantum 
mechanics, we must set up a definite extension of the existing theory of distributions, 
which specifies uniquely integrals over products of distributions. 

In quantum mechanics, the role of the test functions is played by the wave packets 
T(x, t). By admitting the generalized states |x) to the Hilbert space, we also admit 
the scalar products (x|x') to the space of wave functions, and thus all distributions, 
although they are not normalizable. 

1.4.5 Schrodinger Equation in Dirac Notation 

In terms of the bra-ket notation, the Schrodinger equation can be expressed in a 
basis-independent way as an operator equation 

m *(t)> = tf(p,x,t)i*(t)) = mm)), (i.i63) 

to be supplemented by the following specifications of the canonical operators: 

(x|p = —ihV(x |, 

= x(x|. 


xx 


(1.164) 

(1.165) 
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Any matrix element can be obtained from these equations by multiplication from 
the right with an arbitrary ket vector; for instance with the local basis vector |x'): 


(x p x') = —ihV(x x') = —ihVh (3) (x — x'), 

(1.166) 

(x x x) = x(x x) = 

x5 (3) (x-x). 

(1.167) 

The original differential form of the Schrodinger equation (1.91) follows by multi¬ 
plying the basis-independent Schrodinger equation (1.163) with the bra vector (x 
from the left: 

(x|#(p,x,f)|T(f)) = 

H(—ih'V , x, i)(x$(t)) 

(1.168) 

Obviously, p and x are Hermitian matrices in any basis, 


(a p a') = 

(apa)’, 

(1.169) 

(a x a') = 

(a' x a)*, 

(1.170) 

and so is the Hamiltonian 

(a\H\a!) = 

(a!\H\a)*, 

(1.171) 


as long as it has the form (1.101). 

The most general basis-independent operator that can be constructed in the 
generalized Hilbert space spanned by the states |x) is some function of p, x, t, 


0(t) = 0{ p,x,t). (1.172) 

In general, such an operator is called Hermitian if all its matrix elements have 
this property. In the basis-independent Dirac notation, the definition (1.97) of a 
Hcrmitian-adjoint operator 0\t) implies the equality of the matrix elements 

<a|O t (t)|a') = (a'|0(f)|a)*. (1.173) 

Thus we can rephrase Eqs. (1.169)-(1.171) in the basis-independent form 

P = P f , 

x = xt, (1.174) 

H = Hi 

The stationary states in Eq. (1.94) have a Dirac ket representation | E n ), and satisfy 
the time-independent operator equation 

H\E n ) = E n \E n ). (1.175) 
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1.4.6 Momentum States 

Let us now look at the momentum p. Its eigenstates are given by the eigenvalue 
equation 

P|P> = P|P>- (1.176) 

By multiplying this with (x| from the left and using (1.164), we find the differential 
equation 

(x|p|p) = -ih< 9 x (x|p) = p(x|p). (1.177) 

The solution is 

(x|p) oc e ipx/h . (1.178) 

Up to a normalization factor, this is just a plane wave introduced before in Eq. (1.75) 

to describe free particles of momentum p. 

In order for the states |p) to have a finite norm, the system must be confined 
to a finite volume, say a cubic box of length L and volume L 3 . Assuming periodic 
boundary conditions, the momenta are discrete with values 


P m = m 2 , m 3 ), m* = 0, ±1, ±2,... . 


(1.179) 


Then we adjust the factor in front of exp (ip m x/h) to achieve unit normalization 


<x|p m ) = ^=exp(zp m x/ft), 


and the discrete states |p m ) satisfy 


The states |p m ) are complete: 


y>xi<x|p”)i ! 


E lp m )(p m l = i- 


(1.180) 


(1.181) 


(1.182) 


We may use this relation and the matrix elements (x|p m ) to expand any wave 
function within the box as 


»(x, t) = <x|*(t)> = E(x|p m ){p”l>l'(i))- 


(1.183) 


If the box is very large, the sum over the discrete momenta p m can be approximated 
by an integral over the momentum space [4]. 


d 3 pL 3 

(2nh) 3 


(1.184) 


In this limit, the states |p m ) may be used to dehne a continuum of basis vectors 
with an improper normalization 


>) « Vl 3 |p m ), 


(1.185) 
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in the same way as |x n ) was used in (1.150) to define |x) (l/\/e^)|x n ). The 

momentum states |p) satisfy the orthogonality relation 

(p|p / ) = (27r^ 3 ^(p-p'), (1.186) 

with (p — p') being again the Dirac ^-function. Their completeness relation reads 

/(My |p>(pl = 1, (L187) 

such that the expansion (1.183) becomes 

T(x,f) = J ^^) 3 (x|p)(p|T(f)), (1.188) 

with the momentum eigenfunctions 

(x|p) = e ipx/n . (1.189) 

This coincides precisely with the Fourier decomposition introduced above in the 
description of a general particle wave T(x, t) in (1.83), (1.84), with the identification 

<p| T(f)) = /( p)e~ iEpt/h . (1.190) 


The bra-ket formalism accommodates naturally the technique of Fourier trans¬ 
forms. The Fourier inversion formula is found by simply inserting into (p|T(f)) a 
completeness relation / d 3 a;|x)(x| = 1 which yields 


(p|T(t)) = /d 3 ,(p|x)(x|T(f)) 

= J d 3 xe~ ipx/n ^{^t). 


(1.191) 


The amplitudes (p|T(t)) are referred to as momentum space wave functions. 
By inserting the completeness relation 


/ 


d 3 x|x)(x 


= 1 


(1.192) 


between the momentum states on the left-hand side of the orthogonality relation 
(1.186), we obtain the Fourier representation of the S -function (1.186): 


<p|p') = jd 3 x{ p|x}(x|p'} 

= Jd 3 xe- ,{ P^'^/n = (2irh) 3 5 i3) (p - p'). 


(1.193) 
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1.4.7 Incompleteness and Poisson’s Summation Formula 

For many physical applications it is important to find out what happens to the 
completeness relation (1.148) if one restrict the integral so a subset of positions. 
Most relevant will be the one-dimensional integral, 

J dx |x)(x| = 1, (1.194) 

restricted to a sum over equally spaced points x n = na : 

N 

E \ x n)(x n \ ■ (1.195) 

n=—N 

Taking this sum between momentum eigenstates | p), we obtain 

N N N 

E (p\x„)(x n \p') = E (p|x„){i„|p') = E (1,196) 

n=—N n=—N n=—N 

For N —» oo we can perform the sum with the help of Poisson’s summation formula 

oo OO 

]T e 27Tym = ^ S(n-m). (1.197) 


Identifying jj, with (p — p')a/2nh, we find using Eq. (1.160): 


(p\x n )(XnW) = Y, 6 


(' p—p')a 
2nh 


m 


= E 


2irh 


5 p—p 


, 27 rhm\ 

a J 


.(1.198) 


In order to prove the Poisson formula (1.197), we observe that the sum s(/i) = 
— m) on the right-hand side is periodic in p with a unit period and has 
the Fourier series s(p) = Yf^L-oo s n e 2m ^ n . The Fourier coefficients are given by 
s n = f-i/ 2 ( ^l J ‘ s (p) e ~ 2m>in = 1- These are precisely the Fourier coefficients on the 
left-hand side. 

For a finite N, the sum over n on the left-hand side of (1.197) yields 


N 

E < 

n=—N 


0 2irii-in 


1 + (e 2 ^ + e 2 ' 27ri/i + ... + e N ' 2 ^ + c.c.) 

(\ — e 2mfi(N+l) \ 

~!+( +c-c.J (1-199) 

e 2 mii _ e 2 mn(N+l) sin 1Tu(2N + 1) 

1 H----h c.c. = -:-. 

1 — e 2mfi sin 7T/i 


This function is well known in wave optics (see Fig. 2.4). It determines the diffrac¬ 
tion pattern of light behind a grating with 2N + 1 slits. It has large peaks at 
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Figure 1.2 Relevant function J2^ = _n e 2m ^ n in Poisson’s summation formula. In the 
limit N —* oo, p is squeezed to the integer values. 


p — 0, ±1, ±2, ±3,... and N — 1 small maxima between each pair of neighbor¬ 
ing peaks, at v = (1 + Ak)/2{2N +1) for k = 1,..., N — 1. There are zeros at 
v — (1 —I— 2k) /(27V + 1) for k — 1, ,.., TV — 1. 

Inserting /i = (p — p')a/2nh into (1.199), we obtain 


TV 


X] (p|x n )(x n |p') 

n=-TV 


sin (p — p')a(2N + l)/2 Ti 
sin (p — p)a/2h 


( 1 . 200 ) 


Let us see how the right-hand side of (1.199) turns into the right-hand side of 
(1.197) in the limit N oo. In this limit, the area under each large peak can 
be calculated by an integral over the central large peak plus a number n of small 
maxima next to it: 



sin7r/i(2iV + 1) 
sin Ttfi 



sin 2npN cos np+cos 2npN sin np 
sin 7T p 


( 1 . 201 ) 


Keeping a fixed ratio n/N ^ 1, we may replace in the integrand sin7r/i by up and 
cos 7 tp by 1. Then the integral becomes, for N —* oo at fixed n/N, 


n / 2N simtp(2N + 1) TV-s-oo rn/2N sill 27T pN rn/2N 


dp 


'—n/2N Sill 7 tp 

TV—>oo 1 f wn sin a: 1 

-> - / dx -1-— / 

7T J—irn X 2 ttN J- 


F I dp- 

-n/2N Tip 

dx COS X 


+ I dp cos 2TtpN 

I —n/2N 


-d 1 , 


( 1 . 202 ) 


where we have used the integral formula 



sm x 

dx - 

x 


= 71. 


(1.203) 
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In the limit N —> oo, we find indeed (1.197) and thus (1.205). 

There exists another useful way of expressing Poisson’s formula. Consider an 
arbitrary smooth function /(/i) which possesses a convergent sum 

OO 

E /M- (1-204) 

m=— oo 

Then Poisson’s formula (1.197) implies that the sum can be rewritten as an integral 
and an auxiliary sum: 

OO r, oo oo 

E /(’")= / <4* E (1.205) 

rri ——oo 00 n =—oo 

The auxiliary sum over n squeezes /x to the integer numbers. 

1.5 Observables 

Changes of basis vectors are an important tool in analyzing the physically observable 
content of a wave vector. Let A = A(p,x) be an arbitrary time-independent real 
function of the phase space variables p and x. Important examples for such an 
A are p and x themselves, the Hamiltonian H( p,x), and the angular momentum 
L = x x p. Quantum-mechanically, there will be an observable operator associated 
with each such quantity. It is obtained by simply replacing the variables p and x in 
A by the corresponding operators p and x: 

i = H(p,x). (1.206) 

This replacement rule is the extension of the correspondence principle for the Hamil¬ 
tonian operator (1.92) to more general functions in phase space, converting them 
into observable operators. It must be assumed that the replacement leads to a 
unique Hcrmitian operator, i.e., that there is no ordering problem of the type dis¬ 
cussed in context with the Hamiltonian (1.101). 8 If there are ambiguities, the naive 
correspondence principle is insufficient to determine the observable operator. Then 
the correct ordering must be decided by comparison with experiment, unless it can 
be specified by means of simple geometric principles. This will be done for the 
Hamiltonian operator in Chapter 8. 

Once an observable operator A is Hermitian, it has the useful property that the 
set of all eigenvectors |a) obtained by solving the equation 

A\a) = a\a) (1.207) 

can be used as a basis to span the Hilbert space. Among the eigenvectors, there is 
always a choice of orthonormal vectors |a) fulfilling the completeness relation 

EI«)H = L 


8 Note that this is true for the angular momentum L = x x p. 


( 1 . 208 ) 
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The vectors |a) can be used to extract physical information concerning the ob¬ 
servable A from arbitrary state vector |*&(£)). For this we expand this vector in the 
basis |a): 

l*W)=EI“X“l« , W)- (1-209) 

a 

The components 

M*W> (1-210) 

yield the probability amplitude for measuring the eigenvalue a for the observable 

quantity A. 

The wave function T (x, t) itself is an example of this interpretation. If we write 
it as 

tt(x,t) = <x|tt(t)>, (1.211) 

it gives the probability amplitude for measuring the eigenvalues x of the position 
operator x, i.e., |T(x, t)\ 2 is the probability density in x-space. 

The expectation value of the observable operator (1.206) in the state |T(f)) is 
defined as the matrix element 

(T(f)|i|T(f)) = y'd 3 x(T(t)|x)A(-^V,x)(x|T(t)). (1.212) 

1.5.1 Uncertainty Relation 

We have seen before [see the discussion after (1.83), (1.84)] that the amplitudes in 
real space and those in momentum space have widths inversely proportional to each 
other, due to the properties of Fourier analysis. If a wave packet is localized in real 
space with a width Ax, its momentum space wave function has a width Ap given 
by 

AxAp ~ fi. (1.213) 

From the Hilbert space point of view this uncertainty relation can be shown to be 
a consequence of the fact that the operators x and p do not commute with each 
other, but the components satisfy the canonical commutation rules 

\pi,Xj\ = -ikdij, 

[xi,Xj\ = 0, (1.214) 

[Pi,Pj\ = 0. 

In general, if an observable operator A is measured to have a sharp value a in one 
state, this state must be an eigenstate of A with an eigenvalue a: 

A\a) = a|a). (1.215) 

This follows from the expansion 

l*W)=EI“X“l« , W). (1-216) 


H. Kleinert, PATH INTEGRALS 




1.5 Observables 


33 


in which |(a|'F(f))| 2 is the probability to measure an arbitrary eigenvalue a. If this 
probability is sharply focused at a specific value of a, the state necessarily coincides 
with |a). 

Given the set of all eigenstates |a) of A, we may ask under what circumstances 
another observable, say B , can be measured sharply in each of these states. The 
requirement implies that the states |a) are also eigenstates of B, 


B\a) = b a \a), 

(1.217) 

with some a-dependent eigenvalue b a . If this is true for all a), 


BA\a) = b a a\a) = ab a \a ) = AB\a), 

(1.218) 

the operators A and B necessarily commute: 


IAB] = 0. 

(1.219) 


Conversely, it can be shown that a vanishing commutator is also sufficient for 
two observable operators to be simultaneously diagonalizable and thus to allow for 
simultaneous sharp measurements. 

1.5.2 Density Matrix and Wigner Function 

An important object for calculating observable properties of a quantum-mechanical 
system is the quantum mechanical density operator associated with a pure state 

m = mmm\ r ( 1 - 220 ) 

and the associated density matrix associated with a pure state 

p(xi, x 2 ; t) = (xi|T(t))(T(t)|x 2 ). (1.221) 

The expectation value of any function /(x, p) can be calculated from the trace 

W)I/( X >P) W)> =tr[/(x, p)p(t)] = J d 3 x('F(i)|x)/(x, -ihV)(x\ty(t)). 

( 1 . 222 ) 

If we decompose the states |T(f)) into stationary eigenstates | E n ) of the Hamiltonian 
operator H [recall (1.175)], |T(f)) = \E n ) (E n \^ (t)) , then the density matrix has 
the expansion 

p(t) = J2 \ E n)Pnm(t)(E m \ = ^ \E n )(E n |T(f))(T(f) \E m )(E m \ . (1.223) 

n,m n,m 

Wigner showed that the Fourier transform of the density matrix, the Wigner function 
W(X, p; t) = J + Ax/2, X - Ax/2; t) 


(1.224) 
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satisfies, for a single particle of mass M in a potential H(x), the Wigner-Liouville 
equation 

(dt + v • V x ) W(X, p; t) = W t (X, p; t), v = (1.225) 

where 

W,(X, p;*) = !/ 7^-3 W(X,p - q; t) jd 3 Ax V(X - Ax/2)e i i ix -'". (1.226) 

In the limit % —y 0, we may expand W (X, p — q; t) in powers of q, and V (X — Ax/2) 
in powers of Ax, which we rewrite in front of the exponential e* qAx / n as powers of 
—ihV q . Then we perform the integral over Ax to obtain (27rh) 3 <5^(q), and perform 
the integral over q to obtain the classical Liouville equation for the probability 
density of the particle in phase space 

(dt + v • V x ) W(X, p; t) = -F(X) V P W(X, p; t), v = (1.227) 

where F(X) = — Vxl / (X) is the force associated with the potential I7(X). 

1.5.3 Generalization to Many Particles 

All this development can be extended to systems of N distinguishable mass points 
with Cartesian coordinates xi, ,..,xjv- If is the Hamiltonian, the 

Schrodinger equation becomes 

H(p u ,k v ,t)\y(t)) = ifid t \'j!(t)). (1.228) 

We may introduce a complete local basis |xi,..., x^) with the properties 

(xi, • • ».j x;v|x^,... ,x(v) = <5 (3) (xi - x() • • A (3) (xjv - x(y), 

d 3 x i • • • d 3 x N |xi,... ,x Ar )(x 1 ,... ,xjv| = 1, 

and dehne 

(xi,.. .,xjv|Pj/ = —ihd Xv (x.i ,..., xat|, 

(Xl, . . . , Xj\r|Xj, = x v (xi,. . . ,Xjv|. 

The Schrodinger equation for N particles (1.107) follows from (1.228) by multiplying 
it from the left with the bra vectors (xi,..., x^-|. In the same way, all other formulas 
given above can be generalized to IV-body state vectors. 

1.6 Time Evolution Operator 

If the Hamiltonian operator possesses no explicit time dependence, the basis- 
independent Schrodinger equation (1.163) can be integrated to find the wave function 
|T(t)) at any time 4 from the state at any other time t a 

|^(t6)) =e- i(tb - ta)k/h \ T(4)). (1.231) 


(1.229) 


(1.230) 
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The operator 

U(t b ,t a ) = e- i{tb ~ ta)A/n (1.232) 

is called the time evolution operator. It satisfies the differential equation 

ihd tb U(t b ,t a ) = HU(t b ,t a ). (1.233) 

Its inverse is obtained by interchanging the order of t b and t a : 

U-\t b ,t a ) = e i{ - tb ~ ta)&/n = U(t a ,t b ). (1.234) 

As an exponential of i times a Hermitian operator, U is a unitary operator satisfying 

4 = LJ- 1 . (1.235) 

Indeed, 

UUh.U = e i{ - tb ~ ta) ^ ! h 

(1.236) 


U'(t b ,t a ) = e i{ - tb ~ u)H] /h 

= e? ( *>- ta)6 / h = U- 1 (t b ,t a ). 


If H( p, x, t) depends explicitly on time, the integration of the Schrodinger equation 
(1.163) is somewhat more involved. The solution may be found iteratively: For 
t b > t a , the time interval is sliced into a large number N + 1 of small pieces of 
thickness e with e = (t b — t a )/(N + 1), slicing once at each time t n = t a + ne for 
n — 0,..., N + 1. We then use the Schrodinger equation (1.163) to relate the wave 
function in each slice approximately to the previous one: 


1^4 + e )) 

I 'b (ta + 2e)) 


dtH{t))\^(t a 


1 - [ dtH(t )) |T(4 + e)), 

n Jta+e 


(1.237) 


14 *(ta T (N + l)e)) 


i rt a + {N+l)e ^ \ 

l-T dt H(t) j \*(t a + Ne)). 

, n Jt a +Ne I 


From the combination of these equations we extract the evolution operator as a 
product 

u(t b , t a ) « (l - % - £ dt' N+1 tf(4+i)) X • • • x (l - ^ £ dt[ H (£ ■ (1-238) 

By multiplying out the product and going to the limit N —y oo we find the series 

U(t b ,t a ) = 1 - l - ^ dt' 2 f 2 d^HiQHft) 

Ti Jta \ Ti / Jta Jta 

+ (^) 3 £ < f 3 dt 'i f 2 < H(t' 3 )H(t' 2 )H(t[) + ... , 

V Ti J Jt a Jt a Jt a 


3 


(1.239) 




36 


1 Fundamentals 



Figure 1.3 


Illustration of time-ordering procedure in Eq. (1.243). 


known as the Neumann-Liouville expansion or Dyson series. An interesting modi¬ 
fication of this is the so-called Magnus expansion to be derived in Eq. (2A.25). 

Note that each integral has the time arguments in the Hamilton operators ordered 
causally: Operators with later times stand to left of those with earlier times. It is 
useful to introduce a time-ordering operator which, when applied to an arbitrary 
product of operators, 

O n (t n )---d i(ti), (1.240) 

reorders the times successively. More explicitly we define 

T(d n (t n ) ■ ■■d.it i)) = O in (t in ) • • Ata), (1.241) 

where U n ,..., t H are the times t n ,..., t\ relabeled in the causal order, so that 

tin >ti n -l > ••• >tn- (1-242) 


Any c-number factors in (1.241) can be pulled out in front of the T operator. With 
this formal operator, the Neumann-Liouville expansion can be rewritten in a more 
compact way. Take, for instance, the third term in (1.239) 


db 


rt 2 


dt 2 / dti H{t 2 )H{ti 


(1.243) 


The integration covers the triangle above the diagonal in the square t\,t 2 G [t a ,tb] 
in the (ti,t 2 ) plane (see Fig. 1.2). By comparing this with the missing integral over 
the lower triangle 

[ tb dt 2 f" dDHit^HitJ (1.244) 

J to, J t% 

we see that the two expressions coincide except for the order of the operators. This 
can be corrected with the use of a time-ordering operator T. The expression 

T [ tb dt 2 [ tb dtiH(t 2 )H(ti) (1.245) 

Jt a Jt 2 
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is equal to (1.243) since it may be rewritten as 


rh 


rh 


dt 2 / dt 1 H(ti)H(t 2 ) 


'*2 


or, after interchanging the order of integration, as 


rh 


dt i / dt 2 H(ti)H(t 2 ) 


(1.246) 


(1.247) 


Apart from the dummy integration variables t 2 H A, this double integral coincides 
with (1.243). Since the time arguments are properly ordered, (1.243) can trivially 
be multiplied with the time-ordering operator. The conclusion of this discussion is 
that (1.243) can alternatively be written as 


-T 

2 . 


Ch 


dU 


rh 


to, 




(1.248) 


On the right-hand side, the integrations now run over the full square in the t\,t 2 - 
plane so that the two integrals can be factorized into 


rh * N 2 

dtHit ) 


-T 

2 

Similarly, we may rewrite the nth-order term of (1.239) as 


(1.249) 


-T 


rh 


dir. 


rh 


n\ 


dt n —i 


ib 


'h 


dh H(t n )H(t n - 1 ) • • • H(t i) 


= “T f 
n! 


rh 


dt Hit ) 


(1.250) 


The time evolution operator U ( tj ,, t a ) has therefore the series expansion 

+ '" + ^(t) r (/„ + - ■ 


(1.251) 


The right-hand side of T contains simply the power series expansion of the expo¬ 
nential so that we can write 


U(t b ,t a ) = T exp \ -j ( dt H(t) 

ll Jtn 


(1.252) 


If H does not depend on the time, the time-ordering operation is superfluous, the 
integral can be done trivially, and we recover the previous result (1.232). 

Note that a small variation 6H(t) of H(t) changes U(t b ,t a ) by 

5U(tb, t a ) = — 7 - / dt' Texp( — / dtHit) \ S Hit') Tex p{— 7 - [ dtHit) 1 

n Jt a l n Jt 1 ) n Jt a ] 


1 

h 


rh 


dt'U(t b ,t')6H(t')U(t',t a ). 


(1.253) 


A simple application for this relation is given in Appendix 1 A. 
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1.7 Properties of the Time Evolution Operator 

By construction, 4(4,4) has some important properties: 


a) Fundamental composition law 

If two time translations are performed successively, the corresponding operators U 
are related by 

U (4,4) = 4(4, 4), t' e (4,4). (1.254) 

This composition law makes the operators U a representation of the abelian group 
of time translations. For time-independent Hamiltonians with 4(4,4) given by 
(1.232), the proof of (1.254) is trivial. In the general case (1.252), it follows from 
the simple manipulation valid for t b > t a : 


T exp ( — ^ [ H(t ) dt] T exp ( — 7- [ H(t) dt 
n Jt' ) V n Jt a 1 


= T 


x * \ ( x c^ r * ^ 

exp l —— / H(t ) dt ) exp —— / H(t ) dt 
Tt Jt' / \ Ti Jt a > 


(1.255) 


= T exp ( — — f H(t)dt 
It Jt a 


b) Unitarity 

The expression (1.252) for the time evolution operator 4(4,4) was derived only for 
the causal (or retarded ) time arguments, i.e., for 4 later than t a . We may, however, 
define 4(4,4) also for the anticausal (or advanced ) case where 4 lies before t a . To 
be consistent with the above composition law (1.254), we must have 

4(4,4) = 4(4,4) 1 - (1.256) 

Indeed, when considering two states at successive times 

|\l/( 4 )) = 4 ( 4 , 4 ) 14/( 4 )), (1.257) 

the order of succession is inverted by multiplying both sides by 4 _1 (4,4): 

|T( 4 )) = 4(4,4) _1 |T(4)), 4 < 4- (1.258) 

The operator on the right-hand side is defined to be the time evolution operator 
4(4,4) from the later time 4 to the earlier time 4- 

If the Hamiltonian is independent of time, with the time evolution operator being 

4(4,4) = 4 > 4 , (1.259) 

the unitarity of the operator 4(4,4) is obvious: 

4 f (4,4) = 4(4,4) \ 4 < 4- (1.260) 
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Let us verify this property for a general time-dependent Hamiltonian. There, a 
direct solution of the Schrodinger equation (1.163) for the state vector shows that 
the operator U(t b ,t a ) for t b < t a has a representation just like (1.252), except for a 
reversed time order of its arguments. One writes this in the form [compare (1.252)] 

U(t b ,t a ) = Texp ^ J t H(t)dt j, (1.261) 


where T denotes the time-antiordering operator, with an obvious definition analo¬ 
gous to (1.241), (1.242). This operator satisfies the relation 


r(di(«i)d 2 (i 2 ))] t 


t (dKtjdKh)), 


(1.262) 


with an obvious generalization to the product of n operators. We can therefore 
conclude right away that 


U\t b ,t a ) = U{t a ,t b ), t b >t a . (1.263) 

With U(t a ,t b ) = Uithjta)" 1 , this proves the unitarity relation (1.260), in general. 
c) Schrodinger equation for U(t b , t a ) 

Since the operator U(t b ,t a ) rules the relation between arbitrary wave functions at 
different times, 

I *(t b )) = U(t b ,t a )\V(t a )), (1.264) 

the Schrodinger equation (1.228) implies that the operator U(t b ,t a ) satisfies the 
corresponding equations 


ihd t U(t, t a ) = HU(t,t a ), (1.265) 

ihd t U(t, t a ) 1 = - U(t,t a ) 1 H, (1.266) 

with the initial condition 

U(ta,t a ) = I- (1-267) 

1.8 Heisenberg Picture of Quantum Mechanics 

The unitary time evolution operator U (t, t a ) may be used to give a different formu¬ 
lation of quantum mechanics bearing the closest resemblance to classical mechanics. 
This formulation, called the Heisenberg picture of quantum mechanics, is in a way 
more closely related to classical mechanics than the Schrodinger formulation. Many 
classical equations remain valid by simply replacing the canonical variables Pi(t) 
and qi(t) in phase space by Heisenberg operators, to be denoted by pm(t), qm{t). 
Originally, Heisenberg postulated that they are matrices, but later it became clear 
that these matrices had to be functional matrix elements of operators, whose indices 
can be partly continuous. The classical equations hold for the Heisenberg operators 
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and as long as the canonical commutation rules (1.93) are respected at any given 
time. In addition, g*(t) must be Cartesian coordinates. In this case we shall always 
use the notation x % for the position variable, as in Section 1.4, rather than q % . The 
corresponding Heisenberg operators are Xni(t). Suppressing the subscripts i, the 
canonical equal-time commutation rules are 

\p H (t),x H (t)] = - ih , 

{p H (t),p H (t)} = 0, (1.268) 

[x H (t),x H (t)] = 0. 

According to Heisenberg, classical equations involving Poisson brackets remain 
valid if the Poisson brackets are replaced by i/h times the matrix commutators at 
equal times. The canonical commutation relations (1.268) are a special case of this 
rule, recalling the fundamental Poisson brackets (1.24). The Hamilton equations of 
motion (1.23) turn into the Heisenberg equations 



PH(t ) — - H H ,p H (t) , 



(1.269) 

where 


H h = H(p H (t),x H (t),t) 

(1.270) 


is the Hamiltonian in the Heisenberg picture. Similarly, the equation of motion for 
an arbitrary observable function 0(pi(t),Xi(t),t ) derived in (1.19) goes over into the 
matrix commutator equation for the Heisenberg operator 


0 H (t) = 0(p H (t),x H (t),t), (1.271) 

namely, 

jO„ = F i H H ,6H} + l t 6„. (1.272) 

These rules are referred to as Heisenberg's correspondence principle. 

The relation between Schrodinger’s and Heisenberg’s picture is supplied by the 
time evolution operator. Let O be an arbitrary observable in the Schrodinger de¬ 
scription 

6(t) = 0(p,x,t). (1.273) 

If the states |T a (f)) are an arbitrary complete set of solutions of the Schrodinger 
equation, where a runs through discrete and continuous indices, the operator 0(t) 
can be specified in terms of its functional matrix elements 

O ab (t) = (* a (t)\d(t)\* b (t)). (1.274) 

We can now use the unitary operator IJ(t, 0) to go to a new time-independent basis 
I'btfa), defined by 

\*a(t)) = U(t,0)\*Ha). (1-275) 
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Simultaneously, we transform the Schrodinger operators of the canonical coordinates 
p and x into the time-dependent canonical Heisenberg operators pH if) and xn(t) via 


p H {t) = U(t, 0) 1 pU(t, 0), 
xn(t) = U(t, 0) _1 x U(t, 0). 


(1.276) 

(1.277) 


At the time t — 0, the Heisenberg operators pH if) and Xn(t) coincide with the time- 
independent Schrodinger operators p and x, respectively. An arbitrary observable 
0(t) is transformed into the associated Heisenberg operator as 


d H (t) = u(t,t a ) l o(p,x,t)u(t,t a ) 
= o (p H (t),x H (t),t). 


(1.278) 


The Heisenberg matrices 0#(t) a & are then obtained from the Heisenberg operators 
On(t) by sandwiching On(t) between the time-independent basis vectors |\h^ a ): 


0_ff(f)a6 = (^HalOH^l'i’Hb)- 


(1.279) 


Note that the time dependence of these matrix elements is now completely due to 
the time dependence of the operators, 


-^0 H {t) ah = ('h H a\-^0 Hb) ■ 


(1.280) 


This is in contrast to the Schrodinger representation (1.274), where the right-hand 
side would have contained two more terms from the time dependence of the wave 
functions. Due to the absence of such terms in (1.280) it is possible to study the 
equation of motion of the Heisenberg matrices independently of the basis by consid¬ 
ering directly the Heisenberg operators, ft is straightforward to verify that they do 
indeed satisfy the rules of Heisenberg’s correspondence principle. Consider the time 
derivative of an arbitrary observable On{t), 


+ U-\t,t a ) -0(f) U(t,t a ) + U-\t,t a )0(t) -U(t,K) 


which can be rearranged as 


U~\t,t a ) U(t,t a ) U-\t,t a )0(t)U(t,t a 


(1.281) 


+ U 1 (t,t a )d(t)U(t,t a ) U 1 (t,t a )^-U(t,t a ) + U 1 (t,t a ) (^~6 (t)\ U (t, t a ). 


Using (1.265), we obtain 


= J [u-'hu^hI + u- 1 (4o(f)) u. 


(1.282) 
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After inserting (1.278), we find the equation of motion for the Heisenberg operator: 


d_ 

dt 


o H (t) 


i r 




+ 


s 6 l (i) ' 


(1.283) 


By sandwiching this equation between the complete time-independent basis states 
|T a ) in the Hilbert space, it holds for the matrices and turns into the Heisenberg 
equation of motion. For the phase space variables pii(t), xn(t) themselves, these 
equations reduce, of course, to the Hamilton equations of motion (1.269). 

Thus we have shown that Heisenberg’s matrix quantum mechanics is completely 
equivalent to Schrodinger’s quantum mechanics, and that the Heisenberg matrices 
obey the same Hamilton equations as the classical observables. 


1.9 Interaction Picture and Perturbation Expansion 

For some physical systems, the Hamiltonian operator can be split into two contri¬ 
butions 

H = H 0 + V, (1.284) 

where Ho is a so-called free Hamiltonian operator for which the Schrodinger equation 
Ho |-0(f)) = ihdt\t/t(t)) can be solved, and V is an interaction potential which perturbs 
these solutions slightly. In this case it is useful to describe the system in Dirac’s 
interaction picture. We remove the time evolution of the unperturbed Schrodinger 
solutions and define the states 

\Mt)) = e'^VW)- (1.285) 

Their time evolution comes entirely from the interaction potential V. It is governed 
by the time evolution operator 

UjH t a ) = e iHotb ^ h e~ iH ^ tb ~ ta ^ h e~ iHota ^ n 

and reads 

1 4>i(tb)) = Ui(t b ,t a )\'ipi(t a )). 

If V = 0, the states |?/y(4)) are time-independent and coincide with the Heisenberg 
states (1.275) of the operator H 0 . 

The operator Ui(tb,t a ) satisfies the equation of motion 

ihdtjj^tb, t a ) = V/(4)f//(4,t a ), 

where 

Vjft) = e iHot / h Ve~ iHot / n 

is the potential in the interaction picture. This equation of motion can be turned 
into an integral equation 

Ui(t b ,t a ) = 1 - J [ dtv^tp^ta). (1.290) 

n J ta 


(1.288) 

(1.289) 


(1.286) 

(1.287) 


H. Kleinert, PATH INTEGRALS 




1.9 Interaction Picture and Perturbation Expansion 


43 


Inserting Eq. (1.289), this reads 


Ui(t b ,t a ) = 1 - l - r-dte^Ve^Ht'ta). 
n Jta 


(1.291) 


This equation can be iterated to find a perturbation expansion for the operator 
Ui(tb,t a ) in powers of the interaction potential: 

i Pb 


Ui(t b , t a ) — 1 — — . 

n Jta 

i \ 


dt e iHot/n Ve -iH 0 t/n 


db 


+ (-) dt dt' e iH 0 t/h Ve -iH 0 (t-t')/h Ve -iH 0 t'/h + _ _ _ _ (1.292) 

V TlJ Jta Jt. a 

Inserting on the left-hand side the operator (1.286) and multiplying the equation 
from the left by e~ lH ° tb ^ h and from the right by e lH ° ta / h , this can also be rewritten 
as 

e -iH(t b -t a )/n _ e -iH 0 (t b -t a )/h _ f b df. e -iHo(tb-t)/hy e -iH 0 (t-t a )/fr 


h 


+ (-t) I ° dt I dt ' e- i&odb - t)ln Ve- ino{t - t,)/n Ve- ino{t '- ta)ln + ... . (1.293) 

V TlJ Jt a Jt a 

This expansion is seen to be the recursive solution of the integral equation 


e -iH(t b -t a )/n _ e -iH 0 (t b -t a )/h 


i pb 

Tl Jt a 


dt e~ i 6 °(tb-t)/h Ve -iH(t-t a )/n_ ( 1-294 ) 


Note that the lowest-order correction agrees with the previous formula (1.253) 
Another way of writing the expansion (1.293) is 

1 j* b dt e iH°t/h Ve -iH 0 t/h | e iHt a /h' (1.295) 


h 


e -iH(t b -t a )/h _ e -i H otb/h JT eX p 

This may be recorded as a mathematical operator formula 

e T(A+B ) = f e f^ dted~t)^Be tA = £ TAf e j Q T dte~ iA Be tA 


(1.296) 


Due to the time-ordering operator, the right-hand side cannot be evaluated with the 
help Lie’s expansion formula, also known as Hadamard’s lemma 

e~ tA Be tA = B - t[A, B] + ^[A,[A, B]] + ... . (1.297) 

Due to T, the evaluation is considerably more involved and relegated to Ap¬ 
pendix 2A. The proper expression of the right-hand side is referred to as the 
Campbcll-Baker-Hausdorff expansion 

A simple consequence of Hadamard’s lemma is a variation formula for a time- 
dependent operator A(t): 

5e A ® = f 1 dte {1 ~ t)A 8Ae tA , (1.298) 

Jo 

which follows from (1.297) by setting B = 5A and expanding e T ( A+i5 A — e TA to 
lowest order in 5A. This is, of course, just another way of expressing Eq. (1.253). 
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1.10 Time Evolution Amplitude 

In the subsequent development, an important role will be played by the matrix 
elements of the time evolution operator in the localized basis states, 


(x 6 4|x a t a ) = (Xfr | U(t b , to) |x a ) . 


(1.299) 


They are referred to as time evolution amplitudes. The functional matrix (x;,tb|x a t a ) 
is also called the propagator of the system. For a system with a time-independent 
Hamiltonian operator where U(t b ,t a ) is given by (1.259), the propagator is simply 

(x 5 4|x a t a ) = (X{,| exp [-iH(t b - t a )/h] |x a ). (1.300) 


Due to the operator equations (1.265), the propagator satisfies the Schrodinger 
equation 

[H(-ihd Xb ,x b , t b ) - ikd tb } (xfttblxato) = 0. (1.301) 

In the quantum mechanics of nonrelativistic particles, only the propagators from 
earlier to later times will be relevant. It is therefore customary to introduce the 
so-called causal time evolution operator or retarded time evolution operator : 9 


U R (t b ,t a ) = 


U(t b ,t a ), 

0, 


t b r* t a} 

tb "F t a , 


(1.302) 


and the associated causal time evolution amplitude or retarded time evolution am¬ 
plitude 


(: *btb\x*t a ) R = (x b \U R (t b ,t a )\x a ). 


(1.303) 


Since this differs from (1.299) only for t b < t a , and since all formulas in the sub¬ 
sequent text will be used only for t b > t a , we shall often omit the superscript R. 
To abbreviate the case distinction in (1.302), it is convenient to use the Heaviside 
function defined by 



for 

for 


t > 0, 
t < 0, 


(1.304) 


and write 


U R (t b ,t a ) =Q(t b -t a )U(t b ,t a ), (x b t b \x a t a ) R = <d(t b ’~ t a ){Xbt b \Xata)- (1-305) 


(1.306) 


There exists also another Heaviside function which differs from (1.304) only by the 
value at t b — t a '- 

1 for t > 0, 

0 for t < 0. 

Both Heaviside functions have the property that their derivative yields Dirac’s 
^-function 

d t G(t) = S(t). (1.307) 


e s W = { 


3 Compare this with the retarded Green functions to be introduced in Section 18.1 
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If it is not important which 0-function is used we shall ignore the superscript. 
The retarded propagator satisfies the Schrodinger equation 


H(-ihd Xb ,x h ,t b ) R 



(x b t b \x a t a ) R 


-ihd(t b - t a )5 (3) (x b - x a ). (1.308) 


The nonzero right-hand side arises from the extra term 


-iti [dt b @(t b ~ t a )} (x b t b \x a t a ) = -ih5(t b - ta)(x b t b \x a t a ) = -ih5(t b - t a )(x b t a \x a t a ) 

(1.309) 

and the initial condition (x b t a \x a t a ) = (x&|x a ), clue to (1.267). 

If the Hamiltonian does not depend on time, the propagator depends only on the 
time difference t — t b — t a . The retarded propagator vanishes for t < 0. Functions 
f{t) with this property have a characteristic Fourier transform. The integral 

f(E ) = / dt f(t)e iEt/n (1.310) 

Jo 

is an analytic function in the upper half of the complex energy plane. This analyticity 
property is necessary and sufficient to produce a factor 0(f) when inverting the 
Fourier transform via the energy integral 

fit) = /“ H f(E)e- E ‘/\ (1.311) 


For t < 0, the contour of integration may be closed by an infinite semicircle in the 
upper half-plane at no extra cost. Since the contour encloses no singularities, it can 
be contracted to a point, yielding /(f) = 0. 

The Heaviside function 0(f) itself is the simplest retarded function, with a 
Fourier representation containing just a single pole just below the origin of the 
complex energy plane: 




dE 


—iEt 


, - , (1.312) 

l-oo 2n E + ir) 

where r/ is an infinitesimally small positive number. The integral representation is 
undefined for f = 0 and there are, in fact, infinitely many possible definitions for the 
Heaviside function depending on the value assigned to the function at the origin. A 
special role is played by the average of the Heaviside functions (1.306) and (1.304), 
which is equal to 1/2 at the origin: 


ri 

for 

f > 0, 


rH|<N 

III 

ICS 

for 

f = 0, 

(1.313) 

lo 

for 

f < 0. 



Usually, the difference in the value at the origin does not matter since the Heaviside 
function appears only in integrals accompanied by some smooth function /(f). This 
makes the Heaviside function a distribution with respect to smooth test functions 
/(f) as defined in Eq. (1.162). All three distributions 0 r (f), 0 ; (f), and 0(f) define 
the same linear functional of the test functions by the integral 

©[/] = - *')/(*'), 


( 1 . 314 ) 
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and this is an element in the linear space of all distributions. 

As announced after Eq. (1.162), path integrals will specify, in addition, integrals 
over products of distribution and thus give rise to an important extension of the 
theory of distributions in Chapter 10. In this, the Heaviside function Q(t — t') plays 
the main role. 

While discussing the concept of distributions let us introduce, for later use, the 
closely related distribution 

eft - t') = G(t - t’) - @(C -t) = Q(t - t') - 0(t' - t), (1.315) 

which is a step function jumping at the origin from —1 to 1 as follows: 



\ 1 

for 

t > t ', 


eft — t') = 

° 

for 

t = t', 

(1.316) 


l -1 

for 

t < t!. 



1.11 Fixed-Energy Amplitude 


The Fourier-transform of the retarded time evolution amplitude (1.303) 

/ oo r oo 

dt b e lE{tb ~ ta)/h (x b t b \x b t a ) R = / dt b e %E ( th ~ ta>l/n (x b t b \x a t a ) (1.317) 

-OO Jt a 

is called the fixed-energy amplitude. 

If the Hamiltonian does not depend on time, we insert here Eq. (1.300) and find 
that the fixed-energy amplitudes are matrix elements 


(x 6 |x a ) E = (x b | J R( J E)|x 0 ) 
of the so-called resolvent operator 

m = “ 


(1.318) 


(1.319) 


E — H + it) 

which is the Fourier transform of the retarded time evolution operator (1.302): 

/ oo ^ n oo ^ 

dt b e iE{tb ~ ta)/n U R (t b ,t a ) = / dt b e iE{tb - ta)/n U(t b ,t a ). (1.320) 
-oo J t a 

Let us suppose that the time-independent Schrodinger equation is completely 
solved, i.e., that one knows all solutions | ip n ) of the equation 


H\i) n ) = E n \ip n ). 

These satisfy the completeness relation 

X) l^n)(^n| = 1, 


(1.321) 


(1.322) 
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which can be inserted on the right-hand side of (1.300) between the Dirac brackets 
leading to the spectral representation 

(x b 4|x a f a ) = ^ n (x b )^*(x a ) exp [~iE n (t b - t a )/h ], (1.323) 


with 

</Vi(x) = (x|^ n ) (1.324) 

being the wave functions associated with the eigenstates \^ n ). Applying the Fourier 
transform (1.317), we obtain 


(x 6 |x a ) B = 


J2^n(XbW n (Xa)Rn(E) = ^^n(x b )^(x a ) 


ik 

E — E n + ir)' 


(1.325) 


The fixed-energy amplitude (1.317) contains as much information on the system 
as the time evolution amplitude, which is recovered from it by the inverse Fourier 
transformation 

(x b f a |x a t a ) = f ^-e~ lE{tb ~ ta)/h (x. h \yi a ) E . (1.326) 

J —oo ZTTfl 

The small '////-shift in the energy E in (1.325) may be thought of as being attached 
to each of the energies E n , which are thus placed by an infinitesimal piece below the 
real energy axis. Then the exponential behavior of the wave functions is slightly 
damped, going to zero at infinite time: 

e -i{E n -ir,)t/n _^ Q (1.327) 


This so-called ^//-prescription ensures the causality of the Fourier representation 
(1.326). When doing the Fourier integral (1.326), the exponential e lE( ' tb ~ ta ^ n makes 
it always possible to close the integration contour along the energy axis by an infinite 
semicircle in the complex energy plane, which lies in the upper half-plane for tb < t a 
and in the lower half-plane for tb > t a . The ^//-prescription guarantees that for 
tb < t a , there is no pole inside the closed contour making the propagator vanish. For 
t b > t a , on the other hand, the poles in the lower half-plane give, via Cauchy’s residue 
theorem, the spectral representation (1.323) of the propagator. An ^//-prescription 
will appear in another context in Section 2.3. 

If the eigenstates are nondegenerate, the residues at the poles of (1.325) render 
directly the products of eigenfunctions (barring degeneracies which must be dis¬ 
cussed separately). For a system with a continuum of energy eigenvalues, there is 
a cut in the complex energy plane which may be thought of as a closely spaced se¬ 
quence of poles. In general, the wave functions are recovered from the discontinuity 
of the amplitudes (x 6 |x a ) E across the cut, using the formula 

ih \ _ ik ih 

E — E n ) E - E n + ir] E - E n - ir) 


disc 


2tt hS(E-E n ). (1.328) 
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Here we have employed the relation 10 , valid inside integrals over E: 


1 

E - E n ± it] 


V 


E — E n 


Tin5(E - E n ), 


(1.329) 


where V indicates that the principal value of the integral has to be taken. 

The energy integral over the discontinuity of the fixed-energy amplitude (1.325) 
(x^|x a ) e reproduces the completeness relation (1.322) taken between the local states 
(xjj | and | x a ), 


/ OO W j-tj 

——disc (x 6 |x a )£ = ^'0n(xb)C( x a) = (x 6 |x a ) = <S (D) (x 6 - x a ). (1.330) 

-co ZTIfl n 

The completeness relation reflects the following property of the resolvent operator: 



UbEj 

—chscflfB) 


i. 


(1.331) 


In general, the system possesses also a continuous spectrum, in which case the 
completeness relation contains a spectral integral and (1.322) has the form 


+ [ du \ ipv){ipi,\ = 1. (1.332) 

The continuum causes a branch cut along in the complex energy plane, and (1.330) 
includes an integral over the discontinuity along the cut. The cut will mostly be 
omitted, for brevity. 


1.12 Free-Particle Amplitudes 

For a free particle with a Hamiltonian operator H = p 2 /2 M, the spectrum is con¬ 
tinuous. The eigenfunctions are (1.189) with energies E( p) = p 2 /2M. Inserting 
the completeness relation (1.187) into Eq. (1.300), we obtain for the time evolution 
amplitude of a free particle the Fourier representation 


(x & 4 


d D p 


XoO = 


(2nh) 


D 


exp \n 


P(X6 




(1.333) 


The momentum integrals can easily be done. First we perform a quadratic comple¬ 
tion in the exponent and rewrite it as 

M (x fe - x a ) 2 

2 t b - t a 

(1.334) 

10 This is often referred to as Sochocki’s formula. It is the beginning of an expansion in powers 
of 77 > 0 : l/(x ± irj) = V/x^ iir5(x) + 77 [nS'(x) ± id x V/x\ + 0(r] 2 ). 


P(Xfc 


2 M 


P 2 (4 


to) = 


2 M 


P 


1 x b - x c 
M t b - t a 


(t b - t a ) 
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Then we replace the integration variables by the shifted momenta p' = p — 
(xft — Xa)/(4 — t a )M, and the amplitude (1.333) becomes 


(x 6 f fe |x a f a ) = F(t b 


t a ) exp 


i M (x 6 - x a ) 2 
li 2. t b t a 


where F(t b — t a ) is the integral over the shifted momenta 


F(t b 


d D p' 


tn.) = 


( 27 rh) 


D 


exp 


i p 


t 2 


ft 2M 


(tb - ta) 


This can be performed using the Fresnel integral formula 


f°° dp f.a 2 \ 

1 { 

Vi, 

a > 0 , 

L^ ex F l 2 p ) 

\ 

1/Vi , 

a < 0 . 


(1.335) 


(1.336) 


(1.337) 


Here the square root \fi denotes the phase factor e l7r//4 : This follows from the Gauss 
formula 

C vk exp (~f p2 ) = 7S’ Re “ > °’ (L338) 

by continuing a analytically from positive values into the right complex half-plane. 
As long as Rea > 0, this is straightforward. On the boundaries, i.e., on the positive 
and negative imaginary axes, one has to be careful. At a = ±ia + rj with a ^ 0 and 
infinitesimal 77 > 0, the integral is certainly convergent yielding (1.337). But the 
integral also converges for rj = 0, as can easily be seen by substituting x 2 = z. See 
Appendix IB. 

Note that differentiation of Eq. (1.338) with respect to a yields the more general 
Gaussian integral formula 



d P 

V2^ P 


exp 



1 (2n — 1 )!! 
yfa a n 


Rea > 0, 


(1.339) 


where (2 n — 1)!! is defined as the product (2 n — 1) • (2 n — 3) • • • 1. For odd powers 
p 2n+1 , the integral vanishes. In the Fresnel formula (1.337), an extra integrand p 2n 
produces a factor {i/a) n . 

Since the Fresnel formula is a special analytically continued case of the Gauss for¬ 
mula, we shall in the sequel always speak of Gaussian integrations and use Fresnel’s 
name only if the imaginary nature of the quadratic exponent is to be emphasized. 
Applying this formula to (1.336), we obtain 

F{t b - t a ) = D , (1.340) 

^27 nh(t b - t a )/M 

so that the full time evolution amplitude of a free massive point particle is 

(x fe G|x a t a ) = c exp 

yj2nih(t b - t a )/M 


i M (x 6 - x a ) x 

h 2 t b — t a 


(1.341) 
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In the limit t b —> t a , the left-hand side becomes the scalar product (x&|x a ) = 
S^ D \x b — x a ), implying the following limiting formula for the 5-function 


5 (d) (x 6 - x a ) 


lim 

tb ta ^ 


^2Ttih(t b - t a )/M 


exp 


i M (x 6 - x a ) 2 
ft 2 t b t a 


(1.342) 


Inserting Eq. (1.333) into (1.317), we have for the fixed-energy amplitude the 
integral representation 


roo 

(x 6 |x a )£ = / d(t b 
Jo 


d D p 

(2irh) D 


exp 


i 

Ti 


p(x 6 - x a ) + (4 



Performing the time integration yields 



(1.343) 


(Xf> | X a ) ]£ 


/(5^ exp|tp(xi 


X«)^ 


ik 

E — p 2 /2 M + it] ' 


(1.344) 


where we have inserted a damping factor e _ 44-ia) pq 0 the integral to ensure con¬ 
vergence at large t b — t a . For a more explicit result it is more convenient to calculate 
the Fourier transform (1.341): 


(x b |x a ) E = / d(t b - t a ) 


For E < 0, we set 


yj2mh(t b - t a )/M 


exp 


h 


E(t b — to) + 


M (x 6 -x a ) s 


2 t b -t a 


k= \J-2ME/K 2 , 
and perform the integral with the help of the formula 11 

v/1 


(1.345) 

(1.346) 


roo ff]\ V / - 

jf' dtt l '~ l e- i ' yt+ip / t = 2 e~ i, ' n/2 K_ u {2y/l3'y), (1.347) 


where K u (z) is the modified Bessel function which satihes K u (z) 
result is 

, , ^ _ . 2 M k d ~ 2 K d/2 -i{kR) 

fx 6 |x a j E- l n (27r)D/2 ( kR) D/2-1 ’ 

where if = |x& — x a |. The simplest modified Bessel function is 13 


K_ v {z) 12 The 
(1.348) 


Kl/2(z) 



(1.349) 


11 I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products , Academic Press, 
New York, 1980, Formulas 3.471.10, 3.471.11, and 8.432.6 
12 ibid., Formula 8.486.16 

13 M. Abramowitz and I. Stegun, Handbook of Mathematical Functions, Dover, New York, 1965, 
Formula 10.2.17. 
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so that we find for D — 1, 2, 3, the amplitudes 


M 1 

-i -—e 

n k 


—k,R 


M 1 


M 1 


-i-r — K 0 (kR), -i 

h 7T ri 2nR 


—kR 


(1.350) 


At R = 0, the amplitude (1.348) is finite for all D < 2, where we can use the 
small-argument behavior of the associated Bessel function 14 

K v {z) = K__v(z) « lr(i/) (^j for Rev > 0, (1.351) 

to obtain 

2/lf k d ~ 2 

(x l x) B = -<—^^ r(1 -D/ 2 ). (1.352) 

This result can be continued analytically to D > 2, which will be needed later (for 
example in Subsection 4.9.4). 

For E > 0 we set 

k = yj2ME/h 2 

and use the formula 15 

jT dtt v - 1 j' yt+if)/t = in ^ 2^), 

where H^\z) is the Hankel function, to find 

Mn k D ~ 2 H ( o) 2 _ x (kR) 


(1.353) 

(1.354) 


(x b |x a )£ = 


ft ( 2 vr ) D / 2 ( fci ?)^ 2 - 1 ‘ 


The relation 16 


K w (-iz) = (z) 


(1.355) 


(1.356) 


connects the two formulas with each other when continuing the energy from negative 
to positive values, which replaces k by e~ tn ^ 2 k = —ik. 

For large distances, the asymptotic behavior 17 


Mz) « ^e~\ H™(z) « /2-/D 


shows that the fixed-energy amplitude behaves for E < 0 like 
(xft|x a )g f 

and for E > 0 like 


.M n_o 1 1 — k r/d 

% ~ h K ( 2 tt )( d - 1 )/ 2 (^ i ?)^- 1 )/ 26 


(x 6 |x, 


■a IE 


2_1_ 1 

U (2vri)^- 1 )/ 2 (fci?)^" 1 )/ 2 ' 


,■ ikR/h 


For D — 1 and 3, these asymptotic expressions hold for all i?. 


1 A ibid., Formula 9.6.9. 

15 ibid., Formulas 3.471.11 and 8.421.7. 
16 ibid., Formula 8.407.1. 

17 ibid., Formulas 8.451.6 and 8.451.3. 


(1.357) 


(1.358) 


(1.359) 
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1.13 Quantum Mechanics of General Lagrangian Systems 


An extension of the quantum-mechanical formalism to systems described by a set 
of completely general Lagrange coordinates qi,... ,q N is not straightforward. Only 
in the special case of q t (i = 1,, N ) being merely a curvilinear reparametrization 
of a .D-dimensional Euclidean space are the above correspondence rules sufficient 
to quantize the system. Then N = D and a variable change from x 1 to qj in the 
Schrodinger equation leads to the correct quantum mechanics. It will be useful to 
label the curvilinear coordinates by Greek superscripts and write q M instead of q r 
This will help when we write all ensuing equations in a form that is manifestly 
covariant under coordinate transformations. In the original definition of generalized 
coordinates in Eq. (1.1), this was unnecessary since transformation properties were 
ignored. For the Cartesian coordinates we shall use Latin indices alternatively as 
sub- or superscripts. The coordinate transformation x 1 = x l (q Al ) implies the relation 
between the derivatives = d/dq^ 1 and d t = d/dx l : 

d lt = e\(q)di, (1.360) 

with the transformation matrix 

= d„x z (q) (1.361) 


called basis D-ad (in 3 dimensions triad, in 4 dimensions tetrad, etc.). Let 
e i >1 (q) — dq^/dx 1 be the inverse matrix (assuming it exists) called the reciprocal 
D-ad, satisfying with e* M the orthogonality and completeness relations 


e\ e? = <5/, c\ e/ = 5^. (1.362) 

Then, (1.360) is inverted to 

di = ef(q)d^ (1.363) 

and yields the curvilinear transform of the Cartesian quantum-mechanical momen¬ 
tum operators 

Pi = -itidi = —ihe i fJ '(q)d fl . (1.364) 

The free-particle Hamiltonian operator 


H n = T = 


1 ~2 ^2 

P 2 = v 2 


2 M 


2 M 


(1.365) 


goes over into 

D = -wD (L366) 

where A is the Laplacian expressed in curvilinear coordinates: 


A 


a 2 = 

e^e"d,d v + (e^endv. 


(1.367) 
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At this point one introduces the metric tensor 


9nu{q) = e if ,(q)eQ(q), 

(1.368) 

its inverse 


aTia) = e'^qWiq), 

(1.369) 

defined by g^ u g v \ = <T J A , and the so-called affine connection 


r^w X (q) = -e\{q)d^(q) = e i x (q)d fl e\(q). 

(1.370) 

Then the Laplacian takes the form 


A = (T(g)0A - 

(1.371) 

with T^ Xu being defined as the contraction 


■p \v _ Attp v 

(1.372) 


The reason why (1.368) is called a metric tensor is obvious: An infinitesimal square 
distance between two points in the original Cartesian coordinates 

ds 2 = dx. 2 (1.373) 


becomes in curvilinear coordinates 

ds 2 = dqi*d<p dqlidqI ' = g ^ q ^ dq ^ dqV - (1.374) 

The infinitesimal volume element d D x is given by 

d D x = sj gd D q , (1.375) 

where 

g(q) = det (g„v(q)) (1.376) 

is the determinant of the metric tensor. Using this determinant, we form the quantity 

= g~ 1/2 (d^g 1/2 ) = ^g XK (d^g XK ) (1.377) 

and see that it is equal to the once-contracted connection 

= T mA a . (1.378) 

With the inverse metric (1.369) we have furthermore 

T,r = - V - r/u 


(1.379) 
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We now take advantage of the fact that the derivatives <9 M , d u applied to the coordi¬ 
nate transformation x l (q) commute causing T M! , A to be symmetric in pu, i.e., T^ x 
= W/ and hence = T u . Together with (1.377) we find the rotation 

TpT = (1-380) 

which allows the Laplace operator A to be rewritten in the more compact form 

A = y/gdu. (1.381) 

v9 

This expression is called the Laplace-Beltrami operator. 18 

Thus we have shown that for a Hamiltonian in a Euclidean space 

ff(p,x) = Ap 2 + r(x), (1.382) 


the Schrodinger equation in curvilinear coordinates becomes 


Hi/>(q,t) 


k 2 

~ 2 M 


A + V{q) 


= ihdtij)(q,t), 


(1.383) 


where V(q) is short for U(x(g)). The scalar product of two wave functions 
/ d D x / ip%(x.,t)'tpi(x.,t) i which determines the transition amplitudes of the system, 
transforms into 

J d D q y /g^* 2 {q 1 t)^ 1 (q 1 t). (1.384) 

ft is important to realize that this Schrodinger equation would not be obtained 
by a straightforward application of the canonical formalism to the coordinate- 
transformed version of the Cartesian Lagrangian 

L(x, x) = — x 2 — V(x). (1.385) 

With the velocities transforming as 

V = e\XqW l , (1-386) 

the Lagrangian becomes 

L(q, g) = - V (d)- (1.387) 

Up to a factor M, the metric is equal to the Hessian metric of the system, which 
depends here only on [recall (1.12)]: 

H^q) = Mg^(q). (1.388) 

18 More details will be given later in Eqs. (11.12)—(11.18). 
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The canonical momenta are 

& L 

Plx = W = Mg ^ V ■ ( L389 ) 

The associated quantum-mechanical momentum operators p M have to be Hermitian 
in the scalar product (1.384) and must satisfy the canonical commutation rules 
(1.268): 


\Pn, <f ] = 

= 0, (1.390) 

\PvoPv] = 0 . 

An obvious solution is 

p, = -ihg~ l /%g l '\ ff = qA (1.391) 

The commutation rules are true for —ihg~ z d fl g z with any power z, but only z — 1/4 
produces a Hermitian momentum operator: 

J AV5^(9^)[-^ 1/4 ^ 1/4$ i(l^)] = J d Z qg l/A %(q 1 t)[Mnd^g l/i ^ l (q 1 t)} 

= [ d z q^/g[-ihg^ 1/A d il g 1/A ^ 2 {q,t)}*^i{q,t), (1.392) 

as is easily verified by partial integration. 

In terms of the quantity (1.377), this can also be rewritten as 

^ = -^(^ + 1^). (1.393) 

Consider now the classical Hamiltonian associated with the Lagrangian (1.387), 
which by (1.389) is simply 

H = P,A" -L = -^g l xv(q)p> 1 p v + V(q). (1.394) 

When trying to turn this expression into a Hamiltonian operator, we encounter the 
operator-ordering problem discussed in connection with Eq. (1.101). The correspon¬ 
dence principle requires replacing the momenta p^ by the momentum operators /3 /t , 
but it does not specify the position of these operators with respect to the coordi¬ 
nates contained in the inverse metric g^ w (q). An important constraint is provided 
by the required Hcrmiticity of the Hamiltonian operator, but this is not sufficient 
for a unique specification. We may, for instance, define the canonical Hamiltonian 
operator as 

H c an = -^P^9nv{q)p v + V(q), (1.395) 

in which the momentum operators have been arranged symmetrically around the 
inverse metric to achieve Hermiticity. This operator, however, is not equal to the 
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correct Schrodinger operator in (1.383). The kinetic term contains what we may 
call the canonical Laplacian 

A can = (d„ + ±T M ) g^(q) (, % + \Y U ). (1.396) 

It differs from the Laplace-Beltrami operator (1.381) in (1.383) by 

A - A can = -kd^g* T„) - \g^Y u T^. (1.397) 

The correct Hamiltonian operator could be obtained by suitably distributing pairs of 
dummy factors of g 1/74 and t/ -1 / 4 symmetrically between the canonical operators [5]: 

h = ■^g~ 1/4 p^g 1/4 g^{q)g 1/ %g~ 1/A + v{q). (1.398) 

This operator has the same classical limit (1.394) as (1.395). Unfortunately, the 
correspondence principle does not specify how the classical factors have to be ordered 
before being replaced by operators. 

The simplest system exhibiting the breakdown of the canonical quantization rules 
is a free particle in a plane described by radial coordinates q 1 = r, q 2 = tp\ 

x l = r cos ip, x 2 = r sin</?. (1.399) 

Since the infinitesimal square distance is ds 2 = dr 2 + r 2 d(p 2 , the metric reads 

9„»=(l ° ) ■ (1-400) 

It has a determinant 

g = r 2 (1.401) 

and an inverse 

(1.402) 

The Laplace-Beltrami operator becomes 

A = -d r rd r + -^d v 2 . (1.403) 

The canonical Laplacian, on the other hand, reads 

= (d r + l/2r) 2 + 4 dp 

= Sr 2 + 1 7 dr - l L + 4ay- (1-404) 

The discrepancy (1.397) is therefore 

A„ m -A=-T. (1,405) 
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Note that this discrepancy arises even though there is no apparent ordering problem 
in the naively quantized canonical expression p^g^^q) p v in (1.404). Only the need to 
introduce dummy g 1 ^- and g _1 / 4 -factors creates such problems, and a specification 
of the order is required to obtain the correct result. 

If the Lagrangian coordinates g* do not merely reparametrize a Euclidean space 
but specify the points of a general geometry, we cannot proceed as above and de¬ 
rive the Laplace-Beltrami operator by a coordinate transformation of a Cartesian 
Laplacian. With the canonical quantization rules being unreliable in curvilinear 
coordinates there are, at first sight, severe difficulties in quantizing such a system. 
This is why the literature contains many proposals for handling this problem [6]. 
Fortunately, a large class of non-Cartesian systems allows for a unique quantum- 
mechanical description on completely different grounds. These systems have the 
common property that their Hamiltonian can be expressed in terms of the genera¬ 
tors of a group of motion in the general coordinate frame. For symmetry reasons, 
the correspondence principle must then be imposed not on the Poisson brackets of 
the canonical variables p and q , but on those of the group generators and the coor¬ 
dinates. The brackets containing two group generators specify the structure of the 
group, those containing a generator and a coordinate specify the defining represen¬ 
tation of the group in configuration space. The replacement of these brackets by 
commutation rules constitutes the proper generalization of the canonical quantiza¬ 
tion from Cartesian to non-Cartesian coordinates. It is called group quantization. 
The replacement rule will be referred to as the group correspondence principle. The 
canonical commutation rules in Euclidean space may be viewed as a special case 
of the commutation rules between group generators, i.e., of the Lie algebra of the 
group. In a Cartesian coordinate frame, the group of motion is the Euclidean group 
containing translations and rotations. The generators of translations and rotations 
are the momenta and the angular momenta, respectively. According to the group 
correspondence principle, the Poisson brackets between the generators and the co¬ 
ordinates are to be replaced by commutation rules. Thus, in a Euclidean space, the 
commutation rules between group generators and coordinates lead to the canoni¬ 
cal quantization rules, and this appears to be the deeper reason why the canonical 
rules are correct. In systems whose energy depends on generators of the group of 
motion other than those of translations, for instance on the angular momenta, the 
commutators between the generators have to be used for quantization rather than 
the canonical commutators between positions and momenta. 

The prime examples for such systems are a particle on the surface of a sphere or 
a spinning top whose quantization will now be discussed. 

1.14 Particle on the Surface of a Sphere 

For a particle moving on the surface of a sphere of radius r with coordinates 

x 1 = r sin 9 cos <p, x 2 = r sin 9 sin p, x 3 = r cos 9, (1.406) 
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the Lagrangian reads 

L = (O 2 + sin 2 9 tp 2 ). 

The canonical momenta are 

p e = Mr 2 9, p^ = Mr 2 sin 2 9 (p, 
and the classical Hamiltonian is given by 

H = 2MH if 6 + ^9 p i) ' 

According to the canonical quantization rules, the momenta should become opera¬ 
tors 

pe = -ih — T-pr-d e sin 1/2 9, ■p ip = -ihd ti> . (1.410) 

sin ' 9 

But as explained in the previous section, these momentum operators are not ex¬ 
pected to give the correct Hamiltonian operator when inserted into the Hamiltonian 
(1.409). Moreover, there exists no proper coordinate transformation from the sur¬ 
face of the sphere to Cartesian coordinates 19 such that a particle on a sphere cannot 
be treated via the safe Cartesian quantization rules (1.268): 

\pi,x 3 ] = -ikSi J , 

[x\x j ] = 0, (1.411) 

\pi,Pj] = o. 

The only help comes from the group properties of the motion on the surface of the 
sphere. The angular momentum 


(1.407) 

(1.408) 

(1.409) 


L = x x p (1.412) 

can be quantized uniquely in Cartesian coordinates and becomes an operator 

L = x x p (1.413) 

whose components satisfy the commutation rules of the Lie algebra of the rotation 
group 


[Li,Lj] = ikL k (i,j,k cyclic). (1.414) 

Note that there is no factor-ordering problem since the x l, s and the pi’s appear 
with different indices in each L k . An important property of the angular momentum 

19 There exist, however, certain infinitesimal nonholonomic coordinate transformations which are 
multivalued and can be used to transform infinitesimal distances in a curved space into those in a 
flat one. They are introduced and applied in Sections 10.2 and Appendix 10A, leading once more 
to the same quantum mechanics as the one described here. 
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operator is its homogeneity in x. It has the consequence that when going from 
Cartesian to spherical coordinates 

x 1 = r sin 0 cos 99 , x 2 = r sin 9 sin <p, x 3 = rcos9, (1.415) 

the radial coordinate cancels making the angular momentum a differential operator 
involving only the angles 6, 

Li = ih (sin ip dg + cot 9 cos tp d v ), 

I /2 = — ih (cos <p de — cot 9 sin ip d v ) t (1.416) 

L 3 = —ihd v . 

There is then a natural way of quantizing the system which makes use of these 
operators Lj. We re-express the classical Hamiltonian (1.409) in terms of the classical 
angular momenta 

L\ = Mr 2 f— sin tp 9 — sin 9 cos 9 cos ip (p^j , 

L 2 = Mr 2 (cos(p 9 — sin 9 cos 9 sin tp ip^j , (1.417) 

L 3 = Mr 2 sin 2 9 0 
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Two important lessons can be learned from this group quantization. First, the 
correct Hamiltonian operator (1.419) does not agree with the canonically quantized 
one which would be obtained by inserting Eqs. (1.410) into (1.409). The correct 
result would, however, arise by distributing dummy factors 

g-i/i = r -i si n —V2^ (yd/4 = r S in 1/2 d (1.423) 


between the canonical momentum operators as observed earlier in Eq. (1.398). Sec¬ 
ond, just as in the case of polar coordinates, the correct Hamiltonian operator is 
equal to 


H 



(1.424) 


where A is the Laplace-Bcltrami operator associated with the metric 


( 1 0 ^ 

^ 0 sin 2 9 ) ’ 


(1.425) 


i.e. 


A = 4 


d e (sin 9d g ) + 


sin 9 


sm 


—d 2 
2 9 * 


(1.426) 


1.15 Spinning Top 

For a spinning top, the optimal starting point is again not the classical Lagrangian 
but the Hamiltonian expressed in terms of the classical angular momenta. In the 
symmetric case in which two moments of inertia coincide, it is written as 

H = wS L(1 + L " 2) + w ( L(2 ' (1 - 427) 

where L^, L v , L^ are the components of the orbital angular momentum in the direc¬ 
tions of the principal body axes with Jg, I r/ = /^, Iq being the corresponding moments 
of inertia. The classical angular momentum of an aggregate of mass points is given 
by 

L = ^x„xp„, (1.428) 

V 

where the sum over v runs over all mass points. The angular momentum possesses 
a unique operator 

L = ^ x„ x p„, (1.429) 

V 

with the commutation rules (1.414) between the components L,. Since rotations 
do not change the distances between the mass points, they commute with the con¬ 
straints of the rigid body. If the center of mass of the rigid body is placed at the 
origin, the only dynamical degrees of freedom are the orientations in space. They 
can uniquely be specified by the rotation matrix which brings the body from some 
standard orientation to the actual one. We may choose the standard orientation 
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to have the principal body axes aligned with the x, y, ^-directions, respectively. An 
arbitrary orientation is obtained by applying all finite rotations to each point of the 
body. They are specified by the 3x3 orthonormal matrices R VJ . The space of these 
matrices has three degrees of freedom, ft can be decomposed, omitting the matrix 
indices as 

R(a,f3, 7 ) = R 3 (a)R 2 (f3)R 3 ( 7 ), (1.430) 

where R 3 (a), ^ 3 ( 7 ) are rotations around the z-axis by angles a, 7 , respectively, 
and R 2 (f3) is a rotation around the y -axis by j3. These rotation matrices can be 
expressed as exponentials 

Ri{6) = e ~ i5Li/h , (1.431) 

where 5 is the rotation angle and L t are the 3x3 matrix generators of the rotations 
with the elements 

( Li)jk = -ihe ijk . (1.432) 

It is easy to check that these generators satisfy the commutation rules (1.414) of 
angular momentum operators. The angles a,/3 ,7 are referred to as Euler angles. 

The 3x3 rotation matrices make it possible to express the infinitesimal rota¬ 
tions around the three coordinate axes as differential operators of the three Euler 
angles. Let il>(R) be the wave function of the spinning top describing the probability 
amplitude of the different orientations which arise from a standard orientation by 
the rotation matrix R = R(a,(3, 7 ). Under a further rotation by R(a',f3', 7 '), the 
wave function goes over into -0'( R ) = ^(i? _ 1 (o; / , j3', 7 ')/?). The transformation may 
be described by a unitary differential operator 

U{ot, ft, 7 ) = e -^'i 3 e -^T 2 e -i 7 'L 3) (L 433 ) 

where L* is the representation of the generators in terms of differential operators. 
To calculate these we note that the 3x3 -matrix i? _ 1 (a,/3, 7 ) has the following 
derivatives 


—ihd a R~ l = R 1 L 3 , 

—ihdpR~ l = i?” 1 (cosaL 2 — sin a Li), (1.434) 

—ihd^R- 1 = R~ x [cos/3 L 3 + sin/3(cos a L\ + sin a L 2 )\. 

The first relation is trivial, the second follows from the rotation of the generator 

e -iaL 3 /h^ e iaL 3 /h _ CQS a ^ _ s j n ^ (1.435) 

which is a consequence of Lie’s expansion formula (1.297) together with the com¬ 
mutation rules (1.432) of the 3x3 matrices L, . The third requires, in addition, the 
rotation 


e -if3L 2 /h L;ie ipL 2 /h = cosf3L3 + sin p Ll , 


( 1 . 436 ) 
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Inverting the relations (1.434), we find the differential operators generating the 
rotations [7]: 


4 

4 

4 


ih 

ih 


^cos a cot f3 d a + sin a dp — 
(sin a cot (3 d Q — cos a dp — 


cos a 
sin (3 
sin a 

sin (3 



—ikd Q . 


(1.437) 


After exponentiating these differential operators we derive 


= R~\a, /3 , 7 )44 7 '), 

U (c/, /3', 'y')R(a, f3, 7 )Lf _ 1 (c/, /3', 7 ') = R~\a\ (3’, 1)R{a, /3, 7 ), (1-438) 


so that 1/(4 f3', y)'i/j(R) = 'ip'(R), as desired. 

In the Hamiltonian (1.427), we need the components of L along the body axes. 
They are obtained by rotating the 3x3 matrices L t by R(a,f3, 7 ) into 

L^ = RLiR " 1 = cos 7 cos/3 (cos a + sinaL 2 ) 

+ sin 7 (cos a L 2 — sin a Lx) — cos 7 sin/ 3 L 3 , 

Lrj = RL 2 R~ l = — sin 7 cos/? (cos aLi + sinal^) (1.439) 

+ cos 7 (cos a L 2 — sin a L\) + sin 7 sin (3 L 3 , 

Lc_ = RL 3 R - 1 = cos (3 L 3 + sin/3(cos a L\ + sin a L 2 ), 

and replacing Li —> Li in the final expressions. Inserting (1.437), we find the oper¬ 
ators 


4 

Lri 

4 


( — cos 7 cot (3 d~ — sin 7 ch H -- 4 a ] , 

V ' sin (3 I 


ih ( sin 7 cot (3 < 9 7 — cos 7 < 9 ^ 


sm 7 
sin/3 


dn 


-ihd~,. 


(1.440) 


Note that these commutation rules have an opposite sign with respect to those in 
Eqs. (1.414) of the operators Lp 20 

[ 4,4 ] = ~ihL c , f, 7 , ( = cyclic. (1.441) 

The sign is most simply understood by writing 

4 = 44 ’. 4 = 44 » 4 = 44 ) (1.442) 

20 When applied to functions not depending on a, then, after replacing /3 —>■ d and 7 —>■ y, the 
operators agree with those in (1.416), up to the sign of In. 
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where a|, a l v , a£, are the components of the body axes. Under rotations these behave 
like [. Li, a |] = iheijka |, i.e., they are vector operators. It is easy to check that this 
property produces the sign reversal in (1.441) with respect to (1.414). 

The correspondence principle is now applied to the Hamiltonian in Eq. (1.427) 
by placing operator hats on the L a ’s. The energy spectrum and the wave functions 
can then be obtained by using only the group commutators between Lg, L n , L<p The 
spectrum is 


Elk = n 2 


2^ L(L + 1) + 




(1.443) 


where L[L + 1) with L — 0,1, 2,... are the eigenvalues of L 2 , and A = —L,. .., L 
are the eigenvalues of Lq. The wave functions are the representation functions of 
the rotation group. If the Euler angles a,/3 ,7 are used to specify the orientation of 
the body axes, the wave functions are 


fpLAm(a , P, 7 ) = D^ nA (-a, -/3, - 7 ). (1.444) 

Here m! are the eigenvalues of L 3 , the magnetic quantum numbers, and D^ lA (a, P, 7 ) 
are the representation matrices of angular momentum L. In accordance with (1.433), 
one may decompose 

+„>-(<*,ft 7) = (1-445) 


with the matrices 


d tm'(P) = 


(L + m!)\{L — m')\ 
(.L + m)\{L — m)\ 


1/2 


X (co s |) 


\ m+m' 


sm 2 


P^~r m ' +m \^P)- ( 1 - 446 ) 


For j = 1/2, these form the spinor representation of the rotations around the y-axis 

(1.447) 


rl 1/2 (R\= ( COS P / 2 ~ S[n P / 2 

m ' ml ' 1 l sin/3/2 cos/3/2 


The indices have the order +1/2,—1/2. The full spinor representation function 
H 1 / 2 (a,/3, 7 ) in (1.445) is most easily obtained by inserting into the general expres¬ 
sion (1.433) the representation matrices of spin 1/2 for the generators L,; with the 
commutation rules (1.414), the famous Pauli spin matrices: 


a 1 = 


0 1 
1 0 


a 2 = 


0 -i 
i 0 


a 3 = 


0 


(1.448) 


Thus we can write 


D 1/2 (a, P, 7 ) = e -*W 2 e -i/ 3 <r 2 / 2 e -iW 2 _ 


(1.449) 
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The first and the third factor yield the pure phase factors in (1.445). The function 
dHJmift) is obtained by a simple power series expansion of e ~ l/3a2 ^ 2 , using the fact 
that (cr 2 ) 2n = 1 and (cr 2 ) 2r!+1 = cr 2 : 

e ~ i pa 2 /2 _ cos p/2 —ismf3/2cr 2 , (1.450) 


which is equal to (1.447). 

For j = 1, the representation functions (1.446) form the vector representation 




^|(l + cos/3) —-^sin/3 |(1 — cos/3) \ 
^sin f3 cos/3 —-^sin/3 
^ |(1 — cos/3) -^sin f3 |(l + cos/3)y 


(1.451) 


where the indices have the order +1/2, —1/2. The vector representation goes over 
into the ordinary rotation matrices Rij(/3 ) by mapping the states |lm) onto the 
spherical unit vectors e(0) = z, e(±l) = +(x ± iy)/2 using the matrix elements 
(i|lm) = e*(m). Hence R(/3)e(m ) = Y/l n , =-i e ( m ')dm , m(P)- 

The representation functions H 1 (a,/3, 7 ) can also be obtained by inserting into 
the general exponential (1.433) the representation matrices of spin 1 for the genera¬ 
tors Li with the commutation rules (1.414). In Cartesian coordinates, these are 
simply (Lj)jjt = — where is the completely antisymmetric tensor with 
+23 = 1- In the spherical basis, these become = ( m\i)(Li)ij(j\m') = 

The exponential (e _l/3Z/2 ) mm / is equal to (1.451). 

The functions P/ Q,/ ^(z) are the Jacobi polynomials [ 8 ], which can be expressed 
in terms of hypergeometric functions as 


+ JS) = bif £+tA±i+(_;, ( + 1 + a + ft 1 + ft (1 + z)/ 2), 


where 

, . ab a(a + l)b(b + l)z 2 

F(a, 6 ; c; 2 ) = 1 + —z + ^ > - + . 

The rotation functions dm m ,(/3) satisfy the differential equation 


(1.452) 

(1.453) 


d 2 


dfi 1 


COt/3 Jl3 + 


2 1 / 2 

m + m 


2 mm' cos/3' 


sin" [3 


dmm'(P) — L(L + 1 )dmm'((3)- (1.454) 


The scalar products of two wave functions have to be calculated with a measure of 
integration that is invariant under rotations: 

r 2n nix /*27r 

(^If/h) = / / / dad/3sinPdj i/)2(a,f3,j)il)i(a, 0,7). (1.455) 

Jo Jo Jo 

The above eigenstates (1.445) satisfy the orthogonality relation 

p2tt r7v r27r 

Jo Jo Jo D m{rn 1 ( a ’P’l) D J 2 m 2 ( a ’P’3r) 

87 T 2 

dm\mt TFt i 7 ' (1.456) 

1 2 2L i + 1 
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Let us also contrast in this example the correct quantization via the commutation 
rules between group generators with the canonical approach which would start out 
with the classical Lagrangian. In terms of Euler angles, the Lagrangian reads 

L =-[I{(u]£ 2 + lj^) + I(tn£ 2 ], (1.457) 

where uy,o;, ? ,uy are the angular velocities measured along the principal axes of the 
top. To find these we note that the components in the rest system ay ,u> 2 ,u >3 are 
obtained from the relation 

u>kL k = iRR~ l (1.458) 

as 

ay = — $ sin a + 7 sin (3 cos a , 
l o 2 — $ cos a + 7 sin (3 sin a, 

ay = 7 cos /3 + a. (1.459) 

After the rotation (1.439) into the body-fixed system, these become 

07 = $ sin 7 — a sin (3 cos 7 , 
ay = ft cos 7 + a sin (3 sin 7 , 

ay = dcos /3 + 7 . (1.460) 

Explicitly, the Lagrangian is 

L = i[/^(/3 2 + a 2 sin 2 (3) + I^(a cos [3 + y) 2 ]. (1.461) 

Considering a, (3 ,7 as Lagrange coordinates with /i = 1,2,3, this can be written 
in the form (1.387) with the Hessian metric [recall (1.12) and (1.388)]: 

1 1$ sin 2 f3 + I( cos 2 [3 0 cos /3 \ 

9 ,u= 0 4 0, (1.462) 

y Iq cos {3 0 h ) 

whose determinant is 

g = I 2 I( sin 2 (3. (1.463) 

Hence the measure / d?qyJTj in the scalar product (1.384) agrees with the rotation- 

invariant measure (1.455) up to a trivial constant factor. Incidentally, this is also 
true for the asymmetric top with I g ^ I v ^ 1^, where g = /|/^sin 2 /3, although the 
metric g IJM is then much more complicated (see Appendix 1C). 

The canonical momenta associated with the Lagrangian (1.457) are, according 
to (1.387), 

p a = dL/da = Ig a sin 2 (3 + 1^ cos(3(a cos (3 + 7 ), 

Pp = dL/dp = I($, 
p 7 = dL/d'y = (a cos (3 + 7 ). 


(1.464) 
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After inverting the metric to 


<r = 


sin 2 p 


1 

0 


\ — COS P 


0 

sin 2 P 
0 


— COS P 

0 

cos 2 P + Jc sin 2 P/I^ 



we find the classical Hamiltonian 


H 


1 

2 


yPp + 
A 


( cos 2 P 1 \ 9 1 

+ ^ + k^?l3 p ' 


2 cos P 

— : 2 nPaP'1 
y sin P 


(1.465) 


(1.466) 


This Hamiltonian has no apparent ordering problem. One is therefore tempted to 
replace the momenta simply by the corresponding Hermitian operators which are, 
according to (1.391), 


Pa = ~ihd Q , 

p /3 = —ih(sm P)~ ll,2 d/ 3 (sm P) 1 / 2 = —iTi(dp + ^ cot P), 

p 7 = —iUd^. (1.467) 

Inserting these into (1.466) gives the canonical Hamiltonian operator 

#can = H + iAiiscr, (1.468) 


with 


H . 

21 , 


2 r 


t L 


d/ 3 2 + cot pd /3 + | j- + cot 2 Pj (9 7 2 


4_ l _ Q 2 _ 2c0S ^ g Q 

sin 2 p a sin 2 P a i 


(1.469) 


and 


- 1 1 13 

tfdiscr = ^ COt ^ + 4 COt2 P = J— 2 p ~ 4’ 


(1.470) 


The first term H agrees with the correct quantum-mechanical operator derived 
above. Indeed, inserting the differential operators for the body-fixed angular mo¬ 
menta (1.440) into the Hamiltonian (1.427), we find H. The term iAiiscr is the 
discrepancy between the canonical and the correct Hamiltonian operator. It exists 
even though there is no apparent ordering problem, just as in the radial coordinate 
expression (1.404). The correct Hamiltonian could be obtained by replacing the 
classical p/ 3 2 term in H by the operator g~ 1 ^ppg 1 / 2 ppg- 1 ^, by analogy with the 
treatment of the radial coordinates in H of Eq. (1.398). 

As another similarity with the two-dimensional system in radial coordinates and 
the particle on the surface of the sphere, we observe that while the canonical quan¬ 
tization fails, the Hamiltonian operator of the symmetric spinning top is correctly 
given by the Laplace-Beltrami operator (1.381) after inserting the metric (1.462) 
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and the inverse (1.465). It is straightforward although tedious to verify that this is 
also true for the completely asymmetric top [which has quite a complicated metric 
given in Appendix 1C, see Eqs. (1C.2), and (1C.4)]. This is an important nontrivial 
result, since for a spinning top, the Lagrangian cannot be obtained by reparametriz¬ 
ing a particle in a Euclidean space with curvilinear coordinates. The result suggests 
that a replacement 

9 t xv{q)p' x p v -»■ -ft 2 A (1.471) 

produces the correct Hamiltonian operator in any non-Euclidean space . 21 

What is the characteristic non-Euclidean property of the a,/3 ,7 space? As we 
shall see in detail in Chapter 10, the relevant quantity is the curvature scalar R. 
The exact definition will be found in Eq. (10.42). For the asymmetric spinning top 
we find (see Appendix 1C) 


^ _ (h + -ft? + 4) 2 ~ 2 (ftf + ft 2 + ft|) 

2W< 

Thus, just like a particle on the surface of a sphere, the spinning top corresponds 
to a particle moving in a space with constant curvature. In this space, the cor¬ 
rect correspondence principle can also be deduced from symmetry arguments. The 
geometry is most easily understood by observing that the a, (3 ,7 space may be con¬ 
sidered as the surface of a sphere in four dimensions, as we shall see in more detail 
in Chapter 8 . 

An important non-Euclidean space of physical interest is encountered in the 
context of general relativity. Originally, gravitating matter was assumed to move in 
a spacetime with an arbitrary local curvature. In newer developments of the theory 
one also allows for the presence of a nonvanishing torsion. In such a general situation, 
where the group quantization rule is inapplicable, the correspondence principle has 
always been a matter of controversy [see the references after (1.405)] to be resolved in 
this text. In Chapters 10 and 8 we shall present a new quantum equivalence principle 
which is based on an application of simple geometrical principles to path integrals 
and which will specify a natural and unique passage from classical to quantum 
mechanics in any coordinate frame . 22 The configuration space may carry curvature 
and a certain class of torsions (gradient torsion). Several arguments suggest that 
our principle is correct. For the above systems with a Hamiltonian which can be 
expressed entirely in terms of generators of a group of motion in the underlying 
space, the new quantum equivalence principle will give the same results as the group 
quantization rule. 



21 If the space has curvature and no torsion, this is the correct answer. If torsion is present, the 
correct answer will be given in Chapters 10 and 8 . 

22 H. Kleinert, Mod. Phys. Lett. A 4■, 2329 (1989) (http://www.physik.fu-berlin.de/ 
~kleinert/199); Phys. Lett. B 236, 315 (1990) (ibid.http/202). 
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1.16 Scattering 

Most observations of quantum phenomena are obtained from scattering processes of 
fundamental particles. 

1.16.1 Scattering Matrix 

Consider a particle impinging with a momentum p a and energy E = E a = p^/2 M 
upon a nonzero potential concentrated around the origin. After a long time, it 
will be found far from the potential with some momentum p?,. The energy will be 
unchanged: E = E b = pl/2M. The probability amplitude for such a process is 
given by the time evolution amplitude in the momentum representation 

{p b tb\Pata) = (Pb\e~ lH(tb ~ ta)/h \p a ) 1 (1.473) 

where the limit t b —» oo and t a —» —oo has to be taken. Long before and after the 

collision, this amplitude oscillates with a frequency uj — E/fi characteristic for free 
particles of energy E. In order to have a time-independent limit, we remove these 
oscillations, from (1.473), and define the scattering matrix (S'-matrix) by the limit 

(Pfcl-S'lPa) = lim e KE b t b -E a t a )/n^ e -iH{t b -t a )/n^ a y ( 1 . 474 ) 

t b -t a -*00 

Most of the impinging particles will not scatter at all, so that this amplitude must 
contain a leading term, which is separated as follows: 

(Pftl'S'lPa) = (Pfc|pa) + (Pfcl-S'lPa)', (1.475) 

where 

(p»|p.) = {p t |e-'* (, ‘-‘- )/ '‘|Pa) = (2 nh) 3 i< 3 >(p t - Pa) (1.476) 

shows the normalization of the states [recall (1.186)]. This leading term is com¬ 
monly subtracted from (1.474) to find the true scattering amplitude. Moreover, 
since potential scattering conserves energy, the remaining amplitude contains a 5- 
function ensuring energy conservation, and it is useful to divide this out, defining 
the so-called T-matrix by the decomposition 

(p&l'S'lPa) = (27rfr) 3 h (3) (p a - p a ) - 27T ki5(E b - E a )(p b \f\p a ). (1.477) 

From the definition (1.474) and the hermiticity of H it follows that the scattering 
matrix is a unitary matrix. This expresses the physical fact that the total probability 
of an incident particle to re-emerge at some time is unity (in quantum field theory 
the situation is more complicated due to emission and absorption processes). 

In the basis states |p m ) introduced in Eq. (1.180) which satisfy the completeness 
relation (1.182) and are normalized to unity in a finite volume V, the unitarity is 
expressed as 

E(P m d , IP m ')<P m '|5|p'”"> = E<P m d|p“')(p m i5'|p m ") = 1. (1.478) 

m' in 7 
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Remembering the relation (1.185) between the discrete states |p m ) and their con¬ 
tinuous limits | p) , we see that 

(P6 m '|£|Pa m ) « ^{Pb\S\p a ) t (1.479) 

where L 3 is the spatial volume, and p™ and p™ are the discrete momenta closest to 
P;, and p a . In the continuous basis |p), the unitarity relation reads 

/ (^(P^IPXPl^lPa) = J (2 ^) 3 ( p fe|^l p )( p l^ t | p a) = 1- (1.480) 


1.16.2 Cross Section 


The absolute square of (pj,|5'|p a ) gives the probability P Pb ^ Pa for the scattering 
from the initial momentum state p a to the final momentum state p^. Omitting the 
unscattered particles, we have 

P Pb *- Pa = ^2nhS(0)2nhS(E b -E a )\(p b \T\p a )\ 2 . (1.481) 

The factor 5(0) at zero energy is made finite by imagining the scattering process to 
take place with an incident time-independent plane wave over a finite total time T. 
Then 2nhd(0) = f dt e lEt / h \ e=o = T, and the probability is proportional to the time 
T: 

iW = j^T2M(E b - B.)|( Pi> |f|p„)| 2 . (1.482) 

By summing this over all discrete final momenta, or equivalently, by integrating 
this over the phase space of the final momenta [recall (1.184)], we find the total 
probability per unit time for the scattering to take place 

cj ~p i c d^r)u r ^ A 

n=v f jik> 2M(Et ~ E ^' T ^- < L483 > 


The momentum integral can be split into an integral over the final energy and the 
final solid angle. For non-relativistic particles, this goes as follows 


I 


d 3 p b 

(2nK) 3 


M 


(2nh) 3 (2irh) 3 


dfl 


d.E b p b , 


(1.484) 


where dH = d(j) b d cos 0 b is the element of solid angle into which the particle is 
scattered. The energy integral removes the 5-function in (1.483), and makes p b 
equal to p a . 

The differential scattering cross section da/dfl is defined as the probability that 
a single impinging particle ends up in a solid angle d.Q per unit time and unit current 
density. From (1.483) we identify 


da _dPl _ 1 Mp 2 1 

dSl dn j L 3 (2nh) 3 1 PbpJ j' 


(1.485) 
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where we have set 

<p 6 |T|p a ) = T PbPa , (1.486) 

for brevity. In a volume L 3 , the current density of a single impinging particle is 
given by the velocity v = p/M as 


1 p 

J = Z 3 M’ 

so that the differential cross section becomes 

da M 2 2 

dfi = (27th) 2 PbPo1 


(1.487) 


(1.488) 


If the scattered particle moves relativistically, we have to replace the constant mass 
M in (1.484) by E = \Jp 2 + M 2 inside the momentum integral, where p — |p|, so 
that 


/ 


d 3 p 

(27th) 3 


| r roo 

dpp 

^f dn J™ d EE P . 


(1.489) 


In the relativistic case, the initial current density is not proportional to p/M but to 
the relativistic velocity v = p/E so that 


1 p 

L^E' 


(1.490) 


Hence the cross section becomes 

da 

dFl 


E 2 

(27th) 2 


IT, 


PhPa 


2 


(1.491) 


1.16.3 Born Approximation 

To lowest order in the interaction strength, the operator S in (1.474) is 

Stal-iV/h. (1.492) 

For a time-independent scattering potential, this implies 

TpbPa ~ ^PbP a/^1 (1.493) 


where 


H Pi)Pa = <p 6 |t>|p a ) = J d 3 x e < (Pfc-P-) x / R y(x) = V(p b - Pa ) (1.494) 
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is a function of the momentum transfer q = p?, — p a only. Then (1.491) reduces to 
the so called Born approximation (Born 1926) 


da 

dPl 


E- 


( 27 t h) 2 h' 


■IH 


PbPa I 


(1.495) 


The amplitude whose square is equal to the differential cross section is usually 
denoted by f PbPa , he., one writes 


% = ( 1 - 496 ) 

By comparison with (1.495) we identify 

M 

fpbPa = ~ 27rh^ Pf,Pa ’ (1-497) 

where we have chosen the sign to agree with the convention in the textbook by 
Landau and Lifshitz [9]. 


1.16.4 Partial Wave Expansion and Eikonal Approximation 

The scattering amplitude is usually expanded in partial waves with the help of 
Legendre polynomials Pi(z) = Pf(z) [see (1.421)] as 

f) °° 

/p.p. = E(2' + l)U(cosfl) (e»<p) - l) (1.498) 

zip l=Q 


where p= |p| = |p&| = |p„| and 6 is the scattering dehned by cos 0 = p&p&/1p&11p a |- 
In terms of 9, the momentum transfer q = p{> — p a has the size |q| = 2psin(#/2). 
For small 9, we can use the asymptotic form of the Legendre polynomials 23 

Pf "•(COS0) « (1.499) 

to rewrite (1.498) approximately as an integral 


Jte i _ 


dbb J 0 (qb) {exp 2 iS pb/n (p) — l} , 


(1.500) 


where b = lh/p is the so called impact parameter of the scattering process. This is 
the eikonal approximation to the scattering amplitude. As an example, consider 
Coulomb scattering where V(r) = Ze 2 /r and (2.751) yields 



Ze 2 M If 00 , 1 

— 1^1 r / dz . . 

| P | h J- 00 \Jb 2 + z 2 


(1.501) 


23 M. Abramowitz and I. Stegun, op. cit., Formula 9.1.71. 




72 


1 Fundamentals 


The integral diverges logarithmically, but in a physical sample, the potential is 
screened at some distance R by opposite charges. Performing the integral up to R 
yields 



Ze 2 M 1 [R 1 
—t / dr , ■■ 

| P | h Jb \/r 2 — b 2 

Ze 2 M 1 , 2 R 


Ze 2 M 1 

--log 


IPI h 


R + VR 2 - b 2 
b 


(1.502) 


This implies 


where 



(1.503) 


(1.504) 


is a dimensionless quantity since e 2 = hca where a is the dimensionless fine-structure 
constant 24 

e 2 

ct = — = 1/137.0359979... . (1.505) 

he 

The integral over the impact parameter in (1.500) can now be performed and yields 


pi ^ ]}_ _ 1 r(l + iff) 2n\Qfr(2pR/h) 

p 6 p a 2ip sin 2 + 2 ? 7 ( 0 / 2 ) T(— iff) 

Remarkably, this is the exact quantum mechanical amplitude of Coulomb scattering, 
except for the last phase factor which accounts for a finite screening length. This 
amplitude contains poles at momentum variables p = p n whenever 

Ze 2 Mh 

iff n =-= —n, n — 1, 2, 3,... . (1.507) 

Pn 



This corresponds to energies 

( 1 - 

which are the well-known energy values of hydrogen-like atoms with nuclear charge 
Ze. The prefactor E H = e 2 /a H = Me 4 /h 2 = 4.359 x 10 -11 erg = 27.210 eV, is equal 
to twice the Rydberg energy (see also p. 964). 

24 Throughout this book we use electromagnetic units where the electric field E = — has the 
energy density H = E 2 /87 T + p<j>, where p is the charge density, so that V ■ E = 47rp and e 2 = hca. 
The fine-structure constant is measured most precisely via the quantum Hall effect, see M.E. Cage 
et ah, IEEE Trans. Instrum. Meas. 38, 284 (1989). The magnetic field satisfies Ampere’s law 
V x B = 47rj, where j is the current density. 



E {n) = 


vl 

2M 


MZ 2 e 4 


U 2 2 n 2 ’ 
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1.16.5 Scattering Amplitude from Time Evolution Amplitude 

There exists a heuristic formula expressing the scattering amplitude as a limit of 
the time evolution amplitude. For this we express the 5-function in the energy as a 
large-time limit 


5(E b - E a ) 


— 5(p b ~Pa ) 
Pb 


M ( t b 
— inn —--— 

p b 4 ->oo y2nhM/i 


1/2 


exp 


i t b 


h 2M 


C Pb 



5 


(1.509) 

where p b = |pt,| . Inserting this into Eq. (1.477) and setting sloppily p b = p a for 
elastic scattering, the 5-function is removed and we obtain the following expression 
for the scattering amplitude 


fphPo 


p b yj2TrhM/i 

M ( 2nh) 3 4 ^oo A/ 2 


lim -rj^e lEb(tb ta)/n [{p b t b \p a t a )-(p b \p a )}. (1.510) 


This treatment of a 5-function is certainly unsatisfactory. A satisfactory treat¬ 
ment will be given in the path integral formulation in Section 2.22. At the present 
stage, we may proceed with more care with the following operator calculation. We 
rewrite the limit (1.474) with the help of the time evolution operator (2.5) as follows: 

(p b \S\p a ) = lim e^-^“)/*(p b 4| P <A) 

tb — t a —yoo 

= lim {pb\Ui(t b ,t a )\p a ), (1.511) 

tb j — t a —yOO 


where Ui(t b ,t a ) is the time evolution operator in Dirac’s 


interaction picture (1.286). 


1.16.6 Lippmann-Schwinger Equation 

From the definition (1.286) it follows that the operator Ui(t b ,t a ) satisfies the same 
composition law (1.254) as the ordinary time evolution operator U(t,t a ): 


Ulit, t a ) — Uj(t, t b )Uj(t bl t a ). (1.512) 

Now we observe that 

^iHot/n^Q = e-iHt/hft^ Ma ) = ^(0,t a _t)e-iH°t/K, (1.513) 

so that in the limit t a —» — oo 

e -iH 0 t/n ta) = 0> ta) -» ^( 0 , t a )e~ lH ^\ (1.514) 

and therefore 

lim U I (t b ,t a )= lim e iHotb/n e- iHtb/n U I (0,t a ) = lim e iH ° tb/n U I (0,t a )e- iHotb/h , 


(1.515) 
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which allows us to rewrite the scattering matrix (1.511) as 

(p fe |S1p 0 ) = lim e^ Eb ~ Ea ^ tb ^ n (pb\Ui(0, t a )|Pa)- (1.516) 

t b ,— ta~ »0O 

Note that in contrast to (1.474), the time evolution of the initial state goes now only 
over the negative time axis rather than the full one. 

Taking the matrix elements of Eq. (1.291) between free-particle states (p&| and 
|p&), and using Eqs. (1.291) and (1.514), we obtain at t b — 0 

(P6|t/j(0,t a )|p&) = (Pfe|pfe) - % -z [ dte l{Eb ' Ea ~ Ml)t/h {Y> b \VU I ^ ) t a )\Y) b ). (1.517) 

ll J— OO 

A small damping factor e qt / h is inserted to ensure convergence at t = —oo. For a 
time-independent potential, the integral can be done and yields 

(p 6 |f>/(0,t a )|p fe ) = (p 6 |p 6 ) - * - -(Pb\VUi(0,t a )\p b ). (1.518) 

Aft Fh a IT] 

This is the famous Lippmann-Schwinger equation. Inserting this into (1.516), we 
obtain the equation for the scattering matrix 

(Pftl-S'lPa) = I™ e l{Eb ~ Ea)tb (pt|p a ) - p - \ - —{Pb\VUi(0, t a )|Pft) • (1-519) 

t b ,-t a ->00 [ tj b — tj a — IT] 

The first term in brackets is nonzero only if the momenta p a and p& are equal, in 
which case also the energies are equal, E b = E a , so that the prefactor can be set 
equal to one. In front of the second term, the prefactor oscillates rapidly as the 
time tb grows large, making any finite function of E b vanish, as a consequence of the 
Riemann-Lebesgue lemma. The second term contains, however, a pole at E b = E a 
for which the limit has to be done more carefully. The prefactor has the property 


It is easy to see that this property defines a 5-function in the energy: 

i(E b -E a )t b /h 

lim —---- = 2 ni6(E b - E a ). (1.521) 

4 ^oo E b - E a - it] 

Indeed, let us integrate the left-hand side together with a smooth function f(E b ), 
and set 

E b = E a + i/t b . (1.522) 

Then the Aft-integral is rewritten as 

/ OO 

d£t-—f(E a + £/t a ). (1.523) 

-oo £ + VT] 


0 i(E b -E a )t b /h 


iiiii 

b~>oo Aft 


E b ^ A 0 , 
E b — E a . 


(1.520) 
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In the limit of large t a , the function f(E a ) can be taken out of the integral and the 
contour of integration can then be closed in the upper half of the complex energy 
plane, yielding 2ni. Thus we obtain from (1.519) the formula (1.477), with the 
T-matrix 

(p fc |f|p a ) = i(p fe |VT//(0,f a )|p fe ). (1.524) 

For a small potential V, we approximate Ui(0,t a ) ~ 1, and find the Born approxi¬ 
mation (1.493). 

The Lippmann-Schwinger equation can be recast as an integral equation for the 
T-matrix. Multiplying the original equation (1.518) by the matrix (p&|V’|p a ) = Vp b p c 
from the left, we obtain 


T = V — 

1 PbP a V PbPa 


d 3 p c T/ 1 

(2nh) 3 Pi,Pc E c — E a — irj PcPa 


(1.525) 


To extract physical information from the T-matrix (1.524) it is useful to analyze 
the behavior of the interacting state Ui(0,t a )\p a ) hr x-space. From Eq. (1.514), 
we see that it is an eigenstate of the full Hamiltonian operator H with the initial 
energy E a . Multiplying this state by (x| from the left, and inserting a complete set 
of momentum eigenstates, we calculate 


(x|£//(0,t o )|p o ) 


d 3 p 

(2itK) 3 


( X |p)(p|T/(0, t 0 ) | Pa) 


d 3 p 

(2nh) 3 


( x |p)(p| H/(0, t a )|p a ). 


Using Eq. (1.518), this becomes 
(x|£7/(0,t o )|p o ) = (x|p a ) + f d 3 x 


, f d 3 p b e *Pd x - x ')/ ft 


(2irh) 3 E a -pj;/2M+vri 


-U(x , )(x , |f/ 7 (0,f a )|p a ). 


The function 


( x I x )k = 


d 3 p { 


(2irh) 


b c iPh(*-x')/h 


ih 


E a - p 2 /2 M + irj 


(1.526) 


(1.527) 


is recognized as the fixed-energy amplitude (1.344) of the free particle. In three 
dimensions it reads [see (1.359)] 


9 /tf» p*Pa|x- x '|/S ,- 

= -T 


(1.528) 


In order to find the scattering amplitude, we consider the wave function (1.526) far 
away from the scattering center, i.e., at large |x|. Under the assumption that U(x') 
is nonzero only for small x', we approximate |x — x'| « r — xx', where x is the unit 
vector in the direction of x, and (1.526) becomes 


„ , pWaT /. , O Jlf 

|t7/(0,O|P«) ~ e^ /h - — J dVe-^ xx ^U(x / )(x'|U / (0,f a )| Pa ). 


(1.529) 
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In the limit t 0 —> —oo, the factor multiplying the spherical wave factor e iPaT ^ h jr 
is the scattering amplitude /(x) Pa , whose absolute square gives the cross section. 
For scattering to a final momentum p^, the outgoing particles are detected far away 
from the scattering center in the direction x = p^. Because of energy conservation, 
we may set p a x. = p^ and obtain the formula 

f PbPa = lim - 7 T-F 2 [ d 4 x b e~ iPbXb V(x b )(x b |£/j(0, t a )|p 0 ). (1.530) 

t a -*—oo ZTtri J 


By studying the interacting state Ui(0, £ 0 )|p 0 ) in x-spaee, we have avoided the sin¬ 
gular 5-function of energy conservation. 

We are now prepared to derive formula (1.510) for the scattering amplitude. We 
observe that in the limit t a —>• — oo, the amplitude (x& |C7/(0, i 0 )|p 0 ) can be obtained 
from the time evolution amplitude (x b t b \x a t a ) as follows: 

(Xft | UI (0, t 0 ) | Pa) = (x b \U(0,ta)\pa)e~ lEata/h (1.531) 


lim 

ta^—OO 


— ‘I'TXlhta 


M 


3/2 


(xbtb|x a t a )e* (p “ x “- p ' t “ /2M)/7i 


J=Pa ta/M 


This follows directly from the Fourier transformation 


(x„ |£/(0, (J|p = j d 3 x a (x b h 


(1.532) 


by substituting the dummy integration variable x a by p t a /M. Then the right-hand 
side becomes 

iw) 3 1 d3p ^ b0 l pta t a )e^ p - p ^ 2Mn . (1.533) 

Now, for large —t a , the momentum integration is squeezed to p = p a , and we obtain 
(1.531). The appropriate limiting formula for the (5-function 

<5 (D) (p6 - Pa) = lim - = D exp |-t^t(p b ~ Pa) 2 } (1.534) 

ta ^_oo ^ 27rihM l h2M J 

is easily obtained from Eq. (1.342) by an obvious substitution of variables. Its 
complex conjugate for D = 1 was written down before in Eq. (1.509) with t a replaced 
by —t b . The exponential on the right-hand side can just as well be multiplied by a 
factor e l ( p b~Pa,) / 2Mh which is unity when both sides are nonzero, so that it becomes 
e -*(p a p-Pa)W 2A W l n this way we obtain a representation of the (5-function by which 
the Fourier integral (1.533) goes over into (1.531). The phase factor e l ^ PaXa ^ Pata l 2M " ) l n 
on the right-hand side of Eq. (1.531), which is unity in the limit performed in that 
equation, is kept in Eq. (4.580) for later convenience. 

Formula (1.531) is a reliable starting point for extracting the scattering amplitude 
f Pb P a from the time evolution amplitude in x-space (xb0|x a t a ) at x a = p a t a /M by 
extracting the coefficient of the outcoming spherical wave e iPar ^ h jr. 

As a cross check we insert the free-particle amplitude (1.341) into (1.531) and 
obtain the free undisturbed wave function e* p “ x , which is the correct first term in 
Eq. (1.526) associated with unscattered particles. 
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1.17 Classical and Quantum Statistics 

Consider a physical system with a constant number of particles N whose Hamilto¬ 
nian has no explicit time dependence. If it is brought into contact with a thermal 
reservoir at a temperature T and has reached equilibrium, its thermodynamic prop¬ 
erties can be obtained through the following rules: At the level of classical mechanics, 
each volume element in phase space 

dp dq dp dq 
h 27 rh 

is occupied with a probability proportional to the Boltzmann factor 

e -H(p,q)/k B T 

where k B is the Boltzmann constant, 

k B = 1.3806221(59) x 10” 16 erg/Kelvin. (1.537) 

The number in parentheses indicates the experimental uncertainty of the two digits 
in front of it. The quantity l/k B T has the dimension of an inverse energy and is 
commonly denoted by j3. It will be called the inverse temperature, forgetting about 
the factor k B . In fact, we shall sometimes take T to be measured in energy units k B 
times Kelvin rather than in Kelvin. Then we may drop k B in all formulas. 

The integral over the Boltzmann factors of all phase space elements, 25 

Z d (T) = / e ~ H (P,<i) / k BT , (L538) 

is called the classical partition function. It contains all classical thermodynamic 
information of the system. Of course, for a general Hamiltonian system with many 

degrees of freedom, the phase space integral is [] / dp n dq n /2irh. The reader may 

n ** 

wonder why an expression containing Planck’s quantum h is called classical. The 
reason is that % can really be omitted in calculating any thermodynamic average. 
In classical statistics it merely supplies us with an irrelevant normalization factor 
which makes Z dimensionless. 

1.17.1 Canonical Ensemble 

In quantum statistics, the Hamiltonian is replaced by the operator H and the integral 
over phase space by the trace in the Hilbert space. This leads to the quantum- 
statistical partition function 

Z(T) = Tr (e~ k,kBT ) = Tr (e^ tf ’*) /fcsT ) , (1.539) 

25 In the sequel we shall always work at a fixed volume V and therefore suppress the argument 
V everywhere. 



(1.535) 
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where Tr O denotes the trace of the operator O. If H is an iV-particle Schrodinger 
Hamiltonian, the quantum-statistical system is referred to as a canonical ensemble. 
The right-hand side of (1.539) contains the position operator x in Cartesian coordi¬ 
nates rather than q to ensure that the system can be quantized canonically. In cases 
such as the spinning top, the trace formula is also valid but the Hilbert space is 
spanned by the representation states of the angular momentum operators. In more 
general Lagrangian systems, the quantization has to be performed differently in the 
way to be described in Chapters 10 and 8 . 

At this point we make an important observation: The quantum partition func¬ 
tion is related in a very simple way to the quantum-mechanical time evolution op¬ 
erator. To emphasize this relation we shall define the trace of this operator for 
time-independent Hamiltonians as the quantum-mechanical partition function: 

Z QM (t b - t a ) = Tr (U(t b , t a )) = Tr ( e -(4-. ( 1 . 540 ) 

Obviously the quantum-statistical partition function Z(T) may be obtained from 
the quantum-mechanical one by continuing the time interval % — t a to the negative 
imaginary value 

ifl 

tb-ta = - 7 - 77 ; = -ih/3. (1.541) 

k B T 

This simple formal relation shows that the trace of the time evolution operator 
contains all information on the thermodynamic equilibrium properties of a quantum 
system. 

1.17.2 Grand-Canonical Ensemble 

For systems containing many bodies it is often convenient to study their equilibrium 
properties in contact with a particle reservoir characterized by a chemical potential 
p. For this one defines what is called the grand-canonical quantum-statistical parti¬ 
tion function 

Z G (T,p) = Tr ( e -(^-CV)A s T) _ (1.542) 

Here N is the operator counting the number of particles in each state of the ensemble. 
The combination of operators in the exponent, 

H g = H- fj,N, (1.543) 

is called the grand-canonical Hamiltonian. 

Given a partition function Z(T) at a fixed particle number N, the free energy is 
defined by 

F(T) = -k B T log Z(T). (1.544) 

Its grand-canonical version at a fixed chemical potential is 

F g (T,h) = -k B T log Z g (T,h). (1.545) 
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The average energy or internal energy is defined by 


E = Tr (He 


-H/ksT 


/ Tr (t 


-H/ksT 


(1.546) 


It may be obtained from the partition function Z(T) by forming the temperature 
derivative 

E = Z~ l k B T 2 -^Z(T) = k B T 2 A log Z(T). (1.547) 

In terms of the free energy (1.544), this becomes 


d 


d 


E = T — (—F(T)/T) = 1 -T— F(T) 


dT 


dT 


(1.548) 


For a grand-canonical ensemble we may introduce an average particle number 
defined by 

N = ^]\l e -(H-vfi)/k B T^ j rp r ^ e ~(H-^N)/k B T' s j 

This can be derived from the grand-canonical partition function as 


d 


d 


N = Z G ~ L (T,p)k B T—Z G (T,p) = k B T—logZ G (T,p), 


dp 


dp 
F g (T, p). 


(1.549) 

(1.550) 


or, using the grand-canonical free energy, as 

The average energy in a grand-canonical system, 

E = Tr j Tr ^ e -{H-nN)/k B T ^ ^ 


(1.551) 


(1.552) 


can be obtained by forming, by analogy with (1.547) and (1.548), the derivative 


E-pN = Z G ~\T,p)k B T 2 4pZ G (T,p) 


dT 


d 


(1.553) 


= H-T—)F G (T,p). 


For a large number of particles, the density is a rapidly growing function of 
energy. For a system of N free particles, for example, the number of states up to 
energy E is given by 

N 

N(E) = J2e>(E-T.d/2M), (1-554) 

Pi i= 1 

where each of the particle momenta p ; : is summed over all discrete momenta p m in 
(1.179) available to a single particle in a finite box of volume V = L 3 . For a large 
V, the sum can be converted into an integral 26 

N r ' d 3 p t 1 N 


N(E) = V N n 


i= 1 L' 


(; 2irhy 


e(S-I>?/2M), 


(1.555) 


i =1 


26 Remember, however, the exception noted in the footnote to Eq. (1.184) for systems possessing 
a condensate. 
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which is simply \V/{2ttU) 3 ] N times the volume of a 31V-dirnensional sphere of 
radius \J2ME\ 

N{E) = 

V ' N (2ttME) 3N / 2 (1-556) 

pith) 3 ] r(|iV + l)' 

Recall the well-known formula for the volume of a unit sphere in D dimensions: 


(1.556) 


fl D = 7T D/2 /T(D/2 + l). 

The surface is [see Eqs. (8.117) and (8.118) for a derivation] 

S D = 2tt d/2 /T(D/2). 

This follows directly from the integral 27 

S D = J d D pd{p — 1 ) = J d D p25(p 2 — 1 ) = J d D p J —e 

r°° dX / it \ D / 2 _ iX 2 tt d/2 




i-oo IT \-i\J T(D/2) 

Therefore, the density per energy p = ON jdE is given by 


(1.557) 


(1.558) 


(1.559) 

(1.560) 


P(E) = 


(27 rhy 


2itM 


(27 tME) 3N / 2 ~ 1 
r(fJV) 


(1.561) 


It grows with the very large power E 3N,i ' 2 in the energy. Nevertheless, the integral for 
the partition function (1.582) is convergent, due to the overwhelming exponential 
falloff of the Boltzmann factor, e~ E / keT . As the two functions p(e) and e~ e ^ ksT 
are multiplied with each other, the result is a function which peaks very sharply 
at the average energy E of the system. The position of the peak depends on the 
temperature T. For the free N particle system, for example, 


p(E)e 


-E/k B T ^ e (3N/2-l)logE-E/k B T 


This function has a sharp peak at 


E(T) = k B T 


The width of the peak is found by expanding (1.562) in SE = E — E(T ): 

(3A E(T) 1 31V 2 1 

CXP { — l0g ^ kPf ~2E 2 {T)~2~^ ^ + 


(1.562) 


(1.563) 


(1.564) 


7 I. S. Gradshteyn and I. M. Ryzhik, op. cit., Formula 3.382.7. 
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Thus, as soon as SE gets to be of the order of E(T)/\/ r N, the exponential is reduced 
by a factor of two with respect to E(T) ~ ksT 3N/2. The deviation is of a relative 
order l/x/lV, i.e., the peak is very sharp. With N being very large, the peak at 
E{T ) of width E(T)/y/N can be idealized by a ^-function, and we may write 

p(E)e~ E/kBT « S(E - E(T))N(T)e~ E{T)/kBT . (1.565) 

The quantity N(T) measures the total number of states over which the system is 
distributed at the temperature T. 

The entropy S{T) is now defined in terms of N(T) by 

N(T) = e s{r),kB . (1.566) 

Inserting this with (1.565) into (1.582), we see that in the limit of a large number 
of particles N : 

Z(T) = e -m-TS(T)]/k B T_ (1.567) 

Using (1.544), the free energy can thus be expressed in the form 

F(T) = E{T) — TS{T). (1.568) 


By comparison with (1.548) we see that the entropy may be obtained from the free 
energy directly as 

S(T) = -§fHT). (1.569) 

For grand-canonical ensembles we may similarly consider 

Z g (T, h ) = J dE dnp{E , rj) e - (£ -HA s T, (L570) 


where 


p(Epn)e-^ E -^ n)/kBT (1.571) 

is now strongly peaked at E = E(T,p ), n = N(T,p ) and can be written approxi¬ 
mately as 

p(E,n)e-( E -» n V kBT « 8(E-E(T,p))5(n-N(T,p)) 


x e S{T,n)/k B e -{E(T,n)-nN{T,P)]/k B T. 

Inserting this back into (1.570) we find for large N 

Z G (T,p) = e -lE{T,ri-^(T,ri-TS(T,ri]/k B T' 

For the grand-canonical free energy (1.545), this implies the relation 


(1.572) 

(1.573) 


F g (T, p) = E{T,p)-pN{T,p)-TS{T,p). (1.574) 

By comparison with (1.553) we see that the entropy can be calculated directly from 
the derivative of the grand-canonical free energy 

= ~777 F G( T id)- 


S(T, p) 


(1.575) 
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The particle number is, of course, found from the derivative (1.551) with respect to 
the chemical potential, as follows directly from the definition (1.570). 

The canonical free energy and the entropy appearing in the above equations 
depend on the particle number N and the volume V of the system, i.e., they are 
more explicitly written as F(T, N, V ) and S(T, N, V ), respectively. 

In the arguments of the grand-canonical quantities, the particle number N is 
replaced by the chemical potential /i. 

Among the arguments of the grand-canonical free energy Fq(T, p,V), the volume 
V is the only one which grows with the system. Thus Fq(T,h, V) must be directly 
proportional to V. The proportionality constant defines the pressure p of the system: 

F G (T,»,V)=-.-p(T,pi,V)V. (1.576) 

Under infinitesimal changes of the three variables, Fq(T,h, V) changes as follows: 

dF G (T, n, V ) = -SdT - Ndp - pdV. (1.577) 

The first two terms on the right-hand side follow from varying Eq. (1.574) at a fixed 
volume. When varying the volume, the definition (1.576) renders the last term. 
Inserting (1.576) into (1.574), we find Euler's relation: 

E = TS — Ndp — pV. (1.578) 

The energy has S, N, V as natural variables. Equivalently, we may write 

F = —pN — pV, (1.579) 

where T, N, V are the natural variables. 

1.18 Density of States and Tracelog 

In many thermodynamic calculations, a quantity of fundamental interest is the den¬ 
sity of states. To define it, we express the canonical partition function 

Z(T) = Tr (e- k,kBT ) (1.580) 

as a sum over the Boltzmann factors of all eigenstates | n) of the Hamiltonian:, i.e. 

Z(T) = Y j e~ En,kBT - (1.581) 

n 

This can be rewritten as an integral: 

Z(T) = J dE p{E)e~ E/kBT . (1.582) 

The quantity 

p{E) = Y.KE - E n ) (1.583) 
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specifies the density of states of the system in the energy interval (E, E + dE ). It 
may also be written formally as a trace of the density of states operator p(E): 

p(E) = Tr p(E) = Tr S(E - if). (1.584) 

The density of states is obviously the Fourier transform of the canonical partition 
function (1.580): 

m = r e^Tr (e-^) = f°° Z(l/k B P). (1.585) 

J—ioo Z7TX ' ' J—ioo Z7TX 

The integral 

N(E) = j dE' p(E') (1.586) 

is the number of states up to energy E. The integration may start anywhere below 
the ground state energy. The function N(E) is a sum of Heaviside step functions 
(1.313): 

N(E) = £©(£-£„)■ (1-587) 

n 

This equation is correct only with the Heaviside function which is equal to 1/2 at 
the origin, not with the one-sided version (1.306), as we shall see later. Indeed, if 
integrated to the energy of a certain level E n , the result is 

N(E n ) = (n + 1/2). (1.588) 

This formula will serve to determine the energies of bound states from approxi¬ 
mations to oj(E) in Section 4.7, for instance from the Bohr-Sommerfeld condition 
(4.190) via the relation (4.210). In order to apply this relation one must be sure 
that all levels have different energies. Otherwise N(E) jumps at E n by half the de¬ 
generacy of this level. In Eq. (4A.9) we shall exhibit an example for this situation. 

An important quantity related to p(E) which will appear frequently in this text 
is the trace of the logarithm, short tracelog, of the operator H — E. 

Tr log (H - £) = E (K ~ E). (1.589) 

n 

It may be expressed in terms of the density of states (1.584) as 

/s r oo ^ poo 

Tr log (if — E) = Tr / dE' 5(E' - H) log (£' — E)= dE' p(E') log {E' - E). 

J —oo J —OO 

(1.590) 

The tracelog of the Hamiltonian operator itself can be viewed as a limit of an operator 
zeta function associated with if: 

CjfW = Tr if -1 / (1.591) 

whose trace is the generalized zeta-function 
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For a linearly spaced spectrum E n = n with n — 1,2,3..., this reduces to Riemann’s 
zeta function (2.521). 

From the generalized zeta function we can obtain the tracelog by forming the 
derivative 


Tr log H = —d v (1.593) 

By differentiating the tracelog (1.589) with respect to E, we find the trace of the 
resolvent (1.319): 

Be Tr log(ff - E) = TV —U: = £ -^A- = F'£R n (E) = Alt R(E). (1.594) 

E — H n E E n xti n ih 

Recalling Eq. (1.329) we see that the imaginary part of this quantity slightly above 
the real E-axis yields the density of states 

-- Im d E Tr log (H - E - irj) = V 5(E - E n ) = p(E). (1.595) 

^ n 

By integrating this over the energy we obtain the number of states function N(E) 
of Eq. (1.586): 

-- Im Tr log(E - H) = V G(E - E n ) = N(E). (1.596) 

^ n 

Appendix 1A Simple Time Evolution Operator 

Consider the simplest nontrivial time evolution operator of a spin-1/2 particle in a magnetic field 
B. The reduced Hamiltonian operator is Ho = —B-cr/2, so that the time evolution operator reads, 
in natural units with h = 1, 

e -iH 0 (t b -t a ) _ e i(t b -t a )B a/2' (1A.1) 

Expanding this as in (1.293) and using the fact that (B-<t) 2 " = B 2n and (B-<t) 2 " +1 = B 2 "(B-<t), 
we obtain 

e -iH 0 (t b -t a ) _ cos [_b ^ 6 _ ia)/ 2 ] + jB • (T sin [B(t b - t a )/ 2], (1A.2) 

where B = B/|B|. Suppose now that the magnetic field is not constant but has a small time- 
dependent variation f>B(f). Then we obtain from (1.253) [or the lowest expansion term in (1.293)] 

Se -iH 0 {t b -t a ) = b dte-^^-^SBit) ■ CTe -*A 0 (t-ta)_ ( 1A .3) 

Using (1A.2), the integrand on the right-hand side becomes 

jcosfBRf, — t)/2]+iB • a sm[B(tb — t)/2]|<5B(t) ■o^cos[B(t—t a )/‘2\+i'B ■ a sinfBR — t a )/2]|.(lA.4) 
We simplify this with the help of the formula [recall (1.448)] 

a l a j = Sij + if-ijk& k (1A.5) 

so that 

B • a 5B(t) a = B SB(t) + i [B x 5B(t)] ■ a, 5B(t) ■ a B ■ a = B • SB(t) - i[B x 6B{t)} ■ a, (1A.6) 
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and 


B • <r 6B(t) a B a = B SB(t) B • a + «[B x SB(t)} ■ a B ■ a 


= i[B x SB(t)] • B + {[B • 6B{t)]B - [B x 6B(t)\ x b} • a. (1A.7) 

The first term on the right-hand side vanishes, the second term is equal to <5B, since B 2 = 1. Thus 
we find for the integrand in (1A.4): 


cos B(tb — t)/2cosB(t — t a )/25B(t) ■ a 
+i sin B(tb — t)/2 cos B(t — t 0 )/2{B ■ SB(t) + *[B x ^B(t)] • <r} 

+icosB(tb — t)/2s\nB(t — f 0 )/2{B ■ <5B(t) — *[B x ^B(t)] • cr} 

+ sinB(tf ) — t)/2sinB(t — t a )/2 <5B • cr (1A.8) 


which can be combined to give 

^cosB[(tb+t a )/2—t}SB(t) — smB[(tb+t a )/2 — t\ [B x 5B(t)]| -cr+i sin[B(t(, — t a )/2] B-(5B(t). (1A.9) 
Integrating this from t a to tb we obtain the variation (1A.3). 


Appendix IB Convergence of the Fresnel Integral 

Here we prove the convergence of the Fresnel integral (1.337) by relating it to the Gauss integral. 
According to Cauchy’s integral theorem, the sum of the integrals along the three pieces of the 



Figure 1.4 Triangular closed contour for Cauchy integral 


closed contour shown in Fig. 1.4 vanishes since the integrand e z is analytic in the triangular 
domain: 

r 2 f A 2 f B 2 r° 2 

dze 2 = / dze 2 + / dze 2 + / dze z = 0. (1B.1) 

J o J a Jb 

Let R be the radius of the arc. Then we substitute in the three integrals the variable z as follows: 


0 A: 

z = p, 

dz 

= dp , 

2 2 
£ = p 

BO: 

z = pe™/ 4 , 

dz 

= dpe in / A , 

2 • 2 
Z = ip A 

AB: 

z = Re iv> , 

dz 

= i Rdp , 

2 2 
^ =P ‘% 


and obtain the equation 

,-R 

/ dp e~ p + 


t/4 


/>0 / >7r /4 

/ dpe~ ip2 + d<piRe- R2{cos2,p+isin2v)+iv = 0. (IB.2) 

Jr Jo 


The first integral converges rapidly to /2 for R —> oo. The last term goes to zero in this limit. 
To see this we estimate its absolute value as follows: 


[ ' dipiR e -- R2 ( cos2 v+ isin2 v ) +iv <R f d(p e 

Jo Jo 


r ir/4 


—R 2 cos 2 tp 


(1B.3) 
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The right-hand side goes to zero exponentially fast, except for angles cp close to 7 r /4 where the 
cosine in the exponent vanishes. In the dangerous regime a £ ( 7 t /4 — e, 7 r/ 4 ) with small e > 0, one 
certainly has sin 2 <p > sin 2 a, so that 


pit /4 

R / d<pe~ R2cos2(p 


< R f 1 dp^^ e - R2cos2ip . 
J a sin 2 a 

The right-hand integral can be performed by parts and yields 


aR e 


—It cos 2a 


1 


R sin 2a L 


0 —R 2 cos 2<p 


tp — TT / 4 
J c p—a 


(1B.4) 


(1B.5) 


which goes to zero like 1/R for large R. Thus we find from (IB.2) the limiting formula f° dpe lp = 
—e —Z7r /4 y/TT/2, or 

pOO 

(1B.6) 


/ dpe~ xp =e" m/ 

J OO 

which goes into Fresnel’s integral formula (1.337) by substituting p pyJa/2. 

Appendix 1C The Asymmetric Top 

The Lagrangian of the asymmetric top with three different moments of inertia reads 

L = — [JjWj 2 + I^UJrj 2 + 7fO>£ 2 ]. 

It has the Hessian metric [recall (1.12) and (1.388)] 

, 9 n = 7c sin 2 (3 + 1^ cos 2 /3 — (7j — I v ) sin 2 /3 sin 2 7 , 

921 = - I v ) sin /3 sin 7 cos 7 , 

031 = cos/3, 

022 = + (7c — I v ) sin 2 7 , 

032 = 0 , 

033 = 7 C , 

rather than (1.462). The determinant is 

9 = 7 ? 7^/ c sin 2 ^, 

and the inverse metric has the components 

0 11 = ~{7j; + (7{ — 7^) sin 2 7 } 7 <^, 

0 21 = - sin/3 sin 7 cos 7 (7c — 7^)7^, 


0 = -{cos/3[-sin 7 (7j - 7,,) - 7„]}7 C , 

0 22 = ^{sin 2 /3[7 ? - sin 2 7(4 - J„)]}7 C , 

0 32 = -{5^/3008^8^70037(7,, — 7^)}7^, 


(1C.1) 


(1C.2) 


(1C.3) 


0 = -{sin" f3I^I v + cos 2 /37^/^ + cos 2 /3sin" 7 (/j — I V )I^}. 


(1C.4) 
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From this we find the components of the Riemann connection, the Christoffel symbol defined in 
Eq. (1.70): 

fn 1 = [cos/3 cos 7 sin 7 (Z^ -/^/ c — l| + 
far 1 = {cos/I[sin 2 7 (if - I 2 - (Z 4 - I V )I C ) 

+ Z,,(Z £ + I, — 7c)]}/2 
F31 1 = {cos7sin7 [/ 2 - J| + ( 7 ? -/^)/ c ]}/ 2 J sC /^, 
faa 1 = 0 , 

faa 1 = [sin 2 7 (/| - Z 2 - (J £ - Z„)Z £ ) - /„(/ £ - /„ + J c )]/2 sin/3/ £ Z„ 

F33 1 = 0, 

f n 2 = {cos/ 3 sin^[sin 2 7 (Z|-Z 2 -J c (/ £ -J^)-J c (J ? -J c )]}//^, 

f 2 ! 2 = {cos/3 cos 7 sin 7 [Z 2 - Z 2 - J c (/ £ - Z^)]}/2Z 4 Z^, 

f 31 2 = {sin/3[sin 2 7 (Z 2 - Z 2 - Z C (Z C - /„)) - Z £ (Z £ - Z„ - Z c )]}/2/ £ Z„ 

f 22 2 = 0 , 

f 32 2 = [cos 7 sin 7 (Z|-Z 2 -Z c (Z ? -Z^))]/ 2 Z ? Z r/ , 

f 33 2 = 0 , 

f n 3 = {cos 7 sin 7 [sin 2 mk(k - Z„) - Z c (Z 2 - Z 2 ) + Z 2 (Z C - /„)) 

+ (Z| - Z 2 )Z C - Z 2 (Z ? - Z„)]}// £ Z„Z C , 
f 21 3 = {sin 2 / 3 [ S in 2 7 ( 2 Z £ Z J) (Z^-Z £ ) + Z c (Z 2 -Z 2 )-Z 2 (Z ? -Z^)) 

+ ZcZ^(Z^ — Z^) + — Z C )] — sin 7 ((Z £ — — I £ (Zc — Z^)) 

- Z,Z £ (J £ + Z„ - Z c )}/2sin/3Z £ Z„Z c , 

F 31 3 = [cos/3cos7sin7(Z 2 - Z 2 - Z C (Z 4 - Z^))]/2ZcZ^, 

f 22 3 = cos 7 sin 7 (Z„-Z £ )/Z £ , 

f 32 3 = {cos/3[sin 2 7 (Z 2 - Z 2 + (Zc - Z„)Z £ ) + Z„(Z £ - Z„ + Z c )]}/2sin0Z„/ £ , 

r 33 3 = 0. (ic.5) 

The other components follow from the symmetry in the first two indices = r A M . From this 
Christoffel symbol we calculate the Ricci tensor, to be defined in Eq. (10.41), 

R 11 = {sin 2 /3[sin 2 7 (Z 3 - Z| - (J £ Z, - Z 2 )(Z £ - /„)) 

+ ((Zc + Z C ) 2 - Z 2 )(Z £ - Z C )] + Z 3 - Z C (Z C - I,) 2 }/ 2ZcZ,Z c , 

Z? 21 = {sin/3sin7COS 7 [Z 3 -Z| + (Z ? Z,-Z 2 )(Z^-Zc)]}/2ZcZ^Z f , 

Z? 3 i = — {cos/3[(Z £ - Z „) 2 - Z 2 ]}/2Z £ Z„ 

i ? 22 = {sin 2 7 [Z|-Z 3 + (Z^-Z 2 )(Z £ -Z,)]+Z 3 -(Z £ -Z f )%}/2Z £ Z,Z c , 

Z ?32 = 0 , 

i ?33 = -[(Z^Z,) 2 -Z 2 ]/2ZcZ,. (1C. 6 ) 

Contraction with g^ gives the curvature scalar 

r= mi,+m+w - it - it - #/ 2 w<- (ic.7) 

Since the space under consideration is free of torsion, the Christoffel symbol F M „ A is equal to the 
full affine connection T /lu x . The same thing is true for the curvature scalars R and R calculated 
from and respectively. 
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A dancing shape, an image gay, 
To haunt, to startle, and waylay 
W. Wordsworth (1770-1840), Phantom of Delight 


2 

Path Integrals — Elementary Properties and 
Simple Solutions 


The operator formalism of quantum mechanics and quantum statistics may not 
always lead to the most transparent understanding of quantum phenomena. There 
exists another, equivalent formalism in which operators are avoided by the use of 
infinite products of integrals, called path integrals. In contrast to the Schrodinger 
equation, which is a differential equation determining the properties of a state at a 
time from their knowledge at an infinitesimally earlier time, path integrals yield the 
quantum-mechanical amplitudes in a global approach involving the properties of a 
system at all times. 

2.1 Path Integral Representation of Time Evolution 
Amplitudes 

The path integral approach to quantum mechanics was developed by Feynman 1 in 
1942. In its original form, it applies to a point particle moving in a Cartesian co¬ 
ordinate system and yields the transition amplitudes of the time evolution operator 
between the localized states of the particle (recall Section 1.7) 

(x b t b \x a t a ) = (x b \U(t b ,t a )\x a ), t b >t a . (2.1) 

For simplicity, we shall at first assume the space to be one-dimensional. The exten¬ 
sion to D Cartesian dimensions will be given later. The introduction of curvilinear 
coordinates will require a little more work. A further generalization to spaces with 
a nontrivial geometry, in which curvature and torsion are present, will be described 
in Chapters 10-11. 

2.1.1 Sliced Time Evolution Amplitude 

We shall be interested mainly in the causal or retarded time evolution amplitudes 
[see Eq. (1.303)]. These contain all relevant quantum-mechanical information and 


1 For the historical development, see Notes and References at the end of this chapter. 
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possess, in addition, pleasant analytic properties in the complex energy plane [see 
the remarks after Eq. (1.310)]. This is why we shall always assume, from now on, 
the causal sequence of time arguments t b > t 0 . 

Feynman realized that due to the fundamental composition law of the time evo¬ 
lution operator (see Section 1.7), the amplitude (2.1) could be sliced into a large 
number, say N + 1, of time evolution operators, each acting across an infinitesimal 
time slice of thickness e = t n — f n _i= (t b — t a )/(N + 1)> 0: 

(x b t b \x a t a ) = {x b \U(t b ,t N )U(t N ,t N -i) ■ ■ ■U{t n ,t n - 1 ) ■ ■ ■U(t 2 ,ti)U(t 1 ,ta)\x a ). (2.2) 


When inserting a complete set of states between each pair of C/’s, 


/ OO 

dx n \x n )(x n \ = 1, n=l,. 

-oo 


,N, 


(2.3) 


the amplitude becomes a product of iV-integrals 


N 

(x b t b \x a t a ) = n 

71—1 



N+l 


dX T 


J_| (^n^nl^n— l^n— l)? 


J 71— 1 


(2.4) 


where we have set x b = xn+ i, x a = x 0 ,tb = tjsr+i, t a = to- The symbol !![•••] denotes 
the product of the quantities within the brackets. The integrand is the product of 
the amplitudes for the infinitesimal time intervals 


(Xritn |*£n—l^n—l) (*£n|c 


—ieH(t n )/h\ 


X, 


i— 1/ > 


(2.5) 


with the Hamiltonian operator 

H(t) = H(p,x,t). (2.6) 


The further development becomes simplest under the assumption that the Hamil¬ 
tonian has the standard form, being the sum of a kinetic and a potential energy: 


H(p,x,t) = T(p,t) + V(x,t). 


(2.7) 


For a sufficiently small slice thickness, the time evolution operator 


e -ieH/h = e -ie(T+V)/h 


( 2 . 8 ) 


is factorizable as a consequence of the Baker-Campbell-Hausdorff formula (to be 
proved in Appendix 2A) 


e -ie(T+V)/n = e -ieV/n e -ief/h e -ie 2 X/h 2 


(2.9) 


where the operator X has the expansion 
i 


x = ^[V, f] - i (i[l>, [V,T]} - llh.h.h ) + C(e 2 ) , (2.10) 


H. Kleinert, PATH INTEGRALS 




2.1 Path Integral Representation of Time Evolution Amplitudes 


91 


The omitted terms of order e 4 , e 5 ,... contain higher commutators of V and T. If we 
neglect, for the moment, the X-terrn which is suppressed by a factor e 2 , we calculate 
for the local matrix elements of e~ ieH l h the following simple expression: 

/ OO 

dx(x n \e~ ieV ^’ tn ^ h \x)(x\e~ ieT ^ ,tn ^ n \x n -i) 

-OO 

= [°° dx(x„\e~ ieV( ' i,tn ^ h \x) f°° ^ n c wn(x-x„- 1 )/h c -ieT(p n ,t n )/h . (2.11) 

J —oo J —OO 2nh 

Evaluating the local matrix elements, 

(; x n \e~ ieV ^ tn)/h \x) = 5(x n - x ) e - ieV ^^/ n , (2.12) 

this becomes 

(x n | e ~ ieH (PA,tn)/ti | Xji _i) ~ 

f ^rexp{ipn{xn-x n -i)/h-ie[T(p n ,t n ) + V(x n ,t n )]/h}. (2.13) 

J —oo Z7m 

Inserting this back into (2.4), we obtain Feynman’s path integral formula, consisting 
of the multiple integral 

N r /*oo 1 ^ /*0O rlpi / j \ 

(x b t b \x a t a ) ~ II / dx n Yl J exp , (2.14) 

where ^4^ is the sum 

N+l 

*A. f ' [Pn (*£n %n—l ) (p n , In, t n )]. (2.15) 

n=l 
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In the operator expression (2.2), the right-hand side follows from the fact that 
for zero Hamiltonian the time evolution operators U(t n ,t n - 1 ) are all equal to unity. 

At this point we make the important observation that a momentum variable 
p n inside the product of momentuma integrations in the expression (2.16) can be 
generated by a derivative p n = —ifid Xn outside of it. In Subsection 2.1.4 we shall 
go to the continuum limit of time slicing in which the slice thickness e goes to zero. 
In this limit, the discrete variables x n and p n become functions x(t ) and p{t) of the 
continuous time t, and the momenta p n become differential operators p{t) = —ihd x ( t ), 
satisfying the commutation relations with x(t): 

\p(t),x(t)] = -ih. (2.19) 

These are the canonical equal-time commutation relations of Heisenberg. 

This observation forms the basis for deriving, from the path integral (2.14), the 
Schrodinger equation for the time evolution amplitude. 


2.1.3 Schrodinger Equation for Time Evolution Amplitude 


Let us split from the product of integrals in (2.14) the final time slice as a factor, so 
that we obtain the recursion relation 


where 


[Xbtb\x a ta 


dXN (xjytjV |*£<Aa)) 


( Xbtb\xNtN ) 


r°° dp b 
l-oo “InTi 


XP n )[Pb(xb-x N )-eH(p b ,x b ,t. b )] 


( 2 . 20 ) 

( 2 . 21 ) 


The momentum pb inside the integral can be generated by a differential operator 
pb = — ihd Xb outside of it. The same is true for any function of pb, so that the 
Hamiltonian can be moved before the momentum integral yielding 


(x b t b \x N t N )« e -^i-ihd Xb ,x b ,t b )/nJ c 


dp b 


e ipb(x b -x N )/h _ e -ieH(-ihd Xb ,x b ,t b )/hfi/ Xb _ x \ 

( 2 . 22 ) 


l-oo 27 rh 

Inserting this back into (2.20) we obtain 

(x b t b \x a t a ) « e~ ieH{ ~ indx b' Xb ' tb)/n (x b t b -e\x a t a ), 


(2.23) 


or 


[(x b t b +e\x a t a ) - {x b t b \x a t a ) 


1 r 


e L 


0 -ieH(-id Xh ,x b ,t b +e)/K 


(x b t b \x a t a ). (2.24) 


In the limit e —> 0, this goes over into the differential equation for the time evolution 
amplitude 


Hidt b (x b t b \Xata) H( Hid Xb , X b i tb) {x b t b |^a^a), (2.25) 

which is precisely the Schrodinger equation (1.301) of operator quantum mechanics. 
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2.1.4 Convergence of of the Time-Sliced Evolution Amplitude 

Some remarks are necessary concerning the convergence of the time-sliced expression 
(2.14) to the quantum-mechanical amplitude in the continuum limit, where the 
thickness of the time slices e = (4 — t a )/(N + 1) — > 0 goes to zero and the number 
N of slices tends to oo. This convergence can be proved for the standard kinetic 
energy T = p 2 /2M only if the potential V(x,t) is sufficiently smooth. For time- 
independent potentials this is a consequence of the Trotter product formula which 
reads 

e -i(t b -t a )H/n = }im t e -iev/n e -ief/n\ N+ \ (; 22( 3 ) 

V—>00 V ) y ' 

If T and V are c-numbers, this is trivially true. If they are operators, we use Eq. (2.9) 
to rewrite the left-hand side of (2.26) as 

e -i(t b -t a )H/% = 

The Trotter formula implies that the commutator term X proportional to e 2 does 
not contribute in the limit N 00 . The mathematical conditions ensuring this 
require functional analysis too technical to be presented here (for details, see the 
literature quoted at the end of the chapter). For us it is sufficient to know that 
the Trotter formula holds for operators which are bounded from below and that 
for most physically interesting potentials, it cannot be used to derive Feynman’s 
time-sliced path integral representation (2.14), even in systems where the formula 
is known to be valid. In particular, the short-time amplitude may be different 
from (2.13). Take, for example, an attractive Coulomb potential V{x) oc —l/\x\ 
for which the Trotter formula has been proved to be valid. Feynman’s time-sliced 
formula, however, diverges even for two time slices. This will be discussed in detail in 
Chapter 12. Similar problems will be found for other physically relevant potentials 
such as V(x) oc 1(1 + D — 2)h 2 /\x\ 2 (centrifugal barrier) and V{9) oc m 2 h 2 /sin 2 9 
(angular barrier near the poles of a sphere). In all these cases, the commutators 
in the expansion (2.10) of X become more and more singular. In fact, as we shall 
see, the expansion does not even converge, even for an infinitesimally small e. All 
atomic systems contain such potentials and the Feynman formula (2.14) cannot be 
used to calculate an approximation for the transition amplitude. A new path integral 
formula has to be found. This will be done in Chapter 12. Fortunately, it is possible 
to eventually reduce the more general formula via some transformations back to a 
Feynman type formula with a bounded potential in an auxiliary space. Thus the 
above derivation of Feynman’s formula for such potentials will be sufficient for the 
further development in this book. After this it serves as an independent starting 
point for all further quantum-mechanical calculations. 

In the sequel, the symbol in all time-sliced formulas such as (2.14) will imply 
that an equality emerges in the continuum limit N —» 00 , e —> 0 unless the potential 


—ie(T+V)/h 


= (p-ieV/h-ief/h-ieTX/h 2 
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has singularities of the above type. In the action, the continuum limit is without 
subtleties. The sum A N in (2.15) tends towards the integral 

A[p,x\= [ dt\p(t)x(t) - H(p(t),x(t),t)] (2.27) 

Jt a 

under quite general circumstances. This expression is recognized as the classical 
canonical action for the path x(t),p(t) in phase space. Since the position variables 
xn + \ and x 0 are fixed at their initial and final values x b and x a , the paths satisfy 
the boundary condition x(t b ) = x b , x(t a ) = x a . 

In the same limit, the product of infinitely many integrals in (2.14) will be called 
a path integral. The limiting measure of integration is written as 


N r 


n 


AT—>-oo 


77.— 1 


dx r 


n N+l 

n 

J n=1 


r°° dPn 
I -oo 2ltU 


rx{t b )=x b 

lx(t a )=X a 


V'x 


Vp 

2rtk 


(2.28) 


By definition, there is always one more p n -integral than x n -integrals in this product. 
While xq and x^ + \ are held fixed and the x n -integrals are done for n — 1,..., N, each 
pair (x n , x n -\) is accompanied by one p n -integral for n — 1,..., N + 1. The situation 
is recorded by the prime on the functional integral V'x. With this definition, the 
amplitude can be written in the short form 


(x b t b \x a t a ) = / 

J X 


x{t b )=x b 


V'x 


x(t a )=X a 


c iA\p,x]/n 

27th 


(2.29) 


The path integral has a simple intuitive interpretation: Integrating over all paths 
corresponds to summing over all histories along which a physical system can possibly 
evolve. The exponential E'-ApAV j s the quantum analog of the Boltzmann factor 
e ~E/k B T j n statistical mechanics. Instead of an exponential probability, a pure phase 
factor is assigned to each possible history: The total amplitude for going from x a , t a 
to x b ,tb is obtained by adding up the phase factors for all these histories, 


(x b t b \x a t a ) = £ e iA\p,x\/n, (2.30) 

all histories 
(x a ,ta)^(x b ,tb) 


where the sum comprises all paths in phase space with fixed endpoints x bl x a in 
rr-space. 


2.1.5 Time Evolution Amplitude in Momentum Space 

The above observed asymmetry in the functional integrals over x and p is a conse¬ 
quence of keeping the endpoints fixed in position space. There exists the possibility 
of proceeding in a conjugate way keeping the initial and final momenta p b and p a 
fixed. The associated time evolution amplitude can be derived by going through 
the same steps as before but working in the momentum space representation of the 
Hilbert space, starting from the matrix elements of the time evolution operator 

{PbtblPata) = ( Pb\U(t b ,ta)\Pa )• (2.31) 
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The time slicing proceeds as in (2.2)-(2.4), with all x’s replaced by p’s, except in 
the completeness relation (2.3) which we shall take as 

l = 1 - (2 ' 32) 

corresponding to the choice of the normalization of states [compare (1.186)] 

(Pb\p a ) = 2nh8(p b - pa ). (2.33) 


In the resulting product of integrals, the integration measure has an opposite asym¬ 
metry: there is now one more x n -integral than p n - integrals. The sliced path integral 
reads 


(Pbh\Pat a 


N 

n 

n =1 L' 


r°° dp n 

/-oo ‘lnh 
■ N 


N 

L- 2 " 00 


dX r 


x exp j- Y^[-x n {p n +i-Pn) ~ eH(p n ,x n ,t n )]'j . (2.34) 


The relation between this and the x-space amplitude (2.14) is simple: By taking 
in (2.14) the first and last integrals over p 1 and Pn+i out of the product, renaming 
them as p a and p b , and rearranging the sum J2n=i Pn(x n — x n _i) as follows 

N+l 

Priori ~ Xn- 1) = PN+l(xN+l ~ X N ) + Pn(x N ~ XjV-l) + • • • 

n=1 ■ ■ ■ +P2(X 2 ~ Xi) +Pl{Xi - Xq) 


— Pn+i^n+i — P 1%0 

~(Pn+ i - Pn)xn ~ ( Pn ~ Pn-i)x N -i - ... - (p 2 ~ Pi)x\ 

N 

= p N+1 X N+ i - PiXo - 5Z(iWl - Pn)x n , (2.35) 

n= 1 


the remaining product of integrals looks as in Eq. (2.34), except that the lowest 
index n is one unit larger than in the sum in Eq. (2.34). In the limit IV — > oo this 
does not matter, and we obtain the Fourier transform 

(x b t b \x a t a ) = J ~^ VbXb/% I ^e- l ^\p b t b \p a t a ). (2.36) 

The inverse relation is 

(PbhlPata) = I dx b e~ WbXb/h J dx a e iPaXa,n (x b t b \x a t a ). (2.37) 


In the continuum limit, the amplitude (2.34) can be written as a path integral 

rp(tb)=Pb V'p r .i. ... 

Jp(t a )=Pa Inti J 


( PbhlPata) 


Vxe iAlp ’ x]/n , 


(2.38) 
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where 

A[p, x] = f dt [~p(t)x(t) - H(p(t),x(t),t)] = A[p, x] - p b x b + p a x a . (2.39) 
Jt a 

If the Hamiltonian is independent of x and t, the sliced path integral (2.34) 
becomes trivial. Then the N + 1 integrals over x n (n = 0,..., N ) can be done 
yielding a product of ^-functions 5[p b — Pn ) • • -S(pi — po). As a conseqence, the 
integrals over the N momenta p n (n = 1,..., N) are all squeezed to the initial 
momentum p N = p N _ i — ... — pi — p a . A single a final 5- function 2irh5(p b — p a ) 
remains, accompanied by the product of N + 1 factors Yln=o e ~ ieH< ' Pa ' , / n , which is 
equal to e~ l( ' tb ~ ta ' >H( ' p ^ n . Hence we obtain: 

{Pbt b \p a ta) = 2vr M(p b -p a )e~ l( - tb ~ ta)H{p)/h . (2.40) 

Inserting this into Eq. (2.36), we find a simple Fourier integral for the time evolution 
amlitude in rr-spaee: 

{x b t b \x a t a ) = J -^ e ip(x b -*a)/h-i{t b -t a )H(p)/h ( 2.41 ) 

Note that in (2.40) contains an equal sign rather than the ^-sign since the right-hand 
sign is the same for any number of time slices. 


2.1.6 Quantum-Mechanical Partition Function 

A path integral symmetric in p and x arises when considering the quantum- 
mechanical partition function defined by the trace (recall Section 1.17) 

Z QM (t b , t a ) = Tr ( e -h4-ta)A/n) . (2.42) 

In the local basis, the trace becomes an integral over the amplitude 
(x b t b \x a t a ) with x b = x a : 

/ OO 

dx a (x a t b \x a t a). (2.43) 

-oo 


The additional trace integral over xn+i = xq makes the path integral for Zqm 
symmetric in p n and x n : 


dx 


N +1 


N 

n 


n= 1 


dX r , 


_1 IJ — OO 


AT+1 

n 

J n=l L' 


r°° dpn 
/-oo 2ltU 


N+l 

n 

n— 1 


dx n dp r 

27th 


(2.44) 


In the continuum limit, the right-hand side is written as 


N+l 

lim IT 

TV— hx> J - ± 1 
n= 1 


dx n dp ri 

2nh 


= i Vx 


Vp 

2nh 


(2.45) 
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and the measures are related by 



V'x 


= l Vx [Bl , 
2ttU J J 2ttU 


(2.46) 


The symbol § indicates the periodic boundary condition x(t a ) = x{tf,). In the 
momentum representation we would have similarly 


dp a Mt b )=Pa V'p 
1—0 O 2nh J pita)—Pa 2nh 


Vx = 


Vp 
2ti % 


Vx 


(2.47) 


with the periodic boundary condition p(t a ) = p(tb), and the same right-hand side. 
Hence, the quantum-mechanical partition function is given by the path integral 

Z QM (t b , t a ) = j Vx f ^-e iA ^ n = j H j Vxe iA ^ h . (2.48) 


In the right-hand exponential, the action A[p,x] can be replaced by A[p,x], since 
the extra terms in (2.39) are removed by the periodic boundary conditions. In the 
time-sliced expression, the equality is easily derived from the rearrangement of the 
sum (2.35), which shows that 


jV+l 

Y Pn{ x n 
n= 1 


x n— 1) 


% N + 1=*0 


N 

- (Pn +1 - Pn)X n 


n =0 


'PN+l=PO 


(2.49) 


In the path integral expression (2.48) for the partition function, the rules of quan¬ 
tum mechanics appear as a natural generalization of the rules of classical statistical 
mechanics, as formulated by Planck. According to these rules, each volume element 
in phase space dxdp/h is occupied with the exponential probability e~ E / k B T . In the 
path integral formulation of quantum mechanics, each volume element in the path 
phase space Yl n dx(t n )dp(t n )/h is associated with a pure phase factor e tA \ p,x \/ h . We 
see here a manifestation of the correspondence principle which specifies the tran¬ 
sition from classical to quantum mechanics. In path integrals, it looks somewhat 
more natural than in the historic formulation, where it requires the replacement of 
all classical phase space variables p, x by operators, a rule which was initially hard 
to comprehend. 


2.1.7 Feynman’s Configuration Space Path Integral 

Actually, in his original paper, Feynman did not give the path integral formula in 
the above phase space formulation. Since the kinetic energy in (2.7) has usually the 
form T(p,t) — p 2 /2M, he focused his attention upon the Hamiltonian 


P_ 

2 M 


+ V(x,t), 


(2.50) 
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for which the time-sliced action (2.15) becomes 


N+l 

n= 1 


p n {x n - Xn-x) - e 


Pn 
2 M 


eH (x n ,t n ) 


(2.51) 


It can be quadratically completed to 


N+l 




n= 1 


2 M 


Pn ~ 


M \' + « 


^1 (%nitn) 


(2.52) 


The momentum integrals in (2.14) may then be performed using the Fresnel integral 
formula (1.337), yielding 


r°° dPn 

/-oo 27 T?l 


exp 


i e / „ , x n — x n _i 

S2mK- m ^T^- 


and we arrive at the alternative representation 


{%btb\Xada 


N 

n 


dX r , 


'2ithie/M n =i 
where A N is now the sum 

a n _ e j2 r M ( Xn - Xn ~ i x 2 

n =1 


00 J27ihie/M 


2ithief M 


exp ( 

n 


(2.53) 


(2.54) 


^ (a; n ,i n ) 


(2.55) 


with rciv+i = Xb and Xo = x a . Here the integrals run over all paths in configuration 
space rather than phase space. They account for the fact that a quantum-mechanical 
particle starting from a given initial point x a will explore all possible ways of reaching 
a given final point Xb- The amplitude of each path is exp(iA N /h). See Fig. 2.1 for 
a geometric illustration of the path integration. In the continuum limit, the sum 
(2.55) converges towards the action in the Lagrangian form: 


ftb 

A[x\ = J dtL(x,x ) 



V(x,t) 


(2.56) 


Note that this action is a local functional of x{t) in the temporal sense as defined in 
Eq. (1.26). 2 

For the time-sliced Feynman path integral, one verifies the Schrodinger equation 
as follows: As in (2.20), one splits off the last slice as follows: 


(x b t b \x a t a ) / dx N (x b t b \x N t N ) (. x N t N \x a t a ) 

J — OO 

/ oo 

dAx (x b tb\x b — Axt b — e) (x b — Axt b — e\x a t a ), (2-57) 

-oo 


2 A functional F[x] is called local if it can be written as an integral / dtf(x(t),x{t))', it is called 
ultra-local if it has the form J dtf(x(t)). 
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Figure 2.1 Zigzag paths, along which a point particle explores all possible ways of 
reaching the point x b at a time tb, starting from x a at t a . The time axis is drawn from 
right to left to have the same direction as the operator order in Eq. (2.2). 


where 


(x b t b \x b -Axt b -e) 


=== exp < e— 
27 xTiie/M { ' l 


M fAx\' 2 

- V ( X b^b) 


(2.58) 


We now expand the amplitude in the integral of (2.57) in a Taylor series 


(. x b -Axt b -e\x a t a ) = 


1- Axd Xb + -{Ax) d Xb + ... 


(x b ,t b -e\x a t a ). (2.59) 


Inserting this into (2.57), the odd powers of Ax do not contribute. For the even 
powers, we perform the integrals using the Fresnel version of formula (1.339), and 
obtain zero for odd powers of Ax, and 


dAx 


i M f Ax \ 2 ) /. he' 

TiY ) I = l l M, 


(Ax) exp < e-— [-| > = 1 1 


Yoo y/27 rfHe/M 
for even powers, so that the integral in (2.57) becomes 
ih 


(2.60) 


(x b t b \x a t a ) = 


1 + e 2M^ + ° (e } 


1 — ( x b 5 tb) + 0{e ) 


(x b ,t b -e\x a t a ). (2.61) 


In the limit e —* 0, this yields again the Schrodinger equation. (2.23). 

In the continuum limit, we write the amplitude (2.54) as a path integral 

rx(t b )=x b 

(x b t b \x a t a ) = / Vxe lA[x]/ . 

Jx(t a )=X a 


(2.62) 









100 


2 Path Integrals — Elementary Properties and Simple Solutions 


This is Feynman’s original formula for the quantum-mechanical amplitude (2.1). It 
consists of a sum over all paths in configuration space with a phase factor containing 
the form of the action A[x]. 

We have used the same measure symbol T>x for the paths in configuration space 
as for the completely different paths in phase space in the expressions (2.29), (2.38), 
(2.46), (2.47). There should be no danger of confusion. Note that the extra dp n - 
integration in the phase space formula (2.14) results now in one extra 1/ \J'2ithie/M 
factor in (2.54) which is not accompanied by a clxy-integration. 

The Feynman amplitude can be used to calculate the quantum-mechanical par¬ 
tition function (2.43) as a configuration space path integral 

Z qM = jvxe iA ^ /h . (2.63) 


As in (2.45), (2.46), the symbol §T>x indicates that the paths have equal endpoints 
x(t a ) = x(tb), the path integral being the continuum limit of the product of integrals 



dx n 

\j2nihe/M 


(2.64) 


There is no extra 1/ y2nHie/M factor as in (2.54) and (2.62), clue to the integration 
over the initial (= final) position Xb = x a representing the quantum-mechanical 
trace. The use of the same symbol § T>x as in (2.48) should not cause any confusion 
since (2.48) is always accompanied by an integral / T)p. 

For the sake of generality we might point out that it is not necessary to slice the 
time axis in an equidistant way. In the continuum limit N —y oo, the canonical path 
integral (2.14) is indifferent to the choice of the infinitesimal spacings 


( n t n t n — 


n— 1 • 


(2.65) 


The configuration space formula contains the different spacings e n in the following 
way: When performing the p n integrations, we obtain a formula of the type (2.54), 
with each e replaced by e n , i.e., 


(Xbtb\x a ta 


N 

n 


\j2nUieb/M n = 


dx r 


^2-Kihe n /M 


N +1 


xexp rN 


n= 1 


M (x n - Xn^f 


{x n i t r< 


( 2 . 66 ) 


To end this section, an important remark is necessary: It would certainly be 
possible to define the path integral for the time evolution amplitude (2.29), without 
going through Feynman’s time-slicing procedure, as the solution of the Schrodinger 
differential equation [see Eq. (1.308))]: 

[H(-ihd x ,x) - ihd t ](xt\x a t a ) = -ih8(t - t a )S(x - x a ). (2.67) 
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If one possesses an orthonormal and complete set of wave functions ip n (x) solving 
the time-independent Schrodinger equation H'i/j n (x)—E n 'tp n (x), this solution is given 
by the spectral representation (1.323) 

(x b t b \x a t 0 ) = 0(4 - to) ^n(x b )^(x a )e~ lEn{tb ~ ta)/h , (2.68) 

n 

where 0 (t) is the Heaviside function (1.304). This definition would, however, run 
contrary to the very purpose of Feynman’s path integral approach, which is to un¬ 
derstand a quantum system from the global all-time fluctuation point of view. The 
goal is to find all properties from the globally defined time evolution amplitude, in 
particular the Schrodinger wave functions. 3 The global approach is usually more 
complicated than Schrodinger’s and, as we shall see in Chapters 8 and 12-14, con¬ 
tains novel subtleties caused by the finite time slicing. Nevertheless, it has at least 
four important advantages. First, it is conceptually very attractive by formulating 
a quantum theory without operators which describe quantum fluctuations by close 
analogy with thermal fluctuations (as will be seen later in this chapter). Second, 
it links quantum mechanics smoothly with classical mechanics (as will be shown in 
Chapter 4). Third, it offers new variational procedures for the approximate study of 
complicated quantum-mechanical and -statistical systems (see Chapter 5). Fourth, 
it gives a natural geometric access to the dynamics of particles in spaces with cur¬ 
vature and torsion (see Chapters 10-11). This has recently led to results where 
the operator approach has failed due to operator-ordering problems, giving rise to 
a unique and correct description of the quantum dynamics of a particle in spaces 
with curvature and torsion. From this it is possible to derive a unique extension 
of Schrodinger’s theory to such general spaces whose predictions can be tested in 
future experiments. 4 


2.2 Exact Solution for the Free Particle 


In order to develop some experience with Feynman’s path integral formula we con¬ 
sider in detail the simplest case of a free particle, which in the canonical form reads 


(x b t b \x a t a ) = / 

J X 


x(tb)=xb r X>p 

V x / ex P 

x(ta)=X a J 2TT71 


i jy t i P i- 


n 


p 

2 M 


and in the pure configuration form: 

rx(tb)=x b 


(x b t b \x a t a ) = / 

J X 


x(t a )=X a 


Vx exp 


i pb M . 9 
- / dt—x 2 
nJt a 2 


(2.69) 


(2.70) 


Since the integration limits are obvious by looking at the left-hand sides of the equa¬ 
tions, they will be omitted from now on, unless clarity requires their specification. 

3 Many publications claiming to have solved the path integral of a system have violated this rule 
by implicitly using the Schrodinger equation, although camouflaged by complicated-looking path 
integral notation. 

4 H. Kleinert, Mod. Phys. Lett. A 4 , 2329 (1989) (http://www.physik.fu-berlin.de/~klei- 
nert/199); Phys. Lett. B 236 , 315 (1990) {ibid. http/202). 
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2.2.1 Trivial Solution 


Since the Hamiltonian of a free particle H = p 2 /2M does not depend on x, the path 
integral in momentum space yields the simple result (2.40). In configuration space 
it reduces to simple Fourier integral Eq. (2.41). Inserting the above Hamiltonian, 
the integral reads 

(. X b t b \x a t a ) = I ^LjP(xb-*a)/h-i{t b -t a )p 2 / 2 Mh^ ( 2 .7i) 

J 27th 

and can be done with the help of the Fresnel formula (2.53). The result is 


(Xbtb\% at a) 


^2t\: ih(t b - t a )/M 


exp 


i M (x b - x a ) 2 
k 2 t b -t a 


(2.72) 


This result is easily generalized to D dimensions, where the free-particle ampli¬ 
tude (2.40) reads 

(p b t b \Pata) = (27th) D 6^ D \ Pb - p^e-^-^P 2 / 2M7 \ (2.73) 

and the Fourier transform yields 

(x b 4|x a t a ) = D exp 

Y27T ih(t b - t a )/M 

in agreement with the quantum-mechanical result in D dimensions (1.341). 


i M (x b - x a )^ 
h 2 t b -t a 


(2.74) 


2.2.2 Solution in Configuration Space 

The problem can also be solved with little effort starting from Eq. (2.70). The time- 
sliced expression to be integrated is given by Eqs. (2.54), (2.55) with V(x) set equal 
to zero. The resulting product of Gaussian integrals can easily be done successively 
using formula (1.337), from which we derive the simple rule 


dx' - 


: exp 
1 


i M (x" — x') 2 

1 

i M (. x' — x) 2 

h 2 Ae 

exp 

\J2nihBe/M 

h 2 Be 


2itih(A + B)e/M 


: exp 


i M (. x" — x) 2 
h 2 (A + B)e 


(2.75) 


which leads directly to the free-particle amplitude 


(x b t b \x a t a ) = 


27tih(N + 1 )e/M 


: exp 


i M (x b - x a ) 2 
n 2 (N + l)e 


(2.76) 


After inserting (N + l)e = t b — t a , this agrees with the previous result (2.72). Note 
that the free-particle amplitude happens to be independent of the number N + 1 of 
time slices. 
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The calculation shows that the path integrals (2.69) and (2.70) possess a simple 
solvable generalization to a time-dependent mass M(t) = Mg(t): 


rx(t b )=x b f Vp [ i f tb , [ . P 2 \ 

= L dt \ px ~ 2 mt)) 


Jx(t a )=X, 

and in the pure configuration form: 

rx{t b )=x b 


(2.77) 


rxyt b )=x b 

(x b t b \x a t a ) = / Vxy/gex p 

Jx(t a )=Xa 


l pb M . . . o, . 

h Jt dt Y 9 ^ x ® 


(2.78) 


Here the measure of integration / Vx^g symbolizes the continuum limit of the 
product [compare (2.54)]: 


rx(tb)=x b i n 

/ T>x^/g = n 

lx(ta)=x a J2irhie/Mg(t b ) n =i 


dx r 


00 J2Trhie/Mg(t r 


(2.79) 


The factor g(t n ) enters in each of the integrations (2.75), where the previous time 
slicing parameters e becomes now e n = e/g(t n ), and we find instead of (2.72) the 
amplitude 


(x b t b l^a^a) i -7- 

\j2nihM~ 1 ft * g- 1 ^) 

This has the Fourier representation 


exp 


i M (x b — x a ) 2 

ft 2 fig- 1 ® 


(■ X b t b \x a t a ) = J 


dp 

2nk 


exp n 




(2.80) 


(2.81) 


2.2.3 Fluctuations around the Classical Path 

There exists yet another method of calculating this amplitude which is somewhat 
involved than the simple case at hand deserves, but which turns out to be useful for 
the treatment of a certain class of more complicated path integrals, after a suitable 
generalization. This method is based on summing aver all path deviations from the 
classical path, i.e., all paths are split into the classical path 

X c \(t) = X a + ^ - '^(t-t a ), (2.82) 

tb ba 

along which the free particle would run following the equation of motion 


x c \ (t) = 0, 


(2.83) 


plus deviations Sx(t)\ 


x{t ) = x c \(t) + 5x(t). 


( 2 . 84 ) 
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Since the initial and final points are fixed at x a , Xb, respectively, the deviations vanish 
at the endpoints: 


Sx(t a ) = 5x(t b ) = 0. 


(2.85) 


The deviations Sx(t) are referred to as the quantum fluctuations of the particle 
orbit. In mathematics, the boundary conditions (2.85) are referred to as Dirichlet 
boundary conditions. When inserting the decomposition (2.84) into the action we 
observe that due to the equation of motion (2.83) for the classical path, the action 
separates into the sum of a classical and a purely quadratic fluctuation term 

■y J t dt [x 2 cl (t) + 2 x d (t)5x(t) + [(hr(t)] 2 } 


Ad pb „ 

= — / dtx~\ + Mxdx 
2 Jt a 


pb M pb 

— M dtx c idx + — / dt(Sx) 

Jta " J ta 


M 

T 


pb 


pb 


dtxf + / dt(5x) 


The absence of a mixed term is a general consequence of the extremality property 
of the classical path, 


SA 


= 0 . 


\x(t)=x c i{t) 

It implies that a quadratic fluctuation expansion around the classical action 

Ad = A[x d \ 

can have no linear term in 5x{t). i.e., it must start as 


1 Pb Pb 

A = A c \ + - dt dt 

" Jta J to 




x(t)=x c i(t) 


+ ... . 


( 2 . 86 ) 


(2.87) 


( 2 . 88 ) 


With the action being a sum of two terms, the amplitude factorizes into the product 
of a classical amplitude e lAc d n and a fluctuation factor F 0 (t b — t a ), 


(x b t b \x a t a ) = Jvxe iA ^ n = e iAc d h F 0 (t b , t a ). 


For the free particle with the classical action 

, pb M . 2 
Ad = / dt—x ci, 

Jt a 2 

the function factor F 0 (t b — t a ) is given by the path integral 

pb , M 


F 0 (t b -t a ) = j V5x(t)ex p ^ dt—(8xf 


(2.89) 


(2.90) 


(2.91) 


Due to the vanishing of Sx(t) at the endpoints, this does not depend on x b , x a but 
only on the initial and final times t b , t a ■ The time translational invariance reduces 
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this dependence further to the time difference t b —t a ■ The subscript zero of F 0 (tb—t a ) 
indicates the free-particle nature of the fluctuation factor. After inserting (2.82) into 
(2.90), we find immediately 


_ M {x b - Xg) 2 
2 t b -t a 


(2.92) 


The fluctuation factor, on the other hand, requires the evaluation of the multiple 
integral 


F 0 N (h 


to) = 


1 N 

^=n 

2TiUie/M n =i 


dSxr, 


00 J2irhie/M 


exp —A 
n 


(2.93) 


where .4.^ is the time-sliced fluctuation action 

N _ M f 5x n - frr n _ i \ 2 

fl " 2 e hi\ e ) 


(2.94) 


At the end, we have to take the continuum limit 


N —>■ oo, e — (t b — t a )/(N + 1) —> 0. 


2.2.4 Fluctuation Factor 

The remainder of this section will be devoted to calculating the fluctuation factor 
(2.93). Before doing this, we shall develop a general technique for dealing with 
such time-sliced expressions. Due to the frequent appearance of the fluctuating 
variables, we shorten the notation by omitting all <5’s and working only with 
^-variables. 

A useful device for manipulating sums on a sliced time axis such as (2.94) is the 
difference operator V and its conjugate V, defined by 

1 _ 1 

Vx(t) = ~[x(t + e) — x(t)], X7x(t) = ~[x(t) — x(t — e)]. (2.95) 

They are two different discrete versions of the time derivative d t , to which both 
reduce in the continuum limit e —>• 0: 

_ e —>0 

V,V- >d t , (2.96) 

if they act upon differentiable functions. Since the discretized time axis with N + 1 
steps constitutes a one-dimensional lattice, the difference operators V, V are also 
called lattice derivatives. 

For the coordinates x n = x(t n ) at the discrete times t n we write 


Vx n = 

-(x n+1 -x n ), 

£ 

N > n > 0, 


Vx n = 

~ (*^n *^n—l)? 

N + 1 > n > 1. 

(2.97) 
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The time-sliced action (2.94) can then be expressed in terms of Vx n or Vx n as 
(writing x n instead of 8x n ) 




N 


n =0 


Z n =1 


(2.98) 


In this notation, the limit e —» 0 is most obvious: The sum eJ2 n goes into the 
integral // 6 dt, whereas both (Vrc n ) 2 and (Vrc n ) 2 tend to x 2 , so that 

Az^f b dt—x 2 . (2.99) 

Jt a 2 


Thus, the time-sliced action becomes the Lagrangian action. 

Lattice derivatives have properties quite similar to ordinary derivatives. One 
only has to be careful in distinguishing V and V. For example, they allow for the 
useful operation summation by parts which is analogous to integration by parts. 
Recall the rule for the integration by parts 



dtg(t)f(t ) = g(t)f(t) 


tb 

t a 


[ dtg{t)f{t). 

Jt a 


( 2 . 100 ) 


On the lattice, this relation yields for functions fit) x n and git) p n : 


N+l 

e E PnVx n = p 

n=l 


' n X n, | g 


|JV+1 


N 


- e E( v R« 


)X r 


n =0 


( 2 . 101 ) 


This follows directly by rewriting (2.35). 

For functions vanishing at the endpoints, i.e., for Xat+i = xq = 0, we can omit 
the surface terms and shift the range of the sum on the right-hand side to obtain 
the simple formula [see also Eq. (2.49)] 

N +1 N N+l 

E Pn^Xn = ~ Y,^Pn)x n = - E i^Pn)x n - (2.102) 

n =1 n=0 n =1 


The same thing holds if both pit) and x(t) are periodic in the interval tb — t a , so that 
Po — Pn+1, x 0 = Xn + i- In this case, it is possible to shift the sum on the right-hand 
side by one unit arriving at the more symmetric-looking formula 


N+l 

E Pn^Xn 

n =1 


N+l 

f ) (V p n )x n - 

n= 1 


(2.103) 


In the time-sliced action (2.94) the quantum fluctuations x n i=5x n ) vanish at the 
ends, so that (2.102) can be used to rewrite 


N+l 

E (V*n) 2 


72 — 1 


N 

^ ^ W x n . 

72 — 1 


(2.104) 
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In the \7x n -form of the action (2.98), the same expression is obtained by applying 
formula (2.102) from the right- to the left-hand side and using the vanishing of Xo 
and £jv+i : 

N N+l N 

^(Va: n ) 2 = Xn'V'VXn = - ^ X n Wx n . (2.105) 

72=0 72 = 1 72 — 1 

The right-hand sides in (2.104) and (2.105) can be written in matrix form as 


N 



N 




^ ^ Xt2 W X n 

= 

- E 

2'n(VV) m i'Iii' 



72— 1 



72,72' —1 




N 



N 




^ ^ %n V V X n 

= 

- E 

^(i(VV) nn’ X n ' 

5 

(2.106) 

72— 1 



72,72' —1 




with the same N x N -matrix 








/ 

-2 

1 0 

... 0 0 

0 \ 


1 


1 

-2 1 

... 0 0 

0 


V V = V V = - 






(2.107) 

c 


0 

0 0 

... 1 -2 

1 



V 

0 

0 0 

... 0 1 - 

-2 ) 



This is obviously the lattice version of the double time derivative <9 2 , to which it 
reduces in the continuum limit e —>■ 0. It will therefore be called the lattice Laplacian. 


A further common property of lattice and ordinary derivatives is that they can 
both be diagonalized by going to Fourier components. When decomposing 

/ OO 

duje~ iUt x(uj), (2.108) 

-OO 

and applying the lattice derivative V, we find 

/ °° 1 / • / x 

du - 

-oo 6 ' 

/ oo 1 

due- lutn -{e- l “ e 

-oo 6 

Hence, on the Fourier components, V has the eigenvalues 

-( e~ iu}£ - 1). (2.110) 

In the continuum limit e —> 0, this becomes the eigenvalue of the ordinary time 
derivative dt, i.e., —i times the frequency of the Fourier component u. As a reminder 
of this we shall denote the eigenvalue of zV by and have 

(zVrc)(u;) = f1 x(u) = ~{e~ lue — 1) x{<jj). 


- e ~ iutn ) x(u) (2.109) 

— 1 ) x(uj). 


( 2 . 111 ) 
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For the conjugate lattice derivative we find similarly 


(iVx)(to) = El x(u) = — (e luie — 1) x(co), 


( 2 . 112 ) 


where 12 is the complex-conjugate number of 12, i.e., 12 = 11*. As a consequence, the 
eigenvalues of the negative lattice Laplacian —VV=—VV are real and nonnegative: 


-(e- iwe - 1)-(1 - e iuje ) = \[2 - 2cos(u;e)] > 0. 
e e e 2 


( 2 . 113 ) 


Of course, 12 and 12 have the same continuum limit to. 

When decomposing the quantum fluctuations x(t) [=&r(t)] into their Fourier 
components, not all eigenfunctions occur. Since x(t) vanishes at the initial time 
t — t a , the decomposition can be restricted to the sine functions and we may expand 


POO 

x(t) — / dusinuit— t a ) x(u). 
Jo 


( 2 . 114 ) 


The vanishing at the final time t = tb is enforced by a restriction of the frequencies 
to to the discrete values 


irm 


7r m 




tb — t a (N + l)e 
Thus we are dealing with the Fourier series 


( 2 . 115 ) 


x 


W = E 


m= 1 


(tb - ta) 


sin u m (t -t a )x(v v 


( 2 . 116 ) 


with real Fourier components x(v m ). A further restriction arises from the fact that 
for finite e, the series has to represent x(t) only at the discrete points x(t n ), n = 
0,..., N + 1. It is therefore sufficient to carry the sum only up to m = N and to 
expand x(t n ) as 


N 

X (tn) = Y, 

m= 1 

where a factor y/e has been removed from the Fourier components, for convenience. 
The expansion functions are orthogonal, 

2 

——- 2^ sin u m (t n - t a ) sm u m /(t n - t a ) = 6 mrn >, (2.118) 

1 n =1 

and complete: 

2 

—— 2^ sm u m (t n - t a ) sm v m (t n ' - t a ) = 5 nn ' (2.119) 

^ m= 1 


N+ 1 


sin u m (t n - t a ) x(u m ), 


( 2 . 117 ) 
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(where 0 < rn, m' < N + 1). The orthogonality relation follows by rewriting the 
left-hand side of (2.118) in the form 


2 1 
N + 12 


N+l 

Re£ 

n =0 



m(m — m!) 
N + l 


n 


— exp 


ii:{rn + m') 
N + l 



( 2 . 120 ) 


with the sum extended without harm by a trivial term at each end. Being of the 
geometric type, this can be calculated right away. For m = m! the sum adds up to 
1 , while for m ^ m! it becomes 


N + 12 


Re 


_ gi7r(m—m')gZ7r(m—m')/(AT+l) 


— {rn! -+ —m!) 


( 2 . 121 ) 


The first expression in the curly brackets is equal to 1 for even m — w! ^ 0; while 
being imaginary for odd m — rn! [since (1 + e*“)/(l — e ia ) is equal to (1 + e*“)(l — 
e _ *“)/|l — e lOL \ 2 with the imaginary numerator e ia — e~ lOL \. For the second term the 
same thing holds true for even and odd m + m! ^ 0, respectively. Since m — m! and 
rn + rn' are either both even or both odd, the right-hand side of (2.118) vanishes for 
m 7 ^ rn' [remembering that m, m! G [0, IV + 1] in the expansion (2.117), and thus in 
(2.121)]. The proof of the completeness relation (2.119) can be carried out similarly. 

Inserting now the expansion (2.117) into the time-sliced fluctuation action (2.94), 
the orthogonality relation (2.118) yields 


AS 


Z n=0 


M N+1 — 

^ ) ^(^ra)Hmlln4(^m)' 

^ m =1 


( 2 . 122 ) 


Thus the action decomposes into a sum of independent quadratic terms involving 
the discrete set of eigenvalues 


— 2 [2 2 cos(z/ m e)] — 2 

and the fluctuation factor (2.93) becomes 


2 — 2 cos 


7T m 

N + lJ\ ’ 


(2.123) 


F?(t b - t a ) = 


N 

n 


d'X r: 


\j2ixTiie/M n =i ^2nhie/M 

i M 
Ti~2 


N f i M — 

X eX P \ [x(lS m )Y 


m= 1 


(2.124) 


Before performing the integrals, we must transform the measure of integration from 
the local variables x n to the Fourier components x{u m ). Due to the orthogonality 
relation (2.118), the transformation has a unit determinant implying that 


N N 

II dx n = [Q dx{y m ). 

n =1 m= 1 


(2.125) 
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With this, Eq. (2.124) can be integrated with the help of Fresnel’s formula (1.337). 
The result is 


F^{t b -t a ) = 


N 

n 


/2nhie/M m =\ e 2 Pl m Ti m 
To calculate the product we use the formula 5 

mu \ X 2 ( N +P _ i 


N 


m =1 


JJ ( 1 + x 2 — 2x 


COS 


N+ 1 


x 2 — 1 


Taking the limit x —> 1 gives 


N 


N 


n e 2 n m n m = n 2 1 - 


m= 1 


m =1 


COS 


mix 
N + 1 


= N + 1. 


(2.126) 


(2.127) 


(2.128) 


The time-sliced fluctuation factor of a free particle is therefore simply 


F 0 N (t b -t a ) 

or, expressed in terms of t b — t a , 

F 0 (tb ~ t a ) 


1 

y 2nih(N + 1 )e/M 
1 

^2nih(t b - t a )/M 


(2.129) 


(2.130) 


As in the amplitude (2.72) we have dropped the superscript N since this final result 
is independent of the number of time slices. 

Note that the dimension of the fluctuation factor is 1/length. In fact, one may 
introduce a length scale associated with the time interval t b — t a , 


and write 


l(t b - to) = \j2nh(t b - ta)/M, 
1 


Fq (t b 


\Til(t b -t a ) 


(2.131) 


(2.132) 


With (2.130) and (2.92), the full time evolution amplitude of a free particle (2.89) 
is again given by (2.72) 

, ^ 1 [ i M (x h — x a ) 2 

(x b t b \x a ta) = 7 = : = _ exp 


2nih(t b — t a )/M 


h 2 t b — t a 


(2.133) 


It is instructive to present an alternative calculation of the product of eigenvalues 
in (2.126) which does not make use of the Fourier decomposition and works entirely 
in configuration space. We observe that the product 


N _ 

II ^rrJtm (2.134) 

m= 1 

5 I.S. Gradshteyn and I.M. Ryzhik, op. cit Formula 1.396.2. 
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is the determinant of the diagonalized N x N -matrix —e 2 VV. This follows from 
the fact that for any matrix, the determinant is the product of its eigenvalues. 
The product (2.134) is therefore also called the fluctuation determinant of the free 
particle and written 

N 

])([ e 2 Pt m Vt m = detjv(—e 2 VV). (2.135) 

m= 1 

With this notation, the fluctuation factor (2.126) reads 

^ r _ -| — 1/2 

Fo(t b -t b )= . = detjv(—e 2 VV) . (2.136) 

y27 Thief M 1 

Now one realizes that the determinant of e 2 VV can be found very simply from the 
explicit N x N matrix (2.107) by induction: For N — 1 we see directly that 

detAr = i(-e 2 VV) = |2| = 2. (2.137) 

For N — 2, the determinant is 

det 7V=2 (—e 2 VV) = = 3 - (2.138) 

A recursion relation is obtained by developing the determinant twice with respect 
to the first row: 

det iV (-e 2 VV) = 2 detAr_i(—e 2 VV) — det 7 v- 2 (—e 2 VV). (2.139) 

With the initial condition (2.137), the solution is 

detv(-e 2 VV) = N + 1, (2.140) 

in agreement with the previous result (2.128). 

2.2.5 Finite Slicing Properties of Free-Particle Amplitude 

The time-sliced free-particle time evolution amplitude (2.76) happens to be inde¬ 
pendent of the number N of time slices used for their calculation. We have pointed 
this out earlier for the fluctuation factor (2.129). Let us study the origin of this 
independence for the classical action in the exponent. The difference equation of 
motion 

-VVx(t) = 0 (2.141) 

is solved by the same linear function 


x(t) = At + B, 


( 2 . 142 ) 
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as in the continuum. Imposing the initial conditions gives 


X c \ (t n ) 


X a + {Xb 


X a ) 


n 

N+l' 


(2.143) 


The time-sliced action of the fluctuations is calculated, via a summation by parts 
on the lattice [see (2.101)]. Using the difference equation VVx c i = 0, we find 


•Aci 


N +1 JuT 

e £ -y(Vxd) 

n=1 Z 


M ( \N+1 * _ \ 

— I XciVa; cl ^_ n - e 2^ £ c iVV£ c i ) 


M 


-x c {Vx cl 


n =0 

JV+1 
n =0 


n=0 

M (x b 


X n 


2 t b -t a 


(2.144) 


This coincides with the continuum action for any number of time slices. 

In the operator formulation of quantum mechanics, the e-independence of the 
amplitude of the free particle follows from the fact that in the absence of a potential 
V(x), the two sides of the Trotter formula (2.26) coincide for any N. 


2.3 Exact Solution for Harmonic Oscillator 

A further problem to be solved along similar lines is the time evolution amplitude 
of the linear oscillator 


(x b t b \x a t a ) 


with the canonical action 


! v ' x !l 

j Vxexp j^v4[a;] j , 



and the Lagrangian action 

A[x\ — f dt — (x 2 — u 2 x 2 ). 

Jta 2 


(2.145) 


(2.146) 


(2.147) 


2.3.1 Fluctuations around the Classical Path 


As before, we proceed with the Lagrangian path integral, starting from the time- 
sliced form of the action 


71 J N+l 

A N = E [(V 


.2 2 2 
W X n 


n=1 


(2.148) 
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The path integral is again a product of Gaussian integrals which can be evaluated 
successively. In contrast to the free-particle case, however, the direct evaluation 
is now quite complicated; it will be presented in Appendix 2B. It is far easier to 
employ the fluctuation expansion, splitting the paths into a classical path x c \ (t) plus 
fluctuations 5x(t). The fluctuation expansion makes use of the fact that the action 
is quadratic in x = x c \ + Sx and decomposes into the sum of a classical part 

rtb l\/[ 

A cl = dt-(x 2 cl -u; 2 x 2 cl ), (2.149) 

Jt a 2 

and a fluctuation part 

Ar = f dt—[(5x) 2 — uj 2 (8x) 2 }, (2.150) 

h a 2 

with the boundary condition 

8x(t a ) = 8x(t b ) = 0. (2.151) 

There is no mixed term, due to the extremality of the classical action. The equation 
of motion is 


X c \ OJ X c \. 


(2.152) 


Thus, as for a free-particle, the total time evolution amplitude splits into a classical 
and a fluctuation factor: 

(x b t b \x a t a ) = jvxe iA ^ n = e^ h F u {t b - t a ). (2.153) 

The subscript of F u records the frequency of the oscillator. 

The classical orbit connecting initial and final points is obviously 


x c i (t) 


x b sm u>(t — t a ) + x a sin u(t b — t) 
sinw(4 - t a ) 


(2.154) 


Note that this equation only makes sense if t b — t a is not equal to an integer multiple 
of 7r/ca which we shall always assume from now on. 6 

After an integration by parts we can rewrite the classical action A c \ as 


Ar\ = 


ftb M r 

/ di T 

't a 2 


Xcl(-Xcl - lX 2 X d ) 


M 

T —X c \Xcl 


(2.155) 


The first term vanishes due to the equation of motion (2.152), and we obtain the 
simple expression 



[xd(t b )x d (t b ) X c i(t a ^X c \{t a ) . 


(2.156) 


6 For subtleties in the immediate neighborhood of the singularities which are known as caustic 
phenomena, see Notes and References at the end of the chapter, as well as Section 4.8. 
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Since 


x c \{t a ) = 

Xcl(tb) 


00 


sin u(t b - t a ) 

CO 


sin co(t b - t a ) 

we can rewrite the classical action as 

Mco 


A c ] — 


(xl + x 2 ) cos u(t b - t a ) - 2x b x a 


-Q], 

(2.157) 

-X a ], 

(2.158) 

■ 2x b X a } 

(2.159) 


2 sino;(tf ) — t a ) L 

2.3.2 Fluctuation Factor 

We now turn to the fluctuation factor. With the matrix notation for the lattice 
operator — VV — ta 2 , we have to solve the multiple integral 


F?(t b ,t a ) = 


N 

n 


\j2nhie/M n = 


dSx r , 


x exp ' h~2 e ^ fa "[ _ VV - ' • 

n,n'=1 


^2ithie/M 

tO \nn r dx n r 


(2.160) 


When going to the Fourier components of the paths, the integral factorizes in the 
same way as for the free-particle expression (2.124). The only difference lies in the 
eigenvalues of the fluctuation operator which are now 

Q m Q m — oo 2 = \[2 — 2 cos(z/ m e)] — c o 2 (2.161) 

e- 

instead of For times t b ,t a where all eigenvalues are positive (which will 

be specified below) we obtain from the upper part of the Fresnel formula (1.337) 
directly 


F”(t b ,t a ) = 


N 

n 


2ithie/M m =i \ e 2 Vt m Vt 


e 2 t o 2 


(2.162) 


The product of these eigenvalues is found by introducing an auxiliary frequency Co 
satisfying 


eco eco 

sm — = —. 
2 2 


(2.163) 


Then we decompose the product as 


N N N 

— e 2 u 2 ] = ]^[ [e 2 O m ll m | 


m= 1 


m= 1 


m= 1 


e 2 Q m Q m — e 2 co 2 


e 2 Pl m 11 1 


N 


m=l 


N 


n i 


sm 


m= 1 


sm 


2 ecu \ 

2(JV+1)/J 


2 77171 


(2.164) 
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The first factor is equal to (N + 1) by (2.128). The second factor, the product of 
the ratios of the eigenvalues, is found from the standard formula 7 



sin 2 x 


sir 


2(iV+l) 


\ 1 sin[2(7V + l)x] 

■J sin 2x (IV+ 1) 


(2.165) 


With x = Coe/2, we arrive at the fluctuation determinant 


N 


det 7 v(—e 2 VV — e 2 to 2 ) = [e 2 0, m fl m — e 2 u 2 = 


sind j(t b - t a ) 


m— 1 


sin a j 


(2.166) 


and the fluctuation factor is given by 

F„{t b ,t a )= 1 


sm cue 


\j 2 nih/Mv esmu{t b -t a y 


t b -t a < tt/Cj, 


(2.167) 


where, as we have agreed earlier in Eq. (1.337), y/i means e 47r / 4 , and t b — t a is always 
larger than zero. 


2.3.3 The ^-Prescription and Maslov-Morse Index 

The result (2.167) is initially valid only for 


tb — t a <'x/Cj. (2.168) 

In this time interval, all eigenvalues in the fluctuation determinant (2.166) are pos¬ 
itive, and the upper version of the Fresnel formula (1.337) applies to each of the 
integrals in (2.160) [this was assumed in deriving (2.162)]. If t b — t a grows larger 
than 7r/d), the smallest eigenvalue OiOi — u 2 becomes negative and the integration 
over the associated Fourier component has to be done according to the lower case of 
the Fresnel formula (1.337). The resulting amplitude carries an extra phase factor 
e — jtt /2 an q remains valid until t b — t a becomes larger than 2i r/u), where the second 
eigenvalue becomes negative introducing a further phase factor e~ m ^ 2 . 

All phase factors emerge naturally if we associate with the oscillator frequency ta 
an infinitesimal negative imaginary part, replacing everywhere ta by ta — iq with an 
infinitesimal q > 0. This is referred to as the iq-prescription. Physically, it amounts 
to attaching an infinitesimal damping term to the oscillator, so that the amplitude 
behaves like and dies down to zero after a very long time (as opposed to 

an unphysical antidamping term which would make it diverge after a long time). 
Now, each time that t b — t a passes an integer multiple of 7 t/u, the square root of 
sin u{t b — t a ) in (2.167) passes a singularity in a specific way which ensures the proper 
phase. 8 With such an ^-prescription it will be superfluous to restrict t b — t a to the 

'I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 1.391.1. 

8 In the square root, we may equivalently assume tb — t a to carry a small negative imaginary 
part. For a detailed discussion of the phases of the fluctuation factor in the literature, see Notes 
and References at the end of the chapter. 
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range (2.168). Nevertheless it will sometimes be useful to exhibit the phase factor 
arising in this way in the fluctuation factor (2.167) for t b — t a > vr/c o by writing 


F?(t b ,t a ) = 


sm cue 


0 —iv-K/2 


\J2Ttih/e\smu(t b -t a )\ 


(2.169) 


where v is the number of zeros encountered in the denominator along the trajectory. 
This number is called the Maslov-Morse index of the trajectory 9 . 


2.3.4 Continuum Limit 


Let us now go to the continuum limit, e —> 0. Then the auxiliary frequency co tends 
to co and the fluctuation determinant becomes 


j, , 2 2', Sin U>{t b -t a ) 

detjv(—e VV — e co ) ->-. 

coe 


(2.170) 


The fluctuation factor F^(t b — t a ) goes over into 


F u (t b 


t„) = 


co 


^2nih/M\ sin u(t b -t a Y 


(2.171) 


with the phase for t b — t a > tt/co determined as above. 

In the limit co —> 0, both fluctuation factors agree, of course, with the free-particle 
result (2.130). 

In the continuum limit, the ratios of eigenvalues in (2.164) can also be calculated 
in the following simple way. We perform the limit e —> 0 directly in each factor. 
This gives 


e 2 Pl m fl m — e 2 cu 2 

e 2 fl mf bn 


e—>0 

- > 


2 — 2 cos(z/ m e) 
C0 2 (t b -t a ) 2 
7r 2 m 2 


(2.172) 


As the number N goes to infinity we wind up with an infinite product of these 
factors. Using the well-known infinite-product formula for the sine function 10 


OO / 

sin a: = x J([ 1 

m= 1 \ 


X 


m 2 7t 2 / ’ 


(2.173) 


we hnd, with x = c o{t b — t a ), 


n 




yyi OJ 


e^0 


n 


7/2 - rm2 

m= 1 "m w 


u(tb - tq) 
sin u{t b -t a )' 


(2.174) 


9 V.P. Maslov and M.V. Fedoriuk, Semi-Classical Approximations in Quantum Mechanics , Rei- 
del, Boston, 1981. 

10 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 1.431.1. 
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and obtain once more the fluctuation factor in the continuum (2.171). 

Multiplying the fluctuation factor with the classical amplitude, the time evolu¬ 
tion amplitude of the linear oscillator in the continuum reads 


(x b t b \x a t a ) = I Vx(t)exp dt^-(x 2 - uj 2 x 2 ) 


l2mh/M V sin u(t b -t a ) 


(2.175) 


x exp 


2 h sin uj(t b — t a 


-'{x\ + x 2 a ) costa(4 - t a ) - 2x b x a \ \ ■ 


The result can easily be extended to any number D of dimensions, where the 
action is 


/ tb dt ^ (x 2 — ta 2 x 2 ) 

J tn ^ 


(2.176) 


Being quadratic in x, the action is the sum of the actions of each component leading 
to the factorized amplitude: 


(x b t b \x a t a ) = X\{x\t b \x l a t a ) = 


!2mU/M D V sina;(fft — i a ) 


x exp i ~ T7T-—tt[( x 6 + X a) cos u(t h - t a ) - 2x ft x a ] 1, (2.177) 

I Slid (jJ yofo ~C ci J J 

where the phase of the second square root for t b — t a > -k/uj is determined as in the 
one-dimensional case [see Eq. (1.546)]. 

2.3.5 Useful Fluctuation Formulas 

It is worth realizing that when performing the continuum limit in the ratio of eigenvalues (2.174), 
we have actually calculated the ratio of the functional determinants of the differential operators 


det(—9 t 2 — w 2 ) 
det(—<9 2 ) ' 


(2.178) 


Indeed, the eigenvalues of — 3 2 in the space of real fluctuations vanishing at the endpoints are 
simply 


tb t a 


so that the ratio (2.178) is equal to the product 

det(—<9 2 — w 2 ) 
det(—<9 2 ) 


oo o 2 
-T-r vt - U) z 


(2.179) 


(2.180) 


which is the same as (2.174). This observation should, however, not lead us to believe that the 
entire fluctuation factor 

F u (t b — t a ) = /^expjijT dt^-[(Sx) 2 - x 2 (Sx) 2 ] j (2.181) 
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could be calculated via the continuum determinant 

1 1 


€—>-0 

Euj(tbita) ^ 


(false). 


i/27 rhie/M ^det(—df — lo 2 ) 

The product of eigenvalues in det(— d/ — w 2 ) would be a strongly divergent expression 


det(—<9 2 - w 2 ) = H (v 2 m - lo 2 ) 

m— 

oo oo 

= n «) n 


(2.182) 


(2.183) 


m —1 


m =1 


<M 

3 

oo 

TT 

7T 2 TO 2 

lP 

L m J 

11 

m— 1 

(tb - t a ) 2 _ 


sino;(ffc - t a ) 
Lo(t b - t a ) 


Only ratios of determinants — VV — to 2 with different w’s can be replaced by their differential 
limits. Then the common divergent factor in (2.183) cancels. 

Let us look at the origin of this strong divergence. The eigenvalues on the lattice and their 
continuum approximation start both out for small m as 


H Ti l H ill 


(tb ~ t a ) 2 


(2.184) 


For large m < N, the eigenvalues on the lattice saturate at ► 2/e 2 , while the i/^’s keep 

growing quadratically in to. This causes the divergence. 

The correct time-sliced formulas for the fluctuation factor of a harmonic oscillator is summa¬ 
rized by the following sequence of equations: 


K (tb - t a ) = 


1 


N 

y^T rhie/M 

1 


dSXn 


\j2irhie/M 

1 


exp 


^■-^-<5x t (— e 2 VV — e 2 co 2 )Sx 


n/2t rhie/M ^ detw (-e 2 ^ 


(2.185) 


2 VV - e 2 io 2 ) 

where in the first expression, the exponent is written in matrix notation with x T denoting the trans¬ 
posed vector x whose components are x n . Taking out a free-particle determinant detjv(—£ 2 VV), 
formula (2.140), leads to the ratio formula 


F" (tb - t a ) = 


1 


yj2nTii(t h - t a )/M 


detjv(—e 2 VV — e 2 w 2 ) 


cletAr(-e 2 VV) 


which yields 


Fu (tb — t a ) = 


sin cue 


\j2mh/M Y esin w(t 6 -t a )’ 


(2.186) 


(2.187) 


If with Co of Eq. (2.163). If we are only interested in the continuum limit, we may let e go to zero 
on the right-hand side of (2.186) and evaluate 


Fco(tb-t a ) = 


yj2irhi(t b - t a )/M 


det(— d 2 — lo 2 ) 


n-l/2 


det(— d 2 ) 


n 


yj2-Khi{tb - t a )/M L v \ 


vl-co 2 


- 1/2 


b0(t b ~ t a ) 


sj2nhi(t b - t a )/M V sin io{t b - t a )' 


(2.188) 
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Let us calculate also here the time evolution amplitude in momentum space. The Fourier 
transform of initial and final positions of (2.177) [as in (2.73)] yields 


{PbtblPata) = j d D x b e iPbXb/n J d D x a e zp “ Xa/h {x. b t b \x a t a ) 
(27 rh) D 1 


V2nih y/Mw sinw(tf) — t a ) 


x ex P s y 


1 


h 2Mwsinw(<{, — t a ) 


[(pi + Pa) COS w(4 - to) - 2p b p a 


(2.189) 


The limit w —>■ 0 reduces to the free-particle expression (2.73), not quite as directly as in the 
x-space amplitude (2.177). Expanding the exponent 


1 


2Mujsuux{t b — t a ) 
1 


2Moj 2 (t b — t , 

and going to the limit ui —> 0, the leading term in (2.189) 


[{Pb + Pa) COS u(t b - t a ) - 2p b p^ 


(P b - Pa ) 2 - ^ (Pb + PaM^ - ta)? + • ■ • 


(2tt) 


D 


yj2niuj' 2 (t b — t a )HM 


■D 


exp S t 


1 


h 2Mu> 2 {t b — t a 


■(P6 ' Pa) 


(2.190) 


(2.191) 


tends to {2irh) D S^ D) (p b — p a ) [recall (1.534)], while the second term in (2.190) yields a factor 
e -ip 2 (t b -t a )/2Mh^ g0 we recover indeed (2.73). 


2.3.6 Oscillator Amplitude on Finite Time Lattice 

Let us calculate the exact time evolution amplitude for a finite number of time slices. In contrast to 
the free-particle case in Section 2.2.5, the oscillator amplitude is no longer equal to its continuum 
limit but e-dependent. This will allow us to study some typical convergence properties of path 
integrals in the continuum limit. Since the fluctuation factor was initially calculated at a finite e in 
(2.169), we only need to find the classical action for finite e. To maintain time reversal invariance 
at any finite e, we work with a slightly different sliced potential term in the action than before in 
(2.148), using 


A N = e — [( v -^) 2 - u 2 ( x l + Zn-i)/ 2 ] , (2.192) 

n=1 

or, written in another way, 

N 

■A N = [( V2 ’n) 2 - u 2 (x 2 n+ 1 + x 2 n )/2] . (2.193) 

71=0 

This differs from the original time-sliced action (2.148) by having the potential w 2 x 2 replaced by 
the more symmetric one w 2 (x 2 + a; 2 _ 1 )/2. The gradient term is the same in both cases and can 
be rewritten, after a summation by parts, as 

JV+l JV JV 

e ^ ] (V X n ) — 6 ^ ] (V X n ) — [xbV X b X a V X a } 6 ^ X n . 

71=1 71 = 0 71=1 


(2.194) 
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This leads to a time-sliced action 

N 

A N = (x b Vx b - x a Vx a ) - e^-uj 2 (xl + x 2 a ) - e^- ^ x„(VV + co 2 )x n . (2.195) 

~ n=1 

Since the variation of A N is performed at fixed endpoints x a and x b , the fluctuation factor is the 
same as in (2.160). The equation of motion on the sliced time axis is 

(VV + uj 2 )x c \(t) = 0. (2.196) 

Here it is understood that the time variable takes only the discrete lattice values t n . The solution 
of this difference equation with the initial and final values x a and x bl respectively, is given by 

x c iit) = . -— [x b sin Q(t - t a ) + x a sin a) (if, - i)], (2.197) 

sm w(if, — t a ) 

where Co is the auxiliary frequency introduced in (2.163). To calculate the classical action on the 
lattice, we insert (2.197) into (2.195). After some trigonometry, and replacing e 2 w 2 by 4 sin 2 (we/2), 
the action resembles closely the continuum expression (2.159): 

Acl = — -— l(xl + x 2 a ) cos W(if, - t a ) - 2 x b x a ] ■ (2.198) 

sm LU{tb ta) 

The total time evolution amplitude on the sliced time axis is 

(x b t b \x a t a ) = e lA " /h F™(t b - t a ), (2.199) 

with sliced action (2.198) and the sliced fluctuation factor (2.169). 


2.4 Gelfand-Yaglom Formula 


In many applications one encounters a slight generalization of the oscillator fluc¬ 
tuation problem: The action is harmonic but contains a time-dependent frequency 
f } 2 {t) instead of the constant oscillator frequency to 2 . The associated fluctuation 
factor is 


with the action 



( 2 . 200 ) 

( 2 . 201 ) 


Since Q(t) may not be translationally invariant in time, the fluctuation factor de¬ 
pends now in general on both the initial and final times. The ratio formula (2.186) 
holds also in this more general case, i.e., 

det 7 v(-e 2 VV-e 2 fl 2 ) 1-1/2 


F"(t b ,t a ) = , 

^2nht(t b - t a )/M 

Here Vt 2 {t) denotes the diagonal matrix 


n 2 (t) = 


l 


V 


det 7V (-e 2 W) 

\ 

) 


( 2 . 202 ) 


(2.203) 


with the matrix elements H 2 = f l?{t n ). 
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2.4.1 Recursive Calculation of Fluctuation Determinant 


In general, the full set of eigenvalues of the matrix — VV — Q 2 (t) is quite difficult 
to find, even in the continuum limit. It is, however, possible to derive a powerful 
difference equation for the fluctuation determinant which can often be used to find its 
value without knowing all eigenvalues. The method is due to Gelfand and Yaglom. 11 

Let us denote the determinant of the N x N fluctuation matrix by Dn, i.e., 


D n = detjv (—e 2 VV — e 2 V 2 ) (2.204) 

2 - e 2 Q 2 N -1 0 ... 0 0 0 

-1 2-e 2 Q 2 N _ 1 -1 ... 0 0 0 

0 0 0 ... -1 2 — e 2 0| -1 

0 0 0 ... 0 -1 2-e 2 V? 

By expanding this along the first column, we obtain the recursion relation 

Dn = (2 — e 2 Fl 2 N )D N _i — D N _ 2 , (2.205) 


which may be rewritten as 

I f P N ~ Dn-i 

_e 


Dn-i ~ D N -s 


+ D%Dn~ i 


= 0 . 


(2.206) 


Since the equation is valid for all N. it implies that the determinant Dn satisfies 
the difference equation 

(W+Q 2 N+1 )D N = o. (2.207) 

In this notation, the operator —VV is understood to act on the dimensional label 
N of the determinant. The determinant Dn may be viewed as the discrete values of 
a function of D(t) evaluated on the sliced time axis. Equation (2.207) is called the 
Gelfand-Yaglom formula. Thus the determinant as a function of N is the solution 
of the classical difference equation of motion and the desired result for a given N is 
obtained from the final value Dn = D(tN+ i). The initial conditions are 


D 1 = (2-e 2 V 2 ), 

D 2 = {2 - e 2 D{){2 - e 2 D 2 ) - l. 


(2.208) 


2.4.2 Examples 

As an illustration of the power of the Gelfand-Yaglom formula, consider the known case of a 
constant fl 2 (t) = oj 2 where the Gelfand-Yaglom formula reads 

(VV + co 2 )Dn = 0. (2.209) 


This is solved by a linear combination of sin(iVwe) and cos (Nuie), where u> is given by (2.163). The 
solution satisfying the correct boundary condition is obviously 


D n 


sin (N + 1 )eu> 
sin eoj 


( 2 . 210 ) 


11 I.M. Gelfand and A.M. Yaglom, J. Math. Phys. 1, 48 (1960). 
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(<? 2 +n 2 (0) eD(f) = 0 



Figure 2.2 Solution of equation of motion with zero initial value and unit initial slope. Its 
value at the final time is equal to e times the discrete fluctuation determinant Dn = D(tb )• 


Indeed, the two lowest elements are 


D i = 2 cos eui, 

D 2 = 4 cos 2 ew — 1, (2.211) 

which are the same as (2.208), since e 2 fi 2 = e 2 w 2 =2(l — cos we). 

The Gelfand-Yaglom formula becomes especially easy to handle in the continuum limit e —> 0. 
Then, by considering the renormalized function 


-Dren (tv) — eHjVi 

the initial conditions D\ = 2 and D 2 = 3 can be re-expressed as 

(eD)i = D ren (t a ) = 0, 

eDo — eD i e—>-0 

—- 1 = (VeD),-> D len (t a ) = 1. 

e 

The difference equation for Dn turns into the differential equation for D ren (t ): 

[dt + El 2 (t)\D ien (t) = 0. 


( 2 . 212 ) 


(2.213) 

(2.214) 


(2.215) 


The situation is pictured in Fig. 2.2. The determinant Dn is 1/e times the value of the function 
D len (t) at tb ■ This value is found by solving the differential equation starting from t a with zero 
value and unit slope. 

As an example, consider once more the harmonic oscillator with a fixed frequency u>. The 
equation of motion in the continuum limit is solved by 

Dren(t) = — sin w(t - t a ), (2.216) 

ui 

which satisfies the initial conditions (2.214). Thus we find the fluctuation determinant to become, 
for small e, 


det(—e 2 VV 


2 2 \ 
e to 


e-v0 


1 sinw(<{, 
e ui 



(2.217) 


in agreement with the earlier result (2.210). For the free particle, the solution is D len (t) = t — t a 
and we obtain directly the determinant detjv(—e 2 VV) = (tb — t a )/e- 

For time-dependent frequencies Q(f), an analytic solution of the Gelfand-Yaglom initial-value 
problem (2.213), (2.214), and (2.215) can be found only for special classes of functions f2(f). In 
fact, (2.215) has the form of a Schrodinger equation of a point particle in a potential f1 2 (<), and 
the classes of potentials for which the Schrodinger equation can be solved are well-known. 
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2.4.3 Calculation on Unsliced Time Axis 


In general, the most explicit way of expressing the solution is by linearly combining 
D ien —eD N from any two independent solutions £(£) and r/(t) of the homogeneous 
differential equation 

[<9 2 + fl 2 (t)]x(t) = 0. (2.218) 

The solution of (2.215) is found from a linear combination 


D ren (t) = a£(t) + l3rj(t). 


(2.219) 


The coefficients are determined from the initial condition (2.214), which imply 


<x£{t a ) + Pv{ta) = 0 , 

<4(ta) + Pv(ta) = 1 , ( 2 . 220 ) 


and thus 

D {f) = £(t)v(ta) -£(tq)ri(t) 
renU i(t a ) V (t a ) - mm ■ 


( 2 . 221 ) 


The denominator is recognized as the time-independent Wronski determinant of the 
two solutions 


w = m d t v(t) = ww) - mat) ( 2 . 222 ) 


at the initial point t a . The right-hand side is independent of t. 

The Wronskian is an important quantity in the theory of second-order differential 
equations. It is defined for all equations of the Sturm-Liouville type 


d_ 

dt 


a(t ) 


dyit) 

dt 


+ b (t)y(t) = °> 


(2.223) 


for which it is proportional to 1 /a(t). The Wronskian is used to construct the Green 
function for all such equations. 12 

In terms of the Wronskian, Eq. (2.221) has the general form 

Acn(t) = [at)v(t a ) - ata)v(t)} . (2.224) 

Inserting t — tb gives the desired determinant 

A-en = [€(tb)v(ta) ~ ^(G)'^(G)] . (2.225) 

Note that the same functional determinant can be found from by evaluating the 
function 

Aen(t) = [atb)v(t) - at)v(tb)] (2.226) 

12 For its typical use in classical electrodynamics, see J.D. Jackson, Classical Electrodynamics , 
John Wiley & Sons, New York, 1975, Section 3.11. 
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at f a . This also satisfies the homogenous differential equation (2.215), but with the 
initial conditions 

D ren (t b ) = 0, t ren (t b ) = -1. (2.227) 

It will be useful to emphasize at which ends the Gelfand-Yaglom boundary condi¬ 
tions are satisfied by denoting D ren {t ) and D ren (t ) by D a {t ) and D b (t), respectively, 
summarizing their symmetric properties as 

[d 2 t +tf(t)]D a (t) = 0; D a (t a ) = 0, D a (t a ) = 1, (2.228) 

[d^ + n 2 {t)]D b {t) = 0; D b {t b ) = 0, D b (t b ) = - 1, (2.229) 

with the determinant being obtained from either function as 

Aen = D a (t b ) = D b (t a ). (2.230) 

In contrast to this we see from the explicit equations (2.224) and (2.226) that the 
time derivatives of two functions at opposite endpoints are in general not related. 
Only for frequencies Q,(t) with time reversal invariance, one has 

Daitb) = -Db(t a ), for O(f) = Q(-t). (2.231) 

For arbitrary Pl(t), one can derive a relation 

D a (tb) + D b {t a ) = -2 f tb dt n(t)(l(t)D a (t)D b (t). (2.232) 

Jt a 

As an application of these formulas, consider once more the linear oscillator, for 
which two independent solutions are 

£(£) = cos tat, 77 (f) = sin tat. (2.233) 

Hence 

IF = ta, (2.234) 

and the fluctuation determinant becomes 

A-en =- (cos tat*, sin tat a — cos tat a sin ut b ) = — sint u(t b — t a ). (2.235) 

ta ta 

2.4.4 D’Alembert’s Construction 

It is important to realize that the construction of the solutions of Eqs. (2.228) and 
(2.229) requires only the knowledge of one solution of the homogenous differential 
equation (2.218), say £(t). A second linearly independent solution 77 (f) can always 
be found with the help of a formula due to d’Alembert, 

77(t) = w f(t) J ^ 7 y (2.236) 
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where w is some constant. Differentiation yields 


V 


CV w 



(2.237) 


The second equation shows that with £(t), also r)(t) is a solution of the homogenous 
differential equation (2.218). From the first equation we find that the Wronski 
determinant of the two functions is equal to w: 


W = £(t)v(t)-mv(t)=w. (2-238) 


Inserting the solution (2.236) into the formulas (2.224) and (2.226), we obtain 
explicit expressions for the Gelfand-Yaglom functions in terms of one arbitrary so¬ 
lution of the homogenous differential equation (2.218): 

ft ~ ftb (jf r 

Dut)=D a {t)=mmj t ^ y Dut)=D b {t)=mmj t ^- y 

The desired functional determinant is 


D 


ren 



dt' 

Wr 


(2.240) 


2.4.5 Another Simple Formula 

There exists yet another useful formula for the functional determinant. For this we solve the 
homogenous differential equation (2.218) for an arbitrary initial position x a and initial velocity 
x a at the time t a . The result may be expressed as the following linear combination of D a (t) and 
D b (t): 


x(x a ,x a ;t) = 


1 


D b (t a ) L 


D b (t) - D a (t)D b {t a ) X a + D a (t)x a 


(2.241) 


We then see that the Gelfand-Yaglom function D ren (t) = D a (t) can be obtained from the partial 
derivative 

ZWO = (2.242) 

ox a 

This function obviously satisfies the Gelfand-Yaglom initial conditions D ren (t a ) = 0 and D ren (t a ) = 
1 of (2.213) and (2.214), which are a direct consequence of the fact that x a and x a are independent 
variables in the function x(x a ,x a ;t), for which dx a /dx a = 0 and dx a /dx a = 1. 

The fluctuation determinant D len = D a [t b ) is then given by 

D re „ = (2.243) 


where x b abbreviates the function x(x a ,x a \t b ). It is now obvious that the analogous equations 
(2.229) are satisfied by the partial derivative D b (t) = —dx[t)/d:i bl where x(t) is expressed in terms 
of the final position x b and velocity x b as x(t) = x{x b ,x b \t) 


x(x b ,x b -,t) = 


D a {t b ) L 


D a {t) + D b (t)D a (t b ) x b - D b (t)x b 


(2.244) 
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so that we obtain the alternative formula 


D ren = - gp (2.245) 

These results can immediately be generalized to functional determinants of differential opera¬ 
tors of the form —df5ij — (t) where the time-dependent frequency is a Dx D-dimensional matrix 

Elfj(t), (i,j = 1,... ,-D). Then the associated Gelfand-Yaglom function D a (t) becomes a matrix 
Dij(t ) satisfying the initial conditions Dij(t a ) = 0, Dij(t b ) = 5ij, and the desired functional 
determinant D ren is equal to the ordinary determinant of Dij(t b ): 

D ren = Det [-dfdtj - fi?.(f)] = det D tj (t b ). (2.246) 

The homogeneous differential equation and the initial conditions are obviously satisfied by the 
partial derivative matrix D^(t ) = dx 1 (t) / dx 3 a , so that the explicit representations of D, : j (t) in 
terms of the general solution of the classical equations of motion [—dfSij — Xj(t) = 0 

become 

D ren = det = det . (2.247) 

OXa y OXbJ 

A further couple of formulas for functional determinants can be found by constructing a solution 
of the homogeneous differential equation (2.218) which passes through specific initial and final 
points x a and Xb at t a and tb, respectively: 


x(x b ,x a ;t.) 


D b [t) D a (t ) 
D b (t a ) Xa+ D a (tb) Xb ' 


(2.248) 


The Gelfand-Yaglom functions D a (t ) and D b (t ) 
tives 

Dq{t ) _ dx(x b ,x a ;t) 
D a (t b ) dx b 


can therefore be obtained from the partial deriva- 


D b (t) _ dx(x b ,x a -,t) 
D b it a ) dx a 


At the endpoints, Eqs. (2.248) yield 


x 


a 


Xb 


D b {ta) , 1 

D b (t a f a+ D a (t b f b ’ 
1 , D a (t b ) 

~D b {t a ) Xa+ D a (t b ) Xb 


(2.250) 

(2.251) 


so that the fluctuation determinant D ren = D a (t b ) = D b {t a ) is given by the formulas 


D 


ren — 



(2.252) 


where x a and x b are functions of the independent variables x a and x b - The equality of these ex¬ 
pressions with the previous ones in (2.243) and (2.245) is a direct consequence of the mathematical 
identity for partial derivatives 

/ \ -l 


dx b 

dx n 


dx a 

dx b 


(2.253) 


Let us emphasize that all functional determinants calculated in this Chapter apply to the 
fluctuation factor of paths with fixed endpoints. In mathematics, this property is referred to 
as Dirichlet boundary conditions. In the context of quantum statistics, we shall also need such 
determinants for fluctuations with periodic boundary conditions, for which the Gelfand-Yaglom 
method must be modified. We shall see in Section 2.11 that this causes considerable complications 
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in the lattice derivation, which will make it desirable to find a simpler derivation of both functional 
determinants. This will be found in Section 3.27 in a continuum formulation. 

In general, the homogenous differential equation (2.218) with time-dependent frequency f l(t) 
cannot be solved analytically. The equation has the same form as a Sclrrodinger equation for 
a point particle in one dimension moving in a one dimensional potential and there are 

only a few classes of potentials for which the solutions are known in closed form. Fortunately, 
however, the functional determinant will usually arise in the context of quadratic fluctuations 
around classical solutions in time-independent potentials (see in Section 4.3). If such a classical 
solution is known analytically, it will provide us automatically with a solution of the homogeneous 
differential equation (2.218). Some important examples will be discussed in Sections 17.4 and 
17.11. 

2.4.6 Generalization to D Dimensions 

The above formulas have an obvious generalization to a D-dimensional version of 
the fluctuation action (2.201) 

rtf) l\/[ 

A= dt — [(dx) 2 — dx 7 0 2 (f)hx], (2.254) 

Jt a 2 

where fi 2 (f) is a D x D matrix with elements 07(1). The fluctuation factor (2.202) 
generalizes to 


F"(t b ,ta) = 


yj2nhi(t b - t a )/M 


det 


N\ 


-e 2 VV - e 2 0 2 


det 


N( 


-e 2 VV) 


-1/2 


(2.255) 


The fluctuation determinant is found by Gelfand-Yaglom’s construction from a for¬ 
mula 

D ren = det D a (t b ) = det D b (t a ), (2.256) 

with the matrices D a (t) and D b (t) satisfying the classical equations of motion and 
initial conditions corresponding to (2.228) and (2.229): 

[<9 2 + 0 2 (l)]D a (l) = 0 ; D o (t a ) = 0, D a (l a ) = 1, (2.257) 

[df + 0 2 (1)]D 6 (1) = 0 ; D 6 (1 6 ) = 0, i> b {t b ) = -l, (2.258) 


where 1 is the unit matrix in D dimensions. We can then repeat all steps in the last 
section and find the D-dimensional generalization of formulas (2.252): 


D 


ren 



-1 



(2.259) 


2.5 Harmonic Oscillator with Time-Dependent Frequency 

The results of the last section put us in a position to solve exactly the path integral 
of a harmonic oscillator with arbitrary time-dependent frequency Fl(t). We shall 
first do this in coordinate space, later in momentum space. 
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2.5.1 Coordinate Space 

Consider the path integral 


(x b t b \x a t a ) 



with the Lagrangian action 


A[x] 


M 

T 



x 2 (t) — Q 2 (t)x 2 (t) , 


(2.260) 


(2.261) 


which is harmonic with a time-dependent frequency. As in Eq. (2.14), the result can 
be written as a product of a fluctuation factor and an exponential containing the 
classical action: 

(x b t b \x a t a ) = fvxe iA ^ n = Fn(t b ,t a )e iAcl/n . (2.262) 


From the discussion in the last section we know that the fluctuation factor is, by 
analogy with (2.171), and recalling (2.243), 


Fn(t b , t a ) 


1 1 

yj2mh/M yj.D a (t b ) 


(2.263) 


The determinant D a (t b ) = D rcn may be expressed in terms of partial derivatives 
according to formulas (2.243) and (2.252): 


Fn(t b , t a ) 


1 f dx b \ 1/2 _ 1 (dx a V 12 

yj2nih/M \9x a ) ^2vr ih/M \ dx J 


(2.264) 


where the Erst partial derivative is calculated from the function x(x a ,x a ]t), the 
second from x(x b ,x a ',t). Equivalently we may use (2.245) and the right-hand part 
of Eq. (2.252) to write 


Fn(t b , t a ) 


1 / <9x a \ 1/2 _ 1 / dx b \ 1/2 

ih/M V d± b) ih/M \ dx a) 


(2.265) 


It remains to calculate the classical action ^4 c i. This can be done in the same 
way as in Eqs. (2.155) to (2.159). After a partial integration, we have as before 


„ M. 

A c i = —{x b x b - x a x a ). 


(2.266) 


Exploiting the linear dependence of x b and x a on the endpoints x b and x a , we may 
rewrite this as 


„ M 

Ad = — I x b 


dxh 
dx: 


-x b 


dx a dx b 

x n - — x a + x b - — x n 


dXn 


OXn 


x n 


dx c 

dxi 


-x b 


(2.267) 
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Inserting the partial derivatives from (2.250) and (2.251) and using the equality of 
D a (t b ) and D b (t a ), we obtain the classical action 


•Ad — 


M 


x 2 b D a {t b ) - x 2 a b b (t a ) - 2x b x 0 


(2.268) 


2 D a (t b ) 

Note that there exists another simple formula for the fluctuation determinant D ren : 

d 2 


-l 


Aen = D a (t b ) = D b {t a ) = -M 


dx b dx, 


-Ac 


(2.269) 


For the harmonic oscillator with time-independent frequency u, the Gelfand- 
Yaglom function D a (t) of Eq. (2.235) has the property (2.231) due to time reversal 
invariance, and (2.268) reproduces the known result (2.159). 

The expressions containing partial derivatives are easily extended to D dimen¬ 
sions: We simply have to replace the partial derivatives dx b /dx a , dx b /dx a ,... by 
the corresponding D x D matrices, and write the action as the associated quadratic 
form. 

The D -dimensional versions of the fluctuation factors (2.264) are 


Fn(t b , t a ) — 


2n ifi/M 


-D 


det 


dx l b 

dxi 


-1/2 


-D 


2ti ih/M 


det 


dxi 

dxi 


i V 2 


(2.270) 


All formulas for fluctuation factors hold initially only for sufficiently short times 
t b — t a . For larger times, they carry phase factors determined as before in (2.169). 
The fully defined expression may be written as 


Fn(t b , t a ) — 


-D 


2nih/M 


det 


dxi 


dxi 


- 1/2 


3 — iu-K/2 _ 


-D 


2nih/M 


. dxi 
det a 


dxi 


1/2 




(2.271) 


where v is the Maslov-Morse index. In the one-dimensional case it counts the turn¬ 
ing points of the trajectory, in the multidimensional case the number of zeros in 
determinant det dx l b /dx J a along the trajectory, if the zero is caused by a reduction 
of the rank of the matrix dx l b /dx J a by one unit. If it is reduced by more than one 
unit, v increases accordingly. In this context, the number v is also called the Morse 
index of the trajectory. 

The zeros of the functional determinant are also called conjugate points. They 
are generalizations of the turning points in one-dimensional systems. The surfaces 
in x-space, on which the determinant vanishes, are called caustics. The conjugate 
points are the places where the orbits touch the caustics. 13 

Note that for infinitesimally short times, all fluctuation factors and classical ac¬ 
tions coincide with those of a free particle. This is obvious for the time-independent 
harmonic oscillator, where the amplitude (2.177) reduces to that of a free particle 


13 See M.C. Gutzwiller, Chaos in Classical and Quantum Mechanics, Springer, Berlin, 1990. 




130 


2 Path Integrals — Elementary Properties and Simple Solutions 


in Eq. (2.74) in the limit t b —> t a . Since a time-dependent frequency is constant over 
an infinitesimal time, this same result holds also here. Expanding the solution of 
the equations of motion for infinitesimally short times as 


Xfc « ( t b - t a )± a + X 0 , X a ~(t b ~ t a )± b + X 6 , 

we have immediately 

-J = ^(t b -t a ), -f = -(5y(t 6 -0- 

UXa UX ^ 

Similarly, the expansions 




x 6 cs X, 


lead to 


dxl 


= Si 


X6 - Xq 
tb ta 


dxl 1 


(9Xa ^ tb — ta' dx{ 13 h — t a 


(2.272) 


(2.273) 


(2.274) 


(2.275) 


Inserting the expansions (2.273) or (2.274) into (2.266) (in D dimensions), the action 
reduces approximately to the free-particle action 


A c i « 


M (x{, - x a ) 2 


2 


t b -t 


a 


(2.276) 


2.5.2 Momentum Space 

Let us also find the time evolution amplitude in momentum space. For this we write the classical 
action (2.267) as a quadratic form 


-del 


M 

T 


(x b ,x a )A 



(2.277) 


with a matrix 


The inverse of this matrix is 


A = 


A- 1 


dx b 

dx b 

dx b 

dx a 

0x a 

dx a 

dx b 

dx a 

dx b 

dx b 

dx b 

dx a 

dx a 

dx a 

dx b 

8x a 


(2.278) 


(2.279) 


The partial derivatives of x b and x a are calculated from the solution of the homogeneous differential 
equation (2.218) specified in terms of the final and initial velocities x b and x a : 


x(x b ,x a ;t) = 


D a (t b )D b (ta) + 1 


I D a (t) + D b {t)D a (t b ) x a + -D b (t) + D a (t)D b (t a ) ifcj , (2.280) 
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which yields 


1 


x b = 


so that 


A~ = 


D a (tb)Db(t a ) + 1 L 
1 

D a {tb)Db{ta) + 1 L 
D a {tb) 


Db{ta)D a(ta)Xb D b (t a ^X b 

Da{tb)Xa T D a [tb)Db{ta)Xb 

Db(t a ) -1 
-1 - D a (t b ) 


D a {tb)Db(t a ) + 1 
The determinant of A is the Jacobian 

d(x b ,x a ) D a (t b )D b {t a ) +1 


det A = — 


d{XbtXa) D a (t b ')D b (ta') 


(2.281) 

(2.282) 

(2.283) 

(2.284) 


We can now perform the Fourier transform of the time evolution amplitude and find, via a quadratic 
completion, 


(Pbtb\Pat a ) = j dx b e WbXb/R J dx a e lPaXa/n (xbtb\x a ta) 


(2.285) 


D a {t b ) 


27 tTi / 

~iM y ~D a {t b )D b {t a ) + 1 
D a (tb) 


i 1 

x exp < - 


-D b {t a )Pb + Da{tb)pl - 2 PbPa 


h2M D a (t b )Db(t a ) + l L 

Inserting here D a {t b ) = sin bj{t b — t a )/ui and D a (t b ) = cos u!(t b — t a ), we recover the oscillator result 
(2.189). 

In D dimensions, the classical action has the same quadratic form as in (2.277) 


Ai = y (x^,xf) A 


x b 

x„ 


(2.286) 


with a matrix A generalizing (2.278) by having the partial derivatives replaced by the corresponding 
D x U-matrices. The inverse is the 2D x 211-version of (2.279), i.e. 


A = 


The determinant of such a block matrix 

A = 


d Xb \ 


/ dx b <9x b \ 

dx a 

, A - 1 = 

1 « 

•x 

1 “O 

•x 

<9x a 


dx a dx a 

d x a / 


\ d±b d±a / 


(2.287) 


a b 
c d 


is calculated after a triangular decomposition 
_ . a b \ fa 0 \ ( 1 a~ 1 b 

V c d , 

in two possible ways as 

det | “ b . 
c d 


1 b 
0 d 


a — bd 1 c 0 

L c 


= det a • det (d — ca L b) = det (a — bd i c) • det d 


(2.288) 


(2.289) 


(2.290) 
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depending whether det a or det b is nonzero. The inverse is in the first case 


f 1 —a / a 1 0 

y 0 x J y—ca _1 1 


/a x +a 1 bxca 1 
y — xca,- 1 



x=(d—ca 1 6) f 


(2.291) 


The resulting amplitude in momentum space is 


(Pbtb\pJ a ) = j dx b e iPbXb/h J dx a e zp °- Xa/h (x b t b \x a t a ) 

(PLPa) A_1 


2n 


'Jl'nihM \J .D ren det A 


exp i t 


i 1 


h 2M 


Pb 

Pa 


(2.292) 


Also in momentum space, the amplitude (2.292) reduces to the free-particle one in Ecp (2.73) 
in the limit of infinitesimally short time t b — t a - For the time-independent harmonic oscillator, this 
was shown in Eq. (2.191), and the time-dependence of 12(f) becomes irrelevant in the limit of small 
lb la t 0 . 


2.6 Free-Particle and Oscillator Wave Functions 

In Eq. (1.335) we have expressed the time evolution amplitude of the free particle 
(2.72) as a Fourier integral 


(x b t b \x a t a ) = [ J^ e ip(xb-xa)/h e -ipHt b -t a )/ 2 MH (2.2 93 ) 

J y2i7Trij 

This expression contains the information on all stationary states of the system. To 
find these states we have to perform a spectral analysis of the amplitude. Recall 
that according to Section 1.7, the amplitude of an arbitrary time-independent system 
possesses a spectral representation of the form 

OO 

(x b t b \x a t a ) = i>n(xb)^n( x a)e~ lEn{tb ~ ta)/h , (2.294) 

n =0 


where E n are the eigenvalues and tjj n (x) the wave functions of the stationary states. 
In the free-particle case the spectrum is continuous and the spectral sum is an 
integral. Comparing (2.294) with (2.293) we see that the Fourier decomposition 
itself happens to be the spectral representation. If the sum over n is written as an 
integral over the momenta, we can identify the wave functions as 

M *0 = ( 2 - 295 ) 


For the time evolution amplitude of the harmonic oscillator 

1 


(x b t b \x a t a ) = 


^2Ttihsm [u(t b — t a )] /Mu 
iMio 


(2.296) 


x exp 


2ft sin [u(t b — t a )] L 


(xl + x 2 a ) costa(4 - t a ) - 2x b x a 
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the procedure is not as straight-forward. Here we must make use of a summation 
formula for Hermite polynomials (see Appendix 2C) H n (x) due to Mchlcr: 14 

7T=7 exp {“2(1^5) K* 2 + x ' 2 ^ + O - w„.]} 

oo n 

= exp(—x 2 /2 - x' 2 /2) 7 ZFl H n(x)H n (x'), (2.297) 

71=0 Z U - 

with 

d n 

H 0 (x) = 1, H^x) = 2x, H 2 (x) =4x 2 ~2,..., H n (x) = (~l) n e x2 —e~ x2 . (2.298) 

dx n 

Identifying 

x = \JMu/h x b , x' = \JMu/h x a , a = (2.299) 

so that 

a 1 1 + a 2 1 + e ~ 2 Mtb-ta) cos \u(t b — t a )] 

1 — a 2 2i sin [u(t b — t a )} ’ 1 — a 2 1 — e - 2lu ^ tb ~ ta '> i sin [u(t b — t a )} 

we arrive at the spectral representation 

OO 

(x b t b \x a t a ) = J2^n{x b )'l/jn(Xa)e~ l( - n+1/2Mtb ~ ta) . (2.300) 

77=0 


From this we deduce that the harmonic oscillator has the energy eigenvalues 

E n = huj(n + 1/2) (2.301) 

and the wave functions 

Mx) = N n X^ /2 e-^^H n {x/\J). (2.302) 

Here, is the natural length scale of the oscillator 


Acm - 


h 


Mu' 


and N n the normalization constant 

N n = (1/2 n n\y/t) 1/2 . 


(2.303) 

(2.304) 


It is easy to check that the wave functions satisfy the orthonormality relation 

/ OO 

dxi/; n (x)il; n >(x)* = S nn >, (2.305) 

-OO 

using the well-known orthogonality relation of Hermite polynomials 15 

1 f°° 2 

———= dxe x H n {x)H n i{x) — S nn i. (2.306) 

2 n n\J 7T J-oo 


14 See P.M. Morse and H. Feshbach, Methods of Theoretical Physics, McGraw-Hill, New York, 
Vol. I, p. 781 (1953). 

15 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 7.374.1. 
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2.7 General Time-Dependent Harmonic Action 


A simple generalization of the harmonic oscillator with time-dependent frequency allows also for 
a time-dependent mass, so that the action (2.307) becomes 

r tb M 

A[x} = / dt— [g(t)x 2 (t) — n 2 (t)x 2 (t)] , (2.307) 

Jt a 2 

with some dimensionless time-dependent factor g(t). This factor changes the measure of path 
integration so that the time evolution amplitude can no longer be calculated from (2.260). To find 
the correct measure we must return to the canonical path integral (2.29) which now reads 

/•x(t b )=Xb r -T) 

(x b t b \x a t a ) = / V'x (2.308) 

Jx(ta)=X a J 2nn 

with the canonical action 

A[p,x\ = J dt 

Integrating the momentum variables out in the sliced form of this path integral as in Eqs. (2.51)- 
(2.53) yields 


px — ^ — ^-fl 2 (t)x 2 (t) 

2 Mg(t) 2 w w 


(2.309) 


{Xbtb\Xata) 


1 N 

1 — TT 

v /2irfue/Mg{t N+1 ) ^ 


dx n 


' —OO y/2-Khie/Mg(t n ) 


exp —A 
n 


The continuum limit of this path integral is written as 


(x b t b \x a ta) = J Vxy/gexp^-A[x\\ , 

with the action (2.307). 

The classical orbits solve the equation of motion 


-d t g{t)d t - fl 2 (t)] x(t) = 0, 


which, by the transformation 


x(t) = Vg(t)x(t), n 2 (t) = — 


fi2 (t) + M 

1 ' 49(0 2 


can be reduced to the previous form 


-d?-& 2 {t) x(t) = 0. 

The result of the path integration is therefore 

(x b t b \x a ta) = J Vxy/ge lA[x]/n = F(x b ,tf,x a ,ta)( 

with a fluctuation factor [compare (2.263)] 

_ ,11 

F\Xbi t b , X a , t a ) — 




y/2m%/M yjD a (t b y 


(2.310) 

(2.311) 

(2.312) 

(2.313) 

(2.314) 

(2.315) 

(2.316) 


where D a (t b ) is found from a generalization of the formulas (2.264)-(2.269). The classical action 
is 

M 

A c i = —{g b x b x b - g a x a x a ), (2.317) 
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where g b = g(t b ), g a = g{t a )- The solutions of the equation of motion can be expressed in terms 
of modified Gelfand-Yaglom functions (2.228) and (2.229) with the properties 


as in (2.248): 


[d t g{t)d t + n 2 (t)\D a (t ) = 0 ; D a (t a ) = 0, D a (t a ) = l/g a , 
[d t g(t)d t + fl 2 (t)}D b (t) = 0 ; D b (t b ) = 0, D b (t. b ) = -l/g b , 


D b (t) D a (t) 

x(XbMt)= Tm x " + DjM n - 


This allows us to write the classical action (2.317) in the form 


Ac ' 2 D a {t b ) 

From this we find, as in (2.269), 


gbX b D a {t b ) g a x a D b (t a ) 2x b x c 


Dren = D a (t b ) = D b (t a ) = ~M 


d 2 A cl 

dx b dx a 


(2.318) 

(2.319) 


(2.320) 


(2.321) 


(2.322) 


so that the fluctuation factor becomes 


F(x bl t b ,x a ,ta) 


/2wih V dx b dx a ' 


(2.323) 


As an example take a free particle with a time-dependent mass term, where 
D a (t)=J t dt'g- 1 ^'), D b (t) = J^ dt'g _1 (f'), D ien = D a (t b ) = D b (t a ) = dt'g -1 ^'), (2.324) 


and the classical action reads 


_ M ( x b - Xa) 2 
C ‘“ 2 D a (t b ) ■ 


The result can easily be generalized to an arbitrary harmonic action 

r tb M 

, / , iVi r , . .O _ , , , . _o / X On 


f b M 

A= dt — \g(t)x 2 + 2b(t)xx — fi 2 (t)x 2 ] , 


which is extremized by the Euler-Lagrange equation [recall (1.8)] 


d t g{t)d t + b(t) + x = 0. 


(2.325) 


(2.326) 


(2.327) 


The solution of the path integral (2.315) is again given by (2.315), with the fluctuation factor 
(2.323), where A c \ is the action (2.326) along the classical path connecting the endpoints. 

A further generalization to D dimensions is obvious by adapting the procedure in Subsec¬ 
tion 2.4.6, which makes Eqs. (2.318)-(2.320). matrix equations. 


2.8 Path Integrals and Quantum Statistics 

The path integral approach is useful to also understand the thermal equilibrium 
properties of a system. We assume the system to have a time-independent Hamilto¬ 
nian and to be in contact with a reservoir of temperature T. As explained in Sec¬ 
tion 1.7, the bulk thermodynamic quantities can be determined from the quantum- 
statistical partition function 

Z = Tr =Y,e~ En/kBT . (2.328) 
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This, in turn, may be viewed as an analytic continuation of the quantum-mechanical 
partition function 

Z QM = Tr ( e -h4-t>)h/?i) ( 2.329 ) 

to the imaginary time 

xTi 

tb~t a = = -ihfi- (2.330) 

k B T 

In the local particle basis |a:), the quantum-mechanical trace corresponds to an 
integral over all positions so that the quantum-statistical partition function can be 
obtained by integrating the time evolution amplitude over Xb = x a and evaluating 
it at the analytically continued time: 

/ OO POO ~ POO 

dxz(x)= / dx (x\e~ im \x) = / dx (xt b \xt a )\ tb - ta =-ih/ 3 - (2.331) 

-oo J —oo J—OO 

The diagonal elements 

z{x) = (x\e~P H \x) = (xt b \xt a )\ tb - ta= _ in p (2.332) 


play the role of a partition function density. For a harmonic oscillator, this quantity 
has the explicit form [recall (2.175)] 


z w {x) 


1 j LO 

yj2irh/M V sinh hf3u XP 



tanh 


h/3u} 



(2.333) 


By splitting the Boltzmann factor e~ l3H into a product of IV + 1 factors e~ eH ^ n 
with e = h/k B T(N + 1), we can derive for Z a similar path integral representa¬ 
tion just as for the corresponding quantum-mechanical partition function in (2.42), 
(2.48): 



(2.334) 


x {x N+1 \e eH/h \x N )(x N \e eH/n \x N _i) x ... x (x 2 \e eff/ft |aq)(a;i|e eH/n \x N+1 ). 


As in the quantum-mechanical case, the matrix elements (a: n |e eH / h \x n -i) are re¬ 
expressed in the form 


I'r I p~ e H/h\ \ ^ f°° dpn ip^Xn-Xn-P/h-eHjpn^ni/h 

yX n |c- |X n _X/ ~ , C- , 

J —OO Z.7Ttl 


(2.335) 


with the only difference that there is now no imaginary factor i in front of the 
Hamiltonian. The product (2.334) can thus be written as 




dp n 

27 t% 


exp 



(2.336) 
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where A^ denotes the sum 


N+l 

Ae = [~Wn{x n ~ X n -i) + eH(p n , X n )\ . 

n= 1 

In the continuum limit e —> 0, the sum goes over into the integral 


rU 3 

A c [p,x\= / dT[-ip(T)x(r) + H(p(t),x(t))\, 
Jo 

and the partition function is given by the path integral 


Z= Vx 


Vp 
27 rh 


Ae\p,x\/% 


(2.337) 


(2.338) 


(2.339) 


In this expression, p(r),x(r) may be considered as paths running along an “imag¬ 
inary time axis” r = it. The expression A e [p,x] is very similar to the mechanical 
canonical action (2.27). Since it governs the quantum-statistical path integrals it 
is called quantum-statistical action or Euclidean action , indicated by the subscript 
e. The name alludes to the fact that a D-dimensional Euclidean space extended 
by an imaginary-time axis t — it has the same geometric properties as a D + 1- 
dimensional Euclidean space. For instance, a four-vector in a Minkowski spacetime 
has a square length dx 2 = — ( cdt ) 2 + (dx.) 2 . Continued to an imaginary time, this 
becomes dx 2 = (cdr) 2 + (dx) 2 which is the square distance in a Euclidean four¬ 
dimensional space with four-vectors (cr, x). 

The integrand of the Euclidean action (2.339) is the Euclidean Lagrangian L e . It 
is related to the Hamiltonian by the Euclidean Legendre transform [compare (1.9)] 

& l 

H = L e + i-g-^-x = L e + ipx (2.340) 

ox 

in which x is eliminated in favor of p — dL e /dx [compare (1.10)]. 

Just as in the path integral for the quantum-mechanical partition function (2.48), 
the measure of integration §T>x f T>p/2nh in the quantum-statistical expression 
(2.339) is automatically symmetric in all p’s and x’s: 


/ 


Vx 


/ 


Vp 

2irh 



(2.341) 


The symmetry is of course due to the trace integration over all initial = final posi¬ 
tions. 

Most remarks made in connection with Eq. (2.48) carry over to the present 
case. The above path integral (2.339) is a natural extension of the rules of clas¬ 
sical statistical mechanics. According to these, each cell in phase space dxdp/h is 
occupied with equal statistical weight, with the probability factor e ~ E / kBT , quan¬ 
tum statistics, the paths of all particles fluctuate evenly over the cells in path phase 
space U n dx(T n )dp(T n )/h (r n = ne), each path carrying a probability factor e~ Ae ^ h 
involving the Euclidean action of the system. 
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2.9 Density Matrix 


The partition function does not determine any local thermodynamic quantities. Im¬ 
portant local information resides in the thermal analog of the time evolution ampli¬ 
tude (xb\e~ H / kBT \x a ). Consider, for instance, the diagonal elements of this amplitude 
renormalized by a factor Z~ x \ 

p(x a ) = Z _1 (x a \e~H/ kBT \x a ). (2.342) 

They determine the thermal average of the particle density of a quantum-statistical 
system. Due to (2.334), the factor Z~ L makes the spatial integral over p equal to 
unity: 

ro o 

/ dx p(x) = 1. (2.343) 

J — OO 

By inserting into (2.342) a complete set of eigenfunctions tjj n (x) of the Hamiltonian 
operator 77, we find the spectral decomposition 

p(x a ) = \^n(x a )\ 2 e~ pEn j 53 e' /3En • (2.344) 

n n 

Since \'ip n (x a )\ 2 is the probability distribution of the system in the eigenstate |n), 
while the ratio e~ dEn / J2 n e~ l3En is the normalized probability to encounter the sys¬ 
tem in the state | n), the quantity p(x a ) represents the normalized average particle 
density in space as a function of temperature. 

Note the limiting properties of p(x a ). In the limit T —» 0, only the lowest energy 
state survives and p{x a ) tends towards the particle distribution in the ground state 

T _^0 

p{x a ) -> |^o(^a)| 2 - (2.345) 


In the opposite limit of high temperatures, quantum effects are expected to become 
irrelevant and the partition function should converge to the classical expression 
(1.538) which is the integral over the phase space of the Boltzmann distribution 


Z 


T—>oo 

—> Z c \ — 



d P c -H(p,x)/k B T 

27 th 


(2.346) 


We therefore expect the large -T limit of p{x) to be equal to the classical particle 
distribution 


oo 


p(x) -> p c \(x) = 


z -, 1 


dp 


H(p,x)/k B T 


—oo 27 th 


(2.347) 


Within the path integral approach, this limit will be discussed in more detail in 
Section 2.13. At this place we roughly argue as follows: When going in the original 
time-sliced path integral (2.334) to large T, i.e., small n — r a = h/ksT , we may 
keep only a single time slice and write 


Z 



{x\e~ efl/h \x), 


(2.348) 
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with 


(x\e e ^\x) 



dP n c ~eH(p n ,x)/h 

2nh 


(2.349) 


After substituting e = u — r a this gives directly (2.347). Physically speaking, the 
path has at high temperatures “no (imaginary) time” to fluctuate, and only one 
term in the product of integrals needs to be considered. 

If H(p, x) has the standard form 

H (p,x)^XL + v (x), (2.350) 


the momentum integral is Gaussian in p and can be done using the formula 


dp 


ap 2 /2h _ 


J-oo 2irh y/2irha 

This leads to the pure x-integral for the classical partition function 


Z c l — 


dx 


2nk 2 /MksT 


,-V(x)/k B T _ 


dx 


,-PV(x) 


Moo l e (h/3) 


(2.351) 


(2.352) 


In the second expression we have introduced the length 

U{h0) = yj2nh 2 f3/M. (2.353) 

It is the thermal (or Euclidean) analog of the characteristic length l(tb — t a ) intro¬ 
duced before in (2.131). It is called the de Broglie wavelength associated with the 
temperature T = 1 //cb/ 3 or, in short, the thermal de Broglie wavelength. 

Omitting the x-integration in (2.352) renders the large -T limit p(x), the classical 
particle distribution 


T—»■ oo 


p(x) -> Pci (x) = Z ( 


-1 1 


o-V(x) 


(2.354) 


Jel W) 

For a free particle, the integral over x in (2.352) diverges. If we imagine the length 
of the x-axis to be very large but finite, say equal to L, the partition function is 
equal to 

Z c l = 


In D dimensions, this becomes 


Z c l = 


L 

WY 

(2.355) 

Vo 

(2.356) 


where Vo is the volume of the D-dimensional system, 
with potential M ta 2 x 2 /2, the integral over x in (2.352) 
D-dimensional generalization 


l D 

i D (hpy 


For a harmonic oscillator 
is finite and yields, in the 


(2.357) 
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where 


L = 


2vr 


(2.358) 


v (3Mlu 2 

denotes the classical length scale defined by the frequency of the harmonic oscillator. 
It is related to the quantum-mechanical one of Eq. (2.303) by 


L l e (hP) = 27t A, 


2 

to' 


(2.359) 


Thus we obtain the mnemonic rule for going over from the partition function of a 
harmonic oscillator to that of a free particle: we must simply replace 


l<jj t Z/, 
cu—^0 


or 


i 

u 


- > 

uj—>0 



The real-time version of this is, of course, 


1 _^ (t b -tq)M L 

uj oho V 2nh 


(2.360) 

(2.361) 


(2.362) 


Let us write down a path integral representation for p(x). Omitting in (2.339) 
the final trace integration over x b = x a and normalizing the expression by a factor 
Z -1 , we obtain 


P{Xa) = Z 1 / 

J X 


x(hf3)=X} ) 


Vx 


Vp 


Ae\p,x]/h 


= Z 


-1 


x{0)=Xa 

rx(np)=x b 

> x(0)=Xa 


27th 
Vxe~ Ae[x]/n . 


(2.363) 


The thermal equilibrium expectation of an arbitrary Hermitian operator O is 
given by 

(d} T = Z- 1 J2e~ pEn (n\d\n). (2.364) 

n 

In the local basis |x), this becomes 

^ r poo s. ^ 

(< 0) T = Z~ 1 dx b dx a (x b \e~ l3H \x a )(x a \0\x b ). (2.365) 

J J — OO 

An arbitrary function of the position operator x has the expectation 

P POO - P 

(f(x)) T = Z _1 Jj dx b dx a (x b \e~ f3H \x a )5(x b - x a )f(x a ) = J dxp(x)f(x). (2.366) 

The particle density p(x a ) determines the thermal averages of local observables. 

If / depends also on the momentum operator p, then the off-diagonal matrix 
elements (xhle^ 1311 ^^ are also needed. They are contained in the density matrix 
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introduced for pure quantum systems in Eq. (1.221), and reads now in a thermal 
ensemble of temperature T : 

p(x b ,x a ) = Z~ 1 (x b \e~P H \x a ), (2.367) 

whose diagonal values coincide with the above particle density p(x a ). 

ft is useful to keep the analogy between quantum mechanics and quantum statis¬ 
tics as close as possible and to introduce the time translation operator along the 
imaginary time axis 

U e (r bl T a ) = e' {Tb ^ Ta)H/h , T b >T a , (2.368) 

defining its local matrix elements as imaginary or Euclidean time evolution 
amplitudes 16 

{x b T b \x a T a ) = (x b \U e (T b ,T a )\x a ), T b >T a . (2.369) 

As in the real-time case, we shall only consider the causal time-ordering r b > r a . 
Otherwise the partition function and the density matrix do not exist in systems with 
energies up to infinity. Given the imaginary-time amplitudes, the partition function 
is found by integrating over the diagonal elements 

/ OO 

dx{x h(3\x 0), (2.370) 

-oo 

and the density matrix 

p(x b ,x a ) = Z~ 1 (x b h/3\x a 0). (2.371) 

For the sake of generality we may sometimes also consider the imaginary-time 
evolution operators for time-dependent Hamiltonians and the associated amplitudes. 
They are obtained by time-slicing the local matrix elements of the operator 

U(T b ,T a ) = T r exp [ drH(-ir ) . (2.372) 

ft Jr a 

Here T r is an ordering operator along the imaginary-time axis. 

ft must be emphasized that the usefulness of the operator (2.372) in describing 
thermodynamic phenomena is restricted to the Hamiltonian operator H{t) depend¬ 
ing very weakly on the physical time t. The system has to remain close to equilibrium 
at all times. This is the range of validity of the so-called linear response theory (see 
Chapter 18 for more details). 

The imaginary-time evolution amplitude (2.369) has a path integral representa¬ 
tion which is obtained by dropping the final integration in (2.336) and relaxing the 
condition x b = x a : 

N r r oo 1 Ajl 1 r°° dn / \ 

{x b T b \x a T a ) ^ W / dx n W j —exp (-Ae/h). (2.373) 

71=1 LJ -°° J 71=1 I /” 00 Z7T ' l \ 

16 The imaginary-time amplitude ( Xb/3\x a 0) = {x b \e~^ H \x a ) is often referred to as heat kernel. 
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The time-sliced Euclidean action is 

JV+l 

A* = [-iPnixn - X n - 1 ) + eH(p n ,x n , T n )} (2.374) 

n= 1 


(we have omitted the factor —i in the r-argument of H). In the continuum limit 
this is written as a path integral 

(x b T b \x a T a ) = I V'x J ^exp j--j-A e [p,a;]J (2.375) 

[by analogy with (2.339)]. For a Hamiltonian of the standard form (2.7), 

H{p,x,r) = — + V(x,r), 

with a smooth potential V(x,t), the momenta can be integrated out, just as in 
(2.53), and the Euclidean version of the pure x-space path integral (2.54) leads to 
(2.55): 


f f 1 

(x b T b \x a T a ) = J Vx exp <| - - dm 


N 

n 


i r h v . r m 

2 

00 dx „ 


( d T x ) 2 + V(x,r) 


^27 rhe/M n =i [ J -°° ^2tt/3/m\ 

M fx n - x n _i x 2 


r 1 

xexp<j--e ^ 


n= 1 


T V[x n , Tj j) 


From this we calculate the quantum-statistical partition function 


Z = 


dx (x h/3\x 0) 


rx(h(3)=x 


Jx(0)=x 

where A c [x\ is the Euclidean version of the Lagrangian action 

'M 


rn 

A e [x] = dr 

JTa 


y X ,2 + V(x,r) 


(2.376) 


/ rxynp )=x r 

dx Vxe~ A ^ ln = iVxe~ Mx ^ n , (2.377) 

Jx(0)=x J 


(2.378) 


The prime denotes differentiation with respect to the imaginary time. As in the 
quantum-mechanical partition function in (2.63), the path integral § T>x now stands 
for 



dx n 

\j2nTie/M 


(2.379) 


It contains no extra l/^2ithe/M factor, as in (2.376), due to the trace integration 
over the exterior x. 
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The condition x(h/3) = x(0) is most easily enforced by expanding x(r) into a 
Fourier series 


x(t) 


E 


^ivTi 


D -UJmT 


X r 


(2.380) 


with the Matsubara frequencies 

2,71771 

u> m = 2nmkBT/h = , m — 0, ±1, ±2,... . (2.381) 

When considered as functions on the entire r-axis, the paths are periodic in h/3 at 
any r, i.e., 

x(r) — x(r + h/3). (2.382) 

Thus the path integral for the quantum-statistical partition function comprises all 
periodic paths with a period h/3. In the time-sliced path integral (2.376), the coor¬ 
dinates x(t) are needed only at the discrete times r n = ne. Correspondingly, the 
sum over m in (2.380) can be restricted to run from m = —N/2 to N/2 for even N 
and from —(TV — l)/2 to (N + l)/2 for odd N (see Fig. 2.3). In order to have a real 
x(r n ), we must require that 

x m = x*_ m (modulo N + 1). (2.383) 

Note that the Matsubara frequencies in the expansion of the paths x{r) are now 
twice as big as the frequencies v m in the quantum fluctuations (2.115) (after analytic 
continuation of 4 — t a to — ih/ksT ). Still, they have about the same total number, 
since they run over positive and negative integers. An exception is the zero frequency 
uj m = 0, which is included here, in contrast to the frequencies u m in (2.115) which 
run only over positive m — 1,2,3,... . This is necessary to describe paths with 

arbitrary nonzero endpoints Xb = x a = x (included in the trace). 


2.10 Quantum Statistics of the Harmonic Oscillator 


The harmonic oscillator is a good example for solving the quantum-statistical path integral. The 
r-axis is sliced at t„ = ne , with e = h/3/(N + 1) (n = 0,..., N + 1), and the partition function is 
given by the N —> oo -limit of the product of integrals 

N 

z ~=n 

71=0 

where is the time-sliced Euclidean oscillator action 


dxr, 


Hoo 2irhe/M 


exp (-A?/Ti) , 


(2.384) 


A? = y~) i n (-e 2 VV + e 2 uj 2 )x n . 


JV+l 


2e 


Integrating out the x n ’s, we find immediately 


Z N . = 


(2.385) 


detAr+i(—e 2 VV + e 2 w 2 ) 


(2.386) 
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Figure 2.3 Illustration of the eigenvalues (2.387) of the fluctuation matrix in the action 
(2.385) for even and odd TV. 


Let us evaluate the fluctuation determinant via the product of eigenvalues which diagonalize 
the matrix -rVV + e 2 w 2 in the sliced action (2.385). They are 

e 2 f2 m fl m T e 2 w 2 =2 — 2 cos w m e -t- e 2 cv 2 , (2.387) 

with the Matsubara frequencies uJ m . For u = 0, the eigenvalues are pictured in Fig. 2.3. The 
action (2.385) becomes diagonal after going to the Fourier components x m . To do this we arrange 
the real and imaginary parts Re x m and Im x m in a row vector 

(Re xi, Ima;i; Rea.’ 2 , Imcc 2 ;...; Rex„, Imi„;...), 

and see that it is related to the time-sliced positions x n = x(r n ) by a transformation matrix with 
the rows 


Trrin Xn — (T m ) n X n 

/ 2 /I m . rn 

= —-H=, cos——-27r-l,sm——-27T-1, 

V TV + 1 \ t/2 N + 1 TV + 1 

m . m „ 

cos ——-27T • 2, sm —-27r • 2,... 

TV + 1 TV + 1 

TYl vn \ 

. ,.,cos ——-27 t ■ n, sin 2tt ■ n,... ) x n . (2.388) 

Tv —|— 1 A'-hl / n 

For each row index m = 0, ..., N, the column index n runs from zero to N /2 for even N, and to 
(TV + l)/2 for odd N. In the odd case, the last column sin ■ n with n = (TV + l)/2 vanishes 

identically and must be dropped, so that the number of columns in T mn is in both cases TV + 1, 
as it should be. For odd TV, the second-last column of T mn is an alternating sequence ±1. Thus, 
for a proper normalization, it has to be multiplied by an extra normalization factor 1 /a/2-i just as 
the elements in the first column. An argument similar to (2.120), (2.121) shows that the resulting 
matrix is orthogonal. Thus, we can diagonalize the sliced action in (2.385) as follows 


A? = ^e 


UJ 2 xl + 2 + U 2 )\x m 

[w 2 Xq + (fl(jv+l)/2^(JV+l)/2 + W 2 )x i |_ ( _ 1 

+ 2j:^- 1 1)/2 (n m nm + u } 2 )\x, 


for TV = even, 


for TV = odd. 


(2.389) 


Thanks to the orthogonality of T mn , the measure n„n 3 dx(r n ) transforms simply into 



for TV = even, 
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(2.390) 


(N- 1)/2 


dxn / dx 


(JV+1)/2 


for TV = odd. 


' — oo «/ —oo 


By performing the Gaussian integrals we obtain the partition function 


Z* = [detjv+!(—e 2 VV + e 2 u> 2 ) 


-- J[J + e 2 w“) 


= < H [2(1 - cosw m e) + e 2 


iV 

n (. . 2 

l 4Sm ~ 


i 2 2 

+ e co 


(2.391) 


Thanks to the periodicity of the eigenvalues under the replacement n —> n + N + 1, the result has 
become a unique product expression for both even and odd TV. 

It is important to realize that contrary to the fluctuation factor (2.162) in the real-time am¬ 
plitude, the partition function (2.391) contains the square root of only positive eigenmodes as a 
unique result of Gaussian integrations. There are no phase subtleties as in the Fresnel integral 
(1.337). 

To calculate the product, we observe that upon decomposing 


. 2 ui m e ( w m e\ / w m e\ 

sm — = l 1+cos —Jl 1 - 008 — )■ 


the sequence of first factors 


u} m e 7rm 

l + cos—^l+cos^ 


runs for m = 1, ... TV through the same values as the sequence of second factors 
, u) m e inn TV +1 — m 

1 — COS- = 1 — COS- = 1 + COS7T-. 

2 TV + 1 TV + 1 


(2.392) 


(2.393) 


(2.394) 


except in an opposite order. Thus, separating out the m = 0 -term, we rewrite (2.391) in the form 


Z N . = 


TV 

IM 


1 — cos ■ 


n 1 


(2.395) 


The first factor on the right-hand side is the ciuantum-mechanical fluctuation determinant of the 
free-particle determinant detAr(—e 2 VV) = TV+ 1 [see (2.128)], so that we obtain for both even and 
odd TV 


_ k bT 


nh 


(2.396) 


To evaluate the remaining product, we must distinguish again between even and odd cases of TV. 
For even TV, where every eigenvalue occurs twice (see Fig. 2.3), we obtain 


r,N _ kBT 


N/2 / 

nb 


4 sin 2 m7T 

usm N+1 


(2.397) 


For odd TV, the term with m = (TV + l)/2 occurs only once and must be treated separately so that 


r,N _ kBT 


, 2 , ,2 \ 1/2 ( N - O /2 / 

-T-) n b 


4 sin 2 7rm 
^ bm N+l 


(2.398) 
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We now introduce the parameter w e , the Euclidean analog of (2.163), via the equations 

. ,w e e we . w e e we 

snn-= i —, smh-= —. 

2 2 2 2 

In the odd case, the product formula 17 

2 sin[(7V + l)x] 
sin 2x (N + 1) 

[similar to (2.165)] yields, with x = w e e/2, 


(N- 1)/2 

n 

m= 1 


i - 


. 2 

sin x 


Sill 


(JV+l) 


(2.399) 


(2.400) 


zN _ k B T 1 sinh[(iV + l)w e e/2] 

“ huj sinh(w e e/2) N +1 

In the even case, the formula 18 

1 sin [(IV + l)x] 
sin a: (N + 1) 


N/2 

n 

m= 1 


l - 


sin 2 x 


Sill 


(N+l) 


(2.401) 


(2.402) 


produces once more the same result as in Eq. (2.401). Inserting Eq. (2.399) leads to the partition 
function on the sliced imaginary time axis: 


Z N , = 


2 sinh(?iw e /3/2)' 

The partition function can be expanded into the following series 

gN _ ^—hCb e /2kBT _|_ g— 3h£j e /2kBT _|_ 5huj e /2kBT 


(2.403) 


(2.404) 


By comparison with the general spectral expansion (2.328), we display the energy eigenvalues of 
the system: 


Eri — 



(2.405) 


They show the typical linearly rising oscillator sequence with 

2 we 

We = — arsmh— 
e 2 


(2.406) 


playing the role of the frequency on the sliced time axis, and hui e /2 being the zero-point energy. 

In the continuum limit e —> 0, the time-sliced partition function Z^ goes over into the usual 
oscillator partition function 


2 sinh(/3?iw/2) ’ 


(2.407) 


In D dimensions this becomes, of course, [2 sinh(/3?iw/2)] _ ' D , due to the additivity of the action in 
each component of x. 

Note that the continuum limit of the product in (2.396) can also be taken factor by factor. 
Then Z u becomes 


Z„ = 


k B T 

Tux 


.m =1 


n i+ 


LU 


1 T.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 1.391.1. 
18 ibid., formula 1.391.3. 


(2.408) 
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According to formula (2.173), the product Hm=i ) conver g es rapidly against sinha’/ai 

and we find with x = Uu/3/2 


ksT Huj/2kBT 1 

Uu svah(hw/2kBT) 2smh{pUu/2)' 


(2.409) 


As discussed after Eq. (2.183), the continuum limit can be taken in each factor since the product 
in (2.396) contains only ratios of frequencies. 

Just as in the quantum-mechanical case, this procedure of obtaining the continuum limit can 
be summarized in the sequence of equations arriving at a ratio of differential operators 


7N 


= [detjv + i(—e 2 VV + e 2 w 2 


r /2 

detjv+i(—e 2 VV + e 2 w 2 ) 
de4 +1 (-e 2 VV) 



e->0 ksT 
\ 

det(—9 2 + u 2 ) 

— 1/2 , rr, OO 

'u^+u 2 ' 

h 

det'(-9 2 ) 

Uu 

m= 1 

. . 


(2.410) 


In the u = 0 -determinants, the zero Matsubara frequency is excluded to obtain a finite expression. 
This is indicated by a prime. The differential operator — d 2 acts on real functions which are periodic 
under the replacement r — > r + Uf3. Remember that each eigenvalue u 2 ^ of —d 2 occurs twice, except 
for the zero frequency u o = 0, which appears only once. 

Let us finally mention that the results of this section could also have been obtained directly 
from the quantum-mechanical amplitude (2.175) [or with the discrete times from (2.199)] by an 
analytic continuation of the time difference tb — t a to imaginary values —iijb — r a ): 


{x b T b \x a T a ) = 


1 


<J2-kH/M V sinhw(r b - r a ) 
1 Mu 


x exp 


[(x b + X 2 a ) cosh w(rt, - To) - 2 X b X a ] 1 • 


2h sinha;(rb — r a ) 

By setting x = x b = x a and integrating over x, we obtain [compare (2.333)] 

1 


Z„ = 


/ OO 

dx (xr b \xT a ) = 

-OO 


V(n - T a ) 


sj2TtTi(r b - T a )/M V sinh[w(r 6 - r 0 )] 
y / 27r?isinh[w(r( ) — r a )]/uM 


1 


(2.411) 


2sinh[w(r 6 - r a )/2] 2sinh[w(r 6 - r a )/2]‘ 


(2.412) 


Upon equating r b — r a = Up, we retrieve the partition function (2.407). A similar treatment of 
the discrete-time version (2.199) would have led to (2.403). The main reason for presenting an 
independent direct evaluation in the space of real periodic functions was to display the frequency 
structure of periodic paths and to see the difference with respect to the quantum-mechanical paths 
with fixed ends. We also wanted to show how to handle the ensuing product expressions. 

For applications in polymer physics (see Chapter 15) one also needs the partition function of 
all path fluctuations with open ends 


j^open _ 


/ oo /»oo 

dx 6 / dx a (x b T b \x a T a ) = 
-oo J — oo 


_ 1 _ luAj b j-Ta)_2TTU L 

yj2i Th(r b - T a )/M V sinh[w(r 6 - T a )\ Mu 


2ttU 


Mu x /sinh[a;(r & - r a )] 

The prefactor is y/2n times the length scale X u of Eq. (2.303). 


(2.413) 
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2.11 Time-Dependent Harmonic Potential 


It is often necessary to calculate thermal fluctuation determinants for the case of a time-dependent 
frequency f2(r) which is periodic under r r + h/3. As in Section 2.3.6, we consider the amplitude 


{x b n\ X a T a ) 



T>p - f Tb dr[-ipx+p 2 /2M+Mn 2 (T)x 2 /2]/n 

-e 

27 rh 


f Ti> dr[Mx 2 +0 2 (r)x 2 ]/2h 

J Ta 


(2.414) 


The time-sliced fluctuation factor is [compare (2.202)] 

F N (r a - T b ) = detiv + i[-e 2 VV + efl 2 (r)] _1/2 , 
with the continuum limit 


F(r a - T b ) = 


k B T 


det(—<9 2 + fl 2 (r)) 


- 1/2 


det'(— d%) 


(2.415) 


(2.416) 


Actually, in the thermal case it is preferable to use the oscillator result for normalizing the 
fluctuation factor, rather than the free-particle result, and to work with the formula 

'det(-a 2 + 0 2 (r)) 1-1/2 


F(n,T a ) = 


l 


2sinh(f3huj/2) [ det (—d 2 + LU 2 ) J 


(2.417) 


This has the advantage that the determinant in the denominator contains no zero eigenvalue which 
would require a special treatment as in (2.410); the operator —d 2 + w 2 is positive. 

As in the quantum-mechanical case, the spectrum of eigenvalues is not known for general fi(r). 
It is, however, possible to find a differential equation for the entire determinant, analogous to the 
Gelfand-Yaglom formula (2.209), with the initial condition (2.214), although the derivation is now 
much more tedious. The origin of the additional difficulties lies in the periodic boundary condition 


which introduces additional nonvanishing elements 

— 1 in the 

upper right and lower left 

corners of 

the matrix -rVV [compare (2.107)]: 







/ 2 -1 0 

... 0 

0 

- 1 ^ 




-1 2 -1 

... 0 

0 

0 



—e 2 VV = 

0 0 0 

... -1 

2 

-1 


(2.418) 


^-10 0 

... 0 

-1 

2 ) 




To better understand the relation with the previous result we shall replace the corner elements 
— 1 by —a which can be set equal to zero at the end, for a comparison. Adding to — e 2 VV a 
time-dependent frequency matrix we then consider the fluctuation matrix 


—e 2 VV + e 2 fl 2 


/ 2 + e 2 fl^ +1 —1 0 

-1 2 + e 2 fl 2 N -1 


0 —a 

0 


V —a 0 0 ... -1 2 + e 2 n 2 J 

(2.419) 

Let us denote the determinant of this (N + 1) x (N + 1) matrix by Dpj + 1 . Expanding it along the 
first column, it is found to satisfy the equation 


Dn+i — (2 + e“f2jy +1 ) 


/ 2 + e 2 fl 2 N -1 0 


xdetjv 


V 0 


0 0 


0 0 

-1 2 + e 2 fl 2 


(2.420) 
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/-I 


+detjv 


— 1 2 + 

0 -1 


V o 


0 

-1 

2 + 


0 

0 

-1 


0 — a \ 

0 0 

0 0 


-1 2 + e 2 fi 2 J 


l ^ 

2 + e 2 n 2 N 


+(—l) Ar+1 adetAr 


0 

-1 


— 1 2 + e 2 tl 2 N _ 1 —1 


— a \ 
0 
0 


V o 


0 


0 ... 2 + e 2 fi 2 _1 ) 


The first determinant was encountered before in Eq. (2.204) (except that there it appeared with 
—e 2 fi 2 instead of e 2 fi 2 ). There it was denoted by Dn, satisfying the difference equation 


with the initial conditions 


(-e 2 VV + e 2 f^ +1 ) D n = 0, 


£>i = 2 + e 2 fl 2 , 

D 2 = (2 + e 2 fl 2 )(2 + e 2 0 2 ) — 1. 


(2.421) 


(2.422) 

The second determinant in (2.420) can be expanded with respect to its first column yielding 

—Dn-i - a. (2.423) 

The third determinant is more involved. When expanded along the first column it gives 

(—1)^ [l + (2 + e 2 Vl 2 N )Hpf-\ — H n _ 2 ] , 
with the (N — 1) x (N — 1) determinant 


H N - r = (-1)"" 1 

( 0 


(2.424) 

(2.425) 


xdetAr_ 


2 + e 2 fl 2 N _ 1 

-1 


V 


0 


0 

-1 

2 + e 2 fi 2 N _ 2 


0 


0 ... 0 

0 ... 0 

-1 ... 0 


— a \ 
0 
0 


0 


-1 2 + e 2 fli -1 / 


By expanding this along the first column, we find that Hn satisfies the same difference equation 
as Dn: 


(-e 2 VV + e 2 n 2 N+1 )H N = 0. 
However, the initial conditions for Hn are different: 

0 


Ho = 


2 + e 2 n 2 -1 


= a(2 + e f2a)> 


(2.426) 


(2.427) 


Ha = - 


0 

-1 


—a 

0 


-1 


2 + e 2 H| -1 

2r>2\ 


= a [(2 + e 2 f^)(2 + e 2 n 2 ) - l] 


(2.428) 
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They show that Hjy is in fact equal to aDjv- i, provided we shift by one lattice unit upwards 
to Let us indicate this by a superscript +, i.e., we write 


Hn — _i- 


(2.429) 


Thus we arrive at the equation 


Dn+i = (2 + e 2 El 2 N )D N - D N _i — a 

—a[l + (2 + e“f \ 2 N )aD^_ 2 — aD^_ 3 ]. 


(2.430) 


Using the difference equations for Dn and DJ^, this can be brought to the convenient form 


Dn+i = Dn+i — a 2 D J ^_ 1 — 2a. 


(2.431) 


For quantum-mechanical fluctuations with a = 0, this reduces to the earlier result in Section 2.3.6. 
For periodic fluctuations with a = 1, the result is 


Dn+i = Dn+ i — DJ f _ 1 — 2. 


(2.432) 


In the continuum limit, Dn+i — D~n_ i t en< ls towards 2 D ren , where D len (r) = D a (t ) is the 
imaginary-time version of the Gelfand-Yaglom function in Section 2.4 solving the homogenous 
differential equation (2.215), with the initial conditions (2.213) and (2.214), or Eqs. (2.228). The 
corresponding properties are now: 


[~8 2 + 0 2 (r)] D ren (r) = 0, D ren (0) = 0, D re n (0) = 1. 

In terms of Z? ren (r), the determinant is given by the Gelfand-Yaglom-like formula 

det(—e 2 VV + eU 2 ) T -> 2[D ren (hp) - 1], 

and the partition function reads 

Zn = 1 


Dren(hp) - 1 


(2.433) 


(2.434) 


(2.435) 


The result may be checked by going back to the amplitude (xbtb\x a t a ) of Eq. (2.262), continuing 
it to imaginary times t = ir, setting Xb = x a = x , and integrating over all x. The result is 




1 


t b = ihfi, 


(2.436) 


2 \ D a {t b ) - 1 


in agreement with (2.435). 

As an example, take the harmonic oscillator for which the solution of (2.433) is 

D-cenij) = — sinhwr 

(jJ 

[the analytically continued (2.216)]. Then 

2[A-en(r) — 1] = 2(cosh/37i w — 1) = 4sinh 2 (/37ia;/2), 
and we find the correct partition function: 

- 1/2 

r=hp 


(2.437) 

(2.438) 


Z u , = 


{2[A, n (r)-l]}~ 


1 


2sinh( / 3?iw/2) 


(2.439) 


H. Kleinert, PATH INTEGRALS 




2.12 Functional Measure in Fourier Space 


151 


On a sliced imaginary-time axis, the case of a constant frequency Q 2 = oj 2 is solved as follows. 
From Eq. (2.210) we take the ordinary Gelfand-Yaglom function Dm, and continue it to Euclidean 
uj e , yielding the imaginary-time version 


D n = 


sinh(7V + l)cJ e 
sinh w e e 


(2.440) 


Then we use formula (2.432), which simplifies for a constant O 2 = w 2 for which D^ I _ 1 = Dm- i, 
and calculate 


Dn +i = —^-[sinh(7V + 2)cJ e e — sinh NoJ e e] — 2 

smh co e e 

= 2 [coslr(lV + l)cJ e e — 1] = 4sinh 2 [(lV + l)cJ e e/2]. 

Inserting this into Eq. (2.386) yields the partition function 


(2.441) 


I 2 sinh(?kJ e /?/2) ’ 


(2.442) 


in agreement with (2.403). 


2.12 Functional Measure in Fourier Space 

There exists an alternative definition for the quantum-statistical path integral which 
is useful for some applications (for example in Section 2.13 and in Chapter 5). The 
limiting product formula (2.410) suggests that instead of summing over all zigzag 
configurations of paths on a sliced time axis, a path integral may be defined with 
the help of the Fourier components of the paths on a continuous time axis. As in 
(2.380), but with a slightly different normalization of the coefficients, we expand 
these paths here as 

OO 

x(t) = x 0 + p (r) = x 0 + (x m e WmT + c.c.) , x 0 = real, X- m = x* m . (2.443) 


Note that the temporal integral over the time-dependent fluctuations rj (r) is zero, 
jh/k B T d T rj( T ) = 0, so that the zero-frequency component Xq is the temporal average 
of the fluctuating paths: 


kuT rh/kBT 


x 0 = x = 


drx(r). 


(2.444) 


In contrast to (2.380) which was valid on a sliced time axis and was therefore 
subject to a restriction on the range of the m-sum, the present sum is unrestricted 
and runs over all Matsubara frequencies uj m = 2irmkBT/ft = m/h/3. In terms of 
x m , the Euclidean action of the linear oscillator is 


M r h / k BT 

A e = — / d.T (x + UJ X ) 
2 Jo 


Mh Tea 2 


k B T 2 


+ 5>m + 


o; 2 )|x m | 2 


(2.445) 
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The integration variables of the time-sliced path integral were transformed to the 
Fourier components x rn in Eq. (2.388). The product of integrals Tin J^°oo dx(r n ) 
turned into the product (2.390) of integrals over real and imaginary parts of x m . In 
the continuum limit, the result is 




d Re x m 


d Im x r 


(2.446) 


Placing the exponential e~ Ae ^ h with the frequency sum (2.445) into the integrand, 
the product of Gaussian integrals renders a product of inverse eigenvalues (cu^+u; 2 ) -1 
for m — 1,..., oo, with some infinite factor. This may be determined by comparison 
with the known continuous result (2.410) for the harmonic partition function. The 
infinity is of the type encountered in Eq. (2.183), and must be divided out of the 
measure (2.446). The correct result (2.408) is obtained from the following measure 
of integration in Fourier space 


/ 


Vx 



1 1 Re x m d Im x m 
nksT/Mu^ 


(2.447) 


The divergences in the product over the factors (c+ a; 2 ) -1 discussed after 
Eq. (2.183) are canceled by the factors in the measure. It will be convenient to 
introduce a short-hand notation for the measure on the right-hand side, writing it 
as 


/ 


Vx = 



dx 0 

urn 


Vx. 


(2.448) 


The denominator of the x 0 -integral is the length scale l e (h(3 ) associated with (3 
defined in Eq. (2.353). 

Then we calculate 


/ OO 

V ' xe -A e /n = 

m=l 


r oo /• °° d, Re x m d Im x r 


' —oo*/ —OO 


nk B T/Mul 


3 — Mh[u 2 xl/2+Y3Z,V U m+U 2 )\ x rn\ 2 ]/k B T 


_ e ~Mu] 2 xl/2k B T 


00 r 2 2H-1 


n 

m= 1 


UJ* 


(2.449) 


The final integral over the zero-frequency component xo yields the partition function 

i -i 


Z,„ = <b Vxe-^ /n = 


r °° dx ° - Z x o kBT f] 


'—oo i e (hp) 


Uu> 


m= 1 


+ u2 
ul 


(2.450) 


as in (2.410). 

The same measure can be used for the more general amplitude (2.414), as is 
obvious from (2.416). With the predominance of the kinetic term in the measure 
of path integrals [the divergencies discussed after (2.183) stem only from it], it can 
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easily be shown that the same measure is applicable to any system with the standard 
kinetic term. 

It is also possible to find a Fourier decomposition of the paths and an associated 
integration measure for the open-end partition function in Eq. (2.413). We begin by 
considering the slightly reduced set of all paths satisfying the Neumann boundary 
conditions 

x(to) = v a = 0, x(r b ) =v b = 0. (2.451) 

They have the Fourier expansion 

OO 

x(t) = x 0 + t)(t ) = x 0 + ^2 x n cos v n (r - r 0 ), v n = nn//3. (2.452) 

n= 1 


The frequencies u n are the Euclidean version of the frequencies (3.64) for Dirichlet 
boundary conditions. Let us calculate the partition function for such paths by 
analogy with the above periodic case by a Fourier decomposition of the action 


M rh/k B T Mn 

A c = — dr(x +u x ) = —- 

2 Jo k B l 


u 


Z n= 1 


(2.453) 


and of the measure 

& Vx 


! 


dx o " 

I-- i e m iJi 

r°° dx o 


roc roo 


dx r 


Coo J —oo nk B T/2Mi/* 


Vx. 


(2.454) 


J-oo le(h/3) 

We now perform the path integral over all fluctuations at fixed Xq as in (2.449): 


7N,£0 - 


= fV'xe- Ae/h = [] 


n =1 L' 


roo roo 


dX r 


Coo J-oo nk B T/2M z/2 


^-Mh[u 2 xl/2+J2™ =1 ( l/ n+u 2 )\x n \ 2 ]/kB T 


_ e ~Mu> 2 x%/2k B T 


n 

n =1 


K + w 2 


-i 


(2.455) 


Using the product formula (2.183), this becomes 

u)h(3 


gN,x 0 _ 


( qM 2 2\ 
exp (-P X °) • 


(2.456) 


sinh uififd 

The final integral over the zero-frequency component Xq yields the partition function 


, N 1 / 2nk 1 

u l e (kf3) V Mu y/sinh. uh(3 


(2.457) 


We have replaced the denominator in the prefactor 1 /l e (h/3) by the length scale 
1 /l e (h/3) of Eq. (2.353). Apart from this prefactor, the Neumann partition function 
coincides precisely with the open-end partition function Z° pen in Eq. (2.413). 
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What is the reason for this coincidence up to a trivial factor, even though the 
paths satisfying Neumann boundary conditions do not comprise all paths with open 
ends? Moreover, the integrals over the endpoints in the defining equation (2.413) do 
not force the endpoint velocities, but rather endpoint momenta to vanish. Indeed, 
recalling Eq. (2.189) for the time evolution amplitude in momentum space we can 
see immediately that the partition function with open ends Z° pen in Eq. (2.413) is 
identical to the imaginary-time amplitude with vanishing endpoint momenta: 

ZT n = (p b mPaO)\ Pb=Pa=0 . (2.458) 

Thus, the sum over all paths with arbitrary open ends is equal to the sum of all 
paths satisfying Dirichlet boundary conditions in momentum space. Only classically, 
the vanishing of the endpoint momenta implies the vanishing of the endpoint veloc¬ 
ities. From the general discussion of the time-sliced path integral in phase space in 
Section 2.1 we know that fluctuating paths have Mx ^ p. The fluctuations of the 
difference are controlled by a Gaussian exponential of the type (2.53). This leads to 
the explanation of the trivial factor between Z ° pen and Z^. The difference between 
Mx and p appears only in the last short-time intervals at the ends. But at short 
time, the potential does not influence the fluctuations in (2.53). This is the reason 
why the fluctuations at the endpoints contribute only a trivial overall factor l e (h{3) 
to the partition function Zjj. 


2.13 Classical Limit 


The alternative measure of the last section serves to show, somewhat more convinc¬ 
ingly than before, that in the high-temperature limit the path integral representation 
of any quantum-statistical partition function reduces to the classical partition func¬ 
tion as stated in Eq. (2.346). We start out with the Lagrangian formulation (2.376). 
Inserting the Fourier decomposition (2.443), the kinetic term becomes 




Mh 

W 


£4 

m=l 


\%m 


2 


(2.459) 


and the partition function reads 


= i Vx 


J 


exp 


M 


knT 


uj m\ x m\ 


B 1 m = 1 


1 rh/hsT 

h Jo 


drV(x o + £' 


x m e 


m ——oo 


(2.460) 


The summation symbol with a prime implies the absence of the rn — 0 -term. The 
measure is the product (2.447) of integrals of all Fourier components. 

We now observe that for large temperatures, the Matsubara frequencies for m^O 
diverge like 27r rnksT/U . This has the consequence that the Boltzmann factor for 
the x m ^o fluctuations becomes sharply peaked around x m = 0. The average size of 
x m is \JksT/M/u) m = h/2nm^MksT . If the potential V (x 0 + J2' m=-oo I m e_1WmT ) 
is a smooth function of its arguments, we can approximate it by V (xq) plus terms 
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containing higher powers of x rn . For large temperatures, these are small on the 
average and can be ignored. The leading term V{xq) is time-independent. Hence 
we obtain in the high-temperature limit 


T->oo r 

Z ->■ ® Vx exp 


M 


k B T 


E 

m= 1 




k B T 


V(x 0 ) 


(2.461) 


The right-hand side is quadratic in the Fourier components x m . With the measure 
of integration (2.447), we perform the integrals over x m and obtain 


T—> oo 

Z -> Zci = 


dx ° -V(xo )/k„T 

J- oo i e (np) 


(2.462) 


This agrees with the classical statistical partition function (2.352). 

The derivation reveals an important prerequisite for the validity of the classical 
limit: It holds only for sufficiently smooth potentials. We shall see in Chapter 8 
that for singular potentials such as — l/\x\ (Coulomb), l/|:r| 2 (centrifugal barrier), 
1/sin 2 9 (angular barrier), this condition is not fulfilled and the classical limit is no 
longer given by (2.462). The particle distribution p(x) at a fixed x does not have 
this problem. It always tends towards the naively expected classical limit (2.354): 


p(x) 


T—>■ oo 


; Z~'e- v W k » T . 


(2.463) 


The convergence is nonuniform in x , which is the reason why the limit does not 
always carry over to the integral (2.462). This will be an important point in deriving 
in Chapter 12 a new path integral formula valid for singular potentials. At first, we 
shall ignore such subtleties and continue with the conventional discussion valid for 
smooth potentials. 


2.14 Calculation Techniques on Sliced Time Axis 
via the Poisson Formula 

In the previous sections we have used tabulated product formulas such as (2.127), (2.165), (2.173), 
(2.400), (2.402) to find fluctuation determinants on a finite sliced time axis. With the recent 
interest in lattice models of quantum field theories, it is useful to possess an efficient calculational 
technique to derive such product formulas (and related sums). Consider, as a typical example, the 
quantum-statistical partition function for a harmonic oscillator of frequency w on a time axis with 
N + 1 slices of thickness e, 


JV 

Z= [2(1 — cos uj m e) + e 2 w 2 ]~ 1//2 , (2.464) 

m=0 

with the product running over all Matsubara frequencies u) m = 2iTmk B T/h. Instead of dealing 
with this product it is advantageous to consider the free energy 

1 N 

F = -k B T log Z = -k B T ^2 log[2(l - cosw m e) + e 2 w 2 ]. 

“ m—0 


(2.465) 
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We now observe that by virtue of Poisson’s summation formula (1.205), the sum can be rewritten 
as the following combination of a sum and an integral: 


1 00 r 27T rl \ 

F = -k B T(N+ 1) V / —e iAn(JV+ 1 ) log[2(l-cosA) + e 2 o; 2 ]. 

2 ... _ _ Jo 2 tt 


(2.466) 


The sum over n squeezes A to integer multiples of 2tt/(N + 1) = co m e which is precisely what we 
want. 

We now calculate the integrals in (2.466): 


r 


dX 

2i r 


0 i\n(N +1) ■ 


1 log[2(l — cos A) + e 2 ur]. 


For this we rewrite the logarithm of an arbitrary positive argument as the limit 


log a = lim 
(5->0 


,-ra/2 


IS T 


log(2(5) + 7 , 


where 


N 


7 = -r'(l)/r(l) = lim ( y - - log TV ) « 0.5773156649 


N—>oo 


\n—l 


is the Euler-Mascheroni constant. Indeed, the function 

j7< / \ f°°dt _ t 

E ' {x)= L ~ e 

is known as the exponential integral with the small-a; expansion 19 

" (-*)* 


Ei(x) = - 7 - logo: - y 


k= 1 


kk\ 


(2.467) 


(2.468) 


(2.469) 


(2.470) 


(2.471) 


With the representation (2.468) for the logarithm, the free energy can be rewritten as 

COO 7 c2-7T 


F = 


1 

2e 


y lim l—f —[ — e iAn(Ar+1) - T[2(1 - cosA)+e2l " 2l/2 -(5„o[log(2^) + 7]l. 

l Js T Jo 2tt J 


n =—oo 


(2.472) 

The integral over A is now performed 20 giving rise to a modified Bessel function / n (jv+i)( T ) : 

1 


F = 


2e 


00 C /»OO 7 

y ]im |- J — I n (N+i)(r)e^ Tl ' 2+e2u]2)/2 - S n0 [log(25) + 7 ] 


If we differentiate this with respect to e 2 co z = ra , we obtain 


dF 1 


00 r oo 

y / rfTJ„ (JV+ 1 ) (r)e - r(2+m2)/2 
- ^ Jo 


71— —OO 


dm 2 4 e 

and perform the r-integral, using the formula valid for Re v > — 1, Re a > Re fi 




10 


V a2 - p 2 


s/a 2 - p 2 


(2.473) 


(2.474) 


(2.475) 


19 1.5. Gradshteyn and I.M. Ryzhik, op. cit., Formula 8.214.2. 

20 1.5. Gradshteyn and I.M. Ryzhik, op. cit., Formulas 8.411.1 and 8.406.1. 
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to find 


dF 1 


E 


dm 2 2e y/(-,m 2 + 2) 2 - 4 


m 2 + 2 — i/ (to 2 + 2) 2 — 4 


M(iv-H) 


From this we obtain F by integration over m 2 + 1. The n = 0 -term under the sum gives 


and the n ^ 0 -terms: 

1 


log[(m 2 + 2 + i/(?n 2 + 2 ) 2 — 4 )/2] + const 


-[(m 2 + 2 + \J (?n 2 + 2 ) 2 — 4 )/2] l"h JV+1 ) + const, 


(2.476) 


(2.477) 


(2.478) 


\n\(N+iy 

where the constants of integration can depend on n(N + 1). They are adjusted by going to the 
limit m 2 —> oo in (2.473). There the integral is dominated by the small-r regime of the Bessel 
functions 

1 (Z' 

\Oi\ 


• (2) ~ 


(2.479) 


and the first term in (2.473) becomes 


1 


dr /t\ M(N+i) 


(|n|(JV + l))! J s 


ClT /T\ 

V V2/ 


2 /2 


(2.480) 


log to 2 + 7 + log(2(5) n = 0 

— (m 2 )~^ N+1 ^/\n\(N + 1) n^O 

The limit m 2 —> oo in (2.477), (2.478) gives, on the other hand, log?n 2 + const and 
— {m 2 )~^ n ^ N+1 ' > /\n\{N + 1) + const, respectively. Hence the constants of integration must be 
zero. We can therefore write down the free energy for N + 1 time steps as 

N 


F = 


1 

w 

1 

2 e 


Y, log[ 2(1 - cos(w m e)) + e 2 w 2 ] 


m—0 


| log (e 2 w 2 + 2 + \J (e 2 w 2 + 2) 2 - 4^ /2 


(2.481) 


1 r/ , _u!(.v -l:) 

y ± [(eV + 2 + \/(e 2 oj 2 + 2) 2 - 4 ) /2] \ 

n—1 ) 


N + 1 ^ n L 


Here it is convenient to introduce the parameter 

ew e = log | e 2 w 2 + 2 + \J (e 2 w 2 + 2 ) 2 - 4 /2 , 


which satisfies 


cosh(ewe) = (e 2 uj 2 + 2 )/ 2 , sinh(ew e ) = \J (e 2 w 2 + 2) 2 — 4/2, 


(2.482) 

(2.483) 


or 


sinh(ew e / 2 ) = ew/ 2 . 

Thus it coincides with the parameter introduced in (2.399), which brings the free energy (2.481) 
to the simple form 


F = 


2 ^ 1 


e(N + 1) E n 

v ' n—1 


-e£j e n(N-\- 1) 


= ^[hCj e + 2k B Tlog(l-e- 0n y\ 


= - log [2 sinh(/3^w e /2)], 


(2.484) 
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whose continuum limit is 

F e =° - log [2 sinh (ptwj/2)] = ^ + i log(l - e~ phu ). (2.485) 

P ^ P 


2.15 Field-Theoretic Definition of Harmonic Path Integrals 
by Analytic Regularization 


A slight modification of the calculational techniques developed in the last section 
for the quantum partition function of a harmonic oscillator can be used to define 
the harmonic path integral in a way which neither requires time slicing, as in the 
original Feynman expression (2.66), nor a precise specification of the integration 
measure in terms of Fourier components, as in Section 2.12. The path integral for 
the partition function 

Z u = f Vxe~ r = y Vxe~ -C ^W[-M* ( r )/2 (2.486) 

is formally evaluated as 

= . 1 = = e _ ^ TrIog (-^ +a ' 2 ). (2.487) 

yL)et(—cF + ca 2 ) 

Since the determinant of an operator is the product of all its eigenvalues, we may 
write, again formally, 

Z» = n 1 ,7 2 - (2.488) 

v co + ca 2 

The product runs over an inhnite set of quantities which grow with ca' 2 , thus being 
certainly divergent, ft may be turned into a divergent sum by rewriting as 

Z, w = e ~ F “ /kBT = e~^ lo g(^ ,2 +^ 2 ). (2.489) 


This expression has two unsatisfactory features. First, it requires a proper definition 
of the formal sum over a continuous set of frequencies. Second, the logarithm of 
the dimensionful arguments + ca 2 must be turned into a meaningful expression. 
The latter problem would be removed if we were able to exchange the logarithm 
by log[(ca' 2 +ca 2 )/ca 2 ]. This would require the formal sum XL' logca 2 to vanish. We 
shall see below in Eq. (2.514) that this is indeed one of the pleasant properties of 
analytic regularization. 

At finite temperatures, the periodic boundary conditions along the imaginary- 
time axis make the frequencies c o' in the spectrum of the differential operator — <9 2 +ca 2 
discrete, and the sum in the exponent of (2.489) becomes a sum over all Matsubara 
frequencies u m = 27rA; B T//i (m = 0, ±1, ±2,...): 


27, = exp 


1 OO 

~2 Z M^ + w 2 ) 

m =—oo 


(2.490) 
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For the free energy F w = (1 //3) log Z w , this implies 

1 1 00 

K = ^Tr log(-d 2 + cn 2 )| = E log(o4 + cu 2 ). (2.491) 

P ^P m=— oo 

where the subscript per emphasizes the periodic boundary conditions in the r- 
interval (0,^/3). 


2.15.1 Zero-Temperature Evaluation of the Frequency Sum 

In the limit T —> 0, the sum in (2.491) goes over into an integral, and the free energy 
becomes 

^ - ^TYlogM? logV 2 W), (2.492) 

where the subscript ±oo indicates the vanishing boundary conditions of the eigen¬ 
functions at r = ±oo. Thus, at low temperature, we can replace the frequency sum 
in the exponent of (2.489) by 


E 


T- i-0 



du’ 

2tF' 


(2.493) 


This could have been expected on the basis of Planck’s rules for the phase space 
invoked earlier on p. 97 to explain the measure of path integration. According to 
these rules, the volume element in the phase space of energy and time has the mea¬ 
sure / dtdE/h = f dtdu/27i. If the integrand is independent of time, the temporal 
integral produces an overall factor , which for the imaginary-time interval (0, kf3) of 
statistical mechanics is equal to = U/ksT , thus explaining the integral version 
of the sum (2.493). 

The integral on the right-hand side of (2.492) diverges at large u'. This is called 
an ultraviolet divergence (UV-divergence), alluding to the fact that the ultraviolet 
regime of light waves contains the high frequencies of the spectrum. 

The important observation is now that the divergent integral (2.492) can be 
made finite by a mathematical technique called analytic regularization . 21 This is 
based on rewriting the logarithm log(o/ 2 + u 2 ) in the derivative form: 

log(u/ 2 + u 2 ) = - P(u' 2 + u 2 )~ e . (2.494) 

e=0 

Equivalently, we may obtain the logarithm from an e —> 0 -limit of the function 

lMs( e ) = T e + — ■ (2.495) 

21 G. ’t Hooft and M. Veltman, Nucl. Phys. B 14, 189 (1972). Analytic regularization is at 
present the only method that allows to renormalize nonabelian gauge theories without destroying 
gauge invariance. See also the review by G. Leibbrandt, Rev. Mod. Phys. 74, 843 (1975). 
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The subtraction of the pole term 1/e is commonly referred to a minimal subtraction. 
Indicating this process by a subscript MS, we may write 

^ Ms ( e ) = — {uj ' 2 S uj 2 ) e . (2.496) 

e MS, e—>o 

Using the derivative formula (2.494), the trace of the logarithm in the free energy 
(2.492) takes the form 


1 

Up 


Tr log(—<9 2 + uj 2 ) 


d_ 

de 



(2.497) 


We now set up a useful integral representation, due to Schwinger, for a power a~ e 
generalizing (2.468). Using the defining integral representation for the Gamma func¬ 
tion 


(°° —ua-™ 2 =or /V2 r(/i), 

JO T 

(2.498) 

the desired generalization is 


1 dr 

a = re . 

I (e) Jo t 

(2.499) 


This allows us to re-express (2.497) as 


1 

up 


Trlog(-<9 2 + to 2 ) 


d 1 
de T(e) 



du' 

27 


dr 


T 


T e e ~ T ( u ’’ +tj2 ) 


e=0 


(2.500) 


As long as e is larger than zero, the r-integral converges absolutely, so that we can 
interchange the r- and o/-integrations, and obtain 


1 

HP 


Trlog(-<9/ + uj 2 ) 


d 1 [°°^ T e r duj^ e -r{u' 2 +^) 

de T(e) Jo r J- OO 2vr 


(2.501) 


At this point we can perform the Gaussian integral over uj' using formula (1.338), 
and find 


1 

Up 


Trlog(-<9/ + uj 2 ) 


d 1 
de T(e) 


dr 


-t 


T 


T7T 


e=0 


(2.502) 


For small e, the r-integral is divergent at the origin. It can, however, be defined by 
an analytic continuation of the integral starting from the regime e > 1/2, where it 
converges absolutely, to e = 0. The continuation must avoid the pole at e = 1/2. 
Fortunately, this continuation is trivial since the integral can be expressed in terms of 
the Gamma function, whose analytic properties are well-known. Using the integral 
formula (2.498), we obtain 


1 

Up 


Trlog(-<9/ + uj 2 ) 



d 1 
de T(e) 


r(e - 1/2) 


<E=0 


(2.503) 
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The right-hand side has to be continued analytically from e>l/2toe = 0. This is 
easily done using the defining property of the Gamma function T(x) = T(1 + x)/x, 
from which we find T(—1/2) = —2T(l/2) = —2 y/n, and 1/T(e) « e/T(l + e) « e. 
The derivative with respect to e leads to the free energy of the harmonic oscillator 
at low temperature via analytic regularization: 

j roo dtif 

—Tr log(-d 2 r + co 2 ) = / — log (a;' 2 + a; 2 ) = w, (2.504) 

tip J— oo Z7T 


so that the free energy of the oscillator at zero-temperature becomes 


F u = 


fun 

~ 2 ~' 


(2.505) 


This agrees precisely with the result obtained from the lattice definition of the path 
integral in Eq. (2.407), or from the path integral (3.808) with the Fourier measure 
(2.447). 

With the above procedure in mind, we shall often use the sloppy formula ex¬ 
pressing the derivative of Eq. (2.499) at e = 0: 


roo (jq- 

log a = — —e~ Ta . (2.506) 

Jo r 

This formula differs from the correct one by a minimal subtraction and can be 
used in all calculations with analytic regularization. Its applicability is based on 
the possibility of dropping the frequency integral over 1/e in the alternative correct 
expression 


1 

kj3 


Tr log(—<9 2 + to 2 ) 


r°° du' 


/-oo 2n 

.e K e. 


e-J-0 


(2.507) 


In fact, within analytic regularization one may set all integrals over arbitrary pure 
powers of the frequency equal to zero: 



0 for all a. 


(2.508) 


This is known as Veltman’s rule. 22 It is a special limit of a frequency integral which 
is a generalization of the integral in (2.497): 


[°° (^ /2 ) 7 = r ( 7 + 1 / 2 ) 2 i /2 - e 

7-00 2vr (a/ 2 + lu 2 Y 2nT(e) 1 J 

This equation may be derived by rewriting the left-hand side as 


(2.509) 


1 



din' 

27 



—T 


0 ,2 +uj 2 ) 


(2.510) 


22 See the textbook H. Kleinert and V. Schulte-Frohlinde, Critical Properties of (j) A -Theories, 
World Scientific, Singapore, 2001 (http://www.physik.fu-berlin.de/~kleinert/b8). 
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The integral over u/ is performed as follows: 


r °° <M (l /2«-tK 2 W) _ J_ f 00 du} 


n i ^-- 


J 0 UJ 2 7T 


2tt 


leading to a r-integral in (2.510) 


(2.511) 


r°° dr 


-t 


■e-7-1/2g-™ 2 _ ( W 2 )T'+ 1 /2+e 


/0 T 


(2.512) 


and thus to the formula (2.509). The Veltman rule (2.508) follows from this directly 
in the limit e —> 0, since 1 /T(e) —> 0 on the right-hand side. This implies that the 
subtracted 1/e term in (2.507) gives no contribution. 

The vanishing of all integrals over pure powers by Veltman’s rule (2.508) was 
initially postulated in the process of developing a finite quantum field theory of 
weak and electromagnetic interactions. It has turned out to be extremely useful 
for the calculation of critical exponents of second-order phase transitions from field 
theories. 22 

An important consequence of Veltman’s rule is to make the logarithms of di¬ 
mensionful arguments in the partition functions (2.489) and the free energy (2.491) 
meaningful quantities. First, since / d{u'/27t) logo; 2 = 0, we can divide the argu¬ 
ment of the logarithm in (2.492) by c o 2 without harm, and make them dimensionless. 
At finite temperatures, we use the equality of the sum and the integral over an co m - 
independent quantity c 


_°° roo rl/j 

k B T J2 C= (2.513) 

m.=—oo J ~°° 2lT 

to show that also 

OO 

k B T logcu 2 = 0, 

171 = — OO 

so that we have, as a consequence of Veltman’s rule, that the Matsubara frequency 
sum over the constant log u 2 vanishes for all temperatures. For this reason, also the 
argument of the logarithm in the free energy (2.491) can be divided by u 2 without 
change, thus becoming dimensionless. 


(2.514) 


2.15.2 Finite-Temperature Evaluation of the Frequency Sum 

At finite temperature, the free energy contains an additional term consisting of the 
difference between the Matsubara sum and the frequency integral 


A F w = 


k B T 


OO 

E 

m =—oo 


LJ. 


h 


log ^ + 1 -7T 


du n 


u. 




2 J —oo 2n 


log Mr + 1 




(2.515) 
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where we have used dimensionless logarithms as discussed at the end of the last 
subsection. The sum is conveniently split into a subtracted, manifestly convergent 
expression 


Ar F u = k B T Y 


m= 1 L 


log 




CO 


+ 1 


log 


ca; 




k B T Y 

m= 1 



and a divergent sum 


°o f.2 

A 2 ^b = k B T E log —yr- 


(2.516) 


(2.517) 


The convergent part is most easily evaluated. Taking the logarithm of the product 
in Eq. (2.408) and recalling (2.409), we find 


OO 


n 

m= 1 



sinh((3huj/2) 
Idhoj /2 


(2.518) 


and therefore 


AF, 


1 sinh(/lha;/2) 

T° g phu/2 


(2.519) 


The divergent sum (2.517) is calculated by analytic regularization as follows: We 
rewrite 


E 1() g 

m= 1 


CO 

UJ- 


rn 


(1 °° 

2-E 


de \ cu 


CO r 


e->0 




e oo 


E m 6 

m=l 


(2.520) 


and express the sum over m e in terms of Riemann’s zeta function 


C(*) = E m ~ Z • (2.521.) 

m =1 


This sum is well defined for z > 1, and can be continued analytically into the entire 
complex 2 -plane. The only singularity of this function lies at 2 = 1, where in the 
neighborhood ((z) ~ 1/z. At the origin, ((z) is regular, and satisfies 23 


C(0) = —1/2, C'(0) = --log2vr, 


such that we may approximate 

C(z) 

Hence we find 
col 


-(2vr)y 2 « 0. 


(2.522) 


(2.523) 


E lo S = 


m=l 




d i 

( 27T \ 

—e 

d , 

2 *( 

K f3hu) 

C(e) 

= ^(Phcoy 
de 

e—>0 


= log i hco/3. (2.524) 


e —>0 


23 


I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 9.541.4. 
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thus determining A 2 F b in Eq. (2.517). 

By combining this with (2.519) and the contribution —Uuj/2 from the integral 
(2.515), the finite-temperature part (2.491) of the free energy becomes 

AF u = ^log(l-e- hf>u ). (2.525) 

Together with the zero-temperature free energy (2.505), this yields the dimensionally 
regularized sum formula 

K = + £ log«W) = A + 1 log(l - 

= / l')g (gsilili -j-j , (2.526) 

in agreement with the properly normalized free energy (2.485) at all temperatures. 

Note that the property of the zeta function £(0) = —1/2 in Eq. (2.522) leads once 
more to our earlier result (2.514) that the Matsubara sum of a constant c vanishes: 


since 


OO 


-1 


OO 


E c = E C + C +E C = °, (2.527) 

m =—00 m =—00 m= 1 


00 —00 

£ 1 = £ 1 = C(0) = -1/2. (2.528) 

m= 1 m =—1 


As mentioned before, this allows us to divide u 2 out of the logarithms in the sum 
in Eq. (2.526) and rewrite this sum as 


1 

2/3 


E lo s 


u, 


UJ 


+ 1 


1 00 ( 

/£i°4 

P m= 1 


to: 


\ub 


+ 1 


(2.529) 


2.15.3 Quantum-Mechanical Harmonic Oscillator 

This observation leads us directly to the analogous quantum-mechanical discussion. 
Starting from the fluctuation factor (2.91) of the free particle which can formally be 
written as 


F 0 (At) = j V6x(t) 


exp 


lKC dt T Sx( - a ‘ )Sx . 


27thiAt/M 


(2.530) 


where At = tb — t a [recall (2.130)]. The path integral of the harmonic oscillator has 
the fluctuation factor [compare (2.188)] 


F u {At) 


F 0 (At) 


Det(— d 2 — c 0 
Det(— d 2 ) 


- 1/2 


(2.531) 
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The ratio of the determinants has the Fourier decomposition 

Det(—<9/ — co 2 ) r~ h , 2 . 

Det(-flg) = 6XP IS M"" - w ) - l0 §" , 

where v n = nil/At [recall (2.115)], and was calculated in Eq. (2.188) to be 

Det(—<9/ — co 2 ) sincuAf 
Det(—<9 2 ) coAt 


(2.532) 


(2.533) 


This result can be reproduced with the help of formulas (2.529) and (2.526). We 
raplace f3 by 2A t, and use again E n l = £(0) = —1/2 to obtain 


Det(—<9 


,-c 2 ) = £io g (u 2 W 

n= 1 
oo 




= E 

n= 1 


// 


log + 1 + log co 1 


. co 


L S log & + 1 )-5 io ^ 2 


= log 2 


uj—>iu 

( sunn At \ 

( 2 —)■ < 2 - 534 > 


ui—tioj 


For co — 0 this reproduces Formula (2.524). Inserting this and (2.534) into (2.532), 
we recover the result (2.533). Thus we find the amplitude 


(x b t b \x a t a ) = ; \ Det 1/2 (-<9 f 2 -t o 2 ) e lAcl/n = 


Ini/'M 

in agreement with (2.175) 


co 


^Jni/M * 2 sin co At 


■e iAcl/n , (2.535) 


2.15.4 Tracelog of the First-Order Differential Operator 

The trace of the logarithm in the free energy (2.492) can obviously be split into two 
terms 

Tr log(—<9 2 + co 2 ) = Tr log(<9 T + co) + Tr log(— d T + co). (2.536) 

Since the left-hand side is equal to (5Two by (2.504), and the two integrals must be 
the same, we obtain the low-temperature result 


Tr log(<9 r + co) = Tr log(—<9 r + co) 


hp [ !^log(-A/ + u) = hp j ^log (iu'+u) 

J—oo Z7T J-OO Z7T 


h/3co 


(2.537) 


The same result could be obtained from analytic continuation of the integrals over 
d e (±ico' + co) e to e = 0. 

For a finite temperature, we may use Eq. (2.526) to find 


Tr log(<9 r + co) — Tr log(—<9 r + co) 


^Tr log(—<9 2 + a; 2 ) = log 


^2 sinh 



(2.538) 
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which reduces to (2.537) for T —> 0. 

The result is also the same if there is an extra factor i in the argument of 
the tracelog. To see this we consider the case of time-independent frequency where 
Veltman’s rule (2.508) tells us that it does not matter whether one evaluates integrals 
over log(iu/ =F co) or over log(u/ ± ico). 

Let us also replace co' by ico' in the zero-temperature tracelog (2.504) of the 
second-order differential operator (—8% +ca 2 ). Then we rotate the contour of inte¬ 
gration clockwise in the complex plane to find 

/ °o din' 

— —log(— co' 2 + co 2 — irj) = co, co > 0, (2.539) 

-oo 2tt 

where an infinitesimal positive p prescribes how to bypass the singularities at co' = 
±c o =F r ' ir l along the rotated contour of integration. Recall the discussion of the ip- 
prescription in Section 3.3. The integral (2.539) can be split into the integrals 

/ OO fj, y f 

— log [uj' ±(u -ip)\ = i-, UJ> 0. (2.540) 

-oo Ztt Z 


Hence formula (2.537) can be generalized to arbitrary complex frequencies co = 
lor + icoi as follows: 


and 


roo 

1 -P~ lo g( w ' ± iuj ) 

—OO Z7T 

= Te(u R ) Z 

(2.541) 

roo A^, 1 

/ — log(o/ ± u) 

J —oo Z7T 

= Z 

(2.542) 


where e(x ) = 0(x) — 0(— x) = x/\x\ is the antisymmetric Heaviside function (1.315), 
which yields the sign of its argument. The formulas (2.541) and (2.542) are the 
large-time limit of the more complicated sums 


ksT ^ . hsT 

-j— 2 L lo g( w m ± *w) = -j— log 


2 e{coR) sinh 


Uco 

2 k R T 


and 


k B T 00 


k B T 


h lQ g( W m ± Cj) = log 


-2ie{coi) sin 


hco 
2 k B T 


(2.543) 


(2.544) 


The first expression is periodic in the imaginary part of co, with period 2nk B T, the 
second in the real part. The determinants possess a meaningful large-time limit only 
if the periodic parts of co vanish. In many applications, however, the fluctuations will 
involve sums of logarithms (2.544) and (2.543) with different complex frequencies 
co, and only the sum of the imaginary or real parts will have to vanish to obtain a 
meaningful large-time limit. On these occasions we may use the simplified formulas 
(2.541) and (2.542). Important examples will be encountered in Section 18.9.2. 
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In Subsection 3.3.2, Formula (2.538) will be generalized to arbitrary positive 
time-dependent frequencies Q(r), where it reads [see (3.133)] 


Tr log [±d T + Q(r)] = log < 2 sinh 


1 HP 1 ) 

2 1 dT " n T)\\ 


1 r h P 

2 jo 


HP 

/ dr" VL{t") + log 
Jo 


-/ 0 ft/3 Jr"n(r") 


. (2.545) 


2.15.5 Gradient Expansion of the One-Dimensional Tracelog 

Formula (2.545) may be used to calculate the trace of the logarithm of a second- 
order differential equation with arbitrary frequency as a semiclassical expansion. We 
introduce the Planck constant h and the potential w(r) = hff(r), and factorize as 
in (2.536): 


Det [~h 2 d 2 + w 2 (t)J = Det [— fid r — w(t)} x Det [hd T — w(t)] , (2.546) 

where the function w(r) satisfies the Riccati differential equation: 24 

Tl8 t w{t ) + w 2 {t) = w 2 {t). (2.547) 


By solving this we obtain the trace of the logarithm from (2.545): 

1 r h P 


Tr log —fid 2 + ■ur(r) = log < 4 sinh 


2 h Jo 


dr' w{t') 


(2.548) 


The exponential of this yields the functional determinant. For constant w{r) = 
oj this agrees with the result (2.433) of the Gelfand-Yaglom formula for periodic 
boundary conditions. 

This agreement is no coincidence. We can find the solution of any Riccati differ¬ 
ential equation if we know how to solve the second-order differential equation (2.433). 
Imposing the Gelfand-Yaglom boundary conditions in (2.433), we find D ren {r) and 
from this the functional determinant 2[D Ten (h(3) — 1]. Comparison with (2.548) shows 
that the solution of the Riccati differential equation (2.547) is given by 


w(t) = 2hd T arsinh \Z[-D ren (T) — l]/2. (2.549) 

For the harmonic oscillator where D ren (r) is equal to (2.437), this leads to the 
constant w(t) = fun, as it should. 

If we cannot solve the second-order differential equation (2.433), a solution to 
the Riccati equation (2.547) can still be found as a power series in ft: 

OO 

w(r) = ^Wn{r)fi n , (2.550) 

n=0 


24 Recall the general form of the Riccati differential equation y' = f{r)y + g(r)y 2 + h(y), which 
is an inhomogeneous version of the Bernoulli differential equation y' = f{r)y + g{r)y n for n = 2. 
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which provides us with a so-called gradient expansion of the trace of the logarithm. 
The lowest-order coefficient function wq{t) is obviously equal to w(r). The higher 
ones obey the recursion relation 


n —1 


W n (T = 


2 w(t) 


w 


i-i (r) + w n-k(r)w k (r) , n > 1. 


(2.551) 


k =1 


These are solved for n — 0,1, 2, 3 by 

( j . v'(t) 5v'(t ) 2 V "( T ) 15 v'(t) 3 9 v'(t)v"(t) v^ 3 \t) 

\ VT ' 4w(t)’ 32 i>(t) 5/2 + 8 ■i;(t) 3/2 ’ 64 v{t ) 4 + 32 v(rf 16 u(r) 2 ’ 

llOSf'fr) 4 221 v\t) 2 v"(t) 19v"(t) 2 7v'(t)v^(t) t>i 4 l(r) ) . , 

2048w(r) 11/2 + 256 u(r) 9/2 128t;(r) 7/2 32u(r) 7/2 + 32w(r) 5/2 J ’ 

where u(r) = w 2 [r). The series can, of course, be trivially extended to any desired 
orders. 


2.15.6 Duality Transformation and Low-Temperature Expansion 

There exists another method of calculating the finite-temperature part of the free 
energy (2.491) which is worth presenting at this place, due to its broad applicability 
in statistical mechanics. For this we rewrite (2.515) in the form 


A F u 


k B T 

2 



h r°° du m \ 
k B T J- oo 2n J 


lQ g(^m+^ 2 )- 


(2.553) 


Changing the integration variable to m, this becomes 


AF w = 



(2.554) 


Within analytic regularization, this expression is rewritten with the help of formula 
(2.506) as 


A F u 



e -r[(2n k B T/h) 2 m 2 +cj 2 j 


(2.555) 


The duality transformation proceeds by performing the sum over the Matsubara 
frequencies with the help of Poisson’s formula (1.205) as an integral / dp plus by an 
extra sum over integer numbers n. This brings (2.555) to the form (expressing the 
temperature in terms of (3), 

A F w = r — r dpi f; e 2nfini - l) e-lw^) 2 ^ 2 ]. (2.556) 

2 p Jo T j- oo \n=—oo J 
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The parentheses contain the sum 2J2^=i e 2lTfim . After a quadratic completion of the 
exponent 


0 . /2vr\ 2 2 /2vr x 2 r 

2vr/im - t — p = -t — 


UB 


hB 


2/32 


[1 ~ l- 


.nh p 


47rr 


— (h/3n) 


the integral over p can be performed, with the result 

h dr 


AF„, = 


_ / r -l /2 V p-lnnPYIA t-tuA 

2 ^/n Jo r T ^ 


(2.557) 


(2.558) 


Now we may use the integral formula [compare (1.347)] 25 

( ^-T v e~ a2lT - b2T = 2 (£) ^ K u (2ab), K v (2ab) = K_„(2ab), 


to obtain the sum over modified Bessel functions 
Aid, = 


bm 00 

Y. 2 (nfBbw) V2Ki/2(nj5Tnjj). 


The modified Bessel functions with index 1/2 are particularly simple: 

K 1 / 2 (z)= 171 


(2.559) 


(2.560) 


(2.561) 


Inserting this into (2.560), the sum is a simple geometric one, and may be performed 
as follows: 

1 ^ 1 1 


A F u , = 


E 


D —(3hum _ 


log (l 


D —f3hu> 


(2.562) 


P E'l U P 

in agreement with the previous result (2.525). 

The effect of the duality tranformation may be rephrased in another way. It 
converts the sum over Matsubara frequencies co m in (2.516): 


S(/3huj) = k B T £ log 1 + 


m =1 


or 


up, 


into a sum over the quantum numbers n of the harmonic oscillator: 


S{phtu) = 


fdhuj 


log fdhu - J2 


0 —n(3huj 


n= 1 


n 


(2.563) 


(2.564) 


The sum (2.563) converges fast at high temperatures, where it can be expanded in 
powers of to 2 : 


s(phw) = - y 


-i)' 


k =1 


E 

^m=l 


m 


2k 


' /3huj' 

~2pr 


(2.565) 


25 


I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formulas 3.471.9 and 8.486.16. 
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The expansion coefficients are equal to Riemann’s zeta function </(;?) of Eq. (2.521) 
at even arguments z = 2k, so that we may write 

SCSM = * £ “ . (2.566) 

At even positive arguments, the values of the zeta function are related to the 
Bernoulli numbers by 26 


C(2 n) 


(2vr) 2n 
2(2 n)! 


B2n 


The Bernoulli numbers are defined by the expansion 


t 


e l — 1 


E Bn 1 -, 


n =0 


n\ 


(2.567) 


(2.568) 


The lowest nonzero Bernoulli numbers are Bq — 1, B\ — —1/2, B -2 = 1/2, B± = 
—1/30,... . The Bernoulli numbers determine also the values of the zeta functions 
at negative odd arguments: 


C(1 - 2 n) = (2.569) 

this being a consequence of the general identity 27 

((z) = 2 z 7t z ~ 1 sin(7r^/2)T(l — z)C(l — z) = 2 z ~ l it z C ! (l — z)/T(z) cos —. (2.570) 
Typical values of (/(^) which will be needed here are 28 

«2) = T. c(4) = S- c(6) = 5S' - ■ c(oo) = 1 ' (2 ' 571) 

In contrast to the Matsubara frequency sum (2.563) and its expansion (2.566), 
the dually transformed sum over the quantum numbers n in (2.564) converges rapidly 
for low temperatures. It converges everywhere except at very large temperatures, 
where it diverges logarithmically. The precise behavior can be calculated as follows: 
For large T there exists a large number N which is still much smaller than 1 /fSTuo, 
such that e~ ,3hujN is close to unity. Then we split the sum as 


OO 

n 


^ ± e -n/3hui 


N -1 


?i=l 


n= 1 


n 


oo 

n 


Y j -+Y j -e~ nf3hu . 


n=N 


(2.572) 


26 ibid., Formulas 9.542 and 9.535. 

27 ibid., Formula 9.535.2. 

28 0ther often-needed values are £(0) = —1/2, (/(0) = — log(27r)/2, £(—2 n) = 0, £(3) « 
1.202057, C(5) w 1.036928,... . 
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Since N is large, the second sum can be approximated by an integral 

f°° <^ e -nPhu = f°° dx e _ x 
Jn n JNphui x 

which is an exponential integral E\(NflTuuS) of Eq. (2.470) with the large-argument 
expansion —7 — \og{N(3 Tiuj) of Eq. (2.471). 

The first sum in (2.572) is calculated with the help of the Digamma function 


This has an expansion 29 


'ijj(z) 


'ijj(z) 


r^) 

T(*) ‘ 



1 

n + z 


n + l 


which reduces for integer arguments to 


(2.573) 


(2.574) 


N -1 1 

m ) = -7 + e (2.575) 

E) n 

and has the large- 2 : expansion 

1 00 r > 

ipiz) ~ log 2 - 'Y' — ^ 7 —. (2.576) 

; & 22 2nz 2n y J 

Combining this with (2.471), the logarithm of N cancels, and we find for the sum 
in (2.572) the large-T behavior 


OO I 

y _ e -nfmu _ — log ( 3 huj + 0 (/ 3 ). 
n 00 & v ' 


(2.577) 


This cancels the logarithm in (2.564). 

The low-temperature series (2.564) can be used to illustrate the power of analytic 
regularization. Suppose we want to extract from it the large-T behavior, where the 
sum 

OO 1 

gifdhu) = Y - e ~ n ^ (2.578) 

y[ n 

converges slowly. We would like to expand the exponentials in the sum into powers 
of cu, but this gives rise to sums over positive powers of n. It is possible to make 
sense of these sums by analytic continuation. For this we introduce a generalization 
of (2.578): 


Ue Ph “) = E —e- n ^, 


n= 1 




29 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 1.362.1. 


(2.579) 
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which reduces to g((3huj) for v — 1. This sum is evaluated by splitting it into an 
integral over n and a difference between sum and integral: 



(2.580) 


The integral is convergent for v < 1 and yields T(1 — v) ( P>7ioS) v via the integral 
formula (2.498). For other z/’s it is defined by analytic continuation. The remainder 
may be expanded sloppily in powers of lo and yields 



OO 1 

dn—e~ nphu 
n u 


+ 




(/ 3Ttijj) k . 

(2.581) 


The second term is simply the Riemann zeta function ((n) [recall (2.521)]. Since 
the additional integral vanishes due to Veltman’ rule (2.508), the zeta function may 
also be defined by 



(2.582) 


If this formula is applied to the last term in (2.581), we obtain the so-called Robinson 

SO 

expansion 

OO 1 

C,(e' s "") = r(i - + CM + E <(» - k). ( 2 , 583 ) 

k =1 A ' 

This expansion will later play an important role in the discussion of Bose-Einstein 
condensation [see Eq. (7.38)]. 

For various applications it is useful to record also the auxiliary formula 

( °° /*oo\ pUfSTlUJ OO 1 

E- / — = E vyMME*' -k) = C.(e^), (2.584) 

n= 1 J0 / U k =1 


since in the sum minus the integral, the first Robinson terms are absent and the 
result can be obtained from a naive Taylor expansion of the exponents e n/3hul and 
the summation formula (2.582). 

From (2.583) we can extract the desired sum (2.578) by going to the limit v —> 1. 
Close to the limit, the Gamma function has a pole T{\—v) = 1/(1— u) — 'y+0(u— 1). 
From the identity 

7T Z 

2 2 T(1 - z)C(l - z) sin — = 7r 1_ X(-) (2.585) 

and (2.522) we see that ((u) behaves near v = 1 like 

Ciy) = + 7 + 0(u - 1) = -r(l -u) + 0{v - 1). (2.586) 

30 J.E. Robinson, Phys. Rev. 83, 678 (1951). 
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Hence the first two terms in (2.583) can be combined to yield for v —> 1 the finite 
result lim l/ _ ) .ir(l — v) [(/lha;) 1 ' -1 — 1]=—log f31uu. The remaining terms contain in 
the limit the values C(0) = —1/2, £(—1), C( _ 2), etc. Here we use the property of 
the zeta function that it vanishes at even negative arguments, and that the function 
at arbitrary negative argument is related to one at positive argument by the identity 
(2.585). This implies for the expansion coefficients in (2.583) with k — 1, 2, 3,... in 
the limit v —> 1: 

1 (2nV 

C(-2p) = 0, C(l-2p) = -(-l) p -^;C(2p), P = 1,2,3,. (2.587) 

Hence we obtain for the expansion (2.583) in the limit v —> 1: 

g(/3hnj) = Ci(e^ w ) = - logmen + + £c(2fc)^—p- (ptiu)) 2k . (2.588) 

This can now be inserted into Eq. (2.564) and we recover the previous expansion 
(2.566) for S((3hm) which was derived there by a proper duality transformation. 

It is interesting to observe what goes wrong if we forget the separation (2.580) 
of the sum into integral plus sum-minus-integral and its regularization. For this we 
re-expand (2.578) directly, and illegally, in powers of c o. Then we obtain for v = 1 
the formal expansion 

OO/OO \ (1 \p OO f 1 \p 

Cite' 5 '") = E Erf" 1 [ —r (/?M” = -C(1) + EC(1- pV—t . 

p=0 \n= 1 / P‘ p= 1 P' 

(2.589) 


which contains the infinite quantity C(l)- The correct result (2.588) is obtained from 
this by replacing the infinite quantity C(l) by — log fdTicu, which may be viewed as a 
regularized C reg (l) : 

C(l) t Creg(l) = log fdhuj. (2.590) 

The above derivation of the Robinson expansion can be supplemented by a dual 
version as follows. With the help of Poisson’s formula (1.197) we rewrite the sum 
(2.579) as an integral over n and an auxiliary sum over integer numbers m, after 
which the integral over n can be performed yielding 

°° roc 1 

( u (e 0hu ) =Y, dne ( - 2nim+ ^ hu)n —= T(l-u)(-f3hujY- 1 

m =—oo "'O Tl 

OO 

+ T(1 — v) 2 Re ^2 (—/3hco — 2nim) v ~ l . (2.591) 

m= 1 


The sum can again be expanded in powers of u 


2 Re E (—2nim) 


v-i L + fihu \ 


12-1 


m =1 


2nim 


im J 


= 2£ 
k =0 


V — 1 


cos[(l — v — k) 7t/2] (27t)^ ’C(l — v + k) (f3hw) .(2.592) 
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Using the relation (2.585) for zeta-functions, the expansion (2.591) is seen to coincide 
with (2.579). 

Note that the representation (2.591) of C, u {e^ hu ) is a sum over Matsubara fre¬ 
quencies c o m = 2tt m/(5 [recall Eq. (2.381)]: 


°° roo 

Ue phlJJ ) = Y / dn e (iWm+M/Jn 
„ Jo 


m=—oo 


1 

n v 


= r(i — v)(—/3huj) 


v-\ 


1 + 2 Re (1 + iu m /fu 


uj 


\V-1 


m= 1 


. (2.593) 


The first term coming from the integral over n in (2.580) is associated with the 
zero Matsubara frequency. This term represents the high-temperature or classical 
limit of the expansion. The remainder contains the sum over all nonzero Matsubara 
frequencies, and thus the effect of quantum fluctuations. 

It should be mentioned that the first two terms in the low-temperature expansion 
(2.564) can also be found from the sum (2.563) with the help of the Euler-Maclaurin 
formula 31 for a sum over discrete points t = a + {k + n)A of a function F(t) from 
k — 0 to K = (b — a)/ A: 


K 

y F(a + kA) 


k =0 




oo 


y 


SAl n 

(2p)! B2r 


F (2 P -i)( 6 ) _ F (2p-i)( a )l . 


(2.594) 


or, more generally for t = a + {k + k) A, 


K ~ l 1 r b °° A p_1 r -> 

Y,F(a + (k + K )A)=- dtF(t) + J2—B r ( k ) F^~'\b) - F^(a) , 

k =0 ^ Ja p= 1 P' 

(2.595) 

where B h {k) are the Bernoulli functions defined by a generalization of the expansion 
(2.568): 

fpKt oo ±n 

—7 = E b MzT- (2.596) 


n =0 


n\ 


At n = 0, the Bernoulli functions start out with the Bernoulli numbers: B n ( 0) = B n . 
The function B 0 (k) is equal to 1 everywhere. 

Another way of writing formula (2.597) is 


A'-l 


y F(a + (k + k)A) — — f dtt 

k =0 ^ 


OO A p 

1 + 

p=0 P- 


F(t). (2.597) 


This implies that a sum over discrete values of a function can be replaced by an 
integral over a gradient expansion of the function. 


31 M. Abramowitz and I. Stegun, op. cit., Formulas 23.1.30 and 23.1.32. 
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Using the first Euler-Maclaurin formula (2.594) with a = cof, b = and 
A = cni, we find 


M 

J2 [ lo g(^ + w 2 )-!ogK) 


m =0 


C 0 U r 

= { n -1- 

L 


lo g(^m + w2 )- 2 


m=M 


- {u = 0 


ra=l 


m=M 


m= 1 


+ u {log(w? + UJ 2 ) + log(cn^ + cn 2 )} - {cn = o}. (2.598) 


For small T, the leading two terms on the right-hand side are 

u 

h 2 ‘ 


u 


1 l ^ 

vr-- log—, 

oji 2 uf 


(2.599) 


in agreement with the first two terms in the low-temperature series (2.564). Note 
that the Euler-Maclaurin formula is unable to recover the exponentially small terms 
in (2.564), since they are not expandable in powers of T. 

The transformation of high- into low-temperature expansions is an important 
tool for analyzing phase transitions in models of statistical mechanics. 32 


2.16 Finite-AT Behavior of Thermodynamic Quantities 

Thermodynamic fluctuations in Euclidean path integrals are often imitated in computer simula¬ 
tions. These are forced to employ a sliced time axis. It is then important to know in which way 
the time-sliced thermodynamic quantities converge to their continuum limit. Let us calculate the 
internal energy E and the specific heat at constant volume C for finite N from (2.484). Using 
(2.484) we have 


d(0u) e ) _ QJ 

<9/3 cosh(ew e /2)’ 

d(ew e ) 2 / . /n , 

d/j = (gtanh(ew e /2), 

and find the internal energy 

E = = ^ coth ^ nCje / 2 '> d ^Q^ 

Tiuj coth(pTiuj e /2) 

2 cosh(ew e /2) 


(2.600) 


(2.601) 


The specific heat at constant volume is given by 


TZ°—?W m = - eF i § 


E 


(2.602) 


4^ I smh 2 (phCo e /2) 


+ coth(/3hu e /2) tanh(ew e /2) — 


ft/3j cosh 2 («D e /2) 


Plots are shown in Fig. 2.5 for various N using natural units with K = 1, ks = 1. At high 

32 See H. Kleinert, Gauge Fields in Condensed Matter , Vol. I Superflow and Vortex Lines, World 
Scientific, Singapore, 1989, pp. 1 742 (http://www.physik.fu-berlin.de/~kleinert/bl). 
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Figure 2.4 Finite-lattice effects in internal energy E and specific heat C at constant volume, 
as a function of the temperature for various numbers N + 1 of time slices. Note the nonuniform 
way in which the exponential small-T behavior of C oc e~ u ^ T is approached in the limit N —> oo. 

temperatures, F,E, and C are independent of N: 


F 

-¥ 


(2.603) 

E 

-¥ 

— = T 

P 

(2.604) 

C 

-¥ 

1 . 

(2.605) 


These limits are a manifestation of the Dulong-Petit law: An oscillator has one kinetic and one 
potential degree of freedom, each carrying an internal energy T/2 and a specific heat 1/2. At low 
temperatures, on the other hand, E and C are strongly ./V-dependent (note that since F and E 
are different at T = 0, the entropy of the lattice approximation does not vanish as it must in the 
continuum limit). Thus, the convergence N —> oo is highly nonuniform. After reaching the limit, 
the specific heat goes to zero for T — > 0 exponentially fast, like e~ u, ^ T . The quantity to is called 
activation energy. 33 It is the energy difference between the ground state and the first excited state 
of the harmonic oscillator. For large but finite N, on the other hand, the specific heat has the 
large value N + 1 at T = 0. This is due to w e and cosh 2 (ew e /2) behaving, for a finite N and T — ¥ 0 
(where e becomes large) like 

w e —¥ — log(e 2 w 2 ), 

cosh(ew e /2) —► ew/2. (2.606) 

Hence 

T —>-0 T —^0 

E - ¥ — coth[(iV + 1) log(ew)]- ¥ 0, (2.607) 

33 Note that in a D-dimensional solid the lattice vibrations can be considered as an ensemble of 
harmonic oscillators with energies w ranging from zero to the Debye frequency. Integrating over 
the corresponding specific heats with the appropriate density of states, f dtouj D ~ 1 e~ ul ^ kBT , gives 
the well-known power law at low temperatures C oc T D . 
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T- s-0 

C -> TV + 1. (2.608) 

The reason for the nonuniform approach of the TV —> oo limit is obvious: If we expand (2.484) in 
powers of e, we find 


We — U! 11 — — e U! +...I. 


(2.609) 


When going to low T at finite TV the corrections are quite large, as can be seen by writing (2.609), 
with e = Kf3/(N + 1), as 

Ue=U 1 “ 24fc 2 T 2 (TV + l) 2 + ''' (2 ’ 610) 

Note that (2.609) contains no corrections of the order e. This implies that the convergence of 
all thermodynamic quantities in the limit TV —> oo, e —> 0 at fixed T is quite fast — one order in 
1/TV faster than we might at first expect [the Trotter formula (2.26) also shows the 1/TV 2 -behavior]. 


2.17 Time Evolution Amplitude of Freely Falling Particle 

The gravitational potential of a particle on the surface of the earth is 

V (x) = Vo + M g • x, (2.611) 

where —g is the earth’s acceleration vector pointing towards the ground, and Vo 
some constant. The equation of motion reads 


X = -g, 

(2.612) 

which is solved by 


x = x a + v a (t - t a ) + |(t - t a ) 2 , 

(2.613) 

with the initial velocity 


Xb ~Xa g 

V a = . Ah to). 

tb £<2 ^ 

(2.614) 

Inserting this into the action 


pb /Mo \ 


A= jf (It ^yx 2 - To - g • xj , 

(2.615) 


we obtain the classical action 

Ad = -Vo(4-4) + ^-^ 7 — 7 ^-- J(4-4)g-(x fe + x a )-^-(4-4) 3 g 2 . (2.616) 

Ufa La ^ 


Since the quadratic part of (2.615) is the same as for a free particle, also the fluctu¬ 
ation factor is the same [see (2.130)], and we find the time evolution amplitude 

(x b t b \x a t a ) = ^ e -j;Vodb-ta) 

yj2irih(t b - t a )/M 

x exp ~ \ ~ ( tb ~ ta + “ Y2^ tb ~~ ta ^ 3g2 } ‘ ( 2 - 617 ) 
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The potential (2.611) can be considered as a limit of a harmonic potential 



V (x) = V 0 + fc 2 (x - x 0 ) 2 

(2.618) 

for 



oj —t 0, 

x 0 = — g/ut 2 —> —oo Kg, V 0 = — Mxq/2 = —Mg 2 / 2a; 4 —> — oo, 

(2.619) 

keeping 

g = —Mu 2 x o, 

(2.620) 

and 

T r M 2 2 

Vo = V 0 + — u x 0 

(2.621) 


fixed. If we perform this limit in the amplitude (2.177), we find of course (2.617). 

The wave functions can be obtained most easily by performing this limiting 
procedure on the wave functions of the harmonic oscillator. In one dimension, we 
set n = E/uu and find that the spectral representation (2.294) goes over into 

(x b t b \x a t a ) = J dEA E (x b )A* E (x a )e- i{E - V0 ^ b - ta)/h ^ (2.622) 

with the wave functions 

= (2 ' 623) 

Here £ = (h 2 g 2 M/ 2) 1 / 3 and l = (h 2 /2M 2 g) 1 ^ 3 = e/Mg are the natural units of 
energy and length, respectively, and Ai(z) is the Airy function solving the differential 
equation 

Ai"(z) = zAi(z), (2.624) 

For positive z, the Airy function can be expressed in terms of modified Bessel func¬ 
tions /,,(£) and K u (f): u 

Ai(z) = A[/_ 1/3 (2 2 3/2/ 3 ) _ / 1/3 ( 2^/3)] = \f\K- 1/3 . (2.625) 

For large z, this falls off exponentially: 

Ai (A) 2^Si~ l /4 e ^ ' /3 ’ z 00 ' (2.626) 

For negative z, an analytic continuation 35 

A(0 = e~^ 2 J(e^ 2 f), - vr < arg£ < tt/2, 

Ivit) = e-^/ 2 J(e-/ 2 0, tt/ 2 < arge < 7T, (2.627) 

34 A compact description of the properties of Bessel functions is found in M. Abramowitz and I. 
Stegun, op. cit., Chapter 10. The Airy function is expressed in Formulas 10.4.14. 

35 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formulas 8.406. 
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leads to 


AiW = 3 ^ [J- 1/3 (2(-z) 3 ' 2 /3) + J 1/3 (2(-zf 2 /3) 


(2.628) 

where Ji/s(0 are ordinary Bessel functions. For large arguments, these oscillate like 


MO ->• ]j ^ cos(£ - 7 tz//2 - 7t/4) + 0(£ X ), 

from which we obtain the oscillating part of the Airy function 

1 


Ai(z) ->■ 


sm 


2(-z) 3/2 /3 + tt/4 


2 —>■ — OO. 


a / 7-^ 1 / 4 

The Airy function has the simple Fourier representation 

Ai(x) = r — e ^ k + k3 /^. 

J —oo 27T 

In fact, the momentum space wave functions of energy E are 

(p\E) = 

fulfilling the orthogonality and completeness relations 

/ M E '^ )WE) = S(E ' ~ E)] / dE{p'\E){E\p) = 2nhS(p'-p). 

The Fourier transform of (2.632) is equal to (2.623), due to (2.631). 


(2.629) 


(2.630) 


(2.631) 


(2.632) 


(2.633) 


2.18 Charged Particle in Magnetic Field 

Having learned how to solve the path integral of the harmonic oscillator we are ready 
to study also a more involved harmonic system of physical importance: a charged 
particle in a magnetic field. This problem was first solved by L.D. Landau in 1930 
in Schrodinger theory. 36 


2.18.1 Action 

The magnetic interaction of a particle of charge e is given by 

A mag = - f dt±(t ) • A(x(t)), (2.634) 

C J t(x 

where A(x) is the vector potential of the magnetic field. The total action is 


pb 

A[x] — dt 

Jta 


^k 2 (f) + M(t) ■ A(x(t)) 


(2.635) 


36 L.D. Landau and E.M. Lifshitz, Quantum Mechanics , Pergamon, London, 1965. 
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Suppose now that the particle moves in a homogeneous magnetic held B pointing 
along the ^-direction. Such a held can be described by a vector potential 

A(x) = (0, Bx, 0). (2.636) 

But there are other possibilities. The magnetic held 

B(x) = V x A(x) (2.637) 

as well as the magnetic interaction (2.634) are invariant under gauge transformations 

A(x) —> A(x) + VA(x), (2.638) 

where A(x) are arbitrary single-valued functions of x. As such they satisfy the 
Schwarz integrability condition [compare (1.40)—(1.41)] 

(didj - djdi) A(x) = 0. (2.639) 

For instance, the axially symmetric vector potential 

A(x) = ^ B x x (2.640) 

gives the same magnetic held; it differs from (2.636) by a gauge transformation 

A(x) = A(x) + VA(x), (2.641) 


with the gauge function 

1 

A(x) = --Bxy. 

In the canonical form, the action reads 


^ x] =f4- x -^ 


1 2 


P 


-A(x) 


(2.642) 


(2.643) 


The magnetic interaction of a point particle is thus included in the path integral by 
the so-called minimal substitution of the momentum variable: 

p —> P = p-A(x). (2.644) 

c 

For the vector potential (2.636), the action (2.643) becomes 


A[p, x 


dt [p • x — H( p, x)], 


with the Hamiltonian 


H{ P,x) 


P" 


2 M + 8 


:Mo;|x 2 


\u L lz( P, 


(2.645) 


(2.646) 
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where x = (x,y) and p = ( p x ,p y ) and 

4(p, x) = (x x p). = xp y - yp x (2.647) 


is the ^-component of the orbital angular momentum. In a Schrodinger equation, the 
last term in H( p, x) is diagonal on states with a given angular momentum around 
the z-axis. We have introduced the field-dependent frequency 


UJ L = 



(2.648) 


called Landau frequency or cyclotron frequency. This can also be written in terms 
of the Bohr magneton 


Pb 


he 

Wc 


(2.649) 


as 


— PbB/%. 


(2.650) 


The first two terms in (2.646) describe a harmonic oscillator in the xy- plane with 
a field-dependent magnetic frequency 


u B = y • (2.651) 

Note that in the gauge gauge (2.636), the Hamiltonian would have the rotation- 
ally noninvariant form 

H (P, x ) = + \ Muj2lX 2 “ ULXp y (2.652) 

rather than (2.646), implying oscillations of frequency ojl in the x-direct ion and a 
free motion in the y-direction. 

The time-sliced form of the canonical action (2.643) reads 



1 

2 M 


Px n "h (Pyn 


Bx n ) 2 +p 



(2.653) 


and the associated time-evolution amplitude for the particle to run from x a to x ft is 
given by 


(x b t 6 |x a t a ) = J] 


N r , N+l 

d 3 x. 


n= 1 L ' 

with the time-sliced action 

N +1 


n 

J 71=1 L' 


d 3 Pn 

(2nhy 


exp | ), 


(2.654) 


71— 1 


{ P™( x « “ x «-i) - yy Pi„ - (Pyn ~ Bx n ) 2 + p 


\2 , „2 

J zn 


(2.655) 
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2.18.2 Gauge Properties 

Note that the time evolution amplitude is not gauge-invariant. If we use the vector 
potential in some other gauge 

A'(x) = A(x) + VA(x), (2.656) 

the action changes by a surface term 

A A = - [ dt x • VA(x) = - [A(x ft ) — A(x a )]. (2.657) 

C Jt a C 

The amplitude is therefore multiplied by a phase factor on both ends 

(x 6 t ft |x a t a ) A -)• (x b tb\x a t a ) A ' = e ieA{ * b)/ch (xL b t b \x a t a ) A e~ ieHxa)/ch . (2.658) 

For the observable particle distribution (xt b |xt a ), the phase factors are obviously 
irrelevant. But all other observables of the system must also be independent of the 
phases A(x) which is assured if they correspond to gauge-invariant operators. 


2.18.3 Time-Sliced Path Integration 

Since the action A N contains the variables y n and z n only in the first term 
J2n=l TnX„, we can perform the y n , z n integrations and find a product of N A- 
functions in the y- and ^-components of the momenta p n . If the projections of p to 
the |/^-plane are denoted by p', the product is 

(27rh) 2 h (2) (p' N+1 - p'jv) • • • (27rh) 2 h (2) (p' 2 - pi) . (2.659) 

These allow performing all p yn ,p Z n- integrals, except for one overall p y , p z . The path 
integral reduces therefore to 


(x 6 f b |x a f a ) = j 


dp y dp z 


N 

n 


-oo (27th) 2 ^ U-oo 

( i 


dX r , 


N+l 

n 

J n= 1 L' 


dp x 


27th 


(2.660) 


x exp < — 
h 


Pyillb - y a ) + Pz(Zb - Z a ) ~ (t b - t a ) 


Pj 

2 M 


exp ( -Af 


where A% is the time-sliced action involving only a one-dimensional path integral 
over the x-component of the path, x(t), with the sliced action 


JV+l 


A x ^ ) Pxn(%n %n— l) 


n= 1 


Pjn 

2 M 


1 

2 M 



(2.661) 


This is the action of a one-dimensional harmonic oscillator with field-dependent 
frequency ujb whose center of oscillation depends on p y and lies at 


xq = p y /Mu L . 


(2.662) 
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(i Mu>l 
Xex P TW——7— 


The path integral over x{t) is harmonic and known from (2.175): 
(x b t b \x a t a ) X0 = ^2 7 rihsmu I Jt b 

x exp (\———— \\{x b - x 0 ) 2 + (x a -x 0 ) 2 } cos u L (t b - t a ) 
\n 2 smujL(tb — t a ) lL J 

- 2(x b - xo)(x a - rro)})- 

Doing the p^-integral in (2.660), we arrive at the formula 

1 -M ( = b-~a) 2 . . 

(x b t b \x a t a ) = e 2h *b-*a (x^ b |x^ a ), 

\j2in%(t b - t a )/M 

with the amplitude orthogonal to the magnetic field 

(x^t ft |x^t a ) = [ dx 0 e lMuLXoiyb ~ ya)/n (x b t b \x a t a ) xo . 

ZTTfl J —oo 

After a quadratic completion in x 0 , the total exponent in (2.665) reads 


(2.663) 


(2.664) 


(2.665) 


( X b + X l) tan[(U L (t b t a )/2] + (x b x a ) 2 . 

2 n [ sm u L [t b — t, 

Mu.) L 4 \,a\( x b + x a 

i tan[c u L (t b t a )/2\ 1 x 0 2 

Vb ~ Va 

2tan[a>z,A - 4)/2] 

Mur [ (x b + X a ) 2 , ... 

+i 2 ^ 2 fan[u; L (t b t a )/2] + 

(j/6 - Va) 2 

2 tan[ o/ l (4 - 0/2], 

AIujl / x / \ 


+2 (x b + X a )(l/ b 7/a). 



+i^^-{x b + x a )(y b -y a ). (2.666) 

The integration Mlo l dx 0 /2irh removes the second term and results in a factor 

; h (2.667) 

2tcH y iMu)Ltan[ujL(t b — t a )/2] 

By rearranging the remaining terms, we arrive at the amplitude 


j + | + \ / M UJ L (t b - ta) 2 l 

(x b t b |x a t a ) = J —— -— — — -— —7 exp - Ai + Af , 

v 27 nh(t b -t a ) sm[oj L (t b -ta)/2\ L h 


with, an action 

Ai = —~~ + y-f cot [u L (t b - t a )/2] \(x b - x a )' 2 + (y b - y a f 


( 2 . 668 ) 


and the surface term 


Af = x b y b ~ x aVa) = 7~B xy b 

2 2c a 


+ u L (x a y b - x b y a )j , (2.669) 
:y\ b . (2.670) 
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2.18.4 Classical Action 

Since the action is harmonic, the amplitude is again a product of a phase e lAcl and 
a fluctuation factor. A comparison with (2.641) and (2.658) shows that the surface 
term would be absent if the amplitude (x b t & |x a t a )^ were calculated with the vector 
potential in the axially symmetric gauge (2.640). Thus A c \ must be equal to the 
classical action in this gauge. Indeed, the orthogonal part can be rewritten as 

A ci= J t dtl——( xx + yy) + — [ x (- x + u L y) + y (-y-u L x )\\. (2.671) 

The equations of motion are 

x = uj L y , y = -uo L x , (2.672) 

reducing the action of a classical orbit to 
i Af tb Ad 

Ad = —{xx + yy) = — ([ x b x b - x a x a \ + [y b y b - y a y a \). (2.673) 

Z Ca Z 

The orbits are easily determined. By inserting the two equations in (2.672) into 
each other we see that x and y perform independent oscillations: 

x-\-u 2 l x = 0, y + uj 2 L y — 0. (2.674) 

The general solution of these equations is 

x = - - ]- -— [{x b - x 0 ) sin u L {t - t a ) - (x a - x 0 ) sin u L (t ~t b )}+ x 0 , (2.675) 

Sill u L {t b -t a ) 

V = - -- 7 T [{Vb ~ Vo) sin u L (t - t a ) - ( : y a - y 0 ) sin u L (t - t b ) } + y 0 , (2.676) 

Sill u L {t b - t a ) 

where we have incorporated the boundary condition x{t a>b ) = x a>b , y{t a ^ b ) 
= y a j„. The constants x 0 ,y 0 are hxed by satisfying (2.672). This gives 

Xo = 7} ( x b + x a ) + (y b - y a ) cot ^y(4 - t a ) , (2.677) 

yo = 7 ) (yb + y a ) - {x b -Xajcot^ith-ta) . (2.678) 

Now we calculate 

x b x b = - -^—— x b [(x 0 - x a ) + (x b -x 0 )cosuj L (t b -t a )\, (2.679) 

sin t a ) 

x a x a = - 77 1 — —x a [(x 0 - Xa) cos(J L (t b -t a ) + (x b - Xo)} , (2.680) 

sinw^tj — t a ) 

and hence 

x b x b -x a x a = ui L x 0 (x b + x a ) tan ~^{h — t a ) 

+ sin u% b -t a ) [ ( ^ + COSUJL{tb - ta) - 2XbXa - 
= -y (x b - Xaj 2 cot ^(tb - to) + (x b +x a )(y b -y a ) . (2.681) 
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Similarly we find 


ybVb-yaVa = W L 7/o(?/ft + ?/a)tan^y(f b -f a ) 


+ - 


Ul 


sin u L {t h - t a ) 


[{Vb + vl ) cos uj L (t b - to) - 2 y b y a 


2 


(■Vb - I/a) 2 cot —{t b - t a ) - (x b - x a )(y b + y a ) 


(2.682) 

Inserted into (2.673), this yields the classical action for the orthogonal motion 


Aci = -yj-y cot[uj L (t b -f^ t°)/2] (x b - x a ) 2 + (y b - y a ) 2 + u L (x a y b - x b y a )\, 


(2.683) 


which is indeed the orthogonal part of the action (2.669). 

2.18.5 Translational Invariance 

It is interesting to see how the amplitude ensures the translational invariance of all 
physical observables. The first term in the classical action is trivially invariant. The 
last term reads 


A A 



XblJa)- 


Under a translation by a distance d, 


(2.684) 


x —> x + d, 


(2.685) 


this term changes by 

Mu>l 


[d x (y b Vci) T dy(x a •£&)] 


Mu>l 


[(d x x) 6 - (d x x) 


2 L **' W ^ . —yy—LL — v j j ^ 

causing the amplitude to change by a pure gauge transformation as 

(x 6 f fe |x a t a ) e ieA(x 6 )/cR(x 6 i 6 |x a t o )e-*« A (*-)M, 


( 2 . 686 ) 


(2.687) 


with the phase 


A(x) 


MujlTic 

2e 


[d x x] z . 


( 2 . 688 ) 


Since observables involve only gauge-invariant quantities, such transformations are 
irrelevant. 

This will be done in 2.23.3. 
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2.19 Charged Particle in Magnetic Field plus 
Harmonic Potential 


For application in Chapter 5 we generalize the above magnetic system by adding a 
harmonic oscillator potential, thus leaving the path integral solvable. For simplicity, 
we consider only the orthogonal part of the resulting system with respect to the 
magnetic held. Omitting orthogonality symbols, the Hamiltonian is the same as in 
(2.646). Without much more work we may solve the path integral of a more general 
system in which the harmonic potential in (2.646) has a different frequency u ^ ojl, 
and thus a Hamiltonian 

H{p, ^ = 2M + \ Muj2 * 2 ~ u bI z (p, x). (2.689) 

The associated Euclidean action 

*4. e [p,x] = f dr [—ip • x + H(p, x)] (2.690) 

dr a 

has the Lagrangian form 

A[x] = dr |—x 2 (r) + -M(uj 2 - ta|)x 2 (r) - iMw B [x(r) x x(t)] 2 | . 

(2.691) 


At this point we observe that the system is stable only for co > Ub■ The action 
(2.691) can be written in matrix notation as 


rh /3 

A c i = / dr 

J o 


M d M Tr ^ 

Td7 (xx) + T x D “^ x 


(2.692) 


where is the 2x2 -matrix 

D w 2 >b (t,t') = I 


d 2 + u 2 - u 2 b -2iu B d T \ r . 

2iu B d r — d 2 + uj 2 — uf * T 


J B 


(2.693) 


Since the path integral is Gaussian, we can immediately calculate the partition 
function 


Z = 


(2tt h/M) 2 

By expanding D aJ 2 ;B (r, r') in a Fourier series 


det D 


-1/2 


2 oo 

D ^2 B (r, t') = — D u 2 , B (w m )e 

P m .=-oo 


-ium{r-r') 


(2.694) 


(2.695) 


we End the Fourier components 


f) , (, , \ - I “rn + ^ -U 2 b 

L) uj 2 ,BK UJ m) ~ I 


~2(jJ BtO m 


2 W B U m UJ™ + UT - U B 


2 > 


(2.696) 
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with the determinants 

det D w 2 B (a; m ) = + uT — uj b ) 2 + 

These can be factorized as 

det f) u 2 jB (u} m ) = (c Y m + cu 2 )(u;^ + uY_), 

with 

cu± = u ± cub. 

The eigenvectors of D W 2 ,s( w m) are 


1 


= 


7 


1 

i 


e_ = 


1 

71 


with eigenvalues 


d± = + u 2 ± 2iu m u B = (ui m + ia>±)(u; m — ioYp). 


(2.697) 

(2.698) 

(2.699) 

(2.700) 

(2.701) 


Thus the right- and left-circular combinations x± — ±(x ± iy)/V 2 diagonalize the 
Lagrangian (2.692) to 


A-i = 




dr 


’ M d , M . * . 

— T- (a; + a: + + 


xl(—<9 T — o; + )(—(9 t + ca_)a; + + x* (— d T — uJ){—d T + u + )x _ >. (2.702) 


M r 

+ T 

Continued back to real times, the components x±(£) are seen to oscillate indepen¬ 
dently with the frequencies uj±. 

The factorization (2.698) makes (2.702) an action of two independent harmonic 
oscillators of frequencies uj±. The associated partition function has therefore the 
product form 

z = L L . (2.703) 


2sinh (h/3u + /2) 2smh.(h/3u-/2) 

For the original system of a charged particle in a magnetic held discussed in 
Section 2.18, the partition function is obtained by going to the limit u —* lo b in 
the Hamiltonian (2.689). Then ca_ —> 0 and the partition function (2.703) diverges, 
since the system becomes translationally invariant in space. From the mnemonic 
replacement rule (2.361) we see that in this limit we must replace the relevant 
vanishing inverse frequency by an expression proportional to the volume of the 
system. The role of uY in (2.361) is played here by the frequency in front of the 
x 2 -term of the Lagrangian (2.691). Since there are two dimensions, we must replace 

1 1 P 


, ,2 , ,2 

Lu Lug 


and thus 


2uuj- W--S-0 2n/M 


Vo 


V 2 , 


(2.704) 


(2.705) 


w_->o 2sinh (hf3m) AJ’ 
where is the quantum-mechanical length scale in Eqs. (2.303) and (2.359) of the 
harmonic oscillator. 
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2.20 Gauge Invariance and Alternative Path Integral 
Representation 

The action (2.635) of a particle in an external ordinary potential V(x, t) and a vector potential 
A(x, t) can be rewritten with the help of an arbitrary space- and time-dependent gauge function 
A(x, t) in the following form: 

«4[x] = / dt < —x 2 + -x(t) [A(x, f) + VA(x, f)] — V (x, t) + —c?t A(x, t) 

Jt« [2c c 

- ^ [A(x 6 ,4) - A(x a ,i a )]. (2.706) 

The A(x, t)-terms inside the integral are canceled by the last two surface terms making the action 
independent of A(x, t). 

We may now choose a particular function A(x, t) equal to c/e-times the classical action A(x, t) 
which solves the Hamilton-Jacobi equation (1.65), i.e., 

Jrr [Vi(x,f) - -A(x,t)l +d t A(x,t) + V(x,t) = 0. (2.707) 

ZM L c 

Then we obtain the following alternative expression for the action: 

A[x] = dt-Z— Mx-VA(x,t) + U(x,l) 

+ A(-x b ,t b ) - A(x a ,t a ). (2.708) 

For two infinitesimally different solutions of the Hamilton-Jacobi equation, the difference between 
the associated action functions 6A satisfies the differential equation 

v • VSA + d t SA = 0, (2.709) 

where v is the classical velocity field 

v(x, t) = (1/M) VA(x, t) — -A(x, t) . (2.710) 

L c 

The differential equation (2.709) expresses the fact that two solutions A(x, t) for which the particle 
energy and momenta at x and t differ by SE and dp, respectively, satisfy the kinematic relation 
SE = p • dp/M = x c i • VSA. This follows directly from E = p 2 /2 M. The so-constrained variations 
SE and S p leave the action (2.708) invariant. 

A sequence of changes 5A of this type can be used to make the function A(x, t) coincide with 
the action A(x, t;x a ,t a ) of paths which start out from x 0 ,< a and arrive at x, t. In terms of this 
action function, the path integral representation of the time evolution amplitude takes the form 

/*x(tb)=Xb 

(x b 4|x 0 f 0 ) = e iA^t Ma )/n / Vx (2. 711 ) 

J x(£ a )=x a 

( i f tb 1 r e 1 2 

xexpj-y dt ^M VA( x ,f; x „,f„) + -A(x,t) 

or, using v(x(t), t), 

fx(tb)=X-b r j ftb A,T 

(xbtbKt a )=e iA ^’ tMa)/R Pxexp - / dt— (x-v) 2 . 

Jx(t a )=x a L n Jt a 1 

(2.712) 
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The fluctuations are now controlled by the deviations of the instantaneous velocity x(t) from local 
value of the classical velocity field v(x, t). Since the path integral attempts to keep the deviations 
as small as possible, we call v(x, t) the desired velocity of the particle at x and t. Introducing 
momentum variables p(t), the amplitude may be written as a phase space path integral 

rx(tb)=Xb r 

(x b t, b \x a t a ) = p A ^,t Ma ),n / 2>'x / -4 

Jx(t„)=x 0 J 

X exp (^/ ^ | p (*) [*(*) — v ( x (*)^)] — 2 ^ p2 ^}) ’ ( 2 - 713 ) 
which will be used in Section 18.15 to give a stochastic interpretation of quantum processes. 


2.21 Velocity Path Integral 

There exists yet another form of writing the path integral in which the fluctuating velocities play a 
fundamental role and which will later be seen to be closely related to path integrals in the so-called 
stochastic calculus to be introduced in Sections 18.13 and 18.640. We observe that by rewriting 
the path integral as 

(x b t b \x a t a )=j V 3 x6^x b -x a -dtx(t)j exp dt ^x 2 -V(x) j, (2.714) 

the (5-function allows us to include the last variable x„ in the integration measure of the time-sliced 
version of the path integral. Thus all time-sliced time derivatives (x„ + i — x„)/e for n = 0 to N 
are integrated over implying that they can be considered as independent fluctuating variables v„. 
In the potential, the dependence on the velocities can be made explicit by inserting 


x (£) 

rtb 

= x b -j dt v(t), 

(2.715) 

x (i) 

= x a + J dtv(t), 

(2.716) 

x(f) 

= X+ ^ dt'v(t')e{t' - t), 

(2.717) 


where 

X ^x* + xa (2.718) 

is the average position of the endpoints and e(t — t') is the antisymmetric combination of Heaviside 
functions introduced in Eq. (1.315). 

In the first replacement, we obtain the velocity path integral 

{x b t b \x a t a )=jv 3 v5 ^x b -x a -J^ dt v(£)^ exp j ^ dt ^-v 2 -V^x b -J^ dtv(t)J j. (2.719) 


The measure of integration is normalized to make 



(2.720) 


The correctness of this normalization can be verified by evaluating (2.719) for a free particle. 
Inserting the Fourier representation for the 5-function 






(2.721) 




190 


2 Path Integrals — Elementary Properties and Simple Solutions 


we can complete the square in the exponent and integrate out the v-fluctuations using (2.720) to 
obtain 

(* b tbM = j exp p(x 6 --X-o) - ^{tb - to) j- (2.722) 

This is precisely the spectral representation (1.333) of the free-particle time evolution amplitude 
(1.335) [see also Eq. (2.53)]. 

A more symmetric velocity path integral is obtained by choosing the third replacement (2.717). 
This leads to the expression 

(x b t b \x a t a ) = J&v6(*x-J t dt v(t)j exp j ^ dt^-v 2 

x exp| — dtV^K+^J^ dt' v(t')e(t' — f)^ | . (2.723) 


The velocity representations are particularly useful if we want to know integrated amplitudes such 
as 


d 3 x a (x b t b \x a t a ) = / V 3 v exp 


dt— v‘ 


x exp 


if ta dtv (* b -\j t dt ’ v ^ 


(2.724) 


which will be of use in the next section. 


2.22 Path Integral Representation of the Scattering Matrix 

In Section 1.16 we have seen that the description of scattering processes requires several nontrivial 
limiting procedures on the time evolution amplitude. Let us see what these procedures yield when 
applied to the path integral representation of this amplitude. 

2.22.1 General Development 

Formula (1.474) for the scattering matrix expressed in terms of the time evolution operator in 
momentum space has the following path integral representation: 

<P6|5|p„> = lim e ^t b -E a t a yn r d 3 Xb r d 3 iBoe -i(p»x»-p 0 x a )/R (x6t6 | Xato)- (2.725) 

tb — t a —^OO J J 

Introducing the momentum transfer q = (p& — p a ), we rewrite e _ dPf> Xi,_ P<* x a)/ft as 

e - , nxb/n e -ip a (x b -x a )/n^ arl( j observe that the amplitude including the exponential prefactor 
e -*Po( x i>- x a)/fi i ias the path integral representation: 

e - lPa{xb - x a)/ n (x b t b \x a t a ) = /^exp{ijT dt ^-x 2 - p a x - V (x) |. (2.726) 

The linear term in x is eliminated by shifting the path from x(f) to 

y(t)=x(t)-^t (2.727) 

leading to 

e -ip 0 (x t -x fc )/R (x6t6 | Xoto) = e -<p; ( t fc -t a )/2my p3 yexp | ?_j\ t | 

(2.728) 
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Inserting everything into (2.725) we obtain 

<p 6 |S|Po) = lim e ^ 2Mh f d 3 y b e~ iqsfb ' h [ d 3 y a 

tb—t a —> OO J J 

'M . 2 ( p a A 

—y —V y H- t\ 

2 y V M ) 

In the absence of an interaction, the path integral over y(f) gives simply 


P yex p<J - / dt 


ftb 

n a 


/ d 3 y a , - 

J y/2 nM(t b - t a )/M 

and the integral over y a yields 


exp 


i M (y b - y a ) 
h 2 t b - t a ) 


= 1. 


(p b |5|p a )|^ 0 = lim e^ 2 ^- t ^/ 8Mh (2xh) 3 S^(q) = (2nh) 3 S^(p b -p a ), 
tb—t a —> oo 


(2.729) 


(2.730) 


(2.731) 


which is the contribution from the unscattered beam to the scattering matrix in Eq. (1.477). 

The first-order contribution from the interaction reads, after a Fourier decomposition of the 
potential, 


<p 6 |5i|p a ) = -4 I™ e^ H ”l 2Mh / d 3 y b e~ i ^/ n 


H tb~ta^fCO 
rtb 


d 3 Q 
(27 tK)' c 


V{ Q) / d 3 y a 


>t a 


dt ' exp ( TTW 1 ') / ^ exp< ! i 


rtb 


dt 


yy 2 +(5(t'-t)Qy 


(2.732) 


The harmonic path integral was solved in one dimension for an arbitrary source j(t) in Eq. (3.168). 
For ui = 0 and the particular source j(t) = S(t' — t)Q the result reads, in three dimensions, 


1 


^2mh{t b - t a )/M 


■ exp 


i M (y b - y a f 


ft 2 t b t a 


x exp I - 


1 


nt b -1, 

Performing here the integral over y a yields 


[y6- t a ) + ya{t b - t')\ Q - — (t 6 - - t a ) Q 2 


i 1 


ex P { *Qyb}exp{--—(t b -t')Q 


(2.733) 


(2.734) 


The integral over y b in (2.732) leads now to a <5-function (2tt?i) 3 Sl 3 l (Q — q), such that the expo¬ 
nential prefactor in (2.732) is canceled by part of the second factor in (2.734). 

In the limit t b — t a —> oo, the integral over t' produces a (5-function 2nhS(p b Q/M + Q 2 /2 M) = 
27rhS(E b — E a ) which enforces the conservation of energy. Thus we find the well-known Born 
approximation 


(pb|5i|p a ) = -2m8{E b - E a )V( q). 


(2.735) 


In general, we subtract the unscattered particle term (2.731) from (2.729), to obtain a path 
integral representation for the T-matrix [for the definition recall (1.477)]: 


2xU5{E b - E a )( Pb \f\ Pa ) = - lim e ^! 2Mh f d 3 y b e-^ R f d 3 y a 

t b -t a ~> OO J J 


x / T>*yex p ( - 


t a 


tb , M 9 
dt— y 2 
2 


exp 


i 

h 


dt V 


t a 


/ j Pa 

v y + M 


- 1 


(2.736) 
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It is preferable to find a formula which does not contain the (5-function of energy conservation as 
a factor on the left-hand side. In order to remove this we observe that its origin lies in the time- 
translational invariance of the path integral in the limit tb — t a —> oo. If we go over to a shifted time 
variable t — > t + to, and change simultaneously y — > y — p a to/M, then the path integral remains 
the same except for shifted initial and final times t b + to and t a + to. In the limit t b — t a —> oo, the 
integrals f* b ^° dt can be replaced again by f* b dt. The only place where a fo-dependence remains 
is in the prefactor e~ t<Wb ^ n which changes to e~ lqyb ! n e lqVat ° / Mn . Among all path fluctuations, there 
exists one degree of freedom which is equivalent to a temporal shift of the path. This is equivalent to 
an integral over to which yields a (5-function 2nh5 (qp a /M) = 27r?i5 (Eb — E a ). We only must make 
sure to find the relation between this temporal shift and the corresponding measure in the path 
integral. This is obviously a shift of the path as a whole in the direction p a = p a /|Pa|- The formal 
way of isolating this degree of freedom proceeds according to a method developed by Faddeev and 
Popov 37 by inserting into the path integral (2.729) the following integral representation of unity: 

1 = J dt oHPa(yb + p a t 0 / M )) ■ (2.737) 

In the following, we shall drop the subscript a of the incoming beam, writing 

P = Pa, p=|p a | = |p b |. (2.738) 

After the above shift in the path integral, the 5-function in (2.737) becomes S {p a yb) inside the path 
integral, with no fo-dependence. The integral over to can now be performed yielding the 5-function 
in the energy. Removing this from the equation we obtain the path integral representation of the 
T -matrix 

(p b |f|p a ) = i-E- lim e in 2 (t b -t a )/8Mh f d z yb s (p a y b ) e-^ b ' h [ d 3 y a 
M t b -t a ^> OO J J 

XI D»!,exp(i^b(^) {«p[-i £<UV (y+Ilt)]- 1 }. (2.739) 

At this point it is convenient to go over to the velocity representation of the path integral (2.723). 
This enables us to perform trivially the integral over y b , and we obtain the y version of (2.724). 
The 5-function enforces a vanishing longitudinal component of y b . The transverse component of 
y b will be denoted by b: 

b = y& - (Pay&)p/a. (2.740) 

Hence we find the path integral representation 

<P6|r|p 0 > = *T7 lim e in 2 tb/2Mh f d 2 be - lq b/h 
M t b — t a —>00 J 

x J T> 3 uexp (Jf e* Xb 'P^ — 1 , (2.741) 

where the effect of the interaction is contained in the scattering phase 

Xb, P [ v ] = — j: ^ + (2.742) 

We can go back to a more conventional path integral by replacing the velocity paths v(£) by 
y(t) = ~f* b v(t). This vanishes at t = t b . Equivalently, we can use paths z (t) with periodic 
boundary conditions and subtract from these z(t b ) = z b . 

From (pb|T|p 0 ) we obtain the scattering amplitude / PbPa , whose square gives the differential 
cross section, by multiplying it with a factor —M/2nh [see Eq. (1.497)]. 

3 'L.D. Faddeev and V.N. Popov, Phys. Lett. B 25, 29 (1967). 
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Note that in the velocity representation, the evaluation of the harmonic path integral integrated 
over y 0 in (2.732) is much simpler than before where we needed the steps (2.733), (2.734). After 
the Fourier decomposition of V(x) in (2.742), the relevant integral is 



* 

n 


rtb 


dt 


t')Q v 


_ -3*ir C dte 2 (t^ q 2 _ _^( tb - t0 Q 2 


(2.743) 


The first factor in (2.734) comes directly from the argument Y in the Fourier representation of the 
potential 

v ( yb + Ii t ~J t dt ' v(t,) ) 

in the velocity representation of the S'-matrix (2.729). 


2.22.2 Improved Formulation 

The prefactor e lq W 2MR j n Formula (2.741) is an obstacle to taking a more explicit limit t b —t a —> oo 
on the right-hand side. To overcome this, we represent this factor by an auxiliary path integral 38 
over some vector field w (t): 


e iq 2 t b /2MH 


/ 


V 3 w exp 



i f * b dt 0(i)w(t)q//i 

e 


(2.744) 


The last factor changes the exponential e~ lqh ^ n in (2.741) into e 
a dummy variable of integration, we can equivalently replace b —> b 
scattering phase Xb,p[v] and remain with 


b+J* b dt Q(t)w(t) 


/h 


. Since b is 


= b j* b dt 0(t)w(t) in the 


IPbPa. 


lim / d 2 be~ lqh/n / V 3 w 

oo 2xin / / 


T> 3 v exp 


00 M 
2 


dt '-f- (v 2 — w 2 ) 


— OO 


[exp (*Xb w ,p) - 1] • 


(2.745) 


The scattering phase in this expression can be calculated from formula (2.742) with the integral 
taken over the entire f-axis: 


Xb- 


W,P 


v, w = —- 


dt V 




dt 1 [0(f'-f)v(f')-©(i')w(i')] 


t a 


(2.746) 


The fluctuations of w(t) are necessary to correct for the fact that the outgoing particle does not 
run, on the average, with the velocity p/M = p a /M but with velocity p b /M = (p + q )/M. 

We may also go back to a more conventional path integral by inserting y (t) = — j! h v(t) and 
setting similarly z (t) = — f* b w(f). Then we obtain the alternative representation 


IPbPa 


lim 


P 


t b -ta^rOO 2TtiTl 


d 2 be~ iqh / n J d 3 y a j d 3 z a 


V 3 y / V 3 z exp 


rtb 


M 


-J dt -r (y 2 ~ i2 ) 


3 Ab,,p[y] 


'z,P m - i 


(2.747) 


38 See R. Rosenfelder, notes of a lecture held at the ETH Zurich in 1979: Pfadintegrale in der 
Quantenpkysik , 126 p., PSI Report 97-12, ISSN 1019-0643, and Lecture held at the 7th Int. Conf. 
on Path Integrals in Antwerpen, Path Integrals from Quarks to Galaxies, 2002; Phys. Rev. A 79, 
012701 (2009). 
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with 


Xb z , P [y } = -\ j t dt y (h + jjt + y(t) 


(2.748) 


where the path integrals run over all paths with y& = 0 and z?, = 0. In Section 3.26 this path 
integral will be evaluated perturbatively. 

2.22.3 Eikonal Approximation to the Scattering Amplitude 

To lowest approximation, we neglect the fluctuating variables y(t) and z (t) in (2.748). Since the 
integral 

i r tb . m 


d y a I d z a I T> y I T> z exp 


/ t a 


dtf (y 2 -z 2 ) 


(2.749) 


in (2.747) has unit normalization [recall the calculation of (2.734)], we obtain directly the eikonal 
approximation to the scattering amplitude 


rei — 

“ 27 Tih 


with 


- 1 

* 5 ‘ pS- s/ * v ( b + s 1 )- 


(2.750) 


(2.751) 


The time integration can be converted into a line integration along the direction of the incoming 
particles by introducing a variable z = pt/M. Then we can write 


M 1 f°° 

Xb,p = - J dzV(b + pz). 

P n J_ 00 


(2.752) 


If V (x) is rotationally symmetric, it depends only on r = |x|. Then we shall write the potential 
as V(r) and calculate (2.752) as the integral 


M 1 


Xb.p — 


=-— / dzV [ Wb 2 + z 


p h J- 


*)• 


(2.753) 


Inserting this into (2.750), we can perform the integral over all angles between q and b using the 
formula 


1 

27T . 


dd exp ( —qbcos9 ) = Jo{qb), 


(2.754) 


where Jq(£) is the Bessel function, and find 

fp bPa = ^ J dbbJ 0 {qb) [exp (*Xb, P ) - !] • (2.755) 

The variable of integration b coincides with the impact parameter b introduced in Eq. (1.500). The 
result (2.755) is precisely the eikonal approximation (1.500) with Xb, P /2 playing the role of the 
scattering phases 6i(p) of angular momentum l = pb/Ti: 

Xh,p = 2 iS pb/n (p). (2.756) 


2.23 Heisenberg Operator Approach to Time Evolution 
Amplitude 

An interesting alternative to the path integral derivation of the time evolution amplitudes of 
harmonic systems is based on quantum mechanics in the Heisenberg picture. It bears a close 
similarity with the path integral derivation in that it requires solving the classical equations of 
motion with given initial and final positions to obtain the exponential of the classical action . 
The fluctuation factor, however, which accompanies this exponential is obtained quite differently 
from commutation rules of the operatorial orbits at different times as we shall now demonstrate. 
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2.23.1 Free Particle 

We want to calculate the matrix element of the time evolution operator 


(xt|x'0) = (x|e-^/V>, 


(2.757) 


where H is the Hamiltonian operator 


H = H( p) 



(2.758) 


We shall calculate the time evolution amplitude (2.757) by solving the differential equation 


ihd t (xt |x' 0) 


<x|J?e- ij “/ R |x') = (x\e~ im/R 
(xt|77(p(t))|x' 0). 




W) 


(2.759) 


The argument contains now the time-dependent Heisenberg picture of the operator p. The evalu¬ 
ation of the right-hand side will be based on re-expressing the operator H(p(t)) as a function of 
initial and final position operators in such a way that all final position operators stand to the left 
of all initial ones: 


H = H(x(t),x(0);t). (2.760) 


Then the matrix elements on the right-hand side can immediately be evaluated using the eigenvalue 
equations 


as being 

(xl x(f) = x(xf , x(0) x' 0) = x' x' 0), 

(2.761) 


(xf i7(x(t),x(0);t) xO) = 77(x, x'; t)(xt x' 0), 

(2.762) 

and the differential equation (2.759) becomes 



ihd t (xt\x' 0) = H(x,x'; f)(xf x'0), 

(2.763) 

or 

(xt|x'0) = C(x,x')E(x,x'-,t) = C'(x,x')e“ i -/' t dt ' ff(x ’ x ' ;t,)/?i . 

(2.764) 


The prefactor C(x, x') contains a possible constant of integration resulting from the time integral 
in the exponent. 

The Hamiltonian operator is brought to the time-ordered form (2.760) by solving the Heisen¬ 
berg equations of motion 


dx(t) 

dt 

dt 





The second equation shows that the momentum is time-independent: 


P (t) = P(0), 


so that the first equation is solved by 


t(t) — x(0) = t 


P (*) 


(2.765) 

(2.766) 


(2.767) 


M 


(2.768) 
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which brings (2.758) to 


H = ^2 [*(*) “ *(°)] 2 • 


(2.769) 


This is not yet the desired form (2.760) since there is one factor which is not time-ordered. The 
proper order is achieved by rewriting H as 


H = ^ (* 2 (t) - 2x(f)x(0) + x 2 (0) + [x(£),x(0)]}, 


(2.770) 


and calculating the commutator from Eq. (2.768) and the canonical commutation rule [p,, Xj\ = 


—ihSij as 


[x(t),x(0)] = - jjDt, 


so that we hnd the desired expression 

H = .ff(x(f),x(0);f) = ^ [k 2 {t) - 2x(f)x(0) +i 2 (0)] 

Its matrix elements (2.762) can now immediately be written down: 

H(x, x'; t) = —r (x — x') 2 — ih—. 
v ' 2 t 2K ' 2 1 

From this we find directly the exponential factor in (2.764) 

E(x, x ';t) = e-'f dtH(x ' x ' ;t)/n = exp M 
Inserting (2.774) into Eq. (2.764), we obtain 


„ n (x-x') 2 - -logt 
h 2t. 1 2 6 


(xt|x'0) = C(x, x') exp 


i M , ^2 

SI * 1 " 11 


(2.771) 

(2.772) 

(2.773) 

(2.774) 

(2.775) 


A possible constant of integration in (2.774) depending on x, x' is absorbed in the prefactor C(x, x'). 
This is fixed by differential equations involving x: 


e iHt/hp e -iHt/h 


x') = (xt|p(£)|x / 0). 


(2.776) 


-ihV(xt |x'0) = (x|pe _iHt / fi |x') = (x\e~ iHt 

ihV(xt\x'0) = (x|e-^ t/?i p|x , )(x£|p(0)|x , 0). 

Inserting (2.768) and using the momentum conservation (2.767), these become 

—ifi V(x£|x / 0) = ^-(x — x') (xf|x' 0), 

ihiV'(xt\x.'0) = ^-(x — x') (xt|x'0). (2.777) 

Inserting here the previous result (2.775), we obtain the conditions 

-iVC(x, x') = 0, *V'C(x, x') = 0, (2.778) 

which are solved only by a constant C. The constant, in turn, is fixed by the initial condition 

lim (xflx' 0) = S^ D \x — x'), (2.779) 

t—>o 

to be 

i - D 

I M 

(2.780) 


C = 


M 
2t: ifi 


so that we find the correct free-particle amplitude (2.74) 

-D 


(x£|x' 0) = 


M 

2niht 


exp 


i" ( x-xy 

h 2t v ’ 


(2.781) 


Note that the fluctuation factor 1 /t D ^ 2 emerges in this approach as a consequence of the commu¬ 
tation relation (2.771). 
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2.23.2 Harmonic Oscillator 

Here we are dealing with the Hamiltonian operator 


H = H{ p,x) = 


Mur 


2 M 


(2.782) 


which has to be brought again to the time-ordered form (2.760). We must now solve the Heisenberg 
equations of motion 


dx(f) 

dt 

dp{t) 

dt 


h L 

i 

h L 




P (t) 


M 1 

H, p(t)| = -Mw 2 x(l). 


By solving these equations we obtain [compare (2.158)] 


P(t) = M 


lo 


sin cut 


[x(f) cos cot — x( 0 )]. 


Inserting this into (2.782), we obtain 

Mlo 2 


H = 


2 sin cot 


| [x(f) cos cot — x( 0)] 2 + sin 2 cot : 


which is equal to 


H = 


Mlo 2 


|x 2 (<) +x 2 ( 0 ) — 2 cosu>tx(t)x( 0 ) +cosu>t [x(f),x( 0 )]} . 


2 sin ojt 

By commuting Eq. (2.785) with x(£), we find the commutator [compare (2.771)] 

^ ih ^sinw£ 

[xW,x(°)] = --D--, 


(2.783) 

(2.784) 

(2.785) 

(2.786) 

(2.787) 

(2.788) 


so that we find the matrix elements of the Hamiltonian operator in the form (2.762) [compare 
(2.773)] 


. , . Mlo 2 

#(x,x ;£) = 77 - 7 — 2 - 


2 sin cot. 

This has the integral [compare (2.774)] 


^x 2 + x ' 2 — 2 cos Lot xx'^j — ih —lo cot cot. 


f , , , Mlo 

( 9 /2\ / 

/ dt M(x, x ; f) = — —- 

/ 2 sin cot. 

( x + x 1 cos cot — 2 x x 


. D sin cot 
- ih — log-. 

2 LO 


(2.789) 


(2.790) 


Inserting this into Eq. (2.764), we find precisely the harmonic oscillator amplitude (2.177), apart 
from the factor C(x,x'). This is again determined by the differential equations (2.776), leaving 
only a simple normalization factor fixed by the initial condition (2.779) with the result (2.780). 
Again, the fluctuation factor has its origin in the commutator (2.788). 

2.23.3 Charged Particle in Magnetic Field 

We now turn to a charged particle in three dimensions in a magnetic field treated in Section 2.18, 
where the Hamiltonian operator is most conveniently expressed in terms of the operator of the 
covariant momentum (2.644), 

P = p - -A(x), 
c 


(2.791) 
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as [compare (2.643)] 


H = H{ p,x) = 


P 2 

2M' 


(2.792) 


In the presence of a magnetic field, its components do not commute but satisfy the commutation 
rules: 


eh 


eh . 


[Pi,Pj] = -- [p», Aj] - [Ai,pj] = i — (S7 t Aj - VjAi) = i —B 


iji 


(2.793) 


where Bjj = eijkBx is the usual antisymmetric tensor representation of the magnetic field. 
We now have to solve the Heisenberg equations of motion 


dx(t) 

dt 




P (t) 

M 


dP(t) 

dt 


i 

h 






(2.794) 

(2.795) 


where B(x.(t))P(t) is understood as the product of the matrix Bij(x(t)) with the vector P. In a 
constant field, where 73,j(x(t)) is a constant matrix Bij, the last term in the second equation is 
absent and we find directly the solution 

P(t) = e n ^P(0), (2.796) 


where 0/\ is a matrix version of the Landau frequency (2.648) 


-1 /. ij — . . B. 


Me 


ij> 


which can also be rewritten with the help of the Landau frequency vector 

and the 3 x 3-generators of the rotation group 

(Lk)ij = —itkij 
as 

PLl = i L • uj.. 

Inserting this into Eq. (2.794), we find 

e n L * - 1 P(Q) 


x(t) = x(0) + 


Or M 


where the matrix on the right-hand side is again defined by a power series expansion 


£ n L t _ 1 

O T, 


t Z o t A 

= t + Ql — +0^ — + ... . 


(2.797) 

(2.798) 

(2.799) 

(2.800) 

(2.801) 

(2.802) 


We can invert (2.801) to find 


P(0) 

M 


^W 2 -Qr.t/ 2 

sinh O^t/2 


[x(t) 


x(0)] . 


Using (2.796), this implies 


P (t) = MN(Ct L t) [x(t) - x(0)], 


(2.803) 

(2.804) 
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with the matrix 


N(Sl L t) = . nL J 2 .,„ e ^ t/2 


sinh flif/2 


By squaring (2.804) we obtain 

P 2 (t) M 


2M = y [*(*) - *(°)] ^(M(x(t)-x(O)], 


where 


K(n L t) = N T {n L t)N(n L t). 

Using the antisymmetry of the matrix fli, we can rewrite this as 

U|/4 


K(n L t) = N(-n L t)N(n L t) = 


sum fi.Lt/2 


The commutator between two operators x(t) at different times is, due to Eq. (2.801), 

j ff^Lt — 1 

[x i (t),x i (0)] = -- / 


and 


Xi(t), x/(0)] + [xj(t),Xi(0)] = - 


i / e nLt — e nLt 


ft r 


M 


(2.805) 

(2.806) 

(2.807) 

(2.808) 

(2.809) 


„o. L t 


- 1 e Q H - 1 


fi r 


L 


M 


ft T 



sinh flit 

/.. 2 m 

' IJ 

fli 


(2.810) 


j %j 


Respecting this, we can expand (2.806) in powers of operators x(f) and x(0), thereby time-ordering 
the later operators to the left of the earlier ones as follows: 


H (x(f), x(0)) = [x T (t)A"(ftit)x(t) — 2x T Ar(ftit)x(0) + x T A'(ftit)x(0)] 


ih 

Y tr 


&L , &Lt 

—coth - 

2 2 


This has to be integrated in t, for which we use the formulas 

til/2 


J dtK(Q,Lt) = jdt- 


flit 

o-= —— coth ——, 

sinh“ flit/2 2 2 


and 


dt - tr 
2 


Al , ftzT 

— coth- 

2 2 


sinhftit/2 sinhftit/2 

= trl °g o /n = tr log - — +3 log t, 


U l /2 


n L t /2 


(2.811) 


(2.812) 


(2.813) 


these results following again from a Taylor expansion of both sides. The factor 3 in the last term 
is due to the three-dimensional trace. We can then immediately write down the exponential factor 
A(x, x'; t) in (2.764): 


1 


i M, 


A(x,x';f) = ^exp<{ - — (x-x') ( — coth — ) (x-x') - -tr log 


h 2 


ft T.t 


i 


sinh /2 

n L t/2 


The last term gives rise to a prefactor 


det 


sinh flit/2 


flit/2 


- 1/2 


(2.814) 


(2.815) 
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As before, the time-independent integration factor C(x, x') in (2.764) is fixed by differential 
equations in x and x', which involve here the covariant derivatives: 

-iW--A(x)l (xflx'O) = (xlPe-^V) = \ e i&t/hp e -i&t/h\ m/v 

c \ J 

= (xt|P(t)|x' 0) = L(ytLt)(-x. — x')(x£|x' 0), (2.816) 

?;?i.V , --A(x)j (xflx'O) = (x| e -^ t/r, P|x') 
c J 

= (xi|P(0)|x'0) = I/(fl/,i)(x — x')(xi|x'0). (2.817) 

Calculating the partial derivative we find 

—i7fV(xi|x' 0) = [—ih’VC(x, x')]E(x, x'; t)+C(x, x')[— ih'VE(x, x'; f)] 

= [-iSVC(x, x')]A(x, x'; t)+C(x, x')M coth^y^ (x— x')E(x, x'; t). 

Subtracting the right-hand side of (2.816) leads to 


M 


— coth —fv-v'l- 

2 2 J 


(x - x') - MI(flit)(x - x') = --^-Cl L (x - x'), 


so that C(x, x') satisfies the time-independent differential equation 

C(x, x') = 0. 

A similar equation is found from the second equation (2.817): 

7'--A(x)-^ffl L (x-x') C(x,x') = 0. 
c 2 

These equations are solved by 


-ihV -A(x)-— x ; ) 

c 2 


C(x,x') = C exp — d ^ 


-A (0 + ^fi i ft-x') 

c 2 


The contour of integration is arbitrary since the vector field in brackets, 


1A'(0 = -A(0- 


n 


2^- X ')=c 


A(O-lBxft-x') 


(2.818) 


(2.819) 


(2.820) 


(2.821) 


(2.822) 


has a vanishing curl, V x A'(x) = 0. We can therefore choose the contour to be a straight line 
connecting x' and x, in which case points in the same direction of x — x' as — x' so that the 
cross product vanishes. Hence we may write for a straight-line connection the O^-ternr 


C(x, x') = C exp ( i - / d£A(£)). 

^ ./y' 


(2.823) 


Finally, the normalization constant C is fixed by the initial condition (2.779) to have the value 
(2.780). 

Collecting all terms, the amplitude is 


(xfjx'O) = 


1 


2n ih 2 t/M 


i M 


det 


sinlr Hit/2 


1 - 1/2 


fl L t /2 


PI i 


exp < i 


di A(0 


Pint 


x exp ' ( — coth — ) ( x - x ')) • 


(2.824) 
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All expressions simplify if we assume the magnetic field to point in the ^-direction, in which 
case the frequency matrix becomes 


0 ujl 0 

= | —u>l 0 0 

0 0 0 


so that 


and 


cos 


n L t ( cos ^t/2 


0 


0 0 

coswif/2 0 
0 1 


sinh flit/2 

Q L t /2 


0 


sinwit/2 0 


= | — sinwif/2 

0 


whose determinant is 


det 


sinhflif/2 f sinhwif/2\ 


fli 


t/2 V w L t/2 ) 


(2.825) 


(2.826) 


(2.827) 


(2.828) 


Let us calculate the exponential involving the vector potential in (2.824) explicitly. We choose 
the gauge in which the vector potential points in the y-direction [recall (2.636)], and parametrize 
the straight line between x' and x as 

£, = x' + s(x-x'), sG [0,1]. (2.829) 

Then we find 

/ d iMi) = B{y-y') [ ds{x'+s(x-x')\=B(y-y')(x + x') 

Jx' JO 

= B(xy — x'y') + B(x'y — xy')- (2.830) 

Inserting this and (2.828) into (2.764), we recover the earlier result (2.668). 


Appendix 2 A Baker-Campbell-Hausdorff Formula and 

Magnus Expansion 


The standard Baker-Campbell-Hausdorff formula, from which our formula (2.9) can be derived, 
reads 

(2A.1) 


e A e B = e C 


where 


C=B+ c%(e adAt e ads )[i], 

J o 


(2A.2) 


and g(z) is the function 


9(z) 


log z ^ (1 - z) n 
z-l~ ^ n + 1 

n=0 


(2A.3) 


and adi? is the operator associated with B in the so-called adjoint representation , which is defined 

by 


ad B[A] = [B,A]. 


(2A.4) 
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One also defines the trivial adjoint operator (adH) 0 [A] = 1[A] = A. By expanding the exponentials 
in Eq. (2A.2) and using the power series (2A.3), one finds the explicit formula 


c = b + A + J2 


(-1 r 


E 


(ad A)*' (ad B)^ (ad A)P" (ad£)«» 


PA 


QA 


PA 


qA 


[A]- 


The lowest expansion terms are 


C = B + A— i [^adA + adf? + ^(adA) 2 + ^adAadB + |(ad B) 2 + .. .] [A] 

+ i [|(adA) 2 + ^adAadi? + fad B ad A + (adi?) 2 + ...] [A] 

= A + B + -[A, B] + — ([A, [A, £?]] + [B, [B, A]]) + — [A, [[A, B\, B]]... . 
The result can be rearranged to the closely related Zassenhaus formula 

e A+B = e A e B e Z2 e Z3 e Zi ■■■ , 


where 

^2 = \[B,A] 

^3 = -\[ B,[B,A]\-\[A,[B,A]]) 

Z 4 = - ([[[-B, A],B\,B\ + [[[£?, A], A],B]^) + — [[[£?, A], A], A] 


(2A.5) 


(2A.6) 


(2A.7) 


(2A.8) 

(2A.9) 

(2AA0) 


To prove formula (2A.2) and thus the expansion (2A.6), we proceed similar to the derivation 
of the interaction formula (1.295) by deriving and solving a differential equation for the operator 
function 

C(f) = log(e At e B ). (2A.11) 

Its value at t = 1 will supply us with the desired result C in (2A.5). The starting point is the 
observation that for any operator M, 

gCWMe-cW = e adc W[M], (2 A. 12) 


by definition of adC. Inserting (2A.11), the left-hand side can also be rewritten as 
e At e B Me~ B e ~ At , which in turn is equal to e adj 4 t e adB [M], by definition (2A.4). Hence we have 


Differentiation of (2A.11) yields 


g ad C(i) _ ^&d A t ^ad B 


e c W d-c(t) = _ A 
dt 


The left-hand side, on the other hand, can be rewritten in general as 




where 


m = 


e z - 1 


(2A.13) 

(2A.14) 


(2A.15) 

(2A.16) 
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This will be verified below. It implies that 

f(adC(t))[d(t)\ = A. 

We now define the function g(z) as in (2A.3) and see that it satisfies 

9 {e z )f(z) = 1. 

We therefore have the trivial identity 

6(t)=g(e adc W)f(a,dC(t))[6(t)]. 
Using (2A.17) and (2A.13), this turns into the differential equation 

6(f) = g{e adc ^)[A] = e adAt e ads [i], 


(2A.17) 


(2A.18) 


(2A.19) 


(2A.20) 


from which we find directly the result (2A.2). 

To complete the proof we must verify (2A.15). The expression is not simply equal to 

-e c WC(t)Me- c W since 6(f) does not, in general, commute with 6(f). To account for this 
consider the operator 

0(3,t) = e G(t)s — e~ dWs . (2A.21) 

dt 

Differentiating this with respect to s gives 

d s O(s,t) = e 6 ^ s C(t)j t (e- 6(t)s ) ~e d{t)s j t (c{t)e~ e ^ 

= - e dWs C(t)e~ dWs 

= -e adG(t)s [(?(<)]. (2A.22) 

Hence 

0(s, t) — 6(0, t) = f ds'd s '0(s',t) 

J o 

°° n+i 

- ( 2A - 23 ) 

n—0 ^ ' 

from which we obtain 

6(1, t ) = e G « j t e~ d V = -f(adC(t))[d(t)\, (2A.24) 

which is what we wanted to prove. 

Note that the final form of the series for C in (2A.6) can be rearranged in many different ways, 
using the Jacobi identity for the commutators. It is a nontrivial task to find a form involving the 
smallest number of terms. 39 

The same mathematical technique can be used to derive a useful modification of the Neumann- 
Liouville expansion or Dyson series (1.239) and (1.251). This is the so-called Magnus expansion 40 , 
in which one writes U{tb,ta) = e E , and expands the exponent E as 


E h 


( dtlH(tl) + \{r 


(*t 2 


dto 


dti 


lt a 


’t a 


i) 


39 For a discussion see J.A. Oteo, J. Math. Phys. 32, 419 (1991). 

40 See A. Iserles, A. Marthinsen, and S.P. Norsett, On the implementation of the method of 
Magnus series for linear differential equations, BIT 39, 281 (1999) (http://www.damtp.cam.ac.uk/ 
user / ai/Publications). 
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1 f-i 


4 V h 


rtb 


rt3 

dp / dt2 


ft 2 


dt\ 


/ 1„ 


l Jt, 

l Pt 

3 Jt a Jt a Jt a 
which converges faster than the Neumann-Liouville expansion. 


/ tb rtb 

dt 2 / dti 


H(t 3 ), [H(t 2 ),H(ti) 
H(t 3 ),H(t 2 )] ,H(h) 


(2A.25) 


Appendix 2B Direct Calculation of the Time-Sliced 

Oscillator Amplitude 

After time-slicing, the amplitude (2.145) becomes a multiple integral over short-time amplitudes 
[using the action (2.192)] 


(x n e|a: n _i0) = 


exp 


y 7 2nTiie/M [fr 2 


i M 


(x n X n -i) 2 2^/ 2 I 2 \ 

---ew -(i„ + Vi) 


We shall write this as 


(x n e\x n -i0) = Mi exp - [ai{x 2 n + x 2 _^ - 2b 1 x n x n -i 


(2B.26) 


(2B.27) 


with 


a i 


M 

Ye 


M\ = 


1 - 2 
1 




bi = 


M 

Ye' 


\JYe Tiie/M 


(2B.28) 


When performing the intermediate integrations in a product of N such amplitudes, the result must 
have the same general form 


(rr w e|:rjv_i0) = M N exp - [a N (x 2 N + x%) - 2b N x N x 0 ] i . 


(2B.29) 


Multiplying this by a further short-time amplitude and integrating over the intermediate position 
gives the recursion relations 


Mn +i = MiMi 


N 


inti 


a-N+i 

bN+i 


aN + ai 

a N ~ b 2 N + aiaN a\ — b\ + aiaN 


ai + aN 
bibN 


ai + qn 


ai + aN 


(2B.30) 

(2B.31) 

(2B.32) 


From (2B.31) we find 


a\j = b'ff + a\ — b 2 , (2B.33) 

and the only nontrivial recursion relation to be solved is that for fejv. With (2B.32) it becomes 

b^N 


bN +1 = 


°1 + V b N ~ ( h l - a l) 


or 


1 1 / ai 


= ^ + « 1 - 


bN+i bi \ bN 


b 2 -c 


(2B.34) 


(2B.35) 
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We now introduce the auxiliary frequency w of Eq. (2.163). Then 

M 

«i = — cosw, (2B.36) 

and the recursion for 6/v+i reads 


1 cos we 2e 

r 

M 2 sin 2 we 

(2B.37) 

/>jV+l b]y M 

4e 2 b% ■ 

By introducing the reduced quantities 




Pn = 

2e / 

M bN 


(2B.38) 

with 




Pi 

= 1, 


(2B.39) 

the recursion becomes 




1 cos we 

— 1 

f 

sin 2 we 

(2B.40) 

Pn+i Pn 

PI ‘ 


For N = 1,2, this determines 

1 r - x ~2 - s i n 2we 

— = cos we + v 1 — sin ue= ——r—, 
P 2 sin we 


1 „ sm2we . 2 ~ sm 2 2we sin3we 

— = cos we——r-h \ 1 — sm we- 5 -= ——r—■ 

Ps sm uje y sin we sm we 

We therefore expect the general result 

1 sinw(/V + l)e 


Pn+i sin we 


(2B.41) 


(2B.42) 


It is easy to verify that this solves the recursion relation (2B.40). From (2B.38) we thus obtain 


M sin we 
2e sinw(7V + l)e' 


Inserting this into (2B.30) and (2B.33) yields 


®AT+1 

•A/jv+i 


M 

— sin we 
2e 


cos uj(N + l)e 
sin w (TV + l)e ’ 


A/11 


sm we 


sinw(TV + l)e’ 


(2B.43) 


(2B.44) 

(2B.45) 


such that (2B.29) becomes the time-sliced amplitude (2.199). 


Appendix 2C Derivation of Mehler Formula 

Here we briefly sketch the derivation of Mehler’s formula. 41 It is based on the observation that the 
left-hand side of Eq. (2.297), let us call it F(x,x'), is the Fourier transform of the function 

F(k, k') = 7T e -{D+k' 2 +akk')/ 2 , (2C.46) 

41 See P.M. Morse and H. Feshbach, Methods of Theoretical Physics, McGraw-Hill, New York, 
Vol. I, p. 781 (1953). 




206 


2 Path Integrals — Elementary Properties and Simple Solutions 


as can easily be verified by performing the two Gaussian integrals in the Fourier representation 

/ °° r°° dk dk' 

J ^~e ikx+ikx F(k,k'). (2C.47) 

We now consider the right-hand side of (2.297) and form the Fourier transform by recognizing the 
exponential e k l 2 ~' lkx as the generating function of the Hermite polynomials 42 

e P/i-ikx = y' (-tfc/2)" (2C.48) 

' n\ 

n —0 


This leads to 

/ oo /»oo 

/ dx dx'F{x, X ') e - ikx - ik ' x = e -(fe 2 +fc ,2 )/2 

-oo J — oo 

dxdx'F{x,x')f'f' { - ik/ . 2)n{ - ik 'l* )n ' H n (x)H n ,(x). (2C.49) 
Z —' z —' n! n ! 

n=0 n'= 0 

Inserting here the expansion on the right-hand side of (2.297) and using the orthogonality relation 
of Hermite polynomials (2.306), we obtain once more (2C.47). 
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AnCvgra 

You stir what should not be stirred 
Herodotus (484BC-425BC) 


3 

External Sources, Correlations, 
and Perturbation Theory 


Important information on every quantum-mechanical system is carried by the corre¬ 
lation functions of the path x(t). They are defined as the expectation values of prod¬ 
ucts of path positions at different times, x(ti) ■ ■ ■ x(t n ), to be calculated as functional 
averages. Quantities of this type are observable in simple scattering experiments. 
The most efficient extraction of correlation functions from a path integral proceeds 
by adding to the Lagrangian an external time-dependent mechanical force term dis¬ 
turbing the system linearly, and by studying the response to the disturbance. A 
similar linear term is used extensively in quantum held theory, for instance in quan¬ 
tum electrodynamics where it is no longer a mechanical force, but a source of fields, 
i.e., a charge or a current density. For this reason we shall call this term generically 
source or current term. 

In this chapter, the procedure is developed for the harmonic action, where a 
linear source term does not destroy the solvability of the path integral. The resulting 
amplitude is a simple functional of the current. Its functional derivatives will supply 
all correlation functions of the system, and for this reason it is called the generating 
functional of the theory. It serves to derive the celebrated Wick rule for calculating 
the correlation functions of an arbitrary number of x(t). This forms the basis for 
perturbation expansions of anharmonic theories. 

3.1 External Sources 

Consider a harmonic oscillator with an action 

Auj = [ dt yy-(i 2 — U 2 X 2 ). (3.1) 

Jt a 2 

Let it be disturbed by an external source or current j(t) coupled linearly to the 
particle coordinate x(t). The source action is 

Aj — j dt x{t)j{t). (3.2) 
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The total action 

A = A + Aj (3.3) 

is still harmonic in x and x, which makes it is easy to solve the path integral in 
the presence of a source term. In particular, the source term does not destroy 
ref(2.153) the factorization property (2.153) of the time evolution amplitude into a classical 

lab(2.111) amplitude e lAj ’ c d n and a fluctuation factor F w Jt b ,t a ), 
est(2.128) 

(■ X b t b \x a t a )i = l F u j(t b ,t a ). (3.4) 

Here A,cl is the action for the classical orbit Xj jC \(t) which minimizes the total action 
A in the presence of the source term and which obeys the equation of motion 

Xj,ci(t) + uj 2 x jM (t) = j(t). (3.5) 


In the sequel, we shall first work with the classical orbit x c \ (t) extremizing the action 
without the source term: 


x c \ (t) 


x b sin u>(t — t a ) + x a sin uj( t b — t) 
sin u{t b - t a ) 


(3.6) 


All paths will be written as a sum of the classical orbit x c \(t) and a fluctuation Sx(t): 


x(t) = x c \ (t) + Sx(t). 


(3.7) 


Then the action separates into a classical and a fluctuating part, each of which 
contains a source-free and a source term: 


A — A u + Aj = *A c i + v4.fi 


— (A;,cl + A,cl) + (Aj, fl + Ajfi). 
The time evolution amplitude can be expressed as 

(x b t b \x a t a ) J u = J £> x exp (J.A^j 

= e (*/ R )(A.,d+^-,ci) J T> xex p i(A,fl + Ajfl) 

ref(2.159) The classical action A,ci is known from Eq. (2.159): 
lab(2.116) 


est(2.133) 


A.ci 


Muj 


w,cl 2 smui(t b — t a ) L 
The classical source term is known from (3.6): 


(xl + x 2 a ) cos u(t b - t a ) - 2x b x c 


cl 


pb 


dt x c i(t)j(t) 


rtb 


sin uj{t b - t a ) Jt a 


dt[x a sin u>(t b — t) + x b sino;(t — t a )]j(t). 


(3.8) 


(3.9) 


(3.10) 


(3-11) 


H. Kleinert, PATH INTEGRALS 



3.1 External Sources 


211 


Consider now the fluctuating part of the action, An = „4 w ,fl + Aj$. Since x c \(t) 
extremizes the action without the source, Ar contains a term linear in 5x(t). After 
a partial integration [making use of the vanishing of 5x(t) at the ends] it can be 
written as 


Ad f^b f^'b 

Ar = — / dtdt &r(f)ZA, 2 (f, t‘ )Sx(t ) + / dtSx(t)j(t), (3-12) 

2 Jt a Jt a 

where D rjJ 2 (t, t/) is the differential operator 

D u 2(t,t’) = (-d 2 - uj 2 )5(t - t') = 5(t - t’)(-d 2 - ta 2 ), t,t' e ( t a ,t b ). (3.13) 

It may be considered as a functional matrix in the space of the f-dependent functions 
vanishing at t a ,tb- The equality of the two expressions is seen as follows. By partial 
integrations one has 


/ dt f {t)d 2 g{t) = f dt d 2 f (t)g(t), (3.14) 

Jt a Jt a 

for any /(f) and g{t) vanishing at the boundaries (or for periodic functions in the 
interval). The left-hand side can directly be rewritten as // a 6 dtdt’ f(t)5(t — t')d 2 g(t'), 
the right-hand side as //' dtdt'd 2 f(t)5(t — t')g(t'), and after further partial integra¬ 
tions, as / dtdt’ fit) d 2 5 (f — t')g (f). 

The inverse D~-} (f, f ) of the functional matrix (3.13) is formally defined by the 
relation 


[ dt'D Ld 2(t",t')Dj(t , ,t) = 5(t"-t), f",f e (f a , t b )\ (3.15) 

Jta 

which shows that it is the standard classical Green function of the harmonic oscillator 
of frequency u: 

Gu 2 (t,t') = D~}(t,t') = (-d 2 -u; 2 ) _1 5(f-f'), f,f' e(t a ,t b ). (3.16) 

This definition is not unique since it leaves room for an additional arbitrary solution 
H(t,t') of the homogeneous equation /][' dt'D^^t", t')H(t', t) = 0. This freedom will 
be removed below by imposing appropriate boundary conditions. 

In the fluctuation action (3.12), we now perform a quadratic completion by a 
shift of 5x(t) to 


5x(t) = 5x(t) + J dt?G u 2 (t, t')j(t'). 


Then the action becomes quadratic in both 8x and j : 

d b ftb . [M . . 1 


r l b r r b ivi 

A a = dt dt'-5x(t)D UJ 2(t,t , )8x(t')-—j(t)G UJ 2(t,t , )j(t') 
Jt a Jt a L 2 2M 


(3.17) 

(3.18) 
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The Green function obeys the same boundary condition as the fluctuations 8x(t): 


Gu> 2 (t,t') — 0 for 


t = t b , t' arbitrary, 
t arbitrary, t' — t a . 


(3.19) 


Thus, the shifted fluctuations 8x(t) of (3.17) also vanish at the ends and run through 
the same functional space as the original 8x(t). The measure of path integration 
/ T>8x{t) is obviously unchanged by the simple shift (3.17). Hence the path integral 
/ T>8x over e lAa ^ h with the action (3.18) gives, via the first term in An, the harmonic 
ref(2.171) fluctuation factor F u (t b — t a ) calculated in (2.171): 
lab(2.125) 

est(2.144) i 

Fu(tb t a ) ; 

The source part in (3.18) contributes only a trivial exponential factor 


U 


sin u(t b -t a )' 


(3.20) 


Fjfi — exp , (3.21) 

whose exponent is quadratic in j[t)\ 

A', fl =--j- /" dt f ( 3 - 22 ) 

2M Jt a Jta 

The total time evolution amplitude in the presence of a source term can therefore 
be written as the product 


( [Xbtb\x a ta)ij ( Abtb\-^ata)iji}Fj c \Fjn > 

where ( Xbtb\x a t ) w is the source-free time evolution amplitude 

1 I 


(XbtblXata)^ = e ( * /n) " 4 “- cl F^(t t , - t a ) = 


u 


^2nih/M\ svL\u(t b -t a ) 


x exp 


i Mu 


2h sin u(tb — t a 

and Fj )C \ is an amplitude containing the classical action (3.11): 

p. d _ e (.i/h)Aj, c i 


= ex P i r~ 


U sin u{t b — t a ) 


(3.23) 


'(Xb + x 2 a ) cosu(t b - t a ) - 2x b x a ] }, (3.24) 


dt[x a sin u(t b — t) + x b sin u(t — t a )] j(t)\. (3.25) 


To complete the result we need to know the Green function Gji ( t , t') explicitly, 
which will be calculated in the next section. 
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3.2 Green Function of Harmonic Oscillator 

According to Eq. (3.16), the Green function in Eq. (3.22) is obtained by inverting 
the second-order differential operator — d 2 — ca 2 : 

G w 2(t,t / ) = (~d 2 -cu 2 )~ 1 S(t-t'), t,t'e (t a ,t b ). (3.26) 

As remarked above, this function is defined only up to solutions of the homoge¬ 
neous differential equation associated with the operator —d 2 — ta 2 . The boundary 
conditions removing this ambiguity are the same as for the fluctuations 8x(t ), i.e., 
G w 2 (t, t') vanishes if either t or t' or both hit an endpoint t a or t b (Dirichlet boundary 
condition). The Green function is symmetric in t and t'. For the sake of generality, 
we shall find the Green function also for the more general differential equation with 
time-dependent frequency, 

[-d 2 - Q 2 (t)\G n 2(t,t') =8(t-t'), (3.27) 

with the same boundary conditions. 

There are several ways of calculating this explicitly. 

3.2.1 Wronski Construction 

The simplest way proceeds via the so-called Wronski construction , which is based 
on the following observation. For different time arguments, t > t' or t < t' , the 
Green function G^it^t') has to solve the homogeneous differential equations 

{-d 2 -uj 2 )G n 2{t,t') = 0, {-d 2 -uj 2 )Gn2{t,t') = 0. (3.28) 

It must therefore be a linear combination of two independent solutions of the homo¬ 
geneous differential equation in t as well as in t 1 , and it must satisfy the Dirichlet 
boundary condition of vanishing at the respective endpoints. 


Constant Frequency 


If Q?(t) = ta 2 , this implies that for t > t ', G u 2(t, t') must be proportional to 
t ) as well as to sinta^' — t a ), leaving only the solution 

sinca(4 — 

G u 2(t, t ') = C sinca(4 — t ) sinca(t / — t a ), 

t > t'. 

(3.29) 

For t <t r , we obtain similarly 



G u 2(t, t') = C sinca(ff> — t') sinca(f — t a ), 

t < t'. 

(3.30) 


The two cases can be written as a single expression 


G^{t, t') = C sin u(t b — f>) sinca(f< — t a ), 


(3.31) 
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where the symbols t > and t< denote the larger and the smaller of the times t and 
t', respectively. The unknown constant C is fixed by considering coincident times 
t = t'. There, the time derivative of must have a discontinuity which gives 

rise to the 5-function in (3.15). For t > t', the derivative of (3.29) is 


dtG^it^t') = — Cuj cosu(tb — t) sino;(t / — t a ), (3.32) 

whereas for t < t' 

d t G u 2 (t,t') = Cu sin u)(tb — t') costa(t — t a ). (3.33) 

At t — t' we hnd the discontinuity 

(9 i G w 2(t,t / )| t=t / +e - d t Gu2(t,t%=t'-e = -Cusmu(t b - t a ). (3.34) 

Hence —d$G u 2 (t,t') is proportional to a 5- function: 

—d$G lo 2 (t,t') — Cusinuj(t b — t a )8(t — t'). (3.35) 


By normalizing the prefactor to unity, we fix C and hnd the desired Green function: 




sin uj( t b — t>) sin u(t < — t a ) 
Lusinu(t b — t a ) 


(3.36) 


It exists only if t b — t a is not equal to an integer multiple of tt/oj. This restriction 
was encountered before in the amplitude without external sources; its meaning was 
ref(2.168) discussed in the two paragraphs following Eq. (2.168). 

Iab(x2.142) The constant in the denominator of (3.36) is the Wronski determinant (or Wron- 
est(2.142) s fa an ^ Q f ^j ie two solutions £(t) = sin u(t b — t) and r)(t) = sinta(t — t a ) which was 
ref(2.222) introduced in (2.222): 


lab(2.171) 

est(2.194) 


= £(*> )(t) (3.37) 


An alternative expression for (3.36) is 

^ /. m ~cosu(t b - t a - \t - t'\) + cos a; (4 + t a - t - t') 

2a; sin a;— t a ) 

In the limit u —> 0 we obtain the free-particle Green function 


(3.38) 


Go(t,t') — 


(t b ~ ta) 

1 

t b t a 


(t b ~ t > )(t < - t a ) 

-tt' - ^(G - t a )\t -t'\ + ^(t a + t b )(t + t') - t a t b 


(3.39) 
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Time-Dependent Frequency 

It is just as easy to find the Green functions of the more general differential equation 
(3.27) with a time-dependent oscillator frequency Q(t). We construct first a so-called 
retarded Green function (compare page 38) as a product of a Heaviside function with 
a smooth function 

GwM = 0(t-t')A(t,t'). (3.40) 

Inserting this into the differential equation (3.27) we find 

[~d 2 - rt 2 (t)}G n 2(t,t') = [-d 2 - fi 2 (t)]A(f,t') 

- 8(t-t') -2d t A(t,t')8(t-t'). (3.41) 


Expanding 

A(f, t') = A (t,t) + [d t A (t,t% =t '(t - t ') + i[<9 2 A (t,t%=t'(t - t') 2 + ... , (3.42) 

and using the fact that 

(t — t')8(t — t r ) = —8(t — t'), (t — t') n 8(t — t') = 0 for n > 1, (3.43) 

the second line in (3.41) can be rewritten as 

—8(t — t')A(t, t ') — 8(t — t')d t A(t, t'). (3.44) 

By choosing the initial conditions 

A(t, t) = 0 , A(t,t%' =t = - 1 , (3.45) 

we satisfy the inhomogeneous differential equation (3.27) provided A(t,t') obeys the 
homogeneous differential equation 

[— d 2 — n 2 (t)}A(t,t') = 0 , for t > t' . (3.46) 

This equation is solved by a linear combination 

A(M') = <*(t')£(t) + P(lf)v(t) (3.47) 

of any two independent solutions 77 (f) and f(t) of the homogeneous equation 

[-d 2 - H 2 (f)]^(t) = 0, [-d 2 - n 2 (t)} V (t) = 0. (3.48) 

Their Wronski determinant W = f(t) f](t) — f(t)r](t) is nonzero and, of course, time- 
independent, so that we can determine the coefficients in the linear combination 
(3.47) from (3.45) and find 

a («, 7 ) = t [£«>;(«') -mm. 


(3.49) 
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The right-hand side contains the so-called Jacobi commutator of the two functions 
£(t) and rj(t). Here we list a few useful algebraic properties of A (t,t'): 

A(t tf) = A(t b ,t)A(f,t a )-A(t,t a )A(t b ,t) 

1 ’ A (t b ,t a ) 

A(t b ,t)d tb A(t b ,t a ) - A(t,t a ) = A(t b ,t a )d t A(t b ,t), 

A(t, t a )d tb A(t b , t a ) - A(t b , t ) = A (t b , t a )d t A(t, t a ). 

The retarded Green function (3.40) is so far not the unique solution of the dif¬ 
ferential equation (3.27), since one may always add a general solution of the homo¬ 
geneous differential equation (3.48): 

Gn 2 (t,t') = Q(t - t')A(t,t') + a(t')£(t) + b(t')rj(t), (3.53) 


(3.50) 

(3.51) 

(3.52) 


with arbitrary coefficients a(t') and b(t'). This ambiguity is removed by the Dirichlet 
boundary conditions 


Gn 2 (tb,t) — 0, t b ^t, 

G{p(t,t a ) = 0, t^t a . 

Imposing these upon (3.53) leads to a simple algebraic pair of equations 

a(t)^(t a ) + b(t)r)(t a ) = 0, 
a(t)£(t b ) + b(t)rj(t b ) = A(t,t b ). 

Denoting the 2x2 -coefficient matrix by 

A ( Z(ta) V(ta) \ 

- {m v(t b )) ’ 

we observe that under the condition 


(3.54) 

(3.55) 

(3.56) 

(3.57) 


det A = WA(t a , t b ) ^ 0, (3.58) 

the system (3.56) has a unique solution for the coefficients a(t) and b(t) in the Green 
function (3.53). Inserting this into (3.54) and using the identity (3.50), we obtain 
from this Wronski’s general formula corresponding to (3.36) 


Gn 2 (t, t') 


0(f - t')A(t b , t)A(t', tg) + Q(f - t)A(t, t a )A(t b , t') 
A (t a ,t b ) 


(3.59) 


At this point it is useful to realize that the functions in the numerator coincide 
with the two specific linearly independent solutions D a (t) and D b (t) of the homoge¬ 
nous differential equations (3.48) which were introduced in Eqs. (2.228) and (2.229). 
Comparing the initial conditions of D a (t) and D b (t) with that of the function A (t, t') 
in Eq. (3.45), we readily identify 


D a (t) = A(t,t a ), D b (t) = A(t b ,t), 


(3.60) 
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and formula (3.59) can be rewritten as 


~ 0(t - t')D h (t)D a (t') + Q(t' - t)D a {t)D h (t') 

(M) =-——- 


(3.61) 


It should be pointed out that this equation renders a unique and well-defined 
Green function if the differential equation [— d 2 — Q 2 (t)]y(t) = 0 has no solutions 
with Dirichlet boundary conditions y(t a ) = y(tb ) = 0, generally called zero-modes. 
A zero mode would cause problems since it would certainly be one of the indepen¬ 
dent solutions of (3.49), say rj(t). Due to the property rj(t a ) = 77 ( 4 ) = 0, however, 
the determinant of A would vanish, thus destroying the condition (3.58) which was 
necessary to find (3.59). Indeed, the function A (t,t') in (3.49) would remain unde¬ 
termined since the boundary condition r)(t a ) = 0 together with (3.55) implies that 
also £(t 0 ) = 0, making W = £(t)f}(t) —£(t)rj(t) vanish at the initial time t a , and thus 
for all times. 


3.2.2 Spectral Representation 

A second way of specifying the Green function explicitly is via its spectral represen¬ 
tation. 


Constant Frequency 

For constant frequency Q(t) = cu, the fluctuations Sx(t) which satisfy the differential 
equation 

(-d 2 - uj 2 ) 5x{t) = 0, (3.62) 

and vanish at the ends t — t a and t = U, are expanded into a complete set of 
orthonormal functions: 


with the frequencies [compare (2.115)] 


sin u n [t - t a ), 


7m 


= 


tb l a 

These functions satisfy the orthonormality relations 


rh 


dt X n (tf)X n / (t) dun' • 


(3.63) 


(3.64) 


(3.65) 


Since the operator — d 2 — u 2 is diagonal on x n (t), this is also true for the Green 
function G u 2 (t,t') = (— d 2 — o; 2 ) _1 (5(t — t'). Let G n be its eigenvalues defined by 



dtG u 2 (t,t')x n (t') 


(d n Xn (t) - 


(3.66) 
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Then we expand G u 2 (t,t') as follows: 

OO 

Gui 2 (t, f) = G n X n {t)Xn{t'). 


(3.67) 


n =1 


By definition, the eigenvalues of G u 2 (t, t') are the inverse eigenvalues of the differ¬ 
ential operator (—<9 2 — ca 2 ), which are u 2 — to 2 . Thus 

G n = (u 2 - a; 2 ) -1 , 


and we arrive at the spectral representation of G u 2 (t,t'): 


GAtJ) = 


E 


sin u n (t - t a ) sin v n {t’ - t a ) 


vl-u 2 


(3.68) 

(3.69) 


U t a n=1 
We may use the trigonometric relation 

sin u n (t b -t) = - sin v n [(t - t a ) ~ (t b - t a )\ = -(-l) n sin v n (t - t a ) 
to rewrite (3.69) as 

a At, f) = — EMr- 8111 Vnifb sin T (t ' ~ Q - (3.70) 

tb - ta n=1 K - to 

These expressions make sense only if t b — t a is not equal to an integer multiple of 
it/to, where one of the denominators in the sums vanishes. This is the same range 
of tb — t a as in the Wronski expression (3.36). 


Time-Dependent Frequency 

The spectral representation can also be written down for the more general Green 
function with a time-dependent frequency defined by the differential equation (3.27). 
If y n {t) are the eigenfunctions solving the differential equation with eigenvalue A n 

K(t)y n (t) = A n y n (t), (3.71) 

and if these eigenfunctions satisfy the orthogonality and completeness relations 

f dty n (t)y n i(t ) = 6 nn >, (3.72) 

Jt a 

Y,yn(t)y n (t') = 5(t-t'), (3.73) 

n 

and if, moreover, there exists no zero-mode for which A n = 0, then G^{t, t') has the 
spectral representation 

G^M') = y (3.74) 

This is easily verified by multiplication with K{t) using (3.71) and (3.73). 

It is instructive to prove the equality between the Wronskia.n construction and 
the spectral representations (3.36) and (3.70). It will be useful to do this in several 
steps. In the present context, some of these may appear redundant. They will, 
however, yield intermediate results which will be needed in Chapters 7 and 18 when 
discussing path integrals occurring in quantum field theories. 
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3.3 Green Functions of First-Order Differential Equation 

An important quantity of statistical mechanics are the Green functions G^tfi') 
which solve the first-order differential equation 

[id t - 0(t)\ Gn(t,t') = iS(t - t'), t - t' e [0, t b - t a )- f (3.75) 

or its Euclidean version Gq which solves the differential equation, obtained 

from (3.75) for t = — ir: 

[d T - fi(r)] Gn, e (T, r') = S(t-t / ), t - t' e [0, h/3). (3.76) 

These can be calculated for an arbitrary function Fl(t). 


3.3.1 Time-Independent Frequency 

Consider Erst the simplest case of a Green function G^(t,f) with fixed frequency u 
which solves the first-order differential equation 

(id t - uj)G^(t,t') = id(t - t'), t - t' e [0,4 - t a ). (3.77) 

The equation determines G^(t,t') only up to a solution H(t,t') of the homogeneous 
differential equation (id t — oj)H(t, t') = 0. The ambiguity is removed by imposing 
the periodic boundary condition 

Gl(t, t') = G>(tf t') = Gl(t-t' + t b - t a ), (3.78) 


indicated by the superscript p. With this boundary condition, the Green func¬ 
tion G%(t, t') is translationally invariant in time. It depends only on the difference 
between t and t' and is periodic in it. 

The spectral representation of G^(t,t r ) can immediately be written down, as¬ 
suming that t b — t a does not coincide with an even multiple of tt/u: 

1 °o • 

-t') = - -. (3.79) 

tb — t a m= _qo w m — ^ 

The frequencies u m are twice as large as the previous z/ m ’s in (3.64): 

2nm 

Wm = -—, m = 0, ±1, ±2, ±3,.... (3.80) 

tb t a 



As for the periodic orbits in Section 2.9, there are “about as many” c o m as u m , 
since there is an uj m for each positive and negative integer m, whereas the u m are 
all positive (see the last paragraph in that section). The frequencies (3.80) are the 
real-time analogs of the Matsubara frequencies (2.381) of quantum statistics with 
the usual correspondence t b — t a = —ih/ksT of Eq. (2.330). 

To calculate the spectral sum, we use the Poisson summation formula in the 
form (1.197): 


ref(2.381) 

lab(2.213) 

est(2.252) 

ref(2.330) 

lab(2.180) 

est(2.213) 

ref(1.197) 

lab(2c.226) 

est(2.322) 
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00 r oo 00 

£ /(”>) =/ lie E e 2 '‘>”7(/j). (3.81) 

m =—00 00 n=—oo 


Accordingly, we rewrite the sum over as an integral over u/, followed by an 
auxiliary sum over n which squeezes the variable a;' onto the proper discrete values 
u m = 27T m/(t h - t a ): 


Gl(t) 



^ c -iu'\t-(t h -t a )n 1 ^ 

27T to' — tO 


(3.82) 


At this point it is useful to introduce another Green function G u (t — t') associated 
with the first-order differential equation (3.77) on an infinite time interval: 





(3.83) 


In terms of this function, the periodic Green function (3.82) can be written as a sum 
which exhibits in a most obvious way the periodicity under t —> t + (4 — t a ): 


OO 

G*(t) = J2 G u (t-(t b —t a )n). (3.84) 

n =—00 


The advantage of using G w {t — t') is that the integral over u / in (3.83) can easily 
be done. We merely have to prescribe how to treat the singularity at to' = to. This 
also removes the freedom of adding a homogeneous solution To make the 

integral unique, we replace to by to — it) where rj is a very small positive number, 
ref(2.168) i.e., by the ^-prescription introduced after Eq. (2.168). This moves the pole in the 
lab(x2.142 i n tegrand of (3.83) into the lower half of the complex o/-plane, making the integral 
est(2.142) Qver fundamentally different for t < 0 and for t > 0. For t < 0, the 

contour of integration can be closed in the complex u/-plane by a semicircle in the 
upper half-plane at no extra cost, since e~ lLJ 4 is exponentially small there (see Fig. 
3.1). With the integrand being analytic in the upper half-plane we can contract the 
contour to zero and find that the integral vanishes. For t > 0, on the other hand, 
the contour is closed in the lower half-plane containing a pole at to' = to — ip. When 
contracting the contour to zero, the integral picks up the residue at this pole and 
yields a factor —2iti. At the point t — 0, finally, we can close the contour either way. 
The integral over the semicircles is now nonzero, 4=1/2, which has to be subtracted 
from the residues 0 and 1, respectively, yielding 1/2. Hence we find 


G u (t) = / 7j—e“ 

-iuj't 

i 

— 



J —00 27T 


to' - 

to + 

ir] 



r 

1 

for 

t 

> 0 , 



= e~ iu}t x { 

1 

2 

for 

t 

= 0 , 


(3.85) 

{ 

0 

for 

t 

< 0 . 



The vanishing of the Green function for t 

< 

0 is 

the 

causality property 

of 

G u {t) 


ref(1.310) discussed in (1.310) and (1.311). It is a general property of functions whose Fourier 
lab(xl.329) 
est(1.329) 
ref(1.311) 
lab(xl.331) 
est(1.330) 
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Im oi' 



Figure 3.1 Pole in Fourier transform of Green functions GP ,a (f), and infinite semicircles 
in the upper (lower) half-plane which extend the integrals to a closed contour for t < 0 
(f > 0). 


transforms are analytic in the upper half-plane. 

The three cases in (3.85) can be collected into a single formula using the Heaviside 
function 0(f) of Eq. (1.313): 

G u (t) = e -<wt 0(t). (3.86) 

The periodic Green function (3.84) can then be written as 

OO 

G»(t)= £ e -jw[t-( 4 -t.)n] 0 (£ _ (£ ft _ t a )n). (3.87) 

n=— oo 

Being periodic in 4 — 4, its explicit evaluation can be restricted to the basic interval 


t e [o,t 6 - t a ). 

Inside the interval (0,4 — t a ), the sum can be performed as follows: 


(3.88) 


0 —iu>[t—{ti,-ta)n] _ 




n=— oo 

e ~iu[t-(t b -t a )/ 2] 




r, te ( 0 , 4 — 4 ). 


2 sin [a; (4 - 4)/2]' 

At the point t — 0, the initial term with 0(0) contributes only 1/2 so that 

G£(0) = C£(0+) - i 


(3.89) 


(3.90) 


Outside the basic interval (3.88), the Green function is determined by its periodicity. 
For instance, 


-iu[t+(t b -t a ) / 2] 

Gl(t) = -i - . —-T, t e (-(4-4),0). 

2 sin [a; (4 — 4)/2J 


(3.91) 
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Note that as t crosses the upper end of the interval [0, h — t a ), the sum in (3.87) picks 
up an additional term (the term with n = 1). This causes a jump in G^(t) which 
enforces the periodicity. At the upper point t — tb — t a , there is again a reduction 
by 1/2 so that G£(4 — t a ) lies in the middle of the jump, just as the value 1/2 lies 
in the middle of the jump of the Heaviside function 0(f). 

The periodic Green function is of great importance in the quantum statistics of 
Bose particles (see Chapter 7). After a continuation of the time to imaginary values, 
t —> —ir, tb — t a —> —ih/ksT , it takes the form 

G£,,(t) = 1 - - e (0, m, (3.92) 

where the subscript e records the Euclidean character of the time. The prefactor 
is related to the average boson occupation number of a particle state of energy %uj, 
given by the Bose-Einstein distribution function 


n 


b 

U) 


1 

ghuj/kgT _ ^ ' 


(3.93) 


In terms of it, 

GI,,(t) = (1 + rt)e~“\ t 6 (0, h/3). (3.94) 

The r-behavior of the subtracted periodic Green function GJ/ e (r) = e (r) — 1 /Tifdoo 

is shown in Fig. 3.2. 



Figure 3.2 Subtracted periodic Green function GP' e = e (r) — l/h/3u and antiperiodic 
Green function GJ e (r) for frequencies oj = (0, 5, 10) /h/3 (with increasing dash length). 
The points show the values at the jumps of the three functions (with increasing point size) 
corresponding to the relation (3.90). 

As a next step, we consider a Green function G^ 2 (t) associated with the second- 
order differential operator — d/ — u 2 , 

G^fat') = (/•*<% - u 2 )~ l 8(t-t'), t-t'e [t a ,tb), (3.95) 

which satisfies the periodic boundary condition: 

G ^2 (t, t ') = G ^ 2 (t — t') = G^ 2 (t — t' + tb — t a )- (3.96) 
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Im <u' 



Figure 3.3 Two poles in Fourier transform of Green function CA’ 2 a (i). 


Just like this periodic Green function depends only on the time difference 

t — t'. It obviously has the spectral representation 


<&(*) = 


OO 


-i 'iuJ-rrit 


tb — t 


a rn =—oo 


CJ* ~ UJ 


(3.97) 


which makes sense as long as tb — t a is not equal to an even multiple of tt/uj. At 
infinite tb — t a , the sum becomes an integral over u m with singularities at ±cn which 
must be avoided by an ^-prescription, which adds a negative imaginary part to 
the frequency uj [compare the discussion after Eq. (2.168)]. This Exes also the 
continuation from small tb — t a beyond the multiple values of tt/uj. By decomposing 


1 


1 


uj' 2 — uj 2 + irj 2 iuj \uj' — uj + irj uj' + uj — irj 


(3.98) 


the calculation of the Green function (3.97) can be reduced to the previous case. 
The positions of the two poles of (3.98) in the complex a/-plane are illustrated in 
Fig. 3.3. In this way we find, using (3.89), 


G P Jt) 


R(i) - Gi„(*)l 

_1 COS UJ [t - (tb - tg)/2] 

2c jj sm[uj{tb — t a )/2] 


t e [0,4 - t a ). 


(3.99) 


In G^_ u (t) one must keep the small negative imaginary part attached to the frequency 
uj. For an infinite time interval tb — t a , this leads to a Green function G^ 2 (t — t')\ 
also 

G_ w (t) = —e~ iut Q(—t). (3.100) 

The directional change in encircling the pole in the uj' -integral leads to the exchange 

0(t) -> -0(-t). 

Outside the basic interval t e [0,4 — t a ), the function is determined by its 
periodicity. For t G [—(4 — 4), 0), we may simply replace t by |f|. 
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As a further step we consider another Green function G*(t,t'). It fulfills the 
same first-order differential equation id t — u as G%(t, if): 

(id t - u)G*(t,t') = iS(t - t'), t-t' e[Q,t b -t a ); (3.101) 

but in contrast to G^{t,t') it satisfies the antiperiodic boundary condition 

G*(t, if) = Gl{t- if) = —G*(t - if + t b - t a ). (3.102) 

As for periodic boundary conditions, the Green function G^(t,t') depends only on 
the time difference t — t'. In contrast to G^(t,t r ), however, G^(t,t') changes sign 
under a shift t —> t + (t b ■**, t a ). The Fourier expansion of G*(t — if) is 

1 00 f j 

= —- y (3.103) 

t b t a m= _ 00 u 


where the frequency sum covers the odd Matsubara-like frequencies 


7 t (2 m + 1 ) 
tb t a 


(3.104) 


The superscript f stands for fermionic since these frequencies play an important 
role in the statistical mechanics of particles with Fermi statistics to be explained in 
Section 7.10 [see Eq. (7.414)]. 

The antiperiodic Green functions are obtained from a sum similar to (3.82), but 
modified by an additional phase factor e mn = (—) n . When inserted into the Poisson 
summation formula (3.81), such a phase is seen to select the half-integer numbers 
in the integral instead of the integer ones: 


V /(m + 1/2) = dp Y. (-) n e 2 ’ rim J(p). 


Using this formula, we can expand 


OO POO rjr J i 

— W / _ (\n -iu'[t-(t b -t a )n\ _ ' 

- 2^ 1^ 2n ^ 6 u'-u + ir. 


n=—oo 
oo 


= (-) nG ^(t - (tb - ta)n), 


or, more explicitly, 


G*(t) = £ e 


-MM4-t.)»](4)»e( ( _ ( (t _ t a )n). 


For t G [0, t b — t a ), this gives 


0 Awt 

Q& ^ e -iu[t-(t b -t a )n] (_\n _ __ 

n=—oo 

e -iuj[t-(t b -t a )/2\ 


2cos[o/(fb — t a )/ 2] 


X -j- e -iv(t b -t a ) 

, te[o,t b -t a ). 


(3.105) 


(3.106) 


(3.107) 


(3.108) 
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Outside the interval t G [0,4 — t a ), the function is defined by its antiperiodicity. 
The T-behavior of the antiperiodic Green function G® 6 (t) is also shown in Fig. 3.2. 

In the limit uj —> 0, the right-hand side of (3.108) is equal to 1/2, and the 
antiperiodicity implies that 

G o(t) = te[-(t b -t a ),{t b -t a )]. (3.109) 

Antiperiodic Green functions play an important role in the quantum statistics 
of Fermi particles. After analytically continuing t to the imaginary time —ir with 
t b — t a —t —ih/ksT, the expression (3.108) takes the form 

G;»= 1 + e l /fc . T e-" T , relWffl. (3.110) 


The prefactor is related to the average Fermi occupation number of a state of energy 
hu, given by the Fermi-Dirac distribution function 


n 


f 

U) 


1 

e hui/k B T _|_ ‘ 


(3.111) 


In terms of it, 

G*, e M = (1 - Te[0, ft/3). (3.112) 


With the help of G^(t), we form the antiperiodic analog of (3.97), (3.99), i.e., the 
antiperiodic Green function associated with the second-order differential operator 
~d't - uj 2 : 


G w 2 (t) — 


t b -t 


E< 

a m =0 


- /. 


1 0. 


f 2 


t 


2uji 


-\Gl(t) - G*_ w {t)} 


1 sine o[t - (4 - tp)/ 2] 
2u COS [uj (tb — ta ) /2] 


t e [0,4 - 4 . 


(3.113) 


Outside the basic interval t e [0,4 ~ 4], the Green function is determined by its 
antiperiodicity. If, for example, t G [—(4 — 4), 0], one merely has to replace t by \t\. 
Note that the Matsubara sums 


riP 

U cj 2 ,e 


oo 


(0) w Jr, 


OO 


oo W m + w 


G “’ e(0) ft/3 


,2 ,, ,2 

oo ^m T UJ 


(3.114) 


can also be calculated from the combinations of the simple Green functions (3.79) 
and (3.103): 


1 

2 uj 


GZ, e (v) + G Z, e (-v) 


1 

2 uj 


GZ,M + G U h P-n) 


i 

2uo 


(l + n‘) (l + e“4 
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1 

2c o 


GUri + GU-v) 


1 hto/3 

— coth-. 

2 u 2 ' 

1 

2u> L 


G'M**G*Jhp*r l ) 



Uuj(3 

~Y~ 


(3.115) 



-e~ pw 


) 


(3.116) 


where r) is an infinitesimal positive number needed to specify on which side of the 
jump the Green functions Cr£’e( T ) at r = 0 have to be evaluated (see Fig. 3.2). 


3.3.2 Time-Dependent Frequency 

The above results (3.89) and (3.108) for the periodic and antiperiodic Green func¬ 
tions of the first-order differential operator (idt — ca) can easily be found also for 
arbitrary time-dependent frequencies Cl(t), thus solving (3.75). We shall look for 
the retarded version which vanishes for t < t'. This property is guaranteed by the 
ansatz containing the Heaviside function (1.313): 

G n (t,lf) = e(t-t')g(t,lf). (3.117) 

Using the property (1.307) of the Heaviside function, that its time derivative yields 
the 5-function, and normalizing g(t,t ) to be equal to 1, we see that g(t,t') must 
solve the homogenous differential equation 



[id t ~ £}(£)] = 0. 

(3.118) 

The solution is 

g(t,t') = K(t , )e- i fc dt " n P' ) . 

(3.119) 

The condition g(t,t ) = 

1 fixes K(t) = e 2 fc dt \ so that we obtain 




(3.120) 


The most general Green function is a sum of this and an arbitrary solution of the 
homogeneous equation (3.118): 


Gn(t, t') 


0(t - t') + C(t') 


e -» C dt " n o") 


(3.121) 


For a periodic frequency f l(t) we impose periodic boundary conditions upon the 
Green function, setting Gn(t a ,t') = Gn(tb,t'). This is ensured if for tb > t > t' > t a ’- 


C'(t , )e“ ,: ^ adt " n(t " ) = [1 + C(t')] e-*/t' 6dt " a(t "). 


(3.122) 


This equation is solved by a f'-independent C(t'): 


C = ng = 


e if£dt"Sl(t") 


(3.123) 
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Hence we obtain the periodic Green function 


GS(M') 


0(f -t')+«n 


g-* 


(3.124) 


For antiperiodic boundary conditions we obtain the same equation with n{) replaced 
by —Uq where 


= 


i f b dt Q(t) , -i 

e Jt a + 1 


(3.125) 


Note that a sign change in the time derivative of the first-order differential equation 
(3.75) to 


—id t - fi(f)] Gait, t') —iS(t — t') 


(3.126) 


has the effect of interchanging in the time variable t and t' of the Green function 
Eq. (3.120). 

If the frequency Fl(t) is a matrix, all exponentials have to be replaced by time- 
ordered exponentials [recall (1.252)] 


i J* b dtCl(t) 


-)• fe 


i f tb dt Q (t) 


(3.127) 


As remarked in Subsection 2.15.4, this integral cannot, in general, be calculated 
explicitly. A simple formula is obtained only if the matrix f l(t) varies only little 
around a fixed matrix f! 0 - 

For imaginary times r = it we generalize the results (3.92) and (3.110) for the 
periodic and antiperiodic imaginary-time Green functions of the first-order differ¬ 
ential equation (3.76) to time-dependent periodic frequencies H(r). Here the Green 
function (3.120) becomes 


Ga(r,T') = 0 (t 



«(t") 


(3.128) 


and the periodic Green function (3.124): 


Ga(r, t') — [@(r — t') + n t 


J^i dr" n(r") 


(3.129) 


where 


n h = 


e f o H/ 3 dT "a(T") _ x 


(3.130) 


is the generalization of the Bose distribution function in Eq. (3.93). For antiperiodic 
boundary conditions we obtain the same equation, except that the generalized Bose 
distribution function is replaced by the negative of the generalized Fermi distribution 
function in Eq. (3.111): 


n { = 


e f 0 p dr"n(T") + 1 


(3.131) 


For the opposite sign of the time derivative in (3.128), the arguments r and t' are 
interchanged. 
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From the Green functions (3.124) or (3.128) we may find directly the trace of 
the logarithm of the operators [—idt + fl(t)] or [d T + f2(r)]. At imaginary time, we 
multiply Q(t) with a strength parameter g, and use the formula 

Tr log [d T + gfl(T)} = j dg' Gy Q (r,r). (3.132) 

J 0 

Inserting on the right-hand side of Eq. (3.129), we find for g — 1: 


Tr log [d T + Q(r) 


log < 2 sinh 


1 1 ) 
2 1 dT H} 


1 r h P 

2 Jo 


r dr"n{r") + log [l - e-C dT "^ 
Jo 


(3.133) 


which reduces at low temperature to 

1 f h P 

Trlog [d T + O(r)] = - dr" VL{t"). 

2 Jo 


(3.134) 


The result is the same for the opposite sign of the time derivative and the trace 
of the logarithm is sensitive only to 0(r — r') at r = r', where it is equal to 1/2. 

As an exercise for dealing with distributions it is instructive to rederive this result 
in the following perturbative way. For a positive fl(r), we introduce an infinitesimal 
positive quantity rj and decompose 


Tr log [±d T + fl(r) 


Tr log [±d T + rj\ + Tr log 
Tr log [±d T + rj] + Tr log 


1 + (±d T + rj) 1 fl(r) 
1 + (±d T + ?/) _1 ll(r) 


(3.135) 


The first term Tr log [±<9 r + rj = Tr log [±<9 r + rj = du log u vanishes since 
/A/, du logo; = 0 in dimensional regularization by Veltman’s rule [see (2.508)]. Using 
the Green functions 

i ±d r + VV 1 {r, t') = | |, (3.136) 

the second term can be expanded in a Taylor series 


n= 1 

For the lower sign of ±d T , the Heaviside functions have reversed arguments T 2 — 
Ti, r 3 — r 2 ,..., T\ — r n . The integrals over a cyclic product of Heaviside functions 
in (3.137) are zero since the arguments Ti,... ,r n are time-ordered which makes the 
argument of the last factor 0(r n — T\) [or 0 (ti — r n )] negative and thus 0(r n — T\) = 0 
[or 0 (ti — T n j\. Only the first term survives yielding 

j dn Q(t i)0(ri - ri) = ^ J drH(r), (3.138) 



—- [ dr 1 • • •dT n n(Ti)0(Ti-T2)n(T2)0(T2-T3) ■ • • H(t„.)©( r n - T x ). (3.137) 

n J 
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such that we re-obtain the result (3.134). 

This expansion (3.133) can easily be generalized to an arbitrary matrix U(r) or a 
time-dependent operator, H(r). Since H{r) and H{r') do not necessarily commute, 
the generalization is 


Tr \og{hd T + H(t) 



OO -| 


71=1 


n 


T e ~ n Iq 13 dr " H( T ")/n 


(3.139) 


where T is the time ordering operator (1.241). Each term in the sum contains a 
power of the time evolution operator (1.255). 


3.4 Summing Spectral Representation of Green Function 


After these preparations we are ready to perform the spectral sum (3.70) for the 
Green function of the differential equation of second order with Dirichlet boundary 
conditions. Setting t 2 = t b — t, ti = t' — t a , we rewrite (3.70) as 


G u 2(t,t') = 


E 


_l)n+l r e iu n t 2 _ g— iu n t 2 \f e iv n ti _ g — iu n t\ ' 


4 ~ 4 “j (2 1) 


E(-!)’ 


v 2 — to 2 


'^ e —iv n (t2+ti) _ e -iv n (t2-tl)^ _|_ c c 


2 4 - ta 

1 1 


2 t b -t a 


E (- 1 ) 5 


u 2 - UJ 2 

e -iu n (t2+ti ) _ e -w n (t 2 -ti) 
Z/2 - W 2 


(3.140) 


We now separate even and odd frequencies v n and write these as bosonic and 
fermionic Matsubara frequencies co m = u 2m and co { m = i/ 2m+1 , respectively, recalling 
the definitions (3.80) and (3.104). In this way we obtain 


GAt.t') = - 



D —iu>m (t‘2 “Ml ) 


m=—oo 


Lof 




h 


OO 

E 


3 -iwb(«2+ii) 


ta m =—oo ^ 


f 2 




OO 


g it-dm (^2 ^ 1) 


OO 


e -* w bh2-*i) 


tb - t a 


oo 


tb t a m= _ OQ 


2 - w 2 


(3.141) 


Inserting on the right-hand side the periodic and antiperiodic Green functions (3.99) 
and (3.108), we obtain the decomposition 

Gu 2 (t, t') = - [<-^(4 + 4) — G^(t 2 + 4) — G^(t 2 — 4) + G^(t 2 — 4)]. (3.142) 
Using (3.99) and (3.113) we find that 


G^(t 2 + ti) 

)-G»(t 2 -t 1 ) = 

sinu;[f 2 — (4 — t a )/ 2] sincuti 

(3.143) 

a; sin [a; (t b - t a ) /2] 

Gu(t 2 + ti) 

— G*(t 2 — ti) = - 

costa [4 — (4 — 4)/2] sinca4 

(3.144) 

to cos [a; (4 - 4)/2] 
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such that (3.142) becomes 


casino; (4 — t a ) 


sin uit 2 sincati, 


(3.145) 


in agreement with the earlier result (3.36). 

An important limiting case is 

t a —> — oo, t b oo. (3.146) 

Then the boundary conditions become irrelevant and the Green function reduces to 

— _ j_ | 


c u y,t) = -- e 

which obviously satisfies the second-order differential equation 

(-<9 t 2 - ca 2 )G w 2(t,t') = 5{t - t’). 


(3.147) 


(3.148) 


The periodic and antiperiodic Green functions G^ 2 (t,t') and G^ 2 (t,t') at finite 
t b — t a in Eqs. (3.99) and (3.113) are obtained from G u2 (t,t') by summing over all 
periodic repetitions [compare (3.106)] 


Gl*(t,lf) = J2 G(t + n(t b -t a ),t '), 

n =—oo 
oo 

G* 2 (t,t') = j: (-1 ) n G„ 2 (t + n(t b -t a ),t'). 


(3.149) 


For completeness let us also sum the spectral representation with the normalized 
wave functions [compare (3.98)-(3.69)] 


x 0 (t) = 


tb t a 


X n it) = 


t b t c 


■COS v n (t - t a ), 


which reads: 


G N At,f) = 


t b t a 


2ca 2 


1 + ^ COS ujt - t a ) COS V n (t' ~ t a ) 


n =1 


/A — cu 2 


It satisfies the Neumann boundary conditions 

9tG^ 2 (t,t') =0, t') 

t=t b 


t'=t a 


= 0. 


(3.150) 


(3.151) 


(3.152) 


The spectral representation (3.151) can be summed by a decomposition (3.140), if 
that the lowest line has a plus sign between the exponentials, and (3.142) becomes 


G^ 2 (t, t') — - [G^(t2 + t\) — G^t-2 + t\) + G^(t2 — h) — G^(t2 — ti)]. (3.153) 
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3.5 Wronski Construction for Periodic and Antiperiodic 
Green Functions 

The Wronski construction in Subsection 3.2.1 of Green functions with time- 
dependent frequency f 1(t) satisfying the differential equation (3.27) 

[~dl - Q 2 (t)\Gd2(t,t') = 5(t — t') (3.158) 

can easily be carried over to the Green functions G^it, t') with periodic and an¬ 
tiperiodic boundary conditions. As in Eq. (3.53) we decompose 

G^(t, t') = @(t - t')A(t, t') + a(t')£(t) + b(t')r](t), (3.159) 

with independent solutions of the homogenous equations £(t) and rj(t), and insert 
this into (3.27), where <5 p,a (t — t ') is the periodic version of the 5-function 

^*(i -f)= f. Ht nW) ( ( _L } . (3!60) 

n =—oo l ' ' ) 

and O(t) is assumed to be periodic or antiperiodic in tb — t a . This yields again for 
A(t,t') the homogeneous initial-value problem (3.46), (3.45), 

[~d 2 t -fl 2 (t)]A(t,t') =0; A(t, t) = 0, d t A(t,t%' =t = -1. (3.161) 

The periodic boundary conditions lead to the system of equations 

«(*)[£(*&) Tf(0] +K t )[v(tb) Tv(ta)] = ~A(t b ,t), 

a(t)[£(t b ) t£(G)] +b(t)[fj(t b ) Tv(ta)} = ~d t A(t b ,t). (3.162) 
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Defining now the constant 2x2 -matrices 


ip,a (f , \ ( €{t b ) T £(t a ) 77(G) T 77(G) \ 

ta ’G _ v Zih) T i(t a ) 77 (G) T 77 (G) ) ’ 

(3.163) 

the condition analogous to (3.58), 


det A p,a (f a ,G) = W A p,a (G,G) 7 ^ 0, 

(3.164) 

with 


A p,a (G, G) = 2 ± d t A(t a , G) ± d t A(t b , G), 

(3.165) 


enables us to obtain the unique solution to Eqs. (3.162). After some algebra using 
the identities (3.51) and (3.52), the expression (3.159) for Green functions with 
periodic and antiperiodic boundary conditions can be cast into the form 


*') = G a y, t') =F [A(t ' ta) H f■—- . (3-166) 


where is the Green function (3.59) with Dirichlet boundary conditions. As 

in (3.59) we may replace the functions on the right-hand side by the solutions D a (t) 
and D b (t) defined in Eqs. (2.228) and (2.229) with the help of (3.60). 

The right-hand side of (3.166) is well-defined unless the operator K(t) = — d 2 — 
fl 2 (t) has a zero-mode, say r)(t ), with periodic or antiperiodic boundary conditions 
77 (G) = ±r)(t a ), f](t b ) = ±77 (G), which would make the determinant of the 2 x 2 
-matrix A p,a vanish. 


3.6 Time Evolution Amplitude in Presence of Source Term 


Given the Green function G w 2 (t,t r ), we can write down an explicit expression for 
the time evolution amplitude. The quadratic source contribution to the fluctuation 
factor (3.21) is given explicitly by 


Ayfl 


1 


Pb 


pb 


2 M Jy 

1 1 


dt I dt' Gji (t, t') j (t)j (t 1 ) 

dt J dt' sin cj(tb — t) sina;(t , — t a )j(t)j(t r ). 


(3.167) 


M u j sin t o(tb — t a ) Jt a Jt, 

Altogether, the path integral in the presence of an external source j(t) reads 

'M 


i f^b 

(x b t b \x a t a )l = I Vx exp \ - jf dt 


— (x 2 — lu 2 x 2 ) + jx 


= e hAM,c F wJ (G,t a )i 
(3.168) 


with a total classical action 


Ay cl . 


Mu 


2 sinu;(G — G) 

1 

sinu;(G - G) Jt a 


( x b + x l) costa(G - t a )-2x b x 0 


dt[x a smu(t b — t) + x b sm u(t — t a )]j(t), 


(3.169) 
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and the fluctuation factor composed of (2.171) and a contribution from the current 
term e lAj ’ a / h : 

Kj(t b ,t a ) = = 7 

xexpi———— . 1 -— / dt [ dt's'mu(t b -t)smu(t'-t a )j(t)j(t')\. (3.170) 

{ hMu sm u(tb - t a ) Jt a Jt a ) 

This expression is easily generalized to arbitrary time-dependent frequencies. 
Using the two independent solutions D a (t) and D b (t) of the homogenous differential 
equations (3.48), which were introduced in Eqs. (2.228) and (2.229), we find for the 
action (3.169) the general expression, composed of the harmonic action (2.268) and 
the current term dtx c \(t)j(t) with the classical solution (2.248): 

Aj ,ci = 777777" x 2 b D a {t b )-x 2 a D b {t a )-2x b x a + . / dt[x b D a (t)+x a D b (t)]j(t). 

ay^b) Da\bb) 

(3.171) 

The fluctuation factor is composed of the expression (2.263) for the current-free 
action, and the generalization of (3.167) with the Green function (3.61): 



F u j(t b ,t a ) = F u (tb,t a )e tA * fi/h = —j= —j^=^= exp 

J2nih/M JD a (t b ) 


2 hMD a {t b ) 


x [ tb dt f dt'j{t) \Q{t-t')D b {t)D a {t')pQ{t'~t)D a {t)D b {t')\jit')). (3.172) 

Jta Jta L J ) 

For applications to statistical mechanics which becomes possible after an analytic 
continuation to imaginary times, it is useful to write (3.169) and (3.170) in another 
form. We introduce the Fourier transforms of the current 


Mu) = 

B(u) = 


1 Pb 


MU Jt a 

1 Pb 


f b dte~ Mt - ta) j (t) , (3.173) 

Jta 

j* b dte-^b-t)j{t) = _ e -ytb-ta) 2 4 (_ w ), ( 3 . 1 . 74 ) 


and see that the classical source term in the exponent of (3.168) can be written as 


A i p] — % 


since(4 - t a ) 


[ - -{[xbiAAT-talA - B )] + Xaie^b-^B -A)}. (3.175) 


The source contribution to the quadratic fluctuations in Eq. (3.167), on the other 
hand, can be rearranged to yield 


Ar.f\ — 


[ h dt f b dt'e-^-^jifyjit') -^- -\e i A t »- t “\A 2 + B 2 )-2AB 

AMuJta Jt b 2 smu(th-tn) L v ; J 


2 sine o[t b — t a ) 


(3.176) 
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This is seen as follows: We write the Green function between j(t), j(t') in (3.168) as 


sin u{t b — t) sino^t' — t a )@(t — t') + sin u(t b — t') sin u(t — t a )Q(t' — t) 

- + cc /j _ ^jw(t„+ta) e -Mt+t ') + c . c .)] ©(t _ t') 

+ {t t'}. (3.177) 


Using @(t — t') + 0(t' — t) — 1, this becomes 

1 ^ e iu(t b +t a ) e -Mt’+t) + c c ^ 

Mt b - ta ) ^ + e -M*-t) { Q0' _ 


+e 

+e 


(3.178) 


-iu](t b -t a ) 


_ 0^/ _ + e M*'-0(i _ ©(t _ t'))] } 


A multiplication by j(t), j(t') and an integration over the times t, t' yield 
lr 


- - e iu}{tb ~ ta) AM 2 uj 2 {B 2 + A 2 ) 


4 L 


(3.179) 


+ ( 


tb r^b 


e Mt b -t a ) _ e -Mt b -t a )\ dt dt'e~ iu}] ‘ t - t, \j(t)j(t')+AM 2 u 2 2AB 
' Jt a Jt b 


thus leading to (3.176). 

If the source j{t) is time-independent, the integrals in the current terms of the 
exponential of (3.169) and (3.170) can be done, yielding the j-dependent exponent 


i . _ i , . , , ! 1 

T,Aj “ T \Aj d + Ajfi) — — < :- — -— 

Ti n n [lu smuj(t b — t a ) 


2Mw 3 


oj[tb — t a ) + 2 


[1 - cos oj(t b - t a )}(x b + x a )j 

COS u(t b — to) — 1 


sin u{t b - t a ) 


(3.180) 


Substituting (1 — cos a) by sina:tan(a:/2), this yields the total source action becomes 


A; = — tan 


W(tft - 4) 


U 


(x b + x a )j + 


2Mw 3 


uj (t b — t a ) — 2 tan 


^(tft - G) 


j 2 . (3.181) 


This result could also have been obtained more directly by taking the potential plus 
a constant-current term in the action 


-£ dt ( Y uV - X3 )’ 

and by completing it quadratically to the form 

[ tb ,n M 2 ( 3 \ 2 , tb-ta .2 

~L dt Y W \ X -M^> + 2M^ 3 ■ 


(3.182) 


(3.183) 
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This is a harmonic potential shifted in x by —j/ATu 2 . The time evolution amplitude 
can thus immediately be written down as 


(x b t b \x a ty= const - 


A4u 




■ exp 


Mu 


x 


2irih sin u(t b — t a ) \2Tisinu(t b — t a ) 

J 


Xb Mu 2 ) 


+ | x , 

-2[x b - 


° Mu 2 

j 


Mu 2 


X n ~ 


cos u(t b - t a ) 
J 


(3.184) 


Mu 2 


t i 4 ta a 2 
+ h 2Mu 2 J , 


In the free-particlc limit u —> 0, the result becomes particularly simple: 


(x b t a \x a t a ) 3 0 


j =const _ 


^2nih(t b - t a )/M 

T 


exp 


x exp 


i M {x b - x a f 
h 2 tb t a 
l 


2 (x b -\-x a )(t b t a )j 24 M^ b ^ ^ 


. (3.185) 


As a cross check, we verify that the total exponent is equal to i/% times the classical 
action 


A ; .ci 



(M . 2 . \ 

y~2 X 3A + 3 x x d ) > 


(3.186) 


calculated for the classical orbit Xj tC i(t) connecting x a and x b in the presence of the 
constant current j. This satisfies the Euler-Lagrange equation 


Xj, c i = j/M, 


(3.187) 


which is solved by 

Xj,d(t) = x a + 


x b -x a - 


2 M 


(4 - t a f 


1 *" + - t a y 


t b t a 


2 M 


Inserting this into the action yields 


A AT(x b -x a ) 2 , 1,_ , _ {t b -t a f j 2 

Aj ' cl ~ 2 t b -t a + 2 {Xb + Xa ^ b a)j 24 M’ 


(3.188) 


(3.189) 


just as in the exponent of (3.185). 

Let us remark that the calculation of the oscillator amplitude ( x a t b \x a t )£ in 
(3.168) could have proceeded alternatively by using the orbital separation 


x(t) = Xj jC \(t) + Sx(t), (3.190) 

where Xj :C \(t) satisfies the Euler-Lagrange equations with the time-dependent source 
term 


Xj,d(t) +u 2 xp c i{t) = j(t)/M , 


( 3 . 191 ) 
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rather than the orbital separation of Eq. (3.7), 

x(t) = x c \ (t) + Sx(t), 


where x c \ (t) satisfied the Euler-Lagrange equation with no source. For this inho¬ 
mogeneous differential equation we would have found the following solution passing 
through x a at t = t a and x b at t — t b \ 




sincu(tf ) — t) 
“sin ou(t b - t a ) 


+ x b 


sin u(t — t a ) 
sin uo(t b - t a ) 


+ 


rt b 


M.. 




(3.192) 


The Green function G^itp') appears now at the classical level. The separation 
(3.190) in the total action would have had the advantage over (3.7) that the source 
causes no linear term in 8x{t). Thus, there would be no need for a quadratic com¬ 
pletion; the classical action would be found from a pure surface term plus one half 
of the source part of the action 


A C ] = 


rh 


dt 


C^b 


M 

-I 

2 

M 


xl\,j - ^ 2 4cl) + JXj ,cl 


M 

— ~^ x j,c\Xj,c\ 


+ I dt 
Jt a 

= TT (x b x b ~ x a x a ) 


2 Xj,c 1 ^ Xj,c 1 to X ]: cl + M 


pb 


1 

+ o / dtx j,clj 
2 Jta 


1 Pb 


X — Xj f cl 


dtx jtC i(t)j(t). 


(3.193) 


Inserting x hC \ from (3.192) and G^(t, t') from (3.36) leads once more to the exponent 
in (3.168). The fluctuating action quadratic in 8x(t) would have given the same 
fluctuation factor as in the j = 0 -case, i.e., the prefactor in (3.168) with no further 
j 2 (due to the absence of a quadratic completion). 


3.7 Time Evolution Amplitude at Fixed Path Average 

Another interesting quantity to be needed in Chapter 15 is the Fourier transform of 
the amplitude (3.184): 

(x b t b \x a t a )*° = (t b - t a ) [ -e~ tjdb ~ ta)xo/h (x b t b \x a t a )l. (3.194) 

. 7—00 Ztt ri 

This is the amplitude for a particle to run from x a to x b along restricted paths whose 
temporal average x = (t b — t a ) _1 // a 6 dtx(t ) is held fixed at xy. 

/ ( 'i rti 'j 

Vx <5(x 0 - x) exp | - dt— (x 2 - aAr 2 ) j . (3.195) 

This property of the paths follows directly from the fact that the integral over the 
time-independent source j (3.194) produces a 5-function 8((t b — t a )x 0 — J ^ dtx(t)). 
Restricted amplitudes of this type will turn out to have important applications later 
in Subsection 3.25.1 and in Chapters 5, 10, and 15. 
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The integral over j in (3.194) is done after a quadratic completion in Aj — j{t b ■ 
t a )x o with Aj of (3.181): 


Aj -j(t b - t a )x o = 
with 
Jo = 

and 

A xo = 


2 Mw 3 
Mu 2 


u (h — t a ) — 2 tan 


w(4 - 4) 


(j-Jo) 2 + ^°, (3.196) 


a;(4 — 4) — 2 tan ^ b 9 


Mu 


/ \ ca (t b ^ct) / 

w(4 - 4) - tan--- (x b + x a 


, (3.197) 


u(t b — 4) — 2 tan ^*4 ta ^ 


a; (4 — 4)x 0 — tan 


w(4 - 4) 


4a + x b\ 


1.198) 


With the completed quadratic exponent (3.196), the Gaussian integral over j in 
(3.194) can immediately be done, yielding 


(x b t b \x a t a ) X0 = (x b t b \x a t a ) 


4 4 


i Mu 3 


\/2ttTi \ u(t b — 4) — 2 tan Ah-u) \% 

In the free-particle limit u —> 0, this reduces to 

\J?iM f Mi 
(x b t b \x a t a ) w 0 = —^ 777 —— exp< 


—T exp -A T ° .(3.199) 


7rhi(t b —t a 


2h(t b -t a 


(X b -X a )' 2 + 12 (W 


X b + X c 


. (3.200) 


If we set x b = x a in (3.199) and integrate over x b = x a , we find the quantum- 
mechanical version of the partition function at fixed x&. 

1 u(t b — 4)/2 


Z x ° = 


yj2irh(t b -t a )/Mi sin [a; (4 - t a )/2] 


exp 


-^r{t b - i a )Mu 2 x 2 0 


. (3.201) 


As a check we integrate this over xo and recover the correct Z u of Eq. (2.412). 

We may also integrate over both ends independently to obtain the partition 
function 


£open,xo _ 


w(4 - 4) 

, —:-t --exp 

\ sinw 4 - 4) 


-—{tb-QM^xl 


(3.202) 


Integrating this over xq and going to imaginary times leads back to the partition 
function Z° pen of Eq. (2.413). 

3.8 External Source in Quantum-Statistical Path Integral 

In the last section we have found the quantum-mechanical time evolution amplitude 
in the presence of an external source term. Let us now do the same thing for the 
quantum-statistical case and calculate the path integral 

1 M . f M 


r r n P V 

(x b hp\x a 0) 3 u = J Vx(t) exp l -- dr y (i 2 + 


u 2 x 2 ) -j(r)x(r) 


. (3.203) 


This will be done in two ways. 
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3.8.1 Continuation of Real-Time Result 

The desired result is obtained most easily by an analytic continuation of the 
quantum-mechanical results (3.23), (3.168) in the time difference tf, — t a to an imag¬ 
inary time — i%{jb — r a ) = —iTifd. This gives immediately 


(x b hf3\x a 0)l = 


M 


ufi(3 


2itfi 2 f3 V sinh uUfd 


exp 


with the extended classical Euclidean oscillator action 

^c Xt [i] = A e + A J e = Ac + + A^e, 

where A e is the Euclidean action 

Mu 


A e — 


{xi + x 2 ) cosh uh/3 — 2xbX a 


2 sinh /3Hu b 

while the linear and quadratic Euclidean source terms are 
1 


M = 


m 


sinh uU(3 J Ta 


dr[x a sinh u(h/3 — r) + Xb sinho;r]j(r), 


and 


Ai e =-j- r 

2 ’ e M Jo 


dx / dr' j(r) G u 2 (r, r')j(T'), 
Jo 


(3.204) 


(3.205) 


(3.206) 


(3.207) 


(3.208) 


where G w 2 e (r, r') is the Euclidean version of the Green function (3.36) with Dirichlet 
boundary conditions: 


C^ ie (r, t ') 


sinhu(h(3 — r>) sinho;r< 
u sinh uh(3 

cosh u{Tif3 — | r — r'|) — cos\\u{fifd — r — t') 
2u sinh uTifd 


satisfying the differential equation 


{-d 2 T + a; 2 ) G w 2 )e (T, r') =6(t-t’). 


(3.209) 


(3.210) 


It is related to the real-time Green function (3.36) by 

C w 2 i6 (t, t') = i Gu»(-iT, -ir'), (3.211) 

the overall factor % accounting for the replacement 5(t — t') —> iS(r — t') on the 
right-hand side of (3.148) in going to (3.210) when going from the real time t to 
the Euclidean time — it. The symbols r> and r< in the first line (3.209) denote the 
larger and the smaller of the Euclidean times r and t', respectively. 
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The source terms (3.207) and (3.208) can be rewritten as follows: 
Men 




sinh uTifd 


{ [x b (e~^A e - £ e )] x a (e~^B e - A)} , (3.212) 


and 


M - 
“Me 


] rh/3 rKfi | 

4 M^L dT l j(T)j ' (T) 


+ 


Men 


2 sinh en7i/3 L 


e^ fiw (^ + Bl) - 2A e B c 


(3.213) 


We have introduced the Euclidean versions of the functions A{u) and B(u) in 
Eqs. (3.173) and (3.174) as 

1 rW 

A(en) = iA(u)\ tb _ ta= _ in p = — J q dre UT j{r), (3.214) 

= iB(u)= J^l dre^-^jfr) = (3.215) 

From (3.204) we now calculate the quantum-statistical partition function. Set¬ 
ting Xb = x a = x, the first term in the action (3.205) becomes 

A c = —2 sinh 2 (uh (3/2) x 2 . (3.216) 

sinh prim 


If we ignore the second and third action terms in (3.205) and integrate (3.204) over 
x, we obtain, of course, the free partition function 


2sinh(f3hu/2)' 


(3.217) 


In the presence of j, we perform a quadratic completion in x and obtain a source- 
dependent part of the action (3.205): 


Ai = A{ e + 4e,: (3-218) 

where the additional term A{ e is the remainder left by a quadratic completion. It 
reads 

< 3 - 2i9 > 


Combining this with A J ae of (3.213) gives 


A3 I Aj _ 
,Al fl,e ' >Al r,e 


4Mca Jo 


rh/3 ,-np 

/ dr dr e “ |t r l j(r)j(r ) - 
Jo Jo 


Mu 


s\vl\i((3%u/2) 


e phw/2 A e B e . 

(3.220) 
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This can be rearranged to the total source term 

M = 


i r w dT ^ coshMIy-T'l -y/ 2) . {tW) 


4 Mu Jo Jo smh(/3huj/2) 

This is proved by rewriting the latter integrand as 
1 


(3.221) 


2 sinh(/3ftca/2) 


+ 


{ [e^ T ~ T ‘Je~ phbj / 2 + (ca -> -a;)] 0(r - r') 

e “(T'-T) e -phu/2 + _ w )] 0( T ' _ r )| j( T )j( T '). 


In the second and fourth terms we replace e dhuJ l 2 by e~ dhu1 ^ 2 + 2 sinh(/3?ka/2) and 
integrate over r, r', with the result (3.220). 

The expression between the currents in (3.221) is recognized as the Euclidean 
version of the periodic Green function G^ 2 (t) in (3.99): 


G lce( r ) = ^ GP A-tT)\ tb - ta =~inp 
1 cosh uj (r — ft [3/2) 


2ca sinh(/3ftca/2) 


, t G [0, h/3]. 


(3.222) 


In terms of (3.221), the partition function of an oscillator in the presence of the 
source term is 


Zu,[j\ = Z u exp • (3.223) 

For completeness, let us also calculate the partition function of all paths with 
open ends in the presence of the source j(t), thus generalizing the result (2.413). 
Integrating (3.204) over initial and final positions x a and ay we obtain 


where 


ZT n \j\ = 


2ith 


Mu Y / sinhj u(j b - r a ) 


e -(Ai e +Ai te )/n 


1 r^P r T 

^2,e = -T7 / dr dT'j{T)G l j2{T,T , )j{T'), 
M Jo Jo 


(3.224) 


(3.225) 


with 


G u 2 (r, r f ) =-—o—— {cosh ioh/3 [sinh ca( hfJ—r ) sinh uj(h/J—T') + sinh car sinh car'] 

2casinh c onp 

+ sinhc u(h/3—r) sinh car' + sinhc u(h/3—T r ) sinh car} .(3.226) 


By some trigonometric identities, this can be simplified to 


G u a(r, r') 


1 coshc o{h(3 — t — t') 
ca sinh ujfifJ 


(3.227) 
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The first step is to rewrite the curly brackets in (3.226) as 

sinh cor cosh coU/3 sinh cot' + sinh co(hf3 — T r ) 

+ sinh co(h(3 — T r ) coshcohfi smh.co(h/3— t) + smh. uj(h/3 — t)) . (3.228) 

The first bracket is equal to sinh f3hco cosh cot, the second to sinh fShco cosh co(hj3—T / ), 
so that we arrive at 


sinh uoU/3 sinh cot cosh cot' + sinh co (H/3—t) cosh co (Ufi—T') . (3.229) 

The bracket is now rewritten as 

- sinho;(r + t') + sinho;(r — t') + smhco(2hj3 — r — r') + sinha;(T / — r) , (3.230) 
which is equal to 

- sinhca^/d + r + t' — h/3) + sinh co(hl3 + h(3 — r — t') , (3.231) 

and thus to 

i 2 sinhcoh/3 cosh co(h/3 — r — r') , (3.232) 

such that we arrive indeed at (3.227). The source action in the exponent in (3.224) 
is therefore: 

+ A , e ) = -JjJ 0 dT f Q dT 'j( r ) G °j2™{T,T')j(T'), (3.233) 

with (3.208) 



coshco(h(3 — | r — r'|) + cosh co(h/3 — r — r') 
2c o sinh coTifS 

cosh co (h/3 — r>) cosh cjt< 
co sinh coTtfS 


(3.234) 


This Green function coincides precisely with the Euclidean version of Green function 
G ^2 (t, t') in Eq. (3.151) using the relation (3.211). This coincidence should have been 
expected after having seen in Section 2.12 that the partition function of all paths 
with open ends can be calculated, up to a trivial factor l e (h(3 ) of Eq. (2.353), as a sum 
over all paths satisfying Neumann boundary conditions (2.451), which is calculated 
using the measure (2.454) for the Fourier components. 

In the limit of small-cu, the Green function (3.234) reduces to 


GX>d') 


j — + - 

so /3co 2 3 


)u + t') + 4-(t 2 +t' 2 ) , (3.235) 


which is the imaginary-time version of (3.157). 
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3.8.2 Calculation at Imaginary Time 

Let us now see how the partition function with a source term is calculated directly 
in the imaginary-time formulation, where the periodic boundary condition is used 
from the outset. Thus we consider 


Z u [j\ = J Vx(T)e- Mj]/h , 

with the Euclidean action 


(3.236) 


(3.237) 


Since x(t) satisfies the periodic boundary condition, we can perform a partial inte¬ 
gration of the kinetic term without picking up a boundary term xx j. The action 
becomes 


rh.0 

]\ t /" / q q q \ 

/ dr 

—(x +UJ x ) - j{r)x{r) 

Jo 



fh/3 

A e [j] = / dr 
Jo 

Let D e (T,r') be the functional matrix 

Dcj 2 ,e(r, r') = (-<9 2 + u 2 )5(t - r), r - r' e [0, h/3\. 

Its functional inverse is the Euclidean Green function, 

G£ 2) e(T, t') = Gl 2 e (r - r') = D~ 2 \ e (r, t') = (-d 2 + u; 2 )- 1 ^ - r'), (3.240) 

with the periodic boundary condition. 

Next we perform a quadratic completion by shifting the path: 


yx(r)(-c> 2 + u 2 )x[r) - j(t)x(t) 


(3.238) 


(3.239) 


/ 1 /iP 

X —>■ X = X - —G 2 „ J. 

M ’ 


(3.241) 


This brings the Euclidean action to the form 

rh(3 A/f 1 r-Tlfi r-tlfi 

Abl = l dr—x\-d 2 + oj 2 )x' - — J o dr jf dr'j^G^^r - T')j(r'). 

(3.242) 


The fluctuations over the periodic paths x'{r) can now be integrated out and yield 
for j{r) = 0 

= Det DTI 12 . (3.243) 

As in Subsection 2.15.2, we find the functional determinant by rewriting the product 
of eigenvalues as 


Det D u 2 e 


n +^ 2 )= ex p 


E lo g( W m+^ 2 ) > 


m =—oo 


Lm =—oo 


(3.244) 
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and evaluating the sum in the exponent according to the rules of analytic regular¬ 
ization. This leads directly to the partition function of the harmonic oscillator as in 
Eq. (2.409): 

z 1 

2 sinh(/37kn / 2) 

The generating functional for j (r) ^ 0 is therefore 

Z[j] = Z w exp | — bl | ? 

with the source term: 

■Al\j} = ~-Wl So dT Jo dT ' J ^ G ^ 2 A T (3.247) 


(3.245) 


(3.246) 


The Green function of imaginary time is calculated as follows. The eigenfunctions 
of the differential operator — d 2 are e~ tuJrnT with eigenvalues and the periodic 
boundary condition forces ui m to be equal to the thermal Matsubara frequencies 
uj m = 2nm/Tifi with m = 0, ±1, ±2,.... Hence we have the Fourier expansion 



1 

hp 


E 


U m + U 


(3.248) 


In the zero-temperature limit, the Matsubara sum becomes an integral, yielding 



du m 1 

27T + CO 2 




1 

2u 


3 -w|r| 


(3.249) 


The frequency sum in (3.248) may be written as such an integral over ui m , provided 
the integrand contains an additional Poisson sum (3.81): 


oo oo oo 

5] 6(m -m)= J2 ei2wnm = E e inuJmhp . (3.250) 

rh =—oo n =—oo n =—oo 


This implies that the finite-temperature Green function (3.248) is obtained from 
(3.249) by a periodic repetition: 



E 


3 — u\T+nhP\ 


2u 


1 cosh a; (r — Tift/2) 
2u smh(/3hu) /2) 


r G [0, UP], 


(3.251) 


A comparison with (3.97), (3.99) shows that G^ 2 e (r) coincides with G^ 2 (t) at imag¬ 
inary times, as it should. 

Note that for small uj, the Green function has the expansion 

1 t 2 t UP 

npu 2 + 2 np 2 + 12 + 


Glg e (r) 


(3.252) 
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The first term diverges in the limit u —> 0. Comparison with the spectral represen¬ 
tation (3.248) shows that it stems from the zero Matsubara frequency contribution 
to the sum. If this term is omitted, the subtracted Green function 




1 

npuj 2 


has a well-defined u —> 0 limit 



1 

h 


E 

m=± 1,±2,... 



r 2 r U/3 
2H/3 2 + 12’ 


(3.253) 


(3.254) 


the right-hand side being correct only for r G [0, hf3\. Outside this interval it must 
be continued periodically. The subtracted Green function G P 2 e (r) is plotted for 
different frequencies u in Fig. 3.4. 
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Figure 3.4 Subtracted periodic Green function G p, 2 (r) = G p 2 (t) — l/h/3u' 2 and an- 
tiperiodic Green function G^ 2 (t) for frequencies to = (0, 5, 10 )/fij3 (with increasing dash 
length). Compare Fig. 3.2. 


The limiting expression (3.254) can, incidentally, be derived using the methods 
developed in Subsection 2.15.6. We rewrite the sum as 


Wm= 


^2 ( 1)™ c -ju m (T-h0/2) 


m=± 1 ,± 2 ,... ^m 


and expand 


_2_ (h£ 
kf3 l 27r 


E 


n= 0,2,4,... 


n\ 




£ 

m= 1 


-i) 


m— 1 


m 


2 —n 


The sum over m on the right-hand side is Riemann’s eta function 1 

00 ( 1 


v(z) = E 


m= 1 


m * 


(3.255) 


(3.256) 


(3.257) 


1 M. Abramowitz and I. Stegun, op. cit., Formula 23.2.19. 
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which is related to the zeta function (2.521) by 

77(z) = (1 - 2 1 -*)C (z). (3.258) 

Since the zeta functions of negative integers are all zero [recall (2.587)], only the 
terms with n — 0 and 2 contribute in (3.256). Inserting 

7/(0) = —C(0) = 1/2, 7/(2) = C(2)/2 = tt 2 /12, (3.259) 


we obtain 

_A fMV 

Tif3 \2ir) 


IT 2 1 / 27T \ 
12 ~~ 4 \ %f}) 


(r - h/3/2) 2 


r 2 r HP 
2hp - 2 + 12’ 


(3.260) 



2 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 9.620. 
3 ibid. Formula 9.621. 
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which is an analytic continuation of (3.113) to imaginary times. In contrast to 
(3.252), this has a finite uj —> 0 limit 

G‘ v (r) = re [0, ft/?]. (3.267) 

For a plot of the antiperiodic Green function for different frequencies to see again 
Fig. 3.4. 

The limiting expression (3.267) can again be derived using an expansion of the 
type (3.256). The spectral representation in terms of odd Matsubara frequencies 
(3.104) 


I 0° I 

G‘,.(r) = - £ -r^~ T 

lL b J m ——oo 


uj*,e\ 


is rewritten as 


To E ~J2 COS ( U, m T ) = 

i r J m=—oo 


E 


h f j rnT^oo 


ll m 

72 sin[ w m( r “ ^/ 2 )]- 


Expanding the sin function yields 
2 (-1) ( 


A (Mi v 

h/3\27t) 


n- 1)/2 


n! 


|(r-W2) 


£ 

m =0 


!-!)' 


(m + i) 


2 —n ’ 


(3.268) 


(3.269) 


(3.270) 


The sum over m at the end is 2 2 n times Riemann’s beta function 4 /3(2 — n), which 
is dehned as 




m=0 




and is related to Riemann’s zeta function 


°° ] 


C (z,q) = E / , v 

,Ao + Q) 


Indeed, we see immediately that 


so that 


oo /_i \m 

£o( m + «r = T’1>- 2 ' X( 2 ,( 9 +l)/ 2 ), 


m ^ [TO/2) - r~x (*,3/4) 


Near z = 1, the function ((z,q) behaves like 5 


t(z, q) = —j ~ ^A + °( z ~ 1 )’ 


4 M. Abramowitz and I. Stegun, op. cit., Formula 23.2.21. 

5 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 9.533.2. 


(3.271) 

(3.272) 

(3.273) 

(3.274) 

(3.275) 
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where is the Digamma function (2.573). Thus we obtain in the limit z —> 1: 
m = lim \ [COb 1/2) - 3/4)1 = \ [—'0(1/2) + -0(3/4) + log 2 ] = j. 

z-y l 2 1 J 2 4 

(3.276) 

The last result follows from the specific values [compare (2.575)]: 

■0(1/2) = —7 — 2 log2, 0(3/4) = -7 -3 log2 + ^. (3.277) 

For negative odd arguments, the beta function (3.271) vanishes, so that there are no 
further contributions. Inserting this into (3.270) the only surviving e n — 1 -term 
yields once more (3.267). 

Note that the relation (3.276) could also have been found directly from the 
expansion (2.574) of the Digamma function, which yields 

/)(1) = jW3/2)-^(1/4)]. (3.278) 

and is equal to (3.276) due to -0(1/4) = —7 — 3 log2 — ir/2. 

For currents j(r), which are periodic in h/3, the source term (3.247) can also be 
written more simply: 

m r dr 11 < 3 ’ 279 ) 

This follows directly by rewriting (3.279), by analogy with (3.149), as a sum over 
all periodic repetitions of the zero-temperature Green function (3.249): 

1 OO 

Gl2 e (r) = — £ e -h+n^| (3.280) 

5 Zuj 

n =—00 

When inserted into (3.247), the factors e~ n/3huJ can be removed by an irrelevant 
periodic temporal shift in the current j{r') —> j(r' — nh(3) leading to (3.279). 

For a time-dependent periodic or antiperiodic potential D(r), the Green function 
G p J e (r) solving the differential equation 

[dl ~ fi 2 (r)]G^ e (r, r') = ^ a (r - r'), (3.281) 

with the periodic or antiperiodic 5-function 

5 p,a (r — t') = JZ ${r - t 1 - nhfi) I. |, (3.282) 

n =—00 l ^ ' ) 


can be expressed 6 in terms of two arbitrary solutions £(t) and rj (r) of the ho¬ 
mogenous differential equation in the same way as the real-time Green functions in 
Section 3.5: 


G u? e (T,r') = G/ 2 , e (D r) =f 


[A(r, Tq) ± A (r b , r)] [A^, r a ) ± A(r b , t')_ 
A p ’ a (r a , Tb)A(r a , r b ) 


, (3.283) 


6 See H. Kleinert and A. Chervyakov, Phys. Lett. A 245, 345 (1998) (quant-ph/9803016); 
J. Math. Phys. B 40, 6044 (1999) (physics/9712048). 
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where G u 2 )6 ( t , t') is the imaginary-time Green function with Dirichlet boundary 
conditions corresponding to (3.209): 


^ /_ _/N Q(t -r')A(T b ,T)A(T',Ta) + Q(r -T')A(n,T')A(T,T a ) /QOO/1 , 

Goj2 e (T, t ) . . , (3.284) 


A(r a ,r b ) 


with 


A(r, t') = — [C(r)r/(r') - ((r')j|(r)], W = £(t)tj(t) - i(r)fj(r), (3.285) 

and 

A p ’ a (r a , r b ) = 2 ± d T A (r a , r b ) ± <9 r A(r 6 , r a ). (3.286) 

Let also write down the imaginary-time versions of the periodic or antiperiodic 
Green functions for time-dependent frequencies. Recall the expressions for constant 
frequency G p (t) and G a (f) of Eqs. (3.94) and (3.112) for r e (0, h/3): 

1 


G p e (r) = -Ly e -~ T --— = e 

h/3 y iw m - ca 

= (l+y)e—, 


2 sinh(/lhca/2) 


(3.287) 


and 


1 v ^ cj(t— 7i/3/2)_^ 


h/3? 6 LaL-ca 


m m 

f \ ^—UJT 


2 cosh( / 9hta/2) 


= (l-nL)e—, 


(3.288) 


the first sum extending over the even Matsubara frequencies, the second over the 
odd ones. The Bose and Fermi distribution functions were defined in Eqs. (3.93) 
and (3.111). 

For r < 0, periodicity or antiperiodicity determine 



±G p :1(t + up). 


cj,e \ 


(3.289) 


The generalization of these expressions to time-dependent periodic and antiperi¬ 
odic frequencies fl(r) satisfying the differential equations 

[-d T - ^(r)]G p ^ e (r, t') = <5 p ’ a (r - r') (3.290) 

has for f3 —> oo the form 

G p ’ a e (r, r') = 0(r - r')e-fo dT ' Q ( T, \ (3.291) 

Its periodic superposition yields for hnite /3 a sum analogous to (3.280): 


GfS(^') = £e-r- M ^ 


n =0 


(-l) r 


, h/3 > T > t' > 0, (3.292) 


which reduces to (3.287), (3.288) for a constant frequency f2(r) = ca. 
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3.9 Lattice Green Function 

As in Chapter 2, it is easy to calculate the above results also on a sliced time axis. This is useful 
when it comes to comparing analytic results with Monte Carlo lattice simulations. We consider here 
only the Euclidean versions; the quantum-mechanical ones can be obtained by analytic continuation 
to real times. 

The Green function G u 2 (t , t') on an imaginary-time lattice with infinitely many lattice points 
of spacing e reads [instead of the Euclidean version of (3.147)]: 


G 2 (t t') = _-_g-wel-r—r'l = — _1_e 

w ’ 2sinhew e 2w cosh(ew e /2) 


-w e | ; r-r'| 


where w e is given, as in (2.406), by 


2 , tw 

uip = — arsmh—. 
e 2 


This is derived from the spectral representation 


Guj2 (t, t') = G u 2 (r — t') = J 


2(1 — cos ecu') + e 2 w 2 


(3.293) 

ref(2.406) 

(3.294) lab ( 2 - 234 ) 
v ' est(2.277) 


(3.295) 


by rewriting it as 


G^{t,t’)=J ds j ■ 


g— iuj' en^— s[ 2 (l—cos eci/)+€ 2 a ; 2 ]/€ 2 


(3.296) 


with n = (t' — r)/e, performing the w'-integral which produces a Bessel function /( T _ T /)/ e (2s/e 2 ), 
and subseciuently the integral over s with the help of formula (2.475). The Green function (3.293) 
is defined only at discrete r„ = nh/3/(N + 1). If it is summed over all periodic repetitions n — > 
n + k(N + 1) with k = 0, ±1, ±2,... , one obtains the lattice analog of the periodic Green function 
(3.251): 


= sE 


hf3 ' 2(1 — COS CLUm) + € 2 LU 2 

m =—00 v 7 

1 1 coshd;(r — h/3/2) 

2uj cosh(ed;/2) smh(h£jf3/2) 


, t g [ 0 , h0]. 


(3.297) 


3.10 Correlation Functions, Generating Functional, 
and Wick Expansion 

Equipped with the path integral of the harmonic oscillator in the presence of an 
external source it is easy to calculate the correlation functions of any number of 
position variables x(t). We consider here only a system in thermal equilibrium 
and study the behavior at imaginary times. The real-time correlation functions can 
be discussed similarly. The precise relation between them will be worked out in 
Chapter 18. 

In general, i.e., also for nonharmonic actions, the thermal correlation functions 
of n-variables x(r) are defined as the functional averages 


G'S (Tr,-..,T n ) 


= (x(ti)x(t 2 ) ■•■z(T n )) 

= Z” 1 j Vx x(ti)x(t 2 ) ■ ■ ■ x(r n ) exp (--A 


= Z 


(3.298) 
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They are also referred to as n-point functions. In operator quantum mechanics, the 
same quantities are obtained from the thermal expectation values of time-ordered 
products of Heisenberg position operators xh{t): 


G 


W/ 


(n,..., t„) = Z 1 Tr {TV x h ( ti ) x h ( t 2 ) ■ • • x H (r n )e H/kBT } , 


where Z is the partition function 


(3.299) 


Z = e~ F/kBT = Tr(e~ A/kBT ) 


(3.300) 


and T t is the time-ordering operator. Indeed, by slicing the imaginary-time evolution 
operator e~ Hr / n at discrete times in such a way that the times p of the n position 
operators x{ji) are among them, we find that G^ (t\ ,..., r n ) has precisely the path 
integral representation (3.298). 

By definition, the path integral with the product of x(p) in the integrand is 
calculated as follows. First we sort the times p according to their time order, 
denoting the reordered times by pp. We also set p = p( n+ i) and p = p( 0 ). 
Assuming that the times pp) are different from one another, we slice the time axis 
r G [t 0 , p] into the intervals [p,ppq], [pp»),pp»_p], [r t(n _ 2 ), r t(n _ 3) ],..., [p (4) , p (3) ], 
[p( 2 ),p(i)], [p(!),r a ]. For each of these intervals we calculate the time evolution 
amplitude (app + i)pp + i)|:pp)pp)) as usual. Finally, we recombine the amplitudes by 
performing the intermediate x (pp)) - integr at ions, with an extra factor x(p) at each 
P, i.e., 


G ^(n, ...., r n ) = n 


n+1 


i= 1 


da; 


T t(i) 




• • • • • (^t( 2 )A( 2 )|^t(l)P(l)) • a;(T t (i)) • (x t (i)P(i) |x t ( 0 )Pi). (3.301) 


We have set x t ( n +i) = Xb = x a = p( 0 ), in accordance with the periodic boundary 
condition. If two or more of the times p are equal, the intermediate integrals are 
accompanied by the corresponding power of x(p). 

Fortunately, this rather complicated-looking expression can be replaced by a 
much simpler one involving functional derivatives of the thermal partition function 
Z\j] in the presence of an external current j. From the definition of Z[j] in (3.236) 
it is easy to see that all correlation functions of the system are obtained by the 
functional formula 





5 


■■■%- 


5 


Sj(r i) 5j(T n ) 


;Z[j] 


3=0 


(3.302) 


This is why Z[j] is called the generating functional of the theory. 

In the present case of a harmonic action, Z\j] has the simple form (3.246), (3.247), 
and we can write 



nJ-.-n- 6 


Sj(ri) 5j(T n ) 


(3.303) 
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x exp {2 m r dr r dT '^ a °G T - Fi (t')}]^ 

where G^ 2 e (r —r') is the Euclidean Green function (3.251). Expanding the exponen¬ 
tial into a Taylor series, the differentiations are easy to perform. Obviously, any odd 
number of derivatives vanishes. Differentiating (3.246) twice yields the two-point 
function [recall (3.251)] 

G S (d r) = (x(t)x(t')) = -^jG'Ujr - t'). (3.304) 

Thus, up to the constant prefactor, the two-point function coincides with the Eu¬ 
clidean Green function (3.251). Inserting (3.304) into (3.303), all n-point func- 
tions are expressed in terms of the two-point function G)j{ (t, r'): Expand¬ 

ing the exponential into a power series, the expansion term of order n /2 carries 
the numeric prefactors l/(n/2)! • 1 /2 r7//2 and consists of a product of n/2 factors 
jf dr’j( t)G ( ^2 (t, T r )j(r 1 )/li 2 . The n-point function is obtained by functionally dif¬ 
ferentiating this term n times. The result is a sum over products of n/2 factors 
G^ (t, t') with n! permutations of the n time arguments. Most of these prod- 
nets coincide, for symmetry reasons. First, (S'// (r, r') is symmetric in its argu¬ 
ments. Hence 2 n / 2 of the permutations correspond to identical terms, their num¬ 
ber canceling one of the prefactors. Second, the n/2 Green functions G^ 2 (t, t') 
in the product are identical. Of the n! permutations, subsets of (n/ 2 )! permuta¬ 
tions produce identical terms, their number canceling the other prefactor. Only 
n!/[(n/2)!2 n / 2 ] = (n — 1) • (n — 3) • • • 1 = (n — 1)!! terms are different. They all 
carry a unit prefactor and their sum is given by the so-called Wick rule or Wick 
expansion: 

G^Vi,..., t„) = X! ( r Hib t p( 2))''' G S( t pG- i), Mn))- (3.305) 

pairs 


Each term is characterized by a different pair conhgurations of the time arguments 
in the Green functions. These pair conhgurations are found most simply by the fol¬ 
lowing rule: Write down all time arguments in the n-point function T 1 T 2 T 3 T 4 ... T n . 
Indicate a pair by a common symbol, say f p ^)f p (i + p, and call it a pair contraction 
to symbolize a Green function G^ 2 (t p ^,t p ^ + p). The desired (n — 1)!! pair conhgu¬ 
rations in the Wick expansion (3.305) are then found iteratively by forming n — 1 
single contractions 


T1T2T3T4 . . . T n + T1T2T3T4 ...T n + T1T2T3T4 • • • T n + . . . + T1T2T3T4 • • • T n , (3.306) 

and by treating the remaining n — 2 uncontracted variables in each of these terms 
likewise, using a different contraction symbol. The procedure is continued until all 
variables are contracted. 
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In the literature, one sometimes another shorter formula under the name of 
Wick’s rule, stating that a single harmonically fluctuating variable satisfies the 
equality of expectations: 

(e Kx ) = e^W 2 . (3.307) 

This follows from the observation that the generating functional (3.236) may also 
be viewed as Zf times the expectation value of the source exponential 

Z u [j] = Z u X (eS ^j{T)x{r)/n\^ _ (3.30 8 ) 

Thus we can express the result (3.246) also as 

(eJ drj{T)x( T )/n ^ = e (i/2 Mh)fd T fdT'j(T)Gl 2 jT,T')j(T')' (3.309) 

Since (i h/M)G^ 2 e (r, r') in the exponent is equal to the correlation function 
(r, r') = (x(t)x(t 1 )) by Eq. (3.304), we may also write 



dTj(r)x(r)/n\j 


— ef dr f dT 'o(r){x(T)x(r'))j(T’)/ 2 h 2 


(3.310) 


Considering now a discrete time axis sliced at t — t n , and inserting the special source 
current j(r n ) = KS n fl, for instance, we find directly (3.307). 

The Wick theorem in this form has an important physical application. The 
intensity of the sharp diffraction peaks observed in Bragg scattering of X-rays on 
crystal planes is reduced by thermal fluctuations of the atoms in the periodic lattice. 
The reduction factor is usually written as e~ 2W and called the Debye-Waller factor. 
In the Gaussian approximation it is given by 


e ~W = / e -V-u(x)\ = e -S k (|k-u(k)] 2 >/2 ; 


(3.311) 


where u(x) is the atomic displacement held. 

If the fluctuations take place around (x(r)) ^ 0, then (3.307) goes obviously over 
into 


/ e Px \ — gP(a;(r)>+P 2 (a:-(x(r)» 2 /2 


(3.312) 


3.10.1 Real-Time Correlation Functions 

The translation of these results to real times is simple. Consider, for example, the 
harmonic fluctuations Sx(t) with Dirichlet boundary conditions, which vanish at t & 
and t a . Their correlation functions can be found by using the amplitude (3.23) as a 
generating functional, if we replace x(t) —>■ Sx(t) and x^ — x a —> 0. Differentiating 
twice with respect to the external currents j(t) we obtain 

cSHm') = (x{t)x(t')) = i^-G^it - t'), (3.313) 
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with the Green function G u 2 (t — t') of Eq. (3.36), which vanishes if t — t b or t — t a . 
The correlation function of x(t) is 


{x(t)x(t')) 


. U cos u>(t b — £>) cos u;(t< — t a ) 
M io sin uj (t b — t a ) 


(3.314) 


and has the value 


(x(t b )x(t b )) 



cot ui(t b 


t a )- 


(3.315) 


As an application, we use this result to calculate once more the time evolution 
amplitude (x b t b \x a t a ) in a way closely related to the operator method in Section 2.23. 
We observe that the time derivative of this amplitude has the path integral repre¬ 
sentation [compare (2.763)] 

ihd tb (x b t b \x a t a ) = -J V D xL(x b ,x b )e^a dtL( *’ x)/n = -(L(x b ,x b )) (x b t b \x a t a ), 

(3.316) 

and calculate the expectation value (L(x b , x b )) as a sum of the classical Lagrangian 
L(x c i(t b ),x c i(t b )) and the expectation value of the fluctuating part of the Lagrangian 
(Z/fl(x 6 ,x 6 )) = ( [L(x b ,x b ) — L(x c i(t b ), x c i (£&))]). If the Lagrangian has the standard 
form L = Mr/2 — V(x), then only the kinetic term contributes to (La(x b ,x. b )), so 
that 

(L fl (x6,X6)) = y (Sxl). (3.317) 

There is no contribution from (V(x b ) — E(x c i(t b ))), due to the Dirichlct boundary 
conditions. 

The temporal integral over — [L{x c \{t b ), x c \(tb)) ~ {Lfi(x b ,x b ))] agrees with the 
operator result (2.790), and we obtain the time evolution amplitude from the formula 


(x b t b \x a t a ) = C(x b ,x a )e lA(Xb,Xa ' tb ta)/h exp Q dVy(5x^)) , (3.318) 

where A(x b ,x a ;t b — t a ) is the classical action ^l[x d ] expressed as a function of the 
endpoints [recall (4.87)]. The constant of integration C(x b ,x a ) is fixed as in (2.776) 
by solving the differential equation 


-ih\7 b {x b t b \x a t a ) = (p b )(x b t b \x a t a ) = p d (t b )(x b t b \x a t a ), (3.319) 

and a similar equation for x a [compare (2.777)]. Since the prefactor p d (t b ) on the 
right-hand side is obtained from the derivative of the exponential e lA ( x b,^a-,t b -t a )/n 
in (3.318), due to the general relation (4.88), the constant of integration C(x b ,x a ) 
is actually independent of x b and x a . Thus we obtain from (3.318) once more the 
known result (3.318). 

As an example, take the harmonic oscillator. The terms linear in Sx(t) = x(f) — 
x d (f) vanish since they are they are odd in Sx(t) while the exponent in (3.316) is 
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even. Inserting on the right-hand side of (3.317) the correlation function (3.314), 
we obtain in D dimensions 

(L fl (x 6 ,x 6 )) = y(hx|) = i^D cot u(t b - t a ), (3.320) 

which is precisely the second term in Eq. (2.789), with the appropriate opposite 
sign. 


3.11 Correlation Functions of Charged Particle 
in Magnetic Field and Harmonic Potential 

It is straightforward to find the correlation functions of a charged particle in a 
magnetic and an extra harmonic potential discussed in Section 2.19. They are 
obtained by inverting the functional matrix (2.693): 


h 


By an ordinary matrix inversion of (2.696), we obtain the Fourier expansion 


(3.321) 


G B ( T i T ') ~ ~T3 G uj 2 ,B^m)e 

n P m =-oo 


-iu m (r-T') 


(3.322) 


with 


p( 2 ) (, . \ — _ 1 _ 

m) M(ul + uDiu^ + ul) 


+ U 2 - U% 




(3.323) 


Since cu 2 + u ; 2 = 2 (cu 2 + oj 2 b ) and ta 2 — ta 2 = A.ujuj b , the diagonal elements can be 
written as 


2(^4 + c4)(cu 2 n + cu 2 ) 

2 1 to 2 + ul 


( u m + w +) + ( u m + w -) — 4ca 


B 


+ 


(jJZn + OJ— 


+ 


ojb 


LU 


u 2 + ui 


UJ 2 + UJ_ 


(3.324) 


Recalling the Fourier expansion (3.248), we obtain directly the diagonal periodic 
correlation function 


G 


h 


( 2 ) _ _ 

“ j2 ’ B ’Xx 4Ma; 


coshcn + (|r — r'| — h/3/2) coshtn_(|r — t'\ — h/3/2) 


smh(u + h/3 / 2 ) 


sinh(tn_ h/3/2) 


(3.325) 


(2) 

which is equal to G'/y B yy . The off-diagonal correlation functions have the Fourier 
components 


2l>J B^m 


U) n 


(cn, 2 n + c4)« + u; 2 ) 2 u 


U m + 


uL + wi 


(3.326) 
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Since u m are the Fourier components of the derivative id T , we can write 


<^( 2 ) 

^ u 2 ,B,xy 


(f t ') 


/^l(2) 

i 2 ,B,yx 





Performing the derivatives yields 


<^( 2 ) 

^ u 2 ,B,xy 


(F r, ) = G'i 2 i Bi 2 /x (r, r') 


he^T — r') 
2 Mi 


1 cosho; + (|T — r'| — h/3/2) 


2 ca + 

sinh(ca + 7i/3/2) 

1 

cosh ca_(r — t'I — h/3/2) 

2 ca_ 

smh.(u_h/3 / 2 ) 

1 

sinhca+( r — t'| — h/3/2) 

2 ca + 

smh(u + h/3/2) 

1 

sinh ca_ ( r — r' -h/3/2) 


2 a;_ sinh(u;_^ / d/ 2 ) 


.(3.327) 


,(3.328) 


where e(r —r') is the step function (1.315). 

For a charged particle in a magnetic held without an extra harmonic oscillator we 
have to take the limit u —> ca# in these equations. Due to translational invariance of 
the limiting system, this exists only after removing the zero-mode in the Matsubara 
sum. This is done most simply in the final expressions by subtracting the high- 
temperature limits at r = r'. In the diagonal correlation functions (3.325) this 
yields 


ri { 2 ) / 

CD 2 ,B,XX 


(r, r') = G 


( 2 )/ 

u 2 ,B,yy 


( T , T>) = G 


(2) 

uj 2 ,B,xx 


l 

(3Mu + u^ ’ 


(3.329) 


where the prime indicates the subtraction. Now one can easily go to the limit 
ca —y ojb with the result 


2) / 

cj 2 ,B,xx 


= G 


( 2 )/ 

u 2 ,B,yy 


(d t') 


h 

AMu 


cosh 2 ca(|r — r'| — 77/5/ 2 ) 
sinh(/3?ka) 


1 

uh/3 


(3.330) 


For the subtracted off-diagonal correlation functions (3.328) we find 

+ 

For more details see the literature.' 


^-y( 2 ) / 

' jr w 2 ,B,x{/ 


(r, r') = ~G ( ^' B yx 


( T T '\ = M 2 ) + kuB 

^ ^ + 2Miu+u _ 


e r 


T 


(3.331) 


3.12 Correlation Functions in Canonical Path Integral 

Sometimes it is desirable to know the correlation functions of position and momentum variables 

G^' n \ri,... ,T m ;ri,. .. ,t„) = (a;(ri)a:(T2) • ■ • z(t to )p(ti)p(t 2 ) • • • p(r n )) (3.332) 

= Z- 1 J T>x{t) J x{ti)x(t 2 ) ■ ■ ■ x(T m )p(r) p(ti)p(t 2 ) ■ • -p(r n )exp • 

These can be obtained from a direct extension of the generating functional (3.236) by another 
source k(r) coupled linearly to the momentum variable p(r): 

Z\j,k\ = J Vx{t) e -- 4 *y> fc l/ R . (3.333) 

7 M. Baclnnann, H. Kleinert, and A. Pelster, Phys. Rev. A 62, 52509 (2000) (quant-ph/0005074); 
Phys. Lett. A 279, 23 (2001) (quant-ph/0005100). 
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3.12.1 Harmonic Correlation Functions 


For the harmonic oscillator, the generating functional (3.333) is denoted by Z u \j,k\ and its Eu¬ 
clidean action reads 


Ae[j, k] 



-ip(r)x(T ) + p 2 + y x 2 x 2 


J(t)x(t) - k{r)p(r) , 


(3.334) 


the partition function is denoted by Z u [j, k]. Introducing the vectors in phase space V (r) = 
( p(t),x(t )) and J(r) = {j(r),k(r)), this can be written in matrix form as 



(3.335) 


where D w 2 e (r, t') is the functional matrix 


D w 2 j6 (t, t') 


Mix 2 id T 

-id T M~ 1 


S(t — t'), t — t' g [0, Tij3\. 


(3.336) 


Its functional inverse is the Euclidean Green function, 

1 I> 2 ,eV'’ ' ) - ^uj 2 , 

M- 1 -id T 
id T Mix 2 


G p 2 (t, t 1 ) = G p 2 (t — t') = D 2 (t, t') 


(-^+ w 2 )- 1 <5(r-r'), 


(3.337) 


with the periodic boundary condition. After performing a quadratic completion as in (3.241) by 
shifting the path: 


V -*■ V' = V + G P 2 e J, (3.338) 

the Euclidean action takes the form 

r^P i i fhp r^P 

A e [3}= dr-V' T D„ 2 >e V'--/ dr dr' J T (t')G p 2 e (r - t')J(t'). (3.339) 

Jo 1 1 Jo Jo 

The fluctuations over the periodic paths V'(r) can now be integrated out and yield for J(r) = 0 
the oscillator partition function 

=DetD- 1 / 2 . (3.340) 

A Fourier decomposition into Matsubara frequencies 


OO 

^Ce(TT') = — £ D p 2 je ( Wm )e-^(— 


has the components 

with the determinants 

and the inverses 




m ——oo 


M 1 uj n 


—UJm. MUJ 2 


detDP 2 e(w m ) 


G p (w m ) = = 


Mco —cj n 


1 


CJn 


M- 1 / 


(3.341) 

(3.342) 

(3.343) 

(3.344) 
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The product of determinants (3.343) for all ix m required in the functional determinant of Eq. (3.340) 
is calculated with the rules of analytic regularization in Section 2.15, and yields the same partition 
function as in (3.244), and thus the same partition function (3.245): 


n~=l + w2 2 sinh (^^/2) ' 


(3.345) 


We therefore obtain for arbitrary sources J(r) = fc(r)) ^ 0 the generating functional 


Z[J\ =Z u exp{~^[J] 


[J] = — 2 J 0 dT J Q dT ' jT ( T ) G l2,e( T ’ T ') 3 ( Tl )- 


with the source term 

{•up 

dr 

io Jo 

The Green function G^ 2 e (r, r') follows immediately from Eq. (3.337) and (3.240): 

/ Af _1 —id T \ 

G ^,e( T - T, ) = GP 2 (r-T , )=D - 2 1 (t,t')= G ^,e( T - T, )> 

V id T Mix 2 J 


(3.346) 


(3.347) 


(3.348) 


where G^ 2 (t — t') is the simple periodic Green function (3.251). From the functional derivatives 
of (3.346) with respect to j(r)/h and k(r)/h as in (3.302), we now find the correlation functions 


G i%e, xx ( T ’ T ') = (*(!■)*(/)) = ^GP 2>e (r - t'), 

(3.349) 

G L 2 le,xp( T ’ T ') = (x(t)p(t')) = -ihG£ 2te (T - t'), 

(3.350) 

G L 2 le,pJ T ’ T ') = (p( T ) X ( T ')) = ihG ^, e ( T - T> )\ 

(3.351) 

Gi2 le,pp( T ’ T ') = (P( T )P( T ')) =HMw 2 G^ e (T-T'). 

(3.352) 


The correlation function (x(t)x(t')) is the same as in the pure configuration space formulation 
(3.304). The mixed correlation function (p(t)x(t')) is understood immediately by rewriting the 
current-free part of the action (3.334) as 


A [0,0] = dr 


2 ^(f> - iM± f + ~p{ ±2 + u 2 * 2 ) 


(3.353) 


which shows that p(r) fluctuates harmonically around the classical momentum for imaginary time 
iMx(r). It is therefore not surprising that the correlation function ( p{r)x{r')) comes out to be 
the same as that of iM{x{T)x(r')). Such an analogy is no longer true for the correlation function 
( p(t)p(t ')). In fact, the correlation function (x(t)x(t')) is equal to 

(x(t)x(t')} = -TiMdlG^ ^r - /)• (3.354) 


Comparison with (3.352) reveals the relation 


(p(t)p(t’)} 


(x(t)x(t 1 )) + (-d 2 + ix 2 ) GP 2 e (r - t) 

(x{t)x(t)) + - r). 


(3.355) 


The additional (5-function on the right-hand side is the consequence of the fact that p(r) is not 
equal to iMx, but fluctuates around it harmonically. 
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For the canonical path integral of a particle in a uniform magnetic field solved in Section 2.18, 
there are analogous relations. Here we write the canonical action (2.643) with a vector potential 
(2.640) in the Euclidean form as 


A[p,x] 



1 

2 M 


-B x x — iMx. 
c 


M , 

+ T" X 


2 


(3.356) 


showing that p(r) fluctuates harmonically around the classical momentum p c i(r) = (e/c)B x x — 
iMx.. For a magnetic field pointing in the ^-direction we obtain, with the frequency ujb = u>l /2 
of Eq. (2.648), the following relations between the correlation functions involving momenta and 
those involving only coordinates given in (3.325), (3.327), (3.327): 


G Sls,x p S t ' 7> ) = ( x ( T )Px( T ’)) = iMd T' Gi 3, B ,xJ T y)- Mu BG l $ tBtXy (Ty), (3.357) 

G uIb.x P v ( t >' tJ ) = ( x ( T )Py( T '))= iMd r' G ^lB,xy(.Tr') + M ^BG^l BtXX (T,T'), (3.358) 


G 


( 2 ) 


(r,r') = (z(t)p z (t')} =iMd T ’G { *l Bzz {T,T'), 

(r, r') = (px(t)p i (t')) = -M 2 3 t 9 t -G' 2 2 ) jBii (t, T')-2iM 2 u> B d T G { ^ tBxy (T, t') 


T u 2 ,B,zp 

q{ 2 ) 

r u 2 ,B,p x p x 

, ... ^ B ^^2 B ,x X y 

G^,B, PxPy (t t ') = (Px(t)p v (t')) = -M 2 d T d T 'G { $ B xy {T, t') + iM 2 d T G^ B xx (t, t') 


+ M 2 u!% G^l B (t, t') + hM6{r - r'), 


(3.359) 

0 

(3.360) 


+ M 2 u>%G^ B (t, t'), 


g %, PmPm (r, t') = ( p z {r)p z (T ')) = -M 2 d T d T >G$ B zz (t, t') + 7iM<5(t - /). (3.362) 


c o 2 ,B,xy'~ 

f2o O ./"A 2 ) 

T ui 2 ,B.zz ' 


(3.361) 


Only diagonal correlations between momenta contain the extra (5-function on the right-hand side 
according to the rule (3.355). Note that <9 r <9 r /G^ B ob (r, r') = —d 2 G^} B a &( r > T> )- Each correla¬ 
tion function is, of course, invariant under time translations, depending only on the time difference 

T — t' . 

The correlation functions ( x(t)x(t ')) and ( x{t)i){t' )) are the same as before in Eqs. (3.327) 
and (3.328). 


3.12.2 Relations between Various Amplitudes 

A slight generalization of the generating functional (3.333) contains paths with fixed endpoints 
rather than all periodic paths. If the endpoints are held fixed in configuration space, one defines 


(xb h(3\x a 0)[j, k] = f 

J X 


x(h(3)=xb 


x(0)=x a 




If the endpoints are held fixed in momentum space, one defines 

rp(HP)=Pb D r i 

( Pb lip\p a 0) [j, k] = / ex P \ ~ T^ e [j, k] \ . 

Jp(0)=p a 

The two are related by a Fourier transformation 

r+oo r+°° 


27 jfl 


(3.363) 


(3.364) 


/ i-oo r-\~oo 

dx a dx b e~^ PbXb ~ PoXo)/h (x b h/3\x a 0)[j, k\ . (3.365) 

-oo J —oo 


We now observe that in the canonical path integral, the amplitudes (3.363) and (3.364) with 
fixed endpoints can be reduced to those with vanishing endpoints with modified sources. The 
modification consists in shifting the current k(r) in the action by the source term ix b 5{r b — r) — 
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ix a S(r — T a ) and observe that this produces in (3.364) an overall phase factor in the limit r b f tip 
and t 0 0: 

lim lim (p b h(3\p a 0)[j(r), fc(r) + ix b 5{r b - r) - ix a S(r - r 0 )] 
r b f fi/3 Taj.0 

= exp j^(p b :r b - p a x a )^ {pb hfi\p a 0)[j(t), k(r)]. (3.366) 

By inserting (3.366) into the inverse of the Fourier transformation (3.365), 

(x b hp\x a 0)\j,k\ = j + °° || p ^e^-P^/fifanpipaOMk], (3.367) 

we obtain 

(x b hp\x a 0)[j,k\= lim lim (0 7i/3|00)[j(r), k(r) + ix b 6(T b — r) — ix a S(T — r a )]. (3.368) 

Tb^hf) Tai-O 

In this way, the fixed-endpoint path integral (3.363) can be reduced to a path integral with van¬ 
ishing endpoints but additional (5-terms in the current k(r) coupled to the momentum p(r). 


There is also a simple relation between path integrals with fixed equal endpoints and periodic 
path integrals. The measures of integration are related by 


x(hp)=x VxVp r VxVp 


x(0)=a; 


2-kTi 


f 


2i:fi 


i5(x(0) — x). 


Using the Fourier decomposition of the delta function, we rewrite (3.369) as 


l 


x(h/3)=x 


x(0)=x 


VxVp 

2nh 


r+oo 


= lim 


r'4-0 7-00 27T?i 


dP a ipqxlh I DxVp i d T p a S( T -Ta)x(T)/h 


J 2irh 


Inserting now (3.370) into (3.368) leads to the announced desired relation 

(x b hft\x a 0)[k, j] = lim lim lim [ —^ 

T 6 tft/3 T a .|.o t' 4.0 J _ oc 2 tt?i 

x Z [j(r ) - ip a S(T - r'), fc(r) +ix b 5(n - r) - ix a 5[r - r a )], 


(3.369) 


(3.370) 


(3.371) 


where Z[j. k] is the thermodynamic partition function (3.333) summing all periodic paths. When 
using (3.371) we must be careful in evaluating the three limits. The limit r' l 0 has to be evaluated 
prior to the other limits r b f h/3 and r a I 0. 


3.12.3 Harmonic Generating Functionals 

Here we write down explicitly the harmonic generating functionals with the above shifted source 
terms: 

fc(r) = k(r) + ix b 6{n - r) - ix a 6(r - r a ), j(r) = j(r) - ipS{r - r'), (3.372) 

leading to the factorized generating functional 

Z u [k,j] = Z^[0,0]Z^[k,jmk,j]. 

The respective terms on the right-hand side of (3.373) read in detail 

Z L 0) [0, 0] = exp {~P 2 Gl x {T' a , r') - 2 p [x a Gl p (r' a , r 0 ) + x b Gl p (r ' a , r b )] 


(3.373) 
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- x l G pp( T a , T a ) - xlGV p (n, Tb) + 2x a x b Gl p (r a , Tfc)}) , 

/ i r h P 

z L 1) [k,j] = exp J o dr {j(T)[-ipGl x (T,T a )+ ix b Gl p (T,T b )-ix a Gl p (T,T a )] 


(3.374) 


z Z\k,j] = exp 


+k(T)[-ipGl p (T, r') + ixtGPpir, n) - ix a GP p (r, r a )]} ^, 

' l r n d 

"2 / dn dr 2 [(i(ri),fc(r 2 )) 
i Jo Jo 


(3.375) 


GL( t i,ti) Gp„(ti,t 2 ) 


J'( t 2) 

fc(r 2 ) 


(3.376) 


G£ x (n,T 2 ) GP p (n,T 2 ) 

where Z u is given by (3.345) and Gp. p (ti,t 2 ) etc. are the periodic Euclidean Green functions 
^,>, 15 ) defined in Eqs. (3.349)-(3.352) in an abbreviated notation. Inserting (3.373) into 
(3.371) and performing the Gaussian momentum integration, over the exponentials in Z^[ 0,0] 
and Zu[k,j], the result is 

(x b h/3\x a 0)[k, j] = (x b h/3\x a 0)[0,0] x exp i^ ^ dr [a: c i(r)j(r)+p c i(T)fe(r)]| 


v J 1 f TlP n r P n r ct , r, J C(n,r 2 ) G^’^r,) 

X6XP WJo dTl Jo dT2[0(Tl) ’ fc(T2)) U^(n,r 2 ) 


r hp 


j(r 2 ) 

k(r 2 ) 


(3.377) 

where the Green functions G^? (ti,t 2 ) have now Dirichlet boundary conditions. In particular, the 
Green function G^\ti,t 2 ) is equal to (3.36) continued to imaginary time. The Green functions 
G4p^(Ti,T2) and Gpp^(ri,r 2 ) are Dirichlet versions of Eqs. (3.349)-(3.352) which arise from the 
above Gaussian momentum integrals. 

After performing the integrals, the first factor without currents is 


7 / o Ti ^ 

(x b hf3\x a 0)[0, 0] = lim lim lim — y- 

T b thpTa\.Or- a \.o 2 -kU V Gg x (r',r') 


x exp 


2 h 2 { GiXl T'a) GPpp{Ta ’ Ta) j + ^ { GlxK , t' ) G PP (Tb ’ Tb) 

Gl p {T' a ,Tg)Gl p (T ' a , T b ) 


2x a x b 


Gxx(j' a , Tg) 


2 ) G%p (t',t 6 ) 


(3.378) 


Performing the limits using 


lh (X KmGSpfa.T-a) = • 

Ta-i-0 T a' I'O ^ 


(3.379) 


where the order of the respective limits turns out to be important, we obtain the amplitude (2.411): 

(«VM)[0,0] = 

( A f, , 'j 

\{x 2 a + x 2 ) cosh h(3tu — 2x a x b ] > . (3.380) 


X ° XP ’ 2hsmhhf3oj 
The first exponential in (3.377) contains a complicated representation of the classical path 


£ c i(t) = 


lim lim lim — <, x a 

Tbthfi T a .|0 r ' a \.0 Ti 


G% p K,T a )GP x {T,T' a ) 


GL(r',r') 


+ G xp (r a ,r) 
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-Xb 


and of the classical momentum 


Pci(t) = lim lim lim — 
r b -\hfi r a 4,0 r'4-0 Ti 


-Xb 


G%(T' al T b )Gl x (T,T' a ) 

Gxx{T' a ,T' a ) 

Gg p (T',T 0 )GP p (r',T) 

n P (n-t n-1\ ^PP 

^xx\T a) T a ) 

G V xp {T' a ,T b )Gl p (T' al T) 


+ G V xp (T b ,T) 


(3.381) 


GL(t',t') 


- Gp p (T a , t) 
- Glp{n,T) 


(3.382) 


Indeed, inserting the explicit periodic Green functions (3.349)-(3.352) and going to the limits we 
obtain 


x c \ (t) = 


x a sinh u)(h/3 — r) + x b sinh lot 
sinh H/3tx 


and 


Pc\(t) = iMu 


—x a cosh uj(h/3 — r) + x b coshwr 
sinh hfiuj 


(3.383) 


(3.384) 


the first being the imaginary-time version of the classical path (3.6), the second being related to 
it by the classical relation p c \(r) = iMdx c \(r)/dr. 

The second exponential in (3.377) quadratic in the currents contains the Green functions with 
Dirichlet boundary conditions 


G£){Tl,T2) 

GP x (n,0)GL(r 2 ,0) 

(jxx\Plt T l) 

(3.385) 

G^ ) {ti,t 2 ) 

™ , , , GP x (n,0)GP p (r 2 ,0) 

- G ^ (r 1 ’ r 2 )+ GL(n,n) ’ 

(3.386) 

G^Ht i,t 2 ) 

™ , , , GP p (n,0)GP x (r 2 ,0) 

“ G - (T1 ' T2)+ GUn.n) ' 

(3.387) 

G^ ) (ti,t 2 ) 

Gg (n, 0)Gg (r 2 ,0) 

= C? P (n,r 2) - g p i(tiiTi) • 

(3.388) 


After applying some trigonometric identities, these take the form 

h 


G < £)(t 1 ,t 2 ) = 
Gg ) (ri,r 2 ) = 

G^ ) (ri,r 2 ) = - 


[cosh u> {Tip — | T\ — r 2 1) — cosh w (—n — r 2 )], 


2 Mui sinh hf3ui 

ifl 

{o(n - r 2 ) sinh u ( h/3- |n-r 2 |) 

-0(t2 — ti) sinh u)(h/3 - |r 2 -ri|)+sinha;(?i/3 - n—r 2 )}, 
iTi 

0(t 2 ti) sinhw(?i/3 - |r 2 —Ti|) —sinhu;(7i/3 - n—r 2 )}, 




MTioj 
2 sinh Tij3u> 


[cosh a j(Kf3 — |ti— r 2 |) + coslrw(7i/3— t\— t 2 )\. 


(3.389) 

(3.390) 

(3.391) 

(3.392) 


The first correlation function is, of course, the imaginary-time version of the Green function (3.209). 
Observe the symmetry properties under interchange of the time arguments: 


G < £)(n,T 2 ) = G^>{T 2 ,T l) , G^>(t 1 ,T 2 ) = -GVp(T 2 ,T!) , 

Gf x ) (T 1 ,T 2 ) = -G£\t 2iTi ) , Gfp\ Tll T 2 ) = G%Xt 2 , Ti ) , 


(3.393) 

(3.394) 
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and the identity 

Q{ xp (n, (r 2 , n). (3.395) 

In addition, there are the following derivative relations between the Green functions with Dirichlet 
boundary conditions: 

G^ ) (ti,t 2 ) = -iM-^-G ( ^{Ti,T 2 )=iM^-G^J{Ti,T 2 ), (3.396) 

G£\t 1 ,t 2 ) = iM-^G£\T 1 ,T 2 ) = -iM-^G£\T 1 ,T 2 ), (3.397) 

o2 

G$(ti,t 2 ) = hMS(T 1 -T 2 )-M 2 g-g-G^(r 1 -T 2 ). (3.398) 

Note that Eq. (3.385) is a nonlinear alternative to the additive decomposition (3.142) of a 
Green function with Dirichlet boundary conditions: into Green functions with periodic boundary 
conditions. 


3.13 Particle in Heat Bath 


The results of Section 3.8 are the key to understanding the behavior of a quantum- 
mechanical particle moving through a dissipative medium at a fixed temperature T. 
We imagine the coordinate x(t) a particle of mass M to be coupled linearly to a 
heat bath consisting of a great number of harmonic oscillators X, : (r) (i = 1, 2, 3,...) 
with various masses M, and frequencies O*. The imaginary-time path integral in 
this heat bath is given by 


(x b h/3\x a 0) = 


x 

x 


n/®X(r) f 

i ' Jx 

{ l r n P 


x(h/3)=xi, 


exp 


h . 

1 r h P 


x(0)=x c 


Vx(t ) 


+ nix?) 


exp 1 "U dT 


yi 2 + V(x(t)) - y? aX,{T)x{T) 


(3.399) 


1 

r 


where we have allowed for an arbitrary potential V(x). The partition functions of 
the individual bath oscillators 


Zi = 


[ 1 r h P 

VX^t) exp <j -- ^ dr 
1 


fix 2 + n?x?) 


2 sinh(^rij/2) 


(3.400) 


have been divided out, since their thermal behavior is trivial and will be of no interest 
in the sequel. The path integrals over X,(r) can be performed as in Section 3.1 
leading for each oscillator label % to a source expression like (3.246), in which Cix{r) 
plays the role of a current j(r). The result can be written as 


(x b hj3\x a 0) 


f-o ',(hff)=x b 


x(0)=x a 


Vx(t) exp 


r i 

t-hp 

r m 0 , , 


/ dr 
Jo 

—x +V{x{r)) 



(3.401) 
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where Aa.th [^'] is a nonlocal action for the particle motion generated by the bath 


“d.bath|fc| 


1 rhp r-Tlp 

[x] = —- / dr dr'x{T)a{T — t')x(t'). 

2 Jo Jo 


J 2 Jo Jo v / v 

The function ct(r — t') is the weighted periodic correlation function (3.251): 


(3.402) 


a(r-r') = E “ T> ) 

i ® 

^ cf coshflj(|r — r'\ — Tijd/2) 


= E 


2 Mifli sinh(r2jh/3/2) 


(3.403) 


Its Fourier expansion has the Matsubara frequencies ui m = 27r£; B T/h 


^ OO 

a(r -t') = — E 

m =—oo 


-iump-r') 


(3.404) 


with the coefficients 


_ ^ 4 1 


(3.405) 


Alternatively, we can write the bath action in the form corresponding to (3.279) 


[ rh/3 roo 

AathM = —— / dr d.T'x(T)a 0 (T - t')x(t'), 

Z JO J— oo 

with the weighted nonperiodic correlation function [recall (3.280)] 


(3.406) 


a 0 (r-r , ) = E^T7^e-^l r - r, l. 

v ; A 2M,-ft 


(3.407) 


The bath properties are conveniently summarized by the spectral density of the 




(3.408) 


The frequencies hi* are by definition positive numbers. The spectral density allows 
us to express a 0 (r — r') as the spectral integral 


M r - T ') = J o T^Pb A)e w ' |t T % 


and similarly 


a(r — t') = 


r°° duo' , coshu;'(|r — r'| — h/3/2) 
lo 2 tt sinh(o/h/S/2) 


(3.409) 


(3.410) 
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For the Fourier coefficients (3.405), the spectral integral reads 

du' , „ 2 uj' 


f°°du' , 
Oim. — / „ Pb\td ) 

Jo lit 


+ta 


/ 2 ' 


(3.411) 


It is useful to subtract from these coefficients the first term a 0 > an d to invert the 
sign of the remainder making it positive definite. Thus we split 


O 2 


f°° du' p h (u') 


1 - 


ul 


u^+u 


12 


Jo 2tt u' 

Then the Fourier expansion (3.404) separates as 

oc(t - r') = a 0 5 p (r - r') - g(r - r'), 
where <5 p (r — r') is the periodic 5-function (3.282): 


9r 


1 oo 

5 p (r -t') = — Y e- iWm(r - r,) = 

m =—oo 


= Y - t'- nh/3), 


(3.412) 


(3.413) 


(3.414) 


the right-hand sum following from Poisson’s summation formula (1.197). The sub¬ 
tracted correlation function 


1 OO 

» (T “ r ' ) = v: £ 

' P m=— oo 


(3.415) 


has the coefficients 

9m = El 


r 2 / i 2 


r°° du'p h (u') 2u. 


j Mi u ^ + f Uf Jo 2tt u' u ^ + u' 2 ' 

The corresponding decomposition of the bath action (3.402) is 

-d-bath Oh -dloc T -Tlbath [*^]j 

where 

1 i-n/3 fhfi 


1 rnp rnp 

AathN = o / dT dr'x(T)g(T - t')x(t'), 

2 Jo Jo 


and 


Aloe 


■y J drx 2 (r), 


(3.416) 


(3.417) 


(3.418) 


(3.419) 


is a local action which can be added to the original action in Eq. (3.401), changing 
merely the curvature of the potential V(x). Because of this effect, it is useful to 
introduce a frequency shift Au 2 via the equation 


MAu 2 = — a 0 = —2 


du 1 Pb(w') 


'0 27T u 


F = -E 


Mid 2 ' 


(3.420) 
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Then the local action (3.419) becomes 

M HP 

Ai oc = —Au 2 dr x 2 (t). (3.421) 

2 Jo 

This can be absorbed into the potential of the path integral (3.401), yielding a 
renormalized potential 

V ren (x ) = V(x) + ^-Au 2 x 2 . (3.422) 

With the decomposition (3.417), the path integral (3.401) acquires the form 


rx(h/3)=x b ( i rhp 

(x b h/3\x a 0) = / Vx{t) exp < -- / dr 

Jx( 0 )=Xa I n JO 


M 


x 2 + V ren (x(r)) 


h 


i-np 

/ dr g(r — r ) = 0. 

JO 


The subtracted correlation function (3.415) has the property 

rhp 

/ 0 

Thus, if we rewrite in (3.418) 

x(t) X (t') = x 2 (r ) + x 2 (r') - [x(t) - x(r')] 2 }, 

the first two terms do not contribute, and we remain with 

A > W - 1 


rnp rap 

M = -T / dr dr'g(r - r')[x(r) - ^(r')] 2 . 
4 Jo jo 


^•bath [ X ] | • 

(3.423) 


(3.424) 


(3.425) 


(3.426) 


If the oscillator frequencies Q* are densely distributed, the function pb(u/) is 
continuous. As will be shown later in Eqs. (18.208) and (18.317), an oscillator bath 
introduces in general a friction force into classical equations of motion. If this is 
to have the usual form —M^xft), the spectral density of the bath must have the 
approximation 

Pb(u') « 2Myu/ (3.427) 


see Eqs. (18.208), (18.317)]. This approximation is characteristic for Ohmic dissipa- ref(18.208) 


tion. In general, a typical friction force increases with u only for small frequencies; 
for larger u, it decreases again. An often applicable phenomenological approxima¬ 
tion is the so-called Drude form 


~ 2M r yuj' 


co 


D 


Ujp) + UJ 


/ 2 


(3.428) 


lab(xl8.199) 

est(18.199) 

ref(18.317) 

lab(18.396) 

est(18.208) 


where 1/u>d = is Drude’s relaxation time. For times much shorter than the 
Drude time td, there is no dissipation. In the limit of large oojj, the Drude form 
describes again Ohmic dissipation. 
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Inserting (3.428) into (3.416), we obtain the Fourier coefficients for Drude dissi¬ 
pation 


9m 


2M'yco 2 D [ 
Jo 


00 du 1 2 o 4 

27 t u 2 d + u 2 + to 


2 




Wfl 

w m I + Wfl 


It is customary, to factorize 

9 m = Af|ca m |y m , 

so that Drude dissipation corresponds to 

ud 

Tm T i j : 5 

\Wm\ + ^D 


(3.429) 

(3.430) 


(3.431) 


and Ohmic dissipation to = 7 . 

The Drude form of the spectral density gives rise to a frequency shift (3.420) 


Acu 2 = —'yu>D, 


(3.432) 


which goes to infinity in the Ohmic limit up —> 00 . 


3.14 Heat Bath of Photons 

The heat bath in the last section was a convenient phenomenological tool to repro¬ 
duce the Ohmic friction observed in many physical systems. In nature, there can be 
various different sources of dissipation. The most elementary of these is the deex¬ 
citation of atoms by radiation, which at zero temperature gives rise to the natural 
line width of atoms. The photons may form a thermally equilibrated gas, the most 
famous example being the cosmic black-body radiation which is a gas of the photons 
of 3 K left over from the big bang 15 billion years ago (and which create a sizable 
fraction of the blips on our television screens). 

The theoretical description is quite simple. We decompose the vector potential 
A(x, t) of electromagnetism into Fourier components of wave vector k 

pikx _ p LT/" 

A(x,«) = y> k (x)X k (i), c k=7m =, E = /p7J- (3.433) 

The Fourier components Xk (t) can be considered as a sum of harmonic oscillators 
of frequency ffk = c|k|, where c is the light velocity. A photon of wave vector k is 
a quantum of Xk (t). A certain number N of photons with the same wave vector 
can be described as the Nth excited state of the oscillator Xk(t). The statistical 
sum of these harmonic oscillators led Planck to his famous formula for the energy 
of black-body radiation for photons in an otherwise empty cavity whose walls have 
a temperature T. These will form the bath, and we shall now study its effect 
on the quantum mechanics of a charged point particle. Its coupling to the vector 
potential is given by the interaction (2.634). Comparison with the coupling to the 
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heat bath in Eq. (3.399) shows that we simply have to replace — CiXi(r)x(r) by 
— XA c kXk(r)x(r). The bath action (3.402) takes then the form 

AathM = -- / dr dr' x l {r)a lJ (k(t) , r; x(r'), t')x 3 (t'), (3.434) 

2 Jo Jo 

where cW( x > r; x', r') is a 3 x 3 matrix generalization of the correlation function 
(3.403): 


^(x,t;x',t') = ^2 C- k (x)c k (x')(AT k (r)A^(r')). (3.435) 

We now have to account for the fact that there are two polarization states for each 
photon, which are transverse to the momentum direction. We therefore introduce a 
transverse Kronecker symbol 


T SH = (8 ij - Vti/ k 2 ) 

and write the correlation function of a single oscillator Xi k (r) as 

G« k , k (r - r') = (P t .(r).y,(r')) = h T S» 4k' G^ t (r - /), 


with 


Thus we find 


cW(x, r; x' ,7" J = 


1 cosh 12 k (| r — r' | — h/3/2) 
a) 2 ,ek\ r ^- 2 fi k sinh(O k h/ 3 / 2 ) 


, /N e 2 f d 3 k T ^ij e tk i x x ') cosh n k (|r — r'| — h/3/2) 


c 2 J (27t) 3 k 2 fl k sinh(O k h/3/2) 

At zero temperature, and expressing = c|k|, this simplifies to 


\ e /' d 6 k Tcii e 
« J (x,r;x',r') = - / 7 -^- 


zk(x—x')—c|k| |t— r'| 


c 3 J (27r) 5 


2 |k| 


(3.436) 


(3.437) 


(3.438) 


(3.439) 


(3.440) 


Forgetting for a moment the transverse Kronecker symbol and the prefactor e 2 /c 2 , 
the integral yields 


Gf (x,t;x',t') = 


47 r 2 c 2 (r — r ') 2 + (x — x') 2 /c 2 ’ 


(3.441) 


which is the imaginary-time version of the well-known retarded Green function used 
in electromagnetism. If the system is small compared to the average wavelengths 
in the bath we can neglect the retardation and omit the term (x — x') 2 /c 2 . In the 
finite-temperature expression (3.440) this amounts to neglecting the x-dependence. 
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The transverse Kronecker symbol can then be averaged over all directions of the 
wave vector and yields simply 25^/3, and we obtain the approximate function 


a ij (x r-x' t') = —F— 

3c 2 27tc 2 J 2n smh(cuhf3/2) 


(3.442) 


This has the generic form (3.410) with the spectral function of the photon bath 


P P b (<*>') = 


3c 2 7 T 


u/. 


(3.443) 


This has precisely the Ohmic form (3.427), but there is now an important difference: 
the bath action (3.434) contains now the time derivatives of the paths x(r). This 
gives rise to an extra factor to' 2 in (3.427), so that we may define a spectral density 
for the photon bath: 


p pb (a/) « 2M7 o/ 3 , 7 = 


(3.444) 


6c 2 7tM 

In contrast to the usual friction constant 7 in the previous section, this has the 
dimension 1 / frequency. 


3.15 Harmonic Oscillator in Ohmic Heat Bath 

For a harmonic oscillator in an Ohmic heat bath, the partition function can be 
calculated as follows. Setting 


T r ( \ _ M 2 2 
^reny.^) 2 ^ ^ ’ 

the Fourier decomposition of the action (3.423) reads 

Mk (v 2 


A e — 


k B T 


-x, 


+ X/ u rn + + o; m 7„ 


m= 1 


\X r . 


(3.445) 


(3.446) 


The harmonic potential is the full renormalized potential (3.422). Performing the 
Gaussian integrals using the measure (2.447), we obtain the partition function for 
the damped harmonic oscillator of frequency u [compare (2.408)] 


^damp _ 


k B T ( 00 
hco 


n 

^ m=l 


IXm + + W m 7„ 


-1 


(3.447) 


For the Drude dissipation (3.429), this can be written as 


k B T 


^damp _ 


n 


U^iUm +U D ) 


huj ^ + uj 2 u uj d + Uj m (u 2 + 7 w D ) + u D u 2 ' 

Let wi,W 2 ,W 3 be the roots of the cubic equation 

w 3 — w 2 lo b + w(u 2 + 707 ?) — uj 2 ujd = 0. 


(3.448) 


(3.449) 
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Then we can rewrite (3.448) as 


^•damp JulLtj - LUm Wm “I - ^ 

Hu C U m + W\ U m + W 2 CO m + W 3 UJ m 

Using the product representation of the Gamma function 8 

T(z) = Inn — TT - 

n ->°° z mHz 

and the fact that 

W± + W 2 + W 3 - U) D = 0, W\W 2 W 3 = lu 2 u d , 

the partition function (3.450) becomes 

Z damp = 1 u r(wi/q;i)r(w 2 /a;i)r(w 3 /a;i) 

27ro;i Y(ud/ui) 


^in ^rn T 


(3.450) 


(3.451) 


(3.452) 


(3.453) 


where u>\ = 2 nksT/h is the first Matsubara frequency, such that Wi/ui = Wi/3/2 ti. 
In the Ohmic limit ~> oo, the roots w\,w 2 ,w 3 reduce to 


wi — 7/2 + iS, wi = 1/2 — 18, w 3 = u D — 7 , 

with 

5 = \Joj 2 — 7 2 / 4 , 
and (3.453) simplifies further to 

Z d amp = ^ v(<Wi / Ui)v{w2 / Ui y 
27r ui\ 


(3.454) 

(3.455) 

(3.456) 


For vanishing friction, the roots W\ and w 2 become simply W\ = iu, w 2 = —iu, and 
the formula 9 


can be used to calculate 

T(iu/u\)T(—iu/u\) = 


showing that (3.453) goes properly over into the partition function (3.217) of the 
undamped harmonic oscillator. 

The free energy of the system is 


r(i - z)r(z) = 

Ti 

(3.457) 

sin txz 

U\ 71 

OJl 71 

(3.458) 

u sinh(7rci;/a;i) 

u smh(uh/2k B T) ’ 


F{T) = —k B T [log(cu/ 27 ra;i) —logV(uj D /uJi) 

+ logT(wi/a;i) + log V(w 2 /ui) + logT(w 3 /u;i)]. (3.459) 

8 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 8.322. 

9 ibid., Formula 8.334.3. 
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Using the large -z behavior of logT(^ 


110 


logT(z) = (z- - )logz-z + -log2vr + 


I2z 36(k 3 


-0(l/z 5 ), (3.460) 


we find the free energy at low temperature 
/ 1 1 1 uj 2 

Wi W 2 ^ W\ W\W 2 W 3 ) 6 h 


F{T ) ~ E 0 
where 


^ n (k B T) 2 = E 0 --^(k B T) 2 , (3.461) 


h 


E 0 = - — [w 1 log(w 1 /u D ) + w 2 \og(w 2 /u D ) + w 3 log (w 3 /u D )] 

2 71 

is the ground state energy. 

For small friction, this reduces to 


(3.462) 


ho; 7 u D 7 2 

-C/0 —-h -I02.- — - 

2 2 tt 6 u 16 uj 


(l + —) +C>(7 3 ). (3.463) 

V 7T0 J B J 


The T 2 -behavior of F(T) in Eq. (3.461) is typical for Ohmic dissipation. 

At zero temperature, the Matsubara frequencies uj m = 27T mk B T/h move arbi¬ 
trarily close together, so that Matsubara sums become integrals according to the 
rule 


1 

h/3 


E 


-> 


r 00 du n 


T— )• 0 Jo 2it 


(3.464) 


Applying this limiting procedure to the logarithm of the product formula (3.448), 
the ground state energy can also be written as an integral 


£n = 


h r°° 
2n Jo 


du. m log 


U m + + W m ( a/ 2 + 7 wd) + oj d uj 2 


(3.465) 


which shows that the energy Eq increases with the friction coefficient 7. 

It is instructive to calculate the density of states defined in (1.583). Inverting 
the Laplace transform (1.582), we have to evaluate 


1 rrj-\-ioo 

P(n = ^~ dpe^Z^vifi), 

ZTIX Jrj—ioo 


(3.466) 


where r) is an infinitesimally small positive number. In the absence of friction, the 
integral over Z u ((3) = e -^( n + 1 / 2 ) yields 


p{ £ ) = J 2 S ( £ - ( n + V 2 )M- 

n =0 


(3.467) 


In the presence of friction, we expect the sharp 5-function spikes to be broadened. 
The calculation is done as follows: The vertical line of integration in the complex 
/3-plane in (3.466) is moved all the way to the left, thereby picking up the poles 
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Im/3 



Figure 3.5 Poles in complex /3-plane of Fourier integral (3.466) coming from the Gamma 
functions of (3.453) 


of the Gamma functions which lie at negative integer values of Wif3/2n. From the 
representation of the Gamma function 11 



(-i)" 

n\(z + n) 


we see the size of the residues. Thus we obtain the sum 


-| oo 3 

p(e) = - E E K,e- 2m/ 

U n= 1 i =1 


(3.468) 


(3.469) 


c o (—1)” 1 T(—mn 2 /wi)r(— nw 3 /wi) 
wj (n — 1)! T(— ulud/wi) 


(3.470) 


with analogous expressions for i? n 2 and i? n 3 . The sum can be done numerically 
and yields the curves shown in Fig. 3.6 for typical underdamped and overdamped 
situations. There is an isolated 5-function at the ground state energy E 0 of (3.462) 
which is not widened by the friction. Right above Eq, the curve continues from a 
finite value p(E 0 + 0) = 77r/6cn 2 determined by the first expansion term in (3.461). 


3.16 Harmonic Oscillator in Photon Heat Bath 


It is straightforward to extend this result to a photon bath where the spectral density 
is given by (3.444) and (3.471) becomes 


^damp 


k B T 

Ttoj 


( oo 

i 17 

+ w 2 + c<4,7 

1 11 

\m=l 

U2 m 



(3.471) 


10 ibid., Formula 8.327. 
11 ibid., Formula 8.314. 
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Figure 3.6 Density of states for weak and strong damping in natural units. On the left, 
the parameters are 7 /to = 0.2, wd/w = 10, on the right 7 /u = 5, w^/w = 10. For more 
details see Hanke and Zwerger in Notes and References. 


with 7 = e 2 / 6 c 2 7 rM. The power of u m accompanying the friction constant is in¬ 
creased by two units. Adding a Drude correction for the high-frequency behavior 
we replace 7 by u> m /(u> m + u>d) and obtain instead of (3.448) 


^damp 


kBT -pj- W m( W m + WD)(l+7Wi») 

htu ^ 0^(1 + 7 ( U D ) + + UJ m UJ 2 + u D u 2 ' 


(3.472) 


The resulting partition function has again the form (3.453), except that w 123 are the 
solutions of the cubic equation 

w 3 (l + 7075 ) — w 2 ujr> + woj 2 — lu 2 ue> = 0. (3.473) 


Since the electromagnetic coupling is small, we can solve this equation to lowest 
order in 7. If we also assume ujd to be large compared to u, we find the roots 

w i ~ 7pb/2 + ito, wi « 7p®/2 - iu, w 3 « u D /{l + ^ujd/u 2 ), (3.474) 


where we have introduced an effective friction constant of the photon bath 

(3 

which has the dimension of a frequency, just as the usual friction constant 7 in the 
previous heat bath equations (3.454). 



7pb 


6c 2 7tM ’ 


3.17 Perturbation Expansion of Anharmonic Systems 

If a harmonic system is disturbed by an additional anharmonic potential V (. x ), to be 
called interaction , the path integral can be solved exactly only in exceptional cases. 
These will be treated in Chapters 8 , 13, and 14. For sufficiently smooth and small 
potentials V(x), it is always possible to expand the full partition in powers of the 
interaction strength. The result is the so-called perturbation series. Unfortunately, 
it only renders reliable numerical results for very small V (. x ) since, as we shall prove 
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in Chapter 17, the expansion coefficients grow for large orders k like k\, making the 
series strongly divergent. The can only be used for extremely small perturbations. 
Such expansions are called asymptotic (more in Subsection 17.10.1). For this reason 
we are forced to develop a more powerful technique of studying anharmonic systems 
in Chapter 5. It combines the perturbation series with a variational approach and 
will yield very accurate energy levels up to arbitrarily large interaction strengths. It 
is therefore worthwhile to find the formal expansion in spite of its divergence. 

Consider the quantum-mechanical amplitude 


(x b t b \x a t a ) = 


rx(t b )=x b 

lx(t a )=Xa 


Vx exp 


Pb 


h 


dt 


M , 9 ,ur 9 
— x 2 — M — x 2 — V (x) 
2 2 


(3.476) 


and expand the integrand in powers of V(x), which leads to the series 

i Pb 


rx(t b )=x b 

(x b t b \x a t a ) = Vx 

Jx(t a )=X a 


h 


dtV (. x(t )) 


C^b 


ch 


2 \h 2 Jta 

i P 


dt 2 V(x(t 2 )) / dt l V(x{ti)) 


3 \h 3 
x exp 


dt 3 V(x(t 3 )) [ dt 2 V(x(t 2 )) [ dtiV(x(ti)) + ... 

Jta Jt a 

J dt-^- (x 2 — co 2 x 2 ^j . (3.477) 


If we decompose the path integral in the nth term into a product (2.4), the expansion 
can be rewritten as 


(x b t b \x a t a ) = (x b t b \x a t a ) - ^ £ dti j dxi(x b t b \xit 1 )V(xi)(x b t b \x a t a ) (3.478) 


1 

m 2 



dx 1 dx 2 (x b t b \x 2 t 2 )V(x 2 )(x 2 t 2 \x 1 t 1 )V(x 1 )(x 1 t 1 \x a t a ) + ... . 


A similar expansion can be given for the Euclidean path integral of a partition 
function 


, ( 1 [M 

Z = j> XV exp < —— 


dr 


~^(i 2 + t o 2 x 2 ) + V{x) 


(3.479) 


where we obtain 


Z = 


r r 1 1 riip flip 

J V V~nlo drK ( x ( r )) + 2 m 2 Jo dT 2 V ( x ( T 2)) l dnVixin)) 


rhy rnp rnp 

/ d,T 3 V(x(T 3 )) dT 2 V(x(T 2 )) dTiV(x(Ti)) + ... 

Jo Jo Jo 

(3.480) 


h/3 

n/3 


r np 

3 

r h/3 


3!r 


x exp < — 


1 fW 


h Jo 


dt 


M . 2 UJ 2 2 
— x 2 + M — x 2 
2 2 


The individual terms are obviously expectation values of powers of the Euclidean 
interaction 

np 
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calculated within the harmonic-oscillator partition function Z w . The expectation 
values are defined by 


(. • •}„ = z-' 


r 

f 

1 r n P 

/ Vx .. 

.. exp < 

~iL iT [ 


M , . 2 2 2\ 

— {x + CO X ) 


With these, the perturbation series can be written in the form 

Z = (^1 — — («4.mt,e)w + ^2 (Ant,e)w — 3^3 (*^int,e)w + • • • 


(3.482) 


(3.483) 


As we shall see immediately, it is preferable to resum the prefactor into an expo¬ 
nential of a series 


X 1 

1 — ^~(>Ant,e)u> + q ,£2 ('Ant.eX 


2\h 


3 \h 3 


— exp ^ (vAint.e)^ + 21^2 


(“^fnt,e)w + • • • 

1 


(•^■int,e)w,c 3^3 (*^int,e)w,c + • • - | • 


(3.484) 


The expectation values () WjC are called cumulants. They are related to the original 
expectation values by the cumulant expansion : 12 


(*^-int,e)w,c 


= (^int,e)w — (^int,e) w 

= ([*4int,e — (vAint,e)w] )u>> 

= (^int.e)^ — 3(^4i nte )aj(v4.i n t,e)u) + 2( v 4.int,e) £j 

= ([•^■int,e (^int,e)w] )ui 


(3.485) 

(3.486) 


The cumulants contribute directly to the free energy F = — (1//3) logZ. From 
(3.484) and (3.483) we conclude that the anharmonic potential V ( x ) shifts the free 
energy of the harmonic oscillator F u = (1 //3) log[2 smh(h/3uj /2)] by 

AF = — ^-(Ant,e)w - ^2 («^hit,e)w,c + ^3 («^fnt,e)w,c + • • • (3.487) 

Whereas the original expectation values (*A" lt e ) grow for large f3 with the nth 
power of /3, due to contributions of n disconnected diagrams of hrst order in g 
which are integrated independently over r from 0 to K(3, the cumulants (^" nt ^ are 
proportional to /3, thus ensuring that the free energy F has a finite limit, the ground 
state energy E 0 . In comparison with the ground state energy of the unperturbed 
harmonic system, the energy E 0 is shifted by 

AE 0 = jin^ — ^(^4int,e)w - 7^2 (^fnt,e)w,c + 7^3 (^fnt.eW + • • ■ (3.488) 

12 Note that the subtracted expressions in the second lines of these equations are particularly 
simple only for the lowest two cumulants given here. 


H. Kleinert, PATH INTEGRALS 




3.17 Perturbation Expansion of Anharmonic Systems 


275 


There exists a simple functional formula for the perturbation expansion of the 
partition function in terms of the generating functional Z w [j\ of the unperturbed 
harmonic system. Adding a source term into the action of the path integral (3.479), 
we define the generating functional of the interacting theory: 


Z[j] = j Vx exp | — J dr ( x 2 + uj 2 x 2 ) + V(x) — jx 

The interaction can be brought ontside the path integral in the form 

Z\j\=e-lfi l>dTV W Sj ™ Z u \j] . 

The interacting partition function is obviously 

Z = Z[ 0], 


(3.489) 


(3.490) 


(3.491) 


Indeed, after inserting on the right-hand side the explicit path integral expression 
for Z[j] from (3.236): 


/' ( 1 r h P 

Z w \J] = jvxexpE-J o dr 


M /.2 2 2 \ 

— [X + UJ X ) — JX 


(3.492) 


and expanding the exponential in the prefactor 

e -Uo" dTV W s ^ = l-i [ hf> drV (S/Sj (r)) 

n Jo 


rh/3 


(•h/3 


2 \h 2 Jo 
1 r h P 


dT 2 V(S/Sj(T 2 )) / dTiV(5/6j(n)) 


(3.493) 


3!h 3 Jo 


dr 3 V(S/Sj(r 3 )) dr 2 V {5/5 (r 2 )) [** d^V^/5^)) + ... , 

Jo Jo 


the functional derivatives of Z[j] with respect to the source j(r) generate inside 
the path integral precisely the expansion (3.483), whose cumulants lead to formula 
(3.487) for the shift in the free energy. 

Before continuing, let us mention that the partition function (3.479) can, of 
course, be viewed as a generating functional for the calculation of the expectation 
values of the action and its powers. We simply have to form the derivatives with 
respect to hT 1 : 

(A n ) = 


dh~ 


n ~ 1 =o 


For a harmonic oscillator where Z is given by (3.245), this yields 


(A) = lim Z ^ 1 U 2 ^-Zu = lim % 


hinjd 


= 0. 


(3.494) 


(3.495) 


Ti-s-oo " dh h^roo 2 sinh htu/3/2 
The same result is, incidentally, obtained by calculating the expectation value of the 


action with analytic regularization: 


x 2 (t' 


+ uj 2 (x 2 (t) ) = 


du' 


UJ 


12 


+ 


du' 


uj ‘ 


27 t uj 12 + uj 2 J 2n uj 12 + uj 2 
The integral vanishes by Veltman’s rule (2.508). 


duj' 

27 


= 0.(3.496) 
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3.18 Rayleigh-Schrodinger and Brillouin-Wigner 
Perturbation Expansion 

The expectation values in formula (3.487) can be evaluated by means of the so- 
called Rayleigh-Schrodinger perturbation expansion , also referred to as old-fashioned 
perturbation expansion. This expansion is particularly useful if the potential V (. x ) 
is not a polynomial in x. Examples are V(x) = S(x) and V(x) = 1/x. In these two 
cases the perturbation expansions can be summed to all orders, as will be shown 
for the first example in Section 9.5. For the second example the reader is referred 
to the literature. 13 We shall explicitly demonstrate the procedure for the ground 
state and the excited energies of an anharmonic oscillator. Later we shall also give 
expansions for scattering amplitudes. 

To calculate the free-energy shift A F in Eq. (3.487) to first order in V(x), we 
need the expectation 

, f n/3 f 

(Ant,e)w = Z u J dn J dxdxi{xh/3\xiTi) UJ V(xi)(x 1 T 1 \xO) u . (3.497) 

The time evolution amplitude on the right describes the temporal development of 
the harmonic oscillator located initially at the point x , from the imaginary time 0 
up to t i. At the time ti, the state is subject to the interaction depending on its 
position X\ = x{rf) with the amplitude V(x\). After that, the state is carried to the 
final state at the point x by the other time evolution amplitude. 

To second order we have to calculate the expectation in V(x): 

1 fhP [hfi r 

2\Ant,e)w = z u J o dr 2 J ' dri J dxdx 2 dx 1 (xhl3\x 2 T 2 ) u V(x 2 ) 

x {x 2 t 2 \xiTi) Ij jV( xi)(xiTi\x 0) w . (3.498) 

The integration over r\ is taken only up to t 2 since the contribution with T\ > t 2 
would merely render a factor 2. 

The explicit evaluation of the integrals is facilitated by the spectral expansion 

ref(2.300) (2.300). The time evolution amplitude at imaginary times is given in terms of the 

lab(x2.206bigenstates ib n (x) of the harmonic oscillator with the energy E n = huiin + 1/2): 
est(2.206) 

OO 

(; x b T b \x a T a ) u = J2 ft n (x b )^(x a )e^ En{Tb ~ Ta)/h . (3.499) 

n =0 

The same type of expansion exists also for the real-time evolution amplitude. 
This leads to the Rayleigh-Schrodinger perturbation expansion for the energy shifts 
of all excited states, as we now show. 

The amplitude can be projected onto the eigenstates of the harmonic oscillator. 
For this, the two sides are multiplied by the harmonic wave functions ^*(aq,) and 

13 M.J. Goovaerts and J.T. Devreese, J. Math. Phys. 13 , 1070 (1972). 
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ipn(%a) °f quantum number n and integrated over x b and x a , respectively, resulting 
in the expansion 


dx b dx a i>l(x b )(x b t b \xat a )i>n{x a ) = j dx b dx a i>n{x b )(x b t b \x a t a ) UJ ^ n (x a ) 

x (i + ^{n\A int \n) u - -^{n\A 2 mt \n) u - (n\Af nt \n) u (3.500) 


with the interaction 


^•int — 


C^b 


't a 


dt V (. x(t )). 


(3.501) 


The expectation values are defined by 


rx(t b )=x b 


(n\ ... | n) u = Z Q h f dx b dx a ^* n {x b ) ( f Vx ... e lA “ /n ) ^ n (x a ), (3.502) 

J \J x(t a )=x a 


where 

Zqm^u = e-^( n+1/2 ) (4 - ta ) (3.503) 

is the projection of the quantum-mechanical partition function of the harmonic 
oscillator 

OO 

- V p -Mn+VWb-ta) 
n =0 

[see (2.42)] onto the nth excited state. 

The expectation values are calculated as in (3.497), (3.498). To first order in 
V(x), one has 


(n\A int \n) w = 


~ Z QM , w ,n [ di l [ dXbdXadXi^Xb^XbtblXit^u 
J ta J 


X V(Xi)(Xiti\x a t a ) L 0 'ljj n (x a ). 


(3.504) 


The time evolution amplitude on the right-hand side describes the temporal de¬ 
velopment of the initial state 'ip n {.x a ) from the time t a to the time t\ , where the 
interaction takes place with an amplitude —V{x\). After that, the time evolution 
amplitude on the left-hand side carries the state to ip^(x b ). 

To second order in V(x), the expectation value is given by the double integral 

^HA ? ntl n )w = 2 QM, W ,n| dt 2 f t dti J dx b dx a dx 2 dx 1 

X'ipn(x b )(x b t b \x 2 t 2 )ujV(x 2 )(x 2 t 2 \x 1 t 1 ) UJ V(x 1 )(x 1 t 1 \x a t a ) U} 'ip n (x a ). (3.505) 

As in (3.498), the integral over t\ ends at t 2 . 

By analogy with (3.484), we resum the corrections in (3.500) to bring them into 
the exponent: 

1 + — (u|v4.i n t|n) w — 2j^2 ( n \Ai n t\n)u> — ^^{ n \A in < t \n) UJ + ... 

= exp |^(n|^4int|n) w - - ^3 {n\A-Jn) UjC + ... 


ref(2.42) 

lab(2.24) 

est(2.26) 


(3.506) 
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The cumulants in the exponent are 




- (n\A u «\n)l 


= 

(n [Ant - { 

n | Aint | ^)o;] \n) u , 

(3.507) 

[ n \^Mu,c = 

HA ? n tW)co 

- 3(n|Ait \n)u{n\A iu t\n) u + 2 (n\ Ant \n)l 


= 

(n|[Ait - { 

3 

> 

5 

A 

£~" 

CO 

IT 

A 

(3.508) 


From (3.506), we obtain the energy shift of the nth oscillator energy 

ih f % , . . . . l . - . o . , 

AE n = Inn --— rnAtJiw-—iHAnt 

tb-t a ^oo t b — t a In 2 \n 

-^3 (^IA 3 n t |^)^ c + •••}, (3.509) 

which is a generalization of formula (3.488) which was valid only for the ground state 
energy. At n = 0, the new formula goes over into (3.488), after the usual analytic 
continuation of the time variable. 

The cumulants can be evaluated further with the help of the real-time version 
of the spectral expansion (3.499): 


(x b t b \x a t a )u = i ) n{Xb)Vn( x a ) e *° )/R . 


n =0 


(3.510) 


To first order in V ( x ), it leads to 

db 


(n\A int \n)u = - f dt f dxi/}*(x)V(x)i/> n (x) = -(t b -t a )V nn . 
Jta J 

To second order in V (. x ), it yields 

P 2 

dt 2 / dt i 

Jt a 

^ e ~iE n (tb-t2)/h-iE k (t2-t\)/h—iE n (ti—t a )/hy ^y^ 


1 _ Pb p2 

~{ n \Ant\ n )u = Z QM, u ,n / 

Zj J ta 


The right-hand side can also be written as 

Pb 

'ta Jt, 


and becomes, after the time integrations, 

h 2 


E V n kVk n i ■+. /. . 

T - —\mtb- ta 


k tdk E n 


En — Eh 


e i(E n -E k )(t b -t a )/ti _ ^ 


(3.511) 


(3.512) 


J* b dt 2 J* dt\ Y e i{En ~ Ek)t2 l n+i{Ek -En)ti/n Vnk v kn (3.513) 


(3.514) 
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As it stands, the sum makes sense only for the E k ^ E n -terms. In these, the second 
term in the curly brackets can be neglected in the limit of large time differences 
t b — t a . The term with E k = E n must be treated separately by doing the integral 
directly in (3.513). This yields 


I'n/i 1'n 


(4 - t a y 


so that 


1/ | a 2 | \ VnmYmn . fc /, , \ , T r ta (4 4) 

9 \ n \'Ai n t\n)u — 2^ _ Tp *^(4 4) + V nn V nn — . 

Z m+n ^ Z 


(3.515) 


(3.516) 


The same result could have been obtained without the special treatment of the E k = 
E n -term by introducing artificially an infinitesimal energy difference E k — E n — e 
in (3.514), and by expanding the curly brackets in powers of 4 — t a . 

When going over to the cumulants \{n\Af nt \n) u , c according to (3.507), the k — n- 
term is eliminated and we obtain 


^HA 2 ntl n) u>c = -J2 ih(t b - t a ). 

Z k+n 


E k ~ E n 


(3.517) 


For the energy shifts up to second order in V (. x ), we thus arrive at the simple formula 

VnkVkn 


Ai-Ek + A 2 E n — V nn — ^2 

k^n 


Ek E n 


(3.518) 


The higher expansion coefficients become rapidly complicated. The correction of 
third order in V(x), for example, is 


^nkWkWlr. 


I'n/.' E ktl 


a t-, * nk v kl v in t r 

3 n / j / j t 77T t? \( T? T? \ nn ' J ( T? p \2' 
k+n l+n \ h k ~ En) {&l ~ E n ) ^ ( E k - E n ) 


(3.519) 


For comparison, we recall the well-known formula of Brillouin-Wigner equation 14 

A E n = R nn {E n + A E n ), (3.520) 


where R nn (E ) are the diagonal matrix elements (n\R(E)\n) of the level shift operator 
R{E) which solves the integral equation 


R(E) 


v + v- — ^er(e). 

E — 


(3.521) 


The operator P n = |n)(n| is the projection operator onto the state | n). The factors 
1 — P n ensure that the sums over the intermediate states exclude the quantum 

14 L. Brillouin and E.P. Wigner, J. Phys. Radium 4, 1 (1933); M.L. Goldberger and K.M. Watson, 
Collision Theory , John Wiley & Sons, New York, 1964, pp. 425-430. 
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number n of the state under consideration. The integral equation is solved by the 
series expansion in powers of V: 


R(E) = U + U 


1 -P n 

E - II . 


. 1 — p . I _ p . 

-V + V -A- V - 2-V + ... . (3.522) 

E-H u E — 


Up to the third order in V, Eq. (3.520) leads to the Brillouin-Wigner perturbation 
expansion 


E — E n — R nn (E ) — V nn + ^2 


k^n 


VnkYkn 
E — Eh 


EE 

k^n l^n 


VnkYkiy^ln 


{E-E k ){E-E x ) 


+ 


(3.523) 


which is an implicit equation for A E n = E — E n . The Brillouin-Wigner equation 
(3.520) may be converted into an explicit equation for the level shift A E n : 


A E n — R nn (E n ) + R nn (E n )R' nn (E n ) J r[R nn (E n )R' nn (E n )~ + ±R~ m (E n )R" in (E n )} 

T [Run ( E n ) R' nn ( E n ) 3 T f R^.n ( E n ) R! nn ( E n ) R'^ n ( E n ) T § R-nn ( E n ) R'2 n ( E n )] T ... .(3.524) 


Inserting (3.523) on the right-hand side, we recover the standard Rayleigh- 
Schrodinger perturbation expansion of quantum mechanics,which coincides precisely 
with the above perturbation expansion of the path integral whose first three terms 
were given in (3.518) and (3.519). Note that starting from the third order, the 
explicit solution (3.524) for the level shift introduces more and more extra dis¬ 
connected terms with respect to the simple systematics in the Brillouin-Wigner 
expansion (3.523). 

For arbitrary potentials, the calculation of the matrix elements V n k can become 
quite tedious. A simple technique to find them is presented in Appendix 3A. 

The calculation of the energy shifts for the particular interaction V{x) = gx 4 /4 
is described in Appendix 3B. Up to order g 3 , the result is 

A E n = ^(2n + l) + |3(2n 2 + 2n + l)a 4 

- (^0E(34n 3 + 51n 2 + 59n + 21)a 8 E (3.525) 

+ f-V4 • 3(125n 4 + 250n 3 + 472n 2 + 347n + lll)a 12 E.-. 

\4 / h to 2 

The perturbation series for this as well as arbitrary polynomial potentials can 
be carried out to high orders via recursion relations for the expansion coefficients. 
This is done in Appendix 3C. 


3.19 Level-Shifts and Perturbed Wave Functions 
from Schrodinger Equation 

It is instructive to rederive the perturbation expansion from ordinary operator Schrodinger theory. 
This derivation provides us also with the perturbed eigenstates to any desired order. 
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The Hamiltonian operator H is split into a free and an interacting part 

H = H 0 + V. (3.526) 

Let |n) be the eigenstates of Hq and | ipW) those of H: 

H 0 \n) = E^ n) \n), H\ip^) = E™\^ n) ). (3.527) 

We shall assume that the two sets of states | n) and |are orthogonal sets, the hrst with unit 
norm, the latter normalized by scalar products 

4 n) = (n|V’ ( ” ) ) = 1. (3.528) 

Due to the completeness of the states |n), the states |can be expanded as 

\ 4 > {n) ) = |n) + E a m ) l TO ), (3.529) 

where m^n 

a m ) = <n# (n) > (3.530) 

are the components of the interacting states in the free basis. Projecting the right-hand Schrodinger 
equation in (3.527) onto (m\ and using (3.530), we obtain 

4 m) ^ + (m\V\Tp {n) ) = (3.531) 

Inserting here (3.529), this becomes 

+ H y\n) + E a k\™\V\k) = fiWflL"’, (3.532) 

k^n 

and for m = n, due to the special normalization (3.528), 

+ <n|V» + E a ( k\ n \V\ k ) = E{n) - (3-533) 


Multiplying this equation with a~m and subtracting it from (3.532), we eliminate the unknown 
exact energy E bb , and obtain a set of coupled algebraic equations for a'm : 


oL n) = 


E (n) _ E dn) 


{m - a { ^>n\V\n) + E 4” } ( m - a m )n \V\ k ) 

k^n 


(3.534) 


where we have introduced the notation (m — a,m^n\ for the combination of states (■ m\ — cim\n\ , 
for brevity. 

This equation can now easily be solved perturbatively order by order in powers of the inter¬ 
action strength. To count these, we replace V by gV and expand as well as the energies Ebb 
in powers of g as: 


«m(s) = ( TO ^ n )> 

1=1 


and 


E (n) = E (n) _ Y^(-g) l E[ n) . 
1=1 


(3.535) 


(3.536) 




282 


3 External Sources, Correlations, and Perturbation Theory 


Inserting these expansions into (3.533), and equating the coefficients of g, we immediately find the 
perturbation expansion of the energy of the nth level 

E[ n) = (n\V\n), (3.537) 

E[ n) = MV\k) l> 1. (3.538) 

(n) 

The expansion coefficients a)”) are now determined by inserting the ansatz (3.535) into (3.534). 
This yields 


M _ (m]V\n) 

171,1 pM p(«) ’ 

and for l > 1: 


(3.539) 


a' ; = 


• 1 pM p(«) 

Eq E 0 


1-2 


~ a ™,i-i( n \V\ n )+Yl a M- i( m \V\k)-J2 a m,i' a kJ-i-i'( n \V\k) 

k^n l'=1 k^n 


Using (3.537) and (3.538), this can be simplified to 


(3.540) 


An) 


a', , = 


1 p( m ) p (n) 
Eg E q 


a k]-l( m \V\k) - 

k^n 


l'=1 


(3.541) 


Together with (3.537), (3.538), and (3.539), this is a set of recursion relations for the coefficients 

°S andEf^ 

The recursion relations allow us to recover the perturbation expansions (3.518) and (3.519) for 
the energy shift. The second-order result (3.518), for example, follows directly from (3.540) and 
(3.541), the latter giving 



k^n k^n 


(fc|U|n)(n|U|fc) 
E { 0 k) - E { 0 n) 


(3.542) 


If the potential V = V(x) is a polynomial in x , its matrix elements (n|U|fc) are nonzero only for n 
in a finite neighborhood of fc, and the recursion relations consist of finite sums which can be solved 
exactly. 


3.20 Calculation of Perturbation Series via Feynman 
Diagrams 

The expectation values in formula (3.487) can be evaluated also in another way 
which can be applied to all potentials which are simple polynomials pf x. Then the 
partition function can be expanded into a sum of integrals associated with certain 
Feynman diagrams. 

The procedure is rooted in the Wick expansion of correlation functions in Sec¬ 
tion 3.10. To be specific, we assume the anharmonic potential to have the form 

V(x) = |x 4 . (3.543) 

The graphical expansion terms to be found will be typical for all so-called tp A - 
theories of quantum field theory. 
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To calculate the free energy shift (3.487) to first order in g, we have to evaluate 
the harmonic expectation of ^4.i n t,e- This is written as 

n GP 

(Ant,e)w = 7 / dT{x\r)) u . (3.544) 

4 jo 

The integrand contains the correlation function 

(x(ti)x(t2)x(t 3 )x(t4)) w = G^2 (ti, t 2 , t 3 , t 4 ) 

at identical time arguments. According to the Wick rule (3.305), this can be ex¬ 
panded into the sum of three pair terms 

(d, D)G ( j> (T 3 , n) + G ( J (Ti, (r 2 , r 4 ) + G ( jj(r u r 4 )G ( j} (t 2 , t 3 ), 

where G'/ 2 ) (t, r') are the periodic Euclidean Green functions of the harmonic oscil¬ 
lator [see (3.304) and (3.251)]. The expectation (3.544) is therefore equal to the 
integral 

(Ant,e)w = 3 | drG^l (r, r) 2 . (3.545) 

The right-hand side is pictured by the Feynman diagram 

oo 

3 

Because of its shape this is called a two-loop diagram. In general, a Feynman dia¬ 
gram consists of lines meeting at points called vertices. A line connecting two points 
represents the Green function G^J( Ti,t 2 ). A vertex indicates a factor g/Ah and a 
variable r to be integrated over the interval (0,h{3). The present simple diagram has 
only one point, and the r-arguments of the Green functions coincide. The number 
underneath counts how often the integral occurs. It is called the multiplicity of the 
diagram. 

To second order in V(x), the harmonic expectation to be evaluated is 

(A ? nt,e)« = (j) J o dr 2 dT l (x i {r 2 )x i {T l )) U] . (3.546) 

/o\ 

The integral now contains the correlation function GCj (ti, .. ,,t$) with eight time 
arguments. According to the Wick rule, it decomposes into a sum of 7!! = 105 

/o\ 

products of four Green functions G K W £ (r, r'). Due to the coincidence of the time ar¬ 
guments, there are only three different types of contributions to the integral (3.546): 

(ALt.e)* = (|) J o dT lJ o dT 1 [72G^(T2,T 2 )G^(T2,T 1 ) 2 G^(T 1 ,T 1 ) 

+24 G^} (t 2 , Ti) 4 + 9G^J (r 2 , t 2 ) 2 G^J (ti, t 4 ) 2 . (3.547) 

The integrals are pictured by the following Feynman diagrams composed of three 
loops: 




284 


3 External Sources, Correlations, and Perturbation Theory 


ODD 

72 24 9 

They contain two vertices indicating two integration variables ti, 72. The first two 
diagrams with the shape of three bubbles in a chain and of a watermelon, respec¬ 
tively, are connected diagrams, the third is disconnected. When going over to the 
cumulant (Af nt e ) w ,o the disconnected diagram is eliminated. 

To higher orders, the counting becomes increasingly tedious and it is worth 
developing computer-algebraic techniques for this purpose. Figure 3.7 shows the 
diagrams for the free-energy shift up to four loops. The cumulants eliminate precisely 
all disconnected diagrams. This diagram-rearranging property of the logarithm is 
very general and happens to every order in g , as can be shown with the help of 
functional differential equations. 

pf = pf„+ CO ooo + 

3 ' ' 72 

+ i(OCOO+ q 

' ' 2592 



COCO 


Figure 3.7 Perturbation expansion of free energy up to order g 3 (four loops). 


The lowest-order term [3F U containing the free energy of the harmonic oscillator 
[recall Eqs. (3.245) and (2.526)] 


F " = -p lo S ( 2 sinh 


(3.548) 


is often represented by the one-loop diagram 


PF U = --Tr log Cg = 


r h/3 


2h/3 Jo 


dr 


log 


(t,t) 



(3.549) 


With it, the graphical expansion in Fig. 3.7 starts more systematically with one 
loop rather than two. The systematics is, however, not perfect since the line in the 
one-loop diagram does not show that integrand contains a logarithm. In addition, 
the line is not connected to any vertex. 

All r -variables in the diagrams are integrated out. The diagrams have no open 
lines and are called vacuum diagrams. 

The calculation of the diagrams in Fig. 3.7 is simplified with the help of a fac¬ 
torization property: If a diagram consists of two subdiagrams touching each other 
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at a single vertex, its Feynman integral factorizes into those of the subdiagrams. 
Thanks to this property, we only have to evaluate the following integrals (omitting 
the factors g/Fh for each vertex) 


O 

O 





I drG^r, r) = U/3a 2 , 

J 0 

rh/3 rh/3 . . 1 

/ / dr^ G ( ${ti,t 2 ) = hp-a%, 

Jo Jo 00 

[ [ f dridr 2 dr 3 G$(t 1 ,t 2 )G$(t2,t 3 )G$(t 3 ,t 1 ) 

j 0 J 0 «/ 0 

f [ dTidT 2 Gj$(Ti,T 2 ) 4 = hp—a%, 

Jo Jo 00 

[ [ [ dT 1 dT 2 dr i G { $(t u t 2 )G { $(t2,t 3 )G^(t 3 ,t 1 ) 3 

J 0 J 0 J 0 

hpQ al°, 

L L L *‘1*2*3 G L 2 »( T l. T 2) 2G 5 > (' r 2,T 3 ) 2 G2 , (T3,T 1 ) 2 
Ufd (—\ al 2 - (3.550) 


Note that in each expression, the last r-integral yields an overall factor U/3, due to 
the translational invariance along the r-axis. The others give rise to a factor 1/c o, 
for dimensional reasons. The temperature-dependent quantities are labeled by 
the number of vertices V and lines L of the associated diagrams. Their dimension 
is length to the nth power [corresponding to the dimension of the n x (r)-variables 
in the diagram]. For more than four loops, there can be more than one diagram for 
each V and L. such that one needs an additional label in «(/' to specify the diagram 
uniquely. Each Oy L may be written as a product of the basic length scale ( U/Mlo) l 
multiplied by a function of the dimensionless variable x = /3Uuj: 

(3.551) 


a 2 v L = 


h 


Moo 


ay L (x) 


The functions ay J (x) are listed in Appendix 3D. 

As an example for the application of the factorization property, take the Feyn¬ 
man integral of the second third-order diagram in Fig. 3.7 (called a “daisy” diagram 
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because of its shape): 


V - 


r h/3 rh(3 fh(3 


JO JO JO 


dTidT 2 dT Z G y J (n, T 2 )G ( J (t 2 , t 3 )G k J (t 3 , n) 
x G$ (t 1s Ti)G$( r 2 , t 2 )g 2 ] (r 3 , r 3 ). 


It decomposes into a product between the third integral in (3.550) and three powers 
of the first integral: 

v - O' 

Thus we can immediately write 



In terms of al L , the free energy becomes 




(72a 2 a^a 2 + 24a®) 


(3.552) 


+ 


3 r 


2592a 2 (a^) 2 a 2 + 1728a^(a 2 ) a + 3456a£V + 1728a^ 


.12 


3!hV \4, 

In the limit T —> 0, the integrals (3.550) behave like 


+ ... 


a 2 —t a 4 , 


a 2 “^ 2° ’ 


1 

—< 
2 

3 


« 3 2 ->• W 2 , 


a 3 2 a<3 ’ 


,10 


—^ 


10 


(3.553) 


and the free energy reduces to 


j 7 hu g 4 

F= T + 4 3a 


-V 42a 8 -^— + f — V 4 • 333a 12 
4/ hca V4/ \hu 


+ ... 


(3.554) 


In this limit, it is simpler to calculate the integrals (3.550) directly with the zero- 
temperature limit of the Green function (3.304), which is G^ (t, t') = a 2 e~^ T ~ T '^ 
with a 2 = k/2uM [see (3.251)]. The limits of integration must, however, be shifted 
by half a period to /^g / 2 dr before going to the limit, so that one evaluates S°°oo dr 
rather than / 0 °° dr (the latter would give the wrong limit since it misses the left-hand 
side of the peak at r = 0). Before integration, the integrals are conveniently split 
as in Eq. (3D.1). 
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3.21 Perturbative Definition of Interacting Path Integrals 


In Section 2.15 we have seen that it is possible to define a harmonic path integral 
without time slicing by dimensional regularization. With the techniques developed 
so far, this definition can trivially be extended to path integrals with interactions, if 
these can be treated perturbatively. We recall that in Eq. (3.483), the partition func¬ 
tion of an interacting system can be expanded in a series of harmonic expectation 
values of powers of the interaction. The procedure is formulated most conveniently 
in terms of the generating functional (3.489) using formula (3.490) for the generat¬ 
ing functional with interactions and Eq. (3.491) for the associated partition. The 
harmonic generating functional on the right-hand side of (3.490), 


r | 1 PD 

Z w [j] = jVxexp J o dr 


M 


• 2 , 2 2 \ 

X + CO x ) — JX 


(3.555) 


can be evaluated with analytic regularization as described in Section (2.15) and 
yields, after a quadratic completion [recall (3.246), (3.247)]: 


Z P\ = 


■ exp 


2sm(uh/3 /2) [2Mh 

where G^ 2 e (r) is the periodic Green function (3.251) 

1 coshcu(r — h/3/2) 


rh/3 rhp 1 

l dr J o dr' j{r)Gl 2 e {r - r , )j(r')|, (3.556) 


G p 


LJ 2 A T ) - 


2c o smh(/3hui/2) 


, r G [0, Ti(3\. 


(3.557) 


As a consequence, Formula (3.490) for the generating functional of an interacting 
theory 


Z[j] = e.-tfo' 3 dT vwmr )) z j^ ? (3.558) 

is completely defined by analytic regularization. By expanding the exponential pre¬ 
factor as in Eq. (3.493), the full generating functional is obtained from the harmonic 
one without any further path integration. Only functional differentiations are re¬ 
quired to find the generating functional of all interacting interacting correlation 
functions Z[j] from the harmonic one Z w [j], 

This procedure yields the perturbative definition of arbitrary path integrals. 
It is widely used in the quantum field theory of particle physics 15 and critical 
phenomena 16 It is also the basis for an important extension of the theory of dis¬ 
tributions to be discussed in detail in Sections 10.6-10.11. 

It must be realized, however, that the perturbative definition is not a complete 
definition. Important contributions to the path integral may be missing: all those 

15 C. Itzykson and J.-B. Zuber, Quantum Field Theory , McGraw-Hill (1985). 

16 H. Kleinert and V. Schulte-Frohlinde, Critical Properties of (fD-Theories, World Scientific, 
Singapore 2001, pp. 1-487 (www.physik.fu-berlin.de/~kleinert/re,html#b8). 
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which are not expandable in powers of the interaction strength g. Such contributions 
are essential in understanding many physical phenomena, for example, tunneling, to 
be discussed in Chapter 17. Interestingly, however, information on such phenomena 
can, with appropriate resummation techniques to be developed in Chapter 5, also 
be extracted from the large-order behavior of the perturbation expansions, as will 
be shown in Subsection 17.10.4. 

3.22 Generating Functional of Connected Correlation 
Functions 

In Section 3.10 we have seen that the correlation functions obtained from the func¬ 
tional derivatives of Z[j] via relation (3.298) contain many disconnected parts. The 
physically relevant free energy F[j\ = — /cgTlog Z\j], on the other hand, contains 
only in the connected parts of Z\;j]. In fact, from statistical mechanics we know that 
meaningful description of a very large thermodynamic system can only be given in 
terms of the free energy which is directly proportional to the total volume V. The 
partition function Z = e~ F / ksT has no meaningful infinite-volume limit, also called 
the thermodynamic limit , since it contains a power series in V. Only the free en¬ 
ergy density f = F/V has an infinite-volume limit. The expansion of Z[j] diverges 
therefore for V —» oo. This is why in thermodynamics we always go over to the free 
energy density by taking the logarithm of the partition function. This is calculated 
entirely from the connected diagrams. 

Due to this thermodynamic experience we expect the logarithm of Z[j] to provide 
us with a generating functional for all connected correlation functions. To avoid 
factors ksT we define this functional as 

W[j\ = log Z[j\, (3.559) 

and shall now prove that the functional derivatives of W[j] produce precisely the 
connected parts of the Feynman diagrams for each correlation function. 

Consider the connected correlation functions G ^ (t\, ..., r n ) defined by the func¬ 
tional derivatives 

= (3.560) 

Ultimately, we shall be interested only in these functions with zero external current, 
where they reduce to the physically relevant connected correlation functions. For the 
general development in this section, however, we shall consider them as functionals 
of j(r), and set j — 0 only at the end. 

Of course, given all connected correlation functions (ti, ..., r n ), the full 
correlation functions G^ (ti, ... , r n ) in Eq. (3.298) can be recovered via simple 
composition laws from the connected ones. In order to see this clearly, we shall 
derive the general relationship between the two types of correlation functions in 
Section 3.22.2. First, we shall prove the connectedness property of the derivatives 
(3.560). 
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3.22.1 Connectedness Structure of Correlation Functions 

We first prove that the generating functional W[j\ collects only connected diagrams 
in its Taylor coefficients 5 n W / Sj(ri)... Sj (r n ). Later, after Eq. (3.588), we shall see 
that these functional derivatives comprise all connected diagrams in G^(ti, ..., r n ). 

Let us write the path integral for the generating functional Z[j] as follows (here 
we use natural units with h — 1): 

Z\j] = J Vxe~ Mx ' j]/n , (3.561) 

with the action 

rh/3 r ]\/[ . . 

A e [x,j\ = J o dr — (i 2 + cuVJ + V(x) - j{t)x{t) ■ (3.562) 

In the following structural considerations we shall use natural physical units in which 
h — 1, for simplicity of the formulas. By analogy with the integral identity 

t dx 2-e~ F ^= 0, 

J dx 

which holds by partial integration for any function F(x) which goes to infinity for 
x —y ±cxd, the functional integral satisfies the identity 

/ Vx -—-e~ Ae[x ' j] = 0, (3.563) 

J ox(t) 

since the action A c [x,j] goes to infinity for x —> ±oo. Performing the functional 
derivative, we obtain 

/• Vx $A e [x j\ e _ MxJ] = 4 

J dx(r) 

To be specific, let us consider the anharmonic oscillator with potential V(x) = 
Ax 4 /4\. We have chosen a coupling constant A/4! instead of the previous g in (3.543) 
since this will lead to more systematic numeric factors. The functional derivative of 
the action yields the classical equation of motion 

= M (-% + uj2x ) + Wi x3 - j — 0, (3.565) 

ox[t) 3! 

which we shall write as 

5 ^(rf = G ^ X + “ 3 = °’ (3 ' 566) 

where we have set G 0 (r, r') = to get free space for upper indices. With this 
notation, Eq. (3.564) becomes 

J Vx /(Tq^t) + ^y a;3 ( r ) — j(' 7 ')| e~ A ^ x ’^ = 0. (3.567) 
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We now express the paths x(r) as functional derivatives with respect to the source 
current j(r), such that we can pull the curly brackets in front of the integral. This 
leads to the functional differential equation for the generating functional Z[j\: 


Go 1 


5 


+ 


A 


5j(r) 3! 


dj(r) 


-3(t) \ Z[j] = 0. 


(3.568) 


With the short-hand notation 

(3 ' 569) 

where the arguments of the currents will eventually be suppressed, this can be 
written as 


G 0 Zj(j) + Zj(j)j( T )j( T ) j(r) 0. (3.570) 

Inserting here (3.559), we obtain a functional differential equation for W[j\. 

G?w s + | (W m + 3 W ti W, + Wf) -3 = 0. (3.571) 

We have employed the same short-hand notation for the functional derivatives of 
W[j\ as in (3.569) for Z\j], 


W JMj(v,)..J(T n ) \j] - Sj ( T j 5j ^ ■ ■ ■ 5j ( Tn ) W \ j ]’ (3 ' 572) 

suppressing the arguments Ti,..., r n of the currents, for brevity. Multiplying (3.571) 
functionally by G 0 gives 

Wj = -|g„ + 3WjjWj + Wf) + C„ j. (3.573) 

We have omitted the integral over the intermediate r’s, for brevity. More specifically, 
we have written G 0 j for / dr' Gq(t, t')j(t'). Similar expressions abbreviate all func¬ 
tional products. This corresponds to a functional version of Einstein’s summation 
convention. 

Equation (3.573) may now be expressed in terms of the one-point correlation 
function 


G« = W,, 


(3.574) 


defined in (3.560), as 


G* 11 = -4g„(gV + 3G™G< 1) +[G^fj+Goj. (3.575) 
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The solution to this equation is conveniently found by a diagrammatic procedure 
displayed in Fig. 3.8. To lowest, zeroth, order in A we have 

G^=G oJ . (3.576) 

From this we find by functional integration the zeroth order generating functional 

Wo hi 

Wo hi = JvjGW = ±jGoj, (3.577) 

np to a j-independent constant. Subscripts of W[j] indicate the order in the inter¬ 
action strength A. 

Reinserting (3.576) on the right-hand side of (3.575) gives the first-order expres¬ 
sion 

G W = —Go^y SGoGoj + (GW) 3 + Goj, (3.578) 

represented diagrammatically in the second line of Fig. 3.8. Equation (3.578) can be 
integrated functionally in j to obtain W\j\ up to first order in A. Diagrammatically, 
this process amounts to multiplying each open lines in a diagram by a current j, 
and dividing the arising j n s by n. Thus we arrive at 

w'oli] + W'lbl = jjGci - jGo (G„j) 2 - A ( G „j) 4 , (3.579) 



Figure 3.8 Diagrammatic solution of recursion relation (3.573) for the generating func¬ 
tional W[j\ of all connected correlation functions. First line represents Eq. (3.575), second 
(3.578), third (3.579). The remaining lines define the diagrammatic symbols. 
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as illustrated in the third line of Fig. 3.8. This procedure can be continued to any 
order in A. 

The same procedure allows us to prove that the generating functional W[j\ col¬ 
lects only connected diagrams in its Taylor coefficients 5 n W/5j(x i).. ,5j(x n ). For 
the lowest two orders we can verify the connectedness by inspecting the third line in 
Fig. 3.8. The diagrammatic form of the recursion relation shows that this topological 
property remains true for all orders in A, by induction. Indeed, if we suppose it to 
be true for some n, then all inserted on the right-hand side are connected, and 
so are the diagrams constructed from these when forming &'['to the next, (n + l)st, 
order. 

Note that this calculation is unable to recover the value of W[j] at j = 0 which 
is an unknown integration constant of the functional differential equation. For the 
purpose of generating correlation functions, this constant is irrelevant. We have 
seen in Fig. 3.7 that W[ 0], which is equal to —F//c B T, consists of the sum of all 
connected vacuum diagrams contained in Z[ 0]. 


3.22.2 Correlation Functions versus Connected Correlation 
Functions 

Using the logarithmic relation (3.559) between W[j] and Z[j] we can now derive 
general relations between the n-point functions and their connected parts. For the 
one-point function we find 

G<‘>(t) = Z- l \j\-3—Z\j\ = jT-mt] = GW(t). (3.580) 

oj[r) 6 j(t) 

This equation implies that the one-point function representing the ground state 
expectation value of the path x(r) is always connected: 

(i(T))=G®(r)=G»(r) = I. (3.581) 


Consider now the two-point function, which decomposes as follows: 


G ( 2 ) (ti,t 2 ) = Z x \j] 

= z - 1 hi 


8j(n) Sj(r 2 ) 

5 {(5 


Z\j] 


-w\j\ Z[j] 


8j(n) lw( r 2 ) 

Z~ l \j] { W j(Tl)j(T 2 ) + W j{T1 )W j[T2) } Z\j] 
(ti, t 2 ) + (n) (r 2 ). 


(3.582) 


In addition to the connected diagrams with two ends there are two connected dia¬ 
grams ending in a single line. These are absent in a ad-theory at j = 0 because of 
the symmetry of the potential, which makes all odd correlation functions vanish. In 
that case, the two-point function is automatically connected. 
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For the three-point function we find 

5 5 5 


G (3) ( 71 , 7 - 2 , 73 ) = Z 1 [j] 


= z-^j] 


5 


5 


8j(T 2 ) 5j(r 3 ) 


Z{j] 


Sj(r 1) 5j(r 2 ) 
5 


5 




W[j} 


Z[j] 


Z ^Sj(n) ^ Wj{T3)i{T2) + Wjfo'jWjfo) -Z'fj'jj 


(3.583) 


= z 


\ j- / 

[j] {hFj( T i)j( T2 )j( T3 ) + (Wj(n)Wj(7!!)j(T3) A ^/('r2)^'j(Tl)j(T3) 

(r3)(n )j (t 2 )) A (n)to)Wj'( 73 )} ^[j] 
^ 1) (^)^ 1 ) (t 2 )G'( 1 )(73)| 


= Gf } (ti, t 2 , t 3 ) + [G'^ 1) (ri)G^ ) (r 2 , r 3 ) + 2 perm 
and for the four-point function 

G (4) (n,... ,r 4 ) = G< 4) (ti, ... , 7 - 4 ) + G® (r 4 , r 2 , r 3 ) G^(t 4 ) + 3 perm 

, 1^2) _ \ sy(2) _ \ 1 o _1 


^ 2) (ti, r 2 ) G^ 2) (t 3 , t 4 ) + 2 penn 
[G< 2 > (t 4 , r 2 ) G^ ) (r 3 )G^ 1) (r 4 ) + 5 perm 


(3.584) 


In the pure ad-theory there are no odd correlation functions, because of the symme¬ 
try of the potential. 

For the general correlation function G^ n \ the total number of terms is most easily 
retrieved by dropping all indices and differentiating with respect to j (the arguments 
Ti,... ,T n of the currents are again suppressed): 


G (1) = e” 11 " (e w ) = Wj = G ( c l) 

G {2) = e” 11 " (e w ) .. = Wjj + Wj 2 = G {2) + G ( c 1)2 

G (3) = e” 11 " (e w ) ... = Wjjj + ZWjjWj + W 3 = Gf } + SG^GW + G < 1)3 

G« 4 > = e- w (e"').... = W m + iWjjjWj + 3W„ 2 + 6»'„»'/ + Wf 

= G {4) + 4G®G^ + 3G< 2)2 + 6GfG( 1)2 + G< 1)4 . (3.585) 


All equations follow from the recursion relation 

Gin) = G (n- 1) + G (n- 1)^(1)_ „ > 2 , (3.586) 

if one uses Gj‘ 1J = G^l and the initial relation G*A = G[}K By comparing the 
first four relations with the explicit expressions (3.582)-(3.584) we see that the 
numerical factors on the right-hand side of (3.585) refer to the permutations of the 
arguments r 4 , r 2 , r 3 ,... of otherwise equal expressions. Since there is no problem in 
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reconstructing the explicit permutations we shall henceforth write all composition 
laws in the short-hand notation (3.585). 

The formula (3.585) and its generalization is often referred to as cluster' decom¬ 
position, or also as the cumulant expansion, of the correlation functions. 

We can now prove that the connected correlation functions collect precisely all 
connected diagrams in the n-point functions. For this we observe that the decompo¬ 
sition rules can be inverted by repeatedly differentiating both sides of the equation 
W[j] = log Z[j\ functionally with respect to the current j : 

= G (1) 

Gf = G (2] - G (1) G (1) 

Q(3) = Q(3) _ 3G (2)Q(1) + 2G'( 1 )3 

g G) = Q( 4) _ 4G (3) G (1) + 12G (2) G (1)2 - 3G (2)2 - 6G (1)4 . (3.587) 

Each equation follows from the previous one by one more derivative with respect to 
j, and by replacing the derivatives on the right-hand side according to the rule 

G (n) = G (n+1) _ Q(n) G { 1). (3.588) 

Again the numerical factors imply different permutations of the arguments and the 
subscript j denotes functional differentiations with respect to j. 

Note that Eqs. (3.587) for the connected correlation functions are valid for sym¬ 
metric as well as asymmetric potentials V{x). For symmetric potentials, the equa¬ 
tions simplify, since all terms involving G^ — X — ( x ) vanish. 

It is obvious that any connected diagram contained in G ^ must also be contained 
in G^\ since all the terms added or subtracted in (3.587) are products of G^s, and 
thus necessarily disconnected. Together with the proof in Section 3.22.1 that the 
correlation functions G^ contain only the connected parts of GA\ we can now be 
sure that G^ contains precisely the connected parts of G^ n \ 

3.22.3 Functional Generation of Vacuum Diagrams 

The functional differential equation (3.573) for W[j\ contains all information on the 
connected correlation functions of the system. However, it does not tell us anything 
about the vacuum diagrams of the theory. These are contained in W [0], which 
remains an undetermined constant of functional integration of these equations. 

In order to gain information on the vacuum diagrams, we consider a modification 
of the generating functional (3.561), in which we set the external source j equal to 
zero, but generalize the source j(r) in (3.561) coupled linearly to x{r) to a bilocal 
form K[t,t') coupled linearly to x(t)x(t'): 

Z[K] = J Vx(T)e~ Mx ’ K] , (3.589) 

where A c [x,K\ is the Euclidean action 

A c [x, K] = Ao[x] + ^4 mt [x] + - j dr J dr' x(t)K(t, t')x{t'). (3.590) 
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When forming the functional derivative with respect to K (r, r') we obtain the cor¬ 
relation function in the presence of K(t, t')\ 


G^ 2 \t, t') = -2 Z~ X [K) 


5Z 


5K(t, t') 


(3.591) 


At the end we shall set = 0, just as previously the source j. When differ¬ 

entiating Z[K\ twice, we obtain the four-point function 


G {4 \t 1 ,t 2 ,t 3 ,t 4 ) 


\Z~\K\ 


5 2 Z 

5K(t 1 ,t 2 )5K(t 3 ,t 4 )' 


(3.592) 


As before, we introduce the functional IF [AT] = log Z[K\. Inserting this into (3.591) 
and (3.592), we find 




t 2 , r 3 , r 4 ) 


o SW 

5K (r, t') ’ 

r 5 2 W 5W 8W 

SK( n , t 2 )SK(t 3 , r 4 ) + 5K( n , r 2 ) 5K(t 3 , r 4 ) 


(3.593) 

(3.594) 


With the same short notation as before, we shall use again a subscript K to denote 
functional differentiation with respect to K, and write 

G (2) = 2 W K , G (4) = 4 [Wkk + W K W K ] = 4 W KK + G {2) G {2) . (3.595) 


From Eq. (3.585) we know that in the absence of a source j and for a symmetric 
potential, G ^ has the connectedness structure 

G (4) = Gfl + 3G^ 2) G {2) . (3.596) 


This shows that in contrast to Wjjjj, the derivative Wkk does not directly yield a 
connected four-point function, but two disconnected parts: 

4 W KK = G^ + 2 G {2) G i2 \ (3.597) 


the two-point functions being automatically connected for a symmetric potential. 
More explicitly, (3.597) reads 

4 5 2 W 

t 2 )5K(t 3 , r 4 ) 

= G^ 4) (r i,T2,T3,t 4 ) + G^ ) (ri,r 3 )Gf ) (r2,r 4 ) + G^ 2) (ri, t 4 )G (2 \t 2i t 3 ). (3.598) 

Let us derive functional differential equations for Z[K] and IF [A']. By analogy with 
(3.563) we start out with the trivial functional differential equation 


8(t-t')Z[K\, 


(3.599) 
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which is immediately verified by a functional integration by parts. Performing the 
functional derivative yields 

/ Vx x(t) ^^ K ^ = 5(t — t')Z[K], (3.600) 

J ox(r') 

or 

J Vx J dr J dr' |x(t)Go 1 (t, t')x{t') + — x(t)x 3 (t / )| e~' Ae ^ x,K ^ = 8{r — r')Z[Kj. 

(3.601) 

For brevity, we have absorbed the source in the free-field correlation function Go: 

Go -T [Go 1 - K]- 1 . (3.602) 

The left-hand side of (3.601) can obviously be expressed in terms of functional 
derivatives of Z[K\, and we obtain the functional differential equation whose short 
form reads 

G 0 1 Zk + —Zkk = —Z. (3.603) 

Inserting Z[K] = e w ^ K \ this becomes 

G^Wk + ^(W KK + W k Wk) = (3.604) 

It is useful to reconsider the functional IF [id] as a functional IF [Go]. Then 
8G 0 /SK = Gq, and the derivatives of lF[/l] become 

I V K = Gg W Go , W KK = 2G'l IF Go + Gq IF GoGo , (3.605) 

and (3.604) takes the form 

G„W Go + 1(GJH' GoG „ + 2 Gl\V Ca + GJH' Go H' G s ) = 1. (3.606) 

This equation is represented diagrammatically in Fig. 3.9. The zeroth-order solution 

O 8 [F0 + 2 °<D + OO] + 1 

GqWg 0 = 8-jj- [AG()Wg 0 g 0 + 2GoAGqWg 0 + WgqGqXGqWgq] + — 

Figure 3.9 Diagrammatic representation of functional differential equation (3.606). For 
the purpose of finding the multiplicities of the diagrams, it is convenient to represent here 
by a vertex the coupling strength —A/4! rather than gj 4 in Section 3.20. 
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to this equation is obtained by setting A = 0: 

^ (0) [G'o] = ^Trlog(G 0 ). (3.607) 

Explicitly, the right-hand side is equal to the one-loop contribution to the free energy 
in Eq. (3.549), apart from a factor —f3. 

The corrections are found by iteration. For systematic treatment, we write IE [Go] 
as a sum of a free and an interacting part, 

W[G 0 ] = W(°>[Go] + W int [G 0 ], (3.608) 

insert this into Eq. (3.606), and find the differential equation for the interacting 
part: 

GoW£ l + jMW'Sa + 3 Go»g"‘ + GiW%W%) = e^G 2 . (3.609) 

This equation is solved iteratively. Setting IE int [Go] = 0 in all terms proportional 
to A, we obtain the first-order contribution to IE int [Go]: 

W h *[G 0 ]=3^G 2 0 . (3.610) 

This is precisely the contribution (3.545) of the two-loop Feynman diagram (apart 
from the different normalization of g). 

In order to see how the iteration of Eq. (3.609) may be solved systematically, 
let us ignore for the moment the functional nature of Eq. (3.609), and treat Go as 
an ordinary real variable rather than a functional matrix. We expand IE [Go] in a 
Taylor series: 

00 1 /_ \\ p 

H'‘“[G 0 ] = y-H^—j (G„) 2 n (3.611) 

and find for the expansion coefficients the recursion relation 

W p+ 1 = 4 j[2p (2 p - 1) + 3(2p)] W p + £ ^2qW q x 2 (p - q)W p \. (3.612) 

Solving this with the initial number W\ = 3, we obtain the multiplicities of the 
connected vacuum diagrams of pth order: 


3, 96, 9504,1880064, 616108032, 301093355520, 205062331760640, 
185587468924354560, 215430701800551874560, 312052349085504377978880. (3.613) 

To check these numbers, we go over to Z[G\ = e w ^ Go \ and ford the expansion: 

—A x p 
4! 


Z[G 0 ] = exp 

= Det 1//2 [G 0 ] 


! 00 1 

-Tr log G 0 + ^ -r W p 
Z -=1 P - 


(G 0 ) 2p 


1 + E 


p =i 

oo ^ 


r ^"n 


r, p- 


p =1 


-A' 

IT 


(Go) 2p 


(3.614) 
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The expansion coefficients z p count the total number of vacuum diagrams of order 
p. The exponentiation (3.614) yields z p = (4p — 1)!!, which is the correct number of 
Wick contractions of p interactions x 4 . 

In fact, by comparing coefficients in the two expansions in (3.614), we may derive 
another recursion relation for W p : 

W p + 3 WV 1+ 7-5 -3 1 j + ... + (4 p -5)!! j = (4 p -1)!!, (3.615) 


which is fulfilled by the solutions of (3.612). 

In order to find the associated Feynman diagrams, we must perform the dif¬ 
ferentiations in Eq. (3.609) functionally. The numbers W p become then a sum of 
diagrams, for which the recursion relation (3.612) reads 


W p+1 = 4 


r 4 d 2 


W v + 3 • Gn 



(3.616) 


where the differentiation d/d,P\ removes one line connecting two vertices in all possible 
ways. This equation is solved diagrammatically, as shown in Fig. 3.10. 



Figure 3.10 Diagrammatic representation of recursion relation (3.612). A vertex repre¬ 
sents the coupling strength —A. 


Starting the iteration with W\ = 3 00, we have dW p /d fl = 60 and 

d 2 W p /d fl 2 = 6 X . Proceeding to order five loops and going back to the usual vertex 
notation —A, we find the vacuum diagrams with their weight factors as shown in 
Fig. 3.11. For more than five loops, the reader is referred to the paper quoted in 
Notes and References, and to the internet address from which Mathematica programs 
can be downloaded which solve the recursion relations and plot all diagrams of W [0] 
and the resulting two- and four-point functions. 


3.22.4 Correlation Functions from Vacuum Diagrams 

The vacuum diagrams contain information on all correlation functions of the theory. 
One may rightly say that the vacuum is the world. The two- and four-point functions 
are given by the functional derivatives (3.595) of the vacuum functional VF[iF]. 
Diagrammatically, a derivative with respect to K corresponds to cutting one line of 
a vacuum diagram in all possible ways. Thus, all diagrams of the two-point function 
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diagrams and multiplicities 

9 1 

3 OO 

9 2 


9 3 


5 4 

^ ^62208 Q + 66296 (^) + 248832 {5c^> + 497664 + 165888 ^ + 248832 (=)■ 

165888^ + 124416 COOOO + 248832 OOC^ + 62208 0(1)0 j 


Figure 3.11 Vacuum diagrams up to five loops and their multiplicities. The 
total numbers to orders g n are 3, 96, 9504, 1880064, respectively. In contrast to 
Fig. 3.10, and to the previous diagrammatic notation in Fig. 3.7, a vertex stands 
here for —A/4! for brevity. For more than five loops see the tables on the internet 

(http://users.physik.fu-berTin/~kleinert/b3/programs). 


G (2) can be derived from such cuts, multiplied by a factor 2. As an example, consider 
the first-order vacuum diagram of bF[A'] in Fig. 3.11. Cutting one line, which is 
possible in two ways, and recalling that in Fig. 3.11 a vertex stands for —A/4! rather 
than —A, as in the other diagrams, we find 

M / i[0] = /CO -» Gp ) (T 1 ,r 2 ) = 2xi2 T P. T2 . (3.617) 

The second equation in (3.595) tells us that all connected contributions to the 
four-point function G ( ' 4 ) may be obtained by cutting two lines in all combinations, 
and multiplying the result by a factor 4. As an example, take the second-order 
vacuum diagrams of W[ 0] with the proper translation of vertices by a factor 4!, 
which are 

wyo] = 4 OQO + 4 © . (3.618) 

Cutting two lines in all possible ways yields the following contributions to the con¬ 
nected diagrams of the two-point function: 

(2-1- — + 4-3- —) >0< 

V 16 48/ W 


G (4) = 4 x 


(3.619) 
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It is also possible to find all diagrams of the four-point function from the vacuum 
diagrams by forming a derivative of W [0] with respect to the coupling constant —A, 
and multiplying the result by a factor 4!. This follows directly from the fact that 
this differentiation applied to Z[ 0] yields the correlation function / dr(x A ). As an 
example, take the first diagram of order g 3 in Table 3.11 (with the same vertex 
convention as in Fig. 3.11): 

»2[°] = ^ Q) ■ (3.620) 

Removing one vertex in the three possible ways and multiplying by a factor 4! yields 

G (4) = 4! x — 3 O • (3-621) 

48 

3.22.5 Generating Functional for Vertex Functions. 

Effective Action 

Apart from the connectedness structure, the most important step in economizing the 
calculation of Feynman diagrams consists in the decomposition of higher connected 
correlation functions into one-particle irreducible vertex functions and one-particle 
irreducible two-particle correlation functions, from which the full amplitudes can 
easily be reconstructed. A diagram is called one-particle irreducible if it cannot be 
decomposed into two disconnected pieces by cutting a single line. 

There is, in fact, a simple algorithm which supplies us in general with such 
a decomposition. For this purpose let us introduce a new generating functional 
T[X], to be called the effective action of the theory. It is defined via a Legendre 
transformation of W[j\. 


-r[X] = W\j] - Wjj. (3.622) 

Here and in the following, we use a short-hand notation for the functional multipli¬ 
cation, Wjj = f drWj(r)j(r), which considers fields as vectors with a continuous 
index r. The new variable X is the functional derivative of W\j\ with respect to 
j(r ) [recall (3.572)]: 


A'M = = W jlT) = (x) j(Th (3.623) 

and thus gives the ground state expectation of the field operator in the presence of 
the current j. When rewriting (3.622) as 

-r[X]=W[j]^Xj, (3.624) 

and functionally differentiating this with respect to X, we obtain the equation 

L x[X]=j. (3.625) 
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This equation shows that the physical path expectation X(t) = (x(r)), where the 
external current is zero, extremizes the effective action: 


r x [x] = o. 


(3.626) 


We shall study here only physical systems for which the path expectation value is 
a constant X(t) = Xq. Thus we shall not consider systems which possess a time- 
dependent X 0 (r), although such systems can also be described by ad-theories by 
admitting more general types of gradient terms, for instance x(d 2 — k ffix. The en¬ 
suing r-dependence of X 0 (t) may be oscillatory. 1 ' Thus we shall assume a constant 

X 0 = (x)\ j=0 , (3.627) 


which may be zero or non-zero, depending on the phase of the system. 

Let us now demonstrate that the effective action contains all the information 
on the proper vertex functions of the theory. These can be found directly from the 
functional derivatives: 

r W ( Tl „„, T „)._L_,„_L_ r[A1 . (3,628) 

We shall see that the proper vertex functions are obtained from these functions 
by a Fourier transform and a simple removal of an overall factor (2n) D 5 QCILi 0 -’*) 
to ensure momentum conservation. The functions T^ (ti, ..., r n ) will therefore be 
called vertex functions , without the adjective proper which indicates the absence 
of the 5-function. In particular, the Fourier transforms of the vertex functions 
(n, r 2 ) and (r 1? r 2 , r 3 , r 4 ) are related to their proper versions by 

r (2) (u;i,a; 2 ) = 27 t 5 (oq + u 2 ) F (2) ( w i), (3.629) 

r (1) (o;i,a; 2 ,a;3,a;4) = 2nS (3.630) 


For the functional derivatives (3.628) we shall use the same short-hand notation as 
for the functional derivatives (3.572) of W\j\, setting 

r x(n)...x ( Tn) = • • • ^ry r t A 1 • 

The arguments Ti,..., r n will usually be suppressed. 

In order to derive relations between the derivatives of the effective action and 
the connected correlation functions, we first observe that the connected one-point 
function G]) 1 - 1 at a nonzero source j is simply the path expectation X [recall (3.581)]: 

G { r l) = X. (3.632) 

17 In higher dimensions there can be crystal- or cjuasicrystal-like modulations. See, for exam¬ 
ple, H. Kleinert and K. Maki, Fortschr. Phys. 29, 1 (1981) (http://www.physik.fu-ber- 
lin.de/~kleinert/75). This paper was the first to investigate in detail icosahedral quasicrys¬ 
talline structures discovered later in aluminum. 
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Second, we see that the connected two-point function at a nonzero source j is given 
by 


Gf = Gf = Wjj 


sx 



(3.633) 


The inverse symbols on the right-hand side are to be understood in the functional 
sense, i.e., T^x denotes the functional matrix: 

r X(r)X(y) = 

which satisfies 

jdr r x{t)x{t')^x(t')x{t" — — T )■ (3.635) 


6 2 T 


5X(t)5X(t') 


— i 


(3.634) 


Relation (3.633) states that the second derivative of the effective action deter¬ 
mines directly the connected correlation function G^(ut) of the interacting theory 
in the presence of the external source j. Since j is an auxiliary quantity, which 
eventually be set equal to zero thus making X equal to A^ 0 , the actual physical 
propagator is given by 



-i - i 


X=Xq ' 


(3.636) 


By Fourier-transforming this relation and removing a 6 -function for the overall mo¬ 
mentum conservation, the full propagator is related to the vertex function 

r (2 )(o;), defined in (3.629) by 


M = G' 2 >(k) = . (3.637) 

The third derivative of the generating functional W\j] is obtained by functionally 
differentiating Wjj in Eq. (3.633) once more with respect to j, and applying the chain 
rule: 

Wnj = xx^xxx~^j = —^xx^xxx = — F X xx- (3.638) 

This equation has a simple physical meaning. The third derivative of W[;j] on the 
left-hand side is the full three-point function at a nonzero source j, so that 



W w = -g?T xxa . 


(3.639) 


This equation states that the full three-point function arises from a third derivative 
of T[X] by attaching to each derivation a full propagator, apart from a minus sign. 
We shall express Eq. (3.639) diagrammatically as follows: 
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where 



denotes the connected n-point function, and 


n -1 



the negative n-point vertex function. 

For the general analysis of the diagrammatic content of the effective action, we 
observe that according to Eq. (3.638), the functional derivative of the correlation 
function G with respect to the current j satisfies 

= «'m = Gf = -Gf*T.v*.Y. (3.640) 

This is pictured diagrammatically as follows: 


A. 

Sj 





(3.641) 


This equation may be differentiated further with respect to j in a diagrammatic 
way. From the definition (3.560) we deduce the trivial recursion relation 

G<"> (n,..., r„) = T-f-G)”- 1 ' (n,..., t„_,) , (3.642) 

oj (r„) 

which is represented diagrammatically as 



n > 2 . 


By applying S/Sj repeatedly to the left-hand side of Eq. (3.640), we generate all 
higher connected correlation functions. On the right-hand side of (3.640), the chain 
rule leads to a derivative of all correlation functions G = G^ with respect to j, 
thereby changing a line into a line with an extra three-point vertex as indicated in 
the diagrammatic equation (3.641). On the other hand, the vertex function Vxxx 
must be differentiated with respect to j. Using the chain rule, we obtain for any 
n-point vertex function: 

sx 
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which may be represented diagrammatically as 


_ 8 _ 

Sj 




With these diagrammatic rules, we can differentiate (3.638) any number of times, 
and derive the diagrammatic structure of the connected correlation functions with 
an arbitrary number of external legs. The result up to n — 5 is shown in Fig. 3.12. 


n T 1 n 

‘2 


n-1 



=-r 


V, ...A n 


SYMBOLS 



_ 6 _ 

Sj 



+2 perm + 





+ 14 perm 


-1-9 perm 



Figure 3.12 Diagrammatic differentiations for deriving tree decomposition of connected 
correlation functions. The last term in each decomposition yields, after amputation and 
removal of an overall (5-function of momentum conservation, precisely all one-particle ir¬ 
reducible diagrams. 


The diagrams generated in this way have a tree-like structure, and for this reason 
they are called tree diagrams. The tree decomposition reduces all diagrams to their 
one-particle irreducible contents. 
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The effective action T[X] can be used to prove an important composition the¬ 
orem: The full propagator G can be expressed as a geometric series involving the 
so-called self-energy. Let us decompose the vertex function as 

f( 2 ) = G'o 1 + ffx, (3.644) 

such that the full propagator (3.636) can be rewritten as 

G= (l + GoF^)" 1 ^. (3.645) 

Expanding the denominator, this can also be expressed in the form of an integral 
equation: 

G = G 0 - G {) ff x G {) + G,ff x G 0 ff x G 0 -... . (3.646) 

The quantity — is called the self-energy, commonly denoted by E: 

E = -Tf x , (3.647) 

i.e., the self-energy is given by the interacting part of the second functional derivative 
of the effective action, except for the opposite sign. 

According to Eq. (3.646), all diagrams in G can be obtained from a repetition of 
self-energy diagrams connected by a single line. In terms of E, the full propagator 
reads, according to Eq. (3.645): 

G = [Gq 1 - E]" 1 . (3.648) 

This equation can, incidentally, be rewritten in the form of an integral equation for 
the correlation function G: 


G = G 0 + G 0 EG. (3.649) 

3.22.6 Ginzburg-Landau Approximation to Generating 
Functional 

Since the vertex functions are the functional derivatives of the effective action [see 
(3.628)], we can expand the effective action into a functional Taylor series 

o° i 

t[x] = E - / dT i • • • dr n r (n) (n, ..., r n ) X(n). ..X(r n ). (3.650) 

The expansion in the number of loops of the generating functional T[A] collects 
systematically the contributions of fluctuations. To zeroth order, all fluctuations 
are neglected, and the effective action reduces to the initial action, which is the 
mean-field approximation to the effective action. In fact, in the absence of loop 
diagrams, the vertex functions contain only the lowest-order terms in G 2 ) and T^b 

rj) 2) (ri,r 2 ) = M (—^ +u 2 ) 5(ti-t 2 ), 

ro 4) (Ti,T2,T3,T 4 ) = A<5 (ti-T 2 )<5(ti - T 3 )<5(ti - 7 - 4 ). 


(3.651) 

(3.652) 
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Inserted into (3.650), this yields the zero-loop approximation to T[A]: 

r °[Al = ^J dr [(d T X) 2 + cn 2 X 2 ] + A J dr X\ (3.653) 

This is precisely the original action functional (3.562). By generalizing X(r) to be a 
magnetization vector field, X(r) —> M(x), which depends on the three-dimensional 
space variables x rather than the Euclidean time, the functional (3.653) coincides 
with the phenomenological energy functional set up by Ginzburg and Landau to 
describe the behavior of magnetic materials near the Curie point, which they wrote 


T[M] = J d 3 x 


I £ (3.M) 2 + + -V 

L" i=l ' ' 


(3.654) 


The use of this functional is also referred to as mean-field theory or mean-field 
approximation to the full theory. 


3.22.7 Composite Fields 

Sometimes it is of interest to study also correlation functions in which two fields 
coincide at one point, for instance 

G (1 ’ n) (r,ri,... ,r n ) = t^(x 2 (t)x(ti) ■ ■■x(r n )). (3.655) 

If multiplied by a factor Moj 2 , the composite operator Mlo 2 x 2 (t) /2 is precisely 
the frequency term in the action energy functional (3.562). For this reason one 
speaks of a frequency insertion , or, since in the Ginzburg-Landau action (3.654) the 
frequency u> is denoted by the mass symbol m, one speaks of a mass insertion into 
the correlation function G (n fin ,..., r n ). 

Actually, we shall never make use of the full correlation function (3.655), but only 
of the integral over r in (3.655). This can be obtained directly from the generating 
functional Z\j] of all correlation functions by differentiation with respect to the 
square mass in addition to the source terms 



z -i_d _ 

Mdu 2 Sj(Ti) 


6 

Sj(r n ) 


m 


3=0 


(3.656) 


By going over to the generating functional W[j], we obtain in a similar way the 
connected parts: 


/ 


dTG^ n) 


(r,ri,..., 


T n ) 


d 6 
Mdu 2 Sj(ri) 


6 

i) 


W\j] 


3=0 


18 L.D. Landau, J.E.T.P. 7, 627 (1937). 


(3.657) 
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The right-hand side can be rewritten as 

rj 

J dTG^’ n) (T, Ti, , T n ) = ~ M ^ 2 G c n) ( r l ; • • • , r n)- (3.658) 

The connected correlation functions G^ ,n \r, Ti,..., r n ) can be decomposed into 
tree diagrams consisting of lines and one-particle irreducible vertex functions 
p( 1 ’ n )(r, n,..., T n ). If integrated over r, these are defined from Legendre transform 
(3.622) by a further differentiation with respect to Mca 2 : 


J drT (i ’ n) (r, ri,..., r n ) 

implying the relation 


d 6 

Mdui 2 6X(n) 


6 

6X(r n ) 


r(A'] 





d 

Mdu 2 




(3.659) 


(3.660) 


3.23 Path Integral Calculation of Effective Action 
by Loop Expansion 


Path integrals give the most direct access to the effective action of a theory avoiding 
the cumbersome Legendre transforms. The derivation will proceed diagrammatically 
loop by loop, which will turn out to be organized by the powers of the Planck 
constant h. This will now be kept explicit in all formulas. For later applications to 
quantum mechanics we shall work with real time. 


3.23.1 General Formalism 

Consider the generating functional of all Green functions 

Z\j] = j w W/ n , (3.661) 

where W[j\ is the generating functional of all connected Green functions. The vac¬ 
uum expectation of the field, the average 

X(t) = (x(t)), (3.662) 

is given by the first functional derivative 

X(t) = 5W\j]/Sj(t). (3.663) 

This can be inverted to yield j(t) as a functional of X(t): 

j{t)=j[X](t), (3.664) 

which leads to the Legendre transform of W[j\. 

r[v] = w\j] - J dtj(t)x(t), 


(3.665) 




308 


3 External Sources, Correlations, and Perturbation Theory 


where the right-hand side is replaced by (3.664). This is the effective action of the 
theory. The effective action for time independent X(f) = X defines the effective 
potential 

V eS (X ) =-— T[X]. (3.666) 

tb ~ t a 

The hrst functional derivative of the effective action gives back the current 


ST\X] 

SX(t ) 




(3.667) 


The generating functional of all connected Green functions can be recovered from 
the effective action by the inverse Legendre transform 


W\j] = T[X] + J dt j(t)X(t). 


(3.668) 


We now calculate these quantities from the path integral formula (3.561) for the 
generating functional Z\j\: 


_ j j)x(t)e^ h ^ A ^ + ^ dt i( t ') x ( t ')} 

With (3.661), this amounts to the path integral formula for T[X]: 

e j-{r[X]+f dtj(t)X(t )} _ I J) x (f'^ e ( i / h ){ A l x ]+f dtj(t)x(t )} 


(3.669) 


(3.670) 


The action quantum U is a measure for the size of quantum fluctuations. Linder many 
physical circumstances, quantum fluctuations are small, which makes it desirable to 
develop a method of evaluating (3.670) as an expansion in powers of U. 


3.23.2 Mean-Field Approximation 

For h —> 0, the path integral over the path x{t) in (3.669) is dominated by the 
classical solution x c \{t) which extremizes the exponent 




5x(t) 


x=x c \(t) 




(3.671) 


and is a functional of j(t) which may be written, more explicitly, as x c \(t)[j]. At 
this level we can identify 


W[j] = T[X] + J dtj(t)X(t ) « A[x d [j}}+ J dt j(t)x c i(t)\j]. (3.672) 

By differentiating W[j\ with respect to j, we have from the general hrst part of 
Eq. (3.662): 


X = 


SW_ 

Sj 


ST SX v ,5X 

sxJJ + ‘ +3 TT 


(3.673) 
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Inserting the classical equation of motion (3.671), this becomes 


X 


5A (hr c i 
Sx cl Sj 


+ %c\ + j 


Sx c i 
Sj 


Xcb 


(3.674) 


Thus, to this approximation, X(t) coincides with the classical path x c \(t). Replacing 
x c \(t) —)■ X(t) on the right-hand side of Eq. (3.672), we obtain the lowest-order result, 
which is of zeroth order in h, the classical approximation to the effective action: 


r 0 [x] = A[x]. 


(3.675) 


For an anharmonic oscillator in N dimensions with unit mass and an interaction 
x 4 , where x = (aq,..., Xn), which is symmetric under TV-dimensional rotations 
0(77), the lowest-order effective action reads 


r 0 [x] 




(3.676) 


where repeated indices a, b ,... are summed from 1 to At following Einstein’s sum¬ 
mation convention. The effective potential (3.666) is simply the initial potential 


Vy ff (X) = V(X) = yl :l + | (xtf . (3.677) 

For co 2 > 0, this has a minimum at X = 0, and there are only two non-vanishing 
vertex functions T^”)^!,..., t n ): 


For n = 2: 

r (2) (ti,t 2 ) ab = 


s 2 r 


S 2 A 


x a =o 


SXaitJSXhfo 

= (-d 2 - u 2 )S ab d(ti - t 2 ). 

This determines the inverse of the propagator: 

r (2) (ii,t 2 )o6 = [ihG~ 1 ] ab (t 1 ,t2)- 


x a (ti)x b (t 2 ) 


X a — X a —0 


(3.678) 


(3.679) 


Thus we hnd to this zeroth-order approximation that G a b(ti,t 2 ) is equal to the free 
propagator: 

G a b(ti, f 2 ) = Goab(tl, t 2 ). (3.680) 


For n = 4: 

r (4) (h,h,h,h) fl M = 


5 4 T 


SX^tJSXh^SX^t 3 )SX d (t A ) 


= gTabcd, (3.681) 


T abcd - 3 (W d +U« + W 


with 


(3.682) 
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According to the definition of the effective action, all diagrams of the theory 
can be composed from the propagator G a b(ti,t 2 ) and this vertex via tree diagrams. 
Thus we see that in this lowest approximation, we recover precisely the subset of 
all original Feynman diagrams with a tree-like topology. These are all diagrams 
which do not involve any loops. Since the limit h —> 0 corresponds to the classical 
equations of motion with no quantum fluctuations we conclude: Classical theory 
corresponds to tree diagrams. 

For to 2 < 0 the discussion is more involved since the minimum of the potential 
(3.677) lies no longer at X = 0, but at a nonzero vector X 0 with an arbitrary 
direction, and a length 



(3.683) 


The second functional derivative (3.678) at X is anisotropic and reads 



Figure 3.13 Effective potential for oj 2 > 0 and oj 2 < 0 in mean-field approximation, 
pictured for the case of two components X\, X 2 . The right-hand figure looks like a Mexican 
hat or the bottom of a champaign bottle.. 


x a =x a y o 

= -d 2 t - a; 2 - | ( 8 ab X 2 c + 2X a X fe )] S(h - t 2 ). (3.684) 

This is conveniently separated into longitudinal and transversal derivatives with 
respect to the direction X = X/|X|. We introduce associated projection matrices: 

P Lab (±) = X a X b , P Tab (X) = 5 ab - X a X b , (3.685) 

and decompose 

r (2) (tl, t 2 )ab = T^\tyt 2 )abPLab(X) + (ti, t 2 )abCrab(X), (3.686) 
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S 2 T 

SXaitJSXbih) 


5 2 A 
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where 



(“ ,+ § x> : 


(ti, t 2 )ab — 

-d 2 t~ 

and 





£ 2)06 = 

-dt~ 

(^ + 3|X : 


This can easily be inverted to find the propagator 


S(ti -t 2 ), 
S(ti — t 2 ). 


G(ti,t 2 )ab=ih [r ( 2 ) (ti,t 2 ) 

where 


G L (tl, t2)abPLab(X-) + GT(tl,h)abPTab(X-), 


GL(ti,t 2 )ab 


Gritli^ab 


ik 

r L (*i, t 2 ) 

ih 

rP(ti,t 2 ) 


ik 

-%-uii(xy 

ik 

-<9 2 -u; 2 (X) 


(3.687) 

(3.688) 

(3.689) 

(3.690) 

(3.691) 


are the longitudinal and transversal parts of the Green function. For convenience, 
we have introduced the X-dependent frequencies of the longitudinal and transversal 
Green functions: 

w£(X) = cu 2 + 3 -X 2 , ul(X) = u 2 + -X 2 . (3.692) 

6 6 

To emphasize the fact that this propagator is a functional of X we represent it by 
the calligraphic letter Q. For u 2 > 0, we perform the fluctuation expansion around 
the minimum of the potential (3.666) at X = 0, where the two Green functions 
coincide, both having the same frequency c o: 

xTl 

GL^lit^ab lx =0 = GT(ti,t 2 )ab lx =0 = G {t-lit^ ab lx =0 = Tj 2 i (3.693) 

—a t — c o 

For t u 2 < 0, however, where the minimum lies at the vector Xo of length (3.683), 
they are different: 

„ . ih „ . . , ih __ _ 

GL(ti,t 2 )ab lx=X 0 — _Q 2 _|_ 2 ^, 2 ’ Gr(ti, t 2 )ab | x =x 0 — 3^2 ■ (3.694) 

Since the curvature of the potential at the minimum in radial direction of X is 
positive at the minimum, the longitudinal part has now the positive frequency —2ca 2 . 
The movement along the valley of the minimum, on the other hand, does not increase 
the energy. For this reason, the transverse part has zero frequency. This feature, 
observed here in lowest order of the fluctuation expansion, is a very general one, 
and can be found in the effective action to any loop order. In quantum field theory, 
there exists a theorem asserting this called Nambu-Goldstone theorem. It states 
that if a quantum field theory without long-range interactions has a continuous 
symmetry which is broken by a nonzero expectation value of the field corresponding 
to the present X [recall (3.662)], then the fluctuations transverse to it have a zero 
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mass. They are called Nambu-Goldstone modes or, because of their bosonic nature, 
Nambu-Goldstone bosons. The exclusion of long-range interactions is necessary, 
since these can mix with the zero-mass modes and make it massive. This happens, for 
example, in a superconductor where they make the magnetic field massive, giving it 
a finite penetration depth, the famous Meissner effect. One expresses this pictorially 
by saying that the long-range mode can eat up the Nambu-Goldstone modes and 
become massive. The same mechanism is used in elementary particle physics to 
explain the mass of the W ± and Z° vector bosons as a consequence of having eaten 
up a would be Nambu-Goldstone boson of an auxiliary Higgs-field theory. 

In quantum-mechanical systems, however, a nonzero expectation value with the 
associated zero frequency mode in the transverse direction is found only as an artifact 
of perturbation theory. If all fluctuation corrections are summed, the minimum of 
the effective potential lies always at the origin. For example, it is well known, that 
the ground state wave functions of a particle in a double-well potential is symmetric, 
implying a zero expectation value of the particle position. This symmetry is caused 
by quantum-mechanical tunneling, a phenomenon which will be discussed in detail 
in Chapter 17. This phenomenon is of a nonperturbative nature which cannot 
be described by an effective potential calculated order by order in the fluctuation 
expansion. Such a potential does, in general, posses a nonzero minimum at some 
Xo somewhere near the zero-order minimum (3.683). Due to this shortcoming, it 
is possible to derive the Nambu-Goldstone theorem from the quantum-mechanical 
effective action in the loop expansion, even though the nonzero expectation value 
X 0 assumed in the derivation of the zero-frequency mode does not really exist in 
quantum mechanics. The derivation will be given in Section 3.24. 

The use of the initial action to approximate the effective action neglecting cor¬ 
rections caused by the fluctuations is referred to as mean-field approximation. 


3.23.3 Corrections from Quadratic Fluctuations 

In order to find the first ^-correction to the mean-field approximation we expand 
the action in powers of the fluctuations of the paths around the classical solution 


5x(t) = x(t) - x c \(t), 


(3.695) 


and perform a perturbation expansion. The quadratic term in Sx(t) is taken to be 
the free-particle action, the higher powers in 8x(t) are the interactions. Up to second 
order in the fluctuations Sx(t), the action is expanded as follows: 


SA 


A[x c \ + 8x\ + J dtj(t ) [x c fit) + 8x(t )] 

= A[x ci] + J dtj(t)x d (t) + j dt |j(f) + 

1 r . . . . . . 8 2 A 

+ - J dt dt Sx(t) 


8x(t) 


8x(t)8x(t') 


5x(t') + O 


X=X C \ 

3 


)• 


(3.696) 


X=X C \ 
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The curly bracket multiplying the linear terms in the variation 5x(t) vanish due 
to the extremality property of the classical path x c \ expressed by the equation of 
motion (3.671). Inserting this expansion into (3.670), we obtain the approximate 
expression 


Z[j] « e 0/ ? b{'4bci]+/ 


V8x exp 


i 

h 


dtdt' 8x(t) 


8 2 A 

8x[t)8x{t') 


8x(t') >. 

X=x c ] ) 

(3.697) 


We now observe that the fluctuations 8x(t) will be of average size y/h due to the 
^-denominator in the Fresnel exponent. Thus the fluctuations ( 8x) n are of average 
size y/h . The approximate path integral (3.697) is of the Fresnel type and my be 
integrated to yield 


d i /h){A[x c \}+$ dtj(t)x c i(t)} 


det 


S 2 A 


1 - 1/2 


8x{t)8x{t') 


(3.698) 


J X=X C \ 


— e b/L){A x c\]+f dtj(t)x c i (t)+i(h/2)Tr log[8 2 A/ Sx(t)Sx(t' )\ x =x cl )■ 


Comparing this with the left-hand side of (3.670), we find that to first order in h, 
the effective action may be recovered by equating 


T[X] + J dtj(t)X(t)=A[x cl [j}} + J dtj(t)x cl (t)[j] + y Tr log . (3.699) 

In the limit U —> 0, the tracelog term disappears and (3.699) reduces to the classical 
expression (3.672). 

To include the ^.-correction into T[X], we expand W[j\ as 

w\j\ = W 0 [j] + hw^j] + o{h 2 ). (3.700) 


Correspondingly, the path X differs from X c \ by a correction term of order k: 

X = x cl + nx 1 + 0(h 2 ). (3.701) 

Inserting this into (3.699), we find 


T[X] + J dtjX = A [X-fiX { \ + J dtjX -kj dt J X 1 

8 2 A 


+ 2 hTrl ° g 8x 8x h 

z °x a °Xb\ x=X -hx 1 

Expanding the action up to the same order in Ti gives 

rw = ^ : h /' * {^ + 4 ■^ [0 ^ b 


+ o (h 2 ). 


(3.702) 


x=X 


+ O (n 2 ) . (3.703) 
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Due to (3.671), the curly-bracket term is only of order h 2 , so that we find the one- 
loop form of the effective action 


r[x] = r„[x] + mmx] = J dt [lx 2 - 1 (x 2 ) 


-h Tr log 


-d 2 t 


u 


(5 ab X 2 c + 2X a X b ) 


. (3.704) 


Using the decomposition (3.686), the tracelog term can be written as a sum of 
transversal and longitudinal parts 


mmx] = jRTYio g r< 2) (( 1 ,« 2 u+ t(N-i)n f mogC 2 > (t 1 ,t 2 ) ai (3.705) 
= tfl Tr log (-a, 2 - wi(X)) + ‘-(N - 1)5Tr log (-8? - w 2 (X)). 

What is the graphical content in the Green functions at this level of approxima¬ 
tion? Assuming u 2 > 0, we find for j = 0 that the minimum lies at X = 0, as in 
the mean-field approximation. Around this minimum, we may expand the tracelog 
in powers of X. For the simplest case of a single X-variable, we obtain 


-h Tr log 


-dl 


-u 


-X 2 ) = 
2 


) = Tr log (- d 2 -cu 2 ) + % -h Tr log (l - 


X 2 


-&}- 




iW- 


= *^Tr log (~d't -u 2 ) 




(3.706) 


If we insert 


this can be written as 

s Ar log (-8? - w 2 ) - >5 t (-if) " Ur (G„X 2 ) " . 

More explicitly, the terms with n — 1 and n — 2 read: 

~\g j dtdt'Sft — t')Go(t, t / )X 2 (t / ) 

2 

+ih%- f dt dt' dt" 5 A (t - t")G 0 (t, t')X 2 (t')G 0 (t', t")X 2 (t") + ... 
16 J 


(3.707) 


(3.708) 


(3.709) 


The expansion terms of (3.708) for n > 1 correspond obviously to the Feynman 
diagrams (omitting multiplicity factors) 



(3.710) 
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The series (3.708) is therefore a sum of all diagrams with one loop and any number 
of fundamental vY 4 -vertices 

To systematize the entire expansion (3.708), the tracelog term is [compare 
(3.549)] pictured by a single-loop diagram 

i^Tr log (~d 2 t - u 2 ) = i O • ( 3 - 711 ) 


The first two diagrams in (3.710) contribute corrections to the vertices T^ and 
r< 4 >. The remaining diagrams produce higher vertex functions and lead to more 
involved tree diagrams. In Fourier space we find from (3.709) 


g f dk 


r (2, («) = 9 2 -^ 2 -ftf/ 


r<4) (®) = 9-!y 


dk 


27r k 2 — oo 2 + ir\ 
i 


(3.712) 


2tt k 2 - u 2 + vi 7 ( qi + q 2 ~ kf - u: 2 + irj 
We may write (3.712) in Euclidean form as 

g f dk 1 


7 —h 2 perm 


r <2) («) = -, 2 - w 2 -ftf / 


27T k 2 + u 2 

( 9 2 + I 9 2 + fi | 2 -), 


r (4) (9i) = 9 ~ fry [I (Qi + Q 2 ) + 2 perm] , 


with the Euclidean two-loop integral 

dk 1 


I(9i + 92) = j 


27T k 2 + LU 2 (q x + q 2 - k) + to 2 ' 


(3.713) 


(3.714) 

(3.715) 

(3.716) 


to be calculated explicitly in Chapter 10. It is equal to J((gi + q 2 ) 2 )/2iT with the 
functions J(z) of Eq. (10.259). 

For to 2 < 0 where the minimum of the effective action lies at X/0, the expansion 
of the trace of the logarithm in (3.704) must distinguish longitudinal and transverse 
parts. 


3.23.4 Effective Action to Order h 2 

Let us now find the next correction to the effective action . 19 Instead of truncating 
the expansion (3.696), we keep all terms, reorganizing only the linear and quadratic 
terms as in (3.697). This yields 

e {i/Ti){T[X]+jX} _ e i(h/2)W{j\ _ e (i/h){{A[x c i]+jx c i)+{ih/2)Ti\ogAxx[x c \]} gO/^^^hcl] 

(3.717) 


19 R. Jackiw, Phys. Rev. D 9 , 1687 (1976) 
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The functional IT 2 [x c i] is defined by the path integral over the fluctuations 


e (i/n)n 2 W2[x c i] 


J Vxexp jr {\8x.D[x c )\8x + TZ[x c i, &r]j 
fVSxex p | {\8xA xx [x c \]8x} 


(3.718) 


where V[x c ^\ = A xx [x c i] is the second functional derivative of the action at x = 
x c \. The subscripts x of A xx denote functional differentiation. For the anharmonic 
oscillator: 

V[x c i] = A xx [x ci] = -d 2 - uj 2 - |^j. (3.719) 

The functional 77 collects all unharmonic terms: 


77 [x c i, 8x] 


A [x c \ + 8x] — v4.[x c i] — / dt A x [x c i](t)8x(t) 


1 

2 


dtdt' 8x(t)A X x[xci](t, t')8x{t'). 


(3.720) 


In condensed functional vector notation, we shall write expressions like the last term 
as 

If 1 

- J dtdt!8x(t)A xx [x c i\(t,t’)Sx(t') -> -8xA xx [x c i]8x. (3.721) 

By construction, 77 is at least cubic in 8x. The path integral (3.718) may thus be 
considered as the generating functional of a fluctuating variable 8x(r) with a 
propagator 


G[x cl ] = ih{A xx [x cl }} 1 = ihV 1 [x c i], 

and an interaction 77[x c i, x\, both depending on j via x c \. We know from the previous 
sections, and will immediately see this explicitly, that h 2 W 2 [x c \] is of order h 2 . Let 
us write the full generating functional W\j\ in the form 

W\j] = «/4.[x c i] + x c ij + hAi[x c \], (3.722) 

where the last term collects one- and two-loop corrections (in higher-order calcula¬ 
tions, of course, also higher loops): 

Ai[x c i] = ^Tr log 17 [xci] + HW 2 [xd\. (3.723) 

From (3.722) we find the vacuum expectation value X = (x) as the functional 
derivative 

X = = x c \ + hA 1Xcl [x cl }^-, (3.724) 

83 03 

implying the correction term Xy. 

/W 1 

X x = A 1Xcl [x cl }-^-. (3.725) 
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The only explicit dependence of W[j\ on j comes from the second term in (3.722). 
In all others, the j-dependence is due to x c \[j\. We may use this fact to express j as 
a function of x c i. For this we consider W[;j] for a moment as a functional of x c \. 

W[x c i] = A[x c i] + x cl j[x c i] + hA^Xci}. (3.726) 

The combination W[x c i] — jX gives us the effective action T[A"] [recall (3.665)]. We 
therefore express x c \ in (3.726) as X — hX 1 — 0(U 2 ) from (3.701), and re-expand 
everything around X rather than x c i, yields 

r[x] = A[x}-nA x [x}x l -hx l j[x) + n 2 x lJ x[x}x l + l -n 2 x l v[x}x l 

+ hAi[X] - h 2 Aix[X]Xi + 0{h 3 ). (3.727) 

Since the action is extremal at x c \, we have 

Ax[X - hX x ] = -j[X] + 0(h 2 ), (3.728) 

and thus 

Ax[X\ = -j[X] + hAxx[X]X l + 0(h 2 ) = -j[X] + hV[X] X, + 0(h 2 ), (3.729) 

and therefore: 

r[X] = A[X} + hA 1 [X} + h 2 S [ -^X 1 V\X}X 1 + X l3 x[X}X 1 ~A lx X i y (3.730) 
From (3.725) we see that 

-^-Xi = A 1Xcl [x d ], (3.731) 

Replacing x c \ —> X with an error of order %, this implies 

%X = A lx [X] + 0{h). (3.732) 

oX 

Inserting this into (3.730), the last two terms in the curly brackets cancel, and the 
only remaining U 2 -terms are 

h 2 

— —X{D[X]Xi + n 2 W 2 [X} + 0{h 3 ). (3.733) 

From the classical equation of motion (3.671) one has a further equation for 6j/6x c p 

■p- = -Ax X [x ci] = -V[x d \. (3.734) 

ox cl 

Inserting this into (3.725) and replacing again x c \ —* X, we find 

Xl = -V~ l [X\A lx [x] + o(h). 


(3.735) 
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We now express Aix[X] via (3.723). This yields 

A lx [X] = ^Tr (v-\X\-^D[X\^ + hW 2X [X] + 0(k 2 ). 


(3.736) 


Inserting this into (3.735) and further into (3.730), we find for the effective action 
the expansion up to the order h 2 : 

r[x] = A[x] + nr^x] + n 2 r 2 [x] 

= A[X\ + Tr \ogV[X] + n 2 w 2 [x] 

+ V-'[X} lit (v-^X)X d[X\\ . (3.737) 

We now calculate W 2 [X ] to lowest order in h. The remainder TZ[X; x] in (3.720) has 
the expansion 

1Z[X] 8x\ = ^Axxx[X\8x 8x 8x + -^Axxxx[X]8x 8x 8x 8x + ... . (3.738) 

Being interested only in the h 2 -correct ions, we have simply replaced x c \ by X. In 
order to obtain IT 2 [X ], we have to calculate all connected vacuum diagrams for the 
interaction terms in 77[X; 8x] with a 8x(t )-propagator 

G[ X] = ih{Axx{X }}- 1 = ihV-'lX}. 


Since every contraction brings in a factor h, we can truncate the expansion (3.738) 
after 8x 4 . Thus, the only contributions to ifiW 2 [X] come from the connected vac¬ 
uum diagrams 


1 

8 





(3.739) 


h 2 


h 2 


h 2 


where a line stands now for C/[X], a four-vertex for 


(i/h)Axxxx[X] — 

and a three-vertex for 

(ilh)v xx \x), 

(3.740) 

(i/ti)Axxx[X] = 

(i/h)v x \x]. 

(3.741) 


Only the first two diagrams are one-particle irreducible. As a pleasant result, the 
third diagram which is one-particle reducible cancels with the last term in (3.737). 
To see this we write that term more explicitly as 



-1 

XiX 2 


A x 1X2X3 


'Dxlx 3 ,Ax 3 ,x 1 ,x 2 ,'D 


-1 


(3.742) 
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which corresponds precisely to the third diagram in T 2 [X ], except for an opposite 
sign. Note that the diagram has a multiplicity 9. 

Thus, at the end, only the one-particle irreducible vacuum diagrams contribute 
to the ^-correction to T[A]: 

iV 2 [X] = i— ] Vy}A Xl x 2 x 3 x, £>34 + i ^Ax 1 x 2 x 3 Vxl X yVxl X 2 ,Vxlx 3 l Ax 1 x 2 x 3 - 

(3.743) 

Their diagrammatic representation is 


» 2 r 2 [A'] = i 


j_P,2 

h 


+ J2 



(3.744) 


The one-particle irreducible nature of the diagrams is found to all orders in U. 

3.23.5 Finite-Temperature Two-Loop Effective Action 

At finite temperature, and in D dimensions, the expansion proceeds with the imaginary-time 
versions of the X-dependent Green functions (3.690) and (3.691) 


and 




£t(ti,t 2 ) = 


h cosh(wL|ri — r 2 | — hf3u)L/2) 


2 Mujl sinh(7i/3 w L/2) 

h cosh(wT|ri — r 2 | — %!3ujt/2) 


(3.745) 


(3.746) 


2 Mlot smh(hf 3 u)T/ 2 ) 

where we have omitted the argument X in wl(X) and w-r(X). Treating here the general rotationally 
symmetric potential f^(x) = v(x), x = %/x 2 , the two frequencies are 


!(x) = ^"(x), 4(x) = 


i 


MX 


Ax). 


(3.747) 


We also decompose the vertex functions into longitudinal and transverse parts. The three-point 
vertex is a sum 


d 3 v{X) 

dXidXjdXk 

with the symmetric tensors 
L _ XjXjX k 

r ijk — 

The four-point vertex reads 

d 4 v(X) 


= P t L jk v'"(X) + Pf 


ijk 


\X) v'(X) 


X 


X 2 


and 


= ^V (4) w + p p 


Pijk = y + Sik y + Sjk Y - 3 


ijk ■ 


dXidXjdX k dXi 
with the symmetric tensors 
XiXjXkXi 


v"'{X) 


ijkl " 




P S 

ijkl 


'( X ) v'(X) 


X 2 


X 3 


p L _ 

J ijkl 


\jkl 


X 4 

X k Xi 
'■ X 2 


+Sik 


XjXi 

X 2 


x,-x fc 


XiX, 


XiXfc , r XiXfc 


+ tin ~Apr~ + fijk V2 1 + ~VFT~ + Ai —AA -6 Pi 


X 2 


Ajkl — &ij$kl + Sikdjl + SilSjk 3Pijkl 3T) 


X 2 

T 

ijkl ’ 


x 2 


X 2 


ij kl J 


(3.748) 

(3.749) 

(3.750) 

(3.751) 

(3.752) 

(3.753) 
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The tensors obey the following relations: 


pL _ pi 
X ijk - r -' 


jk > 


— P T = P 


jk > 


(3.754) 


pL pL _ pL 

r ij r ikl r jkl’> 


pTpT _ ^k_ p T 
r ij r ikl ~ — r -i 




X 


X 


pT pL pT _ 
r jki r ij r ikl 


pL r>L r>L ryi pi pi pi . pL pi 

r hij r hkl ~ r ijkP r hij r hkl ~ r ij r kl r ik r jl 


X 

~x 


3 pT p T p L 


kP 


p 1 p^ — n 

- L ij x ikl 


pL pT pL pT 

^hij *-hkl ij kl ’ 

pL pT _ pT 
r ij r ijkl r kli 

pi pS = _2 P t 


pT pL _ pT pL 

^hij ^hkl ^ij ^kl ’ 

P T P L = n 
U 'Ijkl w ’ 

:>T D 5 


PjPjk 


PjiPu 


pL pL _ pL pT pT 
r ij r ijkl r kl’> r ij r ijkl 


p^ p 1 

x jl x iki 


= {D-^Pf 


kl > 


(3.755) 

(3.756) 

(3.757) 

(3.758) 

(3.759) 

Instead of the effective action, the diagrammatic expansion (3.744) yields now the free energy 

(*/ft)r[X] -/3X(X). (3.760) 

Using the above formulas we obtain immediately the mean held contribution to the free energy 


ij J ijkl ~ kh PijPijkl — {D + 1 )P kl — 2(D — l)P kl . 


—PFmf= — 




dr 


M 


x- 


i(X) 


and the one-loop contribution [from the trace-log term in Eq. (3.737)]: 

-/3Ei_i oop = - log [2 sinh(hl3u) L /2)] - {D - 1) log [2 sinh(fi/3w T /2)]. 

The first of the two-loop diagrams in (3.744) yields the contribution to the free energy 


-!3AiF 2 _ loop = -/?<{ G 2 l (t,t)v^(X) + ( D 2 - 1 )Q%(t,t) 


v"(X) 


v\X) 


2{D- 1)Gl{t, t)G t (t, t) 


v"\X) 2v"{X) 

X X 2 


X 2 X 3 

2v'(X) 


X 3 


From the second diagram we obtain the contribution 


— /3A 2 F 2 _i oop = 


1 


l-np php f 

J dr i J dv 2 1 G\ (n, r 2 ) [v"' (X) ]" 


+ 3(14 - 1)Gl(t 1 ,t 2 )Gt(t 1 ,t 2 ) 

The explicit evaluation yields 


v"{X) 


v\X) 


X 


X 2 


—^AiF 2 _i 00 p — — 


+ ■ 


7 J 772 i ~2 coth 2 (h/3u] L /2)v^ (X) 

v"(X) v'(X) 


(2 M) 2 

D 2 - 1 




coth 


2(74-1) 


WiWr 


coth(?i/3wL/2) coth(?i/3wT/2) 


X 2 X 3 
v'"(X) 2u"(X) 


2t/(X) 


X 


X 2 


X 3 


and 


—/3A 2 F 2 _i oop = 


+ 


2h 2 /3 


1 


col (2Moo L y l 
6h 2 /3(D - 1) 1 


W 


1 


1 


cotli 2 (?i/3a/T/2) 


2cot +Wi 2Mu>l (2Mlot) 2 

U>T 1 Wj 


sinh (?i/3wl/2)J 

v"(X) v'(X) 

X X 2 

sinh [7i/3 (2cot — col )/2] 


(3.761) 


(3.762) 


(3.763) 


(3.764) 


(3.765) 


(3.766) 


col sinli (ft/3wT/2) 2sinh(ft/3a/L/2) sinh“(?i/3a;T/2) J 
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In the limit of zero temperature, the effective potential in the free energy becomes 


V eS (X) = 

T-X) 


v (X) + ^ + (D- 1)*£ 


1 


8(2 Mf 




PO 


D 2 — 1 




w"(X) v'(X) 


X 2 

1 


X 3 


4 KW + 


, 2(-P — 1) 
lul^t 

3(D-1) 1 


u'"(X) 2u"(X) 2u'(X) 




X 2 


X 3 


6(2M) 3 | 3w£ l ~ ' 2 w t +uiw l ^ 

For the one-dimensional potential 


u"(X) i/(X) 


1 2 




X 2 




T// \ M 22. 53 3 04 4 

^0) = —w Z + —x + —a; . 


the effective potential becomes, up to two loops, 


54 


1 


(3.767) 


(3.768) 


= f A’+tf 1 + 9 , v- + 1 log (2 smh Vu/2) + B 2 8(2Afc|)2 


ft 2 (ff3 + 54A") 2 

6w (2Mw) 3 


1 


1 


3 sinh 2 (7i/3a;/2)J 


0(7i 3 ), 


(3.769) 


whose T —> 0 limit is 


V t ,2 V 2 , 53 y3 , 54 , &*> 

Feff(X) T =0 + 4! X + T 


54 


8(2 Mu) 


h 2 (53 + 54^) 2 
’ 18w (2 Mw) 3 


o(h 3 ). 


(3.770) 


If the potential is a polynomial in X, the effective potential at zero temperature can be solved 
more efficiently than here and to much higher loop orders with the help of recursion relations. This 
will be shown in Appendix 3C.5. 


3.23.6 Background Field Method for Effective Action 

In order to find the rules for the loop expansion to any order, let us separate the 
total effective action into a sum of the classical action *4[X] and a term T fl [X] which 
collects the contribution of all quantum fluctuations: 

r[X] = A[X] + r fl [X], (3.771) 

To calculate the fluctuation part T fl [X], we expand the paths x(f) around some 
arbitrarily chosen background path X(f): 20 

x(t) = X(t) + 5x(t), (3.772) 

and calculate the generating functional W[ j] by performing the path integral over 
the fluctuations: 

exp |^hh[j]| = /^xexp{l(^[X + 5x] + j[X](X + 5x))}. (3.773) 

20 In the theory of fluctuating fields, this is replaced by a more general background field which 
explains the name of the method. 
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From W\ j] we find a j-dependent expectation value X^ = (x) j as X) = <5bF[j]/hj, 
and the Legendre transform T[X] = W [j] — jXL In terms of X->, Eq. (3.773) can be 
rewritten as 

exp 1 l - (r[X j ] + j[X j ] X-i) } = J VSx exp | l - (A [X + 5x] + j [X] (X + 5x)) }. (3.774) 

The expectation value X* has the property of extremizing T[X], i.e., it satisfies the 
equation 

= -r x [X j ], (3.775) 

x=xj 

We now choose j in such a way that X-* equals the initially chosen X, and find 

exp j— r[X]| = J VSxexp ^{.4 [X+hx] — r x [X]hx|j . (3.776) 

This is a functional integro-differential equation for the effective action T[X] which 
we can solve perturbatively order by order in h. This is done diagrammatically. The 
diagrammatic elements are lines representing the propagator (3.689) 


ST[X 

dX 


= Qab [X] = ik 


' S 2 A[X] 1 _1 
SXJX b \ ab ’ 


(3.777) 


and vertices 



(3.778) 


From the explicit calculations in the last two subsections we expect the effective 
action to be the sum of all one-particle irreducible vacuum diagrams formed with 
these propagators and vertices. This will now be proved to all orders in perturbation 
theory. 

We introduce an auxiliary generating functional W X, j which governs the cor¬ 
relation functions of the fluctuations Sx around the above fixed backgonnd X: 

exp jiW XJ /ftj = /Dhxexp(-{j[X,hx] + J dtj(t) dx(t)J^J , (3.779) 

with the action of fluctuations 

A[X, 5x] = A[X + 5x] - ,4[X] - J x [X]hx, (3.780) 
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whose expansion in powers of Sx(t) starts out with a quadratic term. A source j(f) 
is coupled to the fluctuations 5x(t). By comparing (3.779) with (3.776) we see that 
for the special choice of the current 

j = -r x [X] + v4 x [X] = —f x [X], (3.781) 

the right-hand sides coincide, such that the auxiliary functional bF[X, j] contains pre¬ 
cisely the diagrams in r fl [X] which we want to calculate. We now form the Legendre 
transform of W[X, j], which is an auxiliary effective action with two arguments: 

f [x,x] = W[X,j] - J dtjx, ( 3 . 782 ) 

with the auxiliary conjugate variable 

X=^£i = X[X,j], (3.783) 

Sj 

This is the expectation value of the fluctuations (5x) in the path integral (3.779). If 
j has the value (3.781), this expectation vanishes, i.e. X = 0. The auxiliary action 
T [X, 0] coincides with the fluctuating part T fl [X] of the effective action which we 
want to calculate. 

The functional derivatives of W[X, j] with respect to j yield all connected cor¬ 
relation functions of the fluctuating variables 5x(t). The functional derivatives of 
T X, X with respect to X select from these the one-particle irreducible correlation 

functions. For X = 0, only vacuum diagrams survive. 

Thus we have proved that the full effective action is obtained from the sum of the 
classical action T 0 [X] = *4[X], the one-loop contribution T^X] given by the trace 
of the logarithm in Eq. (3.705), the two-loop contribution T 2 [X] in (3.744), and the 
sum of all connected one-particle irreducible vacuum diagrams with more than two 
loops 

sw™ ^A+^oe+^o+^ooo 

+ 50 + g 8 + 24 ® + 16 ® ' (3.784) 

Observe that in the expansion of Y[X\/fi , each line carries a factor h, whereas each 
n-point vertex contributes a factor h -1 . The contribution of an n-loop diagram to 
F[X] is therefore of order Ti n . The higher-loop diagrams are most easily generated 
by a recursive treatment of the type developed in Subsection 3.22.3. 

For a harmonic oscillator, the expansion stops after the trace of the logarithm 
(3.705), and reads simply, in one dimension: 

T[X] = A[X] + ^hTrlogT^(t b ,t a ) 

= J dt yX 2 -^8x 2 + Tr log (—<9 2 -w 2 ) • (3.785) 
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Evaluating the trace of the logarithm we find for a constant X the effective potential 
(3.666): 


E efr (X) = V(X) - — - log{2 iti sin [u(t b - t a )} /Mu}. (3.786) 

*{tb ~ ta) 

If the boundary conditions are periodic, so that the analytic continuation of the 
result can be used for quantum statistical calculations, the result is 

V eS (X) = V(X) - 1 log{2isin[(u(4-fa)/2]}. (3.787) 

[tb — t a ) 

It is important to keep in mind that a line in the above diagrams contains 
an infinite series of fundamental Feynman diagrams of the original perturbation 
expansion, as can be seen by expanding the denominators in the propagator Q ab in 
Eqs. (3.689)-(3.691) in powers of X 2 . This expansion produces a sum of diagrams 
which can be obtained from the loop diagrams in the expansion of the trace of the 
logarithm in (3.710) by cutting the loop. 

If the potential is a polynomial in X, the effective potential at zero temperature 
can be solved most efficiently to high loop orders with the help of recursion relations. 
This is shown in detail in Appendix 3C.5. 

3.24 Nambu-Goldstone Theorem 

The appearance of a zero-frequency mode as a consequence of a nonzero expecta¬ 
tion value X can easily be proved for any continuous symmetry and to all orders 
in perturbation theory by using the full effective action. To be more specific we 
consider as before the case of 0(TV)-symmetry, and perform infinitesimal symmetry 
transformations on the currents j in the generating functional IU[j]: 


ja ->■ j a - ie cd (L cd ) ab j b , (3.788) 

where L cd are the N(N— 1)/2 generators of 0(7V)-rotations with the matrix elements 

( ^ J C d) a b ^ ( fica^db $da$cb) > (3.789) 

and e a b are the infinitesimal angles of the rotations. Under these, the generating 
functional is assumed to be invariant: 

SW[ j] = 0 = fdt (L cd ) ab j b e cd = 0. (3.790) 

•t OJa\X) 

Expressing the integrand in terms of Legendre-transformed quantities via 
Eqs. (3.623) and (3.625), we obtain 

J dtX a (t)i ( L cd ) ab e cd = 0. (3.791) 
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This expresses the infinitesimal invariance of the effective action T[X] under in¬ 
finitesimal rotations 


X a y X a ie cd (Led) ab X b . 


The invariance property (3.791) is called the Ward-Takakashi identity for the func¬ 
tional T[X]. It can be used to find an infinite set of equally named identities for all 
vertex functions by forming all T[X] functional derivatives of T[X] and setting X 
equal to the expectation value at the minimum of T[X]. The first derivative of T[X] 
gives directly from (3.791) (dropping the infinitesimal parameter e cc [) 


(Led) abJbif) 


(L. 


c d)ab 


i£[x]_ 

SX(t) b 


— j dt'X a t(t') (L cd ) a , b 


6 2 T[X\ 

5X b {t')5X n (ty 


(3.792) 


Denoting the expectation value at the minimum of the effective potential by X, this 
yields 


dt'X a ,{t') ( L cd ] 


5 2 T[X] 


a'b 


5X b (t')5X a [t) 


= 0 . 


X(t)=X 


(3.793) 


Now the second derivative is simply the vertex function T^ 2 \t',t) which is the func¬ 
tional inverse of the correlation function G^ 2 \t',t). The integral over t selects the 
zero-frequency component of the Fourier transform 

f (2) (a/) = J dt'e iu},t T (2 \t',t). (3.794) 


If we define the Fourier components of T^ 2 \t',t) accordingly, we can write (3.793) 
in Fourier space as 


K (L 


cd)a’b L'ba I 


U! 


' = 0 ) = 0 . 


(3.795) 


Inserting the matrix elements (3.789) of the generators of the rotations, this equation 
shows that for X ^ 0, the fully interacting transverse propagator has to possess a 
singularity at u/ = 0. In quantum field theory, this implies the existence of IV — 1 
massless particles, the Nambu-Goldstone boson. The conclusion may be drawn 
only if there are no massless particles in the theory from the outset, which may be 
“eaten up” by the Nambu-Goldstone boson, as explained earlier in the context of 
Eq. (3.691). 

As mentioned before at the end of Subsection 3.23.1, the Nambu-Goldstone the¬ 
orem does not have any consequences for quantum mechanics since fluctuations are 
too violent to allow for the existence of a nonzero expectation value X. The effective 
action calculated to any finite order in perturbation theory, however, is incapable of 
reproducing this physical property and does have a nonzero extremum and ensuing 
transverse zero-frequency modes. 
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3.25 Effective Classical Potential 


The loop expansion of the effective action T[X| in (3.771), consisting of the trace 
of the logarithm (3.705) and the one-particle irreducible diagrams (3.744), (3.784) 
and the associated effective potential V(X) in Eq. (3.666), can be continued in a 
straightforward way to imaginary times setting t\,—t a —> —ih/3 to form the Euclidean 
effective potential T C [X]. For the harmonic oscillator, where the expansion stops 
after the trace of the logarithm and the effective potential reduces to the simple 
expression (3.785), we find the imaginary-time version 


E eff (X) = V(X) + 1 log (2 sinh . 


(3.796) 


Since the effective action contains the effect of all fluctuations, the minimum of the 
effective potential V(X) should yield directly the full quantum statistical partition 
function of a system: 


Z = &qp[-pV(X) 


(3.797) 


Inserting the harmonic oscillator expression (3.796) we find indeed the correct result 
(2.407). 

For anharmonic systems, we expect the loop expansion to be able to approx¬ 
imate V(X) rather well to yield a good approximation for the partition function 
via Eq. (3.797). It is easy to realize that this cannot be true. We have shown in 
Section 2.9 that for high temperatures, the partition function is given by the integral 
[recall (2.353)] 


Z c \ — 


dX -V(x)/k B T 

7-00 i e (h/3) 


(3.798) 


This integral can in principle be treated by the same background field method as the 
path integral, albeit in a much simpler way. We may write x = X + Sx and find a 
loop expansion for an effective potential. This expansion evaluated at the extremum 
will yield a good approximation to the integral (3.798) only if the potential is very 
close to a harmonic one. For any more complicated shape, the integral at small f3 
will cover the entire range of x and can therefore only be evaluated numerically. 
Thus we can never expect a good result for the partition function of anharmonic 
systems at high temperatures, if it is calculated from Eq. (3.797). 

It is easy to find the culprit for this problem. In a one-dimensional system, 
the correlation functions of the fluctuations around X are given by the correlation 
function [compare (3.304), (3.251), and (3.690)] 


(1 8x(t)8x(t')) 


G «V)( r > t ') = Jj G n 2 (x)A T - 

h 1 coshfI(A")(|r — r'| — h(3/2) 
M 2Q(X) smh[n{X)hp/2] 


t-t'| e [0, h/3\, (3.799) 
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with the X-dependent frequency given by 

Q 2 (X) =u 2 + 3-X 2 . (3.800) 

6 

At equal times r = r', this specihes the square width of the fluctuations Sx(t): 


([Ma>] 2 ) 


h l 
M 2Q(X) 


coth 


f }(X)hj3 
2 


(3.801) 


The point is now that for large temperatures T, this width grows linearly in T 


([Ar(r)] 2 ) 


T—> oo 
- > 


k B T 
MW ' 


(3.802) 


The linear behavior follows the historic Dulong-Petit law for the classical fluctuation 
width of a harmonic oscillator [compare with the Dulong-Petit law (2.603) for the 
thermodynamic quantities]. It is a direct consequence of the equipartition theorem 
for purely thermal fluctuations, according to which the potential energy has an 
average k B T / 2: 


MW / jA k B T 

2 \ X / ~~ “IT 


(3.803) 


If we consider the spectral representation (3.248) of the correlation function, 




0 —iu m {r— t') 




+ w 


(3.804) 


we see that the linear growth is entirely clue to term with zero Matsubara frequency. 

The important observation is now that if we remove this zero frequency term 
from the correlation function and form the subtracted correlation function [recall 
(3.253)] 



1 cosh fi(|r| — h/3/2) 1 

2 Q sinhfQh/5/2] h/3W ’ 


we see that the subtracted square width 




f Ehfd 
2 


1 

h/3W 


(3.805) 


(3.806) 


decrease for large T. This is shown in Fig. 3.14. Due to this decrease, there exists 
a method to substantially improve perturbation expansions with the help of the 
so-called effective classical potential. 


3.25.1 Effective Classical Boltzmann Factor 

The above considerations lead us to the conclusion that a useful approximation for 
partition function can be obtained only by expanding the path integral in powers of 
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2 
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Figure 3.14 Local fluctuation width compared with the unrestricted fluctuation width 
of harmonic oscillator and its linear Dulong-Petit approximation. The vertical axis shows 
units of h/MQ , a quantity of dimension length 2 . 


the subtracted fluctuations S'x(r ) which possess no zero Matsubara frequency. The 
quantity which is closely related to the effective potential V ef[ (X ) in Eq. (3.666) 
but allows for a more accurate evaluation of the partition function is the effective 
classical potential E cffcl (a;o). Just as E cfr (A"), it contains the effects of all quantum 
fluctuations, but it keeps separate track of the thermal fluctuations which makes it 
a convenient tool for numerical treatment of the partition function. The definition 
starts out similar to the background method in Subsection 3.23.6 in Eq. (3.772). 
We split the paths as in Eq. (2.443) into a time-independent constant background 
and a fluctuation rj (r) with zero temporal average fj — 0: 

OO 

x(r) = x 0 + rj (r) = x 0 + [x m e lbJmT + c.c.) , x 0 = real, x_ m = x* m , (3.807) 

m= 1 


and write the partition function using the measure (2.448) as 

r0 ° dx o 


Z = <b Vx e~ Ae/h = 


l-oo i e (h/3) 


j>V'xe~ Ae/h , 


where 


V'xe~ Ae/n = [] 


m= 1 L' 


r°° d Re x m d Im x m 


l—oo J —oo 7 tk B T /Mcofn 


?-A e /h 


(3.808) 


(3.809) 


Comparison of (2.447) with the integral expression (2.352) for the classical partition 
function Z c \ suggests writing the path integral over the components with nonzero 
Matsubara frequencies as a Boltzmann factor 

B(x 0 ) = e - veScl{xo)/kBT (3.810) 

and defined the quantity E cffcl (a;o) as the effective classical potential. The full 
partition function is then given by the integral 


v = [°° d ' X ° c -V eSc Hx 0 )/k B T 
J —oo leffrfi) 


(3.811) 
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where the effective classical Boltzmann factor B(x o) contains all information on 
the quantum fluctuations of the system and allows to calculate the full quantum 
statistical partition function from a single classically looking integral. At high- 
temperature, the partition function (3.811) takes the classical limit (2.462). Thus, 
by construction, the effective classical potential l /cffcl (a;o) will approach the initial 
potential V(xo)\ 

rr l T —YOG 

V 3Scl (x 0 ) - >V(x 0 ). (3.812) 

This is a direct consequence of the shrinking fluctuation width (3.806) for growing 
temperature. 

The path integral representation of the effective classical Boltzmann factor 

B(x 0 ) = jv'xe- Ae,n (3.813) 


can also be written as a path integral in which one has inserted a 5-function to 
ensure the path average 


1 r h P 

x = — dTxfr). (3.814) 

Up Jo 

Let us introduce the slightly modified 5-function [recall (2.353)] 


5(x — x 0 ) = l e (U(3)5(x — x 0 ) = 


'2vrh 2 /3 


M 


5(x - xq). 


(3.815) 


Then we can write 

B(x 0 ) = e- veftcl ^ kBT 


j> V'x e A ^ h = J VxS(x — x 0 ) e A,:/ ' h 
j> Vri5(f]) e~ Ae/n . (3.816) 


As a check we evaluate the effective classical Boltzmann factor for the harmonic 
action (2.445). With the path splitting (3.807), it reads 


Muf 


M r n P 


A[.o+»l]=¥^ + y io 


dr 


V 2 (t) +wV(t) 


After representing the 5 function by a Fourier integral 


5(7?) = i e m 

we hnd the path integral 


f io ° d\ (l 

/ 7T - exp A 

I—ioo 2711 \ 


Uf3 


drrj(r) , 


B u (x 0 ) = 


e -A e /h = f 

{ l r hl3 


x 


exp Lfi/o dT 


io ° dX 

—ioo 2,711 

~M 


X 


y n 2 (r) - ^(r) 


(3.817) 


(3.818) 


(3.819) 
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The path integral over 77 (r) in the second line can now be performed without the 
restriction h(3 = 0 and yields, recalling (3.555), (3.556), and inserting there j(r) = 
X//3, we obtain for the path integral over rj(r) in the second line of (3.819): 


1 

2 smh((3hu)/2) ° X ^ 


A 2 

2Mk(3 2 Jo T 


rti/3 



(3.820) 


The integrals over r, t' are most easily performed on the spectral representation 
(3.248) of the correlation function: 



u 2 + u 2 


D — iu>m{T — T ') 


hfj 

(3.821) 


The expression (3.820) has to be integrated over A and yields 

1 r io ° d.X f A 2 

2 sinh(/3?ku/2) J-ioo 2m ^ \2Muj 2 (3 

Inserting this into (3.819) we obtain the local Boltzmann factor 

B u (x 0 ) = e ~ v S Sc \ x o)/k B T = <fvrtS{fj) e~ Ae/h = — i jhu2 / 2 ( 3823 ) 

J sinh(puo;/2) 

The final integral over xq in (3.808) reproduces the correct partition function (2.409) 
of the harmonic oscillator. 


2 smh((3hu/2) l e (h/3) 


utt/3. (3.822) 


3.25.2 Effective Classical Hamiltonian 

It is easy to generalize the expression (3.816) to phase space, where we define the 
effective classical Hamiltonian H cScl (p 0 ,x 0 ) and the associated Boltzmann factor 
B(p( h x 0 ) by the path integral 


B(p o,x 0 ) = exp 


-f3H cSd (p 0 ,x 0 ) 



Vp 

2nh 


S(x 0 — x)2Tth8(p 0 — p) e ■ A e\P’ x V h , 


(3.824) 

where x = f/f 13 dr x{r)/K(3 and p = f/f 13 dr p(r)/h(3 are the temporal averages of 
position and momentum, and A e [p, x) is the Euclidean action in phase space 



dr [—ip(r)x(r) + H(p(t),x(t))]. 


(3.825) 


The full quantum-mechanical partition function is obtained from the classical- 
looking expression [recall (2.346)] 


Z 




dpQ c —0H eftcl (po,xo) 
2nh 


(3.826) 


H. Kleinert, PATH INTEGRALS 




3.25 Effective Classical Potential 


331 


The definition is such that in the classical limit, H cScl (po, xq)) becomes the ordinary 
Hamiltonian H(p 0 ,x o). 

For a harmonic oscillator, the effective classical Hamiltonian can be directly 
deduced from Eq. (3.823) by “undoing” the p 0 -integration: 


BUP o,xo) = 

sinh (p no;/2) 


(3.827) 


Indeed, inserting this into (3.826), we recover the harmonic partition function 
(2.409). 

Consider a particle in three dimensions moving in a constant magnetic field B 
along the z-axis. For the sake of generality, we allow for an additional harmonic 
oscillator centered at the origin with frequencies cay in ^-direction and cu_l in the 
xy-plane (as in Section 2.19). It is then easy to calculate the effective classical 
Boltzmann factor for the Hamiltonian [recall (2.689)] 

H ( P, x ) = jgP 2 + y^I x i(c> + y u P 2 ( t ) + w s4(p(r), x(r)), (3.828) 


where l z ( p, x) is the ^-component of the angular momentum defined in Eq. (2.647). 
We have shifted the center of momentum integration to po, for later convenience 
(see Subsection 5.11.2). The vector x x = (x, y) denotes the orthogonal part of x. As 
in the generalized magnetic field action (2.689), we have chosen different frequencies 
in front of the harmonic oscillator potential and of the term proportional to l z . for 
generality. The effective classical Boltzmann factor follows immediately from (2.703) 
by “undoing” the momentum integrations in p x ,p y , and using (3.827) for the motion 
in the ^-direction: 


H(p 0 ,x 0 ) = e 




1 (Pn,x 0 )_,3 fM) h/3u+/2 h/3u)-/2 Ufa n/2 fiH(P0iXo) 

c ' sinh Tij3u + /2 sinh fi/L<;_/2 sinh hf}u\\/2 


(3.829) 

where uj± = ojb ± caj_, as in (2.699). As in Eq. (3.823), the restrictions of the path 
integrals over x and p to the fixed averages x 0 = x and p 0 = p give rise to the extra 
numerators in comparison to (2.703). 


3.25.3 High- and Low-Temperature Behavior 


We have remarked before in Eq. (3.812) that in the limit T —» oo, the effective 
classical potential H cffcl (a;o) converges by construction against the initial potential 
V{xq). There exists, in fact, a well-defined power series in huj/ksT which describes 
this approach. Let us study this limit explicitly for the effective classical potential 
of the harmonic oscillator calculated in (3.823), after rewriting it as 


Xf cl (z 0 ) = k B T log 


smh(Tiu/2k B T) M 


hu>/2k B T 


, 2 2 
+ 


M 2 2 , hu , , m 
y 1 ^ x o + y + ^ bT 


log(l - e~ hu/kBT ) - log 


%UJ 

w 


(3.830) 
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Due to the subtracted logarithm of to in the brackets, the effective classical potential 
has a power series 


Kf cl M 


M 


-to x. 


dr htO 


1 Uto 
24 k^f 


1 / Uto \ 3 

2880 \k^f) + 


(3.831) 


This pleasant high-temperature behavior is in contrast to that of the effective po¬ 
tential which reads for the harmonic oscillator 


Vf(x 0 ) 


k B T log [2 smh(hto /2k B T)] + — to 2 xl 


(3.832) 


as we can see from (3.796). The logarithm of to prevents this from having a power 
series expansion in hLo/k B T, reflecting the increasing width of the unsubtracted 
fluctuations. 

Consider now the opposite limit T —> 0, where the final integral over the Boltz¬ 
mann factor B(xq) can be calculated exactly by the saddle-point method. In this 
limit, the effective classical potential I/ cffcl (a;o) coincides with the Euclidean version 
of the effective potential: 


V M (X„) -» V ‘=”(*„) = r„[A:]//? , 


(3.833) 


whose real-time definition was given in Eq. (3.666). 

Let us study this limit again explicitly for the harmonic oscillator, where it 
becomes 




t->o Uto M 9 9 , Uto 

-> + TT u 2 xl-k B T\og- 


k B r 


(3.834) 


i.e., the additional constant tends to hto/2. This is just the quantum-mechanical 
zero-point energy which guarantees the correct low-temperature limit 


t— 

Z u - > 


-hu/2k„T hu [°° dx o Mu) 2 xl/2k R T 

k B T Loo l e (h/3) 

e ~huj/2k B T 


(3.835) 


The limiting partition function is equal to the Boltzmann factor with the zero-point 
energy hto/2. 


3.25.4 Alternative Candidate for Effective Classical Potential 

It is instructive to compare this potential with a related expression which can be 
defined in terms of the partition function density defined in Eq. (2.332): 

Vf c \x ) = k B T log [l e {hP) z(x)} . (3.836) 
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This quantity shares with V^ ffcl (a;o) the property that it also yields the partition 
function by forming the integral [compare (2.331)]: 


y = dx o y»sci (xo ) /kBT 

7-00 l e (hp) 


(3.837) 


It may therefore be considered as an alternative candidate for an effective classical 
potential. 

For the harmonic oscillator, we find from Eq. (2.333) the explicit form 


V eitcl (x) = 


fcfiT, 2 hu> Tux , m [, / _ 9fi ,,,, T \ Muj , Tux 9 1 

log -— + — + k B T log (l —e 2 *“/k B T\ + fanh— -x 2 . 3.838 

k B T 2 [ v h k B T 


This shares with the effective potential C cff (A") in Eq. (3.832) the unpleasant prop¬ 
erty of possessing no power series representation in the high-temperature limit. 

The low-temperature limit of V^ Scl {x) looks at first sight quite similar to (3.834): 


T ~v e ffvi/ \ T ->° Tix , m Mu 9 2 Tlx 

V ^ —» T + k B T — ** - -f- log —. 


(3.839) 


and the integration leads to the same result (3.835) in only a slightly different way: 


T ^°. -Ku/2k B T r°° dx — Mu x 2 /h 

V k B T 7-00 /,.(/>.!) 


_ e ~hu/2k B T 


(3.840) 


There is, however, an important difference of (3.839) with respect to (3.834). The 
width of a local Boltzmann factor formed from the partition function density (2.332): 


B(x) = l e {hp) Z( X ) = e -F effcl (x)/fc B T 


(3.841) 


is much wider than that of the effective classical Boltzmann factor B(x o) = 
e ~v e c (x 0 )/k B T. \Yi iereas b(x 0 ) has a finite width for T — > 0, the Boltzmann fac¬ 
tor B(x) has a width growing to infinity in this limit. Thus the integral over x 
in (3.840) converges much more slowly than that over Xq in (3.835). This is the 
principal reason for introducing I/ cffcl (a; 0 ) as an effective classical potential rather 
than E effcl (a;o). 


3.25.5 Harmonic Correlation Function without Zero Mode 

By construction, the correlation functions of ?/(r) have the desired subtracted form 
(3.805): 

/ / \ / /\ v h . .. Ti coshx(\r - t'\-Tl/3/2) 1 

WtMt'))„ = -G^(t - t0 = ——(3.842) 
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with the square width as in (3.806): 

(V 2 ^))* = al = G v ^ e (0) = coth ^ (3.843) 

which decreases with increasing temperature. This can be seen explicitly by adding 
a current term — / dr j(r) r r](r) to the action (3.817) which winds up in the exponent 
of (3.819), replacing A//3 by j(r) + \/(3 and multiplies the exponential in (3.820) by 
a factor 


2Mh/3 2 

x exp 


dr / dr' [.\ 2 + A f3j(r) + X/3j(r')\ - t') 

J 0 

{uni dT l dT ’jb)Gl^r-r'W)y 


(3.844) 


In the first exponent, one of the r-integrals over G^ 2 e (r — r'), say r', produces a 
factor 1/ca 2 as in (3.821), so that the first exponent becomes 


2 ft/3 , 0 A/3 


2Mh/3 2 


A —^ + 2- 


ur 


or 


ftid ) 

J o dr j(r)^ . 


(3.845) 


If we now perform the integral over A, the linear term in A yields, after a quadratic 
completion, a factor 


exp 


2Mf3h 2 u 2 Jo 


rh/3 r hl3 

dr / dr'j{r)j{r') 

D JO 


(3.846) 


Combined with the second exponential in (3.844) this leads to a generating functional 
for the subtracted correlation functions (3.842): 


z”b 1 


(JUuj/2 c ^j3MLo 2 xl/2 

sm{f3hto/2) 


exp 


2 Mh 


rh/3 fh/3 1 

/ dr dr'j( T )G p J 2e (T-T')j(T')\ . 
•J 0 J 0 J 


(3.847) 


For j{r) = 0, this reduces to the local Boltzmann factor (3.823). 


3.25.6 Perturbation Expansion 

We can now apply the perturbation expansion (3.483) to the path integral over r)(r) 
in Eq. (3.816) for the effective classical Boltzmann factor B(x o). We take the action 



■M 

y 


x 2 + V(x ) , 


(3.848) 


and rewrite it as 

A e = h(3V (x 0 ) + ^ 0) [rj\ + Ant,e[^o; v\, (3.849) 
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with an unperturbed action 

A 0) M = I dr \^-f] 2 (r) + ^fi 2 (xo)r/ 2 (r)j , fi 2 (x 0 ) = V'\x 0 )/M, (3.850) 

Jo l 2 2 J 

and an interaction 

rhf) 

Ant,e[®o iV\= drV mt (x 0 ;ri(T)), (3.851) 

Jo 

containing the subtracted potential 

V m \x 0 ;t?(t)) = V(x 0 + r)(r)) — V{x Q ) - V\xq)t](t) - ]^V"(x 0 )r] 2 (r). (3.852) 

This has a Taylor expansion starting with the cubic term 

V int (x 0 ] rj) = ^V ,n {x Q )rf + iy( 4 >(x 0 )77 4 + ... . (3.853) 

Since r)(r) has a zero temporal average, the linear term dr V'(xq)^(t) is absent 
in (3.850). The effective classical Boltzmann factor B(x o) in (3.816) has then the 
perturbation expansion [compare (3.483)] 

B(x 0 ) = ^ 1 - - (v4int,e)n + ^2 (A 2 nt,e) n _ 7^3 (ALt,e) n + • • • ^jB n (x 0 ). (3.854) 

The harmonic expectation values are defined with respect to the harmonic path 
integral 

B n (x o) = J Vr)8(fj)e-Z 0) W/ n . (3.855) 

For an arbitrary functional F[x] one has to calculate 

(F[x]) x q ° = B^(x o) J VriS(fj) F[x] e -A 0) MA (3.856) 


Some calculations of local expectation values are conveniently done with the 
explicit Fourier components of the path integral. Recalling (3.809) and expanding 
the action (3.817) in its Fourier components using (3.807), they are given by the 
product of integrals 


(F{*})n° = \Z$V IT 

m= 1 


dx^dx 1 ™ e -fc^s“ =1 [^+o 2 (xo)]p m | 2 p, n (3 8571 

nk B T/Mul\ [ J ' 1 ' 


This implies the correlation functions for the Fourier components 



x 


* 

m! 


\ xo 

/ n 


ksT 1 
M oul + W(x 0 )• 


(3.858) 
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From these we can calculate once more the correlation functions of the fluctuations 
rj ( t ) as follows: 


(v(rHr'))n° = 


j oo 

E 

\m,m'/0 


X r 


0 -i{um-u ml )T 


xo 


= 2 




(3.859) 


Performing the sum gives once more the subtracted correlation function Eq. (3.842), 
whose generating functional was calculated in (3.847). 

The calculation of the harmonic averages in (3.854) leads to a similar loop ex¬ 
pansion as for the effective potential in Subsection 3.23.6 using the background field 
method. The path average Xq takes over the role of the background X and the non¬ 
zero Matsubara frequency part of the paths rj (r) corresponds to the fluctuations. 
The only difference with respect to the earlier calculations is that the correlation 
functions of rj (r) contain no zero-frequency contribution. Thus they are obtained 
from the subtracted Green functions e (r) defined in Eq. (3.805). 

All Feynman diagrams in the loop expansion are one-particle irreducible, just as 
in the loop expansion of the effective potential. The reducible diagrams are absent 
since there is no linear term in the interaction (3.853). This trivial absence is an ad¬ 
vantage with respect to the somewhat involved proof required for the effective action 
in Subsection 3.23.6. The diagrams in the two expansions are therefore precisely the 
same and can be read off from Eqs. (3.744) and (3.784). The only difference lies 
in the replacement X —> Xq in the analytic expressions for the lines and vertices. 
In addition, there is the final integral over xq to obtain the partition function Z in 
Eq. (3.811). This is in contrast to the partition function expressed in terms of the 
effective potential E eff (A"), where only the extremum has to be taken. 


3.25.7 Effective Potential and Magnetization Curves 

The effective classical potential E effcl (a; 0 ) in the Boltzmann factor (3.810) allows us 
to estimate the effective potential defined in Eq. (3.666). It can be derived from the 
generating functional Z\j] restricted to time-independent external source jir) = j , 
in which case Z[j] reduces to a mere function of j: 


Z(j) = j Vx{t) exp j — ^ dr 


-x 2 + V(x(t)) 


+ Pjx 


(3.860) 


where x is the path average of x(t). The function Z(j ) is obtained from the effective 
classical potential by a simple integral over xq\ 


Z(j) = f°° dx ° c -PW eacl (xo)-jxo]' 

J —OO 


(3.861) 


The effective potential G eff (A^) is equal to the Legendre transform of W(j) = 

log Z(j): 

l /efl (A’) - -id'C/) - A-./. (3.862) 
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i 



P = h„.v 


Figure 3.15 Magnetization curves in double-well potential V(x ) = —t 2 /2 + gx 4 / 4 with 
g = 0.4, at various inverse temperatures /?. The integral over these curves returns the 
effective potential V cS ~(X). The curves arising from the approximate effective potential 

VFi(.to) are labeled by /3i (-) and the exact curves (found by solving the Schrodinger 

equation numerically) by /3 ex (-). For comparison we have also drawn the classical curves 

(• • •) obtained by using the potential V (.To) in Eqs. (3.864) and (3.861) rather than W\ (xq). 
They are labeled by /3y ■ Our approximation W\{xq) is seen to render good magnetization 
curves for all temperatures above T = 1//3 ~ 1/10. The label (3 carries several subscripts 
if the corresponding curves are indistinguishable on the plot. Note that all approximations 
are monotonous, as they should be (except for the mean field, of course). 


where the right-hand side is to be expressed in terms of X using 


x = x ^=m w(i) - 


(3.863) 


To picture the effective potential, we calculate the average value of x(r) from the 
integral 

X = Z ^’)~ 1 / oo ^/^ X ° exp {-/^ Cffd M ~ j x o]} (3.864) 

and plot X = X(j). By exchanging the axes we display the inverse j = j(X) which 
is the slope of the effective potential: 


j(X) 


dV eS (X) 

dX 


(3.865) 
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The curves j(X) are shown in Fig. 3.15 for the double-well potential with a coupling 
strength g — 0.4 at various temperatures. 

Note that the Xo-integration makes j(X) necessarily a monotonous function of 
X. The effective potential is therefore always a convex function of X, no matter 
what the classical potential looks like. This is in contrast to j(X) before fluctuations 
are taken into account, the mean-field approximation to (3.865) [recall the discussion 
in Subsection 3.23.1], which is given by 

j = dV(X)/dX. (3.866) 

For the double-well potential, this becomes 

3 = -X + gX\ (3.867) 

Thus, the mean-field effective potential coincides with the classical potential V(X), 
which is obviously not convex. 

In magnetic systems, j is a constant magnetic field and X its associated magne¬ 
tization. For this reason, plots of j(X) are referred to as magnetization curves. 

3.25.8 First-Order Perturbative Result 

To first order in the interaction V int (xo] g), the perturbation expansion (3.854) be¬ 
comes 

B(x o) = ^1 - i (Ant,e)n° + • • -^Bq(xo), (3.868) 

and we have to calculate the harmonic expectation value of Amt.e- Let us assume 
that the interaction potential possesses a Fourier transform 

/ OO r] b 

e ifc(*o+*j(r))yint( A .)_ (3.869) 

-oo 27T 

Then we can write the expectation of (3.851) as 

<Ant,eK v%° = J™ dr ^ V int (k)e ikx ° (e ikr >^) X °. (3.870) 

We now use Wick’s rule in the form (3.307) to calculate 

{ e ' tn{T> )n = (3.871) 

We now use Eq. (3.843) to write this as 

(e ikV(T) )n = e“ fc2a ^ o)/2 - (3.872) 

Thus we find for the expectation value (3.870): 

>)])„» = r dr r V“(k)e ,kn - k ^-J 2 . (3.873) 

Jo J-o o 27r 
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Due to the periodic boundary conditions satisfied by the correlation function and 
the associated invariance under time translations, this result is independent of r, so 
that the r-integral can be performed trivially, yielding simply a factor Kf3. We now 
reinsert the Fourier coefficients of the potential 


- /*oo 

V int (k ) = / dx v' m \x 0 -rj) e ~ iHxo+71 \ 

J—co 


(3.874) 


perform the integral over k via a quadratic completion, and obtain 


(V“(x(t)))'“ = = r e V“(z 0 ; n). (3.875) 

J -°° V 2 ™^) 


The expectation ^D int (a;(r))^ 0 = V^(xq) of the potential arises therefore from a 
convolution integral of the original potential with a Gaussian distribution of square 
width a^ xo y The convolution integral smears the original interaction potential 

Dp (xq) out over a length scale acy xo y In this way, the approximation accounts for 
the quantum-statistical path fluctuations of the particle. 

As a result, we can write the first-order Boltzmann factor (3.868) as follows: 


B( "° ) ” 2smPu!)ft / 3/2] eXP {"- 9MCIMVJ2 - • 


(3.876) 


Recalling the harmonic effective classical potential (3.834), this may be written as 
a Boltzmann factor associated with the first-order effective classical potential 


R effcl (a; 0 ) « <£(*,,) + VT(x 0 ). 


(3.877) 


Given the power series expansion (3.853) of the interaction potential 


OO 1 

k =3 K ' 


(3.878) 


we may use the integral formula 


f 0 r *=hT: 


'-oo V 271 or 


odd I ’ 


(3.879) 


we find the explicit smeared potential 


k= 4,6,... 


(3.880) 
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3.26 Perturbative Approach to Scattering Amplitude 

In Eq. (2.747) we have derived a path integral representation for the scattering amplitude. It 
involves calculating a path integral of the general form 

J d 3 y a J d 3 z a J V 3 y J V 3 z exp ^ dt^-(y 2 -i 2 ) F[y(t) - z(0)], (3.881) 

where the paths y(t) and z (t) vanish at the final time t = t b whereas the initial positions are 
integrated out. In lowest approximation, we may neglect the fluctuations in y (t) and z(0) and 
obtain the eikonal approximation (2.750). In order to calculate higher-order corrections to path 
integrals of the form (3.881) we find the generating functional of all correlation functions of y (t) — 
z(0). 

3.26.1 Generating Functional 

For the sake of generality we calculate the harmonic path integral over y: 

z\ jy] = J d 3 y a /^expjijT dt y (y 2 - w 2 y 2 ) ^ j y y j- (3.882) 

This differs from the amplitude calculated in (3.168) only by an extra Fresnel integral over the 
initial point and a trivial extension to three dimensions. This yields 

Z\j y ] = j d 3 y a {y b t b \y a t of J 

= [ dt- -yi-— [y h (sin[w(t-t a )]+sin[w(4-t)])j y ]l 

l ^ Jt a SUlUJyll) t a ) J 

x exp dt Jt dt' jy(t)G w 2 (M')jy(0 j . (3.883) 

where G w 2 (f,f') is obtained from the Green function (3.36) with Dirichlet boundary conditions by 
adding the result of the quadratic completion in the variable y b — y a preceding the evaluation of 
the integral over d 3 y a ’- 

G u *(t,t’) = —t --— sin u(t b - t>) [sinw(t< - t a ) + sinw(4 - t<)]. (3.884) 

uismu){t b — t a ) 

We need the special case u> = 0 where 

G^{t,t')=t b -t > . (3.885) 

In contrast to G u 2(t,t') of (3.36), this Green function vanishes only at the final time. This reflects 
the fact that the path integral (3.881) is evaluated for paths y(t) which vanish at the final time 
t = t b . 

A similar generating functional for z (<) leads to the same result with opposite sign in the 
exponent. Since the variable z(f) appears only with time argument zero in (3.881), the relevant 
generating functional is 

z \i\ = J d 3 y a j d 3 z a J V 3 y J V 3 z 

X 6XP (^/ ty 2 — z 2 — cu 2 ( y2 — z 2 ) — j y z ] }) , (3.886) 

with y b = z b = 0, where we have introduced the subtracted variable 

y z (t) = y(t) - z(0), (3.887) 
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for brevity. From the above calculations we can immediately write down the result 

z \j\ = zr exp {~^2 2^/ dt J t dt ' , (3.888) 

where D u is the functional determinant associated with the Green function (3.884) which is ob¬ 
tained by integrating (3.884) over t £ (tb,t a ) and over w 2 : 


D„ = 


1 


cos 2 [w(4 - t a )} 


exp 


r tb - ta dt , 

— (cos OJt — 1) 

4 t 


and G' u2 (t,t') is the subtracted Green function (3.884): 

GUt,t') = G u2 (t,t')-G u2 ( 0,0). 

For u> = 0 where D u = 1, this is simply 

G'o(t,t') = —1>, 


(3.889) 


(3.890) 


(3.891) 


where t> denotes the larger of the times t and t'. It is important to realize that thanks to the 
subtraction in the Green function (3.885) caused by the z(0)-fluctuations, the limits t a —> — oo and 
tb —> oo can be taken in (3.888) without any problems. 


3.26.2 Application to Scattering Amplitude 

We can now apply this result to the path integral (2.747). With the abbreviation (3.887) we write 
it as 


f — P f d 2 hp~ i(lh / n 

/p ‘ p “ " 2nih J dbC 


P Vz exp 


rf tyyz[G'o(tO] Vz 


^xb, P [y z ]_2. 


(3.892) 


where [G' 0 (t,t')} 1 is the functional inverse of the subtracted Green function (3.891), and Xb,p[yz] 
the integral over the interaction potential V (x): 


Xb, P [y z \ = ~\ j dtv(b+ Jjt + yzitj) ■ (3.893) 

3.26.3 First Correction to Eikonal Approximation 

The first correction to the eikonal approximation (2.750) is obtained by expanding (3.893) to first 
order in y z (t). This yields 


Xb.p[y]=Xb, P ~\J_ dtvv ( b +jj t ) y»(*)- 

The additional terms can be considered as an interaction 


1 

h 



dty x (t)j(t), 


with the current 

m = w( b + i<). 


(3.894) 


(3.895) 


( 3 . 896 ) 
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Using the generating functional (3.888), this is seen to yield an additional scattering phase 

4 «tp = IM /_> £,* w ( b + £*>) w ( b + Tp) *>• < 3 897) 

To evaluate this we shall always change, as in (2.752), the time variables t\ t2 to length variables 
zi t 2 = Piyt/M along the direction of p. 

For spherically symmetric potentials V(r) with r = |x| = \/b 2 + z 2 , we may express the 
derivatives parallel and orthogonal to the incoming particle momentum p as follows: 


Then (3.897) reduces to 


m 2 r°° r°° 

A lXb,p = 77TT / dzi I dz 2 


V\\V = zV'/r, ViU = b V'/r. 

V'(n) V'{r 2 ) 


2 hp 3 J _ 


00 J — 00 


n r 2 


(b 2 + Z!Z 2 ) Zi. 


The part of the integrand before the bracket is obviously symmetric under 2 
exchange z\ O z 2 . For this reason we can rewrite 

A «, M 2 r , V>(r.) r, V 'M U 2 2 , 

iab -p = .LJ Zl Zl —LJ ZZ — (b - %) ■ 

Now we use the relations (3.898) in the opposite direction as 

zV'/r = d z V , bV'/r = d b V , 
and performing a partial integration in z\ to obtain 21 


(3.898) 

(3.899) 
and under the 

(3.900) 

(3.901) 


r 00 _ 

AixS, P = -^3 (i + bd b ) j dz V 2 (■ \/b 2 + z 2 ) . (3.902) 

Compared to the leading eikonal phase (2.753), this is suppressed by a factor V(0)M/p 2 . 

Note that for the Coulomb potential where V 2 {\/b 2 + z 2 ) oc 1 /(6 2 + z 2 ), the integral is pro¬ 
portional to 1/6 which is annihilated by the factor 1 + bd b . Thus there is no first correction to the 
eikonal approximation (1.506). 


3.26.4 Rayleigh-Schrodinger Expansion of Scattering Amplitude 

In Section 1.16 we have introduced the scattering amplitude as the limiting matrix 
element [see (1.516)] 

(p„|S|p.) = , lirn e i < B *- E *> , *NPk0|pA)e- iE “‘“ / ' 1 . (3.903) 

A perturbation expansion for these quantities can be found via a Fourier transfor¬ 
mation of the expansion (3.477). We only have to set the oscillator frequency of the 
harmonic part of the action equal to zero, since the particles in a scattering process 
are free far away from the scattering center. Since scattering takes usually place in 
three dimensions, all formulas will be written down in such a space. 

21 This agrees with results from Schrodinger theory by S.J. Wallace, Ann. Phys. 7 8, 190 (1973); 
S. Sarkar, Phys. Rev. D 21, 3437 (1980). It differs from R. Rosenfelder’s result (see Footnote 38 
on p. 193) who derives a prefactor pcos(0/2) instead of the incoming momentum p. 
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We shall thus consider the perturbation expansion of the amplitude 

(PfeO|p a £ a ) = J d 3 x b d 3 x a e- iPbXb (x b 0\xL a t a )e ip °- Xa , (3.904) 

where (x f) 0|x a t a ) is expanded as in (3.477). The immediate result looks as in the 
expansion (3.500), if we replace the external oscillator wave functions i/j n (% b ) and 
'4’a{x b ) by free-particle plane waves e -iPi,X6 and e ip “ Xa : 

(p 6 0|p a t a ) = (p b 0|p a t o ) 0 

Z 1 X 

+ ^(P&|Ant|Pa >0 - ^2 (Pb|A 2 nt|P«)o “ ^3 (P&IA ? ntIP«)o + • • • • (3.905) 

Here 

(p&0| Po t a )o = (2vrh) 3 5( 3 )(p 6 - Va )e iPbta/2Mn (3.906) 

is the free-particle time evolution amplitude in momentum space [recall (2.73)] and 
the matrix elements are defined by 

(p 6 | ... |Pa)o = J d 3 x b d 3 x a e~ iPb * b (f^x • • • e iAo/n ^ e ip -*\ (3.907) 


In contrast to (3.500) we have not divided out the free-particle amplitude (3.906) in 
this definition since it is too singular. Let us calculate the successive terms in the 
expansion (3.905). First 

(Pb|Ant|Pa)o = - / dt! f d 3 x b d 3 x a d 3 x 1 e~ tPbXb (x b O\x 1 t 1 ) 0 
Jt a J 

x V (xi)(x 1 t 1 |x a t a ) 0 e iPaX “. (3.908) 

Since 

J d 3 x b e- iPb * b (x b t b \x 1 t 1 ) 0 = e~ iPb ^e~ ip 

J d 3 x a (x 1 t 1 \x a t a ) 0 e~ iPbXb = e -ip a xi e ipl(ti-ta)/2Mn, (3.909) 

this becomes 

(p 6 | Ant|Pa)o = - f dhe 1 ^- pl)tl/2Mh V PbPa e ip °- ta / 2Mh , (3.910) 

Jta 

where 

V PbPa = (p 6 |y| Po ) = j d 3 xe^ Pb - p J x/n V(x) = V(p b - Pa ) (3.911) 


[recall (1.494)]. Inserting a damping factor e vtl into the time integral, and replacing 
p 2 /2 M by the corresponding energy E, we obtain 


~jT (Pfe I Aint | Pa)0 


Eh — E n 


vr\ 


AfcP, e 


iEata 


(3.912) 
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Inserting this together with (3.906) into the expansion (3.905), we find for the scat¬ 
tering amplitude (3.903) the first-order approximation 


(P&l'S'lPa) 


lim E a )tb/h 

tb — t a —►oo 


(27rh) 3 <5 (3) (p6- 


P a) ~ 


E b — E a — irj 


v; 


PbPa 


(3.913) 


corresponding precisely to the first-order approximation of the operator expression 
(1.519), the Born approximation. 

Continuing the evaluation of the expansion (3.905) we find that V PbPa in (3.913) 
is replaced by the T-matrix [recall (1.477)] 


T, 


Pf)Pa 


v - [ d Pc V _ - _ V 

PbPa J (2nh) 3 PbPc E c - E a - it] PcPa 

[ _I_ V _I_ V 

J (2nh) 3 J (2vr h) 3 PbPc E c - E a - irj PcPd E d - E a - irj F 


(3.914) 

+ ... . 


This amounts to an integral equation 


T —V 

P&Pa Y PbVa 


d 3 p c 

(2tt h) 3 


V T 


PbPc 


E c — E a — irj 


-T, 


PcPa 5 


(3.915) 


which is recognized as the Lippmann-Schwinger equation (1.525) for the T-matrix. 


3.27 Functional Determinants from Green Functions 

In Subsection 3.2.1 we have seen that there exists a simple method, due to Wronski, 
for constructing Green functions of the differential equation (3.27), 

0(t)G u ,(t,l!) = [-d 2 t - = 6(t - (3.916) 

with Dirichlet boundary conditions. That method did not require any knowledge 
of the spectrum and the eigenstates of the differential operator 0(t), except for the 
condition that zero-modes are absent. The question arises whether this method can 
be used to find also functional determinants. 22 The answer is positive, and we shall 
now demonstrate that Gelfand and Yaglom’s initial-value problem (2.213), (2.214), 
(2.215) with the Wronski construction (2.225) for its solution represents the most 
concise formula for the functional determinant of the operator 0(t). Starting point 
is the observation that a functional determinant of an operator O can be written as 

Det O = e Tr log ° , (3.917) 

and that a Green function of a harmonic oscillator with an arbitrary time-dependent 
frequency has the integral 

Tr {/ dgtt 2 (t)[— d 2 — gCl 2 (t)]~ F S(t — C) j = —Tr (log[—<9 2 — Cl 2 (t)]5(t — t')} 

+Tr (log[—<9 2 ]<5(t - If)}. (3.918) 

22 See the reference in Footnote 6 on p. 247. 
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If we therefore introduce a strength parameter g e [0,1] and an auxiliary Green 
function G g (t,t') satisfying the differential equation 

Og{t)G g {t, f) = [-d 2 - g n 2 (t)]G g (t, f) = 5 (t - t'), (3.919) 

we can express the ratio of functional determinants Det 0 \/Det 0$ as 

Det = e -lo d 9 Tr[n^t)G g (t,t')] (3.920) 

Knowing of the existence of Gelfand-Yaglom’s elegant method for calculating func¬ 
tional determinants in Section 2.4, we now try to relate the right-hand side in (3.920) 
to the solution of the Gelfand-Yaglom’s equations (2.215), (2.213), and (2.214): 

O g (t)D g (t) = 0; D g (t a ) = 0, Dg(t a ) = 1. (3.921) 

By differentiating these equations with respect to the parameter g, we obtain for 
the ^-derivative D' g (t) = d g D g (t) the inhomogeneous initial-value problem 

= Si 2 («)A,(«); £>'(«„) = 0, D' s (t a ) = 0. (3.922) 


The unique solution of equations (3.921) can be expressed as in Eq. (2.221) in terms 
of an arbitrary set of solutions rj g (t) and £ g (t) as follows 


D s (t) = ^ t ^ t ) = 

Wg 

(3.923) 

where W g is the constant Wronski determinant 


W 9 = tg(t)Vg(t) ~ Vg(t)£g(t)- 

(3.924) 

We may also write 

^ . , DetA 0 . . 

D g {t b ) — — A g (t b ,t a )i 

(3.925) 

where A g is the constant 2x2 -matrix 


A ( £g{ta) Vg(ta) \ 

9 { Zg(t b ) Vg(t b ) ) ■ 

(3.926) 


With the help of the solution A g (t,t') of the homogenous initial-value problem 

(3.921) we can easily construct a solution of the inhomogeneous initial-value problem 

(3.922) by superposition: 

D' g {t)= f dt'n 2 (t')A g (t,t')A g (t',t a ). (3.927) 

Comparison with (3.59) shows that at the final point t — tf, 

D' g (t b ) = A g (t b ,t a ) f dt'n 2 (t')G g (t',t'). 


(3.928) 
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Together with (3.925), this implies the following equation for the integral over the 
Green function which solves (3.916) with Dirichlct’s boundary conditions: 

/ rlpf A \ 

Tr [n 2 (t)G g (t, if)] = -d g log = -d g log D g (t b ). (3.929) 

Inserting this into (3.918), we find for the ratio of functional determinants the simple 
formula 


Det (O^O g ) = C(t b , t a )D g (t b ). (3.930) 

The constant of ^-integration, which still depends in general on initial and final 
times, is fixed by applying (3.930) to the trivial case g = 0, where O 0 = — d 2 and 
the solution to the initial-value problem (3.921) is 


D 0 (t) = t-t a . 


(3.931) 


At g — 0, the left-hand side of (3.930) is unity, determining C(t b ,t a ) = (t b — t a ) 1 
and the final result for g — 1: 


Det (C^Cb) 


detAx /DetAo 
W 1 / W 0 


D\{t b ) 


tb t a 


(3.932) 


in agreement with the result of Section 2.7. 

The same method permits us to find the Green function G.ji (r, r') governing 
quantum statistical harmonic fluctuations which satisfies the differential equation 


O g (r)G^(r : t') ee [d 2 r - ^ 2 (r)]G^ a (r, r') = 5 p ’ a (r - r'), (3.933) 

with periodic and antiperiodic boundary conditions, frequency D(r), and 5-function. 
The imaginary-time analog of (3.918) for the ratio of functional determinants reads 

Det (C^Ch) = e -/o^Tr[o 2 (DG 9 (r.r')]^ (3.934) 


The boundary conditions satisfied by the Green function G p,a (r, t') are 

G^(T b ,r') = ±G^(r a ,r% 

GP’ a (r fe ,r') = ±GP’ a (r a ,r'). 

According to Eq. (3.166), the Green functions are given by 


(3.935) 


Gy(T.T') = T [Aa(T ’ Ta) f A »K T ')l , (3.936) 


A^’ a (r a ,r fe ) • A g (T a ,T b ) 


where [compare (3.49)] 


a (d t') = — [C( T ) r l( T> ) - £)], 


(3.937) 
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with the Wronski determinant W 


£(t)?)(t) — £(t)77(t), and [compare (3.165)] 


AP’ a (r a , r b ) = 2 ± <9 T A 9 (r a , r b ) ± d r A g (r b , r a ). (3.938) 

The solution is unique provided that 

det AP’ a = W g A P’ a (r a , r 6 ) + 0. (3.939) 

The right-hand side is well-defined unless the operator O g (t) has a zero-mode with 
r) g (t b ) = ±r) g (t a ), V g (tb) = Afj g (t a ), which would make the determinant of the 2x2 
-matrix AP ,a vanish. 

We are now in a position to rederive the functional determinant of the operator 
0(t) = <9 2 -fl 2 (r) with periodic or antiperiodic boundary conditions more elegantly 
than in Section 2.11. For this we formulate again a homogeneous initial-value prob¬ 
lem, but with boundary conditions dual to Gelfand and Yaglom’s in Eq. (3.921): 


O g (r)D g (T) = 0; D g (r a ) = 1, D g (r a ) = 0. (3.940) 

In terms of the previous arbitrary set rj g (t) and £ g (t) of solutions of the homogeneous 
differential equation, the unique solution of (3.940) reads 


D g {r) = 


Zg( T )Vg( T a ) -^g(T a )Vg(r) 

IF, 


(3.941) 


This can be combined with the time derivative of (3.923) at t = T b to yield 


Dg(n) + D g (n) = ±[2 - AP’ a (r a , r h )}. (3.942) 

By differentiating Eqs. (3.940) with respect to g, we obtain the following inhomoge¬ 
neous initial-value problem for D' (t ) = d g D g {r)\ 

O g (r)D' g (r) = U 2 (r)fi;(r); D' g (r a ) = 1, D' g (r a ) = 0, (3.943) 

whose general solution reads by analogy with (3.927) 

D'g( r ) = -f rfr , fl 2 (r')A 9 (r,r')A 9 (r a ,r'), (3.944) 

Jr a 

where the dot on A s (r a ,r / ) acts on the first imaginary-time argument. With the 
help of identities (3.942) and (3.943), the combination D\t) + D' {r ) at r = r b can 
now be expressed in terms of the periodic and antiperiodic Green functions (3.166), 
by analogy with (3.928), 

D'gin) + D'g{n) = ±A P’ a (r a ,r fe ) [ Tb dr n 2 (r)G^(r,r). 

Jr a 


(3.945) 
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Together with (3.942), this gives for the temporal integral on the right-hand side of 
(3.920) the simple expression analogous to (3.929) 


Ti'[f! 2 (T)G;-*(r,T')] 


W detA » 


Wg J 

dg log [2 =f D g {r b ) =F D g (r b ) 


(3.946) 


so that we obtain the ratio of functional determinants with periodic and antiperiodic 
boundary conditions 


Det (O L O g ) = C(t b , to) 2 =f D g (r b ) =f D g (n) 


(3.947) 


where O = Oq — oj 2 = d 2 — ui 2 . The constant of integration C(t b ,t a ) is fixed in 
the way described after Eq. (3.918). We go to g — 1 and set f2 2 (r) = c o 2 . For 
the operator O± = — d 2 — u 2 , we can easily solve the Gelfand-Yaglom initial-value 
problem (3.921) as well as the dual one (3.940) by 


D?{t) = - sin u(t - r a ), D“(t) = cos u(t - r a ), 

UJ 


so that (3.947) determines C(t b ,t a ) by 


1 = C(t b ,t a ) 


4 sin 2 [o;(rf ) - r a )/2] 
4cos 2 [cu(r f) - r a )/2] 


periodic case, 
antiperiodic case. 


Hence we End the final results for periodic boundary conditions 


(3.948) 


(3.949) 


Det ((W 1 ^) 


det A? /DetAi P 2 - D^n) - D^n) 
w[ / W? ~ 4sin 2 [o;(r b -r a )/2] ’ 


and for antiperiodic boundary conditions 


Det 


det A^ /DetA" a _ 2 + Di(r b ) + Di(r b ) 
W[ / W? ~ 4cos 2 [o;(r fe -r a )/2]' 


(3.950) 


(3.951) 


The intermediate expressions in (3.932), (3.950), and (3.951) show that the ra¬ 
tios of functional determinants are ordinary determinants of two arbitrary indepen¬ 
dent solutions £ and rj of the homogeneous differential equation Oi(t)y(t) = 0 or 
Oi(r)y(r) = 0 . As such, the results are manifestly invariant under arbitrary linear 
transformations of these functions (£,77) —> (£', 77 '). 

It is useful to express the above formulas for the ratio of functional determinants 
(3.932), (3.950), and (3.951) in yet another form. We rewrite the two independent 
solutions of the homogenous differential equation [— d 2 — Cl 2 (t)]y(t) = 0 as follows 


£(t) = q(t) cos 4>(t), rj(t) = q(t) sin (/>(£). 


(3.952) 
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The two functions q(t) and (f>(t) parametrizing £(f) and 77 (f) satisfy the constraint 

0 (f)g 2 (f) = w, (3.953) 

where W is the constant Wronski determinant. The function q(t) is a soliton of the 
Ermankov-Pinney equation 23 


q + Q 2 (t)q - W 2 q~ 3 = 0. 


(3.954) 


For Dirichlet boundary conditions we insert (3.952) into (3.932), and obtain the 
ratio of fluctuation determinants in the form 


Det (O^O i) 


1 q(ta)q(t b ) sin[ 0 (f 6 ) - (j)(tgj 
W t b -t a 


(3.955) 


For periodic or antiperiodic boundary conditions with a corresponding frequency 
12(f), the functions q(t) and 0(f) in Eq. (3.952) have the same periodicity. The initial 
value 0 (f a ) may always be assumed to vanish, since otherwise £(f) and ?/(f) could 
be combined linearly to that effect. Substituting (3.952) into (3.950) and (3.951), 
the function q{t) drops out, and we obtain the ratios of functional determinants for 
periodic boundary conditions 


Det (O i (Pi)=4sin 


• 2 0(4) A . 2 w (4 - 4) 


4 sin 


(3.956) 


and for antiperiodic boundary conditions 


1 - 1/0 \ A „ 2 0(4) / . 2 to '(4 fa) 


Det (O (Pi) =4 cos 


4 cos 


2 / 2 
For a harmonic oscillator with 12(f) = cu, Eq. (3.954) is solved by 


(3.957) 



and Eq. (3.953) yields 

0 (f) = U)(t - t a ). 


(3.958) 


(3.959) 


Inserted into (3.955), (3.956), and (3.957) we 

i _ s in u{t b -tg) 

w(4 - 4) 


Det (OqOx) = 


reproduce the known results: 
Det (0~ l 0i) = 1. 


23 For more details see J. Rezende, J. Math. Phys. 25, 3264 (1984). 
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Appendix 3A Matrix Elements for General Potential 

The matrix elements (n\V\m) can be calculated for an arbitrary potential V = V(x) as follows: 
We represent V (x) by a Fourier integral as a superposition of exponentials 


Poo 11 

V(x)= —V(k)exp{kx), 

J—ioo 27TZ 


(3A.1) 


and express exp(fcai) in terms of creation and annihilation operators as exp(fci) = exp[k(a+a 1 )/y/2], 
set k = \/2e, and write down the obvious equation 


1 f) n f) Tn 

€\r2x I \ ^ ^ //-\i rvn. e(n.-\-n' \ Rn J I 


(n\e eV2x \m) = 


-(0|e aa e e(a+a ^ |0) 


(3A.2) 


a.=(3=0 


da n dp" 

We now make use of the Baker-Campbell-Hausdorff Formula (2A.1) with (2A.6), and rewrite 

gdg-B _ gA+B+^[A,B]+j2([A,[A,B]]+[B,[B,A]])+.... (3A 3) 

Identifying A and B with a and aP , the property [a, a3] = 1 makes this relation very simple: 

e c(a+at) =e ,~a e ^ (3A.4) 

and the matrix elements (3A.2) become 


(0|e aa e e(a+a V at |0) = (0|e (a+e)a e (/3+e)at |0)e _e2/2 . (3A.5) 

The bra and ket states on the right-hand side are now eigenstates of the annihilation operator a 
with eigenvalues a + e and p + e, respectively. Such states are known as coherent states. 24 Using 
once more (3A.3), we obtain 


(0|e (Q+e)a e (/3+e)at |0) = e (£+a)(e+/3) , 


and (3A.2) becomes simply 

(n|e £ ^|m) = 


v^v _ 1 d n d " 


V^im! da n dp r 


. e i a + e )(h+ e ) / 2 


a=/3=0 


We now calculate the derivatives 

Qm 


da n dp 71 


(€+a)(e+/3) 


a—(3—0 


da’ 


-(e + a) m e e(£+a) 


CK — 0 


Using the chain rule of differentiation for products /( x) = g(x) h(x): 

f (n) (x) = £ (j)g (l) ( x )h (n ~ l) (x), 

the right-hand side becomes 


(3A.6) 


(3A.7) 


(3A.8) 


(3A.9) 


da' 


-(e + a) m e e(e+a) 


a —0 


1=0 




d 


\n—l 


0 e(e+a) 


da n ~ l 


a—0 


= i j m(m — 1) • • • (m — / + l)e : 

i=o ' ' 


n-\-m—2l 


(3A.10) 


24 


The use of coherent states was advanced by R.J. Glauber, Phys. Rev. 131 , 2766 (1963). 
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Hence we find 


(n|e £ ^|m) = 


V n\m\ 


E 

l—O 


n\ hn 

l V l 


j\yn+m—21 ^e 2 /2 


(3A.11) 


From this we obtain the matrix elements of single powers x p by forming, with the help of (3A.9) 
and ( d q /de q )e e / 2 | e= o = (?!!, the derivatives 


d p 


^n+m—2L^e 2 /2 


de p 
The result is 


e=0 


P 

n+m — 21 


[21 - (n + m-p)]!! = -rr 


P- 


2 i—(. n +m—p)/ 2 fi — p — (n+m—p)/ 2 ]!’ 

(3A.12) 


(r 


r>P I m'j — 


1 


Vnlml 


min (n,m) 

E 


n\ m 


p\ 


l J \l J ' 2 l +p-{n+m)/2 [/ _ (n + m - p)/2 ]!' 


l=(n-\-m—p)/2 

For the special case of a pure fourth-order interaction, this becomes 
( n\x A \n 


— 4} = \\Jn— 3 \Jn — 2s/n — ly/n, 

(n\x 4 \n — 2) = \{A n — 2)\/n — 1 \/n, 

(n|a; 4 |n) = |(6?z 2 + 6n + 3), 

(n|a; 4 |n + 2) = \(A n + 6 )Vn+ 1 \/n + 2, 

(n|a; 4 |n + 4) = \\/n + l\/n + 2 \/n + 3\/n + 4. 

For a general potential (3A.1) we find 


(n|V r (a;)]m) = 


E 


n- 


dk 


2 l-(n+m)/2 J .^ 2 ?n 


(3A.13) 


(3A.14) 


V(k)k n+m ~ 2l e k2/A . (3A.15) 


Appendix 3B Energy Shifts for gx 4 / A -Interaction 

For the specific polynomial interaction V (a;) = gx 4 / 4, the shift of the energy E^ 1 ) to any desired or¬ 
der is calculated most simply as follows. Consider the expectations of powers x 4 (zi)x 4 (z 2 ) ■ ■ • x 4 (z n ) 
of the operator x(z) = (a)z + az ~ 1 ) between the excited oscillator states ( n\ and |n). Here 
a and a/ are the usual creation and annihilation operators of the harmonic oscillator, and 
| n) = (a)) n \h)/\fn\. To evaluate these expectations, we make repeated use of the commutation 
rules [a, a^] = 1 and of the ground state property a|0) = 0. For n = 0 this gives 

(x A {z))u> = 3, 

(x 4 {z 1 )x 4 (z 2 )) u1 = 72 zf 2 z| + 24 zf 4 z| + 9, (3B.1) 

(x 4 (zi)x 4 (z 2 )x 4 (Z3 ))uj = 27 • 8zf 2 z 2 + 63 • 32zf 2 z^~ 2 zf 

+ 351 • 8 zf 2 zl + 9 • 8zf 4 z 4 + 63 • 32 zf 4 z\z\ + 369 • 8zr 4 z| 

+ 27 • 8z2~ 2 z 2 + 9 • 8z^ 4 Zg + 27. 


The cumulants are 

(a: 4 (zi);r 4 (z 2 )) Wl c = 72zf 2 Z2 + 2Azf 4 z\ 1 (3B.2) 

{x 4 {z\)x 4 {z 2 )x 4 {z^)) UJ ^ = 288(7zj“ 2 z^~ 2 zf + 9z-f 2 zf + 7zf 4 z\z\ + 10zf 4 z|). 


The powers of z show by how many steps the intermediate states have been excited. They determine 
the energy denominators in the formulas (3.518) and (3.519). Apart from a factor (g/4) n and a 
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factor l/( 2 w) 2rl which carries the correct length scale of x(z), the energy shifts A E = A\Eq + 
A 2 Eq + A 3 E 0 are thus found to be given by 


A\Eq — 3, 

A 2 E 0 = - [ 72 • 


24' 


A 3 E 0 = 288 [ 7 • 


1 1 
2 ' 4 


(3B.3) 


1111 

- ■ - + 7 -- 

2 2 4 2 


10 - 


1 1 
4 ' 4 


= 333 • 4. 


Between excited states, the calculation is somewhat more tedious and yields 

(. x 4 {z)) u] = 6n 2 + 6 n + 3, (3B.4) 

(. x 4 (zi)x 4 (z 2 ))ui,c = (16n 4 + 96?r 3 + 212?r 2 + 204n + 72) 2 z\ 

+ (?i 4 + 10n 3 + 35n 2 + 50?i + 24 )z^ 4 z 2 
+ (n 4 — 6 n 3 + lln 2 — 6 n)z 4 zT 4 

+ (16n 4 -32n 3 + 20n 2 -4n)z?Z2 2 , (3B.5) 

( x 4 (z 1 )x 4 (z 2 )x 4 (z 3 )) UJtC = [(16n 6 + 240n 5 + 1444n 4 + 4440n 3 + 7324?r 2 + 6120n + 2016) 

X (-1 -2 Z3+Z1 z 2 z 3 ) 

+ (384?r 5 + 2880n 4 + 8544n 3 + 12528n 2 + 9072n + 2592)zp 2 z\ 

+ (48n 5 + 600n 4 + 2880n 3 + 6600?r 2 + 7152n + 2880)^f 4 ^| 

+ (16?r 6 - 144?r 5 + 484n 4 - 744n 3 + 508n 2 - 120n)^^ 2 ^ 2 
+ (—48n 5 + 360n 4 - 960n 3 + 1080n 2 - 432n)ztz 3 4 
+ (16?r 6 + 48n 5 + 4n 4 — 72 n 3 — 20n 2 + 24 n)zfzT 4 z 3 
+ (—384n 5 + 960n 4 - 864n 3 + 336n 2 - 48n)^^ 2 
+ (16?r 6 - 144?r 5 + 484n 4 - 744n 3 + 508n 2 - 120n)z^z,f 4 
+ (16?r 6 + 48?z 5 + 4n 4 - 72n 3 - 20n 2 + 24n)z^ 2 z 2 z ^' 2 ]• ( 3B - 6 ) 


From these we obtain the reduced energy shifts: 

A 1 E 0 = 6 ?r 2 + 6 n + 3, (3B.7) 

A 2 E 0 = —(16n 4 + 96n 3 + 212n 2 + 204n + 72) • i 
-(n 4 + 10?r 3 + 35n 2 + 50n + 24) • \ 

— (n 4 — 6 ?r 3 + ll?i 2 — 6 n) ■ zA 
-(16n 4 - 32n 3 + 20n 2 -4 n)-=j- 

= 2 ■ (34n 3 + 51n 2 + 59n + 21), (3B.8) 

A 3 E 0 = [(16n 6 + 240n 5 + 1444?r 4 + 4440n 3 + 7324n 2 + 6120n + 2016) • (± • \ + \ • ±) 
+(384n 5 + 2880n 4 + 8544n 3 + 12528n 2 + 9072n + 2592) • \ • i 
+(48n 5 + 600n 4 + 2880n 3 + 6600n 2 + 7152n + 2880) • \ ■ \ 

+(16n 6 - 144n 5 + 484n 4 - 744n 3 + 508n 2 - 120n )•\ ■ § 

+(—48?r 5 + 360n 4 - 960n 3 + 1080n 2 - 432n) 

+(16n 6 + 48n 5 + 4n 4 - 72n 3 - 20n 2 + 24n) ■ ± ■ i 
+(—384n 5 + 960n 4 - 864n 3 + 336n 2 - 48n) • \ ■ \ 

+ (16n 6 - 144n 5 + 484n 4 - 744n 3 + 508n 2 - 120n) 

+ (16n 6 + 48n 5 + 4n 4 - 72n 3 - 20?r 2 + 24n) • ± • zA] 

= 4 • 3 • (125n 4 + 250n 3 + 472?i 2 + 347n + 111). (3B.9) 
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Appendix 3C Recursion Relations for Perturbation 

Coefficients of Anharmonic Oscillator 

Bender and Wu 25 were the first to solve to high orders recursion relations for the perturbation 
coefficients of the ground state energy of an anharmonic oscillator with a potential x 2 /2 + gx 4 /4. 
Their relations are similar to Eqs. (3.537), (3.538), and (3.539), but not the same. Extending 
their method, we derive here a recursion relation for the perturbation coefficients of all energy 
levels of the anharmonic oscillator in any number of dimensions D, where the radial potential is 
1(1 + D — 2)/2r 2 + r 2 / 2 + (g/2)(a±r 4 + aer 6 + ... + CL 2 q x 2q ), where the first term is the centrifugal 
barrier of angular momentum l in D dimensions. We shall do this in several steps. 

3C.1 One-Dimensional Interaction a? 4 

In natural physical units with h=l,u)=l,M=l, the Schrodinger equation to be solved reads 
(-^ + lx 2 + gx 4 ) ^ n \x) = £ ( "¥ n) (a). (3C.1) 

At <7 = 0, this is solved by the harmonic oscillator wave functions 

ip (n \x,g = 0) = N n e~ x2/2 H n (x), (3C.2) 

with proper normalization constant N n , where H n (x) are the Hermite polynomial of nth degree 

n 

H n (x)=Y J K xP - (3C.3) 

p=0 

Generalizing this to the anharmonic case, we solve the Schrodinger equation (3C.1) with the power 
series ansatz 


OO 


1> w (x) = e-* a / 2 E(-fl) fc ^ n) (*), 

k—Q 

oo 

(3C.4) 

E(n) = Y l 9 kE k n) - 

(3C.5) 


k —0 


To make room for derivative symbols, the superscript of (x) is now dropped. Inserting (3C.4) 
and (3C.5) into (3C.1) and equating the coefficients of equal powers of g, we obtain the equations 

1 k 

x$' k (x) -n$k(x) = -$k(x) - x 4 $k-i{x) + E%P$ k -k'(x), (3C.6) 

k' = 1 

where we have inserted the unperturbed energy 

E^ ] =n+ 1/2, (3C.7) 

and defined <!>;,,(a?) = 0 for k < 0. The functions $fc(a;) are anharmonic versions of the Hermite 
polynomials. They turn out to be polynomials of (4 k + n)th degree: 

4 k+n 

Sfc(s) = E A k xP - (3C.8) 

p =0 


25 C.M. Bender and T.T. Wu, Phys. Rev. 184, 1231 (1969); Phys. Rev. D 7, 1620 (1973). 
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In a more explicit notation, the expansion coefficients A p k would of course carry the dropped 
superscript of <& k - All higher coefficients vanish: 

A k = 0 for p>4k + n+l. (3C.9) 

From the harmonic wave functions (3C.2), 

n 

$o(s) = N n H n [x) =N n J2 Kx p , (3C.10) 

p —0 

we see that the recursion starts with 

A p = h p N n . (3C.11) 

For levels with an even principal quantum number n , the functions <Ffc(a:) are symmetric. It is 
convenient to choose the normalization 0) = 1, such that N n = 1 //i° and 

A° k =S ok . (3C.12) 

For odd values of n, the wave functions 4?^ (a:) are antisymmetric. Here we choose the normalization 
V> (n), (0) = 3, so that N n = 3 /h\ and 

A\ = 36 0k . (3C.13) 

Defining 

A p = 0 for p < 0 or k < 0, (3C.14) 

we find from (3C.6), by comparing coefficients of x p , 

(P ~ n )^ k = ^(p + 2 )(p + l)^fe +2 + -4fc-1 + E ) A p k _ k ,. (3C.15) 

fc'=i 

The last term on the right-hand side arises after exchanging the order of summation as follows: 

k 4 (k—k')+n 4 k+n k 

E(- 1 ) fc '4" ) E = E E(- 1 ) fc '4" ) ^- fe '- (3c.i6) 

/c'=l p=0 p=0 fc' = l 

For even n, Eq. (3C.15) with p = 0 and fc > 0 yields [using (3C.14) and (3C.12)] the desired 
expansion coefficients of the energies 

E™ =-(-l) k Al (3C.17) 

For odd n, we take Eq. (3C.15) with p = 1 and odd k > 0 and find [using (3C.13) and (3C.14)] 
the expansion coefficients of the energies: 

= -(-1 ) k A\. (3C.18) 

For even n, the recursion relations (3C.15) obviously relate only coefficients carrying even 
indices with each other. It is therefore useful to set 

n = 2n' , p = 2p' , A 2 / = C p \ (3C.19) 


leading to 


2(p' - n’)C k = (2p' + l)(p' + 1 )C P ' +1 + Cl 


'-2 
k -1 


E ri 1 r'P 
^k'^k-k' 

k '=1 


(3C.20) 
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For odd n, the substitution 


n = 2nf + 1 , p=2p' + l, A 2p ' +1 = c{ , 

leads to 

2 (p' - n')c( = ( 2 p' + 3 )( P ' + 1 )c( +1 + c{z 2 E Cl,C p _ k ,. 

fe '=i 


(3C.21) 


(3C.22) 


The rewritten recursion relations (3C.20) and (3C.22) are the same for even and odd n, except 
for the prefactor of the coefficient C p + . The common initial values are 



h 2p //i 6 for 0 < p' < n', 
0 otherwise. 


(3C.23) 


The energy expansion coefficients are given in either case by 

E C) = (3C.24) 

The solution of the recursion relations proceeds in three steps as follows. Suppose we have 
calculated for some value of k all coefficients C p _ 1 for an upper index in the range 1 < p' < 
2(k — 1) + n'. 

In a first step, we find C p for 1 < p' < 2k + n' by solving Eq. (3C.20) or (3C.22), starting 
with p' = 2k + n! and lowering p' down to p' = n' + 1. Note that the knowledge of the coefficients 
C], (which determine the yet unknown energies and are contained in the last term of the recursion 
relations) is not required for p' > n' , since they are accompanied by factors Cq which vanish due 
to (3C.23). 

Next we use the recursion relation with p' = n' to find equations for the coefficients (7/ 
contained in the last term. The result is, for even k , 


cl = 


(2n' + l)(n / + l)C% +1 + C\ 


-in '—2 
y k-l 


k -1 

E /~il rxn 

Lsk'^k-k' 

k' = 1 


cn 


(3C.25) 


For odd k, the factor (2 n’ + 1) is replaced by (2 n’ + 3). These equations contain once more the 
coefficients . 

Finally, we take the recursion relations for p’ < n', and relate the coefficients CJ1 ,..., Cl to 
Cj™ . Combining the results we determine from Eq. (3C.24) all expansion coefficients E^\ 

The relations can easily be extended to interactions which are an arbitrary linear combination 

OO 

V(x) = E a 2 ne n x 2n . (3C.26) 

71=2 


A short Mathematica program solving the relations can be downloaded from the internet . 26 
The expansion coefficients have the remarkable property of growing, for large order k , like 


4 n) -> ?(-3) fc F(fc + n+ 1/2). (3C.27) 

tt \ n n\ 

This will be shown in Eq. (17.323). Such a factorial growth implies the perturbation expansion to 
have a zero radius of convergence. The reason for this will be explained in Section 17.10. At the 
expansion point g = 0, the energies possess an essential singularity. In order to extract meaningful 
numbers from a Taylor series expansion around such a singularity, it will be necessary to find a 
convergent resumnration method. This will be provided by the variational perturbation theory to 
be developed in Section 5.14. 

26 See http://www.physik.fu-berlin/~kleinert/b3/programs. 




356 


3 External Sources, Correlations, and Perturbation Theory 


3C.2 General One-Dimensional Interaction 

Consider now an arbirary interaction which is expandable in a power series 

OO 

v{x) = ^2 g k Vk+ 2 X k+2 - (3C.28) 

k=1 

Note that the coupling constant corresponds now to the square root of the previous one, the lowest 
interaction terms being gv 3 X 3 + g 2 v 4 x 4 + .... The powers of g count the number of loops of the 
associated Feynman diagrams. Then Eqs. (3C.6) and (3C.15) become 

k k 

*$;(*) - n$ k (x) = - J2 (-1 ) k ' v k' + 2 X k ' + 2 <S> k - k , + 53 (-1 fE^^-vix), (3C.29) 

k' = 1 k'=1 

and 

(P-»K = i(P + 2)(P+lMr 2 +E(-l)*'(3C.30) 

fe' = 1 fc' = l 

The expansion coefficients of the energies are, as before, given by (3C.17) and (3C.18) for even and 
odd n, respectively, but the recursion relation (3C.30) has to be solved now in full. 


3C.3 Cumulative Treatment of Interactions a? 4 and x 3 


There exists a slightly different recursive treatment which we shall illustrate for the simplest mixed 
interaction potential 

V(x) = —w 2 ir 2 + 9 V 3 X 3 + 9 2 v 4 X 4 ■ (3C.31) 

Instead of the ansatz (3C.4) we shall now factorize the wave function of the ground state as follows: 


V> ( n) (x ) 


(Mco\ 1 ^ [ Mix o 

exr r^r 



(3C.32) 


i.e., we allow for powers series expansion in the exponent: 


<t> {n \x) = ^g k (^ ) {x). 

k= 1 


(3C.33) 


We shall find that this expansion contains fewer terms than in the Bender-Wu expansion of the 
correction factor in Eq. (3C.4). For completeness, we keep here physical dimensions with explicit 
constants %,ix,M. 

Inserting (3C.32) into the Schrodinger equation 


~ h 2 d 2 
~2Mdx .2 + 


co 2 x 2 + gv 3 X 3 + g 2 v 4 x 




ip {n \x) = 0 , 


(3C.34) 


we obtain, after dropping everywhere the superscript (n), the differential equation for cj)( n \x): 

h 2 h 2 

_ 2M^ ,, ( a: ) + ~ 777 I ^^)] 2 + 9 V 3 X 3 + g 2 v 4 x 4 = nhu; + e, (3C.35) 

where e denotes the correction to the harmonic energy 


E = hui 



+ e. 


(3C.36) 
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We shall calculate e as a power series in g: 

OO 

e = Y,9 k e k - (3C.37) 

fc =1 

From now on we shall consuder only the ground state with n = 0. Inserting expansion (3C.33) into 
(3C.35), and comparing coefficients, we obtain the infinite set of differential equations for <j>k{ x )'- 

h 2 h 2 fc_1 

~2 + hujx< t > 'k( x ) ~ 9 ^ + 4,iu 3 a: 3 + 4,2« 4 a ; 4 = e fc . (3C.38) 

z =i 

Assuming that (f> k {x ) is a polynomial, we can show by induction that its degree cannot be greater 
than k + 2 , i.e., 


<t>k{x) = ^ c£> x m , with c= 0 for m > k + 2 , (3C.39) 

m =1 


(k) 

The lowest terms Cg ’ have been omitted since they will be determined at the end the normalization 
of the wave function ip(x). Inserting (3C.39) into (3C.38) for k = 1, we find 


Cl (1) = - 


f3 

Mix 2 ’ 


4 1} = o, 


(!) V3 n 

= ~3hw’ ei = 0 ' 


For k = 2, we obtain 


l 2 ) - n J 2 ) 7y2 


3 3 ^ 4 „(2) _ n (2) _ 

5 c 3 — c 4 — 


Cl °’ ° 2 8 M 2 w 4 4Mx 2 ’ " 3 

„ 2 fi 2 


t>4 


8MTux 3 4 Tux' 


11 Co n 3*q h 

£2 = - 3 + 


8M 3 x 4 4M 2 x 2 ‘ 

For the higher-order terms we must solve the recursion relations 


(3C.40) 


(3C.41) 

(3C.42) 


(k) (m + 2)(m+l)h ( fe ) h 0 \ (i) (fc -0 

V =- 7 — 77 -cl,, 2 + 7 — 77 — / / n ( TO + 2 — re) cl/ cl,, 2 _ 

m 2 mMix m+ - 2mMx ^ ^ y ’ n m+I 


cl/ = 


1=1 n= 1 




l 2 fe— 1 


M C2 2 M 


£4 


(0 Jk-l) 


(3C.43) 

(3C.44) 


Evaluating this for k = 3 yields 


( 3 ) _ 5cf?i. 6C3U 4 fi ( 3 ) _ n ( 3 ) _ 13*4 3c 3 u 4 

Cl ~~ M 4 x 7 M 3 ix 5 ’ C2 ~~ ’ ° 3 12M 3 w 6 2M 2 x 4 ’ 

r (3) = n r (3) = ^ , ^4 

4 ’ 5 10M 2 ?ku 5 5M?iw 3 


and for fc = 4: 


(3C.45) 


( 4 ) _ n ( 4 )_ 305*471 123c|u 4 7i 21vjh ( 4 )_ n ( 4 )_ 99*4 

Cl ’ C2 _ 32M 5 x 9 8M 4 x 7 8M 3 x 5 ’ C3 ’ ° 4 ~~ 64M 4 w 8 

J4) =0 (4)_ 5*4 vlv 4 v\ 

5 ’ 6 48M 3 hx 7 4M 2 hx 5 UMtux 3 ’ 

465*4^ 3 , 171**3*>47i 3 21 *)|7i 3 

64 = “ 32M 6 w 9 + 8M 5 x 7 8M 4 x 5 ' 


47*4 ^4 , Hf 2 
16Mw 6 + 16M 2 w 4 ’ 

(3C.46) 

(3C.47) 
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The general form of the coefficients is, now in natural units with U = 1, M = 1,: 


L&/2J k—2X \ 

C m = Z ; ,5fc/ 3 2-m/2-2A C ffA» wlth C Sa = 0 for TO > k + 2 ’ 01 ' A > 


A—0 


ffc/2J k—2XX 




= E 

A=0 


Vo V' A 


LX 


5fc/2-l-2A 


Cfc, A- 


(3C.48) 

(3C.49) 


This leads to the recursion relations 

(k) (m+2)(m+l) (fe) 1 ^ t , o WO (fe-0 

--ci-lo * + 9— 2^ 2^ 2^ n ( TO + 2 - n ) C n,A-A'w4*,AO 


A 


2?n 


m+2,A T 2m 


(3C.50) 


Z=1 n=l A'=0 


with = 0 for m > k + 2 or A > |_/c/2J. The starting values follow by comparing (3C.40) and 
(3C.41) with (3C.48): 


.U) _ _! 
1,0 — 

c (1) 

c 2,0 

= 0, 

c (1) - 

c 3,0 — 

l 

_ 3’ 


o' 

II 

s° 

r (2) 

= 0, 

J 2 ) - 

7 

r (2) - 

C l,l 

c 2,0 — 

8’ 

c 2,l — 

,( 2 ) _ Q 
'3,0 — u > 

J 2) 

= 0, 

r (2) - 

1 

J 2 ) - 

c 3,l 

c 4,0 — 

8’ 

c 4,l — 


(3C.51) 


(3C.52) 


The expansion coefficients x for the energy corrections e*, are obtained by inserting (3C.49) and 
(3C.48) into (3C.44) and going to natural units: 


1 


fe-1 A 




, _ _ r w _ i V V P l) A k ~ l 

’ A — C 2,A 9 /__J /_ l 1,A-A ,c 1,A' 


„(0 „(k -0 

l —1 A'=0 

Table 3.1 shows the nonzero even energy corrections tk up to the tenth order. 


(3C.53) 


3C.4 Ground-State Energy with External Current 

In the presence of a constant external current j, the time-independent Schrodinger reads 


M 


~ 2M^ (*) + ^7“ x + gVsX +9 V 4 X - jxj %/r(x) = Eip(x). 

For zero coupling constant g = 0, we may simply introduce the new variables x' and E'\ 


(3C.54) 


/ J 

x = x — 


„ and E' = E H--—-, 

Mix 2 2 Mu 2 


(3C.55) 


and the system becomes a harmonic oscillator in j/ with energy E' = tux/2. Thus we make the 
ansatz for the wave function 


ip(x) oc e^ x \ with <f>(x) = -J—x — x 2 + g k />k(x) 

nix 2 n 


(3C.56) 


fe=i 


and for the energy 


j- -2 °o 

E (j) = ~Y ~ 2M lx 2 + ^ 9 6k ' 


(3C.57) 


fc=l 
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k 

£fc 

2 

— llt >3 + 6V4 UJ 2 

8 w 4 

4 

465u| — 684u|r!4W 2 + 84r>|w 4 

32w 9 

6 

—39709^3 + 91014u|^ 4W 2 - 47308c|u|w 4 + 2664t>|w 6 

128w 14 

8 

-3(6416935uf - 19945048ufu 4 w 2 + 18373480w^w 4 
+4962400 u|u|w 6 164720v|w 8 )/(2048w 19 ) 

10 

(—2944491879^3° + 11565716526uf?;4W 2 - 15341262168uft>fw 4 
+7905514480^u|w 6 - 1320414512u|t>|w 8 + 29335392w|w 10 )/(8192w 24 ) 


Table 3.1 Expansion coefficients for the ground-state energy of the anharmonic oscillator 
(3C.31) up to the 10th order. 


The equations (3C.38) become now 


2 2 M 


2 k— 1 


1=1 


hidx - ) (j)' k {x) + 4, 1 V 3 X 3 + 4, 2 V 4 X A = e k - 

Muj 


The results are now for k = 1 


= - 


^3 


j 2 V 3 


Mu 2 Af 2 hui 5 ’ 


c (1) - - 


JV3 


2MTun 3 ’ 


(i) _ __C3_ _ 3Tijv 3 

C3 3/iw' 61 2Muj 3 


j 3 v 3 
M 3 w 6 ’ 


and for k = 2: 


Ci = 


.( 2 ) 

1 

4j 3 t>| 

5 jv 4 

j 3 v 4 



1 ~ 

4M 3 w 6 

M A Tun 9 

2 M 2 uj 4 

M 3 huj 7 ’ 



,( 2 ) 

7 c 2 

3j 2 v 2 

3 v 4 

jV 



'2 — 

8 M 2 lo 4 

2M 3 Hlj 7 

4Muj 2 

2M 2 Tiuj 5 ’ 



,( 2 ) 

jv 3 

j Vi 

J 2 ) 

U 4 



'3 — 

2 M 2 hu 5 

3MTun 3 ’ 

~ 4 8 MTiuj 3 4 Tun ’ 



C 2 = 

iih 2 vl 

27hj 2 v 2 

9j 4 u| 

3H 2 V4 

1 1 

3hj 2 V4 

•4 

3 V4 

8 M 3 w 4 

4MW 

2M 5 m lc 

1 4M 2 w 2 

M 3 u 5 

M 4 m 8 


Co = 


The recursive equations (3C.43) and (3C.44) become 
1 + 2 ){m + 1 )h ik.) ft 


,(k) ^ 


j{ 


_1)& (k) , _ 

2mMu> 771+2 2mMuj 

a + 1) (fc) 

Mmuj 2 Cm+1 ’ 


k—1 m+1 


X] n ( TO + 2 


— n)c^c^ k ^ 


J=1 n=l 


(3C.58) 


(3C.59) 


(3C.60) 


(3C.61) 
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Cfc 


3 % Jfc) _ 

Afw 1 M 2 


ft 2 

2M 


gcf’cS 1 -'' 

1=1 


(3C.62) 


Table 3.2 shows the energy corrections €k in the presence of an external current up to the sixth 
order using natural units, h = 1, M = 1. 


■a 


i 

t ’3j(2j 2 + 3 w 3 ) 

2 w 6 


2v4<x 2 (4j 4 + 12 j 2 cu 3 + 3a; 6 ) — u|(36 j 4 + 54 j 2 u> 3 + llw 6 ) 

8w 10 


v 3j[3v 2 (36j 4 + 63 j 2 co 3 + 22a; 6 ) — 2u 4 o; 2 (24j 4 + 66 j 2 w 3 + 31a> 6 )] 

4w 14 

4 

[36u3U 4 w 2 (112j 6 + 324jV + 212j 2 o> 6 + 19a; 9 ) 

-4u|w 4 (64j 6 + 264j 4 w 3 + 248 j 2 w 6 + 21a; 9 ) 

—3v|(2016j 6 + 4158/w 3 + 2112j 2 o; 6 + 155w 9 )]/(32w 10 ) 


u 3 j[27u|(1728j 6 + 4158j 4 w 3 + 2816j 2 w 6 + 465a; 9 ) 

+4u|w 4 (1536j' 6 + 6408j 4 w 3 + 7072j 2 w 6 + 1683a; 9 ) 

-12u|u 4 w 2 (3456j' 6 + 10908/w 3 + 9176j 2 o; 6 + 1817w 9 )]/(32w 22 ) 

6 

[8u|w 6 (1536j 8 + 8544j 6 w 3 + 14144j 4 w 6 + 6732j 2 w 9 + 333a; 12 ) 

—4u 2 u 2 w 4 (103680j 8 + 454032j 6 w 3 + 584928j 4 w 6 + 221706j V + 11827a; 12 ) 
+6^u 4 a; 2 (285120j 8 + 991224j 6 a; 3 + 1024224j 4 a; 6 + 323544j 2 a; 9 + 15169a; 12 ) 

-uf (1539648/ + 4266108j 6 a; 3 + 3649536j 4 a; 6 + 979290j 2 a; 9 + 39709a; 12 )]/(128a; 26 ) 


Table 3.2 Expansion coefficients for the ground-state energy of the anharmonic oscillator 
(3C.31) in the presence of an external current up to the 6th order. 


3C.5 Recursion Relation for Effective Potential 


It is possible to derive a recursion relation directly for the zero-temperature effective potential 
(5.259). To this we observe that according to Eq. (3.774), the fluctuating part of the effective 
potential is given by the Euclidean path integral 


o -0V$ f (x) _ 


J VSx exp (-^{A[X+5x}-A[X] - A x [X]Sx-V^ fX {X)6x'^j. (3C.63) 


This can be rewritten as [recall (3.771)] 


0 -P[vmx)-v(x)) 


VSx exp < — — 
n 


r np 


dr 


y «5i 2 (r) + V[X + Sx) - V(X) - V: s (X)6x 


(3C.64) 
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Going back to the integration variable x = X + 5x , and taking all terms depending only on X to 
the left-hand side, this becomes 

e -/3[VMx)-v: a (x)x] = £ x>x exp j- i 13 dr yi 2 (r) + V(x) - V^ s (X)x |. (3C.65) 

In the limit of zero temperature, the right-hand side is equal to e~^ E(0) ^ x \ where E^°\X) is the 
ground state of the Schrodinger equation associated with the path integral. Hence we obtain 

-^"0*0 + [V(x) - V^{X)x]i/>(x) = [V eS (X) - V: s (X)X]^(x). (3C.66) 

For the mixed interaction of the previous subsection, this reads 

+ 9V3x3 + 5,2 ^ 4a;4 _ V es( X ) x V’O) 

= [Heff(X) - V: S (X)X] Mx), (3C.67) 

and may be solved recursively. We expand the effective potential in powers of is expanded in the 
coupling constant g: 

OO 

V eS (X) =Y J 9 k V k {X), (3C.68) 

k =0 

and assume Vk(X) to be a polynomial in X : 

fc +2 

14 {X)=Y J C^ ) X m . (3C.69) 

m =0 

Comparison with Eq. (3C.54) shows that we may set j = Vl s {X) and calculate 14ff(X) — Vl s (X)X 
by analogy to the energy in (3C.57). Inserting the ansatz (3C.68), (3C.69) into (3C.67) we find all 
equations for 14(X) by comparing coefficients of g k and X m . It turns out that for even or odd k, 
also Vk{X) is even or odd in X, respectively. Table 3.3 shows the first six orders of the effective 
potential, which have been obtained in this way. 

The equations for VAX) are obtained as follows. We insert into (3C.67) the ansatz for the 
wave function ip{x) oc with 

. . MujX A fix 2 V - '' k I / \ mr~\ nr,\ 

Ax) = h X - —x 2 + 2^ 5 </>fc(x), (3C.70) 

k =1 

and expand 

I4 ff (X) = ^ + y W 2 X 2 + fyi4(X), (3C.71) 

fc =i 

to obtain the set of equations 



h 2 k ~ 1 

-^^2,<t>'k-i{ x )Ai{x) + hu}{x-X)<f/ k (x)-xVk{X) + 5 k ,IV 3 x 3 + 5 k , 2 u 4 x 4 
1= 1 

= V k {X) - VAX)X. (3C.72) 


From these we find for k = 1: 

(i)_ v 3 2v 3 X 2 ( i)_ 

1 2 Alx 2 fix ’ 2 


vA£ (l) 

2fux ’ 3 


V3 

3 fix ’ 


VAX) 


3v 3 n 
2 Afx 


+ v 3 X 3 , 


(3C.73) 




362 


3 External Sources, Correlations, and Perturbation Theory 



V k (X) 

0 

u w 2 ,^2 

2 + T X 

1 

v 3 X 3 + ^X 

2cu 

2 

4 v 2 (l + 9uX 2 ) + v 4 u 2 {3 + 12uX 2 ) 

VaX 4 u 4 

3 

v 3 X[3v§( 4 + QuX 2 ) - 2 v 4 u 2 {13 + 18wX 2 )] 

4uj 6 

4 

— [4t>|w 4 (21 + 104uX 2 + 72u 2 X 4 ) - 12v$v 4 u 2 (13 + 152wX 2 + 108w 2 X 4 ) 
+4(51 + 864wX 2 + 810 w 2 X 4 )]/(32w 9 ) 

5 

3w 3 X[94(51 + 256wX 2 + 126w 2 X 4 ) + 44w 4 (209 + 544wX 2 + 216w 2 X 4 ) 
-44 ^w 2 (341 + 1296wX 2 + 540w 2 X 4 )]/(32w 11 ) 

6 

[24ii|w 6 (111 + 836wX 2 + 1088w 2 X 4 + 288w 3 X 6 ) 

-36 v§v%u 4 (365 + 5654uX 2 + 8448u 2 X 4 + 2160u 3 X 6 ) 
+64c4W 2 (2129 + 46008wX 2 + 85248w 2 X 4 + 22680w 3 X 6 ) 

-4(333! + 90882wX 2 + 207360w 2 X 4 + 61236w 3 X 6 )]/(128w 14 ) 


Table 3.3 Effective potential of the anharmonic oscillator (3C.31) up to the 6th order, 
expanded in the coupling constant g (in natural units with Ti = 1 and M = 1). The lowest 
terms agree, of course, with the two-loop result (3.770). 


and for k = 2: 


.( 2 ) 

.( 2 ) 


V 2 (X) 


l3v%X 2v\X 3 | 7v 4 X | 3v 4 X 3 (2) v$ 3v 4 v 4 X 2 

~ 4M 2 w 4 ~~ Mhuj 3 + 2 Mu 2 + hu) ’ ° 2 ~ 8M 2 w 4 “ 4Mw 2 ~ 2Tiu ’ 
W4X (2) f 2 r>4 

2 MTujj 3 3hu>^ 4 8 Mfua 3 4hu' 

h 2 v 2 9hv 2 X 2 3h 2 v 4 3hv 4 X 2 4 

~~ 4M 3 u 4 “ 4M 2 w 3 + 4M 2 w 2 + Mw + ^ ' 


(3C.74) 

(3C.75) 


For k > 3, we must solve recursively 


cL fe) = 


„( fe ) 


(to + 2)(?n + l)7i (fe) 


fe—1 m+1 


(fc) _ u _y-y- f , 2-n)c^ l) c {k ~ l) 

2mMu m+2 + 2mMu> ^ ^ l[m + n) ° n ° m+2 


1=1 n=1 


X{m + 1) c (fc^ f or m > 2 and with c!£) = 0 for m > k + 2, 


m 


3?i 


-4 fc) + 2 Xc ( 2 k) + — 

Mu 3 2 Mu 


k -1 

£(< 




1=1 


hu 


v£(x), 


(3C.76) 

(3C.77) 
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L. 2 fc— 1 


V k (X) = --4 fe) - —Xcf - 2^X 2 4 fe) - (c ( 2 k ~ l) c[ l) + cf- l) cf) 


_ Ol_ y' c (o (fe-o 

9 M Z^ c i c i • 


(3C.78) 


The results are listed in Table 3.3. 

3C.6 Interaction r 4 in D -Dimensional Radial Oscillator 

It is easy to generalize these relations further to find the perturbation expansions for the eigenvalues 
of the radial Schrodinger equation of an anharmonic oscillator in D dimensions 

RR -- RfR+^ * R * H - *■>*.«• <»-> 

The case g = 0 will be solved in Section 9.2, with the energy eigenvalues 

£ (n) = 2ri + l + D/2 = n + D/2, n = 0,1,2,3,... ,1 = 0,1,2,3,.... (3C.80) 

For a fixed principal quantum number n = 2 n r + l, the angular momentum runs through l = 
0 , 2,.. ., n for even, and l = 1,3,..., n for odd n. There are (n + l)(n + 2)/2 degenerate levels. 
Removing a factor r l from i?„(r), and defining R n (r) = r l w n (r), the Schrodinger equation becomes 


Id 2 121 +D-1 d 1 2 g 

2 dr 2 2 r dr 2 4 


j- r + \/ + p) «>n(r) = £ (n W(r). (3C.81) 


The second term modifies the differential equation (3C.6) to 

k 

r+' k (r)-2n'+ k {r) = U>'/{r) + {21 + ° ~ 1] $ / fc (r)+r 4 <l> fc - 1 (r)+ ^ (-if + k _ k , (r). (3C.82) 

fe'=i 

The extra terms change the recursion relation (3C.15) into 

(p - 2n')A 1 k = -[{p + 2){p + 1) + (p + 2)(2 1 + D-l)]A/, +2 + A p k _\ + ^ (— l) k E k , RjR fc ,.(3C.83) 

k '=i 

For even n = 2n / + l with l = 0, 2,4,..., n, we normalize the wave functions by setting 

C£ = (2J + £>)5 0 fc, (3C.84) 

rather than (3C.12), and obtain 

k 

2(p' - n')c( = [(2 p' + 1) (p' +1) + (p' +1) (i + D/2 - l/2)]cf +1 + c£" 2 - £ CC p k _ k ,, (3C.85) 

fc'=i 

instead of (3C.20). 

For odd n = 2n' +1 with l = 1,3, 5,..., n, the equations analogous to (3C.13) and (3C.22) are 


Cl = 3(2 1 + D)6 0k 


(3C.86) 


2(p'-n')Cl=[(2p' + 3)(p' + l) + (p' + 3/2)(l + D/2-l/2)]Cl +1 + cR" 2 - £ cR fc ,. (3C.87) 


In either case, the expansion coefficients of the energy are given by 

(—l) fc 2/-KD + 1 x 


= - 


21+ D k ~ 


(3C.88) 
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3C.7 Interaction r 2c i in D Dimensions 

A further extension of the recursion relation applies to interactions gx 2q /4. Then Eqs. (3C.20) and 
(3C.22) are changed in the second terms on the right-hand side which become C% ~ q . In a first 
step, these equations are now solved for for 1 < p < qk + n , starting with p' = qk + n' and 
lowering p' down to p’ = n’ + 1. As before, the knowledge of the coefficients Cl (which determine 
the yet unknown energies and are contained in the last term of the recursion relations) is not 
required for p' > n'. The second and third steps are completely analogous to the case q = 2. 

The same generalization applies to the D-dimensional case. 

3C.8 Polynomial Interaction in D Dimensions 

If the Schrodinger equation has the general form 

1 d 2 1 P- 1 d 1(1 +D- 2) 1 2 

2 dr 2 2 r dr 2r 2 2 

+ ^(a, 4 r 4 + a 6 r 6 + ... + a 2q x 2q ) R n (r) = R n (r ), (3C.89) 

we simply have to replace in the recursion relations (3C.85) and (3C.87) the second term on the 
right-hand side as follows 

Cf_- 2 -»• a 4 Cf_~ 2 + a 6 cf_~ 3 + ... + a 2q cC7, (3C.90) 

and perform otherwise the same steps as for the potential gr 2q /4 alone. 


Appendix 3D Feynman Integrals for 0 

The calculation of the Feynman integrals (3.550) can be done straightforwardly with the help of 
the symbolic program Mathematica. The first integral in Eqs. (3.550) is trivial. The second and 
forth integrals are simple, since one overall integration over, say, t 3 yields merely a factor Tip, due 
to translational invariance of the integrand along the r-axis. The triple integrals can then be split 


m hi3 

dridT 2 dr 3 f(\n - r 2 |, |r 2 - r 3 |, |r 3 - ri|) 

n ft/3 

dndT 2 /(|ti-T2|,|t 2 |,|ti|) 

/ rhP pr2 rhfi rhfi 

= Hf 3 \ dr 2 dri/(r 2 - Ti,r 2 ,Ti) + / dr 2 / dri/(ri 

0 J 0 J 0 J r 2 


(3D.1) 


- T 2 ,r 2 ,n) 


to ensure that the arguments of the Green function have the same sign in each term. The lines 
represent the thermal correlation function 


r ( 2 ), m = h cosha;[|r — r'| — Tjfi/2] 
’ 2 Mu> sinh(wfi./3/2) 


(3D.2) 


With the dimensionless variable x = ujfift, the result for the cjuantities a(, L defined in (3.550) in 
the Feynman diagrams with L lines and V vertices is 


2 1 . x 

a = - coth —, 

2 2 

ai = - 3 — (x + sinhx) 

2 8 sinh 2 § V ; 


(3D.3) 
(3D.4) 
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a 


6 

3 


a 


8 

2 


a 


10 

3 


a 


12 

3 


a 


6 

2 


a 


8 

3 


a 


10 

3' 


1 1 

64 sinh 3 § 


256 sinh 4 § 


x x 3x x 

—3 cosh — + 2 x 2 cosh — + 3 cosh 2— + 6 x sinh — 


(6 x + 8 sinh x + sinh 2x ), 


1 


1 


+ 48 cosh 2 x + 3 cosh 3 x + 108 a; sinhx ), 


1 1 

24 sinh 2 § 
1 1 

72 sinh 3 § 


2304 sinh 4 § 


(5 +24coshx), 


x x 3x 

3 x cosh — + 9 sinh — + sinh — 


(30 x + 104 sinhx + 5 sinh2x). 


x x 3x 

-=— i —40 cosh — + 24 a; 2 cosh — + 35 cosh — 

4096 sinh 5 f V 2 2 2 

3x x 3x \ 

+ 5 cosh — + 72 x sinh— + 12 x sinh-2- ) , 
A z z j 

—--— ( — 48 + 32 x 2 — 3 cosh x + 8x 2 cosh x 

16384 sinh 6 f V 


(3D.5) 
(3D.6) 

(3D.7) 

(3D.8) 
(3D.9) 

(3D.10) 

(3D.11) 


For completeness, we have also listed the integrals a^a^, and ajj?, corresponding to the three 
diagrams 


<S>, ©■ 


(3D.12) 


respectively, which occur in perturbation expansions with a cubic interaction potential a; 3 . These 
will appear in a modified version in Chapter 5. 

In the low-temperature limit where x = uiTil3 —> oo, the x-dependent factors in Eqs. (3D.3)- 
(3D.11) converge towards the constants 

1/2, 1/4, 3/16, 1/32, 5/(8 • 2 5 ), 3/(8 - 2 6 ), 1/12, 1/18, 5/(9 • 2 5 ), (3D.13) 


respectively. From these numbers we deduce the relations (3.553) and, in addition, 


4^ 




10 


—> 



(3D.14) 


In the high-temperature limit x —> 0, the Feynman integrals fi./3(l/w)^ ~ 1 a 2 P with L lines and V 
vertices diverge like (3 V (1//3) L . The first V factors are due to the D-integrals over r, the second 
are the consequence of the product of n/2 factors a 2 . Thus, ctf behaves for x —> 0 like 


2 L 

a v oc 



(3D.15) 


Indeed, the x-dependent factors cty" in (3D.3)-(3D.ll) grow like 

a 2 ~ 1/x + x/12 + ..., 

« 1/x + x 3 /720, 

« 1/x + x 5 /30240+..., 
a% w 1/x 3 + x/120 — x 3 /3780 + x 5 /80640 + ..., 
af w 1/x 3 + x/240 — x 3 /15120 + x 7 /6652800 + ..., 
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af w 1/a; 4 + 1/240 + cc 2 /15120 — a: 6 /4989600 + 701 x 8 /34871316480 + ..., 
a% « l/a: 2 + a; 2 /240-x 4 /6048+..., 
a| w 1/a: 2 + x 2 /72Q — a; 6 /518400 + ..., 

« 1/a; 3 + a:/360 — a; 5 /1209600 + 629ir 9 /261534873600 + ... . (3D.16) 

For the temperature behavior of these Feynman integrals see Fig. 3.16. We have plotted the 
reduced Feynman integrals a^ L ( x) in which the low-temperature behaviors (3.553) and (3D.14) 
have been divided out of Oy . 

1.2 
1 

0.8 
0.6 
0.4 
0.2 

0d~~l02 - “OdE“EEE05 L/x 

Figure 3.16 Plot of reduced Feynman integrals ciy J {x) as a function of L/x = LkpT/hu. 
The integrals (3D.4)-(3D.ll) are indicated by decreasing dash-lengths. 



The integrals (3D.4) and (3D.5) for a\ and can be obtained from the integral (3D.3) for a 2 
by the operation 


n\M r ‘ 


d 

dix 2 


1 d 


n\M n V 2 oj dui 


(3D.17) 


with n = 1 and n = 2, respectively. This follows immediately from the fact that the Green function 


GL 2) (t,t') = 


1 


hM/3 


E 




W 2 + Ul 2 


(3D.18) 


with w 2 shifted to w 2 + Su 2 can be expanded into a geometric series 


pace-1.^mG^-^^r') = 


hM/3 


E - 

m=—oo 




pace! ,0cm + 


(Suj 2 \ 2 h 3 

V n ) « + ^ 2 ) 3 




Slo 2 h 2 
h (w^ + w 2 ) 2 

(3D.19) 


which corresponds to a series of convoluted r-integrals 


^( 2 ) 


(t, t') = G (2) (t, t') - EE f d Tl G {2) (t, ti)G£ 2) (n, t') 


(3D.20) 


/ msuj 2 \ 2 r hf) r Hi3 


I'hp rhp 

J J dT 1 dT 2 G ( ' 2) {T 1 T l )G ( ' 2 \T 1 ,T2)G (2) {T2 1 T') + ... . 


In the diagrammatic representation, the derivatives (3D.17) insert n points into a line. In quantum 
field theory, this operation is called a mass insertion. Similarly, the Feynman integral (3D.7) is 
obtained from (3D.6) via a differentiation (3D.17) with n = 1 [see the corresponding diagrams in 
(3.550)]. A factor 4 must be removed, since the differentiation inserts a point into each of the four 
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lines which are indistinguishable. Note that from these rules, we obtain directly the relations 1, 2, 
and 4 of (3.553). 

Note that the same type of expansion allows us to derive the three integrals from the one-loop 
diagram (3.549). After inserting (3D.20) into (3.549) and re-expanding the logarithm we find the 
series of Feynman integrals 


u 2 +Sui 2 

0—0 + 


MSuj 2 

h 




from which the integrals (3D.3)-(3D.5) can be extracted. As an example, consider the Feynman 
integral 

O = a 2- 

It is obtained from the second-order Taylor expansion term of the tracelog as follows: 

= Sp Gy 2 [-w- < 3D - 2i » 

A straightforward calculation, on the other hand, yields once more a \ of Eq. (3D.5). 
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4 

Semiclassical Time Evolution Amplitude 


The path integral approach renders a clear intuitive understanding of quantum- 
mechanical effects in terms of quantum fluctuations, exhibiting precisely how the 
laws of classical mechanics are modified by these fluctuations. In some limiting 
situations, the modifications may be small, for instance, if an electron in an atom 
is highly excited. Its wave packet encircles the nucleus in almost the same way 
as a point particle in classical mechanics. Then it is relatively easy to calculate 
quite accurate quantum-mechanical amplitudes by expanding them around classical 
expressions in powers of the fluctuation width. 


4.1 Wentzel-Kramers-Brillouin (WKB) 

Approximat ion 

In Schrodinger’s theory, an important step towards understanding the relation be¬ 
tween classical and quantum mechanics consists in proving that the center of a 
Schrodinger wave packet moves like a classical particle. The approach to the classical 
limit is described by the so-called eikonal approximation , or the Wentzel-Kramers- 
Brillouin approximation (short: WKB approximation ), which proceeds as follows: 


First, one rewrites the time-independent Schrodinger equation of a point particle 

r n 2 ' 


2 M 


V 2 - [E - V(x)] \ ^(x) = 0 


(4.1) 


in the form 




V'(x) = 0, 


where 

P(x) = V 2 M\E - T(xj] 

is the local classical momentum of the particle. 

In a second step, one re-expresses the wave function as an exponential 


(4.2) 

(4.3) 


ip (x) = e iS(x)/n . 


(4.4) 


369 




370 


4 Semiclassical Time Evolution Amplitude 


For the exponent S'(x), called the eikonal , the Schrodinger equation amounts to the 
a differential equation : 

-ihV 2 S{x) + [VS'(x)] 2 - p 2 (x) = 0. (4.5) 


To solve this equation approximately, one assumes that the function p(x) shows 
little relative change over the de Broglie wavelength 


2n _ 2ith 
k(x) p(x) ’ 


(4.6) 


i.e., 


27 th 
p(x) 


Vp(x) 

p(x) 


< 1 . 


(4.7) 


This condition is called the WKB condition. In the extreme case of p(x) being a 
constant the condition is certainly fulfilled and the Riccati equation is solved by the 
trivial eikonal 

S = px + const, (4.8) 


which makes (4.4) a plain wave. For slow variations, the first term in the Riccati 
equation is much smaller than the others and can be treated systematically in a 
“smoothness expansion”. Since the small ratio (4.7) carries a prefactor h, the Planck 
constant may be used to count the powers of the smallness parameter e, i.e., it may 
formally be considered as a small expansion parameter. 

The limit U —> 0 of the equation determines the lowest-order approximation to 
the eikonal, S'o(x), by 

[VS 0 (x)] 2 -p 2 (x) = 0. (4.9) 


Being independent of U, this is a classical equation. Indeed, it is equivalent to the 
Hamilton-Jacobi differential equation of classical mechanics: For time-independent 
systems, the action can be written as 


A(x,t) = S'o(x) — tE, (4-10) 

where S'o(x) is defined by 

S'o(x) = J dtp(t)x(t), (4.11) 

and E is the constant energy of the orbit under consideration. The action solves the 
Hamilton-Jacobi equation (1.64). In three dimensions, it is a function A(x.,t) of the 
orbital endpoints. According to Eq. (1.62), the derivative of A(x,t) is equal to the 
momentum p. Since A is a constant, the same thing holds for So(x,t). Hence 

p = VA(x) = VS 0 (x). (4.12) 


In terms of the action A, the Hamilton-Jacobi equation reads 

^iyv.4) 2 + V(x) = -8,A. 


(4.13) 
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By inserting Eqs. (4.10) and (4.12), we recover Eq. (4.9). This is why S'o(x) is also 
called the classical eikonal. 

The corrections to the classical eikonal are calculated most systematically by 
imagining % ^ 0 to be a small quantity and expanding the eikonal around Sq(x) in 
a power series in h: 

S = So - ihSi + + (~ihfs z + ... . (4.14) 


This is called the semiclassical expansion of the eikonal. Inserting it into the Riccati 
equation, we find the sequence of WKB equations 


C vs 0 ) 2 -p 2 = 0 , 
V 2 So + 2VSo ■ VSi = 0, 

V 2 ^ + (VSi) 2 + 2VS'o • VS 2 = 0, 
V 2 S 2 + 2V5i • VS 2 + 2 VS 0 • VS 3 = 0, 

n +1 

v 2 s n +Y.vs m -vs n+1 _ m = 0 , 

m =0 


(4.15) 


Note that these equations involve only the vectors 

q„ = V5' n (4.16) 

and allow for a successive determination of S 0 , Si, S 2 , ■ ■ ■ , giving higher and higher 
corrections to the eikonal S'(x). 

In one dimension we recognize in (4.5) the Riccati differential equation (2.547) 
fulfilled by d T S(x ), if we identify x with r\/2M, and v(r) with E — V(t), where 
(4.5) reads 

-ihd T [d T S(r)] + [<9 r 5(r)] 2 = p 2 (r) = v(r). (4.17) 

If we re-express the expansion terms (2.552) in terms of w(t) = \Jv(r) } we may 
replace w(t),w'(t), ... by p(x),p'(x), ... , and find directly 


Qo(x) 

q 2 {x) 

Qs(x) 


±p(x), qi(x) = -^ p ^ 


V' 


2 p(x) 4 (E - V ) ’ 


± 


1 p"{x) 3 p' 2 (x) 
4 p 2 (x) 8 p 3 (x) 


/2 


= =F 


4 V"(E - V) + 5V‘ 

~32V2M{E^V)^ 


= T p{x)g(x), 


2 9 ( x ) = 


15R' 3 + 18V'V"(E -V) + 4V m {E - Vf 


128 M(E - V ) 4 


(4.18) 


Note that q 2 (x) can also be written as 


<?2 (x) 


1 

4 S'(x) 
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where {h, x} denotes the so-called Schwartz derivative [1]: 


{h,x} 


tr__ 3 n^y 

77 ~~ 2 v77y 


(4.19) 


of the function h(x). The equation for q 2 {x) defines also the quantity g(x) = 
q 2 {x)/p(x) appearing in the equation for g 3 (x). 

It is useful to introduce also the expansion 

q(x) = S'(x) = q 0 (x ) + hgi(x) + h 2 q 2 (x) + ... . (4.20) 


Then the eikonal has the expansion 

S(x ) = J dxq(x) — ± j dxp(x)[ 1 + h 2 g(ir)] + h^[logp(a;) + h 2 g(ir)] ± ... . (4.21) 

Keeping only terms up to the order h, which is possible if h 2 |e(a;)| <C 1, we find the 
(as yet unnormalized) WKB wave function 


^wkb{x) = e ( i/Kir^V) = 


0 ±{i/ti) f x dx'p(x') 


p(x) 


(4.22) 


In the classically accessible regime V (. x ) < E, this is an oscillating wave function; 
in the inaccessible regime V(x) > E, it decreases or increases exponentially. The 
transition from one to the other is nontrivial since for V(x) ~ E, the WKB approx¬ 
imation breaks down. After some analytic work 1 , however, it is possible to derive 
simple connection rules for the linearly independent solutions. Let k(x) = p(x)/h 
in the oscillating regime and n{x) = \p(x)\/h in the exponential regime. Suppose 
that there is a crossover at x — a connecting an inaccessible regime on the left of 
x = a with an accessible one on the right. Then the connection rules are 


V{x) > E 


V(x) < E 

1 — f a dx'K 

—=e 

y/K 

i - yy 

2 

cos 

Vk 

(r dx'k 

\J a 

^ f a dx' K 

y/K 

a - y 

Vk smi 

^ j X dx'k 

In the opposite situation at the 

point x = 

b, they turn into 



V(x) < E 



a - > 

< - 


V{x) > E 


— I ' d x/ h 

e Jb 


K 


1 ffdxA 
— -e Jb 


K 


(4.23) 

(4.24) 


(4.25) 

(4.26) 


1 R.E. Langer, Phys. Rev. 51, 669 (1937). See also W.H. Furry, Phys. Rev. 71, 360 (1947), 
and the textbooks S. Fliigge, Practical Quantum Mechanics, Springer, Berlin, 1974; L.I. Schiff, 
Quantum Mechanics, McGraw-Hill, New York, 1955; N. Froman and P.O. Froman, JWKB- 
Approximation, North-Holland, Amsterdam, 1965. 
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The connection rules can be used safely only along the direction of the double arrows. 

For their derivation one solves the Schrodinger equation exactly in the neighbor¬ 
hood of the turning points where the potential rises or falls approximately linearly. 
These solutions are connected with adjacent WKB wave functions. The connection 
formulas can also be found directly by a formal trick: When approaching the dan¬ 
gerous turning points, one escapes into the complex x-plane and passes around the 
singularities at a finite distance. This has to be sufficiently large to preserve the 
WKB condition (4.7), but small enough to allow for the linear approximation of the 
potential near the turning point. Take for example the connection rule at x — b. 
When approaching the turning point at x — b from the right, the function n(x) is 
approximately proportional to \/x — b. Going around this zero in the upper com- 
plex half-plane takes k(x) into ik(x ) and the wave function y/n e -b K becomes 
dxk . Going around the turning point in the lower half-plane pro¬ 
duces e m / 4 \/fc 1 e t fb dxk . The sum of the two terms is 2\fk 1 cos(/^ dx'k — 7t/4). The 
argument does not show why one should use the sum rather than the average. This 
becomes clear only after a more detailed discussion found in quantum-mechanical 
textbooks 2 . The simplest derivation of the connection formulas is based on the 
large-distance behaviors (2.625) and (2.630) of wave the function to the right and 
left of a linearly rising potential and applying this to the linearly rising section of 
the general potential near the turning point. 

In a simple potential well, the function p{x) has two zeros, say one at x = a and 
one at x = b. The bound-state wave functions must satisfy the boundary condition 
to vanish exponentially fast at x = ±oo. Imposing these, the connection formulas 
lead to the semiclassical or Bohr-Sommerfeld quantization rule 

r b 

/ dx k(x) = (n + l/2)vr, n — 0, ±1, ±2,... . (4.27) 


J a 


It was pointed out by Dunham 3 that due to the square-root nature of the cut between 
a and b, this condition implies that the anticlockwise contour integral around the cut 
over the eikonal expansion (4.21) up to order h, where q(x) ~ ±p(x)+i(h/ 2) logp(x), 
is an integer multiple of Tv. 



2nnh. 


(4.28) 


The contour encloses the classical turning points and no other singularities of 
q(x). This property ensures the single-valuedness of the wave function ij){x) = 
exp [iS(x)/h] = exp[i/ dxq(x)/h] at the semiclassical level. 

Moreover, the single-valuedness is a necessary property to all orders in the ex¬ 
pansion (4.21). This makes (4.28) an exact quantization rule. 4 In fact, in Sub- 

2 See for example E. Merzbacher, Quantum Theory , John Wiley & Sons, New York, 1970, p. 122; 
M.L. Goldberger and K.M. Watson, Collision Theory , John Wiley & Sons, New York, 1964, p. 324. 
The analytic argument is given in L.D. Landau and E.M. Lifshitz, Quantum Mechanics, Pergamon, 
London, 1965, p. 158. 

3 J.L. Dunham, Phys. Rev. J t l, 21 (1932) 

4 J.R. Krieger and C. Rosenzweig, Phys. Rev. 164, 171 (1967). 
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section 4.9.6 we shall arrive at the quantization condition (4.28) from a different 
starting point and calculate vary accurate energy levels for the quartic potential 
gx 4 / 4 by evaluating (4.28) to high orders in h. 

Note that the first term —ihqi(x) in the semiclassical expansion (4.20) of q(x) = 
S'{x) contributes, via Cauchy’s residue theorem, a value — 7th to the contour integral 
(4.28). This expansion term can therefore be moved from the left- to the right-hand 
side of (4.28) by simply changing the right-hand side from 2nnk to 27r(n + \)h. This 
is the origin of the difference between the Bohr-Sommerfeld quantization condition 

(4.27) and the old the Bohr quantization condition which has only mi on the right- 
hand side of (4.27). Remarkably, the next odd expansion terms q^{x) is a pure 
derivative which does not contribute to the contour integral in (4.28) at all. Using 
all terms up to q^x), and applying partial integrations, the quantization condition 

(4.28) can be re-written as 


(E-V) 


1/2 


h 


v 


12 


32(U-U) 5 /2 


h 


4 49U' 4 -16 (E-V) 2 V'V'‘ 
2048 (E-U) 11 / 2 


+ .. T=27r(n+i)h, 


where U = Vtj\j2M. In terms of q 2 (x) = 2 Mq 2 (x) = E — V(x), this becomes 

= 2tt (n+±)h. (4.29) 


iL ^ 2 ^ 2 )' 2 

h A 

”49(g 2 )' 4 

16 {q 2 )'{q 2 )" r 


f 32 q 5 

2048 

q 11 

q 7 


For the harmonic oscillator, the semiclassical quantization rule (4.27) gives the 
exact energy levels. Indeed, for an energy E, the classical crossover points with 
V(xe) = E are 


x c 


±1 


I 2 E 
Mu 2 ’ 


(4.30) 


to be identified in (4.27) with a and b, respectively. Inserting further 


k(x) = tE. = (b-Imwv), 


we obtain the WKB approximation for the energy levels 

E 


/ xe pj 

dx'k(x) = —it = (n + 5 ) 7 r, 


(4.31) 


(4.32) 


which indeed coincides with the exact ones. Only nonnegative values n — 0,1,2,... 
lead to oscillatory waves. 

As an example consider the quartic potential V(x) = gx 4 /2 for which the 
Schrodinger equation cannot be solved exactly. Inserting this into equation (4.32), 
we obtain 


— I dxJ 2 M (E — gx 4 / 4) = v{E)it = (n + |)7r, 

n J—xe 


(4.33) 


—XE 
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with the turning points ±xg = ±(4 E/g) 1 ^. The integral is done using the formula 5 

f 1 dtp- 1 (l - t x ) v - 1 = \B(p/\, u) (4.34) 

Jo A 

which for p = 1, A = 4, and v = 3/2 yields (l/4)5(l/4,3/2), so that 
the left-hand side of Eq.(4.33) can be written with T( 1/4) = 27r/T(3/4)v / 2 as 
u(E)tt = £’ 3 /, 4 2 Af 1 / 2 7 r 3 // 2 / 3 % 1 / 4 r 2 ( 3 / 4 ), and (4.33) determines the energy with prin¬ 
cipal quantum numebr n in the Bohr-Sommerfeld approximation by the consition 
is(E) = n + \ resulting in 

EbS = hujK BS ’ ( 4 - 35 ) 

with 

1 / Q \ 4/3 

4 n s = (- J r8/3 ( 3 / 4 ) ( n + i) 4/3 ~ 0.688 253 702 x 2 (n + |) 4/3 . (4.36) 

This large-n result may be compared with the precise of = 0.667986... to be 
derived in Section 5.19 (see Table 5.9). 

If the potential contains a centrifugal term V c { (r) = /(/ + l)Ti 2 /2Mr 2 in addition 
to the potential V (x), the singularity at r — 0 is too strong to apply the WKB 
approximation. In addition, the factor ti 2 in front of this term ruins the systematics 
of the expansion terms (4.14) if one starts out with (VSo ) 2 = p 2 = 2 M[E — V — 
l(l + l)h 2 /2Mr 2 ]. In this situation, the semiclassical treatment needs a modification 
sketched. 

For a rotationally symmetric potential, the wave function in the Schrodinger 
equation (4.1) can be factorized into a radial part R{r)/r and spherical harmonic 
^Zm(0)0) [see (1.420)]. The radial wave function satisfies the radial Schrodinger 
equation 

-[E- V(r) - KfW] J R(r) = 0 . (4.37) 

In this equation, one moves the singularity at r = 0 to £ = — oo by a coordinate trans¬ 
formation r = e^, leading to the following nonsingular equation £(£) = e~^^ 2 R(e^): 

~^ d l - ? 2 (0 a(0 = 0. (4.38) 

with 

= e 2£ J = e 2£ |b - V(e«) - - A. -j .( 4 , 39 ) 

Inserting this into the quantization condition (4.29), only the Erst semiclassical 
term contributes, and all the higher terms vaish, leading to the exact energies for the 

5 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 3.251.1. 
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Coulomb potential V (r) = —e 2 /r with an additional centrifugal barrier V c {(x). They 
are the same as the energies obtained from the initial Bohr-Sommerfeld quantization 
condition (4.27) if we exchange the factor 1(1 + 1) in the centrifugal barrier by (/ + §) 2 . 
This exchange is called the Langer correction. For a one-dimensional hydrogen atom, 
the singularity of the Coulomb potential at r = 0 is also so strong that one must 


change the variable r to Inserting q 2 (C,) = e 2 ^ 
Sommerfeld quantization condition (4.27), we o 
terms of r, 


E + e 2 e~t - ie~ 2n 


into the Bohr- 


btain the equation, re-expressed in 


J (dr/r)\J 2 (— 1/8 + e 2 r + Er 2 ) = 


7T 7T 

2 + y/=2E 


= (n + 


7T, 


where r ffl) b are the turning points r a ,b = (e 2 =F y/2e 2 + E^j /(—4 E). For simplicity, 
we have gone to natural units with h — 1, M = 1. Thus we find the semiclassical 
energies E = —e 4 /2 n 2 (n = 1, 2, 3,...), which are exact. Without the 1/8-term from 
the variable change r = e^, the integral would have been equal to n /\J— 2E yielding 
the approximate energies E = —e 4 /2 (n + |) 2 . These will be derived once more from 
another semiclassical expansion at the end of Appendix 4A. 


4.2 Saddle Point Approximation 


Let us now look at the semiclassical expansion within the path integral approach to 
quantum mechanics. Consider the time evolution amplitude 

(x b t b \x a t a ) = j n.r< iA (4.40) 

imagining Planck’s constant U to be again a free parameter which is very small com¬ 
pared to the typical fluctuations of the action. With k appearing in the denominator 
of an imaginary exponent we see that in the limit % —> 0 , the path integral becomes 
a sum of rapidly oscillating terms which will approximately cancel each other. This 
phenomenon is known from ordinary integrals 


I 


dx 

\/2itTh 


e ia(x)/h 


(4.41) 


which converge to zero for h -A 0 according to the Riemann-Lebesgue lemma. The 
precise behavior is given by the saddle point expansion of integrals which we shall 
first recapitulate. 


4.2.1 Ordinary Integrals 

The evaluation of an integral of the type (4.41) proceeds for small h via the so-called 
saddle point approximation. In the limit ft —» 0, the integral is dominated by the 
extremum of the function a(x) with the smallest absolute value, call it x c ] (assuming 
it to be unique, for simplicity), where 

a!(x c i) = 0. (4.42) 
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In the path integral, the point x c j in this example corresponds to the classical orbit for 
which the functional derivative vanishes. This is the reason for using the subscript 
cl. For x near the extremum, the oscillations of the integrand are weakest. The 
leading oscillatory behavior of the integral is given by 

f°° -}t==e ia{x) l h const x e iaM/n , (4.43) 

J-oo yj2irih 

with a constant proportionality factor independent of h. This can be calculated by 
expanding a(x) around its extremum as 

a(x) = a(x ci) + ^a"(x c \)(5x) 2 + ^a ( 3 ) (z c i)(<fo ) 3 + ... , (4.44) 

where 5x = x — x c \ is the deviation from x c \. It is the analog of the quantum 
fluctuation introduced in Section 2 . 2 . Due to (4.42), the linear term in Sx is absent. 
If a"{x c i) 0 and the higher derivatives are neglected, the integral is of the Fresnel 
type and can be done, yielding 



dx 

\p 2 ntih 


e ia(x)/h 


) gia(xcl)/^ f d5x c ia"(x r] )(Sx) 2 /2h 
J —oo V27r ik 


e ia(x c i)/n 
\Ja"(x cl) 


(4.45) 


The right-hand side is the saddle point approximation to the integral (4.41). 

The saddle point approximation may be viewed as the consequence of the clas¬ 
sical limit of the exponential function: 


e ia(x)/h ^ ^ _ ( 4 . 46 ) 

y/a"(x ci) 

Corrections can be calculated perturbatively by expanding the integral in powers 
of h. leading to what is called the saddle point expansion. For this we expand the 
remaining exponent in powers of 8x: 


exp 


jr ^a (3) (x c i)(fe) 3 + ^a (4) (x d )(fe) 4 + ... | 


1 + h 


—a (3) (x c i)(5a;) 3 + — a (4) (x c i)(5a;) 4 + ... 


3! 


4! 


—a (3) (x c i) 2 (fe) 6 + ... 


r L 72 

and perform the resulting integrals of the type 


+ ... 


(4.47) 



dSx c ia" 

\Z2nih 


Ccl)(fc) 2 /2 h (fi x \ n 


(n — 1)!! 

[a"{x c i)]( 1+n )/ 2 

0, 


{ih) 


n/2 


n = even, 
n = odd. 


(4.48) 


Each factor Sx in (4.47) introduces a power yh/a"(x c \). This is the average relative 
size of the quantum fluctuations. The increasing powers of h ensure the decreasing 
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importance of the higher terms for small h. For instance, the fourth-order term 
(x c \)(8x) A / A\ is accompanied by h, and the lowest correction amounts to a factor 

3!! h (4.49) 


1 - ia {A) [x c i) 


4! [a"{x c \)Y 


The cubic term cd 3 )(a; c i)(<5a;) 3 /3! yields a factor 


1 + i[a (3) (a: cl )] 


,5!! n 


72 [a"(z cl )] 3 ' 

Thus we obtain the saddle point expansion to the integral is 


(4.50) 


dx 


0 ia(x)/fi _ 


e ia{x c \)/h 


1-00 \j2Ttih 


'(^cl) I 


ll -i 


ih 


1 a ( 4 )(x cl ) 5 [a( 3 )(z cl )] 


(3) ( 


8 [a"(a; cl )] 2 24 [a"(a; cl )] 3 


+ o(h 2 


(4.51) 

Expectation values in this integral can also be expanded in powers of h, for 
instance (x) = x c \ + (Sx) where 

1 a (3) (x c j) 


(Sx) = —ih 


h 2 


2 [a"(z cl )] 2 

2a( 3) (x cl )o (4) (x cl ) 5 [a (3) (x c i)] 3 1 fl (5) (i d ) 


+ G(h 3 ). (4.52) 


3 [a"(x c \)] A 8 [a"(x cl )] 5 8 [a"(x cl )] 3 _ 

Since the saddle point expansion is organized in powers of h, it corresponds precisely 
to the semiclassical expansion of the eikonal in the previous section. 

The saddle point expansion can be used for very small h to calculate an integral 
with increasing accuracy. It is impossible, however, to achieve arbitrary accuracy 
since the resulting series is divergent for all physically interesting systems. It is 
merely an asymptotic series whose usefulness decreases rapidly with an increasing 
size of the expansion parameter. A variational expansion must be used to achieve 
convergence. For more details, see Sections 5.15 and 17.9. 

An important property of the semiclassical approximation is that Fourier trans¬ 
formations become very simple. Consider the Fourier integral 

/* OO 

/ dxe- ipx/n e ia{x)/n . (4.53) 


For small K, this can be done in the saddle point approximation according to the 
rule (4.46), and obtain 



dxe~ ipx/n e ia{x)/h -A vS 


e i[a(x c i)-px c \}/h 

\Ja"(x c i) 


(4.54) 


where x c \ is now the extremum of the action with a source term p, i.e., it is deter¬ 
mined by the equation p = a'(x c i). Note that the formula holds also if the exponen¬ 
tial carries an ^-dependent prefactor, since the ^-dependence gives only corrections 
of the order of fi in the exponent: 



dxe~ ipx/h c(x)e ia{x)/n -A \/Mc(x d ) 


e i[a{x c i)-px c i\/h 

\ja"(x ci) 


(4.55) 
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If the equation p = a'(x c i) is inverted to find x c \ as a function a; c i(p), the exponent 
a(x c \) — px c \ may be considered as a function of p: 

b(p) = a(x ci) -px ci, p = a'(x d ). (4.56) 

This function is recognized as being the Legendre transform of the function a(x) 
[recall (1.9)]. 

The original function a(x) can be recovered from b(p) via an inverse Legendre 
transformation 

a(x) = b(p cl ) + xp ch x = -b'(p cl ). (4.57) 

This formalism is the basis for many thermodynamic calculations. For large sta¬ 
tistical systems, fluctuations of global properties such as the volume and the total 
internal energy are very small so that the saddle point approximation is very good. 
In this chapter, the formalism will be applied on many occasions. 


4.2.2 Path Integrals 

A similar saddle point expansion exists for the path integral (4.40). For small h, the 
amplitudes from the various paths will mostly cancel each other by interference. 
The dominant contribution comes from the functional regime where the oscillations 
are weakest, which is from extremum of the action 

8A[x\ = 0. (4.58) 

This gives the classical Euler-Lagrange equation of motion. For a point particle with 
the action 

ftb \ M o 

A[x] — / dt —x 2 — V(x) , (4.59) 

Jt a L 2 

it reads 

Mx = -V\x). (4.60) 

Let x c i(t) denote the classical orbit. After multiplying (4.60) by x, an integration in 
t yields the law of energy conservation 

E = + V (^ci) — const . (4.61) 

This implies that the classical momentum 

Pc\(t) = Mx c i(t) (4.62) 

can be written as 
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When solving the integral on the right-hand side we find for a given time interval 
t — t b — t a the energy for which a pair of positions x a ,x b can be connected by a 
classical orbit: 

E — E(x b , x a \ t b — t a ). (4.65) 

The classical action is given by 


A[z c i] 



V(x cl ) 



dt \p c i(t)x c i - H(p ch x c i)} 
dxp(x) - (t b - t a )E. 


(4.66) 


Just like E, the classical action is a function of x bl x a and t b — t a , to be denoted by 
A(x b ,x a ]t b — t a ), for which (4.66) reads more explicitly 

rxb 

A(x b ,x a ;t b -t a ) = dxp(x) - (4 - t a )E(x b ,x a ]t b - t a ). (4.67) 


Recalling (4.11), the first term on the right-hand side is seen to be the classical 
eikonai 

S(x b ,x a ]E) = / dxp(x ), (4.68) 

JXCL 

where E is the energy function (4.65) and p(x) is given by (4.3), 

The eikonai may be viewed as a functional Se[x] of paths x{t ) of a fixed energy, 
in which case it is extremal on the classical orbits. This was observed as early as 
1744 by Maupertius [2], The proof for this is quite simple: We insert the classical 
momentum (4.3) into Se [^'] and write 


S E [x] = jp{x)dx = J dtp(x)x = JdtL 


e{x,x) = 


dt\j2M[E — V(x)]x, (4.69) 


thus introducing a Lagrangian Le(x,x) for this problem. The associated Euler- 
Lagrange equation reads 


d d L e dL e 
dt dx dx 


(4.70) 


Inserting L^(x, x) = p(x)x we find the correct equation of motion p = —V'(x). 

There is an interesting geometrical aspect to this variational procedure. In order 
to see this let us go to D dimensions and write the eikonai (4.69) as 


Se[x] — f dtL E (x,-k) = J dt ■'(/)'. 


(4.71) 


with an energy-dependent metric 


0w(x) = p 2 E (x)Sij. 


(4.72) 
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Then the Euler-Lagrange equations for x(f) coincides with the equation (1.72) for 
the geodesics in a Riemannian space with a metric g t] (x). In this way, the dynamical 
problem has been reduced to a geometric problem. The metric g^(x) may be called 
dynamical metric of the space with respect to the potential K(x). This geometric 
view is further enhanced by the fact that the eikonal (4.69) is, in fact, independent 
of the parametrization of the trajectory. Instead of the time t we could have used 
any parameter r to describe x(r) and write the eikonal (4.69) as 

3e[x] = j dr sj gi^x^T)^^). (4.73) 


Einstein has certainly been inspired by this ancient description of classical trajec¬ 
tories when geometrizing the relativistic Kepler motion by attributing a dynamical 
Riemannian geometry to spacetime. 

It is worth pointing out a subtlety in this variational principle, in view of a 
closely related situation to be encountered later in Chapter 10. The variations are 
supposed to be carried out at a fixed energy 

£ = ^x 2 + K(x). (4.74) 

This is a nonholonomic constraint which destroys the independence of the variation 
5x(t ) and Sx. They are related by 

xdx = — — VK(x)hx. (4-75) 

It is, however, possible to regain the independence by allowing for a simultaneous 
variation of the time argument in x(f) when varying x(t). As a consequence, we 
can no longer employ the standard equality Sx = dSx/dt which is necessary for the 
derivation of the Euler-Lagrange equation (4.70). Instead, we calculate 


hx 


dx + ddx 
dt + d5t 



• d e 


(4.76) 


which shows that variation and time derivatives no longer commute with each other. 
Combining this with the relation (4.75) we see that the variations of x and x can 
be made independent if we vary t along the orbit according to the relation 


x 2 -f-df = x-f-dx + -77 VK (x)dx. 
dt dt M y ' 


(4.77) 


With (4.76), the variations of the eikonal (4.71) are 


<5S(e[x] — dt 


OLe d dL E 

-ax + ——ax 


d± dt 


<9x 



(4.78) 


where we have kept the usual commutativity of variation and time derivative of the 
time itself. In the second integral, we may set 


— L E + 



(4.79) 
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The function He arises from Le by the same combination of Lg(x, x) and 
dL e/ dx{x.,x) as in a Legendre transformation which brings a Lagrangian to the 
associated Hamiltonian [recall (1.13)]. Bnt in contrast to the usual procedure we do 
not eliminate x in favor of a canonical momentum variable OLe/Ox [recall (1.14)], 
i.e., the H E is a function H E (x,x). Note that it is not equal to the energy. 

The variation (4.78) shows that the extra variation dt of the time does not 
change the Euler-Lagrange equations for the above Lagrangian in Eq. (4.71), Le = 
\J2M[E — V (x)]x 2 . Being linear in x, the associated He vanishes identically, so 
that the second term disappears and we recover the ordinary equation of motion 


d dL e dL e 
dt dx <9x 


(4.80) 


In general, however, we must keep the second term. Expressing ddt/dt via (4.77), 
we find 


55r[x] = 


dt 

dt 


dL E x 

dx. E X 2 

OLe 


dt 


dx 


<9x 


ff s ~vv(x) 

x" 1 M 


dx, 


(4.81) 


and the general equation of motion becomes 


d_ 

dt 


dL E x 
8x E x 2 




(4.82) 


rather than (4.80). Let us illustrate this by rewriting the eikonal as a functional 

Se [x] = J dtL' E (x,x) — M J dtx 2 (t ), (4.83) 

which is the same functional as (4.69) as long as the energy E is kept fixed. If we 
insert the new Lagrangian L' E into (4.82), we obtain the correct equation of motion 


Mx = — W(x). 


(4.84) 


In this case, the equation of motion can actually be found more directly. We vary 
the eikonal (4.83) as follows: 


SSe [x] — M J Sdtx 2 + M J dtx6x + M J dtxdx. 

In the last term we insert the relation (4.76) and write 


5S , r[x] = M 


/ dtx—Sx — 

f dtx 2 —5t 

/ dt 

1 dt 


(4.85) 


(4.86) 


The two terms containing dt cancel each other, so that relation (4.77) is no longer 
needed. LIsing now (4.75), we obtain directly the equation of motion (4.84). 
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With the help of the eikonal (4.68), we write the classical action (4.66) as 

A{x h , x a ; t b - t a ) = S(x b , x a ; E ) - (t b - t a )E , (4.87) 

where E is given by (4.65). 

The action has the property that its derivatives with respect to the endpoints 
x b ,x a at a fixed t b — t a yield the initial and final classical momenta: 


-A(x b , x a ; t b - t a ) = ±p(x b , a ). 


(4.88) 


Indeed, the differentiation gives 


and using 


we see that 


f X b ( 
= P{x b ) + / dx- 

\Jxa 


- (4 - 4) 


dp(x) M 1 

d E p(x) x ’ 


r x b dp(x) pb , 

dx—— = dt — t b — 4, 


(4.89) 


(4.90) 


(4.91) 


so that the bracket in (4.89) vanishes, and (4.88) is indeed fulfilled [compare also 
(4.12)]. The relation (4.91) implies that the eikonal (4.68) has the energy derivative 


S(x b , x a , E'J t b t a 


(4.92) 


As a conjugate relation, the derivative of the action with respect to the time t b at 
fixed x b gives the energy with a minus sign [compare (4.10)]: 


-A(x b ,x a: t b E(x b ,x a ,t b 4)- 


(4.93) 


This is easily verified: 


f x b dp 

-A= / dx— - (4 - 4) 

) [yx a 0 £j 


E = -E. 


(4.94) 


Thus, the classical action function A(x b , x a ; 4 — 4) and the eikonal S(x b , x a ; E) are 
Legendre transforms of each other. 

The equation 


-\d x A) 2 + V(x) = d t A 


(4.95) 
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is, of course, the Hamilton-Jacobi equation (4.13) of classical mechanics. 

We have therefore found the leading term in the semiclassical approximation to 
the amplitude [corresponding to the approximation (4.43)]: 

(x b t b \x a t a ) const x (4.96) 

In general, this leading term will be multiplied by a fluctuation factor 

(■ x b t b \x a t a ) = e W*i»*a* b -ta)/h F ( Xbi Xa . tb _ ta y ( 4 . 97 ) 

In contrast to the purely harmonic case in Eq. (2.153) this will depend on the initial 
and final coordinates x a and x b . 

The calculation of the leading contribution to the fluctuation factor is the next 
step in the saddle point expansion of the path integral (4.40). For this we expand the 
action (4.59) in the neighborhood of the classical orbit in powers of the fluctuations 

8x{t) = x(t) — x c i(t). (4.98) 


This yields the fluctuation expansion 


A[x,x\ = A[x c i] + ^ dt f^^ Sx(t) 


8x(t) 

1 /■*»,,„ 8 3 A 

■— / dtdt dt 

3! Jt a 8x(t)8x(t')8x(t n 


(4.99) 


-5x{t)8x{t')8x{t") + . 


where all functional derivatives on the right-hand side are evaluated along the clas¬ 
sical orbit x(t) = x c \ (t). The linear term in the quantum fluctuation 8x(t) is absent 
since ^.[x, i;] is extremal at x c \(t). For a point particle, the quadratic term is 


1 

2 


rt b A2 A 

/ dtdt' 8x(t)8x(t') 

Jta 8x(t)8x(t') w v ; 




i V"(x d (t))(Sxy 


(4.100) 


Thus the fluctuations behave like those of a harmonic oscillator with a time- 
dependent frequency 


Si 2 « = Tv"'(* cl «). 

By definition, the fluctuations vanish at the endpoints: 


(4.101) 


8x(t a ) = 0 , 8x(t b ) = 0 . 


(4.102) 


If we include only the quadratic terms in the fluctuation expansion (4.99), we can 
integrate out the fluctuations in the path integral (4.40). Since x(t) and 8x{t) 
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differ only by a fixed additive function x c \(t), the measure of the path integral over 
x(t) transforms trivially into that over 8x(t). Thus we conclude that the leading 
semiclassical limit of the amplitude is given by the product 

(x b t b \x a t a ) sc = e lA{ - Xb ' Xa ’ tb ~ ta)/n F sc (x b , x a ; t b - t a ), (4.103) 

with the semiclassical fluctuation factor [compare (2.200)] 

Fsc(x b ,x a ;t b -t a ) = jvSx(t) exp j ^ ^ dt^-[Sx 2 - tt 2 (t)5x 2 ] j 

= . 1 det (~vv - n 2 (t))~ 1/2 

^2meTi/M 

In principle, we would now have to solve the differential equation 

[~dt - ti 2 {t)]y n (t) = [-d 2 - V"(x d (t))/M]y n (t) = X n y n (t), (4.105) 


/2tt ih(t b -t a )/M\ det (~ d t ~ W (t))' 


(4.104) 


and find the energies of the eigenmodes y n (t) of the fluctuations. The ratio of 
fluctuation determinants 

F = _ det <~ 3 ?) _ (4 106) 

d det(-a?-n 2 («)) 


in the second line of (4.104) would then be found from the product of ratios of 
eigenvalues, \ n /\° n) where are the eigenvalues of the differential equation 


- d 2 y n {t ) = A ° n y n (t). 


(4.107) 


Fortunately, we can save ourselves all this work using the Gelfand-Yaglom method 
of Section 2.4 which provides a much simpler and more direct way of calculating 
fluctuation determinants with a time-dependent frequency without the knowledge 
of the eigenvalues A n . 


4.3 Van Vleck-Pauli-Morette Determinant 

According to the Gelfand-Yaglom method of Section 2.4, a functional determinant 
of the form 

det (— d 2 — 12 2 (f)) 

is found by solving the differential equation (4.105) at zero eigenvalue 

[-d?-n 2 (t)]D a (t) = o, 


with the initial conditions 


D a (t a ) = 0, 


D a (t a ) = 1. 


(4.108) 
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Then D a {t b ) is the desired fluctuation determinant. In Eq. (2.240), we have con¬ 
structed the solution to these equations in terms of an arbitrary solution £(t) of the 
homogenous equation 

[~o> t 2 - 0 2 (t)]^(t) = 0 (4.109) 


as 

D „n = tmQ j‘‘ AE. (4.110) 

In general, it is difficult to find an analytic solution to Eq. (4.109). In the present 
fluctuation problem, however, the time-dependent frequency f1(f) has a special form 
f2 2 (t) = V"(x c \(t))/M of (4.101). We shall now prove that, just as in the purely 
harmonic action in Section 2.5, all information on the fluctuation determinant is 
contained in the classical orbit x c \(t), and ultimately in the mixed spatial derivatives 
d Xb d Xa of the classical action A(x b ,x a ]t b — t a ). In fact, the solution £(f) is simply 
equal to the velocity 


m = x c i (t). (4.iii) 

This is seen directly by differentiating the equation of motion (4.60) with respect to 
t, yielding 

dt[Mx cl + V'(x cl (t))} = \Md 2 t + V"(x cl (t))lxci(t) = 0, (4.112) 


which is precisely the homogenous differential equation (4.109) for x c \(t). 

There is a simple symmetry argument to understand (4.111) as a completely 
general consequence of the time translation invariance of the system. The fluctuation 
5x(t ) oc x c \ (t) describes an infinitesimal translation of the classical solution x c i(f) 
in time, x c \(t) -A x c \{t + e) = rr c i + ei' c i + ... . Interpreted as a translational 
fluctuation of the solution x c i(t) along the time axis it cannot carry any energy \ n 
and y 0 (t ) oc x c i(t) must therefore solve Eq. (4.105) with A 0 = 0. 

With the special solution (4.111), the functional determinant (4.110) becomes 

, , rh dt 

D reu = X c \(t b )x c \(t a ) / ~T2~77\ ■ (4.113) 

Jt a 

Note that also the Green-function of the quadratic fluctuations associated with 
Eq. (4.109) can be given explicitly in terms of the classical solution x c \ (t). For Dirich- 
let boundary conditions, it is equal to the combination (3.61) of the solutions D a (t) 
and D b (t) of the homogeneous differential equation (4.109) satisfying the boundary 
conditions (2.228) and (2.229), whose d’Alembert construction (2.239) becomes here 

pt dt rh dt 

D a (t) = x c i(t)x c i(t a ) / tj-ttt, D b(t ) = x c \(t b )x c \(t) / -rjTT- (4.114) 

J ta q\ \t) ^ ^ X cl yt J 


In Eqs. (2.252) and (2.269) we have found two simple expressions for the fluctu¬ 
ation determinant in terms of the classical action 


■D vpn 


' dx b 
dx n 


-i 


= -M 


d 2 


n -1 


dx b dx, 


-A 


-cl 


(4.115) 
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These were derived for purely quadratic actions with an arbitrary time-dependent 
frequency Q 2 (t). But they hold for any action. First, the equality between the 
second and third expression is a consequence of the general relation (4.88). Second, 
we may consider the semiclassical approximation to the path integral as an exact 
path integral associated with the lowest quadratic approximation to the action in 
(4.99), (4.100): 


rh 

A qu [x,x\ = A[x ci] + J dt 


M 


( Sx ) 2 + Q 2 (t)(5x) 


(4.116) 


with D 2 (t) = V"(x c \(t))/M of (4.101). Then, since the classical orbit running from 
x a to Xb satisfies the equation of motion (4.112), also a slightly different orbit (x c i + 
Sx c \)(t) from x' a = x a + Sx a to x' b = x a + Sx b satisfies (4.112). Although the small 
change of the classical orbit gives rise to a slightly different frequency O 2 (t) = 
V"({x c \ + Sx c \)(t))/M, this contributes only to second order in Sx a and Sx b . As a 
consequence, the derivative D a (t) = —dx b (t)/dx a satisfies Eq. (4.112) as well. Also 
the boundary conditions of D a (t) are the same as those of D a (t) in Eqs. (2.228). 
Hence the quantity D a {tb) is the correct fluctuation determinant also for the general 
action in the semiclassical approximation under study. 

Another way to derive this formula makes use of the general relation (4.88), from 
which we find 


d d 
dx b dx a 


A(x b ,x a -t b 


to) 


d . , M dE 
dx a P Xb p(x b )dx a 


(4.117) 


On the right-hand side we have suppressed the arguments of the function 
E(xb, x a ; tb — t a ). After rewriting 


dE 

dx n 


d d A 


d d A 


dx a dt b dt b dx a 

d , . M dE 
q, P\ x a) ~7 r q , j 

dtb P{Xa) dtb 


we see that 


dx b dx 

From (4.64) we calculate 


d d . I dE 

A(x b , x a , t b t a j — 


x(t b )x(t a ) dt b ' 


dE 

dt b 


'dt b ' 

dE 


-i 


r x b M dp 
< X fdE 


-l 


m M 2 
dx —r- 
x a P A 


-l 


» r f tb M 

~ M k 7 


-l 


1 db dt 

M Jta X 2 cl (t) 


-1 


(4.118) 


(4.119) 


(4.120) 


Inserting this into (4.119), we obtain once more formula (4.115) for the fluctuation 
determinant. 
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A relation following from (4.92): 


dE _ (d 2 S' 
~dt b ~ laE2 


-1 


(4.121) 


leads to an alternative expression 


Even — Mx c \(tb)i'cl(ta 


d 2 S 
' dE 2 ' 


(4.122) 


The fluctuation factor is therefore also here [recall the normalization from 
Eqs. (2.202), (2.204), and (2.212)] 


E{Xbi tai t a ) 


dx b 

dx n 


1/2 


y/2iti% 


'27t ih/M 

Its D -dimensional generalization of (4.123) is 

1 


-d Xb d Xa A(x b , x a ; t b -t a )] l/2 (4.123) 


F(x b ,x a ;t b -t a ) = ^ {det D [-d x i b d x J a A(x b ,x a -,t b -t a )\y /2 , 

V2nih 

and the semiclassical time evolution amplitude reads 


(4.124) 


(x b t b |x a t a 


1 


{det D [-(9 x i<9 a ,iA(x 6 ,x a ;4 - t a )]} 1/2 e U(X6,x “ ;4 ta)/h . (4.125) 


V^Ttih 


■D 


The D x D -determinant in the curly brackets is the so-called Van Vleck-Pauli- 
Morette determinant . 6 It is the analog of the determinant in the right-hand part 
of Eq. (2.270). As discussed there, the result is initially valid only as long as the 
fluctuation determinant is regular. Otherwise we must replace the determinant by 
its absolute value, and multiply the fluctuation factor by the phase factor e ~ lv / 2 
with the Maslov-Morse index v [see Eq. (2.271)]. Using the relation (4.88) in D 
dimensions 


d x id x i a A{yL b , x a ; t b - t a ) 


dxi ’ 


(4.126) 


we shall often write (4.125) as 


(x fe f b |x a f a ) 


1 

V2 itiU 


det£> 



1/2 

iA(x b ,X a ]t b -t a )/h 

C 5 


(4.127) 


where the subscripts a and b can be interchanged in the determinant, if the sign is 
changed [recall (2.252)]. This concludes the calculation of the semiclassical approx¬ 
imation to the time evolution amplitude. 

6 J.H. Van Vleck, Proc. Nat. Acad. Sci. (USA) 14, 178 (1928); W. Pauli, Selected Topics in 
Field Quantization, MIT Press, Cambridge, Mass. (1973); C. DeWitt-Morette, Phys. Rev. 81, 848 
(1951). 
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As a simple application, we use this formula to write down the semiclassical 
amplitude for a free particle and a harmonic oscillator. The first has the classical 
action 

A(x b , x a ; t b -t a ) = ^- _ X °^ , (4.128) 

Z tb t a 


and Eq. (4.115) gives 


Hit'll t b t a , 

as it should. The harmonic-oscillator action is 

Men 


(4.129) 


A(x bl x a: tb t a ) 


2 sin u(t b — t a ) 

and has the second derivative 


(xf, + x 2 a ) cos u(t b -to)-2x b xa , (4.130) 


Men 


dxt,d x A — -. , 

sin u(t b - t a ) 


(4.131) 


so that (4.123) coincides with fluctuation factor (2.216). 


4.4 Fundamental Composition Law for Semiclassical 
Time Evolution Amplitude 


The determinant ensures that the semiclassical approximation for the time evolution 
amplitude satisfies the fundamental composition law (2.4) in D dimensions 


N 

(x 6 4|x a t a ) = H 

n= 1 



N+l 


d D x r , 


J_ _[_ (?Z-ritn | x ? t ,_1 tn—1 / 


n= 1 


(4.132) 


if the intermediate x-integrals are evaluated in the saddle point approximation. To 
leading order in h, only those intermediate x-values contribute which lie on the clas¬ 
sical trajectory determined by the endpoints of the combined amplitude. To next 
order in k, the quadratic correction to the intermediate integrals renders an inverse 
square root of the fluctuation determinant. If two such amplitudes are connected 
with each other by an intermediate integration according to the composition law 
(4.132), the product of the two fluctuation factors turns into the correct fluctua¬ 
tion factor of the combined time interval. This is seen after rewriting the matrix 
d x id x i A(x b , x a ; t b — t a ) with the help of (4.12) as dp b /dx. a . The intermediate integral 
over x in the product of two amplitudes receives a contribution only from continuous 
paths since, at the saddle point, the adjacent momenta have to be equal: 


d_ 

<9x 


A(x 6 ,x;4 - t) + 


d_ 

<9x 


A(x, x a ; t 


t a ) 


-p'(x b , x; t b -t) + p(x, x a ; t - t a ) = 0. 

(4.133) 
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To obtain the combined amplitude, we obviously need the relation 


detn - 


dp b 


dx 


detn - 




dtf_ 

d x 

= det# 


+ 


Xf, 


<9p 

<9x 


detn - 


dp 


dx n 


dp b 


dx n 


(4.134) 


X 6 , 


where we have indicated explicitly the variables kept fixed in p'(x b ,x]t b — t) and 
p(x, x a ;t — t a ) when forming the partial derivatives. To prove (4.134), we use the 
product rule for determinants 


detn 1 I - 


dpb 


h D 


dx 


det# I - 


dp b 




dx n 


= detu 


<9x 


X&, 


<9x 0 


(4.135) 


x b J 


to rewrite (4.134) as 
<9p 


det 


D 


dx n 


i , , dp' 


X 6 


9p 

+ & 


det 


dx. 


D 


dXn 


P =P 


(4.136) 




This equation is true due to the chain rule of differentiation applied to the momen¬ 
tum p'(x;,, x;4 — t)= p(x, x a ;f — t a ), after expressing p(x, x a ;f — t a ) explicitly in 
terms of the variables X 5 and x a as p(x(x&, x a ; tb — £ a ),x a ;f — t a ), to enable us to 
hold X 5 fixed in the second partial derivative: 


dp' 


dp 

dp(x(x b , x a ; t b — t a ) 

5 t ta) 

dp 

9x a 

dp 

dx 

X6 

dx 

<9x 

Xb 

dx 

Xf, 

dx 

X 

dx 

X6 


(4.137) 

It may be expected, and can indeed be proved, that it is possible to proceed in 
the opposite direction and derive the semiclassical expressions (4.125) and (4.127) 
with the Van Vleck-Pauli-Morette determinant from the fundamental composition 
law (4.132).' 

In the semiclassical approximation, the composition law (4.132) can also be writ¬ 
ten as a temporal integral (in D dimensions) 


(x b t b \x a t a ) = j dt(x b t b \x c \(t)t) x c i(f) (x c i(f)f |x a f 0 ) (4.138) 

over a classical orbit x c i(f), where the t- integration is done in the saddle point 
approximation, assuming that the fluctuation determinant does not happen to be 
degenerate. 

Just as in the saddle point expansion of ordinary integrals, it is possible to 
calculate higher corrections in U. The result is a saddle point expansion of the path 

'H. Kleinert and B. Van den Bossche, Berlin preprint 2000 (http://www.physik.fu-ber- 
lin.de/~kleinert/301). 
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integral which is again a semiclassical expansion. The counting of the ^-powers is 
the same as for the integral. The lowest approximation is of the exponential form 
e iA c \/h' Thus, j n ti ie exponent, the leading term is of order 1/A 8 The fluctuation 
factor F contributes to this an additive term log F, which is of order h°. To first 
order in h, one hnds expressions containing the third and fourth functional derivative 
of the action in the expansion (4.99), corresponding to the expressions (4.49) and 
(4.50) in the integral. Unfortunately, the functional case offers little opportunity for 
further analytic corrections, so we shall not dwell on this more academic possibility. 


4.5 Semiclassical Fixed-Energy Amplitude 


As pointed out at the end of Subsection 4.2.1, we have observed that the semi¬ 
classical approximation allows for a simple evaluation of Fourier integrals. As an 
application of the rules presented there, let us evaluate the Fourier transform of the 
time evolution amplitude, the fixed-energy amplitude introduced in (1.311). It is 
given by the temporal integral 


{x b \x a ) E = 


| poo 

i / dt b [ d Xb d Xa A(xb, x a , tb A)] 
v 2mh J t a 

x e i[A{x b ,Xa,t b -ta) + (t. b -ta)E\/h 


(4.139) 


which may be evaluated in the same saddle point approximation as the path integral. 
The extremum lies at 

—A(x fe , x a ; t b - t a ) = -E. (4.140) 

Because of (4.93), the left-hand side is the function —E(x b ,x a ;t b — t a ). At the 
extremum, the time interval t b — t a is some function of the endpoints and the energy 
E: 

t b -t a = t(x b ,x a -,E). (4.141) 

The exponent is equal to the eikonal function S(x b , x a ] E) of Eq. (4.87), whose 
derivative with respect to the energy gives [recalling (4.92)] 

-^=S(x b , x a ; E) = t(x b , x a - E). (4.142) 

oE 

The expansion of the exponent around the extremum has the quadratic term 

(4.143) 

The time integral over t b yields a factor 


VFrrih 


d 2 A(x b ,x a ;t b -t a 
dtl 


- 1/2 


(4.144) 


8 Since h has the dimension of an action, the dimensionless number Ti/A c i should really be 
used as an appropriate dimensionless expansion parameter, but it has become customary to count 
directly the orders in Ti. 
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With this, the fixed-energy amplitude has precisely the form (4.55): 

(x b \x a ) E = \—d Xb d Xa A(x b , x a ; t)/ d 2 A(x b , x a \ f)] e ^(x b ,x a -,E)/n_ (4.145) 

Since the fluctuation factor has to be evaluated at a fixed energy E, it is advan¬ 
tageous to express it in terms of S(x b , x a ; E). For dfA, the evaluation is simple 
since 


d 2 A _ BE _ ( dty 1 _ fd 2 S\~ 1 
W ~ ~dt~ [dEj ~ ~ \~dEAJ 


(4.146) 


For d Xb d Xa A, we observe that the spatial derivatives of the action must be per¬ 
formed at a fixed time, so that a variation of x b implies also a change of the energy 
E(x b ,x a ]t). This is found from the condition 


which after inserting (4.142), goes over into 


d 2 S _ d 2 S d 2 S dE 
dEdx b dEdx b dE 2 dx b 


We now use the relation 


dA _ dS_ _ dE_ _ dS_ dS_dE_ _ dE_ , 

dx b dx b dx b dx b dE dx b dx b 


and find from it 


d 2 A _ d 2 S d 2 S dE 

dx b dx a t dx b dx a dx b dE dx a 

d 2 S _ d 2 S d 2 S / d 2 S 
dx b dx a dx a dE dx b dE / dE 2 ' 

Thus the fixed-energy amplitude (4.139) takes the simple form 

(x b \x a ) E = D y e iS{^E)/n^ 

with the 2 x 2 -determinant 


Dc = 


d 2 S 

d 2 S 

dx b dx a 

dEdx a 

d 2 S 

d 2 S 

dx b dE 

dE 2 


(4.147) 


(4.148) 


(4.150) 


(4.151) 


(4.152) 


The determinant can be simplified by the fact that a differentiation of the Hamilton- 
Jacobi equation 

< 4 - 153 > 
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with respect to x a leads to the equation 

dH d 2 S d 2 S .. 

dpi, dx b dx a dxbdx a 

It implies the vanishing of the upper left element in (4.152), reducing Dg to 

d 2 S d 2 S 
S dxbdE dx a dE' 

Since dS/dx bA = ±Pb,a and dp/dE = 1/x, one arrives at 

1 


(4.154) 


(4.155) 


Do = 


x b x a 


(4.156) 


Let us calculate the semiclassical fixed-energy amplitude for a free particle. The 
classical action function is 


d(Xfe, X a: tb t ( i) 


M (x b - x a f 


2 t b -t a 

so that the function E(x b , x a ; t b — t a ) is given by 

d M (x b - x a ) 2 M (x b - x a ) 2 


(4.157) 


E(Xb,X a ’,t b ~ t a ) = 


dt b 2 t b -t a 


2 ( tb-t a ) 2 ‘ 


(4.158) 


By a Legendre transformation, or directly from the defining equation (4.68), we 
calculate 


S(x b ,x a ]E) = y/2ME\x b - x a \- 

(4.159) 

From this we calculate the determinant (4.156) as 


M 

(4.160) 

E> s = —. 

' s 2E 

and the fixed-energy amplitude (4.151) becomes 


(■ x b \x a ) E = 

(4.161) 


4.6 Semiclassical Amplitude in Momentum Space 

The simple way of finding Fourier transforms in the semiclassical approximation 
can be used to derive easily amplitudes in momentum space. Consider first the 
time evolution amplitude (xbtb\x a t a ) sc . The momentum space version is given by 
the two-dimensional Fourier integral [recall (2.37) and insert (4.103)] 

(p b t b \Pata )sc = / dx 6 dx 0 e- i ^*^“ a: »)/ R e iA ( a! ‘> a: «: t »- t »)/ R F(x 6 ,a; a ;t b - t a ). (4.162) 
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The semiclassical evaluation according to the general rule (4.55) yields 
y/2itih 


(. Pbtb\Pata)sc — 


[~d Xb d Xa A(x b , x a ; t b - t 0 )] 1 / 2 e i [ A ( !Bk - s “; tfc - t “)- pfca:k+p “ a! “]/ R ,( 4 .163) 


\J det H 
where H is the matrix 

x a: t b t a ) d Xb d Xa A(x b , x a , t b t a 

9 Xa dxi,A(^X b , ‘^ai tb ta) A(xj,, X a: t b t a 


H = 


(4.164) 


The exponent must be evaluated at the extremum with respect to x b and x a , which 
lies at 


p b = d Xb A(x b ,x a ;t b - t a ), p a = -d Xh A(x b ,x a ]t b - t a ). (4.165) 

The exponent contains then the Legendre transform of the action A(x b ,x a ',t b — t a ) 
which depends naturally on p b and p a '- 


A(p b ,p a -,t b - t a ) = A(x b ,x a ;t b - t a ) - p b x b + p a x a . (4.166) 

The inverse Legendre transformation to (4.165) is 

x b d Pb A(x b , x a , t b t a ), x a d Xb A(x b) x a , t b t a ). (4.167) 


The important observation which greatly simplifies the result is that for a 2 x 2 
matrix H ab with (a, b = 1,2), the matrix element —H^/detH is equal to H\ 2 . By 
writing the matrix H and its inverse as 


H 


( dpb 
dx b 

dp a 

V dx b 


dpb \ 


( dx b dx b \ 

dx a 

H- 1 = 

dpb dp a 

dp a 

5 xx 

dx a dx a 

dx a ) 


\ dp b dpa / 


we see that, just as in the Eqs. (2.278) and (2.279): 


H -! _ faA _ d 2 A(p b ,p a ]t b - t a ) 
12 dp b dp b dp a 


(4.168) 


(4.169) 


As a result, the semiclassical time evolution amplitude in momentum space (4.163) 
takes the simple form 


iPbtbi\Pata)sc 


27 rk 
y/zitih 


dpbdp a A(pbi Pa] t b 


ta )] 1 / 2 e iA(j>b,Pa ' ,tb ~ t "d/ n 


(4.170) 


In D dimensions, this becomes 


(PbtblPata 


y/2itih 


D 


{det D [-(9 p i<9 p iA(p fc ,p a ;4 - t a )]} 


1/2 


,iA(p b ,p a ;tb—t a )/ti 


(4.171) 
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or 

(p b t b \p P t a ) = ~~_ D { det D [-^1 } 7 e ^(p fc .P-^-t-)/R, (4.172) 

vS l L 9x «J J 

these results being completely analogous to the x-space expression (4.125) and 
(4.127), respectively. As before, the subscripts a and b can be interchanged in 
the determinant. 

If we apply these formulas to the harmonic oscillator with a time-dependent 
frequency, we obtain precisely the amplitude (2.285). Thus in this case, the semi- 
classical time evolution amplitude ( p b t b \Pat a )sc happens to coincide with the exact 
one. 

For a free particle with the action A(x b ,x a ',tb — t a ) = M(x b — x a ) 2 /2{t b — t a ), 
the formula (4.163) cannot be applied since determinant of H vanishes, so that the 
saddle point approximation is inapplicable. The formal infinity one obtains when 
trying to apply Eq. (4.163) is a reflection of the 5-function in the exact expression 
(2.73), which has no semiclassical approximation. The Legendre transform of the 
action can, however, be calculated correctly and yields with the derivatives pb = 
d Xh A(x b , x a ; t b - t a ) =p a = - d Xa A(x b , x a ; t b - t a ) = M(x b - x a )/(t h ~t a )=p [recall 
(4.88)] the expression 

2 

A(p b ,p a ', t b - t a ) = -y(4 - t a ), (4.173) 

which agrees with the exponent of (2.73). 


4.7 Semiclassical Quantum-Mechanical Partition Function 


From the result (4.103) we can easily derive the quantum-mechanical partition func¬ 
tion (1.540) in semiclassical approximation: 

Zqm( t b -t a ) = j dx a (x a tb\x a t a ) sc = J dx a F(x a ,x a ;t b -t a )e lA{ - Xa ' Xa ' tb ~ ta)/h . (4.174) 

Within the semiclassical approximation the path integral, as the final trace integral 
may be performed using the saddle point approximation. At the saddle point one 
has [as in (4.133)] 


A(x a , x a , t b t a ) A(xfe, x a , t b t a ) T" r, A(x b j x a: t b t a ) 


= Pb ~Pa = 0, 


(4.175) 


i.e., only classical orbits contribute whose momenta are equal at the coinciding end¬ 
points. This restricts the orbits to periodic solutions of the equations of motion. 
The semiclassical limit selects, among all paths with x a = x b , the paths solving the 
equation of motion, ensuring the continuity of the internal momenta along these 
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paths. The integration in (4.174) enforces the equality of the initial and final mo¬ 
menta on these paths and permits a continuation of the equations of motion beyond 
the final time t b in a periodic fashion, leading to periodic orbits. Along each of these 
orbits, the energy E(x a ,x a ,tb — t a ) and the action A(x a ,x a ,tb — t a ) do not depend 
on the choice of x a . The phase factor e lA t Tl in the integral (4.174) is therefore a 
constant. The integral must be performed over a full period between the turning 
points of each orbit in the forward and backward direction. It contains a nontrivial 
x a -dependence only in the fluctuation factor. Thus, (4.174) can be written as 


■ZqM & ~ ta) ~ 


dx a F(xX a: tf) t a ) 


JA(x a ,Xa',t b -t a )/h 


(4.176) 


For the integration over the fluctuation factor we use the expression (4.123) and the 
equation 


d d , 1 d 2 A 

~n 7i x a , t b t a ) : : 0,2 > 

OXb OXa X b x a Ot b 


following from (4.119) and (4.93), and have 


F(x b , x a , t b t a ) 




0 2 A 


x(t b )x(t a ) dt\ 


1/2 


(4.177) 


(4.178) 


Inserting x a = x b leads to 


F(x a , x ai t b t a ) 


V^Ttih Xa 


d 2 A 

dt 2 b. 


1/2 


(4.179) 


The action of a periodic path does not depend on x a ,so that the x b - integration in 
(4.174) requires only integrating l/x a forward and back, which produces the total 
period: 


f x + 1 

t b t a 2 / dx a — 

Jx- X a 



dx 


M 

y/2M[E - V(x\ 


Hence we obtain from (4.174): 


Z%l(tb ta) 


tb t a 

d 2 A 

V^nitl 

dt 2 b 


1/2 

e iA{t b -ta)/ti-in 


(4.180) 


(4.181) 


There is a phase factor e~ m associated with a Maslov-Morse index v — 2, first in¬ 
troduced in the fluctuation factor (2.271). In the present context, this phase factor 
arises from the fact that when doing the integral (4.176), the periodic orbit passes 
through the turning points x_ and x + where the integrand of (4.180) becomes singu¬ 
lar, even though the integral remains finite. Near the turning points, the semiclas¬ 
sical approximation breaks down, as discussed in Section 4.1 in the context of the 
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WKB approximation to the Schrodinger equation. This breakdown required special 
attention in the derivation of the connection formulas relating the wave functions on 
one side of the turning points to those on the other side. There, the breakdown was 
circumvented by escaping into the complex x-plane. When going around the singu- 

larity in the clockwise sense, the prefactor lfp(x) = 1/ J2M(E — V(x)) acquired 
a phase factor e~ m ^ 2 . For a periodic orbit, both turning points had to be encircled 
producing twice this phase factor, which is precisely the phase e~ m given in (4.181). 

The result (4.181) takes an especially simple form after a Fourier transform 
action: 


ysc 

^QM 


roo 

(E) = / dt b e iE ^y h Z^(t b -t a ) 

d 2 A 


V2nih 


dibits t Q 


dill 


1/2 


0 i[A{t},—t a )+(tb—t a )E]/h—in 


(4.182) 


In the semiclassical approximation, the main contribution to the integral at a given 
energy E comes from the time where tb — t a is equal to the period of the particle 
orbit with this energy. It is determined as in (4.139) by the extremum of 


A(t b - t a ) + (t b - t a )E. (4.183) 

Thus it satisfies 

-J-.4(/,,-/„) - /-;. (4.184) 

ot b 

As in (4.140), the extremum determines the period tb — t a of the orbit with an 
energy E. It will be denoted by t(E). The second derivative of the exponent is 
( i/h)d 2 A(tb — t a )/dt 2 . For this reason, the quadratic correction in the saddle point 
approximation to the integral over t b cancels the corresponding prefactor in (4.182) 
and leads to the simple expression 

Z s £ m {E) = t(E)e i[m+ d E ) E V h ~™. (4.185) 

The exponent contains again the eikonal S(E) = A{t) +t(E)E, the Legendre trans¬ 
form of the action A(t) defined by 

S(E) = A(t) - (4.186) 

where the variable t has to be replaced by E(t) = —dA(t)/dt. Via the inverse 
Legendre transformation, the derivative dS(E)/dE = t leads back to 

Aif) = S(E) - A(4.187) 
Explicitly, S(E) is given by the integral (4.68): 

S(E) = 2 [ X+ dxp(x ) = 2 r + dx J2M[E -V(x)]. 

J X- J X- 


(4.188) 
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Finally, we have to take into account that the periodic orbit is repeatedly traversed 
for an arbitrary number of times. Each period yields a phase factor e iS ( E )/ h - m _ The 
sum is 

oo iS(E)/h 

Zqm(E) = T t(E)e"^ E ^ = -t(E) — , . (4.189) 

71=1 ' 

This expression possesses poles in the complex energy plane at points where the 
eikonal satisfies the condition 


S(E n ) = 2ith{n +1/2), n = 0, ±1, ±2,... . (4.190) 

This condition agrees precisely with the Bohr-Sommerfeld rule (4.27) for semiclas¬ 
sical quantization. At the poles, one has 


W~m s , {E ^_ En) 

Due to (4.92), the pole terms acquire the simple form 

Z%M (E) th 


E — E n 


(4.191) 


(4.192) 


From (4.189) we derive the density of states defined in (1.583). For this we use 
the general formula 

P(E) = disc Z qm (E), (4.193) 

where disc Zqm(E) is the discontinuity Zqm(E + ip) — Zqm(E — ip) across the 
singularities defined in Eq. (1.328). If we equip the energies E n in (4.192) with the 
usual small imaginary part —ip, we can also write (4.193) as 

p(E) = ^-R eZ QM (E). (4.194) 

Inserting here the Fourier representation (4.189), we obtain the semiclassical ap¬ 
proximation 

Psc(E) = cos {n[S(E)/h - 7r]} (4.195) 

Till (| , 

oo \ 

-1 + £ e in[S(E)/K-n] ( 4 . 196 ) 

n =—oo / 

We have added a A-symbol to this quantity since it is really the semiclasscial cor¬ 
rection to the classical density of states p{E), as we sail see in a moment. With the 
help of Poisson’s summation formula (1.197), this goes over into 


A Psc(E) = 


t(E) 

2tt h 


Aftc (E) = - 4 A + ®E S[S(E)/n - 2n(n + 1/2)]. (4.197) 

27 th n n= _ oc 
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The right-hand side contains ^-functions which are singular at the semiclassical 
energy values (4.190). Using once more the relation (4.92), the formula 5(ax) = 
a~ 1 S(x ) leads to the simple expression 


A p„(E) = 


ME) 

27 rh 


E S(E-E n 


(4.198) 


This result has a surprising property: Consider the spacing between the energy levels 

A E n 


A E n = E n - E n _ i = 2tt?i 


A S n 


(4.199) 


and average the sum in (4.198) over a small energy interval A E containing several 
energy levels. Then we obtain an average density of states: 


p av (U) = 


S'(E) t(E) 
2nh 2nh 


(4.200) 


It cancels precisely the first term in (4.198). Thus, the semiclassical formula (4.189) 
possesses a vanishing average density of states. This cannot be correct and we 
conclude that in the derivation of the formula, a contribution must have been over¬ 
looked. This contribution comes from the classical partition function. Within the 
above analysis of periodic orbits, there are also those which return to the point of 
departure after an infinitesimally small time (which leaves them with no time to 
fluctuate). The expansion (4.189) does not contain them, since the saddle point 
approximation to the time integration (4.182) used for its derivation fails at short 
times. The reason for this failure is the singular behavior of the fluctuation factor 
oc 1/(4 - t a ) 1/2 in (4.103). 

In order to recover the classical contribution, one simply uses the short-time 
amplitude in the form (2.349) to calculate the purely classical contribution to Z(E ): 


Z d (E) = J dx I 


dp 


ih 


2irh E — H(p , x)' 
This implies a classical contribution to the density of states 


Pc\(E) = J dxp c i(E-x), 


which is a spatial integral over the classical local density of states 

dp 


Pd(E;x) = J -^8[E - H(p,x)}. 


The 5-function in the integrand can be rewritten as 

M 


5(E-H(p,x )) = 


p(E;x) 


[6(p - p(E ; x)) + S(p + p(E; x))], 


(4.201) 


(4.202) 


(4.203) 


(4.204) 
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where p(E ; x) is the local momentum associated with the energy E 

p(E-x) = \J2M\E — V (#)], (4.205) 

which was dehned in (4.3), except that we have now added the energy to the ar¬ 
gument, to have a more explicit notation. It is then trivial to evaluate the integral 
(4.203) and (4.202) yielding the classical local density of states 

PA[E ' x)=: kpjb)< (4 - 206) 

and its integral 

pd{E) = I dx ^ = -^t(-E) = Pav(-E), (4.207) 

which coincides with the average classical density of states in (4.200). 

Thus the full semiclassical density of states consists of the sum of (4.198) and 
(4.207): 

Psc(E) = p c \(E) + Ap sc (E). (4.208) 

This has, on the average, the correct classical value. 

Note that by Eq. (4.200), the eikonal S(E) is related to the integral over the 
classical density of states p c \{E) by a factor 27rh: 

S(E) = 2it% [ E dE p c i(E). (4.209) 

J — OO 

Recalling the definition (1.587) of the number of states up to the energy E we see 
that 

S(E) = 2t rhN(E), (4.210) 

which shows that the Bohr-Sommerfeld quantization condition (4.190) is the semi¬ 
classical version of the completely general equation (1.588). 


4.8 Multi-Dimensional Systems 

The D-dimensional generalization of the classical partition function (4.201) reads 

d D p 


Z C \(E) = J d D x J 

and of the density of states (4.203): 


ih 


27 tfi E — H{ p, x) ’ 


Pd(E', x) = /t^^-^(P,x)]. 


(4.211) 


(4.212) 


(27T h) D 

The Hamiltonian of the standard form H( p, x) = p 2 /2M +V (x) allows us to perform 
the momentum integration by separating it into radial and angular parts, 

f d D p 


(2tt h) 


D 


= J dpp D 1 


dp. 


(4.213) 
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The angular integral yields the surface of a unit sphere in D dimensions: 

r 27T D / 2 

h =s ° = m>m- (4214) 

The 5-function 5(E — H( p,x)) can again be rewritten as in (4.204), which selects 
the momenta of magnitude 


p(E; x) = ^2M\E - V(x )'. 


(4.215) 


Thus we find 


Pd(E) = j d D x p c i(E]y.), 


(4.216) 


where p c i(E-,x) is the classical local density of states. 


Pd(E; x.) = S D 


M p D (E; x) 


2 M 


p 2 (E] x) (2itfi) D (4nk 2 ) D / 2 T(D/2) 


{2M[E-h(x)]} D/2 - 1 , (4.217) 


generalizing expression (4.207). The number of states with energies between E and 
E + dE in the volume element d D x is dEd 3 xp c \(E ; x). 

For completeness we state some features of the semiclassical results which appear 
when generalizing the theory to D dimensions. For a detailed derivation see the rich 
literature on this subject quoted at the end of the chapter. 

For an arbitrary number D of dimensions, the Van Vleck-Pauli-Morette deter¬ 
minant (4.124) takes the form 


F(x ft ,x a ;4 - t a ) = 


V27tih 


D 


det D [-d x id x jA(x b , x a ; t b - t a ) 


1/2 




(4.218) 


where v is the Maslov-Morse index. 

The fixed-energy amplitude becomes the sum over all periodic orbits: 9 

(x b |x a ) £ = £ \D S \D 2 e iS^ a ;E)in-^'i 2 ^ (4. 219 ) 

V2rtih p 

where S(x. bl x. a ] E) is the D -dimensional generalization of (4.68) and D$ the (D + 
1 ) x (D + l)-determinant: 


/ d 2 S 


D s = (—l) D+1 det 


<9x fe (9x a 

d 2 S 

V dx b dE 


d 2 S \ 
dEd^ a 
d 2 S 
d EdE 


(4.220) 


9 M.C. Gutzwiller, J. Math. Phys. 8, 1979 (1967); 11, 1791 (1970); 12, 343 (1971). 
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The factor (—1) D+1 makes the determinant positive for short trajectories. The index 
1 / differs from v by one unit if d 2 S/dE 2 = dt(E)/dE is negative. 

In D dimensions, the Hamilton-Jacobi equation leads to 


d H d 2 S 


dp b dx b dx a 


= x b • 


d 2 S 

dx h dx n 


= 0 , 


(4.221) 


instead of (4.154). Only the longitudinal projection of the ZJxZJ-matrix d 2 S / dx b dx a 
along the direction of motion vanishes now. In this direction 


Xf, • 


d 2 S 
dx h dE 


= 1 , 


so that the determinant (4.220) can be reduced to 

1 


Ds = 


X 6 x a 


rdet 


d 2 S \ 
d*bdXa) 


(4.222) 


(4.223) 


instead of (4.156). Here x^ a denotes the deviations from the orbit orthogonal to 
x ba , and we have used (2.290) to arrive at (4.223). 

As an example, let us write down the D- dimensional generalization of the free- 
particle amplitude (4.161). The eikonal is obviously 


S(x a ,x b , E) = V2ME\x b - x 0 |, 


(4.224) 


and the determinant (4.223) becomes 

_ M (2 ME)^- 1 ^ 2 

5 2 E |x a - Xbl 13 - 1 ' 


Thus we find 


(4.225) 


(x 6 |x a )£; = 


M 


(2 ME)<°-W4 


2 E (2iiih)( D ~ 1 ')/ 2 |x a — x,!^- 1 )/ 2 


(4.226) 


For D = 1, this reduces to (4.161). 

Note that the semiclassical result coincides with the large-distance behavior 
(1.359) of the exact result (1.355), since the semiclassical limit implies a large mo¬ 
menta k in the Bessel function (1.355). 

When calculating the partition function, one has to perform a U-dimensional 
integral over all x^ = x a . This is best decomposed into a one-dimensional integral 
along the orbit and a D — 1 -dimensional one orthogonal to it. The eikonal function 
S(x. ai x a ;E) is constant along the orbit, as in the one-dimensional case. When 
leaving the orbit, however, this is no longer true. The quadratic deviation of S 
orthogonal to the orbit is 


1 

2 


(x 


d 2 S(x , x; E) 



(4.227) 
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where the superscript T denotes the transposed vector to be multiplied from the 
left with the matrix in the middle. After the exact trace integration along the orbit 
and a quadratic approximation in the transversal direction for each primitive orbit, 
which is not repeated, we obtain the contribution to the partition function 


Z S c — t{E) 


d 2 S(x b ,x a -,E) 


<9xA<9x;J- 


1/2 


X5=X a = X 


d 2 S(x., x; E ) 


(9x- L <9x ± 


1/2 


E< 

n= 1 


D in[S (E)/h-inis/2] 


(4.228) 


where v is the Maslov-Morse index of the orbit. The ratio of the determinants is 
conveniently expressed in terms of the determinant of the so-called stability matrix 
M in phase space, which is introduced in classical mechanics as follows: 

Consider a classical orbit in phase space and vary slightly the initial point, mov¬ 
ing it orthogonally away from the orbit by Ax^Apf. This produces variations at 
the final point Ax^, Ap^, related to those at the initial point by the linear equation 


5x^ 


A B 
C D 



= M 



(4.229) 


The 2 (D — 1) x 2 (D — l)-dimensional matrix is the stability matrix M. It can be 
expressed in terms of the second derivatives of S'(x & , x a ; E). These appear in the 
relation 


6 Pa) = -a -b ) 

Spt ) V bT c J V 


(4.230) 


where a, b , and c are the (D — 1) x (D — 1)-dimensional matrices 


d 2 S d 2 S d 2 S 

3x19x1' “ 9x19x1' C “ 9x19x1' 


(4.231) 


From this one calculates the matrix elements of the stability matrix (4.229): 


A = —6 1 a, B = —b 1 , C — b T — cb 1 a, D = —cb x . (4.232) 


The stability properties of the classical orbits are classified by the eigenvalues of 
the stability matrix (4.229). In three dimensions, the eigenvalues are given by the 
zeros of the characteristic polynomial of the 4x4 -matrix M: 


P{ A) = |M - A| 


A - X 

B 


— b l a — A 

—b~ 1 

C 

D -A 


b T — cb~ 1 a 

-cb- 1 - A 


(4.233) 


The usual manipulations bring this to the form 


P(A) 


-b~ l a- A —b~ l 

1 

—a — A b —1 

b T + A -A 

~~W\ 

b T + (a + c)A + X 2 b 0 


1 

W\ 


b T + (a + c)A + A 2 b 


(4.234) 
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Precisely this expression appears, with X 5 = x a , in the prefactor of (4.228) if this is 
rewritten as 



d 2 S 

1/2 


dxfdxf 

x b ^x a =x 

d 2 S 

, ds dS 

d 2 s 1/2 


dx-b^b 


+ 


d*b dx a dXa&Xa 


x b =x a =x 


(4.235) 


Due to (4.232), this coincides with P(l) -1 / 2 . The semiclassical limit to the 
quantum-mechanical partition function takes therefore the simple form referred to 
as Gutzwiller’s trace formula 


1 „iS{E)—im//2 

Z SC (E) = t(E) p^y/2 •]_ _ e iS{E)-iiru/2- (4.236) 

The energy eigenvalues he at the poles and satisfy the quantization rules [compare 
(4.27), (4.190)] 

S(E n ) = 2tt h(n + i//4). (4.237) 

The eigenvalues of the stability matrix come always in pairs A, 1/A, as is obvious 
from (4.234). For this reason, one has to classify only two eigenvalues. These must 
be either both real or mutually complex-conjugate. One distinguishes the following 
cases: 


1 . elliptic , 


if 


A = e ix , e ~ ix , 


with a real phase x / 0 , 


2 . direct parabolic , 
inverse parabolic , 

3 . direct hyperbolic , 
inverse hyperbolic , 


A = 1, 

A = —1, 

A = e ±x , 

A = —e ±x , 


4. loxodromic , 


if A = e u±v . 


In these cases, 


pa) = n<A. - ikia -1) 

i= 1 


(4.238) 


has the values 


1 . 4siir(y/2), 

2. 0 or 4, 

3. — 4sinh 2 (x/2) or 4cosh 2 (y/2), 

4. 4sin[(« + v)/2] sin[(u — v)/2]. 
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Only in the parabolic case are the equations of motion integrablc, this being obvi¬ 
ously an exception rather than a rule, since it requires the fulfillment of the equation 
a + c = ±26. Actually, since the transverse part of the trace integration in the par¬ 
tition function results in a singular determinant in the denominator of (4.236), this 
case requires a careful treatment to arrive at the correct result. 10 In general, a sys¬ 
tem will show a mixture of elliptic and hyperbolic behavior, and the particle orbits 
exhibit what is called a smooth chaos. In the case of a purely hyperbolic behavior 
one speaks of a hard chaos , which is simpler to understand. The semi classical ap¬ 
proximation is based precisely on those orbits of a system which are exceptional in 
a chaotic system, namely, the periodic orbits. 

The expression (4.236) also serves to obtain the semiclassical density of states in 
.D-dimensional systems via Eq. (4.193). In D dimensions the paths, with vanishing 
length contribute to the partition function the classical expression [compare (4.211)]. 
Application of semiclassical formulas has led to surprisingly simple explanations 
of extremely complex experimental data on highly excited atomic spectra which 
classically behave in a chaotic manner. 

For completeness, let us also state the momentum space representation of the 
semiclassical fixed-energy amplitude (4.145). It is given by the momentum space 
analog of (4.219): 

(PjJPg)e = -)=£t V |I> s yVS<P,.P.;E)/ S -.,- / /2 i (4.239) 

v27t iTi v 

where S(pb, P± E) is the Legendre transform of the eikonal 

S(p b , p a ; E) = S(p b , p a ; E) - p fc x b ± p a x a , (4.240) 

evaluated at the classical momenta pf, = d p S(pb, p a ; E) and p a = d Pa S(pb,p a ] E). 
The determinant can be brought to the form: 


D s = | . .. . | det 

IPfcllPal 


d 2 S \ 

drift*)' 


(4.241) 


where p^ is the momentum orthogonal to p a . 

This formula cannot be applied to the free particle fixed-energy amplitude (3.219) 
for the same degeneracy reason as before. 

Higher 6,-corrections to the trace formula (4.236) have also been derived, but the 
resulting expressions are very complicated to handle. See the citations at the end 
of this chapter. 


4.9 Quantum Corrections to Classical Density of States 

There exists a simple way of calculating quantum corrections to the semiclassical 
expressions (4.207) and its D -dimensional generalization (4.216) for the density of 


10 M.V. Berry and M. Tabor, J. Phys. A 10, 371 (1977), Proc. Roy. Soc. A 356, 375 (1977). 
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states. To derive them we introduce an operator 5-function S(E — H) via the spectral 
representation 

5(E -H) = '£5(iE- E n )\n)(n\, (4.242) 

n 

where | n) are the eigenstates of the Hamiltonian operator H. The 5-function (4.242) 
has the Fourier representation [recall (1.193)] 


S(E — H) — 


dt 


D —i{H—E)t/h 


<-oo 27 tTl 


(4.243) 


Its matrix elements between eigenstates |x) of the position operator, 

r°° dt 


p(£; x ) = ( x |5(F;-iJ)i x ) = 


JEt/fr 


—oo 27 tTl 


x e 


-iHt/h\ 


X ), (4.244) 


define the quantum-mechanical local density of states. The amplitude on the right- 
hand side is the time evolution amplitude 


x e 


-iHt/h\ \ _ 


x) = (xf|xO), 


(4.245) 


which can be represented by a path integral as described in Chapter 2. In the 
semiclassical limit, only the short-time behavior of (xf|xO) is relevant. 

4.9.1 One-Dimensional Case 

For a one-dimensional harmonic oscillator, the short-time expansion of (4.245) can 
easily be derived. We shall to do this for a slightly generalized harmonic potential 
which contains also a linear term to 


V(x) = y (x 2 - 2a*) = y (x - a) 2 - ya 2 . 
Then the diagonal amplitude (4.245) becomes [see also (2.333)] 


(xt b \xt a ) = 


27 tih/M^ sin ^ 


u 


■ exp 


Mu f ut 

i —— tan — [x — a) 

I i \ Z 


uta 2 


(4.246) 


(4.247) 


For t = t b — t a < 1/u, we expand this in a power series of t as follows: 


(xt b \xt a ) = 


£—i^u) 2 {x 2 —2ax)t/h 


‘lit iht/M 


1 + 


+ 


tW 

12 

t 4 ta 4 


iM t 3 4 2 

X24 W (X - “> 

iM mV 2 


160 


% 1440 


ca 4 (* — a) 2 + ...>. (4.248) 


This expansion can be generalized to an arbitrary smooth potential V(x) if the 
exponential prefactor containing the harmonic potential is replaced by 


D —iV(x)t/h 


(4.249) 
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whereas c o 2 and co 4 x 2 are substituted as follows: 


u 


—>■ 


M 

1 


V"tx)> 


u\x-af -4 W2 [V\x)f. 


(4.250) 

(4.251) 


The presence of a is important for this identification. Without it we could not tell 
whether the harmonic term u 4 x 2 represents [ V'(x)] 2 /M 2 or 2 V(x)V"(x)/M 2 . Thus 
we find 


(xt b \xt a ) = 


p—iV (x)t/h f r 

u + 

2iriht/M { 


12 M 

t 4 

160 


V"(x) - - 


t J 


[V"(x)f 


h 24M 
i lit 5 


h 1440 M 


[V\x )] 2 

[V\x)] 2 V"{x) + ... 1 .( 4 . 252 ) 


For positive E — V(x), the integration along the real axis can be deformed into 
the upper complex plane to enclose the square-root cut along the positive imagi¬ 
nary f-axis in the anti-clockwise sense. Setting t — ir and using the fact that the 
discontinuity across a square root cut produces a factor two, the lowest three terms 
become 


p{E]x)= 2 f 
Jo 


oo dr e~^ E ~ v ^ r ^ n 


T 


0 


12 M 


V"(x)~- 


1 r 3 


n 24 M 


[V'{x)} 2 + ... .(4.253) 


The first term can easily be integrated for E > V(x), and yields the classical local 
density of states (4.207): 


Pd(E-,x) 


1 M 

~ h ^2\l\E - V{x) 


M 1 
nhp(E ; x) 


(4.254) 


In order to calculate the effect of the correction terms in the expansion (4.253), 
we observe that a factor r in the integrand is the same as a derivative hd/dV applied 
to the exponential. Thus we find directly the semiclassical expansion for the density 
of states (4.253), valid for E > V(x): 


p{E’i x) 



n 2 


12 M 


V"{x) 


d 2 

dV 2 


h 2 


24 M 


[H*)P 


d 3 

dV 3 



Pd(E]x). 


(4.255) 


Inserting (4.254) and performing the differentiations with respect to V we obtain 


p{E-,x) = 


fJdf 


n 2 


V"{x)- 


TThV 2 \[E-V(x)] l l 2 12 M y U[E-V(x)} 5 / 2 


h 2 


24 M 


[V\x)\ 


15 


8 [E — V(x)] 7 / 2 


+ ... .(4.256) 
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Note that the higher expansion terms contain powers of higher and higher gradients 
of the potential, ft is a so-called gradient expansion of the density of states. 

The integral over (4.256) yields a gradient expansion for p(E) [3] . The second 
term can be integrated by parts which, under the assumption that V (. x ) vanishes at 
the boundaries, simply changes the sign of the third term, so that we find 


P(E) 


1 [M r f 1 h 2 2 15 1 

nh V 2 J dX \ [E - R(x)] 1 / 2 + 24 M [V 8 [E - V{x)} 7 / 2 


>.(4.257) 


4.9.2 Arbitrary Dimensions 

In D dimensions, the short-time expansion of the time evolution amplitude (4.252) 
takes the form 


(xt b |xf a ) = 


0 —iV ( x)t/h 

2n iht/M 


1 + 


12 M 


VV(x) 




h 24 M 


;vh(x)] 2 +... 


(4.258) 


Recalling the ^/-prescription on page 115, according to which the singularity at t — 0 
has to be shifted slightly into the upper half plane by replacing t —> t — irj, we use 
the formula 11 


dt 


,v-\ 


-e ita = 0(a): 


.,-ar? 


i-oo 2n (it + rj) v J T{v) 

and obtain the obvious generalization of (4.255): 


Pin X) = (l - |;W(x' dl 


12 M 


dV 2 24 M 


h 2 d 3 

[ W(x)] 2 


dV 3 


(4.259) 


p d (E-,x), (4.260) 


where p c \(E-,x.) is the classical 71-dimensional local density of states (4.217). The 
way this appears here is quite different from that in the earlier classical calculation 
(4.212), which may be expressed with the help of the local momentum (4.215) as an 
integral 


Pd(B; x) = / Jmp 6[e - H{p ’ x)l = m X)1 (4 ’ 261) 

In order to see the relation to the appearance in (4.260) we insert the Fourier de¬ 
composition of the leading term of the short-time expansion of the time evolution 
amplitude 

(xt|x0) d = / J^E e ~ i[p2/2M+V{x)]t/h ( 4 - 262 ) 

11 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 3.382.6. The formula is easily derived by 
expressing {it + g)~ v = T _1 (^) f 0 °° dTT v ~ 1 e- r(it+ ^. 
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into the integral representation (4.244) which takes the form 



d D P -i\p 2 -p 2 (E;x)]t/2Mh 

{2nh) D 


(4.263) 


By doing the integral over the time first, the size of the momentum is fixed to 
the local momentum p 2 (D;x) resulting in the original representation (4.261). The 
expression (4.217) for the density of states, on the other hand, corresponds to first 
integrating over all momenta. The time integration selects from the result of this 
the correct local momenta p 2 (E ; x). 

This generalizes (4.256) to 


p(£;x) = 


/ M \ D/2 j 
\27rh 2 ) { 


T(D/2) 


[E - ^(x)]^ 2 - 1 


n 2 


12 M L 

h 2 

24 M 


V 2 !/ (x) 
Vl/(x)] 2 


T(D/ 2-2) 
1 

T{D/2 - 3) 


[E - l/(x)] D/2 - 3 
[E - y(x)] D/2 " 4 + 


(4.264) 


When integrating the density (4.264) over all x, the second term in the curly 
brackets can again be converted into the third term changing its sign, as in (4.257). 
The right-hand side can easily be integrated for all pure power potentials. This will 
be done in Appendix 4A. 


4.9.3 Bilocal Density of States 

It is useful to generalize the local density of states (4.244) and introduce a bilocal 
density of states: 


p(D;x;,,x a ) 


(x b \5(E - #)|x a ) = f ^-e lEt/n (x. b \e lHt/n \x a ) 

J— oo ZTTil 

l T~h elEt/h ( x ^|x;aO). (4.265) 

J —oo ZtT fl 


The semiclassical expansion requires now the nondiagonal version of the short-time 
expansions (4.258). For a .D-dimensional harmonic oscillator, the expansion (4.248) 
with a = 0 is generalized to 


(x 6 4|x a t a ) = 


iM t 3 


0 iM Ax 2 /2th 


-D 


2niht/M 




t 2 D 


12 


-u 


iM t 3 
'X24 


4-2 
CO x - 


iM t 
IT 24 


Ax 2 cn 2 


iM t 3 D 


U 1440 


9 4 oin 2 4 , t A ± A 

Ax^cn ———AxV H- „„„ -u --Ax 4 


h 288 


360 


1 

h 2 ' 


1152 


a; 4 x 2 + ... 


(4.266) 


where x = (x& + x a )/2 is the mean position of the two endpoints. In this expansion 
we have included all terms whose size is of the order f 4 , keeping in mind that Ax 2 
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is of the order h in a finite amplitude. Performing the substitutions (4.250) and 
(4.251), for a = 0, this expansion is generalized to 


(xt,4|x a t 0 ) = 


a iMAx 2 /2th 


yj 2'Itlht j M 


■D 


e -iV(x)t/H I i _|_ 


12 M 


V 2 F — 77777[VP] 2 - ~{Ax.V) 2 V 
h 24M J h 24 y ' 


t 6 


i M 


r 


360 M 2 


[V i V J P] 2 + i [W] : 


t z 


1152 h‘ 


-[AxiAxjT/kT7iV][AxkAxiViS7jV) + ... > .(4.267) 


where we have omitted the arguments x in all potentials. The substitution of the 
term Ax 2 Mu; 2 in (4.266) by 


Ax 2 Mu; 2 -> (AxV)V(x), 


(4.268) 


rather than Ax 2 V 2 T(x), follows from the fact that there is no factor D. The other 
substitutions follow similary. 

For a derivation without the substitution tricks (4.250), (4.251), (4.268), see 
Appendix 4B. 

A recursive calculation is possible by writing the amplitude as 

piMAx 2 /2t7i 

(xf|x'0) = —j 4(x,Ax,t), (4.269) 

yj2iriht/M 

with the the amplitude A(x, Ax';i), satisfying the differential equation 


hid t A(x, Ax'; t) 



V(x) 


A ——A xVA(x, Ax; t). 


(4.270) 


After expanding 

oo oo 

A(x, Ax; t) = 1 + X] t n Ax h ‘ ‘ ‘ Ax i P a £ ) ..,i P ( x )> (4.271) 

n= 1 p=0 

we can calculate the coefficients order by order in n and p. 

Inserting the amplitude (4.267) into the integral in Eq. (4.265), we obtain from 
the lowest expansion terms the bilocal density of states 


p{E] Xft, x a ) = 

x {l + 


r oo dt e iMAx 2 /2th 


,-i[V(x)-E]t/h 


-oo 2nh 

t 2 


12 M 


V 2 T(x 


2 niht/M 
i t 3 


W(x)] 2 


n 24M 


i t 
h 24 


(AxV) 2 E(x) + ...>. (4.272) 


The leading term is simply the time evolution amplitude of the free-particle in a 
constant potential V(x) which has the Fourier decomposition [recall (1.335)]: 
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(x b t b IxaOd = j (4.273) 

Indeed, inserting this into (4.265), and performing the integration over time, we find 

Pd(E; x,,, x„) = J -J^rgHE - H{p, x)) e ‘P<’-—>/». (4.274) 

Decomposing the momentum integral into radial and angular parts as in (4.213), we 
can integrate out the radial part as in (4.203), whereas the angular integral yields 
the following function of R — |x& — x a |: 

j dp e ip{Xb ~ Xa)/h = SoipR/h), (4.275) 

which is a direct generalization of the surface of a sphere in D dimensions (4.214). 
It reduces to it for p — 0. This integral will be calculated in Section 9.1. The result 

is 


Sd(z) = {2'k) DI2 J d/2 - 1 {z)/z d/2 \ 
where J v {z) are Bessel functions. For small z, these behave like 12 

(z/2Y 


Mz) 


r(^ + i r 


thus ensuring that Sr>{kR) is indeed equal to So at R = 0. 

Altogether, the classical limit of the bilocal density of states is 

1 \ D/2 , Vd/2-i(p(£; x)R/h) 
pc\ i x 6 , x a ) I _ , o 1 M 


\2t vh z 


(R/h ) D / 2 


-i 


At x ft = x a , this reduces to the density (4.212). 

In three dimensions, the Bessel function becomes 


(4.276) 


(4.277) 


(4.278) 


Ji/ 2 (z) = \ —sin z, 

W 7 TZ 


and (4.278) yields 


p cl (E;x b ,x a ) = 


2'nhf 


3/2 


M sin \p(E-,x)R/h\ 


T(3/2) y/2 R/h 

From the D-dimensional version of the short-time expansion (4.272) we 
after using once more the equivalence of t and ihd/dV , 


(4.279) 

(4.280) 
obtain, 


p(E] x b , x a ) = \ 1 


h 2 


12 M L 


V 2 D(x) 


d 2 


dV 2 24 M 


h 2 d 3 

'Vh (x )] 2 


dV 3 


^[(x 6 -x a ) V] 2 D(x)-^ + ... j p c i(E; x b , x a 


.(4.281) 


12 M. Abramowitz and I. Stegun, op. cit., Formula 9.1.7. 
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4.9.4 Gradient Expansions of Tracelog of Hamiltonian Operator 

Starting point is formula (1.590) for the tracelog of the Hamiltonian operator. By performing the 
trace in the local basis |x), we arrive at the useful formula involving the density of states (4.244) 


Tr log H 


d u x / dE p(E; x) log E. 


(4.282) 


Inserting here the classical density of states (4.217), the integral over the classical spectrum E £ 
(Eq,oo) can be performed, where E 0 is the bottom of the potential V(x), and yields the classical 
limit of the tracelog: 


„ r r°° / m \ D !' 1 r 

[Tr log H] c i = J d D xJ dEp cl (E-,x) logE = Jd D xI D/ 2 (E(x)), (4.283) 

where 

1 r°° 

I a (fo) = pyr / dE(E- H ) a_1 log E. (4.284) 

r(a) Jv 

The integrals /d/ 2 (H(x)) diverge, but can be calculated with the techniques explained in Section 
2.15 from the analytically regularized integrals 13 


I2(V) ee -L [°° dE (E - VT " 1 E-" = V^ T{ a + V \ (4.285) 

r («) Jv r (4) 

Since E~ v = 1 — 77 log.E + 0(r] 2 ), the coefficient of —77 in the Taylor series of I£(V) will yield the 
desired integral. Since 1 /T( 77 ) « 77 , we obtain directly 

I a (V) = -T(-a)V a , (4.286) 


so that (4.283) becomes 

[Tr log H] c \ = - 


/ m \ r 

n-DW) d D x[V{*)} D/ \ (4.287) 


The same result can be obtained with the help of formulas (4.244), (4.258), and (2.506) as 


[Tr log H] c \ = - I d 


.d 


dE 


f°° dt e it ^ E - v ^ /h f°° dt' 

i 2nh (2iriTit/M) D / 2 J Q t' 


—iEt'/h 


(4.288) 


Integrating over the energy yields 


[Tr log 14] cl = - 



dt 1 
t ( 2'Kitit/M ) D / 2 


e ~itV(x)/h 


(4.289) 


Deforming the contour of integration by the substitution t = —ir, we arrive at the integral repre¬ 
sentation of the Gamma function (2.498) which reproduces immediately the result (4.287). 

The full quantum mechanical expression for the trace log contains the diagonal time evolution 
amplitude 

Tr log H = — J d D x j{x\e- i6t/n \x). (4.290) 


Inserting here the short-time expansion (4.258), we obtain the semiclassical expansion for the trace 
of the logarithm. If the factors t n in the integrand are repaced by derivatives with respect to the 


13 I.S. Gradshteyn and I.M. Ryzhik, op. cit. : Formula 3.196.2. 
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potential V (x), we obtain the semiclassical expansion containing the prefactor in curly brackets in 
the expansion (4.260): 


Tr log H = — 


M 


D/2 


2ttTl~ 

d D x l 1 — 


n-o/2) 

h 2 N d 2 


12 M 


V 2 V{> 


n 2 


dV 2 24 M 


[W(x)] 2 ^ + ...}[F(x)] c / 2 . (4.291) 


The second term can be integrated by parts, which replaces V 2 V(x) — [W (x)] 2 d / dV, so that 

we obtain the gradient expansion 


Tr log H = — 


M 

2irTf 


D/2 


T(—D/2) / d u x { 1 + 


24 M 


[Vb(x)] ; 


d 3 

dV 3 


[V(x)] 


D/2 


The expression in curly brackets can obviously be replaced by 

L K 2 r(3-£>/2) [W(x)] 2 
X 24 M T(—D/2) [^(x)] 3 

In one dimension and with M = 1/2, this amounts to the formula 

ft 2 [V'W? 

32 V 3 {x) 


Trlog[—?i 2 9 2 +V(x)} = i J dx\JV(x) |l + 


(4.292) 


(4.293) 


(4.294) 


It is a useful exercise to rederive this with the help of the Gelfand-Yaglom method in Section 2.4. 

There exists another method for deriving the gradient expansion (4.291). We split V^x) into 
a constant term V and a small x-dependent term (5V(x), and rewrite 


Tr log 


~2M V +VM 


= Trlog 


-wC 2 + v+SVU] 


= Tr log ( - — V 2 + V ) + Trlog (1 + A y SV) 


where Ay denotes the functional matrix 

= (-£i v2+v ) ’= 


d u p e 


ip(x—x.)/h 


(27 Th) D p 2 /2 M + V 


= Ay(x — x'). 


(4.295) 


(4.296) 


This coincides with the fixed-energy amplitude (i/h)(x.\x.’)E at E = —V [recall Eq. (1.348)]. 

The first term in (4.295) is equal to (4.287) if we replace V(x) in that expression by the 
constant V, so that we may write 


Tr log H = [Trlog H] cl 
We now expand the remainder 


V(x)->V 


+ Trlog (1 + Ay SV). 


Trlog(l +A y <W) =TrA v 6V- -Tr (Ay <5E) 2 + ... , 
and evaluate the expansion terms. The first term is simply 

TrAy<5E = J dPx Ay(x, x)<5y(x) = Ay(0) J d D x5V{x). 

where 

Ay(0) = / (2 t xh) D p 2 /2 M + V = ay [ Trlog ^ cl lv(x)^V 


(4.297) 


(4.298) 


(4.299) 


(4.300) 
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The result of the integration was given in Eq. (1.352). 

The second term in the remainder (4.298) reads explicitly 

d D x J d D x' Ay(x, x , )4E(x , )Ay(x',x)5E(x). (4.301) 

We now make use of the operator relation 


-tlMA v6V? = -tJ 


[f(A),B] = f'{A)[A,B] -f"(A)[A, [A, B}\ + ... , 


to expand 


SV Ay = Ay 5V + Ay 


T, 6V 


A 3 

AAy 


T, [T,6V] 


(4.302) 


(4.303) 


where T is the operator of the kinetic energy p 2 /2 M. It commutes with any function /(x) as 
follows: 


[T,f] 
[T, [T,f]} 


-^[(V 2 / )+2(V / )-V], (4.304) 

^ { [(V 2 ) 2 /] + 4[VV 2 /] • V + 4[V i V i /]V i V J -} , (4.305) 


Inserting this into (4.301), we obtain a first contribution 

— ^ J d D x J dPx' Ay(x, x , )Ay(x / ,x)[(5I4(x)] 2 . (4.306) 

The spatial integrals are performed by going to momentum space, where we derive the general 
formula 


d u x / d u x !••• / d u x n Ay(x,xi)Ay(xi,x 2 ) • • • Ay(x„_i,x„)Ay(x„,x) 


d D p 


1 


This simplifies (4.306) to 


{2'kTi) d ( p 2 /2M +V) n+1 n\ 


i<9yAy(0) J d D x[SV(x)} 2 


(- 1) 71 

1 J—dy Ay( 0 ). 


(4.307) 


(4.308) 


We may now combine the non-gradient terms of <5E(x) consisting of the first term in (4.297), 
of (4.299), and of (4.308), and replace in the latter Ay(0) according to (4.300), to obtain the first 
three expansion terms of [Trlogi4] c i with the full x-dependent E(x) in Eq. (4.287). 

The next contribution to (4.301) coming from (4.304) is 


h 2 
4 M 



dPx -2 Ay (X, Xi ) Ay (xi, X 2 ) Ay (x 2 , x) 


x |[V 2 (W(x)] SV(x) + 2 [VW(x)] 2 + 2[V4E(x)]5E(x)v} , 


(4.309) 


where the last V acts on the first x in Ay(x, xi), due to the trace. It does not contribute to the 
integral since it is odd in x — xi. 

We now perform the integrals over xi and x 2 using formula (4.307) and find 


Ti 2 
8 M 


d D x |[V 2 4E(x)] [<5V(x)]+2 [V<5E(x)] 2 | 9yAy(0). 


(4.310) 
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The first term can be integrated by parts, after which it removes half of the second term. 

A third contribution to (4.301) which contains only the lowest gradients of SV(x) comes from 
the third term in (4.305): 


h 4 

8 M 2 



d D X 3 Ay(x, Xi)Ay(xi, X 2 ) Ay(x 2 , x 3 )Ay (x 3 , x) 


x 4 [ViVj<SV(x)] 6V{x)ViVj, (4.311) 


where the last V;Vj acts again on we men the first x in Ay(x, xi), as a consequence of the trace. 
In momentum space, we encounter the integral 


d D p 

- 4piPj/% 2 

8 M Sij 

f d D p 

1 

V 


(27 tK) d 

(p 2 /2M + V) 4 


1 (27 tTi) d 

(p 2 /2 M+V) 3 

(p 2 /2M+I/) 4 



= 

8 M Sn 
n 2 D 1 

[l d2y + l 

Vd^j Ay(0). 


(4.312) 


so that the third contribution to (4.301) reads, after an integration by parts, 

-§ / d ° x t W ( x )] 2 S -§(\ d v + l Vd v) Av (°)- (4-313) 


Combining all gradient terms in [VC (x)] 2 and replacing Ay (0) according to (4.300), we recover 
the previous result (4.292) with the curly brackets (4.293). 

For the one-dimensional tracelog, this leads to the formula 

TV log[-7i 2 <9 2 + V (a;)] = ^J dx y/V{x) j 1 + ^ + • ■ • }• (4.314) 

It is a useful exercise to rederive this with the help of the Gelfand-Yaglom method in Section 2.4. 

This one-dimensional result can easily be carried to much higher order, with the help of the 
gradient expansion of the trace of the logarithm of the operator —S 2 9 2 +w 2 (r) derived in Subsection 
2.15.4. If we replace r by x/h and v(r) by V(x), we obtain from (2.550)-(2.552): 


1 

h 


dx \/V(a 


1 -h 


V' 

41/3/2 


-r 


5V' 2 

32V 3 


V" \ 3 / 15C' 3 

8C 2 J ^64C 9 / 2 


9V'V" 

32V 7 ! 2 


yO) \ 

161 / 5/2 J 


4 / 1105C' 4 221C'V" 
h \ 2048C 6 256C 5 


19V" 2 | 7V'V^ 
128V 4 + 32V 4 


V< 4 > \ 1 
321/3 J j' 


(4.315) 


The terms accompanying the odd powers of h in the curly brackets can be combined to a total 
derivative and can be ignored if V (x) is the same at the upper and lower boundaries. The Ti 2 term 
goes over into the /i 2 -term in (4.314). The ?i 4 -terms in the curly brackets can be integrated by 
parts, which brings V ,4 /V 6 -> § V’ 2 V"/V 5 , V'V^/V 4 -> \V’ 2 V”/V 5 - V" 2 /V 4 , V^/V 3 
f V ,2 V"/V 5 - §V" 2 /V 4 , so that the total ti 4 -term is equivalent to -h 4 (-^V ,2 V"/V 5 + 

I kv" 2 /v 4 ). 

A third procedure to find the gradient expansion is based on an operator calculation [4], We 
write the amplitude in (4.265) as 


<x| e~ i6t / h \yf) = e- i^ [P 2 / 2M + y ( x )]/ ?^ (x|x , ) 


d D k 

(2ir) D 


e -it{-h 2 V 2 /2M+V(x)]/h e ik(x-x') 


(4.316) 


and take the plane wave exponential to the left of the time evolution operator with the help of 
Lie’s expansion formula (1.297) 

e -ikx Ve ikx = v + - k 


(4.317) 
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In this way we obtain the formula 


z -iHt/n | x /^ _ 


d D k 


e ik(x-x')g-jt[-?t 2 (V+ik) 2 /2M+U(x)]/^ 


We rewrite this as 




d D k 

(2n) D 


e ik(x-x')-ith]s 2 /2M e ~itV(x)/h(j( x . ^ ^ 


(4.318) 


(4.319) 


where 


(7(x;k, t) = e it \E 2 T 2 + v (x)]/h e -i t \-h‘ 2 {'V+fa)' 2 /2 M + v (x)}/h _ e itv(x)/h e -it[H-ih 2 w/M]/n _ (4.320) 

We now expand C(x; k, t) in powers of t: 


C(x;k,t) = ^fCW(x;k). 


(4.321) 


n—0 


The expansion coefficients are most easily obtained by expanding only the second exponential in 
powers of t and dropping the pure 6the power o the potential V (x). After this we evaluate the 
integrals over powers of k with the help of the Gaussian formula 


^ fc „ik(x-x')-»tfik 2 /2M _ 


1 


J (2tt) d (2irih/M) D i 2 

If we define the momentum average with respect to this integral as 


iM(x—x') 2 /2ht 


(/(k)) fc = 


d D k 

(2ir) D 


3 ik(x— x.')—it hk* 


/2M /( k) 


d D k 

(2tt) d 


0 ik(x—x 7 )— ithk 2 /2M 


we see that 

</(k)) fc = f(-iV x )e iM ^~^ 2 / 2ht , 
so that the expectation values of products of momenta are 

(U.\, -_iV.p*M(x-x') 2 /2St_ iM(Ax) 2 /2St - M ( x ~ x ')i 

X^l/k — L\ I tP — rui O , r\ji — t 

(Wfc = iV i V j e iM <?-*'f/* ht = (niKj + ^- t Si ^ e iJI 


(4.322) 


(4.323) 


(4.324) 


h t 

iM(Ax) 2 /2Ut 


(4.325) 


(AifejAfc)* = — V j V j Vfe e iMA *- 2 / 2ht = 


M 


HiKjKk + rj-^{SijKk + fijk K i + fikiKj) 


0 iM(Ax) 2 /2ht 


The list can easily be continued using Leibnitz’ chain rule of differentiation and the derivative 
—iViKj = 5ijM/iTit. A compact formula for the result is 


(x|e 




1 


(2iriti/M) D / 2 

1 


(C(x, M)) g 

C'(x;-*V x ,t)e iM(x - x ' )2/2?lt . 


(: 2mh/M) D / 2 

Our goal is to obtain the amplitude (x|e -ifft / fi |x') as a short-time expansion 

0 iM (Ax) 2 /2ht 00 


(x|e 




{2mh/M) D / 2 


^i"a n (x, Ax). 


(4.326) 


(4.327) 
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The above k-averages show, however, that the expectations of the coefficients of the expansion 
(4.321) contain powers of t up to t n . These must be rearranged to find the power series (4.327). 
An explicit expression for the expansion coefficients a„(x, Ax) is found by by rescaling k and 
introducing q = k yJth/Mi and rewriting C(x; q y/iM/th, t) as 


C(x; qi/ M/th, t) 


e -it[-h 2 V ! /2M+y(x)— iqy/ih/Mt hV]/h 



(4.328) 


where the symbol [...] ym indicates that we have to drop all pure powers V n (x) in the rcthe expansion 
coefficients of the exponential. With this we can rewrite (4.319) as 


(x| e -iAt/fc| x '} 


e iM(Ax) 2 /2fi.t 

(27 Tih/M) D / 2 



/ 2 (C(x, q-y/ M/th,t)) 



(4.329) 


where the q-averages are obtained from formulas (4.325) in which and M is set equal to iht. They 
are defined by the Gaussian integrals 


(/(q)>9 = 


d D q 


/(q)< 


iqAx—(J 2 /2 


d U q i 


qAx-<j 2 /2 


, (27t) d j v ' / J (2ir) D 

whose power series can be evaluated with the help of the integrals 

J J^jD e ~ q2/2 I 1 ’ liQj, 9*19*29*s94,., 9 »i 9» 2 ''' fe.-ife., ■ • •} 

{l, Sij , Si 1 i 2 i 3 i 4 ,..., 5i 1 i 2 ,,,i 2n _ 1 i 2n , ...} . 


(4.330) 


(: 2n) D /‘ 


(4.331) 


The results are the analogs of the equations in (4.325): 

{qi) g = -«V 2 :e _(Ax)2/2 = A Xje _(Ax)2/2 , 

(■ q%qj)q = iViVje~^ x ~ x ^ ^ 2 = (Axi Axj + <5,j) e _( - Ax ^ ! 2 , (4.332) 

(■qiqjqQq = -ViVjV k e zMAx2/2 = [Ax t AxjAx k + (5ijAx k + SjkAxi + S ki Axj)] e~ (Ax) ‘ /2 . 


Here Si 1 i 2 ...i 2n _ii 2n are the so-called contraction tensors defined for n > 2 recursively by the 
relation 


Sii-..i2n — Si. 1 i 2 Si 3 i 4 ...i 2n 


Sixi 3 Si 2 ii...i 2n + • • • + Si 1 i 2n Si 2 i 3 ,,,i 2rt 


(4.333) 


With these formulas, the calculation of the diagonal expansion coefficients which have Ax = 0 
is quite simple. For the sake of generality we also allow for the presence of a vector potential via 
the minimal substitution law (2.644). In the operator language, where p is represented by the 
differential operator p = — iKV [recall (1.89), the derivatives V in (4.328) must be replaced by the 
covariant derivatives D = V i{e/ch) A. The commutator of these derivatives is no longer zero 
but proportional to the magnetic held: 


, Dj ] — ieijk(e/ch)B k 

Expanding (4.328) up to second order in t we find 


(4.334) 


a 0 = 1, ai = 0, 

° 2 = ( 2 ^ ~ V 3 \M L 


H (qD) 2 + (qD)id(qD) + (qD) 2 H 


4!M 2 


(qD) 4 ) .(4.335) 


Performing the momentum averages with the help of (4.332), <22 becomes 

K 


a, = - V 2 ) - £ m l 


HD + DHD + D H 


8 M 2 


(D 4 + DiDjDiDj + AD 2 A)- (4.336) 
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Inserting here H = —nD 2 /2M + V, this takes the form 


02 = ‘2 


n 2 T) 2 

2 M 

n 4 


-— { n 2v + V B 2 ) 


TT 


3 \M L 


HT> 2 + DHU + D 2 H 


■(D 4 + D.DjD.D, + AD 2 A). 


8 M 2V " ' J 1 J 
After some algebra this becomes 

02 = - iffie |D - 


(4.337) 


(4.338) 


where the derivative terms which have no functions of x behind it vanish. In the absence of a 
magnetic field, 02 reduces to 


TT 


a 2 = 


12M 


V 2 V(x), 


(4.339) 


in agreement with the second expansion term in Eq. (4.258). A magnetic field B orthogonal to 
the 12-plane adds to this a term 


Aaf = 


h 4 

48 M 2 


([A, A] 2 + [A, A] 2 ) 


n 2 

24 M 2 



(4.340) 


This can be compared to the exact result in Eq. (2.668) where the diagonal amplitude has a 
unit exponential factor, and the small-t expansion is coming only from the Taylor series of the 
fluctuation factor (w^t/2)/ sin(wz4/2). This starts out like l+w|t 2 /24 = l+t 2 (Ti 2 /2 / tM 2 )(e/c) 2 B 2 , 
in agreement with the above magnetic term. 


4.9.5 Local Density of States on a Circle 

For future use, let us also calculate this determinant for 1 on a circle x = (0,6), so that, as a 
side result, we obtain also the gradient expansion of the tracelog of the operator (— d 2 +w 2 (r)) at 
a finite temperature. For this we recall that for a r-independent frequency, the starting point is 
Eq. (2.558), according to which the tracelog of the operator (— d 2 + w 2 ) with periodic boundary 
conditions in r € (0, Tij3) is given by 


a r a-a 

A( 0 


1 + 2 e- {nh0)2/4T 

n= 1 


(4.341) 


The first term is the zero-temperature expression, the second comes from the Poisson summation 
formula and gives the finite-temperature effects. In the first (classical) term of the density (4.253), 
the factor 1 / \J2ttTit/M came from the integral over the Boltzmann factor involving the kinetic 
energy J^° (dk/2n)e~ Thk ! 2M _ F 0 r periodic boundary conditions in x G (0,6), this is changed to 

(1/6) Ylm e~ Thk ™/ 2M , where k m = 2nm/b. By Poisson’s formula (1.205), this can be replaced by 
the integral and an auxiliary sum 


1 

6 


e -rhkl v /2M 

m 



dk n - T hk 2 /2M+ibkn 
2n 


1 

\J2-kTit /M 


E 


e -n 2 Mb 2 /2hT 


n =—00 


(4.342) 


If the sum is inserted into the integral (4.253), we obtain the density p{E\ x) on a circle of circum¬ 
ference 6, with the classical contribution 


pd(b,E;x) = 2 



dr 

2ttH 


E 


e -n 2 Mb 2 /2hT-T[E-V{x)\/n 

( 2 ttTit/M ) 1 / 2 


(4.343) 
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The n = 0 -term in the sum leads back to the original expression (4.253) on an infinite :r-axis. The 
r-integrals are now done with the help of formula (2.559) which yields, due to K u (z) = K_ u (z), 


f°° d T —n 2 Mb 2 /2hT-\E-V(x)]T/h 

Jo r 


2 


nMb 

p(E-x) 


K v (np(E\x)b/h ), 


and we obtain, instead of (4.254), 


p c i(b,E;x ) 


1 1 

nfr ^/2 ttH/M 


oo 


2 E 

n —0 


nMb 


1/2 


p{E; x) 


K 1/2 (np{E;x)b/n). 


(4.344) 


(4.345) 


Inserting I\ 1 / 2 (z) = yj-xflze z [recall (2.561)], this becomes 

Ml 


p c \{b,E\x) = 


irk p(E ; 


! + 2 E' 


—np(E;x)b/h 


n —1 


The sum a " is equal to a/(l — a), so that we obtain 


pd(b,E;x) = 


M coth\p(E;x)b/2h] M coth yj2M\E — V(x)] b/2Ti 
irfr p(E; x) 7 tTi v /2M[E - V{x)\ 


(4.346) 


(4.347) 


For b — > oo, this reduces to the previous density (4.254). 

If we include the higher powers of r in (4.253), we obtain the generalization of expression 
(4.255): 


p ci (b,E;x) 


(4.348) 


The tracelog is obtained by integrating this over dE log E from V(x) to infinity. The integral 
diverges, and we must employ analytic regularization. We proceed as in (4.288), by using the 
real-time version of (4.343) and rewriting log I? as an integral — J^° (dt'/t')e~ lEt / n , so that the 
leading term in (4.348) is given by 


[Tr log 14] c i = — dxjjEj^ — j: 


oo poo ^ g— in 2 Mb 2 /2ht+it[E—V(x)\/h roo ^.t 


(27ri 


znt+n[EJ—v{x)\/n po o j./ 

WMW L i e ,K (i ' m 


The integral over E leads now to 

OO r b 


[Trlog H] cl = - £ 


dt 


I cIt 

o Jo t (2-jriht/M) 1 / 2 ' 


0 —in 2 Mb 2 /2ht—itV ( x)/h 


(4.350) 


Deforming again the contour of integration by the substitution t = — ir, creating the r 1 in the 
denominator by an integration over V(x)/h, we see that 

pb p oo . 


[Tr log H]d = -7r / dx dVp c i(b,E;x ) 

Jo Jv( x) 


V(x) I E-V(x)^V 

f b J [°° dV 1 coth \^/V/E b 

Jo J nx) E b 4nb i ’ 


(4.351) 


where E b = U/2Mb 2 is the energy associated with the length b. The integration over V produces 
a factor %/t in the integrand. 
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Thus we obtain 


Tr log H 



1 + 


n 2 

24 M 


[V'{x)f 


d 3 

dV 3 




2 sinh 


1 

2 



(4.352) 


For M = h 2 / 2, this give us the finite-& correction to formula (4.314). Replacing x by the Euclidean 
time r, b by Tt,6. and V(x) by the time-dependent square frequency w 2 (r), we obtain the gradient 
expansion 


Tr log[—<9 2 + w 2 (t)] 




[<9tU; 2 (t)] 2 

12 




2 sinh 


Tij3io(r) 

2 


(4.353) 


4.9.6 Quantum Corrections to Bohr-Sommerfeld 
Approximation 

The expansion (4.315) can be used to obtain a higher-order expansion of the density of states p(E), 
thereby extending Eq. (4.257). For this we recall Eq. (1.595) according to which we can calculate 
the exact density of states from the formula 

p{E) = — —Be ImTrlog {— d 2 + [V(x) — £]} . (4.354) 

Integrating this over the energy yields, according to Eq. (1.596), the number of states times 7r, 
and thus the simple exact quantization condition for a nondegenerate one-dimensional system: 

—ImTrlog {—<9 2 + \V{x) — E]) = 7r(n + 1/2). (4.355) 

By comparison with Eq. (4.209) we may define a fullly quantum corrected version of the classical 
eikonal: 


S qc {E) = -2h Im Tr log { -d 2 + [V(x) — E]} . (4.356) 

The semiclassical expansion of this can be obtained from our earlier result (4.315) by replacing 
V{x) —> V(x) — E, so that y/V\x) —> —i^/E — V(x), yielding 


Sq C (E) = 2 J dx sjE- V(x)|l + fi 2 


W 2 


V" 


-h 4 


llQbV' 4 


221V' V" 


32 (E-Vy 

7/2 


19V" 


8 (E-V) 

7V'y(3) 


+ 




2048 {E-Vy 25 6(E-V)° 128 (E-V) 32 (E-V) 32 (E-V)" 


>. (4.357) 


The first term in the expansion corresponds to the Bohr-Sommerfeld approximation (4.27), the 
remaining ones yield the quantum corrections. The integrand agrees, of course, with the WKB ex¬ 
pansion of the eikonal (4.14) after inserting the expansion terms So, Si ,..., obtained by integrating 
the relations (4.20) over the functions qo(x), qi(x ),... of Eq. (4.18). 

Using Eq. (4.354) we obtain from S qc (E) the density of states 


m 


dx 


y/E-V 


i-r 


25 V'~ 


3 V" 


32 (E — Vy 8 {E-VY 


+r 


1989 V' 2 V" 


12155 V 4 


2048 {E~Vy 256 {E-Vy 


133 V" 2 


49 V' U (3) 


+ 


5UW 


128 (E — V) 4 32 {E-Vf ' 32 (E-V) 4 


>. (4.358) 
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Let us calculate the quantum corrections to the semiclassical energies for a purely quartic 
potential V ( x ) = gx 4 /4, where the integral over the first term in (4.357) between the turning 
points ±xe = ±(4 E/g) 1 ^ gave the Bohr-Sommerfeld approximation (4.33). The integrals of the 
higher terms in (4.357) are divergent, but can be calculated in analytically regularized form using 
once more the integral formula (4.34). This extends the Bohr-Sommerfeld equation v(E) = n+1/2 
to the exact equation N{E) = S qc /2Trh = n + 1/2 [recall (1.596)]. If we express N(E) in terms of 
i'(E) defined in Eq. (4.33) rather than E, we obtain the expansion 


12t tv + 10368T 8 (|)n 3 
53352893 tt 3 

7739670528T 16 (|)n 9 + "' 


4697tt 

1866240T 8 (|)i/ 5 


= n + 1/2. 


390065tt 4 

501645312T 16 (§)n 7 


(4.359) 


The function is plotted in Fig. 4.359 for increasing orders in y. Given a solution E n > of this 
equation, we obtain the energy E^l from Ecp (4.35) with 

K (n) = [ zv (”) 3 r(3/2) 2 /2 v / 7r] 4/3 - (4.360) 

For large n, where —> n, we recover the Bohr-Sommerfeld result (4.36). We can invert the 



Figure 4.1 Determination of energy eigenvalues for purely quartic potential gx ^/4 
in semiclassical expansion. The intersections of N(y) with the horizontal lines yield u^ n \ 
from which E < ' n ' > is obtained via Eqs. (4.360) and (4.35). The increasing dash lengths 
show the expansions of N(y) to increasing orders in v. For the ground state with n = 0, 
the expansion is too divergent to give improvements to the lowest approximation without 
resumming the series; Right: Comparison between exact and semiclassical energies. The 
plot is for log [E^/Eg’g — 1], 


series (4.359) and obtain 


v(D = (n+l) 


0.026525823 

(n + h ) 2 


0.002762954 0.001299177 

(n + |) 4 (n + i ) 6 


0.003140091 , 0.007594497 

(n+h ) 8 + (n +|) 10 + 


(4.361) 


The results are compared with the exact ones in Table 4.1, which approach rapidly the Bohr- 
Sommerfeld limit 0.688 253 702... The approach is illustrated in the right-hand part of Fig. 4.1 
where log[i»/(n + i) 4 / 3 - 1] = log [E^/E^ — 1] is plotted once for the exact values and once 
for the semiclassical expansion in Fig. 4.1. The second excited states is very well represented by 
the series. Although the series is only asymptotic, the results for higher n are excellent. For a 
detailed study of the convergence properties of the semiclassical expansion see Ref. [5]. 
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Table 4.1 Particle energies in purely anharmonic potential gx 4 /4: for n = 0, 2,4, 6, 8,10. 


n 

E < ' n> / (gh/4M 2 ) 1/3 

«W/2(n + 1/2) 4 / 3 

0 

0.667986 259155 777108 3 

0.841609 948 950895 526 

2 

4.696 795 386 863646196 2 

0.692125 685914981314 

4 

10.244308455 438 771076 0 

0.689449 772 359340 765 

6 

16.711890 073 897950 9471 

0.688 828486 600 234466 

8 

23.889993634572 505 935 5 

0.688 590146 947993 676 

10 

31.659456477221552 442 8 

0.688474290179 981433 


Having obtained the quantum-corrected eikonal S qc (E ) we can write down a quantum-corrected 
partition function replacing the classical eikonal S(E) in Eq. (4.236): 

1 piSq C (E) — iTTl'/2 

Z - (£) = tf' f ,(i).|.i-W < 4 ' 362 > 

where t qc {E) = S qc (E) [compare (4.198)], and P qc (l)F 2 is the quantum-corrected determinant 
(4.234) whose calculation will require extra work. 

4.10 Thomas-Fermi Model of Neutral Atoms 

The density of states calculated in the last section forms the basis for the Thomas- 
Fermi model of neutral atoms. If an atom has a large nuclear charge Z, most of 
the electrons move in orbits with large quantum numbers. For Z — y oo, we expect 
them to be described by semiclassical limiting formulas, which for decreasing values 
of Z require quantum corrections. The largest quantum correction is expected for 
electrons near the nucleus which must be calculated separately. 

4.10.1 Semiclassical Limit 

Filling up all negative energy states with electrons of both spin directions produces 
some local particle density n(x), which is easily calculated from the classical local 
density (4.217) over all negative energies, yielding the Thomas-Fermi density of 
states 

A ,(x) = X w dE ^ E ’ x) = (irf) r(g/2 + i) [ ~ v(x)]D/2 - (4 ' 363) 

This expression can also be obtained directly from the phase space integral over the 
accessible free-particlc energies. At each point x, the electrons occupy all levels up 
to a Fermi energy 

Ef = V>m" + l/(x) - (4364) 

The associated local Fermi momentum is equal to the local momentum function 
(4.215) at E = E f : 

Pf(*-) = p(Ep-,x.) = M[Ep — F(x)]. (4.365) 
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The electrons fill up the entire Fermi sphere |p I < Pf(x): 


Pd } ( x ) = 


d D p 


S 


CPF (x) 


^| p |<pf(x) (2nh) D {2'Kfi) D ^ D Jo 


dpp D 1 = 


2tt d / 2 


(2t rh) D T{D/2) D ' 
(4.366) 

For neutral atoms, the Fermi energy is zero and we recover the density (4.363). 

By occupying each state of negative energy twice, we find the classical electron 
density 

™( x ) = 2 Pd W (4.367) 

The potential energy density associated with the levels of negative energy is obvi¬ 
ously 


M \ D/2 


£potTF( x ) = 4 X )4 } ( x ) = - (^ 2 ) 

To find the kinetic energy density we integrate 


r(D/2 + i)' 


-V (x)] D/2+1 . (4.368) 


4inTF( X ) ~ 


/ dE[E-V(x)}p cl (E-,x) 

V(x.) 

D/2 ( M \ D/2 1 


D/2 + 1 


(JLX 

V2t t% 2 ) 


T(D/2 + l) 


b4 x )] 


D/2+1 


(4.369) 


As in the case of the density of states (4.366), this expression can be obtained 
directly from the phase space integral over the free-particle energies 


A, 


.(-) 
kin TF 


- \ - I d °P P 2 (A 

-fip|<Mx) (2nh) D 2M' ( ‘ 370) 

Performing the momentum integral on the right-hand side yields the energy density 




.(-) 
kin TF 


X = 


:S 


rpp(x) 


{2nh) D ~ D 2M Jo 


dpp D+1 = 


S D Pf +2 (x) 


(2vr h) D D+ 2 2M 


, (4.371) 


in agreement with (4.369). The sum of the two is the Thomas-Fermi energy density 

4f(x) = J dE E p c i(E] x) 

^ -iv4(4f 2 iw4 H ' (x)|D/2+1 ' (4 ' 372) 

The three energies are related by 

4f( x ) = — jj y^4inTF( x ) = jjj2 _|_ 1 4°t TF ( x )- (4.373) 

Note that the Thomas-Fermi model can also be applied to ions. 14 Then the 
energy levels are filled up to a nonzero Fermi energy E F , so that the density of 


14 H.J. Brudner and S. Borowitz, Phys. Rev. 120, 2054 (1960). 
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states (4.363) and the kinetic energy (4.369) have —V replaced by Ep — V . This 
follows immediately from the representations (4.366) and (4.370) where the right- 
hand sides depend only on Pf(x) = yj2M[Ep — V (x)]. In the potential energy 
(4.368), the expression (— V) D / 2+1 is replaced by (—V)(Ep — V ) D ^ 2 1 whereas in the 
Thomas-Fermi energy density (4.372) it becomes (1 — Epd / Ep){Ep — V) D ^ 2+l . 


4.10.2 Self-Consistent Field Equation 

The total electrostatic potential energy V (x) caused by the combined charges of the 
nucleus and the electron cloud is found by solving the Poisson equation 

V 2 P(x) = 4ne 2 [Z5 ( ' 3 \x.) — n(x)] = 47re 2 [nc(x) — n(x)]. (4.374) 


The nucleus is treated as a point charge which by itself gives rise to the Coulomb 
potential 


Vb(x) = 



(4.375) 


r 


Recall that in these units e 2 = aUc, where a is the dimensionless fine-structure 
constant (1.505). A single electron near the ground state of this potential has orbits 
with diameters of the order nap/Z, where n is the principal quantum number and 
ap the Bohr radius of the hydrogen atom, which will be discussed in detail in 
Chapter 13. The latter is expressed in terms of the electron charge e and mass M 
as 

aH = Id? = a X ° M - (4 - 376) 

This equation implies that ap is about 137 times larger than the Compton wavelength 
of the electron 

X% = %/Mc « 3.861 593 23 x 10” 13 cm. (4.377) 


It is convenient to describe the screening effect of the electron cloud upon the 
Coulomb potential (4.375) by a multiplicative dimensionless function /(x). Restrict¬ 
ing our attention to the ground state, which is rotationally symmetric, we shall write 
the solution of the Poisson equation (4.374) as 


Ze 2 

P(x) =-/(r). 

r 

At the origin the function f(r) is normalized to unity, 


/( 0 ) = 1 , 


(4.378) 


(4.379) 


to ensure that the nuclear charge is not changed by the electrons. 
It is useful to introduce a length scale of the electron cloud 


27 th 


2 r 


«TF ~ 


e 2 Z 1 / 3 M 


P(5/2) 


I 2/3 


2-4tt 


3ttx 2 / 3 


4(1) 


ap 
~Z r / 3 


0.8853 


oh 
ZV3’ 


(4.380) 
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which is larger than the smallest orbit Oh/Z by roughly a factor Z 2// ' 3 . All length 
scales will now be specified in units of otf, he., we set 


r = a TF £- 


(4.381) 


In these units, the electron density (4.367) becomes simply 


(2 Ze 2 M) 3/2 

\ /(0 l 

3/2 

z 

17(01 

37 T 2 k 3 



47T 

. £ . 


The left-hand side of the Poisson equation (4.374) reads 

W(x) = I -JirVW = 

so that we obtain the self-consistent Thomas-Fermi equation 

/"«) = Af'HO, t > 0 . 


(4.382) 


(4.383) 


(4.384) 


This equation ensures that the volume integral over the above electron density is 
equal to Z. The condition £ > 0 excludes the nuclear charge from the equation, 
whose correct magnitude is incorporated by the initial condition (4.379). 



Figure 4.2 Solution for screening function /(£) in Thomas-Fermi model. 


The differential equation (4.384) is solved numerically by the function shown in 
Fig. 4.2. Near the origin, it starts out like 


/(£) — 1 — + • • • j 


(4.385) 


with a slope 

s ~ 1.58807. 


(4.386) 


The higher powers of the expansion can be calculated recursively as shown in Ap¬ 
pendix 4C. The are, however, useless for an evaluation of the function since the 
expansion is divergent. A technique for evaluating such expansions will be devel¬ 
oped in Chapter 5. 
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For large £, the function goes to zero like 

144 

m « (4.387) 

This power falloff is a weakness of the model since the true screened potential should 
fall off exponentially fast. The right-hand side by itself happens to be an exact 
solution of (4.384), but does not satisfy the desired boundary condition /(0) = 1. 

4.10.3 Energy Functional of Thomas-Fermi Atom 

Let us derive an energy functional whose functional extremization yields the 
Thomas-Fermi equation (4.384). First, there is the kinetic energy of the spin-up 
and spin-down electrons in a potential F(x). It is given by the volume integral over 
twice the Thomas-Fermi expression (4.369): 

& = 2 1 vm J d 3 * (4.388) 


This can be expressed 

in terms of the electron density (4.367) as 



4k = \ K J d 3 xn 5/3 (x), 

(4.389) 

where 

«= k (3tt 2 ) 2/3 . 

2 M ' > 

(4.390) 

The potential energy 

4ot = j d 3 x V (x)n(x) 

(4.391) 

is related to via relation (4.373) as 



E^ — — - E 

^pot 2 ^kin ) 

(4.392) 

and the total electron 

energy in the potential V (x) is 



E (~) — E ^ + E e ^ — - E 1 '-'* 

~ ^kin T- U/ pot — U/p ot . 

(4.393) 


We now observe that if we consider the energy as a functional of an arbitrary density 
n(x), 

— S e [n] = J d 3 £ n 5 / 3 (x) + J d 3 x F(x)n(x), (4.394) 

the physical particle density (4.367) constitutes a minimum of the functional, which 
satishes Kn 2//3 (x) = — F(x). In the Thomas-Fermi atom, F(x) on the right-hand 
side of (4.394) is, of course, the nuclear Coulomb potential, i.e., 

4ot = E c ] = I d 3 x Vc(x) n(x). (4.395) 


H. Kleinert, PATH INTEGRALS 




4.10 Thomas-Fermi Model of Neutral Atoms 


427 


The energy E[ ) has to be supplemented by the energy due to the Coulomb 
repulsion between the electrons 


2 

E^~ ] = S ee [n] — — J d 3 xd 3 x' n(x)- 


x — X' 


rin x 


(4.396) 


The physical energy density should now be obtained from the minimum of the 
combined energy functional 


S tot [n] = yn J d 3 xn 3 ^ 3 {x) + J d 3 xVc (x) n(x) + J d 3 xd 3 x' n(x)- 


;BX . 


|X-X'| 

(4.397) 

Since we are not very familiar with extremizing nonlocal functionals, it will be 
convenient to turn this into a local functional. This is done as follows. We introduce 
an auxiliary local held <£>(x) and rewrite the interaction term as 


S ee [n, (p\ — £ v [n, tp\ ^ £ w [<p] = j d 3 x tp(-x.) n (x.) - j d 3 x V</?(x) V</?(x). (4.398) 

Extremizing this in </?(x), under the assumption of a vanishing <p(x) at spatial infin¬ 
ity, yields the electric potential of the electron cloud 

V 2 9 ?(x) = —47re 2 n(x), (4.399) 


which is the same as (4.374), but without the nuclear point charge at the origin. 
Inserting this into (4.398) we reobtain precisely to the repulsive electron-electron 
interaction energy (4.396). 

Replacing the last term in (4.397) by the functional (4.398), we obtain a total 
energy functional S tot [n, ip ], for which it is easy to find the extremum with respect 
to n(x). This lies at 

K'd 2/3 (x) = -E(x), (4.400) 

where 

V (x) = Vd( x ) + <^( x ) (4.401) 

is the combined Thomas-Fermi potential of the nucleus and the electron cloud solving 
the Poisson equation (4.374). 

If the extremal density (4.400) is inserted into the total energy functional 
S tot [n, 99 ], we may use the relation (4.392) to derive the following functional of <p(x): 

£tot [<p\ = j d 3 xV(x)n(x) + j d 3 x<p(x) V 2 ^(x). (4.402) 

When extremizing this expression with respect to </?(x) we must remember that 
V(x) = Vc( x ) + y’(x) is also present in n(x) with a power 3/2. The extremum lies 
therefore again at a field satisfying the Poisson equation (4.399). 
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4.10.4 Calculation of Energies 

We now proceed to calculate explicitly the energies occuring in Eq. (4.402). They 
turn out to depend only on the slope of the screening function /(£) at the origin. 
Consider first E p ~^. The common prefactor appearing in all energy expressions can 
be expressed in terms of the Thomas-Fcrmi length scale Otf of Eq. (4.380) as 


o M 3 / 2 4 tt 3 _ Z~E2 
2 (2vrh) 3 / 2 T(5/2) e ' 


(4.403) 


We therefore obtain the simple energy integral involving the screening function /(£): 

^ = -—/°°de^/ 5/2 (0- (4-404) 

a Jo vs 

The interaction energy between the electrons at the extremal <p(x) satisfying (4.399) 
becomes simply 

= ^j d 3 xn{x)(p(x), (4.405) 

which can be rewritten as 

E { - ] = iy d 3 x n(x)[V (x) - Vc(x)] = 4p°t - ^E ( c ~ ] . (4.406) 

Inserting this into (4.402) we find the alternative expression for the total energy 

E ( J = |4ot - Ep> = -tuy + \e£\ (4.407) 

The energy Eq ^ of the electrons in the Coulomb potential is evaluated as follows. 
Replacing n(x) by —V 2 y:(x)/47re 2 , we have, after two partial integrations with 
vanishing boundary terms and recalling (4.374), 

E [ q } = -—4 J d 3 xip(x)V 2 V c (x) = - J d 3 x<p(x)n c (x). (4.408) 

Now, since 

Ze 2 

<p(x) = V(x) ~ V c (x) = -— [/(£) - 1], n c = Z5 {3 ) (x), (4.409) 

we see that the Coulomb energy E^d' 1 depends only on </?(0), which can be expressed 
in terms of the negative slope (4.386) of the function /(£) as: 


Thus we obtain 


¥>( 0 ) = 

Ze 2 

- s. 

a 

(4.410) 

4 _) = - 

Z 2 e 2 

- s. 

(4.411) 
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We now turn to the integral associated with the potential energy in Eq. (4.404): 

roo 1 

/[/] = / d(^=f/ 2 (0- (4.412) 

Jo 

By a trick it can again be expressed in terms of the slope parameter s. We express 
the energy functional (4.402) in terms of the screening function /(£) as 

£tot [<p\ = -^-£[f], (4.413) 

aTF 

with the dimensionless functional 

2 1 r°° (2 1 / 1 1 

£[/] = -/[/]+ -J[f] = jf, d { |-- ? =y/i( { )--[/ K )-l)/''(o). (4.414) 

The second integral can also be rewritten as 

roo 

J[f] = / <% [/'(Of- (4.415) 

Jo 

This follows from a partial integration 

roo roo 

J[f\ = - rf? [/(?)-!]/"(?)= / 4e[/'K)] 2 -[/K)-l]/'«)r (4.416) 

Jo Jo 

inserting the boundary condition /(£) — 1 = 0 at ^ = 0 and f'(£) — 0 at ^ = oo. 

We easily verify that the Euler-Lagrange equation following from e[f] is the 
Thomas-Fermi differential equation (4.384). 

As a next step in calculating the integrals I and J, we make use of the fact that 
under a scaling transformation 


m m = /( ao , ( 4 . 417 ) 

the functional e[f] goes over into 

Ea[/1 = |a-‘/V[/] + 1a J[f], (4.418) 

This must be extremal at A = 1, from which we deduce that for /(0 satisfying the 
differential equation (4.384): 

m = pm- (4.4i9) 

This relation permits us to express the integral J in terms of the slope of /(0 at 
the origin. For this we separate the two terms in (4.416), and replace f "(0 via. the 
Thomas-Fermi differential equation (4.384) to obtain 

roo roo roo 1 

J=- <*«/©/"«) + / dU "«)=-/ <fe^j/ 5/2 «)-/'(0) = -/ + ». (4.420) 

Jo Jo Jo Vs 
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Together with (4.419), this implies 


I — - s, J — - s. 
7 7 

Thus we obtain for the various energies: 


;(-) _ 

3 Z 2 e 2 5 

Z7»( ) _ 

-^pot 

Z 2 e 2 5 ^ 

E { - ] 

'kin 

5 gtf 7 

gtf 7 

<-) _ 

Z 2 e 2 

E (_) = 

ee 

Z 2 e 2 1 

o 


'C — 

A 

Otf 

}~7 A 

GxF 7 



and the total energy is 


2 Z 2 e 2 5 

7- 

5 Otf 7 


(4.421) 


(4.422) 


p(-) _ ^ p( — ) 

^tot — - 


v pot 


-E { ~ ] = 


±_ F (~) 
10 pot 


l„t- 


-E, 


(-) 


Q Z 2 P 2 P 2 

-- - s « -0.7687 Z 7/3 —. (4.423) 

7 fl'TF &h 


The energy increases with the nuclear charge Z like Z 2 /a^-p oc Z ,//3 . 

At the extremum, we may express the energy functional e[f] with the help of 
(4.420) as 

f[/1 = ~Io 1 (P - -/(°)/'(0). (4.424) 

or in a form corresponding to (4.407): 

M s + = -7 f ^7! /5/2( « + 5 f < 4 - 425 > 

Using the Thomas-Fermi equation (4.384), the second integral corresponding to the 
Coulomb energy can be reduced to a surface term yielding Jc[f] = s, so that (4.425) 
gives the same total energy as (4.414). 


4.10.5 Virial Theorem 

Note that the total energy is equal in magnitude and opposite in sign to the kinetic 
energy. This is a general consequence of the so-called viral theorem for Coulomb 
systems. The kinetic energy of the many-electron Schrodinger equation contains the 
Laplace differential operator proportional to V 2 , whereas the Coulomb potentials 
are proportional to 1/r. For this reason, a rescaling x —> Xx changes the sum of 
kinetic and total potential energies 


Etot — Ek ; n T -Spot 

(4.426) 

into 


A 2 -U kin + A E pot . 

(4.427) 

Since this must be extremal at A = 1, one has the relation 


2A kin + E pot = 0, 

(4.428) 

which proves the virial theorem 


b 

15 

Kl 

1 

■+J 

O 

tq 

(4.429) 


In the Thomas-Fermi model, the role of total potential energy is played by the 
combination E p J — E^\ and Eq. (4.422) shows that the theorem is satisfied. 
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4.10.6 Exchange Energy 


In many-body theory it is shown that due to the Fermi statistics of the electronic 
wave functions, there exists an additional electron-electron exchange interaction 
which we shall now take into account. For this purpose we introduce the bilocal 
density of all states of negative energy by analogy with (4.363): 


Pd } ( x fc> x «) = / dE P ( c\ ] (-E; x &> X a) • 

JV(x) 


In three dimensions we insert (4.280) and rewrite the energy integral as 

rp F (x) 


r o 1 

/ dE = T7 
/v(x) M 


dpp , 


(4.430) 


(4.431) 


with the Fermi momentum pj?(x) of the neutral atom at the point x [see (4.365)]. 
In this way we find 


j-) (x/ x ) - (Ml 

Pci y-x-bi-n-aj ~ 0 9t 3 q 


, Sill Z — Z COS £ 


(4.432) 


27 T 2 h 3 Z 3 

where 

z = pf[x)R/U. (4.433) 

This expression can, incidentally, be obtained alternatively by analogy with the 
local expression (4.366) from a momentum integral over free wavefunctions 

d 3 p 


Pd ) (x 6 ,x 0 ) = 


IpI<pf(x) (27 rh) D 


0 ip(x b -x. a )/h 


(4.434) 


The simplest way to derive the exchange energy is to re-express the density of 
states ( E ; x) as the diagonal elements of the bilocal density 


p ( } (x) = p ( } (x 6 ,x a 
and rewrite the electron-electron energy (4.396) as 

1 


E ( ee 1 = 4x y J d 3 xd 3 x'p( ^ (x, x) 


47t|x 


^p ( - } ( x/ , x ') 


(4.435) 


(4.436) 


The factor 4 accounts for the four different spin pairs in the first and the second 
bilocal density. 

t t;t t; t t;l I; I l;T t; I U !• 

In the first and last case, there exists an exchange interaction which is obtained by 
interchanging the second arguments of the bilocal densities and changing the sign. 
This yields 


dl = -2 X 


d 3 xd 3 x'p ( - )(x, x') 


47TIX 


T\P { } ( x ', x ) 


(4.437) 
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The integral over x — x' may be performed using the formula 

,2 i 

: 4’ 


9 1 

\ 1 1 

/ dzz 2 - 

— (sin z — z cos z) 

>0 z 

U 3 J 


and we obtain the exchange energy 


p(-) /' 

-^exch , „ / d X 


47T 3 


Pf(x) 

h 


Inserting 


Pf(x) = 


I 2Z /(Q 

«Vf«TF £ 


the exchange energy becomes 


p(-) _ 

■^exch o = 


7T 0/7 0/7 


-0.3588 Z 5/3 —I 2 , 


; 2 

0/7 


where J 2 is the integral 


Hence we obtain 


L = 


poo 

= dU 2 (0- 0.6154. 

Jo 


E ( ~i « -0.2208Z 5 / 3 —, 


0/7 


giving rise to a correction factor 

CWc^Z) = 1 + 0.2872 Z~ 2 ' z 


(4.438) 

(4.439) 

(4.440) 

(4.441) 

(4.442) 

(4.443) 

(4.444) 


to the Thomas-Fermi energy (4.423). 


4.10.7 Quantum Correction Near Origin 

The Thomas-Fermi energy with exchange corrections calculated so far would be re¬ 
liable for large-.Z only if the potential was smooth so that the semiclassical approx¬ 
imation is applicable. Near the origin, however, the Coulomb potential is singular 
and this condition is no longer satisfied. Some more calculational effort is necessary 
to account for the quantum effects near the singularity, based on the following ob¬ 
servation [ 6 ]. For levels with an energy smaller than some value £ < 0, which is large 
compared to the ground state energy Z 2 e 2 /di 7 , but much smaller than the average 
Thomas Fermi energy per particle Z 2 e 2 jaZ ~ Z 2 e 2 /clhZ 2 ^, i.e., for 


Z 2 e : 


2^2 


< -e < 


Z 2 e 


2Z1 


0/7 Z 2 / 3 o,// 

we have to recalculate the energy. Let us define a parameter v by 

Z 2 




2a /7 z / 2 ’ 


(4.445) 


(4.446) 
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which satisfies 

1 « z/ 2 < Z 2/3 . 

The contribution of the levels with energy 

2 M r < 


(4.447) 


(4.448) 


to ^ii^TF i s gi ven by an integral like (4.371), where the momentum runs from 0 

to P—s (x) = ^2M[—e — V (x)]. In the kinetic energy (4.372), the potential V(x) is 
simply replaced by — e — V(x), and the spatial integral covers the small sphere of 
radius r max , where — e — V(x) > 0. For the screening function /(£) = V(r)r/Ze 2 
this implies the replacement 

m -a [-E - V(r)l^ = /(£) - (/U (4.449) 


where 


2v 2 (Iff 

Z a 


(4.450) 


is small of the order Z 2 / 3 . Using relation (4.429) between total and kinetic energies 
we find the additional total energy 




Kmax 1 rr /o 

l V? lm ~' (4451) 


where Cmax = r max /a is the place at which the integrand vanishes, i.e., where 


(max = Ze 2 ef ((max)/ a, (4.452) 

this being the dimensionless version of 

-£ -V(r max ) = 0. (4.453) 


Under the condition (4.447), the slope of /(C) may be ignored and we can use the 
approximation 

Cm ax ~ Cm (4.454) 

corresponding to r max = Ze 2 /e, with an error of relative order Z~ 2 / 3 . After this, the 
integral 


rl/c 1 , 

/ dA^(l-cA) 5/2 

do VA 


Fb( 1/2,T/2) = FL 

\/c y/c8 


(4.455) 


yielding a Beta function B(x,y ) = r(x)r(?/)/r(x + y ), leads to an energy 


a F (-) _ 3 2 5 n f&H v 

tot ~ 5 a 8 MV 2a 


(4.456) 
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showing that the correction to the energy will be of relative order 1/Z 1 / 3 . Expressing 
a in terms of an via (4.380), we find 


= 


2 „2 


Z-e 

oh 


-v. 


(4.457) 


The point is now that this energy can easily be calculated more precisely. Since 
the slope of the screening function can be ignored in the small selected radius, 
the potential is Coulomb-like and we may simply sum all occupied exact quantum- 
mechanical energies E n in a Coulomb potential — Ze 2 /r which lie below the total 
energy —e. They depend on the principal quantum number n in the well-known 
way: 

72 2 i 

E n = -(4.458) 

an 2rr 

Each level occurs with angular momentum l = 0, ...,n — 1, and with two spin 
directions so that the total degeneracy is 2 n 2 . By Eq. (4.446), the maximal energy 
—£ corresponds to a maximal quantum number n max = u. The sum of all energies 
E n up to the energy £ is therefore given by 




7, 2 p 2 1 v 

- 2 --E 1 


oh 2 

2 „2 


74—0 


Z~e 

Oh 


(4.459) 


where [u] is the largest integer number smaller than u. The difference between the 
semiclassical energy (4.456) and the true quantum-mechanical one (4.459) yields the 
desired quantum correction 


AE Ll = — (M - ”)■ (4.460) 

oh 

For large u, we must average over the step function [//], and hnd 

([z/]) = z/-i, (4.461) 


and therefore 


(4.462) 

oh 4 

This is the correction to the energy of the atom due to the failure of the quasi- 
classical expansion near the singularity of the Coulomb potential. With respect to 
the Thomas-Fermi energy (4.423) which grows with increasing nuclear charge Z like 
—0.7687 Z'/ 3 e 2 /a#, this produces a correction factor 


Csing(Z) — 1 


7otf 
6 clhs 


1 - 0.6504 Z~ 1/3 


(4.463) 


to the Thomas-Fermi energy (4.423). 
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4.10.8 Systematic Quantum Corrections to Thomas-Fermi 
Energies 

Just as for the density of states in Section 4.9, we can derive the quantum corrections to the energies 
in the Thomas-Fermi atom. The electrons fill up all negative-energy levels in the combined potential 
V (x). The density of states in these levels can be selected by a Heaviside function of the negative 
Hamiltonian operator as follows: 

= (x|0(—ff)|x). (4.464) 


Using the Fourier representation (1.312) for the Heaviside function we write 

dt 


Q{-H) = 


'-oo 2 - iri) 


0 —iHt/h 


(4.465) 


and obtain the integral representation 

/ °° dt 

-y(xt|x°). (4.466) 

Inserting the short-time expansion (4.258), and the correspondence t —> ihd/dV in the time 
integral, we find 


p(x) = <1 - 


n 2 _, 2t „ , d 2 


U(x)- 


12 M ' ' dV 2 24 M 

The potential energy is simply given by 


[VU(x)] 5 


d 3 

dV 3 


Ptf(x). 


^pot( x ) = (x|U(x)0(—tf)|x) = J d 3 xV(yi)p { } (j 
With (4.467), this becomes 


£pot ( x ) = F(x) ^ 1 — 


^ :W(x) d2 


: [W (> 


d 3 


Ptf(x). 


12M ' ’ dV 2 2AM 1 v /J dV 3 
For the energy of all negative-energy states we may introduce a density function 

E(~\x) = (x\H9(-H)\x). 

The derivative of this with respect to V(x) is equal to the density of states (4.464): 

d 


dV(y 


E^ )(x) = ^(x). 


(4.467) 


(4.468) 


(4.469) 


(4.470) 


(4.471) 


This follows right-away from dH / dV (x) = 1 and d[xQ(x)\/8x = 0(a:). 

Inserting the representation (4.465), the factor H can be obtained by applying the differential 
operator ifidt to the exponential function. After a partial integration, we arrive at the integral 
representation 

/ °° dt 

,„ 2 < 4 ' 472 > 

Inserting on the right-hand side the expansion (4.258), the leading term produces the local Thomas- 
Fermi energy density (4.372): 


-®TF^( X ) — 


-f—1 

\2nh ) 


D/2 


1 


T{D/2 + 2) 


[-F(x)] 


D/ 2+1 


(4.473) 
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The short-time expansion terms yield, with the correspondence t —> iTid/dV , the energy including 
the quantum corrections 


E { -\x) = jl- 


n 2 _ 2t . , d 2 


pV y(x)- 


^|W(x)P^ + ...}4'(x). (4.474) 


12 M ' ' dV 2 2AM 1 
One may also calculate selectively the kinetic energy density from the expression 

E ( ~\x) = 2I4 (X| P 20(_A)|X) - (4 ' 475) 

This can obviously be extracted from (4.472) by a differentiation with respect to the mass: 


4r„ } (x) = 


dt 


l-oo 27r i(t - ip) 2 

= - u om e<_,(x) ' 


<9M 

9 


(x|e 


-iHt/h\ 


x) 


(4.476) 


According to Eq. (4.474), the first quantum correction to the energy Ee ^ is 
A = - f d 3 x 


h v 2 v 


12M 


4E 2 24M 


(VE) 2 ^ 


3/2 


4E 3 

1 


2 / M \ 

X 2 5 ^2^7 T(5/2) 


(-V) 5/2 


V2M 

12S.7T 2 


J d 3 x (-E) 1/2 V 2 E-i(-E)“ 3/2 (VE) 2 


(4.477) 


It is useful to bring the second term to a more convenient form. For this we note that by the chain 
rule of differentiation 


V 2 V 3/2 = - V V 1/2 W 

2 L 


3 r 


= - v~ 1 , 2 (yv ) 2 + 2 v 1,2 v 2 v 


4 L 


As a consequence we find 

ae^ = 


V2M 

24S.7T 2 


4 3 x | {-V) 1/2 V 2 V - -V 2 (-V) 3/2 

O 


(4.478) 


(4.479) 


This energy evaluated with the potential V determined above describes directly the lowest 
correction to the total energy. To prove this, consider the new total energy [recall (4.398)] 

E & = Et ] + A£<-> - £ vv> [<p] . (4.480) 

Extremizing this in the field <p(x) and denoting the new extremal field by <p(x) + Aip(x), we obtain 
for A <p(x) the field equation: 

+ A^-)] + ^V 2 [^(x) + A<p(x)] = 0. (4.481) 

Taking advantage of the initial extremality condition (4.399), we derive the field equation 

1 a a/A - ) 

? v2a ”M“-W' (4 ' 482) 

If we now expand the corrected energy up to first order in A Ei ^ and A<p(x), we obtain 

E lot = E^+AE^ + J d 3 x S 6 y e A<p(x) - £ vv [v\ - J d 3 xV<p(x)VAp(x). (4.483) 
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Due to the extremality property (4.399) of the uncorrected energy at the original field y>(x) > the 
second and fourth terms cancel each other, and the correction to the total energy is indeed given 
by (4.479). 

Actually, the statement that the energy (4.479) is the next quantum correction is not quite true. 
When calculating the first quantum correction in Subsection 4.10.7, we subtracted the contribution 
of all orbits with total energies 

E < -e. (4.484) 

After that we calculated in (4.459) the exact quantum corrections coming from the neighborhood 

r < r max = Ze 2 e (4.485) 

of the origin. Thus we have to omit this neighborhood from all successive terms in the semiclassical 
expansion, in particular from (4.479). According to the remarks after Eq. (4.372), the energy Ei 
of electrons filling all levels up to a total energy Ep is found from (4.368) by replacing (— V) D ^ 2+1 
by (1 — Epd / Ep)(Ep — V) D f 2+1 . The energy level satisfying (4.484) correspond to a Fermi level 
Ep, so that the energy of the electrons in these levels is 

= “ 2 ! {irT Wm (1 ~ EeaEr) '/' fxhEF - V(x)l “ /2 (4 - 486) 

We therefore have to subtract from the correction (4.477) a term 

A suh E^=(l-E F d EF )^^ Jd 3 x {-Ep-Vf/^V- ^(-E F -Vy 3 / 2 (VV) 2 . (4.487) 

The true correction can then be decomposed into a contribution from the finite region outside the 
small sphere 

a< - f,,/2v3f ' < 4 - 488 > 

max 

plus a subtracted contribution from the inside 

AifJde = f d 3 x [(-F) 1 / 2 - (1 - Epd EF ){-Ep- V ) 1 / 2 ] V 2 F, (4.489) 

J r <r max 

plus a pure gradient term 

= -^j^l f / d 3 xV 2 (-V) 3 / 2 - f d 3 xV 2 ( 1 - Epd EF )(-Ep-Vf/ 2 . 

^ F <rmax 

(4.490) 


The last two volume integrals can be converted into surface integrals. Either integrand vanishes 
on its outer surface [recall (4.452)]. At the inner surface, an infinitesimal sphere around the origin, 
the integrands coincide so that the energy (4.490) vanishes. 

The energy (4.489) does not vanish but can be ignored in the present approximation. At 
the (5-function at the nuclear charge in V 2 F, the difference (—F) 1 / 2 — (1 — Epd EF ){—Ep — F) 1 / 2 
vanishes. In the integral, we may therefore replace V 2 F(x) by —47re 2 n(x) [dropping the (5-function 
in (4.374)]. In the small neighborhood of the origin, the integral is suppressed by a power of Z ~ 4 / 3 
as will be seen below. 

Thus, only the outside energy (4.488) needs to be evaluated, where the small sphere excludes 
the nuclear charge, so that we may replace V 2 F(x) as in the last integral. Thus we obtain 
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Expressing V in terms of the screening function and going to reduced variables, the quantum 
correction takes the final form 


A E, 


,(-) 

outside 


8 a 
97r 2 an 



Z 5/3 


e 2 

-0.07971— I 2 Z 5/3 
an 


. e 2 

—0.04905Z 5 ' 3 —, 
an 


(4.492) 


where I 2 is the integral over / 2 (£) calculated in Eq. (4.442). We have re-extended the integration 
over the entire space with a relative error of order Z -2 / 3 , due to the smallness of the sphere. The 
correction factor to the leading Thomas-Fermi energy caused by this is 

Cqm = 1 + 0.06381 Z~ 2/3 . (4.493) 

In the reduced variables, the order of magnitude of the ignored energy (4.489) can most easily be 
estimated. It reads 


A E 


(-) 

inside 


8 a 
9ir 2 an 





'f 2 (o - vm - z/uf /2 (o 


Z 5/3 . 


(4.494) 


Since £ max and £ m are of the order Z -2 / 3 , this energy is of the relative order Z -4 / 3 and thus 
negligible since we want to find here only corrections up to Z -2 / 3 . 

Observe that the quantum correction (4.495) is of relative order Z -2 / 3 and precisely a fraction 
2/9 of the exchange energy (4.441). Both energies together are therefore 

^Hde + ^xl = -0.2699Z 5/3 -J-. (4.495) 

9 O-H 

The corrections of order Z -2 / 3 can be collected in the expression 

2 

A4“J d e + E&L = -0-7687 Z^ x C 2 (Z), (4.496) 

an 

where C 2 (Z) is the correction factor 

C 2 (Z) = 1 + 0.3510 Z~ 2/3 + ... . (4.497) 


Including also the Z -^-correction (4.463) from the origin we obtain the total energy 


E ( J = —0.7687Z 7 / 3 — x C'tot(Z), 
an 


(4.498) 


with the total correction factor 

C tot {Z) = 1 - 0.6504 Z~ 1/3 + 0.3510Z“ 2/3 + ... . (4.499) 


This large-Z approximation is surprisingly accurate. The experimental binding energy of 
mercury with Z = 80 is 

£® x g p « -18130, (4.500) 

in units of e 2 /a^ = 2 Ry, whereas the large-Z formula (4.498) with the correction factor (4.499) 
yields the successive approximations including the first, second, and third term in (4.499): 

E hg ~ -(21200, 18000, 18312) for (7(80) = (1, 0.849, 0.868). (4.501) 

Even at the lowest value Z = 1, the binding energy of the hydrogen atom 

£h P « (4-502) 

is quite rapidly approached by the successive approximations 

E h « -(0.7687, 0.2687, 0.5386) for (7(1) = (1, 0.350, 0.701). (4.503) 
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4.11 Classical Action of Coulomb System 

Consider an electron of mass M in an attractive Coulomb potential of a proton at 
the coordinate origin 

Vc(x) = —. (4.504) 

r 

If the proton is substituted by a heavier nucleus, e 2 has to be multiplied by the 
charge Z of that nucleon. The Lagrangian of this system is 

M p 2 

L = y x 2 - e -. (4.505) 

Because of rotational invariance, the orbital angular momentum is conserved and 
the motion is restricted to a plane, say x — y. If 0 denotes the azimuthal angle in 
this plane, the constant orbital momentum is 

l = Mr 2 4>. (4.506) 
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while (4.510) reads 


t = M 


dr r 


2 

e r 


2 ME r H—— 


l 2 \ 


E 2 ME 


-1/2 


Consider now the motion for negative energies. Defining 

Pe = P-e( oo) = V-2 ME, 


(4.514) 


(4.515) 


and introducing the parameters 


a 


2 t 
we obtain 


Me 2 

Pi 


, e 2 = 1 — 


M 2 e 4 


= 1 - 


dr 


/ 2 


l 2 v 2 

— 1 _ 


aMe 2 


Va = 


Pe 


MVn 


a 2 e 2 — (r — a) 2 


if. r 

t — — dr , 

v a ' Ja 2 e 2 — (r — a) 2 


aM M’ 

(4.516) 

(4.517) 

(4.518) 


where v a is the velocity associated with the momentum pe- The ratio 


v a 

u = — 
a 


(4.519) 


is the inverse period of the orbit, also called mean motion, which satisfies c o 2 o 3 = 
e 2 /M, the third Kepler law. In the limit E —>■ 0, the major semiaxis a becomes 
infinite, and so does to. The eccentricity vanishes and the orbit is parabolic. 
Introducing the variable 



/ 2 /2 

h = a( 1 - e 2 ) = —- = - 5 —, 
v ’ Me 2 p\a 

(4.520) 

and observing that 

-aV 1 e 2 , 

Mv a 

(4.521) 

the first equation is 

solved by 



h 

— = 1 + e cos (0 — <po). 

(4.522) 


This follows immediately from the fact that 

2 I _ 

sin ((f) — 0o) =-— Ja 2 e 2 — (r — a) 2 . (4.523) 

er v 

The relation (4.522) describes an ellipse with principal axes a = h/( 1 — e 2 ) , b = 
h/\J 1 — e 2 , and an eccentricity e (see Fig. 4.3). In the orbital plane, the Cartesian 
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Figure 4.3 Orbits in Coulomb potential showing the parameter h and the eccentricity 
e of ellipse (E < 0) and hyperbola (E > 0) in attractive and repulsive cases. 


coordinates of the motion are 


cos(o - Op) h sin(0 - (j) q) 

1 + e sin(0 — 0 O ) ’ ^ 1 + e sin(0 — 0 O ) 

For positive energy, we define a momentum 


(4.524) 


Pe = Pe( oo ) = V2 ME, 


(4.525) 


and the parameters 


_ e 2 Me 2 2 _ l 2 p 2 E l 2 l 2 v 2 j e* p E 

° = 2 \E\ = -p 2 ~' e = + AP^ = + ^M~e 2 = + ^’ Va = V ~aM = ~M 

(4.526) 

The eccentricity e is now larger than unity. Apart from this, the solutions to the 
equations of motion are the same as before, and the orbits are hyperbolas as shown 
in Fig. 4.3. The ^/-coordinate above the focus is now 


h = a(e 2 — 1) = 


Me 2 pgd' 


(4.527) 


For a repulsive interaction, we change the sign of e 2 in the above equations. The 
equation (4.522) for r becomes now 


- = -1 + ecos(cj) - (j) o), 
r 


(4.528) 


and yields the right-hand hyperbola shown in Fig. 4.3. 

For later discussions in Chapter 13, where we shall solve the path integral of the 
Coulomb system exactly, we also note that by introducing a new variable in terms 
of the variable £, to so-called eccentric anomaly 


r = a(l — ecos£), 


(4.529) 
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we can immediately perform the integral (4.518) to find 


t = — d£{ 1 - ecosO = -(£ - esin£), 


oj 


(4.530) 


where we have chosen the integration constant to zero. Using Eq. (4.528) we see 
that 


x = r cos (f> — -= a(cos£ — e), 

e 

y = r sin = y/r 2 — x 2 = a\J 1 — e 2 sin £ = b sin £. 


(4.531) 

(4.532) 


Equations (4.529) and (4.530) represent a parametric representation of the orbit. 
From Eqs. (4.530) and (4.529) we see that 


- = (4.533) 

r a 

exhibiting £/u; is a path-dependent pseudotime. As a function of this pseudotime, 
the coordinates x and y oscillate harmonically. 

The pseudotime facilitates the calculation of the classical action A(x&, x a ; tb~t a ), 
as done first in the eighteenth century by Lambert . 15 If we denote the derivative 
with respect to £ by a prime, the classical action reads 


j<b 

A= d£ 

Ha 


M 
2 r 


auj (x' 2 + y' 2 ) + 


e 

au 


For an elliptic orbit with principal axes a, b , this becomes 

+ Mua 2 (£b — O- 


A= d{ 

ha 


M a 2 sin ^ + b 2 cos 2 ^ 
2 1 — e cos £ 


After performing the integral using the formula 

f d£ 


1 — e cos £ 1 — e 2 


2 x/T ^ 2 tan(£/ 2 ) 

arctan — 


1 — e 


we End 


A = ya 2 u[3(£-£) + e(sin£ b -sin£ a )]. 


(4.534) 


(4.535) 


(4.536) 


(4.537) 


Introducing the parameters a, (3, 7 , and 5 by the relations 


cos a = e cos[(£& + £ 0 )/2], fd = (£ ft - £ a )/2, 7 = 0 ; + /3, 5 = a~P, (4.538) 

15 Johann Heinrich Lambert (1728-1777) was an ingenious autodidactic taylor’s son who with 
16 years found Lambert’s law for the apparent motion of comets (and planets) on the sky: If the 
sun lies on the concave (convex) side of the apparent orbit, comet is closer to (farther from) the 
sun than the earth. In addition, he laid the foundations to photometry. 
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the action becomes 

A = — ci 2 u [(37 + sin 7 ) — (3<5 + sin 5 )] . (4.539) 

Using (4.530), we find for the elapsed time t b — t a the relation 

tb ~ t a = — [(7 - sin 7 ) =F (£ - sin 5)]. (4.540) 

CO 

The =psigns apply to an ellipse whose short or long arc connects the two endpoints, 
respectively. The parameters 7 and 5 in the action and in the elapsed time are 
related to the endpoints x b and x a by 

r b + r a + R — 4asin 2 (7/2) = 4ap + , r b + r a — R = 4a sin 2 (5/2) = 4ap_ , (4.541) 


where r b = |x 6 |, r a = |x a |, R = |x 6 — x a |, and p± G [0,1]. Expressing the semimajor 
axis in (4.539) in terms of u as a = (e 2 /Mu 2 ) 1 / 3 , and u in terms of t b — t a we obtain 
the desired classical action A/x b , x a ; t b — t a ). 

The elapsed time depends on the endpoints via a transcendental equation which 
can only be solved by a convergent power series (Lambert’s series) 


t b — t 


a 


1 7 m 1 ,-i 

7 2 2 'j! 2 f - V 4 


(pi +i/ 2 ±y +i/2 


(4.542) 


In the limit of a parabolic orbit the series has only the first term, yielding 


h-t a = ^(p+ 2 ± P- 2 )- (4.543) 

3u 

We can also express a and u in terms of the energy E as e 2 /(—2 E) and 
y/— 2E/Ma 2 , respectively, and go over to the eikonal S(x. b , x a ; E) via the Legen¬ 
dre transformation (4.87). Substituting for t b — t a the relation (4.540), we obtain 
for the short arc of the ellipse 

S (xj,, x a ; E) = A(-x b , x a ; E) + (t b -t a )E = y a 2 u 4(7 - 5). (4.544) 

For a complete orbit, the expression (4.537) yields a total action 


A 


M 


a 2 u 27t(1 + 2) = 


M 


2 Va 


2 -(1 + 2 ) 
CO 


PE 27T 
2 M u 


(1 + 2 ), 


(4.545) 


where the numbers 1 and 2 indicate the source of the contributions from the kinetic 
and potential parts of the action (4.534), respectively. Since the action is the dif¬ 
ference between kinetic and potential energy, the average potential energy is minus 
twice as big as the kinetic energy, which is the single-particle version of the virial 
theorem observed in the Thomas-Fermi approximation (4.428). 
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For positive energies E, the eccentricity is e > 1 and the orbit is a hyperbola 
(see Fig. 4.3). Then equations (4.529)-(4.532) become 

r = a(ecosh£ — 1), t — — (£ — esin£), (4.546) 

x = — ae(cosh£ — e), y — aV e 2 — 1 sinh £. (4.547) 

The orbits take a simple form in momentum space. Using Eq. (4.506), we find 
from (4.524): 


p x = -- [e + sin(0 - 0 O )], Py = ^cos(0 - 0 O ). 
As a function of time, the momenta describe a circle of radius 



(4.548) 


(4.549) 


around a center on the p y -axis with (see Fig. 4.4) 



(4.550) 



Figure 4.4 Circular orbits in momentum space in units pe for E < 0 and pe for E > 0. 

For positive energies, the above solutions can be used to describe the scattering 
of electrons or ions on a central atom. For helium nuclei obtained by ct-decay of 
radioactive atoms, this is the famous Rutherford scattering process. The potential 
is then repulsive, and e 2 in the potential (4.504) must be replaced by —2 Ze 2 , where 
2e is the charge of the projectiles and Ze the charge of the central atom. As we 
can see on Fig. 4.5, the trajectories in an attractive potential are simply related to 
those in a repulsive potential. The momentum pE is the asymptotic momentum of 
the projectile, and may be called p^. The impact parameter b of the projectile Exes 
the angular momentum via 

l = bp^ = bp E ■ (4.551) 

Inserting l and Pe we see that b coincides with the previous parameter b. 
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The relation of the impact parameter b with the scattering angle 9 may be taken 
from Fig. 4.5, which shows that (see also Fig. 4.4) 



Po_ 

Poo 



(4.552) 


Thus we have 


b = a cot -. 


(4.553) 


The particles impinging into a circular annulus of radii b and b + db come out 
between the angles 6 and 6 + dQ , with db/d6 = —a/2 sin 2 (d/2). The area of the 
annulus dcr = 2nbdb is the differential cross section for this scattering process. The 
absolute ratio with respect to the associated solid angle dQ = 2n sin OdO is then 


da b db 
dQ sin 9 d9 


a 2 _ Z 2 a 2 M 2 

4 sin 4 (9/2) ~ sin 4 (d/2)' 


(4.554) 


The right-hand side is the famous Rutherford formula, which arises after express¬ 
ing a in terms of the incoming momentum p^ [recall (4.526)] as a = Ze 2 /2E = 
ZahcM/p 2 00 . 



Figure 4.5 Geometry of scattering in momentum space. The solid curves are for at¬ 
tractive Coulomb potential, the dashed curves for repulsive (Rutherford scattering). The 
right-hand part of the figure shows the circle on which the momentum moves from p a to 
P5 as the angle f runs from 4> a to fi,. The distance b is the impact parameter, and 9 is 
the scattering angle. 
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Let us also calculate the classical eikonal in momentum space. We shall do this 
for the attractive interaction at positive energy. Inserting (4.524) and (4.548) we 
have 


S(Pb, Pa; E) 


-/ 


r<t>b 


dtp 


<i>a 1 + e(0 — (p o) 


(4.555) 


Using the formula 16 




1 + e cos £ 


2 l + e + yi^Ttan(£/2) 

\/e 2 — 1 ^ 1 — e — \/e 2 — ltan(£/2) 


(4.556) 


Inserting If \J 1 — e 2 = Mv a a = Me 2 /p 00 , we find after some algebra 

S(Pfc,Pa;£) = 


Me 2 , C + 1 
log > 


Pc 


C-i’ 


Poo = V2ME, 


(4.557) 


with 


c = 


\ 


1 + 


(Pb -P 2 oo)(Pb ~P\ 


2 ) 

OO/ 


P^olPfo - Pal 2 


(4.558) 


The expression (4.557) has no de fini te limit if the impinging particle comes in 
from spatial infinity where p a becomes equal to poo. There is a logarithmic divergence 
which is due to the infinite range of the Coulomb potential. In nature, the charges 
are always screened at some finite radius R, after which the logarithmic divergence 
disappears. This was discussed before when deriving the eikonal approximation 
(1.502) to Coulomb scattering. 

There is a simple geometric meaning to the quantity £. Since the force is central, 
the change in momentum along a classical orbit is always in the direction of the 
center, so that (4.555) can also be written as 


r Pt> 

S(p b ,p a ;E) = - r dp. (4.559) 

J P a 

Expressing r in terms of momentum and total energy, this becomes for an attractive 
(repulsive) potential 


S(p b ,p a ]E) 


O 

±2 Me 2 


dp 

p 2 -2ME' 


(4.560) 


Now we observe, that for E < 0, the integrand is the arc length on a sphere of 
radius 1/pE in a four-dimensional momentum space. Indeed, the three-dimensional 
momentum space can be mapped onto the surface of a four-dimensional unit sphere 
by the following transformation 


_P 2 ~Pe _ 2 PeP 

n-4 — 9 i —2 ’ — o | —2 ' 

P + Pe P + Pe 

16 See the previous footnote. 


(4.561) 
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Then we find that 

d ± = (4 562 ) 

where di) is the infinitesimal arc length on the unit sphere. But then the eikonal 
becomes simply 

2 Me 2 

S(p b , p a ] E) = ±——d ba , (4.563) 

Pe 

where d is the angular difference between the images of the momenta pf, and p a . 
This is easily calculated. From (4.561) we find directly 


4/4 Pb ■ Pa + G Pb ~ Pe) ( Pa ~ Pe) 


P|(P& - Po 


9 _ -nnt'Q ra ' \n b trtrnra nn; _ _ 0 EE\ro nay (A p- fizL \ 

eo& U ba / 2 I -2 \/„9 -2 \ 1 ^ /„2 I i „t2 \ 


(Pb+P|)(Pa+Pl) 


‘(Pfc +P|)(Pa+Pl)' 


Continuing A analytically to positive energies, we may replace pe by ipoo = 2ME, 
and obtain 

cos ^= 1 + 2 rara' (4565) 

Hence d becomes imaginary, i) = id, with 


(4.565) 


• I = PloiPb - Pa) 2 

' 2 (pl-pDipl-plY 

and the eikonal function (4.567) takes the form 

2 Me 2 - 

S(p b , p a ; E) = ±-d ba . 

Poo 

This is precisely the expression (4.557) with ( = 1/tanh(d a &/2). 

4.12 Semiclassical Scattering 


(4.566) 


(4.567) 


Let us also derive the semiclassical limit for the scattering amplitude. 


4.12.1 General Formulation 

Consider a particle impinging with a momentum p a and energy E = E a = p 2 a /2M 
upon a nonzero potential concentrated around the origin. After a long time, it 
will be found far from the potential with some momentum p b and the same energy 
E = E b = pl/2M. Let us derive the scattering amplitude for such a process from 
the heuristic formula (1.510): 

/pftP “ = I tl i ^o^ eiEb(tb ~ ta)/h [(P^|PaO-<P&|Pa>] • (4-568) 

In the semiclassical approximation we replace the exact propagator in the momen¬ 
tum representation by a sum over all classical trajectories and associated phases, 
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connecting p a to in the time tb — t a . According to formula (4.172) we have in 
three dimensions 


(p fe 4|Pat a )-(Pfc|Pa) 


(2lthf 
(. 2irh/i ) 3 / 2 


£' 

class, traj. 


det 


<9x a \ 

dp b ) 


1/2 


e iA(Pb,p a ;tb-ta)/h-iviTh/2 


(4.569) 


The sum carries a prime to indicate that unscattered trajectories are omitted. The 
classical action in momentum space is 

A(Pb,Pa,t b - ta) = I x-p- f Hdt = S(p b , p a ; E) — E(t b — t a ), (4.570) 

■JPb Jta 

where S(pb, p a ; E) is the eikonal function introduced in Eqs. (4.240) and (4.68). 

Inserting (4.569) into (1.510) we obtain the semiclassical scattering transition 
amplitude 


/P6P»=J™, £ 

class, traj. 


' Pb 


h, ^ ^ . y/t b M 


det 


<9x„ 


dp b 


1/2 


,iS(p b ,Pa',E)/h—iuir/2 


The determinant has a simple physical meaning. To see this we rewrite 

i-i 


dyt n 


so that (4.573) becomes 


fpbPa=^l, E' 

class, traj. 


dp b 


V 


dpb 


<9x„ 


: y/tbM 


det 


dp b 


dx„ 


- 1/2 


Pa 


,iS(p b ,p a ;E)/h—iuir/2 


We now note that for large tb 

Pb = P (h) = Mxb(t b )/t b 
along any trajectory. Thus we find 

ax* i- 1 / 2 


class, traj. 


det 


dyt„ 


iS{pb,Pa\E)/h—ivir/2 


Pb 


(4.571) 


(4.572) 


(4.573) 


(4.574) 


(4.575) 


where r b = |x*|. 

From the definition of the scattering amplitude (1.497) we expect the prefactor of 
the exponential to be equal to the square root of the classical differential cross section 
dcrd/dQ. Let us choose convenient coordinates in which the particle trajectories start 
out at a point with cartesian coordinates x a = (x a ,y a ,z a ) with a large negative 
z a and a momentum p a « p a z, where z is the direction of the z-axis. The final 
points Xb of the trajectories will be described in spherical coordinates. If p* = 
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(sin 9 b cos 4>b-, sin 9 sin db, cos 6 b ) denotes the direction of the final momentum p{> = 
Pb~Pb, then x b = T'bp. Let us introduce an auxiliary triplet of spherical coordinates 
s b = (r b ,d b ,(pb)- Then we factorize the determinant in (4.575) as 


det ^ = det 9X1 


<9x„ 


ds n 


We further calculate 


det 


ds b 

dx n 


x det 

ds b 
dx a 

- r 2 

— 'b 

dr b 

dr b 

dr b 

dx a 

dy a 

dz a 

d 6 b 

ddb 

d0b_ 

3x a 

dy a 

dz a 

d (j) b 

ddb 

ddb 

dx a 

dy a 

dz a 


dsh 

dx n 


(4.576) 


Long after the collision, for t b —> oo, a small change of the starting point along the 
trajectory dz a will not affect the scattering angle. Thus we may approximate the 
matrix elements in the third column by dz a « d<fi/dz a ~ 0. After the same amount 
of time the particle will only wind up at a slightly more distant r b , where dr b fa dz b - 
Thus we may replace the matrix element in the right upper corner by 1, so that the 
determinant (4.576) becomes in the limit 


Q Sh 

lim det —— ~ det 

tb-*oo ox. a 


/ ddb_ 
dx a 
dcpb 

V dx a 


d0 b \ 

dija 

d (p b 

dy a / 


dd b d(j)b d£t 
dx b dy b da ’ 


(4.577) 


where dVL = sin 9 b d9d(f> b is the element of the solid angle of the emerging trajectories, 
and da the area element in the x — y -plane, for which the trajectories arrive in an 
element of the final solid angle dVL. Thus we obtain 


det 


dx b 

dx a 


1 da 
r$ dn' 


(4.578) 


The ratio da/dtt is precisely the classical differential cross section of the scattering 
process. 

Combining (4.575) and (4.577), we see that the contribution of an individual 
trajectory to the semiclassical amplitude is of the expected form [7] 


fpbPn. 


Ida, 


cl 


dQ 


x 


£ 

class, traj. 


S *S(P6 ,p a ;E)/h—iun/2 


(4.579) 


Note that this equation is also valid for some potentials which are not restricted to 
a finite regime around the origin, such as the Coulomb potentials. In the operator 
theory of quantum-mechanical scattering processes, such potentials always cause 
considerable problems since the outgoing wave functions remain distorted even at 
large distances from the scattering center. 
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Usually, there are only a few trajectories contributing to a process with a given 
scattering angle. If the actions of these trajectories differ by less than h, the semi- 
classical approximation fails since the fluctuation integrals overlap. Examples are 
the light scattering causing the ordinary rainbow in nature, and glory effects seen 
at night around the moonlight. 

We now turn to a derivation of the amplitude (4.579) from the more reliable 
formula (1.531) for the interacting wave function 


(Xft | Uj (0, f a ) | Pa) = lirn 

t a y oo 


—27tiht a 

M 


3/2 


(x b 4|x a f a y (p “ x “-^ /2M)/7i 


x a=p a t a /M ’ 


by isolating the factor of e iPaTb /r b for large ras discussed at the end of Section 1.16. 
On the right-hand side we now insert the x-space form (4.127) of the semiclassical 
amplitude, and use (4.87) to write 


(x 6 \Ui(0,ta)\p a ) = lim 


ta^-OO \ M 


- i „\ 3/2 


deta 


djp a 

0x h 


1/2 


x e 


?[5(xt,x a ;E a )+ip a x a — iun/2]/h 


x a =p a t a /M 


Now we observe that 

•yv 3/2 

M 


detq 


Op a 

Oxh 


n 1/2 


detq 


OXa' 

0x h 


1/2 


(4.580) 


(4.581) 


In Eq. (4.578) we have found that this determinant is equal to yjda/dfl/r b , bringing 
Eq. (4.580) to the form 


(X b | Uj (0, f a ) | p 0 ) 


lim 

t a 1 oo 


— / »[S(x(,,x a ;E 0 )+ip a x a — ivit/2]/h 

r b V dn 


x a =p a ta/M 


(4.582) 


For large x^ in the direction of the final momentum p;,, we can rewrite the exponent 
as [recalling (4.240)] 


S (: x b , x a ; E a ) + ip a x a = p b r b + S (p 6 , p a ; E a ) (4.583) 

so that (4.582) consists of an outgoing spherical wave function e ipbrh ^ n /r b multiplied 
by the scattering amplitude 


■fpbPn. 


I da. 


cl 


dQ 


x 


D iS(p b ,p a ;E)/h-ii/7r/2 


class, traj. 


the same as in (4.579). 


(4.584) 


H. Kleinert, PATH INTEGRALS 




4.12 Semiclassical Scattering 


451 


4.12.2 Semiclassical Cross Section of Mott Scattering 

If the scattering particle is distinguishable from the target particles, the extra phase 
in the semiclassical formula (4.584) does not change the classical result (4.554). 
A quantum-mechanical effect becomes visible only if we consider electron-electron 
scattering, also referred to as Mott scattering. The potential is repulsive, and the 
above Coulomb potential holds for the relative motion of the two identical particles 
in their center-of-mass frame. Moreover, the identity of particles requires us to add 
the amplitudes for the trajectories going to pf, and to —p?, [see Fig. 4.6], so that the 
differential cross section is 

^ = \f PbPa - f Pb ,- P f- (4-585) 

The minus sign accounts for the Fermi statistics of the two electrons. For two 
identical bosons, we have to use a plus sign instead. Now the eikonal function 
S(p,p,E) enters into the result. According to Eq. (4.557), this is given by 


Ph 



Figure 4.6 Classical trajectories in Coulomb potential plotted in the center-of-mass 
frame. For identical particles, trajectories which merge with a scattering angle 6 and n — 9 
are indistinguishable. Their amplitudes must be subtracted from each other, yielding the 
differential cross section (4.585). 
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which may be rewritten as 


^(P, P a E) « 2 (T 0 - log (sin 2 0/2), 


Po 


with 


Mkca 


cr 0 = 


2p 0 


log 


(rf-pgo)(Pa 2 ~PL) 

/4 


(4.589) 


(4.590) 


and the scattering angle determined by cosd = [p^ • p a /PbPa\- The logarithmically 
diverging constant a 0 for p a = PbPoo does, fortunately, not depend on the scattering 
angle, and is therefore the semiclassical approximation for the phase shift at angu¬ 
lar momentum / = 0. It therefore drops, fortunately, out of the difference of the 
amplitudes in Eq. (4.585). Inserting (4.589) with (4.590) into (4.584) and (4.585), 
we obtain the differential cross section for Mott scattering (see Fig. 4.7 for a plot) 


da 

dEl 



+ 


± 


sin 4 9/2 cos 4 0/2 sin 2 6/2 cos 2 0/2 


-2 cos 


2 aMc 

Poo 


log(cot 6/2) 


(4.591) 

This semiclassical result happens to be identical to the exact result. The exactness is 
caused by two properties of the Coulomb motion: First there is only one trajectory 
for each scattering angle, second the motion can be mapped onto that of a harmonic 
oscillator in four dimensions, as we shall see in Chapter 13. 




Figure 4.7 Oscillations in differential Mott scattering cross section caused by statistics. 
For scattering angle 6 = 90°, the cross section vanishes due to the Pauli exclusion principle. 
The right-hand plot shows the situation for identical bosons. 


Appendix 4A Semiclassical Quantization for Pure Power 

Potentials 

Let us calculate the local density of states (4.264) for the general pure power potential V (x) = gx p /p 
in D dimensions. For D = 1 and p = 2, we shall recover the exact spectrum of the harmonic 
oscillator. For p = 4, we shall find the energies of the purely quartic potential which can be 
compared with the strong-coupling limit of the anharmonic oscillator with V(x) = oj 2 x 2 /2 + gx 4 /4 
to be calculated in Section 5.16. The integrals on the right-hand side of Eq. (4.264) can be 
calculated using the formula 

J d° x r p [E—V (x )] v = S D j * dr r D ~ 1+p (e - 4^ 
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T(l + l y)r((D + p)/p) (g 
D pF(l + v + (D + p)/p) \p 


-(D+n)/p 


E v+(D+rf/p ; p > Q) ( 4 A q) 


where te = {j>E/g) 1 ' p . For p < 0, the result is 

/ d°xr’‘lE-V(x)r=S D tQ + p ^ l S" D ~^y p f M (-;) p < 0. (4A.2) 

Recalling (4.214), we find the total density of states for p > 0: 


p(E) = 


( M \ D/2 (g\~ D/ P r 


(?) 


r(f) p \ 2 n 2 
p 2 r(^ + 2 ) r (# + f )) 
r ( i ¥( 1 + f)) r (f) 


(f + f)) 


1 - 


24M VP 


2/p 


1 


B- 1 - 2 ''f + ... UWWl+Vri-i, p > o, 


/ 


and for p < 0: 


/rdX , M 

P(E) — — ( 7^2 


r (f) P \2h 


D/2 


-D /pr (i-f-f) 


i + 


24M 


Pj 


2/p 


P 2 r (i- ^(i+f))r (i-f ) 




(_B)-i- 2 /i' + .. l(_B)(o/ 2 )(i+ 2 M-i, p < 0. 


For a harmonic oscillator with p = 2 and g = Alto 2 , we obtain 


P(E) = - 


1 


1 


(huf l r(D) 




n 


2, ,2 


£> 


24 r(D-2) 


E 


D -3 


(4A.3) 


(4A.4) 


(4A.5) 


In one and two dimension, only the first term survives and p{E) = 1/Uui or p{E) = E/(huj) 2 . 
Inserting this into Eq. (1.586), we find the number of states N(E) = f Q dE' p(E') = E/Tiuj or 
E 2 /2(hio) 2 . According to the exact quantization condition (1.588), we set N(E) = n + 1/2 the 
exact energies E n = [n + l/2)Tno. Since the semiclassical expansion (4A.3) contains only the 
first term, the exact quantization condition (1.588) agrees with the Bohr-Sonnnerfeld quantization 
condition (4.190). 

In two dimensions we obtain p(E) = E/(hui) 2 and N(E) = E 2 /2(hui) 2 . Here the exact 
quantization condition N(E) = n + 1/2 cannot be used to find the energies E n , due to the 
degeneracies of the energy eigenvalues E n . In order to see that it is nevertheless a true equation, 
let us expand the known partition function (2.407) of the two-dimensional oscillator as 


Z = 


[2 sinh(7i/3w/2)] ; 




^_ g—hfiujyi 


= J2( n+1 '> e 




(4A.6) 


n—0 


This shows that the energies are E n = (n + 1) Huj withy n + 1 -fold degeneracy. The density of 
states is found from this by the Fourier transform (1.585): 


P(E) = £ (n' + 1 )S(E — huj(n' + 1)). 

n'—0 

Integrating this over E yields the number of states 

rE 


N(E) = f dE'p(E') = V (n' + 1)0(£ - £„). 

J ° n'—0 


(4A.7) 


(4A.8) 
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For E = E n this becomes [recall (1.313)] 


n— 1 


N(E n ) = J2 in' + 1) + (n + 1)1 = \{n + l) 2 . 


n'— 0 


(4A.9) 


This shows that the exact energies E n = (n + l)hu> oi the two-dimensional oscillator satisfy the 
quantization condition N(E n ) = (n + l) 2 /2 rather than (1.588). 

For a quartic potential gx 4 / 4, Eq. (4A.3) becomes 


i r(f) [ M 4 y r(l + f)r(f)rl 

2r(f)r(^)' v M 2 / \ V M2 / 3r(f)r(f(D-2)) 


E~ \ (4A.10) 


Integrating this over E yields N(E). Setting N(E) = n + 1/2 in one dimension, we obtain the 
Bohr-Sommerfeld energies (4.35) plus a first quantum correction. Since we have studied these 
corrections to high order in Subsection 4.9.6 (see Fig. 4.1), we do not write the result down here. 

A physically important case is p = —1, g = Uca, with a of Eq. (1.505), where V(x) = —hca/r 
becomes the Coulomb potential. Here we obtain from (4A.10): 


p(E) = 


X 


2 /Mg 2 \ D/2 r (l + f) 

f(f) \2rf?) r(i + r>) 

[ n 2 p 2 t(^)t{i + d) 

\ 24Mg~ 2 F (D — 3) T (l + -j)) 


{ _ E){ D/2) { l + 2/ P )-l 


For D = 1, only the leading term survives and 


(4A.11) 


p(E) 


Mg 2 

2h 2 


(■ ~E )~ 3/2 , 


(4A.12) 


implying that 

N(E) = 2^^(-E)- 4 / 2 . (4A.13) 

In order to find the bound-state energies, we must watch out for a subtlety in one dimension: 
only the positive half-space is accessible to the particle in a Coulomb potential, due to the strong 
singularity at the origin. For this reason, the “surface of a sphere” Sd for D = 1 , which is 
equal to 2, must be replaced by 1, so that we must equate N{E)/2 to n + 1/2. This yields the 
spectrum E n = —a 2 Mc 2 /2(n + 1/2) 2 . The exact energies follow the same formula with n 2 instead 
of (n+1/2) 2 [7]. In contrast to the harmonic oscillator, the Bohr-Sommerfeld approximation yields 
here the correct energies only for large n. We have seen at the end of Section 4.1 how to correct 
this defect: we must go to a new variable £ by the coordinate transformation r = eC This moves 
the singularity at r = 0 to £ = —oo and the semiclassical result becomes exact. 


Appendix 4B Derivation of Semiclassical Time Evolution 

Amplitude 


Here we derive the semiclassical approximation to the time evolution amplitude (4.267). We shall 
do this for imaginary times t = it. Decomposing the path x(r) into path average of the ends 
points x = (xf, + x a )/2 and fluctuations t|(t), we calculate the imaginary-time amplitude 1 ' 


(XfcT fc |x a T a ) 


rr\(T b )=Ax/2 


'ii(tJ=-Ax/2 


2?r| exp 





(4B.1) 


17 In the mathematical literature this is a heat kernel (see Footnote 16 in Chapter 2). The 
expansions in (4B.16) and (4B.59) are called a heat kernel expansions, or Hadamard expansions, 
crediting J. Hadamard, Lectures on Cauchy’s Problem, Yale University Press, New Haven, 1932. 
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where Ax = x b — x a . For smooth potentials we expand 

v(x + ti ( t )) = V(x) + di.V (x) th{t) + ^didjV (x) ip{r)ip{ t) + ... , 
where Vy...(x) = • • • V(x), and rewrite the path integral (4B.1) as 

_ /•r|(r i) )=Ax/2 f i /* T b i,r 

(x b r b |x a r 0 ) = e _/3y(x) / 2 ?ri exp^-- / dr — ri 2 (r) 

i'q(r a )=-Ax/2 l ^ J r a " 


(4B.2) 


x M.P r 


14 (x) ip (r) + i (x) ip (t) ip (r) + ... 


(4B.3) 


^ r T b pTb 

d- 5 - / dr dr' 

2h 2 J T „ y r „ 


F i (x)l/ i (x)r ?i (r)r/ i (r , ) + ... 


At this point it is useful to introduce an auxiliary harmonic imaginary-time amplitude 

p(r(,)=Ax/2 
/ ,, |(t a )~— Ax/2 

and the harmonic expectation values 

^ /* 1 l( Tb )~Ax/2 


™(r s )=Ax/2 j' 1 /-Ti, i/ 'v 

(Ax/2 r b |-Ax/2 r a ) = / £>r|exp^-- / dr —r] 2 (rH (4B.4) 

J T)(r a )=-Ax/2 l dra ^ J 


<*M = - 


f 1 / >Tb M 1 

2?T]J ;l [r|]exp|--y dr—ii 2 (r)j, (4B.5) 


(Ax/2 Tb | — Ax/2 T a ) J T |( Tfl)= _Ax/2 
which allows us to rewrite (4B.3) more concisely as 

(x b r b |x a r a ) = e -/3y(x) (Ax/2 r b | -Ax/2 r a ) jl - ^ J dr V;(x) ( 77 *(r)) 

dT ^ i ( T ) r ?i( T )) + ^ 2 ^(x)^(x>y drj dr , (?j i (r)ryj(r , )) + ...|. 

The amplitudes (4B.4) reads explicitly, with Ar = r b — r a : 

. 1 1 a / ( M \ D/2 f M x2 l 

(Ax/2 r„| - Ax/2 r.) = (j^J exp ( - — (Ax) j , 

and (4B.5) can be calculated from the generating functional 

(Ax/2r b |-Ax/2r a )[j] = f 

dn(r a 


(4B.6) 


fl( T b)=Ax/2 j' 1 i-T b 

dT 

,) = -Ax/2 l n JT a 


y TlV) — j(r) T)(r) 


(4B.7) 


(4B.8) 


whose explicit solution is 


/ M \ D / 2 f M 1 /" r! > 

(Ax/2^|-Ax/2r„)B] = ( s ^j e xp (-^(Ax)^—/^r( 


r — r) Axj(r) 

yZ7T HL\TJ ^ LllL\T HL\T J T 

+ j_ r dT r d/ e < T - r 'M Ar - iA±gA - r > |Ar - t ' )t j(r)i(/) 

27i i ra i ra MAt ; 

The expectation values in (4B.6) and (4B.5) are obtained from the functional derivatives 

1 M 


(diO)) = 


(Ax/2 r b | - Ax/2r 0 ) djj(r) 


(Ax/2 r b | —Ax/2 r a )[j] 


j=o 


(di( r )dt( r, )} = / A /9 — / A /9 —r T^rr a -T a ( Ax / 2 T fcl - Ax / 2 r a)D] 
(Ax/2 r b | — Ax/2r a ) djj(r) djj(r') 


(4B.9) 

(4B.10) 


j=o 
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This yields the Ax-dependent expectation value 

= (t - r) 


and the Ax-dependent correlation function 


Ax.j 

At 


(4B.11) 


< Vi( T )Vj(r ')) = 


MAt 


[0(t — r , )(Ar — t)t / + 0(r' — t)(At — t')t] Sij 


< Axi Axj 

+ V-r){r-r)— — 


= G(T,T')6ij + H(T,T')AXiAXj = Gfj X (T,T'). 


(4B.12) 


Note that 


J dr (r?i(r)} = 0, 


and 


j drj dr' (r H (r)i 1:j (T , )) = J dr j dr' G% x {t, t') = ^^At(At 2 - t 2 )S, 
J dr{r] i (T)ri j {T)) = j dr G% x (t,t) = 


At 2 

6 

Thus we obtain the semiclassical imaginary-time amplitude 

D/2 

I 1V± A 9 

pyd < -Ay — ■ 

h 


Sij T ^ Ax, AXj . 


(4B.13) 

(4B.14) 

(4B.15) 


= (_"_Y 

'At) 

At 2 - Ar , . At 3 r _ T ., = x l2 


■ , . , f M 2 At 

(X1T ‘ |X “ T “ ) = eXP i _ 2Si^ ' 


x <M - 


12M 


V‘Y(x)--(AxV)^(x) 


24A4 h 


[W(x)]^ 


(4B.16) 


This agrees precisely with the real-time amplitude (4.267). 

For the partition function at inverse temperature ft = ( Tb — T a )/h , this implies the semiclassical 
approximation 


Z = 


d°x (x hft |x0) 


M 


2ttTi 2 ft 


D/2 


d D x I 1 — 


^-V 2 V(x) + ^-[W(x)] 2 ^ e~ fiv W. (4B.17) 
12M y ’ 24 M [ 1 n ) K ’ 


A partial integration simplifies this to 


/[■[ \ D / 2 r / s 2 «2 


2Trh 2 ft 
M 

2irTi 2 ft 


d D x I 1 — 


h z ft 2 
24 M 


v 2 y(> 


„-/3V(x) 


D/2 


J d D x exp ftV(x) — 


2o2 


r/3 

24 M 


W(x) . 


(4B.18) 


Let us also sketch how to calculate all terms in (4B.16) proportional to V (x) and its derivatives. 
Instead of the expansion (4B.6), we evaluate 


(x b T & |x 0 r a ) = e /3y(x) ( Ax/2 T fc | — Ax/2 r a ) jl - A J 4r (V (x + ti(t)) - V(x))j. 


(4B.19) 
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F(x + n)= / —— 5 -y(k)exp[tk(x + n)], 


(4B.20) 


we obtain 


(x b T & |x a T a ) = (Ax/2 Tb| — Ax/2 To) 

x e~ fiv & jl - i £ b dr J ^-^U(k)e ik,c ^ e ik,l(r) - l^j . (4B.21) 

The expectation value can be calculated using Wick’s theorem (3.310) as 

J dr ^e ikll ( T )^ = J ^ Te “ fc <M , 7i(' r ) J Jj(' r )}/ 2 _ J ^ re -fc<fcj[G(r,T)iy+ff(T,r)AcciAxj]/2. 


where the equal-time functions G(t,t), are from (4B.12): 

G(t ’ t) = WK^ {At ~ t)t ’ H(t ’ t) = 

Inserting the inverse of the Fourier decomposition (4B.20), 


(4B.22) 


(4B.23) 


U(k) = / d D rj V (x + r|) exp [— ik (x + t])] , 


(4B.24) 


where r) is now a time-independent variable of integration, we find 


dr ^e lkl1 ^ ^ = J dr J d D r/ V (x + r\)J- 


0 -(l/2)k i G^ x {T,T)k j -ikiVi(T) 


(4B.25) 


After a quadratic completion of the exponent, the momentum integral can be performed and yields 
£ " dr (V kT,(T) ^ = Jd D i 1 V(x + tj) J ” dr [det G£ x (t, r)] ~ 1/2 e -(i/2)u.[Gg-(r 1 r)]- 1 w ( 4B .26) 


Using the transverse and longitudinal projection matrices 

pT c _ AxjA Xj L _ 

ij (Ar\2 ’ b 


A Xi Ax.j 


(4B.27) 


satisfying P T ~ = P T , P L = P L , we can decompose G,,- (r, r') as 

G£*(t,t') = G(r, r')Pf + [G{t,t') + H{t,t'){ Ax) 2 ] f*. 
It is then easy to find the determinant 


det G^ x (t, t') = [G(t, t')] d 1 [G(t,t') + Ax) 2 ], 


and the inverse matrix 


[^( ry )]" 1 = 


G(r, r') 


. AxiAxj 
din - , ■ 


AxiAxj 


(A;c) 2 J G(t,t') + H(t,t')(Ax) 2 (Aa’) 2 


(4B.28) 


(4B.29) 


(4B.30) 


Inserting (4B.26) back into (4B.21), and taking the correction into the exponent, we arrive at 


(x fc T fc |x a T a ) = (Ax/2 Tj,| — Ax/2 r a ) e f Ta dTV ( x ’D/ n 


(4B.31) 
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where V (x, r) is the harmonically smeared potential 

V(x, r) = [det G§ x (t, t)] ~ 1/2 J d D p V(x + n)e- (1/2)?7i[G S x ( T ^r . 

By expanding V(x + r|) to second order in r|, the exponent in (4B.31) becomes 

~PV(5t) - ^Vij(x) J (ItG% x (t,t) + ... . 

According to Eq. (4B.15), we have 

[ Tb , a . . Ti Ar 2 Ar 

J dr (r, r) = — — % + — Az* Aa,, 


(4B.32) 


(4B.33) 


(4B.34) 


so that we reobtain the first two correction terms in the curly brackets of (4B.16) 

The calculation of the higher-order corrections becomes quite tedious. One rewrites the ex¬ 
pansion (4B.2) as F^x + t|(t)^ = e Vi ^ di V (x) and (4B.19) as 


(x b T & |x 0 T a ) = (Ax/2 7b| — Ax/2 To) x ^2 


(-1 ) r 
71 .\ 


n/ . (4B.35) 


n -0 \ n=0 Ta / 

Now we apply Wick’s rule (3.310) for harmonically fluctuating variables, to re-express 


e ri(.r)di\ _ e <i)i(T)r )j -(r)>/2 _ e G^ x (r,r)a i a 3 /2 


e Vi(,T) d i e rH<,T')di\^ _ ^(■ni('r)r]j(. T ))didj+(rn(.T')Ti j (T'))didj+2(rn(T)r)j{T'))didj]/2 

= e [ G $ X ( T ’ T ) a <^ + G « X ( T '<T')didj +2 Gg* (r,r')a 4 dj ] /2 


(4B.36) 


Expanding the exponentials and performing the r-integrals in (4B.35) yields all desired higher- 
order corrections in (4B.16). 

For Ax = 0, the expansion has been driven to high orders in Ref. [8] (including a minimal 
interaction with a vector potential). 

There exists an efficient operator method for evaluating (4B.1) and deriving (4B.16) which 
goes as follows. We rewrite (4B.1) in operator form as 


(x b r & |x a r a ) = ( Xb \e- ATH ^’ k ^ n \x a ) = (x b \e~ A ^ 2 / 2M+V ^ h \x a ). 
With the help of formula (1.296), this can be expressed es follows: 


(4B.37) 


(x & r & |x a r a ) = (x 6 |e- A ^ 2 / 2Mft fexp|-^ A Ve^ 2 / 2M ^(x)e-^ 2 / 2M "||x a ). (4B.38) 


Now we use the Heisenberg equation (1.277) and evalaute 

e rp 2 /2Mh v ^ e -rp' 2 /2Mn = v(x h (t)) = R(x - ipr/M). 


(4B.39) 


This allows us to recast (4B.38) to the form 


(x b Tb\ Xa Ta) = {x b \e Arp2/2MS Texp j-iy dr AV(x,p,r) }>|x a )e ArV ^a)/n^ (4B.40) 
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where 

AV (x, p, r) = E(x — ipr/M) — V(x). 
Expressing V(x) by its Fourier representation, this is equal to 

d D k 


AV(x, p, t) = 


(2tt) 


D 


E(k) (e 


ik(x— ipr/M) ikx 


which is also equal to 


AV(x, p, r) = J d D x' V (x')S(pr,x, x'), 


where 




g~k(x—x' —ipr/M) ^ik(x-x') 


(4B.41) 


(4B.42) 


(4B.43) 


(4B.44) 


is a smearing operator. Inserting now a completeness relation of the momentum states in front of 
the time-ordering operator in Eq. (4B.38), we find 


(x b T & |x a T a ) = 


d D p 

(2irh) L 


e ip-x b /h e ~ATH(p,x a )h^rp 


exp <--y dr AV (x, p, t) > |x a ). 


(4B.45) 


This formula can now be evaluated by expanding the time-ordered product in powers of 
AV(x, p, t). 

To first-order, we use the Baker-Campbell-Hausdorff formula (2.9) to re-order the exponential 
of the operators x and p. This leads to the matrix element 


(pI-SXpt, x,x')|x a ) = 


d D k 

(2tt) d 
io 


(Pi (< 


,kpr/M ik(x— x') — k 2 rh/2M ik(x—: 


f d D k / 

J (2^ V £ 


ik(x a —x'—ipr/M) —k 2 rh/2M ik(x a — 


It is now useful to introduce a softended (5-function of width rM/rj: 

X IVI = f d ° k r ^x -k 2 Th/2M 

M j “i (2n) D 6 


It has the properties 


J d D x5 T (x) = l, J d D xXiXjS T (x.) = r—Sij,. 


°) M 


e" ipx “. (4B.46) 


(4B.47) 


(4B.48) 


With the help of this we define the smeared potential 

U(x) = J - ’ On *') = {2wTt / M)D „ 

For small r, this has an expansion 


J d D x V(x - x)e- x ' 2M/2Th (4B.49) 


W(X) s U(x) + ~W(x) + X (A ) V*V(x) 


(4B.50) 
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Then we arrive at the first-order result 

( Xb r b \ Xa r a )=J -^ je ip-AxA e -ArH( P> x 0 )/ft|i_ ^J\ tWpt + . ..j. (4B.51) 

where 

W pT = (p|P T (x - ipr/M) - V(x)|x a ). (4B.52) 

We now change the variable of integration from p to p' = p — iM Ax/r, and find (after omitting 
the prime) 

(x 6 r 6 |x a r 0 ) =e - MAx2 / 2A ^y - {j^dr W pT+iM Ax + • • • j ■ (4B.53) 

Performing the momentum integration, we errive at 

e -MAx 2 /2Art ^ ^ fir \ 

(x b T & |x 0 r a ) = _____ ^-ArVM/n ^1 - - ^ dT Wp T+i MAx + • ■ ^ . ( 4B - 54 ) 

where the expectation value of a function ( /(p) ) p denotes the Gaussian momentum average: 

/ j0 js ^ nun - (“■“) 


Now we expand AV T (x b —ipr/M) in powers of p: 

2 

AK(x) ~ V(x b ) - P(x a ) + ^V 2 P(x 6 ) - ^pW(x 6 ) - ^( P V) 2 y(x,,). (4B.56) 

The momentum averages in formula (4B.63) are calculated with the help of the integral formula 
(4.331) which reads here 


d D p 


e -Arp /2Mh .,pV 2 • • •p i2n - 1 p i2n , • • •} 


1 J ! ^ 

(27tA tTi/M) d / 2 I ’ At ’ \ Ar 


> • •• > ,(4B.57) 


with the contraction tensors (4.333). Applying these to the expression (4B.63) we obtain the 
low-order contributions to (4B.63) 

-MAx 2 /2AtR 

(x b r b |x a r a ) = _____ e ^^(xa)//t(i + Ai+ a 2 + ...), (4B.58) 

where 

K ) - i,(x “ )+ (5-2^)s v2v '< x *> + '^-]• <4R59 > 

After integrating over r we recover (4B.16). 

To second order, the calculation becomes more complicated since we have to find the matrix 
element 

(p|S'(pr,x,x , )S'(pr , ,x,x")|x a ) = J J (4B.60) 

x(p| ^ e k P r / M e ik (x-x / ) e -fc 2 T?i/ 2M _ e ik (x-x')^ ^k'pr'/M e ik'(k-x') e ~k' 2 Th/2M _ ^'(x-x")^ | x ^ 
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The first term in the product need re-ordering according to the Baker-Campbell-Hausdorff formula 
(2.9) which states that so that 

(p| e k P-r/-M e i k (x- x ') e -fc 2T fi./ 2 M e k'pr7M e jk'(x-x') e -fc' 2 rR/2M| x ^ 

_ e -kkVft/M/p| e kpr/M e ik(x 0 -x") e -fc 2 T?i/2M e k'pT'/M gik'(x a -x") e ~k' 2 Th/2M . (4B.61) 


The prefactor can obviously be rewritten as a differential operator: 

g -kk 't'H/M _ (t'R/M)V'V" 


(4B.62) 


Apart from that, the integrand consists of the product of the smeared potentials V T {x! — ipr/M). 
Thus the second-order correction in (4B.59) becomes 


A 2 = 



(4B.63) 


where 


W (2) (p) = (e (r,?i/M)v ' v " - l) V T (x' - ipr/M)V t ’ (x" - ipr’/M) 
+ [V T (x b - ipr/M ) - V(x a )] [K'(xt - ipr'/M) - V(x a )]. 


X —x a ,x —x a 


(4B.64) 


By evaluating this expression we can extend the expansion (4B.16) to higher orders in /3 = A r/Ti. 

The expression (4B.63) can be used to derive a compact formula for the gradient expansion 
of the trace log of the Hamiltonian operator H = p 2 / 2M + V(x). We insert (4B.40) into formula 
and (4.290), and obtain the Euclidean-time formula 

Trlog H = -Jd D xJ^ y(x|e- THtf ’ x ^/ fi fexp|-i^ dr' AF(x, p, r')J|x). (4B.65) 


Appendix 4C Potential of Thomas Fermi Model 


Let us expand /(£) = 1 + 2 a ^ n ^ 2 ^ and insert this into the self-consistent Thomas-Fermi 

equation (4.384) to obtain 


X> fc(fc ~ 2 V fc - 4)/2 = r 1/2 


exp 


k —3 


log(l + ^a„r /2 ) 


k—2 


This leads to a recursive determination of the coeffcients: 


G&3 3, CL4. 0, U5 5^2? 3? ^7 70^2 5 ^8 15^27 


2 1 3 1 2 31 

^9 27 252 ^2 ’ tt 10 175^2’ 1485 ^2 


1056 ^2 ’ 


(4C.1) 


(4C.2) 


Inserting the slope parameter 02 = — s from Eq. (4.386), we obtain a so-called asymptotic expansion 
of the function /(£). This can, however, be used to obtain the plot in Fig. 4.2 only for very 
small £, due its divergence. Only after developing the resummation technique called variational 
perturbation theory in Chapter 5 will we able to obtain the entire plot from the expansion. 

For large £, the behavior of /(£) is /(£) —> / as (£) = 144/£ 3 as verifed by direct insertion into 
Eq. (4.384) [recall Eq. (4.387)]. The next correction to this is 

/(0 = /as(0 (1 + hx~ q + b 2 x~ 2q + ...), 

where 

1 ( /^ A u 9b l 

?=- V73-7 , b 2 = - 7 —p=- r. 

2 V J 2 (7 v / 73 — 67) 

with 61 ss —13.3. Fixing this parameter is equivalent to fixing the slope 
expansion. 


(4C.3) 

(4C.4) 

paramter s in the small-); 
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' Who can believe what varies every day, 

Nor ever was, nor will be at a stay? 
John Dryden (1631-1700), Hind and the Panther 

5 

Variational Perturbation Theory 

Most path integrals cannot be performed exactly. It is therefore necessary to develop 
approximation procedures which allow us to approach the exact result with any 
desired accuracy, at least in principle. The perturbation expansion of Chapter 3 
does not serve this purpose since it diverges for any coupling strength. Similar 
divergencies appear in the semiclassical expansion of Chapter 4. 

The present chapter develops a convergent approximation procedure to calculate 
Euclidean path integrals at a finite temperature. The basis for this procedure is a 
variational approach due to Feynman and Kleinert, which was recently extended to 
a systematic and uniformly convergent variational perturbation expansion [1]. 

5.1 Variational Approach to Effective Classical 
Partition Function 

Starting point for the variational approach will be the path integral representation 
(3.816) for the effective classical potential introduced in Section 3.25. Explicitly, the 
effective classical Boltzmann factor B(x o) for a quantum system with an action 

r h P r M o i 

A c = dr —x 2 (t) + V(x(t)) (5.1) 

Jo L 2 

has the path integral representation [recall (3.816) and (3.809)] 

/ o° /. .7™re .7^ ini 

V'x e ~ Ae/n = TT / , x (5.2) 

m=i V Kk B T/Muj 2 m _ 

M °° 1 rfi/kaT / oo y 

x exp ——- ^ u 2 \\x m \ 2 - - drV x 0 + (x m e~ luJrnT + c.c.) , 

L k B T m =l hJo V m= 1 )\ 

with the notation = R,e x m , x"] 1 = Irn x m . To make room for later subscripts, 
we shall in this chapter write A instead of A c . In Section 3.25 we have derived a 
perturbation expansion for B{x o) = e~^ ye c ( x °\ Here we shall hnd a simple but 
quite accurate approximation for B(x 0 ) whose effective classical potential K cfrcl (x 0 ) 
approaches the exact expression always from above. 
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5.2 Local Harmonic Trial Partition Function 


The desired approximation is obtained by comparing the path integral in question 
with a solvable trial path integral. The trial path integral consists of a suitable su¬ 
perposition of local harmonic oscillator path integrals centered at arbitrary average 
positions Xo, each with an own frequency fl 2 (xo). The coefficients of the super¬ 
position and the frequencies are chosen in such a way that the effective classical 
potential of the trial system is an optimal upper bound to the true effective classi¬ 
cal potential. In systems with a smooth or at least not too singular potential, the 
accuracy of the approximation will be very good. In Section 5.13 we show how to 
use this approximation as a starting point of a systematic variational perturbation 
expansion which permits improving the result to any desired accuracy. 

As a local trial action we shall take the harmonic action (3.850), which may also 
be considered as the action of a harmonic oscillator centered around some point Xq: 


A x ° — 


r h/k B T 


drM 


2 +^( x o) 2 


x 0 y 


(5.3) 


However, instead of using the specific frequency H 2 (xo) = V”(xq)/M in (3.850), we 
shall choose H(xo) to be an as yet unknown local trial frequency. The effective clas¬ 
sical Boltzmann factor B(x o) associated with this trial action can be taken directly 
from (3.823). We simply replace the harmonic potential Mu 2 x 2 /2 in the defining 
expression (3.816) by the local trial potential FL(xq)(x — Xq) 2 / 2. Then the first term 
in the fluctuation expansion (3.817) of the action vanishes, and we obtain, instead 
of (3.823), the local Boltzmann factor 


B, 


n(s„) = 


hFl(x 0 )/2k B T 


= Z x n °. 


smh[%Q(x 0 )/2k B T] u ( ^ 

The exponential exp (—/3Muj 2 Xq/2) in (3.823) is absent since the local trial potential 
vanishes at x = Xq. The local Boltzmann factor B^(x o) is a local partition function 
of paths whose temporal average is restricted to Xo, and this fact will be emphasized 
by the alternative notation Z^° which we shall now find convenient to use. The 
effective classical potential of the harmonic oscillators may also be viewed as a local 
free energy associated with the local partition function Z^ 0 which we defined as 

(5.5) 


F x ° = —k B T log Z?° 


o i 


such that we may identify 


Kf cl M = Fg = k B T log 


smh[htt(xo)/2k B T] 


hfl(xo)/2k B T j 

The harmonic path integral associated with the local partition function Zq° is 


(5.6) 


Z X0 = J Vx(t)5(x - x 0 )e~ A ^ /h 


n 

m= 1 


d T re J T im 

nk B T/Muj 




(5.7) 
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where S(x — Xq) is the slightly modified <5-function introduced in Eq. (3.815). 

We now define the local expectation values of an arbitrary functional F[x(r)] 
within the harmonic path integral (5.7): 

(F[a;(r)])^ = [Z^]~ l j Vx 6{x - x 0 )e-^ h F[x(r)}. (5.8) 


The effective classical potential can then be re-expressed as a path integral 
e -v eBcl (x 0 )/k B T = z X0 = J VxS{x-x 0 )e- A/n 

= J Vx8(x — xo)e~ An °^ h e~ ( - A ~ An °^ h 
= Z£° {e~ {A ~ A ° )/h ) X ° • (5-9) 

We now take advantage of the fact that the expectation value on the right-hand 
side possesses an easily calculable bound given by the Jensen-Peierls inequality: 

(5 , 10 ) 

This implies that the effective classical potential has an upper bound 

E effcI (xo) < F*°(x 0 ) + k B T (A/h - A%/h) x n ° . (5.11) 

The Jensen-Peierls inequality is a consequence of the convexity of the exponential 
function: The average of two exponentials is always larger than the exponential at 
the average point (see Fig. 5.1): 


e X1 + e x2 
2 


g ] +£2 

> e 2 


(5.12) 


This convexity property of the exponential function can be generalized to an expo¬ 
nential functional. Let 0[x\ be an arbitrary functional in the space of paths x(t), 
and 


(0[x\) = J Vji[x\0[x\ 


(5.13) 



Figure 5.1 Illustration of convexity of exponential function e x , satisfying (e x ) > e A 
everywhere. 
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an expectation value in this space. The measure of integration /j [x] is supposed to 
be normalized so that (1) = 1. Then (5.12) generalizes to 

(e-°) > (5.14) 


To prove this we first observe that the inequality (5.12) remains valid if x\,xi are 
replaced by the values of an arbitrary function O(x): 


e ~o(x i) _|_ e ~o(x 2 ) 


2 


0(£l)±0(£2) 

> e 


(5.15) 


This inequality is then generalized with the help of any positive measure p(x), with 
unit normalization, / d/i{x) = 1, to 


J d^(x)e-°^ x) > e f d ^ e ° (x) , (5.16) 

and further to 

jvn[x}e-°W > e f v ^ x \ e ~° lx] , (5.17) 

where n[x] is any positive functional measure with the normalization / T>/j,[x\ = 1 . 
This shows that Eq. (5.14) is true, and hence also the Jensen-Peierls inequality 
(5.10). 

Since the kinetic energies in the two actions A and Aq/ in (5.11) are equal, the 
inequality (5.11) can also be written as 


y eff cl 


(*o) < *S° + 


ksT fti/kaT 

— Jo dT 


V(x{t)) - M 


bl 2 (^o) 

2 


(x(t) - x 0 ) 2 



(5.18) 


The local expectation value on the right-hand side is easily calculated. Recalling 
the definition (3.856) we have to use the correlation functions of tj(t) without the 
zero frequency in Eq. (3.842): 


(ij(r)ij(r'))” = a\ T ,(x 0 ) 


h 

1 coshfl(a;o)( r — r'\ — h/3/ 2) 

1 

M 

2fl(a;o) sinh(fl(a;o)^/5/2) 

h/3 n 2 _ 


(5.19) 


valid for arguments r,r' e [0 ,h(3\. By analogy with (3.806) we may denote this 
quantity by Oq( So )(e t'), which we have shortened to a 2 TT ,(x o), to avoid a pile-up of 
indices. 

All subtracted correlation functions can be obtained from the functional deriva¬ 
tives of the local generating functional 


Z X0 \j] = jV x(t)S(x - x 0 ) e- {1/ Vf^ dT lf {^W+n^xoJlxW-xol^-iWlxW-xolj^g^Q) 
whose explicit form was calculated in (3.847): 

z 5°b] = z S“exp j— l —J o “dr 13 dT'j(T)G^ (n) jT-T')j(T')^ . 


(5.21) 
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If desired, the Green function can be continued analytically to the real-time 
retarded Green function 


G^t') = -Q(t~t')(x(f)x(t')) (5.22) 

in a way to be explained later in Section 18.2. 

With the help of the spectral decomposition of these correlation functions to be 
derived in Section 18.2, it is possible to show that the lowest frequency content of 
the zero-temperature Green function (5.22) contains the information on the lowest 
excitation energy of a physical system. For the frequncy to of an oscillator Green 
function this is trivially true. It is then obvious that in the above approximation 
where the Green function is a superposition of oscillator Green functions of frequen¬ 
cies n(xo), the minimal zero-temperature value of fifl(x 0 ) gives an approximation 
to the energy difference between ground and first excited states. In Table 5.1 we see 
that for the anharmonic oscillator, this approximation is quite good. 

As shown in Fig. 3.14, the local fluctuation square width 

(^( r ))n = (( X ( T ) “ Xo ) 2 )o 0 = a rr( x o) = 4(* 0 )> ( 5 - 23 ) 

with the explicit form (3.806), 


a 


2 

f2(a:o) 


2 

M/3 


E 

m— 1 


l 

U? n + tt 2 (x o) 


1 

M/3Vl 2 (x q) 


h/5n(x 0 ) h(3Q(x o) 

---coth--- 



(5.24) 


goes to zero for high temperature like 


)^vh 2 /12Mk B T. 


(5.25) 


This is in contrast to the unrestricted expectation (( x{r) — ^o) 2 )q( xo ) of the harmonic 
oscillator which includes the to m = 0 -term in the spectral decomposition (3.803): 

a« = (Mb - = 4 (n) + j^-y (5.26) 

This grows linearly with T following the equipartition theorem (3.803). 

As discussed in Section 3.25, this difference is essential for the reliability of a 
perturbation expansion of the effective classical potential. It will also be essential 
for the quality of the variational approach in this chapter. 

The local fluctuation square width a‘cy xo) measures the importance of quantum 
fluctuations at nonzero temperatures. These decrease with increasing temperatures. 
In contrast, the square width of the to® = 0 -term grows with the temperature 
showing the growing importance of classical fluctuations. 

This behavior of the fluctuation width is in accordance with our previous ob¬ 
servation after Eq. (3.840) on the finite width of the Boltzmann factor B[x o) = 
e -v eScl (x 0 )/k B T f Qr j QW temperatures in comparison to the diverging width of the 
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alternative Boltzmann factor (3.841) formed from the partition function density 
B(xq) = l e (h/ 3 )z(x) = e — V eSc \x 0 )/k B T ' 

Since is finite at all temperatures, the quantum fluctuations can be treated 

approximately. The approximation improves with growing temperatures where 
a fi(x 0 ) tends to zero. The thermal fluctuations, on the other hand, diverge at high 
temperatures. Their evaluation requires a numeric integration over xo in the final 
effective classical partition function (3.811). 

Having determined Oq , xo ), the calculation of the local expectation value 
(V(x(t)))q is quite easy following the steps in Subsection 3.25.8. The result is 
the smearing formula analogous to (3.875): We write V(x(t)) as a Fourier integral 

/ oo rj U _ 

— e ikx ^V(k), (5.27) 

-CO Z7T 

and obtain with the help of Wick’s rule (3.307) the expectation value 

(y(x(T)))a = V a 2(x 0 ) = ^Lv(k)e ikx °- a2{xo)k2/2 . (5.28) 

J — oo t 

For brevity, we have used the shorter notation a 2 (x o) for a^ x 0 ), and shall do so in 
the remainder of this chapter. Reinsert the Fourier coefficients of the potential 

~ r oo 

V{k) = dxV(x)e~ lkx , (5.29) 

J — OO 

we may perform the integral over k and obtain the convolution integral 

(R(x(r)))*° = V a 2(x 0 ) = dX ° e —K— sq) 2 /2« 2 (sq) (5.30) 

a 2 (x 0 ) 

As in (3.875), the convolution integral smears the original potential V(xq) out over 
a length scale a(x 0 ), thus accounting for the effects of quantum-statistical path 
fluctuations. 

The expectation value (( x(t ) — ^o) 2 )n° hr Eq. (5.26) is, of course, a special case 
of this general smearing rule: 

(x - x 0 ) 2 a 2 = I c ^_ e -p/2a?){x'-x 0 ) 2 _ Xo y = a 2( XQ y ( 5 . 3 i) 

j -oo V 27TGr 

Hence we obtain for the effective classical potential the approximation 

W?(x 0 ) = F Xo + V a 2(x 0 )-^Q 2 (x 0 )a 2 (x 0 ), (5.32) 

which by the Jensen-Peierls inequality lies always above the true result: 

Wf M > V eSc \x 0 ). 


(5.33) 
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A minimization of IT, (x'o) in fi(xo) produces an optimal variational approximation 
to be denoted by W\(x o). 

For the harmonic potential V(x) = A / Ico 2 x 2 /2, the smearing process leads to 
V a 2 (x o) = Mu 2 (x q + a 2 )/ 2. The extremum of W±(x 0 ) lies at 9(x 0 ) = to, so that the 
optimal upper bound is 

2 

W^xo) = FZ° + Mto 2 '^. (5.34) 

Thus, for the harmonic oscillator, Wfi(x o) happens to coincide with the exact effec¬ 
tive classical potential V^ ffcl (x 0 ) found in (3.830). 


5.3 The Optimal Upper Bound 


We now determine the frequency hl(xo) of the local trial oscillator which optimizes 
the upper bound in Eq. (5.33). The derivative of bFp(xo) with respect to hl 2 (xo) 
has two terms: 


dWfi(x o) 3Wfi(x o) dWfi (x 0 ) 3a 2 (x 0 ) 

d9 2 (x 0 ) 39 2 (x 0 ) + 3a 2 (x 0 ) n{xo) 39 2 (x 0 )' 

The Erst term is 


dWfixo) M f k B T r H9 / K9 \ 
39 2 (x 0 ) ~ Y{M9 2 (x 0 ) [2YT COtl \2fYf) “ ' 



(5.35) 


It vanishes automatically due to (5.24). Thus we only have to minimize Wfi(x o) 
with respect to a 2 (x 0 ) by satisfying the condition 


dWfijx q) 
3a 2 (x 0 ) 


(5.36) 


Inserting (5.32), this determines the trial frequency 


fl 2 (x 0 ) 


2 dV a 2 (x 0 ) 
M 3a?(x 0 ) 


(5.37) 


In the Fourier integral (5.28) for K 2 (^o), the derivative 2(3 / 3a 2 )V a 2 is represented 
by a factor — k 2 which, in turn, is equivalent to 3jdx\. This leads to the alternative 
equation: 


fi 2 (x 0 ) 


1 

M 



V a 2 (x 0 ) 


a 2 =a 2 (xo ) 


(5.38) 


Note that the partial derivatives must be taken at fixed a 2 which is to be set equal 
to o?(x o) at the end. 

The potential Wfi(x 0 ) with the extremal fl 2 (x 0 ) and the associated a 2 (x 0 ) of 
(5.24) constitutes the Feynman-Kleinert approximation Wfix^) to the effective clas¬ 
sical potential l/ effcl (x 0 ). 


H. Kleinert, PATH INTEGRALS 




5.4 Accuracy of Variational Approximation 


471 


It is worth noting that due to the vanishing of the partial derivative 
dW^ 1 (xo)/<9f2 2 (xo) in (5.35) we may consider f2 2 (a;o) and a 2 (xo) as arbitrary varia¬ 
tional parameters in the expression (5.32) for Wp(x o). Then the independent vari¬ 
ation of Wp(x o) with respect to these two parameters yields both (5.24) and the 
minimization condition (5.37) for f2 2 (a;o). 

From the extremal IT, (x 0 ) we obtain the approximation for the partition func¬ 
tion and the free energy [recall (3.837)] 

Zl = e -F,/k B T = r (5.39) 

J—oo 

where l e (h(3) is the thermal de Broglie length defined in Eq. (2.353). We leave it to 
the reader to calculate the second derivative of W^(x o) with respect to f2 2 (a;o) and 
to prove that it is nonnegative, implying that the above extremal solution is a local 
minimum. 


5.4 Accuracy of Variational Approximation 


The accuracy of the approximate effective classical potential Wi(xq) can be esti¬ 
mated by the following observation: In the limit of high temperatures, the approx¬ 
imation is perfect by construction, due the shrinking width (5.25) of the nonzero 
frequency fluctuations. This makes W\(xq) in (5.31) converge against V(xo), just as 
the exact effective classical potential in Eq. (3.812). 

In the opposite limit of low temperatures, the integral over xq in the general 
expression (3.811) is dominated by the minimum of the effective classical potential. 
If its position is denoted by rr m , we have the saddle point approximation (see Section 
4.2) 


A 


_ y e -V ea *\xn)/k B T 

m o 


_^L -k efIcl (Xm)]"(xo-Im) 2 /2fc B T 

um 


(5.40) 


The exponential of the prefactor yields the leading low-temperature behavior of the 
free energy: 

F -» E effcl (a; m ). (5.41) 

T—>0 

The Gaussian integral over xq contributes a term 


A F 


k B T log 


1 n , 


r 

\k B T V 

M j 


(5.42) 


which accounts for the entropy of x 0 fluctuations around x m [recall Eq. (1.568)]. 
Moreover, at zero temperature, the free energy F converges against the ground 
state energy E^ of the system, so that 


£ ( °) = G effcl (a; m ). 


(5.43) 
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The minimum of the approximate effective classical potential, Wp(x o) with respect 
to n(xo) supplies us with a variational approximation to the free energy F \, which 
in the limit T —> 0 yields a variational approximation to the ground state energy 


E[ 0) = F 1 \ T=0 =W 1 (x m )\ T=0 . 

By taking the T —> 0 limit in (5.32) we see that 

lim W^Zq) = ^ hVL(x 0 ) - MVL 2 (x 0 )a 2 (x 0 ) + V a 2 (x 0 ). 


In the same limit, Eq. (5.24) gives 


h 


so that 


lim a 2 (x 0 ) — , ., 

o v ' 2MO(x 0 ) 


i i h 2 

lmi (x 0 ) = ^hQ(x 0 ) + V a2 (x 0 ) = ~ Mq2 ^ + K^o) • 


(5.44) 


(5.45) 


(5.46) 


(5.47) 


The right-hand side is recognized as the expectation value of the Hamiltonian oper¬ 
ator 


H = 


p 

2M 


+ V{x) 


(5.48) 


in a normalized Gaussian wave packet of width a centered at Xq\ 


tj}(x ) = 


(27ra 2 ) 1 / 4 


exp 


4a 2 


(x - x 0 f 


Indeed, 


H \ = 

ip 


dxip*(x)Hil>(x) = + V a 2 (x 0 ). 


(5.49) 


(5.50) 


Let Ei be the minimum of this expectation under the variation of xq and a . 


Ex = min X0iO 2 ■ (5.51) 

This is the variational approximation to the ground state energy provided by the 
Rayleigh-Ritz method. 

In the low temperature limit, the approximation to the free energy converges 
toward Ep. 

lim Fx = Ex. (5.52) 

T->0 

The approximate effective classical potential Wi(xq) is for all temperatures and 
Xo more accurate than the estimate of the ground state energy Eq by the minimal 
expectation value (5.51) of the Hamiltonian operator in a Gaussian wave packet. For 
potentials with a pronounced unique minimum of quadratic shape, this estimate is 
known to be excellent. 
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Table 5.1 Comparison of variational energy E\ = lim-j^o Ei, obtained from Gaussian 
trial wave function, with exact ground state energy . The energies of the first two 
excited states Ecx and Ecx are listed as well. The level splitting A E^x = Eex — Ecx to 
the first excited state is shown in column 6. We see that it is well approximated by the 
value of fl(0), as it should (see the discussion after Eq. (5.21). 


9 /4 

Ei 

p(°) 

-C'ex 

WTT) 

-C/ex 

p(2) 

-C/ex 

A E&> 

fl(0) 

a 2 (0) 

0.1 

0.5603 

0.559146 

1.76950 

3.13862 

1.21035 

1.222 

0.4094 

0.2 

0.6049 

0.602405 

1.95054 

3.53630 

1.34810 

1.370 

0.3650 

0.3 

0.6416 

0.637992 

2.09464 

3.84478 

1.45665 

1.487 

0.3363 

0.4 

0.6734 

0.668773 

2.21693 

4.10284 

1.54816 

1.585 

0.3154 

0.5 

0.7017 

0.696176 

2.32441 

4.32752 

1.62823 

1.627 

0.2991 

0.6 

0.7273 

0.721039 

2.42102 

4.52812 

1.69998 

1.749 

0.2859 

0.7 

0.7509 

0.743904 

2.50923 

4.71033 

1.76533 

1.819 

0.2749 

0.8 

0.7721 

0.765144 

2.59070 

4.87793 

1.82556 

1.884 

0.2654 

0.9 

0.7932 

0.785032 

2.66663 

5.03360 

1.86286 

1.944 

0.2572 

1.0 

0.8125 

0.803771 

2.73789 

5.17929 

1.93412 

2.000 

0.2500 

10 

1.5313 

1.50497 

5.32161 

10.3471 

3.81694 

4.000 

0.1250 

50 

2.5476 

2.49971 

8.91510 

17.4370 

6.41339 

6.744 

0.0741 

100 

3.1924 

3.13138 

11.1873 

21.9069 

8.05590 

8.474 

0.0590 

500 

5.4258 

5.31989 

19.0434 

37.3407 

13.7235 

14.446 

0.0346 

1000 

6.8279 

6.69422 

23.9722 

47.0173 

17.2780 

18.190 

0.0275 


In Table 5.1 we list the energies Ei = ITi(O) for a particle in an anharmonic 
oscillator potential. Its action will be specified in Section 5.7, where the approxi¬ 
mation Wi(x$) will be calculated and discussed in detail. The table shows that this 
approximation promises to be quite good [2], 

With the effective classical potential having good high- and low-temperature 
limits, it is no surprise that the approximation is quite reliable at all temperatures. 

Even if the potential minimum is not smooth, the low-temperature limit can be 
of acceptable accuracy. An example is the three-dimensional Coulomb system for 
which the limit (5.51) becomes (with the obvious optimal choice Xq = 0) 


3 h 2 2 e 2 \ _ 3 h 2 

8 Ma 2 y/n y/^ci 2 ) 8 M a^ in ' 


(5.53) 


The minimal value of a is a m i n = ^/97r/32a# where oh = h 2 /Me 2 is the Bohr 
radius (4.376) of the hydrogen atom. In terms of it, the minimal energy has the 
value Ei = — (4/37T )e 2 /clh- This is only 15% percent different from the true ground 
state energy of the Coulomb system E^ = — (l/2)e 2 /an- Such a high degree of 
accuracy may seem somewhat surprising since the exact Coulomb wave function 
ip(x) = (7ra^-) -1 / 2 exp(— r/an) is far from being a Gaussian. 

The partition function of the Coulomb system can be calculated only after sub¬ 
tracting the free-particle partition function and screening the 1 jr -behavior down 
to a finite range. The effective classical free energy F\ of the Coulomb potential 
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obtained by this method is, at any temperature, more accurate than the difference 
between E\ and . More details will be given in Section 5.10. 


5.5 Weakly Bound Ground State Energy 
in Finite-Range Potential Well 

The variational approach allows us to derive a simple approximation for the bound- 
state energy in an arbitrarily shaped potential of finite range, for which the binding 
energy is very weak. Precisely speaking, the falloff of the ground state wave function 
has to lie outside the range of the potential. A typical example for this situation is 
the binding of electrons to Cooper pairs in a superconductor. The attractive force 
comes from the electron-phonon interaction which is weakened by the Coulomb 
repulsion. The potential has a complicated shape, but the binding energy is so 
weak that the wave function of a Cooper pair reaches out to several thousand lattice 
spacings, which is much larger than the range of the potential, which extends only 
over maximally a hundred lattice spacings. In this case one may practically replace 
the potential by an equivalent 5-function potential. 

The present considerations apply to this situation. Let us assume the absolute 
minimum of the potential to lie at the origin. The first-order variational energy at 
the origin is given by 

Wi(0) = | + 'M0), (5.54) 

where by (5.30) 

MO) = f" V (x'„). (5.55) 

J-oo V2na- 

By assumption, the binding energy is so small that the ground state wave function 
does not fall off within the range of V{xq). Hence we can approximate 


/ O roo 

~ dx' 0 V(x' 0 ), (5.56) 

7r J—oo 

where we have inserted a 2 = 1/2H. Extremizing this in H yields the approximate 
ground state energy 

, n \ 1 r r°° i 2 

b !°> k -— - dx'„V(x’„) . (5.57) 

Z7T L J—co 

By applying this result to a simple 5-function potential at the origin, 

V(x) = -g6(x), g> 0, (5.58) 



(5.59) 

(5.60) 
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The failure of the variational approximation is due to the fact that outside the range 

of the potential, the wave function is a simple exponential e~ k ^ with k = 

and not a Gaussian. In fact, if we consider the expectation value of the Hamiltonian 

operator 

for a normalized trial wave function 

il>(x) = \[Ke~ K \ x I, (5.62) 

we obtain a variational energy 

W\ = — gK, (5.63) 

whose minimum gives the exact ground state energy (5.60). Thus, problems of the 
present type call for the development of a variational perturbation theory for which 
Eq. (5.54) and (5.55) read 

W(0) = ^- + V K (0), (5.64) 

where 

/ oo /7 / r / 

—— e ~ K \ x °\ V(x 0 ). (5.65) 

-oo CL 

For an arbitrary attractive potential whose range is much shorter than a, this leads 
to the correct energy for a weakly bound ground state 

fn-i 1 r roo ] 2 

E l ~ -o - / dX 'o ■ ( 5 - 66 ) 

Z L J— oo 


5.6 Possible Direct Generalizations 


Let us remark that there is a possible immediate generalization of the above variational procedure. 
One may treat higher components x m with m > 0 accurately, say up to in = fh — 1, where m is 
some integer > 1, using the ansatz 

, _ i f wt ‘ T m[x 2 (t) n2( _ _ , 


Zm = J t>x(r) exp I - 1 j 


2 2 


Q ( XQi • • • 5 %m) 


X x(t) - Xo - 'YZ (Xm<Z lUlmT + C.c.' 


D -(l/k B T)L m (xo,...,Xm' 


Loo W) 


da;™ da;™ 

+ O 2 (a; 0 )' 

nk B T/Mu ^ 

^4 


x hn(x 0 )/2 ksT c ~Lrn(xg . Xfn)/k B T 

smh(hfl(xo)/2kBT) 


with the trial function Lf, 


kj^T c^/^bT / tti i \ 

I J fh(% 0? • • • 5 *£m) — T I dT V ' a 2_^ I X 0 ^ ^ (^mC m “t“ C.C.) j ——““ (*£0j • • • 5 3Cffi)Q j fh’> 

\ m— 1 / 


(5.68) 
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and a smearing square width of the potential 

(5.69) 

\ 2 k B T ^ 1 

) M 2^ iU & + w 

For the partition function alone the additional work turns out to be not very rewarding since it 
renders only small improvements. It turns out that in the low-temperature limit T —> 0, the free 
energy is still equal to the optimal expectation of the Hamiltonian operator in the Gaussian wave 
packet (5.49). 

Note that the ansatz (5.7) [as well as (5.67)] cannot be improved by allowing the trial fre¬ 
quency fi(xo) to be a matrix fl m m'( x o) hr the space of Fourier components x m [i.e., by using 
m ' fimm'instead of n(xo) I 2 -™! 2 ]- This would also lead to an exactly integrable 
trial partition function. However, after going through the minimization procedure one would fall 
back to the diagonal solution t3 m m'( x o) = S mm 'Q(xo)- 


2 k B T y, 1 

M ^ col + Q 2 

m=m 

ksT f hfi hQ 

Am 2 \2k B T COth 2 k B T 


5.7 Effective Classical Potential for Anharmonic 
Oscillator and Double-Well Potential 

For a typical application of the approximation method consider the Euclidean action 


A[x] = I 

Jo 


fti/ksT 

/ dr 

M / . 2 2 2 s 

— [X + UJX 

\ . 9 4 

Jo 

[ 2 V 

' 4 


(5.70) 


Let us write 1/ksT as (3 and use natural units with M = 1, h = ks = l- We have 
to distinguish two cases: 

a) Case u 2 > 0, Anharmonic Oscillator 

Setting u 2 = 1, the smeared potential (5.30) is according to formula (3.879): 


t .- / \ xl g 4 a 2 3 2 2 3g 4 

Va 2 {xo) ~ y + + — + —gx 0 a + — a . 

Differentiating this with respect to a 2 /2 gives, via (5.37), 

D 2 (x 0 ) = [1 + 3gxl + 3ga 2 (x 0 )}. 

This equation is solved at each xq by iteration together with (5.24), 

1 


a {x 0 ) = 


PW(x o) 


mxo) coth m*o) 


(5.71) 


(5.72) 


(5.73) 


An initial approximation such as fl(x 0 ) = 0 is inserted into (5.73) to find a 2 (x 0 ) = 
/3/12, which serves to calculate from (5.72) an improved D 2 (a;o), and so on. The 
iteration converges rapidly. Inserting the final a 2 (a;o), D 2 (a;o) into (5.71) and (5.32), 
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Figure 5.2 Approximate free energy F\ of anharmonic oscillator as compared with the 
exact energy F ex , the classical limit F c \ = —(1//3) log J^ 0 00 (dx/y/2Tr/3)e~^ v ^ x \ as well as 
an earlier approximation Fq = — (1/ f3)\og of Feynman’s corresponding to F\ for the 
nonoptimal choice ft = 0, a 2 = /?/12. Note that F$,F\ satisfy the inequality Fop > F. 
while F c ] does not. 


we obtain the desired approximation Wi(xq) to the effective classical potential 
l/ effcl (a;o). By performing the integral (5.39) in xq we find the approximate free 
energy iq plotted as a function of (3 in Fig. 5.2. The exact free-energy values are 
obtained from the known energy eigenvalues of the anharmonic oscillator. They are 
seen to lie closely below the approximate F\ curve. For comparison, we have also 
plotted the classical approximation F d = — (1 //3) logZ c \ which does not satisfy the 
Jensen-Peierls inequality and lies below the exact curve. 

In his book on statistical mechanics [3], Feynman gives another approximation, 
called here F 0 , which can be obtained from the present Wi^Xq) by ending the it¬ 
eration of (5.72), (5.73) after the first step, i.e., by using the constant nonminimal 
variational parameters fl(a;o) = 0, a 2 (x o) = h 2 /3/12 M. This leads to the approxi¬ 
mation 


+ + \ @) y(4, M 


+... 


(5.74) 
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referred to as Wigner’s expansion [4]. The approximation F 0 is good only at higher 
temperatures, as seen in Fig. 5.2. Just like F \, the curve F 0 lies also above the 
exact curve since it is subject to the Jensen-Peierls inequality. Indeed, the inequal¬ 
ity holds for the potential W\{xq) in the general form (5.32), i.e., irrespective of 
the minimization in a 2 (xo )• Thus it is valid for arbitrary f2 2 (a;o), in particular for 
f] 2 (xo) = 0. 

In the limit T —> 0, the free energy F\ yields the following approximation for the 
ground state energy E of the anharmonic oscillator: 


E 


( 0 ) 

i 


1 VI 3 g 
+ 7 + 4 4S?' 


(5.75) 


This approximation is very good for all coupling strengths, including the strong¬ 
coupling limit. In this limit, the optimal frequency and energy have the expansions 


= 


/ 9\ 
V4/ 


1/3 


6^ + 


2 1 / 3 3 4 / 3 (^/4) 2 / 3 


+ 


and 


d 0> (9) 


f) 

if 


1/3 


3,1/3 


(!) 


+ 


0.681420 + 0.13758 


2 7 / 3 3 1 / 3 (g/ 4) 2 / 3 

1 


+ ... 


( g / 4) 2 / 3 


+ ... 


(5.76) 


(5.77) 


The coefficients are quite close to the precise limiting expression to be calculated in 
Section 5.15 (listed in Table 5.9). 


b) Case a; 2 < 0: The Double-Well Potential 


For a; 2 = —1, we slightly modify the potential by adding a constant l/4g, so that it 
becomes 

V ( x ) = ~Y + 4 ^ + Ig' ^ 5 ' 78 ' ) 

The additional constant ensures a smooth behavior of the energies in the limit g —y 0. 
Since the potential possesses now two symmetric minima, it is called the double-well 
potential. Its smeared version 14 2 (^o) can be taken from (5.71), after a sign change 
in the first and third terms (and after adding the constant 1/4 g). 

Now the trial frequency 

n 2 ( Xo ) = ^ 1 + 3^ + 3^a 2 (a;o) (5-79) 

can become negative, although it turns out to remain always larger than —47 t 2 //3 2 , 
since the solution is incapable of crossing the first singularity in the sum (5.24) 
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from the right. Hence the smearing square width a 2 (xo) is always positive. For 
fi 2 E (— 47T 2 //? 2 , 0), the sum (5.24) gives 


a 2 (x 0 ) = 


2 ~ 1 
P m^l + fi2 (® 0 ) 


/3Q' 2 (x 0 ) 


/3|H(a;o)| /3|0(a:o) | 

2 C ° 2 


(5.80) 


which is the expression (5.73), continued analytically to imaginary fi(xo). The 
above procedure for finding a 2 (x o) and H 2 (xo) by iteration of (5.79) and (5.80) is 
not applicable near the central peak of the double well, where it does not converge. 
There one finds the solution by searching for the zero of the function of H 2 (a;o) 

f(ti 2 (x 0 )) = a 2 (x 0 ) - lL[ 1 + H 2 (x 0 ) - Sgxl], (5.81) 


with a 2 (x o) calculated from (5.80) or (5.73). At T = 0, the curves have for g < g c 
two symmetric nontrivial minima at Ex m with 



/1 — 3 ga 2 

%m \ ) 

V 9 

(5.82) 

where Eq. (5.79) becomes 



iffm) — 2 6 go) (x m ). 

(5.83) 

These disappear for 

4 [2 

(5.84) 


9 > 9c = 9V 3 ^ °’ 3629 • 


The resulting effective classical potentials and the free energies are plotted in 
Figs. 5.3 and 5.4. 

It is useful to compare the approximate effective classical potential W\{x) with 
the true one I/ effcl (a;) in Fig. 5.5. The latter was obtained by Monte Carlo simulations 
of the path integral of the double-well potential, holding the path average x = 
(1 //3) Jq drx(r) fixed at xq. The coupling strength is chosen as g — 0.4, where the 
worst agreement is expected. 

In the limit T -E 0, the approximation F\ yields an approximation for the 
ground state energy. In the strong-coupling limit, the leading behavior is the same 
as in Eq. (5.77) for the anharmonic oscillator. 

Let us end this section with the following remark. The entire approximation 
procedure can certainly also be applied to a time-sliced path integral in which the 
time axis contains + 1 discrete points r„, = ne, n = 0,1,... N. The only change 
in the above treatment consists in the replacement 

^ VJ [2 2 COS(ctU m )]. 


(5.85) 
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Figure 5.3 Effective classical potential of double well V(x) = — x 2 /2 + gx 4 /4 + 1/4 g 
at various g for T = 0 and T = oo [where it is equal to the potential V(x) itself]. The 
quantum fluctuations at T = 0 smear out the double well completely if g > 0.4, but not if 
g = 0 . 2 . 


Hence the expression for the smearing square width parameter a 2 (x 0 ) of (5.24) is 
replaced by 


= 2k A gT n 2 ( \ lQ g IE fanAn + ft 2 (z 0 ) 

M dn 2 (x 0 ) ^ L 

k B T 1 d sinh( UVt N (xq)/ 2k B T) 

log 


M Qdfl 
k B T 

MVt 2 (x 0 ) 


hfi,(xo)/2k B T 

Ml(x. 0 ) Ml N (x Q ) 

— — coth 
2k B T 


(5.86) 


2 k B T cosh(efhv(a;o)/2) 


- 1 


where m max = N/2 for even and (N — l)/2 for odd N [recall (2.391)], and Qn(xo) 
is defined by 

sinh[enjv(^o)/2] = eQ(xo)/2 (5.87) 

[see Eq. (2.399)]. The trial potential W\ (x 0 ) now reads 

. , smhhVlN(xo)/2k B T Tr . . 117 9/ . 9 . . 

Wi(zo) = k B T log— nn ^ Xo y 2 k B T — + Va2 ( x ^ x °^ _ ( x °) a ( x °)’ ( 5 - 88 ) 


rather than (5.32). Minimizing this in a 2 (x o) gives again (5.37) and (5.38) for f2 2 (xo)- 
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Figure 5.4 Free energy F\ in double-well potential (5.78), compared with the exact free 
energy F ex , the classical limit F c \, and Feynman’s approximation Fq (which coincides with 
F\ for the nonminimal values fl = 0, a 2 = (5/12). 


In Fig. 5.6 we have plotted the resulting approximate effective classical potential 
Wi{xq) of the double-well potential (5.78) with g = 0.4 at a fixed large value /3 = 20 
for various numbers of lattice points N + 1. It is interesting to compare these plots 
with the exact curves, obtained again from Monte Carlo simulations. For N = 1, 
the agreement is exact. For small N, the agreement is good near and outside the 
potential minima. For larger N, the exact effective classical potential has oscillations 
which are not reproduced by the approximation. 

5.8 Particle Densities 

It is possible to find approximate particle densities from the optimal effective classical 
potential W\{x o) [5, 6]. Certainly, the results cannot be as accurate as those for the 
free energies. In Schrodinger quantum mechanics, it is well known that variational 
methods can give quite accurate energies even if the trial wave functions are only 
of moderate quality. This has also been seen in the Eq. (5.53) estimate to the 
ground state energy of the Coulomb system by a Gaussian wave packet. The energy 
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Figure 5.5 Comparison of approximate effective classical potential W\{xq) (dashed 
curves) and W$(x o) (solid curves) with exact F cffcl (xo) (dots) at various inverse tempera¬ 
tures (3 = 1/T. The data dots are obtained from Monte Carlo simulations using 10 5 config¬ 
urations [W. Janke and H. Kleinert, Chem. Phys. Lett. 137, 162 (1987) (http://www.phy- 
sik.fu-berlin.de/~kleinert/154)]. We have picked the worst case, g = 0.4. The solid 
lines represent the higher approximation W^(x o), to be calculated in Section 5.13. 


is a rather global property of the system. For physical quantities such as particle 
densities which contain local information on the wave functions, the approximation 
is expected to be much worse. Let us nevertheless calculate particle densities of 
a quantum-mechanical system. For this we tie down the periodic particle orbit in 
the trial partition function Z\ for an arbitrary time at a particular position, say x a . 
Mathematically, this is enforced with the help of a 5-function: 


8{x a 


x(r)) = 5(x a - x 0 - J2 (x m e ™ mT + c.c.)) 

771= 1 


■°° dk I , 

— exp < ik 
-oo 2 tt 1 


X a ~ X o - 


OO 

E 

771= 1 


(XttiC 


+ c.c.) 


(5.89) 


ref(2.353) With this, we write the path integral for the particle density [compare (2.353)] 
lab(2. length) 

est(2.234) r 

p{x a ) = Z~ l ® Vx5(x a — x(T))e~ A ^ h (5.90) 
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0.0 

Figure 5.6 Effective classical potential W\ (x'o) for double-well potential (5.78) with 
g = 0.4 at fixed low temperature T = 1//3 = 1/20, for various numbers of time slices 
1V-I-1 = 2 (h), 4 (A), 8 (v), 16 (A), 32 (+), 64 (□). The dashed line represents the original 
potential F(.xo). For the source of the data points, see the previous figure caption. 



and decompose 


PM = Z / 77TW / E-e 


ik{x a -X o) 


4-00 l e {Uf3) 4 27r 
x t Vx6(x - 


(5.91) 


The approximation ITj (x 0 ) is based on a quasiharmonic treatment of the x m - 
fluctuations for m > 0. For harmonic fluctuations we use Wick’s rule of Section 3.10 
to evaluate 


3 -ifc£^ =1 (a; m e l " m ' r +c.c.) 


,- fcaE m=l(l X "*l 2 )n 0 = e - fc2a2 /2 


(5.92) 


which is true for any r. Thus we could have chosen any r in the 5-function (5.89) 
to find the distribution function. Inserting (5.92) into (5.91) we can integrate out k 
and find the approximation to the particle density 


,_1 [<*> dx 0 e -(«o) 2 /2a 2 (xo) _ yeffc 

i-oo l e {k[5) J2na?(xQ) 


(xo)/k B T 


(5.93) 


By inserting for I/ cffcl (;ro) the approximation W\{xq), which for Z yields the approxi¬ 
mation Zi, we arrive at the corresponding approximation for the particle distribution 
function: 

r°o p-(x a -xo) 2 / 2 a 2 (xo) 

Pl(Xa) = Z? / I , 5 e -Wi(xo)/k B T (5.94) 

4-oo le(h/3) J2Tra?(x 0 ) 


(5.94) 
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Figure 5.7 Approximate particle density (5.94;r:5.63,a:5.93) of anharmonic oscillator 
for g = 40, as compared with the exact density p{x) = Z~ l J2 n \'^n(x)\ 2 e~ l3En , obtained 
by integrating the Schrodinger equation numerically. The curves are labeled by their /3 
values with the subscripts 1, ex, cl indicating the approximation. 


This has obviously the correct normalization dx a pi (x a ) = 1. Figure 5.7 shows 
a comparison of the approximate particle distribution functions of the anharmonic 
oscillator with the exact ones. Both agree reasonably well with each other. In 
Fig. 5.8, the same plot is given for the double-well potential at a coupling g = 0.4. 
Here the agreement at very low temperature is not as good as in Fig. 5.7. Compare, 
for example, the zero-temperature curve oc>i with the exact curve oo ex . The first 
has only a single central peak, the second a double peak. The reason for this 
discrepancy is the correspondence of the approximate distribution to an optimal 
Gaussian wave function which happens to be centered at the origin, in spite of the 
double-well shape of the potential. In Fig. 5.3 we see the reason for this: The 
approximate effective classical potential I-Fi (xo) has, at small temperatures up to 
T ~ 1/10, only one minimum at the origin, and this becomes the center of the 
optimal Gaussian wave function. For larger temperatures, there are two minima and 
the approximate distribution function pi(x) corresponds roughly to two Gaussian 
wave packets centered around these minima. Then, the agreement with the exact 
distribution becomes better. We have intentionally chosen the coupling g = 0.4, 
where the result would be about the worst. For g 0.4, both the true and the 
approximate distributions have a single central peak. For g <C 0.4, both have two 
peaks at small temperatures. In both limits, the approximation is acceptable. 
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Figure 5.8 Particle density (5.94) in double-well potential (5.78) for the worst choice 
of the coupling constant, g = 0.4. Comparison is made with the exact density p(x) = 
Z~ l Y^n \^n{x)\ 2 e^ l3En obtained by integrating the Schrodinger equation numerically. The 
curves are labeled by their /3 values with the subscripts 1, ex, cl indicating the approxima¬ 
tion. For /3 —>• oo, the distribution tends to the Gaussian e~ x ! 2a /VZna 2 with a? = 1.030 
(see Table 5.1). 


5.9 Extension to D Dimensions 


The method can easily be extended to approximate the path integral of a particle 
moving in a D- dimensional x-space. Let Xi be the D components of x. Then the 
trial frequency QL(x 0 ) i n (5.7) must be taken as a D x D -matrix. In the special 
case of K(x) being rotationally symmetric and depending only on r = Vx 2 , we 
may introduce, as in the discussion of the effective action in Eqs. (3.684)-(3.689), 
longitudinal and transverse parts of fi|-(x 0 ) via the decomposition 

fiij(xo) = to 2 L (r 0 )Puj(xo) + fi|(r 0 )PTp(xo), (5.95) 

where 

PiAj(x o) = XoiXoj/rl, Prq(x 0 ) = &ij - x 0i x 0 j/r%, (5.96) 

are projection matrices into the longitudinal and transverse directions of xo. Anal¬ 
ogous projections of a vector are defined by x^ = Pl(x 0 )x, x^ = Pt(x 0 )x. Then 
the anisotropic generalization of ILj n (x 0 ) becomes 


W?(r 0 ) = k B T 


sinh TiQ L /2k B T 

lo S /o,. T + (D ~ 1) log 


ItYLl/ 2k B T 
M r 


sinh hVL T /2k B T 
hVl T /2k B T 


^l a l +(D 


1 )ti T a T + V 0 


a L ,ar i 


(5.97) 
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with all functions on the right-hand side depending only on ro. The bold-face su¬ 
perscript indicates the presence of two variational frequencies O = (fThe 
smeared potential is now given by 


^a,L,«,T (^o) 


V // 2 7ra i \j2ita 2 

1 


D— 


D 

Til 


d5xi 


i= i 


x exp 

which can also be written as 
1 


(a L 2 8x 2 L + a T 2 8x.^j 


y(x 0 + <5x), (5.98) 


V aL ,a T (r 0 ) = 7 = ==== [dSx L f d D 1 8x T exp 


5x 2 fix? 
2 a\ 2 o|. 


G(x 0 + 5x). (5.99) 


For higher temperatures where the smearing widths a\, a\. are small, we set V (x) = 
v(r 2 ), so that 


V (x) = v(rl + 2 r 0 Sx L + 5x 2 L + 6x|) = ^ — v (n) (ro) (2r 0 8x L + + 5x^) 

= u(r 2 + ,9 A ) e ^(2»-ofe i +54+5x2 


n=0 


J A=0 


(5.100) 


Inserting this into the right-hand side of (5.98), we find 


Va L ,a T (i r o) — 


v{r% + d\) 


V 1 - 2 «iA sJi-2cl 2 t \ 


■D-r 


0 2rl\ 2 a 2 L /{l-2a\X) 


(5.101) 


-I A=0 


which has the expansion 
V aL ,a T (r 0 ) = v(rjj) + v\r 2 )[a 2 L + (D - 1 )a 2 T ] 

+ 2 V "( r o)[3 a L + 2(T> — l)a 2 L a% + ( D 2 — 1 )a^ + 4rga|] + 


(5.102) 


The prime abbreviates the derivative with respect to Tq. 

In general it is useful to insert into (5.98) the Fourier representation for the 
potential 


l/(x) = 


d D k 


ykx 


V(k), 


(5.103) 


(5.104) 


- (2vr) D 

which makes the x-integration Gaussian, so that (5.99) becomes 

K|,a|ko) = J k ) ex P - ir 

Exploiting the rotational symmetry of the potential by writing V(k) = v(k 2 ), we 
decompose the measure of integration as 

d D k 

■ = ^rsl dkL 


(2ir) D (2ir) 


/ oo /*oo 

dkL / dkxk^ 2 , 

-oo «/ 0 


(5.105) 
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where 


S D = 


2tt d / 2 

rp/2) 


is the surface of a sphere in 
k sin <fi: 


r d D k 

1 (2^ 


D 


dimensions, and further with 
^ D .\ f dcoscfr [ dkk D ~ l . 

(2vr) D J -1 Jo 


This brings (5.104) to the form 


(5.106) 
k cos qb, kr = 

(5.107) 





(5.108) 


The final effective classical potential is found by minimizing W\(r o) at each r 0 in 
cll, ut, fin, &t- To gain a rough idea about the solution, it is usually of advantage to 
study first the isotropic approximation obtained by assuming a^(r 0 ) = a|(r 0 ), and 
to proceed later to the anisotropic approximation. 


5.10 Application to Coulomb and Yukawa Potentials 

The effective classical potential can be useful also for singular potentials as long as 
the smearing procedure makes sense. An example is the Yukawa potential 

V(r) = — (e 2 /r)e -mr , (5.109) 

which reduces to the Coulomb potential for m = 0. Using the Fourier representation 

3 —r(fc 2 +m 2 ) 


V (r) = 4n j 


d 3 k e* kx . r°° , /' d 3 k ^ 1 . 2 , 


(27r) 3 k 2 + m 5 


= 47T 


dr 


(2tt) 


(5.110) 


we easily calculate the isotropically smeared potential 


K 2 M = -e 2 J 


d 3 x 


y/2ira 2 


exp 


2a 2 


(x 0 - x) 


-e 2 2vre m2a2/2 f 
4a 2 


da‘ 


/2 


V2n a' 2 

2 e m 2 a 2 /2 ^ /.r 0 /v / 2a 2 


exp 


V (r) 

(—rl/2a' 2 — m 2 a' 2 /2}j 


= —e 


^ e -(t 2 +m 2 r 2 / 4 t 2 ). 


VT r 0 JO 


(5.111) 


In the Coulomb limit m —> 0, the smeared potential becomes equal to the Coulomb 
potential multiplied by an error function, 


K 2 (r 0 ) = erf(r 0 /V®), 


(5.112) 
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where the error function is defined by 

2 r z 2 
erf(z) = —j= / dxe x . 
y/n Jo 

The smeared potential is no longer singular at the origin, 



(5.113) 


(5.114) 


The singularity has been removed by quantum fluctuations. In this way the effective 
classical potential explains the stability of matter in quantum physics, i.e., the fact 
that atomic electrons do not fall into the origin. The effective classical potential of 
the Coulomb system is then by the isotropic version of (5.97) 


<(x 0 ) = win 


sinh[h/3h2(xo)/2] e 2 


(5 f7dfI(x 0 )/2 


l x o| 


erf 


l x o| 


_y / 2a 2 (x 0 )_ 


-MH 2 (xo)a 2 (xo). (5.115) 


Minimizing Wi(ro) with respect to a 2 (r 0 ) gives an equation analogous to Eq. (5.37) 
determining the frequency fl 2 (ro) to be 


^ (To) = e - 


2 1 


3 v^F (a 2 ) 3 / 2 


3 -r 0 V2a 2 


(5.116) 


We have gone to atomic units in which e — M— h= ks= 1, so that energies and 
temperatures are measured in units of E 0 = Me 4 /Mh 2 ~ 4.36 x 10” 11 erg a; 27.21eV 
and T 0 = E^/ks ~ 31575K, respectively. Solving (5.116) together with (5.24), 
we find a 2 (r 0 ) and the approximate effective classical potential (5.32). The result 
is shown in Fig. 5.9 as a dashed curve. The above approximation may now be 
improved by treating the fluctuations anisotropically, as described in the previous 
section, with different h2 2 (x 0 ) for radial and tangential fluctuations <5x^ and <5xr, 
and the effective potential following Eqs. (5.97) and (5.98). For the anisotropically 
smeared Coulomb potential we calculate from (5.108): 


^a 2 ,a|, (To) 



rlu 2 1 

2 [ a\u 2 + a'Jp (1 — u 2 )\ J 


(5.117) 


Introducing the variable A = \fa\u / yja 2 L X 2 + a^( 1 — A 2 ), which runs through the 
same interval [—1,1] as u , we rewrite this as 


K 2 ,4<To) 



exp[—(r 2 /2a 2 )A 2 ] 
a 2 L {\ - X 2 ) + a 2 T \ 2 ' 


(5.118) 
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Figure 5.9 Approximate effective classical potential W\{ro) of Coulomb system at var¬ 
ious temperatures (in multiples of 10 4 K). It is calculated once in the isotropic (dashed 
curves) and once in the anisotropic approximation. The improvement is visible in the 
insert which shows W\ jV. The inverse temperature values of the different curves are 
j3 = 31.58, 15.78, 7.89, 3.945, 1.9725, 0.9863, 0 atomic units, respectively. 


Extremization of fUi(r 0 ) in Eq. (5.97) yields the equations for the trial frequencies 


o) = 


8 

dal 


V n 2_„2=e z \-± d\ 


°l f 1 A 2 exp[-(r 2 /2a|)A 2 ] 


Sl 2 (ro) = 1[S1| + 2fi§.] = I 


27t J- i [a 2 (1 — A 2 ) + A 2 ] 2 

d 


d 


+ 2 - 


,2 1 


— e - 


3 


2 4 


da\ da y 

exp(-r 2 /2al). 




These equations have to be solved together with 

1 


a L,r( r o) — 


/^L,r( r o) 


/3A2yy(r 0 ) /5fiyy(r 0 ) 
---coth---1 


(5.119) 


(5.120) 


(5.121) 


Upon inserting the solutions into (5.97), we find the approximate effective classical 
potential plotted in Fig. 5.9 as a solid curve. Let us calculate the approximate parti¬ 
cle distribution functions using a three-dimensional anisotropic version of Eq. (5.94). 
With the potential W\ (r 0 ), we arrive at the integral [6] 

e —(z 0 —r) 2 /2a 2 e -(a;g-|-i/g)/2a 2 e ~PWi(ro) 


/ g—V^U —' ) /^ L e -\u, 0 -ry 0 J/^ T 

d X ° ^2nal(r 0 ) 2tt a^(r 0 ) (2 tt/3) 3 / 2 
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r 

Figure 5.10 Particle distribution g(r) = \Z2irf3 p{r) in Coulomb potential at dif¬ 
ferent temperatures T (the same as in Fig. 5.9), calculated once in the isotropic and 
once in the anisotropic approximation. The dotted curves show the classical distribu¬ 
tion. For low and intermediate temperatures the exact distributions of R.G. Storer, 
J. Math. Phys. 9, 964 (1968) are well represented by the two lowest energy lev¬ 
els for which p(r)=7 r _ 1 e _ 2 r e / 3 / 2 -|-(l/ 87 r)(l — r + r 2 /2)e -r e /3 / 8 +(l/3 8 7r)(243 — 324r + 
216r 2 —48r 3 +4r 4 )e“ 2r / 3 e^/ 18 . 

f-oo rl g-(Aro-r) 2 /2a| -rg(l-A 2 )/2a|, -/31Vi(r 0 ) 

= 27 t dr 0 / d ,\—- 75 —— --— . . (5.122) 

'0 J- 1 ^27ra|(r 0 ) 2?r 4M (2 tt/3) 3 / 2 

The resulting curves to different temperatures are plotted in Fig. 5.10 and compared 
with the exact distribution as given by Storer. The distribution obtained from the 
earlier isotropic approximation (5.116) to the trial frequency f2 2 (r 0 ) is also shown. 

5.11 Hydrogen Atom in Strong Magnetic Field 

The recent discovery of magnetars [7] has renewed interest in the behavior of charged 
particle systems in the presence of extremely strong external magnetic fields. In this 
new type of neutron stars, electrons and protons from decaying neutrons produce 
magnetic fields B reaching up to 10 15 G, much larger than those in neutron stars 
and white dwarfs, where B is of order 10 10 — 10 12 G and 10 6 — 10 8 G, respectively. 

Analytic treatments of the strong-field properties of an atomic system are dif¬ 
ficult, even in the zero-temperature limit. The reason is a logarithmic asymptotic 
behavior of the ground state energy to be derived in Eq. (5.132). In the weak-field 
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limit, on the other hand, perturbative approaches yield well-known series expansions 
in powers of B 2 up to B 60 [ 8 ]. These are useful, however, only for B <C Bq, where Bq 
is the atomic magnetic held strength B 0 = e 3 M 2 /h 3 ~ 2.35 x 10 5 T = 2.35 x 10 9 G. 

So far, the most reliable values for strong uniform fields were obtained by nu¬ 
merical calculations [9]. 

The variational approach can be used to derive a single analytic expression for 
the effective classical potential applicable to all held strengths and temperatures [ 10 ]. 
The Hamiltonian of the electron in a hydrogen atom in a uniform external magnetic 
held pointing along the positive 2 -axis is the obvious extension of the expression in 
Eq. (2.646) by a Coulomb potential: 

1 A 4 p 2 

H{p , x ) = yyP 2 + y w i x2 - u B l z { P, x ) - y, (5.123) 

where oj b denotes the B-dependent magnetic frequency ujl/2 = eB/2Mc of 
Eq. (2.651), i.e., half the Landau or cyclotron frequency. The magnetic vector 
potential has been chosen in the symmetric gauge (2.640). Recall that l z is the 
2 -component of the orbital angular momentum / 2 (p,x) = (x x p ) 2 [see (2.647)]. 

At hrst, we restrict ourselves here to zero temperature. From the imaginary-time 
version of the classical action (2.640) we see that the particle distribution function 
in the orthogonal direction of the magnetic held is, for Xb = 0 ,£/{, = 0 , proportional 
to 

e xp . (5.124) 

This is the same distribution as for a transverse harmonic oscillator with frequency 
u B ■ Being at zero temperature, the hrst-order variational energy requires knowing 
the smeared potential at the origin. Allowing for a different smearing width o| and 
along an orthogonal to the magnetic held, we may use Eq. (5.118) to write 





dX (1 - \ 2 ) + \ 2 a 2 L /a 2 ' 


Performing the integral yields 


(5.125) 


Kla 2 , (°) = -C 


\ 


1 ay 

—- - 5 — 2 arccosh— 

27r(aj| — ay) a± 


(5.126) 


Since the ground state energies of the parallel and orthogonal oscillators are f2y/2 
and 2 x Q±/2, we obtain immediately the hrst-order variational energy 

Wi(o) — q_l + + K|,a2_(o) + — (wj| — ^f) a jj + m(uj 2 b — 117)07, ( 5 . 127 ) 

with u\\ = 0 and ajj ± = l/ 2 H|| ) j_. In this expression we have ignored the second term 
in the Hamiltonian (5.123), since the angular momentum l z of the ground state must 
have a zero expectation value. 
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For very strong magnetic fields, the transverse variational frequency fi-r will 
become equal to c Ob = Tie/2Mc, such that in this limit 


W{ 0) « Ub + 


hlii 



(5.128) 


Extremizing this in fly yields 


flu 


4e 4 


log^ 


27 TUB 


7 t e H 

and thus an approximate ground state energy 


E\ 


(o) 


e i 2 

UJ B -log 

7T 


4 27 TUJb 


(5.129) 


(5.130) 


The approach to very strong fields can be found by extremizing the energy (5.127) 
also in flj_. Going over to atomic units with e = 1 and M — 1, where energies are 
measured in units of e 0 = Me 4 /h 2 = 2Ryd ~ 27.21 eV, temperatures in e 0 //c_B ~ 
3.16 x 10 5 K, distances in Bohr radii a# = Tl 2 /Ad e 2 ~ 0.53 x HR 8 cm, and magnetic 
held strengths in B 0 = e 3 M 2 /h 3 ~ 2.35 x 10 5 T = 2.35 x 10 9 G, the extremization 
yields 


"• K f ■ ^^ ( ln B - 2lnin B + ws- + Wb + b ) + 

(5.131) 

with abbreviations a = 2 — In 2 ^ 1.307 and b = ln(7r/2) - 2 « —1.548. The 
associated optimized ground state energy is, up to terms of order 1 iR 2 £>, 


£ ( °)( B ) =- \ ln 2 B - 4 In B lnln B + 4 ln 2 ln B - 4b lnln B + 2(6 + 2) In 5 + 5 2 

2 7T L 


In 5 L 


; In 2 In B -8b lnln B + 2b 2 \ \ + 0(\rB 2 B). 


(5.132) 


The prefactor 1/ti of the leading ln 2 B-term using a variational ansatz of the type 
(5.64), (5.65) for the transverse degree of freedom is in contrast to the value 1/2 
calculated in the textbook by Landau and Lifshitz [11], The calculation of higher 
orders in variational perturbation theory would drive our value towards 1/2. 

The convergence of the expansion (5.132) is quite slow. At a magnetic held 
strength B = 10 5 B o , which corresponds to 2.35 x 10 10 T = 2.35 x 10 14 G, the con¬ 
tribution from the first six terms is 22.87 [2Ryd]. The next three terms suppressed 
by a factor ln _1 R contribute —2.29 [2Ryd], while an estimate for the ln _2 R-terms 
yields nearly —0.3 [2Ryd]. Thus we find ^^(lO 5 ) = 20.58 ± 0.3 [2Ryd]. 

Table 5.2 lists the values of the first six terms of Eq. (5.132). This shows in 
particular the significance of the second term in (5.132), which is of the same order 
of the leading first term, but with an opposite sign. 
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Table 5.2 Example for competing leading six terms in large-L? expansion (5.132) at 



b/b 0 b/b 0 

Figure 5.11 First-order variational result for binding energy (5.133) as a function of 
the strength of the magnetic field. The dots indicate the values derived in the reference 
given in Ref. [12]. The long-dashed curve on the left-hand side shows the simple estimate 
0.5 In 2 R of the textbook by Landau and Lifshitz [11], The right-hand side shows the 
successive approximations from the strong-field expansion (5.134) for N = 0,1,2,3,4, 
with decreasing dash length. Fat curve is our variational approximation. 


The field dependence of the binding energy 

e(B) = ^ - E {0) (5.133) 

is plotted in Fig. 5.11, where it is compared with the results of other authors who 
used completely different methods, with satisfactory agreement [12]. On the strong¬ 
coupling side we have plotted successive orders of a strong-field expansion [24]. The 
curves result from an iterative solution of the sequence of implicit equations for the 
quantity w(B) = \J e(AB)/2 for N = 1,2, 3,4: 

1 B n 

w = o l°g~ + Y. a n( B , w ), (5.134) 

2 w 


where 


°i = -■^(O' + iog 2 ), «2 





(5.135) 
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and D denotes the integral D = 7 — 2 / 0 °° dy (y/\/y 2 + 1 — 1) logy ~ —0.03648, where 
7 ~ 0.5773 is the Euler-Mascheroni constant (2.469). 

Our results are of similar accuracy as those of other first-order calculations based 
on an operator optimization method [25]. The advantage of our variational approach 
is that it yields good results for all magnetic held strengths and temperatures, and 
that it can be improved systematically by methods to be developed in Section 5.13, 
with rapid convergence. The figure shows also the energy of Landau and Lifshitz 
which grossly overestimates the binding energies even at very large magnetic fields, 
such as 2000.Bo <x 10 12 G. Obviously, the nonleading terms in Eq. (5.132) give 
important contributions to the asymptotic behavior even at such large magnetic 
fields. As an peculiar property of the asymptotic behavior, the absolute value of 
the difference between the Landau-Lifshitz result and our approximation (5.132) 
diverges with increasing magnetic held strengths B. Only the relative difference 
decreases. 


5.11.1 Weak-Field Behavior 

Let us also calculate the weak-held behavior of the variational energy (5.127). Set¬ 
ting rj = we rewrite W\ (0) as 


1'Li (0) 





+ 


yO_L 1 1 - V 1 - V 

- 7= - r ■ 

it v 1 — 77 1 + a/1 “ V 


(5.136) 


This is minimized in rj and Oj_ by expanding rj ( B ) and Q(B) in powers of B 2 with 
unknown coefficients, and inserting these expansions into extremality equations. The 
expansion coefficients are then determined order by order. The optimal expansions 
are inserted into (5.136), yielding the optimized binding energy £^\B) as a power 
series 

OO 

fLi(O) = £ e n B 2n . (5.137) 

n =0 

The coefficients e n are listed in Table 5.3 and compared with the exact ones. Of 
course, the higher-order coefficients of this hrst-order variational approximation be¬ 
come rapidly inaccurate, but the results can be improved, if desired, by going to 
higher orders in variational perturbation theory of Section 5.13. 


5.11.2 Effective Classical Hamiltonian 

The quantum statistical properties of the system at an arbitrary temperature are 
contained in the effective classical potential 77 cffcl (p 0 , x 0 ) defined by the three- 
dimensional version of Eq. (3.824): 

B{ Po, x 0 ) =e-^ effcl (Po’ x °) = f V 3 x j ^(x 0 - x)(27rh) 3 5(p 0 - p) e~ A ^\ 

(5.138) 
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Table 5.3 Perturbation coefficients up to order B e in weak-field expansions of variational 
parameters, and binding energy in comparison to exact ones (from J.E. Avron et al. and 
B.G. Adams et al. quoted in Notes and References). 


n 


0 


i 

2 


3 


r\n 


1.0 

405?r 2 

- sa -0.5576 

16828965tt 4 

ns 1.3023 

3886999332075?r 6 

ns -4.2260 


7168 

1258815488 

884272562962432 

“"Tl 

32 

sa 1.1318 

997T 

« 1.3885 

1293975tt 3 _ 

a -2.03982 

524431667187?r 5 

« 5.8077 

97r 

224 

19668992 

27633517592576 ' 


4 

-0.4244 

97T 

« 0.2209 

8019?r 3 

: -0.1355 

2564498077T 5 

: 0.2435 

£n 

37r 

128 

1835008 ~ 

322256764928 ~ 

.ex 


-0.5 


0.25 

53 _ 

_ 192 ~ ” 

0.2760 

5581 

- pa 1.2112 

4608 


where «A e [p, x] is the Euclidean action 

r-hp 

A e [ P,x]=/ dr [—*p(t)x(t) + i/(p(r), x(r))], (5.139) 

and x = /d'' 3 drx(r)/h/9 and p = f^ 13 dr p(r)/h/3 are the temporal averages of 
position and momentum. Note that the deviations of p(r) from the average po share 
with x(t)— xo the property that the averages of the squares go to zero with increasing 
temperatures like 1/T, and remains finite for T —> 0. while the expectation of p 2 
grows linearly with T (Dulong-Petit law). For T —> 0, the averages of the squares of 
p(r) remain finite. This property is the basis for a reliable accuracy of the variational 
treatment. 

Thus we separate the action (5.139) (omitting the subscript e) as 

A[P, x] = (3H( po, xo) + Al£ 0 ’ X() [p, x] + Ant[p, X L (5.140) 

where ^°’ X0 [p,x] is the most general harmonic trial action containing the magnetic 
held. It has the form (3.828), except that we use capital frequencies to emphasize 
that they are now variational parameters: 

rh/3 r 1 

AL£ 0 ' X() [p,x] = dr { - i[p(r) - p 0 ] • x(r) + —[ p(r) - p 0 ] 2 

+fl B / 2 (p(r)-po,x(r)-x 0 ) + [x ± (r)-x 0 _L] 2 + y fljj[z(r) - £ 0 ] 2 }- (5.141) 

The vector x 2- = (x,y) is the projection of x orthogonal to B. 

The trial frequencies 17 = (17#, 17 j_, 17y) are arbitrary functions of po, xo, and B. 
Inserting the decomposition (5.140) into (5.138), we expand the exponential of the 
interaction, exp { —_A; n t [p, x]/h}, an d obtain a series of expectation values of powers 
of the interaction (Alf nt [p,x] )^°’ x °, defined in general by the path integral 

<0[p, x ])n ,xo = ^ V3x (2nh ) 3 ^ 3) ( x o-x)(2vrh) 3 h(p 0 -p) 

x exp | — ^-vAq°’ x ° [p, x] |, 


( 5 . 142 ) 
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where the local partition function in phase space Zff ' x ° is the normalization factor 
which ensures that (i)P°’ x ° — i. From Eq. (3.829) we know that 


7po,x 0 _ e -^F™ ,x ° _ 73/fco\ fj/3£L +/2 _ h/3Q_/2 _ h/3D,\\/2 

n e f sinh h/3Q + /2 sinh Tif3Vt_/2 sinh h/3Q\\/2 ’ 


(5.143) 


where = 12# ± 12j_. In comparison to (3.829), the classical Boltzmann factor 
e ~PH{ po,x 0 ) j g a psent due to the shift of the integration variables in the action (5.141). 
Note that the fluctuations p(r) — po decouple from p 0 just as x(r) — x 0 decoupled 
from x 0 due to the absence of zero frequencies in the fluctuations. 

Rewriting the perturbation series as a cumulant expansion, evaluating the 
expectation values, and integrating out the momenta on the right-hand side of 
Eq. (5.138) leads to a series representation for the effective classical potential 
Eeff(xo). Since it is impossible to sum up the series, the perturbation expansion 
must be truncated, leading to an TVth-order approximation W^(x 0 ) for the ef¬ 
fective classical potential. Since the parameters fl are arbitrary, (x 0 ) should 
depend minimally on f2. This determines the optimal values of fl to be equal 
to f2 (iV )(x 0 ) = (12^ (x 0 ), fty°(xo), fij JV) (x 0 )) of iVth order. Reinserting these into 

W^(x 0 ) yields the optimal approximation W^(xo) = ( x o)- 

The first-order approximation to the effective classical potential is then, with 

tay = 0 ,o;_L = UJ B , 


Wn^xo) = - y^b(x 0 )[cu s - n s (x 0 )] 6^(x 0 ) al(x 0 ) 

Mr , i / e 2 \ P0,x ° 

+ y[a;l-fii(xo)]--fijaj(xo)-^^ • (5.144) 

The smearing of the Coulomb potential is performed as in Section 5.10. This yields 
the result (5.117). with the longitudinal width 


°|( x «) = a ?V°(T, r) = /3Affl \ (xo) coth MIMA _ ij , (5.145) 

and an analog transverse width. 

The quantity 5j_(xo) is new in this discussion based on the canonical path in¬ 
tegral. It denotes the expectation value associated with the ^-component of the 
angular momentum 

= (5 - 146) 

which can also be written as 

&i( x °) = {x(T)p y (T) ) po,xo . (5.147) 

According to Eq. (3.358), the correlation function (x(r)p y (r) )^ 0,x ° is given by 


( x(r)p y (T f ) )o' X0 = iMd r'G { S, B , xx ( T ^ T ') ~ Muj bG^I Bxv (t, /), (5.148) 
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Figure 5.12 Effective classical potential of atom in strong magnetic field plotted along 
two directions: once as a function of the coordinate po = ^Jx\ + y g perpendicular to the 
field lines at zq = 0 (solid curves), and once parallel to the magnetic field as a function 
of zq at po = 0 (dashed curves). The inverse temperature is fixed at f3 = 100, and the 
strengths of the magnetic field B are varied (all in natural units). 

where the expressions on the right-hand side are those of Eqs. (3.329) and (3.331), 
with uj replaced by 12 . 

The variational energy (5.144) is minimized at each x 0 , and the resulting 
hh (JV) (x 0 ) is displayed for a low temperature and different magnetic holds in Fig. 5.12. 
The plots show the anisotropy with respect to the magnetic held direction. The 
anisotropy grows when lowering the temperature and increasing the held strength. 
Far away from the proton at the origin, the potential becomes isotropic, due to the 
decreasing influence of the Coulomb interaction. Analytically, this is seen by going 
to the limits p 0 —5 > oo or z 0 > oo, where the expectation value of the Coulomb 
potential tends to zero, leaving an effective classical potential 

w£°( x o) FP °’ X0 - MQ b (co ± - Q b ) b 2 ± + M (cul - 111) 4 - (5.149) 

This is x 0 -independent, and optimization yields the constants & B = = u B and 

= 0 , with the asymptotic energy 

log-4A2_. (5.150) 

The B = 0 -curves agree, of course, with those obtained from the previous variational 
perturbation theory of the hydrogen atom [26]. 

For large temperatures, the anisotropy decreases since the violent thermal fluc¬ 
tuations have a smaller preference of the ^-direction. 
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5.12 Variational Approach to Excitation Energies 

As explained in Section 5.4, the success of the above variational treatment is rooted 
in the fact that for smooth potentials, the ground state energy can be approximated 
quite well by the optimal expectation value of the Hamiltonian operators in a Gaus¬ 
sian wave packet. The question arises as to whether the energies of excited states 
can also be obtained by calculating an optimized expectation value between excited 
oscillator wave functions. If the potential shape has only a rough similarity with 
that of a harmonic oscillator, when there are no multiple minima, the answer is 
positive. Consider again the anharmonic oscillator with the action 

A[x] — J dr ^ (cc 2 + lu 2 x 2 ^J + ^gx 4 . (5.151) 

As for the ground state, we replace the action A by A^ + A*° t with the trial oscillator 
action centered around the arbitrary point xo 

rh/3 fl Q 2 

A%= d rM -x 2 + -(x-x 0 ) 2 , (5.152) 

jo 2 2 

and a remainder 

r/3 [ , ,2 _ 02 n 

dr M——(x-x o) 2 + V (5.153) 

jo |_ 2 4 

to be treated as an interaction. Let ^q\x — x 0 ) be the wave functions of the trial 
oscillator . 1 With these, we form the projections 

Zq\x o ) = J dx b dx a ^ ] *(x b ){x b T b \x a T a )^\x a ) 

= f dxhdXa^^Xh) (f Vxe~ A/n \ip^\x a ). (5.154) 

J \J(x a , 0)"~>(Xb,hf3) J 

If the temperature tends to zero, an optimization in the parameters Xq and fl(xo) 
should yield information on the energy E (n ' ) of this state by containing an exponen¬ 
tially decreasing function 

Z<")*e-^ (n) . (5.155) 

Since the trial wave functions ^q\x — Xq) are not the true ones, the behavior (5.155) 
contains an admixture of Boltzmann factors e~ l3E(n ] with n' ^ n, which have to be 
eliminated. They are easily recognized by the powers of g which they carry. 

The calculation of (5.154) is done in the same approximation that rendered good 
results for the ground state, i.e., we approximate the part of Z G) behaving like 
(5.155) as follows: 

Z {n) « ^ n) e“^° /R )n n) , (5.156) 

contrast to the earlier notation, we now use superscripts in parentheses to indicate the 
principal quantum numbers. The subscripts specify the level of approximation. 
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where Z ^ denotes the contribution of the nth excited state to the oscillator partition 
function 

= e -0«>(n+l/2) . (5.157) 

and stands for the expectation of A*° t /U in the state (x — x 0 ). This 

approximation corresponds precisely to the hrst term in the perturbation expansion 
(3.509) (after continuing to imaginary times). 

Note that the approximation on the right-hand side of (5.156) is not necessarily 
smaller than the left-hand side, as in the Jensen-Peierls inequality (5.10), since the 
measure of integration in (5.154) is no longer positive. 

For the action (5.151), the best value of Xq lies at the coordinate origin. This 
simplifies the calculation of the expectation (Af^/h)^. The expectation of x 2k in 
the state ^q\x) is given by 



n k 

(Mfi) fc7l2fc ’ 


(5.158) 


where 

n 2 = (n + 1/2), n 4 = ^(n 2 + n + 1/2), n 6 = ^(2n 3 + 3n 2 + An + 3/2), 
rig = 4(70 n 4 + 140n 3 + 344n 2 + 280n + 105), .... (5.159) 


After inserting (5.153) into (5.156), the expectations (5.158) yield 




Z (n) « exp \ -P 


- (fl 2 + ca 2 ) 


hri 2 g h 2 n^ 


+ 


n 4 M 2 n 2 


(5.160 


With the dimensionless coupling constant g' = g%/M 2 u 3 , this corresponds to the 
variational energies 


1 / ta 2 \ g' co 3 
_ (2 + - „ 2 + __„ 4 


w {n) = n 

They are optimized by the extremal Q-values 


n = nS n) = 


f ^cncosh 

farcosh {g/gA>) 

[ 7S wcos 

| arccos(g/ghd) 


for 


9 > 9 
9 <9 


( n ) ^ 
(n) 


where 


(n) = 2 n 2 M 2 u 3 

y 3 V3n 4 n 


(5.161) 


(5.162) 


(5.163) 


The optimized yield the desired approximations E ( A p for the excited energies 
of the anharmonic oscillator. 


ref(3.509) 

lab(x3.203) 

est(3.209) 
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For large g, the trial frequency grows like 


1/3 


qW = 6 1 / 3 ( _—_^ ft 

U MW) ’ 


where 


n = 


4n 4 /3 n 2 + n + 1/2 

2 n 2 n + 1/2 


making the energy grow like 


E bs ^« (n) (4/^) > for lar § e r h 


with 


3 • 6 1 / 3 

= — -(2 n + 1) h 1,/3 ~ 0.68142 x (2n + 1) n 1 ^ 3 . 


(5.164) 

(5.165) 


(5.166) 


(5.167) 


For n — 0, this is in good agreement with the precise growth behavior to be calcu¬ 
lated in Section 5.16 where we shall find k£) = 0.667 986... (see Table 5.9). 

In the limit of large g and n, this can be compared with the exact behavior 
obtained from the semiclassical approximation of Bohr and Sommerfeld, which 
gives the same leading powers in g and n as in (5.166), but a 3% larger pre¬ 
factor 0.688 253 702 x 2 [recall (4.36)]. The exact values of / (gfi/AM 2 ) and 
i K (n)/( n _|_ 1 / 2) 4 / 3 are for n = 0, 2,4, 6, 8,10 are shown in Table 5.4. 

A comparison of the approximate energies with the precise numerical solu¬ 
tions of the Schrodinger equation in natural units % — 1, M — 1 in Table 5.5 shows 
an excellent agreement for all coupling strengths. 

Near the strong-coupling limit, the optimal frequencies and the approximate 
energies E behave as follows [in natural units; compare (5.76) and (5.77)]: 


n! n) 

E[ n) 



/3\ 1/3 1 

V47 [ngj 4)2/3 + '' ( 


5 



6 1 / 3 1 
9 (ng/ 4) 2 / 3 



(5.168) 


Table 5.4 Approach of variational energies of nth excited state to Bohr-Sommerfeld 
approximation with increasing n. Values in the last column converge rapidly towards the 
Bohr-Sommerfeld value 0.688 253 702 ... in Eq. (4.36). 


n 

EW/(gh/4M' 2 ) 

§kW/(»+ V 2 ) 4/3 

0 

0.667986 259155 777108 3 

0.841609 948112105 001 

2 

4.696 795 386 863 646196 2 

0.692125 685 914981314 

4 

10.244308455 438 771076 0 

0.689449 772 359340 765 

6 

16.711890 073 897950 9471 

0.688 828486 600 234466 

8 

23.889993 634 572 505 935 5 

0.688 590146 947993 676 

10 

31.659456477221552 442 8 

0.688474290179 981433 
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Table 5.5 Energies of the nth excited states of anharmonic oscillator w 2 x 2 /2 + gx^/4 
for various coupling strengths g (in natural units). In each entry, the upper number shows 
the energies obtained from a numerical integration of the Schrodinger equation, whereas 
the lower number is our variational result. 


3/4 


ew 

ew 

ew 

£(4) 

£(5) 

£(6) 

£(7) 

£(8) 

0.1 

0.559 146 
0.560 307 

1.769 50 
1.773 39 

3.138 62 
3.138 24 

4.628 88 
4.62193 

6.220 30 
6.205 19 

7.899 77 
7.875 22 

9.657 84 
9.622 76 

11.4873 

11.4407 

13.3790 

13.3235 

0.2 

0.602 405 
0.604 901 

1.950 54 
1.958 04 

3.536 30 
3.53489 

5.291 27 
5.278 55 

7.184 46 
7.158 70 

9.196 34 
9.156 13 

11.3132 

11.2573 

13.5249 

13.4522 

15.8222 

15.7328 

0.3 

0.637992 

0.641630 

2.094 64 
2.104 98 

3.844 78 
3.842 40 

5.796 57 
5.779 48 

7.91175 
7.878 23 

10.1665 

10.1151 

12.5443 

12.4736 

15.0328 

14.9417 

17.6224 

17.5099 

0.4 

0.668 773 
0.673 394 

2.21693 
2.229 62 

4.102 84 
4.099 59 

6.215 59 
6.194 95 

8.51141 

8.47169 

10.9631 

10.9028 

13.5520 

13.4698 

16.2642 

16.1588 

19.0889 

18.9591 

0.5 

0.696 176 
0.701667 

2.324 41 
2.339 19 

4.327 52 
4.323 52 

6.578 40 
6.554 75 

9.028 78 
8.983 83 

11.6487 

11.5809 

14.4177 

14.3257 

17.3220 

17.2029 

20.3452 

20.2009 

0.6 

0.721039 
0.727 296 

2.42102 
2.437 50 

4.528 12 
4.523 43 

6.90105 
6.874 77 

9.487 73 
9.438 25 

12.2557 

12.1816 

15.1832 

15.0828 

18.2535 

18.1256 

21.4542 

21.2974 

0.7 

0.743 904 
0.750 859 

2.509 23 
2.527 29 

4.710 33 
4.705 01 

7.193 27 
7.164 64 

9.902 61 
9.849 11 

12.8039 

12.7240 

15.8737 

15.7658 

19.0945 

18.9573 

22.4530 

22.2852 

0.8 

0.765 144 
0.772 736 

2.590 70 
2.61021 

4.87793 
4.872 04 

7.461 45 
7.430 71 

10.2828 

10.2257 

13.3057 

13.2206 

16.5053 

16.3907 

19.8634 

19.7179 

23.3658 

23.1880 

0.9 

0.785 032 
0.793 213 

2.666 63 
2.68745 

5.033 60 
5.02718 

7.710 07 
7.67739 

10.6349 

10.5744 

13.7700 

13.6801 

17.0894 

16.9687 

20.5740 

20.4209 

24.2091 

24.0221 

1 

0.803 771 
0.812 500 

2.73789 
2.759 94 

5.179 29 
5.17237 

7.942 40 
7.90793 

10.9636 

10.9000 

14.2031 

14.1090 

17.6340 

17.5076 

21.2364 

21.0763 

24.9950 

24.7996 

10 

1.504 97 
1.531 25 

5.32161 
5.382 13 

10.3471 

10.3244 

16.0901 

15.9993 

22.4088 

22.2484 

29.2115 

28.9793 

36.4369 

36.1301 

44.0401 

43.6559 

51.9865 

51.5221 

50 

2.499 71 
2.547 58 

8.915 10 
9.023 38 

17.4370 

17.3952 

27.1926 

27.0314 

37.9385 

37.6562 

49.5164 

49.1094 

61.8203 

61.2842 

74.7728 

74.1029 

88.3143 

87.5059 

100 

3.13138 
3.192 44 

11.1873 

11.3249 

21.9069 

21.8535 

34.1825 

33.9779 

47.7072 

47.3495 

62.2812 

61.7660 

77.7708 

77.0924 

94.0780 

93.2307 

111.128 

110.106 

500 

5.31989 
5.425 76 

19.0434 

19.2811 

37.3407 

37.2477 

58.3016 

57.9489 

81.4012 

80.7856 

106.297 

105.411 

132.760 

131.595 

160.622 

159.167 

189.756 

188.001 

1000 

6.694 22 
6.82795 

23.9722 

24.2721 

47.0173 

46.9000 

73.4191 

72.9741 

102.516 

101.740 

133.877 

132.760 

167.212 

165.743 

202.311 

200.476 

239.012 

236.799 


The tabulated energies can be used to calculate an approximate partition func¬ 
tion at all temperatures: 


00 ( i 

z ~ (5.169) 

71=0 

The resulting free energies F[ = — log Z/ft agree well with the previous variational 
results of the Feynman-Kleinert approximation — in the plots of Fig. 5.2, the curves 
are indistinguishable. This is not astonishing since both approximations are dom¬ 
inated near zero temperature by the same optimal energy K® p , while approaching 
the semiclassical behavior at high temperatures. The previous free energy F\ does 
so exactly, the free energy F[ to a very good approximation. 
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By combining the Boltzmann factors with the oscillator wave functions V'n *' 1 ( x ), 
we also calculate the density matrix ( x b r b \x a T a ) and the distribution functions p{x) = 
(xh/3\x0) in this approximation: 

OO (n) 

(x b T b \x a T a ) « tlr ( - n \x b )^ n) *(x a )e^ E ^. (5.170) 

71=0 

They are in general less accurate than the earlier calculated particle density pi(xo) 
of (5.94). 

5.13 Systematic Improvement of Feynman-Kleinert 

Approximation. Variational Perturbation Theory 

A systematic improvement of the variational approach leads to a convergent vari¬ 
ational perturbation expansion for the effective classical potential of a quantum- 
mechanical system [27]. To derive it, we expand the action in powers of the devia¬ 


tions of the path from its average x 0 = x: 

8x(t) = x(t) — Xq. (5.171) 

The expansion reads 

A=V(x 0 )+A x n ° + A'Z, (5-172) 

where is the quadratic action of the deviations 8x (r) 

rh/ksT A/[ f 

An° = y o dr— {[Ar(T)] 2 + fi 2 (x 0 )[Ar(r)] 2 }, (5.173) 

and contains all higher powers in 8x(r): 

•4'fnt = J o dr {|j[5x(t)] 2 + |y[Ar(r)] 3 + |y[<5a;(r)] 4 + ... j . (5.174) 

The coupling constants are, in general, x'o-dependent: 

gi(x 0 ) = v^(x 0 ) - n 2 8 i2 , V^(x 0 ) = (5.175) 

For the anharmonic oscillator, they take the values 

g 2 (x 0 ) = M[u 2 - fl 2 (x 0 )] + 3gxl, 

. 93 (^ 0 ) = Qgx 0 , (5.176) 

9 a(x 0 ) = 6 g. 

Introducing the parameter 

r 2 = 2M (lu 2 — Q 2 )/g, (5.177) 
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which has the dimension length square, we write # 2 (^ 0 ) as 

9z{x 0 ) = g{r 2 /2 + 3xjj). 


(5.178) 


With the decomposition (5.172), the Feynman-Kleinert approximation (5.32) to 
the effective classical potential can be written as 


W?(x 0 ) 


V(x 0 ) + Fff + 


/ \*0 

np int)n 


(5.179) 


To generalize this, we replace the local free energy Fff by Fff +A F x °, where A F x ° 
denotes the local analog of the cumulant expansion (3.487). This leads to the vari¬ 
ational perturbation expansion for the effective classical potential 


K effcl (a;o) 


V{x 0 ) + F8> + 


1 

np 




xo 

ci 


1 

2 \n 2 p 



1 

3 Wp 



(5.180) 


in terms of the connected expectation values of powers of the interaction: 


(.AS 2 )” = (^tS 2 )” - (^tS)fl 0 2 . (5.181) 

As 3 )” = (5.182) 


By construction, the infinite sum (5.180) is independent of the choice of the trial 
frequency fi(x 0 ). 

When truncating (5.180) after the TVth order, we obtain the approximation 
0 ) to the effective classical potential K effcl (a;o). In many applications, it is 
sufficient to work with the third-order approximation 


»?(x„) 


V(xo) + F£° + — (X S) 


Xo 

Cl 


1 

2 Wp 




(5.183) 


In contrast to (5.180), the truncated sums W^{x 0 ) do depend on Q(x 0 ). Since the 
infinite sum is 12 (x 0 )-independent, the best truncated sum Wn(xq) should lie at the 
frequency fbv(£o) where W$(x 0 ) depends minimally on it. The optimal Qn(xq) is 
called the frequency of least dependence. Thus we require for (5.183) 


dW^jx 0 ) 

<912 (x 0 ) 


(5.184) 


At the frequency 12 3 (o;o) fixed by this condition, Eq. (5.183) yields the desired third- 
order approximation IT 3 ( 2 : 0 ) to the effective classical potential. 
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The explicit calculation of the expectation values on the right-hand side of (5.183) 
proceeds according to the rules of Section 3.18. We have to evaluate the Feynman 
integrals associated with all vacuum diagrams. These are composed of p-particle ver¬ 
tices carrying the coupling constant g p /p\Ti , and of lines representing the correlation 
function of the fluctuations introduced in (5.23): 

(6x(t)6x(t j ))% = j^ G 'n( T - T> ) 

= a 2 (r — t\ x 0 ). (5.185) 

Since this correlation function contains no zero frequency, diagrams of the type 
shown in Fig. 5.13 do not contribute. Their characteristic property is to fall apart 
when cutting a single line. They are called one-particle reducible diagrams. A vac¬ 
uum subdiagram connected with the remainder by a single line is called a tadpole 
diagram, alluding to its biological shape. Tadpole diagrams do not contribute to 
the variational perturbation expansion since they vanish as a consequence of energy 
conservation: the connecting line ending in the vacuum, must have a vanishing fre¬ 
quency where the spectral representation of the correlation function ( 8x(t)8x{t' ))q° 
has no support, by construction. 

The number of Feynman diagrams to be evaluated is reduced by ignoring at first 
all diagrams containing the vertices g 2 • The omitted diagrams can be recovered from 
the diagrams without g 2 -vertices by calculating the latter at the initial frequency to, 
and by replacing to by a modified local trial frequency, 

to -T Q,{xo) = y/n 2 (xo) + g 2 (x 0 )/M. (5.186) 

After this replacement, which will be referred to as the square-root trick , all diagrams 
are re-expanded in powers of g [remembering that ( 72 (^ 0 ) is by (5.178) proportional 
to g] up to the maximal power g 3 . 

5.14 Applications of Variational Perturbation Expansion 

The third-order approximation W${x 0 ) is far more accurate than W\{xq). This will 
now be illustrated by performing the variational perturbation expansion for the an- 



Figure 5.13 Structure of a one-particle reducible vacuum diagram. The dashed box 
encloses a so-called tadpole diagram. Such diagrams vanish in the present expansion since 
an ending line cannot carry any energy and since the correlation function ( 6x(t)5x(t')) 
contains no zero frequency. 
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harmonic oscillator and the double-well potential. The reason for the great increase 
in accuracy will become clear in Section 5.15, where we shall demonstrate that this 
expansion converges rapidly towards the exact result at all coupling strengths, in 
contrast to ordinary perturbation expansions which diverges even for arbitrarily 
small values of g. 


5.14.1 Anharmonic Oscillator at T = 0 


Consider first the case of zero temperature, where the calculation is simplest and the 
approximation should be the worst. At T = 0, only the point xq = 0 contributes, 
and 6x(t) coincides with the path itself = x(r). Thus we may omit the superscript 
Xq in all equations, so that the interaction in (5.182) becomes writing it as 

Ant = 7 / dr(r 2 x 2 + x A ). (5.187) 

4 jo 

The effect of the r 2 -term is found by replacing the frequency c o in the original 
perturbation expansion for the anharmonic oscillator according to the square-root 
trick (5.186), which for Xq = 0 is simply 


u -4 Q = ^fl 2 + (ca 2 - ff 2 ) = ^fn 2 + gr 2 /2M. (5.188) 


After this replacement, all terms are re-expanded in powers of g. Finally, r 2 is again 
replaced by 

9 2 M, 9 

r 2 —>•- (to 2 -Pi 2 ). 5.189 

9 

Since the interaction is even in x , the zero-temperature expansion is automati¬ 
cally free of tadpole diagrams. 

The perturbation expansion to third order was given in Eq. (3.554). With the ref(3.554) 

above replacement it leads to the free energy lab(x3.192) 

est(3.197) 

-V42a 8 i+ f-V4-333a 12 , (5.190) 

47 nn U J 


T? m , 9q 4 . 

F= ^ + 4 3a + 


with 


a 2 = 


h 


2MQ 


(5.191) 


The higher orders can most easily be calculated with the help of the Bender-Wu 
recursion relations derived in Appendix 3C. 2 

By expanding F in powers of g up to g 3 we obtain 


= — + g(3a 4 — r 2 a 2 )/4 — g' 2 (21a 8 /8 + 3a 6 r 2 /4 + a 4 r 4 /16 )/Ml 
+c/ 3 (333a 12 /16 + 105a 10 r 2 /16 + 3a 8 r 4 /4 + a 6 r 6 / 32)/(Ml) 2 . (5.192) 


After the replacement (5.189), we minimize W 3 in 12, and obtain the third-order 

2 The Mathematica program is available on the internet under http://www.physik.fu-berlin. 
de/“kleinert/294/programs. 
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Table 5.6 Second- and third-order approximations to ground state energy, in units of 
flu. of anharmonic oscillator at various coupling constants g in comparison with exact 
values Eex (g) and the Feynman-Kleinert approximation (g) of previous section. 


9 /4 

E^\g) 

e?\ 9 ) 

4%) 

4%) 

0.1 

0.559146 

0.560307371 

0.559152139 

0.559154219 

0.2 

0.602405 

0.604900748 

0.602450713 

0.602430621 

0.3 

0.637992 

0.641629862 

0.638088735 

0.638035760 

0.4 

0.668773 

0.673394715 

0.668922455 

0.668834137 

0.5 

0.696176 

0.701661643 

0.696376950 

0.696253632 

0.6 

0.721039 

0.727295668 

0.721288789 

0.721131776 

0.7 

0.743904 

0.750857818 

0.744199436 

0.744010317 

0.8 

0.765144 

0.772736359 

0.765483301 

0.765263697 

0.9 

0.785032 

0.793213066 

0.785412037 

0.785163494 

1 

0.803771 

0.812500000 

0.804190095 

0.803914053 

10 

1.50497 

1.53125000 

1.50674000 

1.50549750 

50 

2.49971 

2.54758040 

2.50312133 

2.50069963 

100 

3.13138 

3.19244404 

3.13578530 

3.13265656 

500 

5.31989 

5.42575605 

5.32761969 

5.32211709 

1000 

6.69422 

6.82795331 

6.70400326 

6.69703286 



Figure 5.14 Typical fl-dependence of approximations Wi t 2,3 at T = 0. The coupling 
constant has the value g = 0.4. The second-order approximation W-p has no extremum. 
Here the minimal fbdependence lies at the turning point, and the condition d 2 Wp/dfi 2 
renders the best approximation to the energy (short dashes). 


approximation E-f ' 1 (g) to the ground state energy. Its accuracy at various coupling 
strengths is seen in Table 5.6 where it is compared with the exact values obtained 
from numerical solutions of the Schrodinger equation. The improvement with respect 
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to the earlier approximation W\ is roughly a factor 50. The maximal error is now 
smaller than 0.05%. 

We shall see in the last subsection that up to rather high orders N, the minimum 
happens to be unique. 

Observe that when truncating the expansion (5.183) after the second order and 
working with the approximation W^(x o), there exists no minimum in 0, as can 
be seen in Fig. 5.14. The reason for this is the alternating sign of the cumulants 
in (5.183). This gives an alternating sign to the highest power a and thus to the 
highest power of I/O in the g n -terms of Eq. (5.192), causing the trial energy of order 
N to diverge for O —y 0 like (— l) N ~ x g N x (l/0) 3iV_1 . Since the trial energy goes for 
large O to positive infinity, only the odd approximations are guaranteed to possess 
a minimum. 

The second-order approximation W 2 can nevertheless be used to find an improved 
energy value. As shown by Fig. 5.14, the frequency of least dependence 0 2 is well 
defined. It is the frequency where the O-dependence of W 2 has its minimal absolute 
value. Thus we optimize O with the condition 


d 2 W? 

<90 2 


(5.193) 


This leads to the energy values E^\g) listed in Table 5.6. They are more accurate 
than the values fy° (g) by an order of magnitude. 


5.14.2 Anharmonic Oscillator for T > 0 

Consider now the anharmonic oscillator at a finite temperature, where the expansion 
(5.183) consists of the sum of one-particle irreducible vacuum diagrams 

if 1 ^ ^ 

w? = o + 00 


J (5.194) 

n a 

+ © + ©)[ 

648 648 

The vertices represent the couplings gs(xo)/3\h, g 4 (a;o)/4!h, whereas the lines stand 
for the correlation function G' x P(t,t'). The numbers under each diagram are their 
multiplicities acting as factors. 

Only the five integrals associated with the diagrams 



P l z 


2 ! 


CCD + 


72 



24 

O 
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OCDO + 
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2592 
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need to be evaluated explicitly; all others arise by the expansion of D or by factor¬ 
ization. The explicit form of three of these integrals can be found in the first, forth, 
and sixth of Eqs. (3.550). The results of the integrations are listed in Appendix 5A. 

Only the second and fourth diagrams are new since they involve vertices with 
three legs. They can be found in Eqs. (3D.7) and (3D.8). 

In quantum held theory one usually calculates Feynman integrals in momentum 
space. At finite temperatures, this requires the evaluation of multiple sums over 
Matsubara frequencies. The present quantum-mechanical example corresponds to 
a D = 1 -dimensional quantum held theory. Here it is more convenient to evaluate 
the integrals in r-space. The diagrams 

O ; 

for example, are found by performing the integrals 



/ I \ 2 [-Tip /■Tj/3 

k/3 (-) al 2 = / / / G 2 (ti,t 2 )G 2 (t 2 ,t 3 )G 2 (t 3 ,t 1 ) dndrzdTz. 

\u/ Jo Jo Jo 

The factor h/3 on the left-hand side is due to an overall r-integral and rehects 
the temporal translation symmetry of the system; the factors 1 /to arise from the 
remaining r-integrations whose range is limited by the correlation time 1/uo. 

In general, the f3- and x 0 -dependent parameters a 2 v have the dimension of a 
length to the nth power and the associated diagrams consist of m vertices and n/2 
lines (defining af = a 2 ). 

We now use the rule (5.188) to replace to by and expand everything in powers 
of g 2 up to the third order. The expansion can be performed diagrammatically in 
each Feynman diagram. Letting a dot on a line indicate the coupling g 2 /2h ) the 
one-loop diagram is expanded as follows: 

0 = 0-20 + 0-^ Q • (5.195) 

The other diagrams are expanded likewise: 

do = CD - OO A (X) 4 OO. 

o o 

1 dd = - <S> -- 

2 v — 2 v — 6 — ’ 

n 
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1 Q 

5 ocd 


\ OX) -i COO -i 

zoo 




In this way, we obtain from (5.194) the complete graphical expansion for W 3 (xo) 
including all vertices associated with the coupling g 2 (x o): 


PWS(x „) = -- O + (j O + g OO 

)o + )co + (ooo + i 


1 

’2! 

1 

3! 



3ijOO + 5 OO 


3(1 000 +)ooo 
(4 0000 +1 


1 

+ 6 


1 

+ 4 



3 

4 



+ 


6 





1 

+ - 



3 

4 



(5.196) 


In the latter diagrams, the vertices represent directly the couplings g n /Ti. The de¬ 
nominators n\ of the previous vertices g n /n\h have been combined with the multiplic¬ 
ities of the diagrams yielding the indicated prefactors. The corresponding analytic 
expression for W^(xq) is 

Wf(*o) = V(x { 0 ) + Fn° + + ^° 4 ) 


2 \m 

1 


92 4 1 .92.94 4 2 1 94 4 4 1 94 8 1 93 6 

——(In + Clod + ——CLnCL + ——— On ~\~ - (In 

2 2 2 2 g 2 24 2 6 2 


3\h 2 il 2 


92 a 3 T 3 


9294/ 4 \2 , 9294 6 2 
(®2y + X®3 fl 


(5.197) 


+3 


(^fX)V + Sfh'a* + 


'M 

16 


( a 4 a 2 )2 + | a 6 a 6 + 9| a 10 a 2 + ^ a 12 + M94 
7 8 4 d 8 4 


4 ° + 


39394 


8^2 


a q a 
4 


The quantities fly are ordered in the same way as the associated diagrams in (5.196). 
As before, we have omitted the variable xo in all but the first three terms, for brevity. 

The optimal trial frequency f2(xo) is found numerically by searching, at each 
value of x 0 , for the real roots of the first derivate of W^(x 0 ) with respect to O(x 0 ). 
Just as for zero temperature, the solution happens to be unique. 
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By calculating the integral 


^3 


/'°° d/X ° -W3(xo)/k B T 

7-oo i e (hp) 


(5.198) 


we obtain the approximate free energy 

F 3 = ~\wZ 3 . (5.199) 

The results are listed in Table 5.7 for various coupling constants g and temperatures. 
They are compared with the exact free energy 

F ex = -^~ log^)exp(-/hE n ), (5.200) 

P n 


whose energies E n were obtained by numerically solving the Schrodinger equation. 


g 

P 

Fi 

f 3 

F 

x ex 

0.002 

2.0 

0.427937 

0.427937 

0.427741 

0.4 

1.0 

0.226084 

0.226075 

0.226074 


5.0 

0.559155 

0.558678 

0.558675 

2.0 

1.0 

0.492685 

0.492578 

0.492579 


5.0 

0.699431 

0.696180 

0.696118 


10.0 

0.700934 

0.696285 

0.696176 

4.0 

1.0 

0.657396 

0.6571051 

0.6571049 


5.0 

0.809835 

0.803911 

0.803758 

20 

1.0 

1.18102 

1.17864 

1.17863 


5.0 

1.24158 

1.22516 

1.22459 


10.0 

1.24353 

1.22515 

1.22459 

200 

5.0 

2.54587 

2.50117 

2.49971 

2000 

0.1 

2.6997 

2.69834 

2.69834 


1.0 

5.40827 

5.32319 

5.31989 


10.0 

5.4525 

5.3225 

5.3199 

80000 

0.1 

18.1517 

18.0470 

18.0451 


3.0 

18.501 

18.146 

18.137 


Table 5.7 Free energy of anharmonic oscillator with potential V(x) = x 2 /2 + gx 4 /4 for 
various coupling strengths g and ft = 1/kT. 

We see that to third order, the new approximation yields energies which are 
better than those of F\ by a factor of 30 to 50. The remaining difference with 
respect to the exact energies lies in the fourth digit. 

In the high-temperature limit, all approximations Wn(x o) tend to the classical 
result V(x 0 ), as they should. Thus, for small /3, the approximations W 3 {x 0 ) and 
W\ (.x'o) are practically indistinguishable. 
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The accuracy is worst at zero temperature. Using the T —> 0 -limits of the 
Feynman integrals given in (3.553) and (3D.14), the approximation takes 
the simple form 


wfM = V(x 0 ) + 
1 


2 m 


hPl(x 0 ) | g 2 „4 

_ i - _ CL i - „ Cl 
2 2 8 

111 4 . 9294 6 . 9s 2 6 , gj 7 g 

—a H-a + —~a H-a 

2 2 6 3 24 2 


(5.201) 


6 h 2 n 2 


gi^a 6 + 9-29l^a 8 + g 2 2 g 4 3a 8 + gfcgj^-a 10 + g 2 gl^a w 
2 3 3 16 


3 37 12 ' 
+ . 


where a 2 = h/2MVl. As in (5.197), we have omitted the arguments x^ in fl and 
r/j, for brevity. At zero temperature, the remaining integral over xq in the partition 
function (5.198) receives its only contribution from the point Xq = 0, where W^O) 
is minimal. There it reduces to the energy W 3 of Eq. (5.192). 


5.15 Convergence of Variational Perturbation Expansion 

For a single interaction x p , the approximation Wn at zero temperature can easily 
be carried to high orders [13, 14]. The perturbation coefficients are available exactly 
from recursion relations, which were derived for the anharmonic oscillator with p = 4 
in Appendix 3C. The starting point is the ordinary perturbation expansion for the 
energy levels of the anharmonic oscillator 

Ef>=u,p4”>^y. (5.202) 


It was remarked in (3C.27) and will be proved in Section 17.10 [see Eq. (17.323)] 
that the coefficients grow for large k like 


d n) - 

1 fC 12 n 

->-W--r(-3) fc r(* + n + l/2). 

(5.203) 

Using Stirling’s formula 3 

7T V 7T n\ 

n\ « (2vr) 1/2 n n - 

-V 2 e -n, 


(5.204) 

this amounts to 


2 v / 3(-4) n 

—3 (k + n) 

n+k 

(5.205) 


7 t n\ 

e 



Thus, Ej^ grows faster than any power in k. Such a strong growth implies that 
the expansion has a zero radius of convergence. It is a manifestation of the fact that 
the energy possesses an essential singularity in the complex g-plane at the expansion 
point g — 0. The series is a so-called asymptotic series. The precise form of the 


3 M. Abramowitz and I. Stegun, op. cit., Formulas 6.1.37 and 6.1.38. 
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Figure 5.15 Typical 12-dependence of IVth approximations Wn at T = 0 for increasing 
orders N. The coupling constant has the value g /4 = 0.1. The dashed horizontal line 
indicates the exact energy. 


singularity will be calculated in Section 17.10 with the help of the semiclassical 
approximation. 

If we want to extract meaningful numbers from a divergent perturbation series 
such as (5.202), it is necessary to find a convergent resummation procedure. Such a 
procedure is supplied by the variational perturbation expansion, as we now demon¬ 
strate for the ground state energy of the anharmonic oscillator. 

Truncating the infinite sum (5.202) after the iVth term, the replacement (5.188) 
followed by a re-expansion in powers of g up to order N leads to the approximation 
Wn at zero temperature: 


W% = 



(5.206) 
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Figure 5.16 New plateaus in Wn developing for higher orders N > 15 in addition to the 
minimum which now gives worse results. For N = 11 the new plateau is not yet extremal, 
but it is the proper region of least fl-dependence yielding the best approximation to the 
exact energy indicated by the dashed horizontal line. The minimum has fallen far below 
this value and is no longer useful. The figure looks similar for all couplings (in the plot, 
g = 0.4). The reason is the scaling property (5.215) proved in Appendix 5B. 


with the re-expansion coefficients 


i 



3=0 


(1 - 3j)/2 
1-3 


(— 4a) 1 A 


Here a denotes the dimensionless function of 12 



0 ( 0 2 - 
9 


1 ) 


(5.207) 


(5.208) 


In Fig. 5.15 we have plotted the 12-dependence of Wn for increasing N at the coupling 
constant g /4 = 0.1. For odd and even N, an increasingly flat plateau develops at 
the optimal energy. 

At larger orders N > 15, the initially flat plateau is deformed into a minimum 
with a larger curvature and is no longer a good approximation. However, a new 
plateau has developed yielding the best energy. This is seen on the high-resolution 
plot in Fig. 5.16. At N = 11, the new plateau is not yet extremal but close to the 
correct energy. 

The worsening extrema in Fig. 5.16 correspond here to points leaving the optimal 
dashed into the upward direction. The newly forming plateaus lie always on the 
dashed curve. 

The set of all extremal fijv-values for odd N up to N = 91 is shown in Fig. 5.17. 
The optimal frequencies with smallest curvature are marked by a fat dot. In Sub¬ 
section 17.10.5. we shall derive that 

^v(^AT — 1) 


9 


(5.209) 
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T = 0 for odd N < 91. The coupling is g /4 = 1. The dashed curve corresponds to the 
approximation (5.211) [related to Pljy via (5.208)]. The frequencies on this curve produce 
the fastest convergence. The worsening extrema in Fig. 5.16 correspond here to points 
leaving the optimal dashed into the upward direction. The newly forming plateaus lie 
always on the dashed curve. 


grows for large N like 

a N « c-N, c = 0.186047... , (5.210) 

so that fhv grows like Qn « (cNg) 1 ^. For smaller N, the best Q at values in Fig. 5.17 
can be fitted with the help of the corrected formula (5.210): 

a N ~ cN (l + . (5.211) 

The associated Qjv-curve is shown as a dashed line. It is the lower envelope of the 
extremal frequencies. 

The set of extremal and turning point frequencies is shown in Fig. 5.18 for 
even and odd N up to N = 30. The optimal extrema with smallest curvature 
are again marked by a fat dot. The theoretical curve for an optimal convergence 
calculated from (5.211) and (5.209) is again plotted as a dashed line. 

In Table 5.8, we illustrate the precision reached for large orders N at various 
coupling constants g by a comparison with accurate energies derived from numerical 
solutions of the Schrodinger equation. 

The approach to the exact energy values is illustrated in Fig. 5.19 which shows 
that a good convergence is achieved by using the lowest of all extremal frequencies, 
which lie roughly on the dashed theoretical curve in Fig. 5.17 and specify the position 
of the plateaus. The frequencies on the higher branches leaving the dashed 
curve in that figure, on the other hand, do not yield converging energy values. The 
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Figure 5.18 Extremal and turning point frequencies fly in variational approximation 
Wjsr at T = 0 for even and odd N < 30. The coupling is g /4 = 1. The dashed curve 
corresponds to the approximation (5.211) [related to Hat via (5.208)]. 



Figure 5.19 Difference between approximate ground state energies E = If by and exact 
energies E ex for odd N corresponding to the 12jy-values shown in Fig. 5.17. The coupling is 
gj 4 = 1. The lower curve follows roughly the error estimate to be derived in Eq. (17.409). 
The extrema in Fig. (5.17) which move away from the dashed curve lie here on horizontal 
curves whose accuracy does not increase. 

sharper minima in Fig. 5.16 correspond precisely to those branches which no longer 
determine the region of weakest 12-dependence. 

The anharmonic oscillator has the remarkable property that a plot of the 12jy- 
values in the N, a jy-plane is universal in the coupling strengths g; the plots do not 
depend on g. To see the reason for this, we reinsert explicitly the frequency u (which 
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N 

3/4 =0.1 

5/4 = 0.3 

II 

o 

Ol 

5/4 =1.0 

5/4 =2.0 

1 

2 

3 

4 

5 

10 

15 

20 

25 

exact 

0.5603073711 

0.5591521393 

0.5591542188 

0.5591457408 

0.5591461596 

0.5591463266 

0.5591463272 

0.5591463272 

0.5591463272 

0.5591463272 

0.6416298621 

0.6380887347 

0.6380357598 

0.6379878713 

0.6379899084 

0.6379917677 

0.6379917838 

0.6379917836 

0.6379917832 

0.6379917832 

0.7016616429 

0.6963769499 

0.6962536326 

0.6961684978 

0.6961717475 

0.6961757782 

0.6961758231 

0.6961743059 

0.6961758208 

0.6961758208 

0.8125000000 

0.8041900946 

0.8039140528 

0.8037563457 

0.8037615232 

0.8037705329 

0.8037706596 

0.8037706575 

0.8037706513 

0.8037706514 

0.9644035598 

0.9522936298 

0.9517997694 

0.9515444198 

0.9515517450 

0.9515682249 

0.9515684933 

0.9515684887 

0.9515584121 

0.9515684727 

N 

5/4 =50 

5/4 =200 

5/4 =1000 

5/4 =8000 

5/4 =20000 

1 

2 

3 

4 

5 

10 

15 

20 

25 

exact 

2.5475803996 

2.5031213253 

2.5006996279 

2.4995980125 

2.4996213227 

2.4997071960 

2.4997089403 

2.4997089079 

2.4997087731 

2.4997087726 

4.0084608812 

3.9365586048 

3.9325538203 

3.9307488127 

3.9307857892 

3.9309286743 

3.9309316283 

3.9309315732 

3.9309313396 

3.9309313391 

6.8279533136 

6.7040032606 

6.6970328638 

6.6939036178 

6.6939667971 

6.6942161680 

6.6942213631 

6.6942212659 

6.6942208522 

6.6942208505 

13.635282593 

13.386598486 

13.372561189 

13.366269038 

13.366395347 

13.366898079 

13.366908583 

13.366908387 

13.366907551 

13.366907544 

18.501658712 

18.163979967 

18.144908389 

18.136361642 

18.136533060 

18.137216200 

18.137230481 

18.137230214 

18.137230022 

18.137229073 


Table 5.8 Comparison of the variational approximations Wn at T = 0 for increasing N 
with the exact ground state energy at various coupling constants g. 


was earlier set equal to unity). Then the re-expanded energy Wn 
the general scaling form 

in Eq. (5.206) has 

W% = nw N (g,ou 2 ), 

(5.212) 

where Wn is a dimensionless function of the reduced coupling constant and frequency 

- 9 „ u 

9 = ^ u = n’ 

(5.213) 

respectively. When differentiating (5.212), 



(5.214) 


we discover that the right-hand side can be written as a product of g N and a dimen¬ 
sionless polynomial of order N depending only on a = f2(f/ 2 — u 2 )/g-. 

±w% = g N p N (a). (5.215) 


A proof of this will be given in Appendix 5B for any interaction x p . The universal 
optimal cpy-values are obtained from the zeros of PNi.tr). 

It is possible to achieve the same universality for the optimal frequencies of the 
even approximations Wn by determining them from the extrema of PAr(u) rather 
than from the turning points of Wn as a function of 12. 

The universal functions Pn((t) are found most easily by replacing the variable o 
in the coefficients of the re-expansion (5.206) by its to = 0 -limit < 7^=0 = f/ 3 /g = 
1/g. This yields the simpler expression 

< = tow N (g, 0) = SI £ £ ( i y> , (5.216) 
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with 


= X Ef 


j=0 


(1 - 3j)/2 

1-3 


;-4 m 


i-i 


The derivative of Wn with respect to 12 yields 

Pn {&) = 9 ~ N 1-3 g-^ w N (g, 0) 

dg 


(5.217) 


(5.218) 


9=1/° 


In Section 17.10, we show the re-expansion coefficients in (5.207) to be for 
large k proportional to E^ r> : 

sf> « o N = ^ (fi ~ - :) (5.219) 

[see Eq. (17.396)]. Thus, at any fixed 12, the re-expanded series has the same asymp¬ 
totic growth as the original series with the same vanishing radius of convergence. 
The behavior (5.219) can be seen in Fig. 5.20(a) where we have plotted the logarithm 
of the absolute value of the kt\i term 

S k = 4 0) Q (5.220) 


of the re-expanded perturbation series (5.202) for various optimal values 12 jv and 
g = 40. All curves show a growth oc k k . The terms in the original series start grow¬ 
ing immediately (precocious growth). Those in the re-expanded series, on the other 
hand, decrease initially and go through a minimum before they start growing (re¬ 
tarded growth). The dashed curves indicate the analytically calculated asymptotic 
behavior (5.219). 


log S k log s fc 




Figure 5.20 Logarithmic plot of feth terms in re-expanded perturbation series at a 
coupling constant g /4 = 1: 

(a) Frequencies 12 jv extremizing the approximation Wjy. The dashed curves indicate the 
theoretical asymptotic behavior (5.219). 

(b) Frequencies 12 jv corresponding to the dashed curve in Fig. 5.17. The minima lie for 
each N precisely at k = N, producing the fastest convergence. The curves labeled 12 = u 
indicate the kth term in the original perturbation series. 
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The increasingly retarded growth is the reason why energies obtained from the 
variational expansion converge towards the exact result. Consider the terms Sk 
of the resummed series with frequencies taken from the theoretical curve of 
optimal convergence in Fig. 5.17 (or 5.18). In Fig. 5.20(b) we see that the terms S). 
are minimal at k = N, i.e., at the last term contained in the approximation W^. In 
general, a divergent series yields an optimal result if it is truncated after the smallest 
term Sk- The size of the last term gives the order of magnitude of the error in the 
truncated evaluation. The re-expansion makes it possible to find, for every N, a 
frequency which makes the truncation optimal in this sense. 

5.16 Variational Perturbation Theory for Strong-Coupling 
Expansion 

From the uj —> 0 -limit of (5.206), we obtain directly the strong-coupling behavior 
of W N . Since 12 = ( g/g ) 1//3 , we can write 

W N = (g/g) 1/3 w N (g, 0), (5.221) 

and evaluate this at the optimal value g = 1/ ctjv - The large-g behavior of Wn is 
therefore 

W N - >{g/ 4 ) 1 / 3 6 0 , (5.222) 

g ->°o 

with the coefficient 

b 0 = (4/g) 1/3 w N (g,0)\g =1/rTN . (5.223) 


1 

10' 5 

exp( 6.41 - 9.42 /V 1 / 3 ) 

exp(8.2 - 9.7 V 1 / 3 ) 

1 

10' 5 

■; exp( 6.40- 9.05 V 1 / 3 ) 

10' 10 


10- 10 

V 

10 15 


IQ- 15 


icr 20 

- 
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Figure 5.21 Logarithmic plot of ./V-behavior of strong-coupling expansion coefficients 
b o and b \. 
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Figure 5.22 Oscillations of approximate strong-coupling expansion coefficient bo as 
a function of N when approaching exponentially fast the exact limit. The exponential 
behavior has been factored out. The upper and lower points show the odd-iV and even-iV 
approximations, respectively. 
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Table 5.9 Coefficients b n of strong-coupling expansion of ground state energy of an- 
harmonic oscillator obtained from a perturbation expansion of order 251. An extremely 
precise value for bo was given by F. Vinette and J. Cizek, J. Math. Phys. 32, 3392 (1991): 
b 0 = 0.667 986 259 155 777 108 270 962 016 198 601 994 304 049 36 ... . 


n 

bn 

0 

0.667 986 259 155 777108 270 96 

1 

0.143 668 783 380 864 910 020 3 

2 

-0.008 627 565 680 802 279128 

3 

0.000 818 208 905 756 349 543 

4 

-0.000 082 429 217130 077 221 

5 

0.000 008 069 494 235 040 966 

6 

-0.000 000 727 977 005 945 775 

7 

0.000 000 056 145 997 222 354 

8 

-0.000 000 002 949 562 732 712 

9 

-0.000 000 000 064 215 331954 

10 

0.000 000 000 048 214 263 787 

11 

-0.000 000 000 008 940 319 867 

12 

0.000 000 000 001205 637215 

13 

-0.000 000 000 000130 347 650 

14 

0.000 000 000 000 010 760 089 

15 

-0.000 000 000 000 000 445 8901 

16 

-0.000 000 000 000 000 058 989 8 

17 

0.000 000 000 000 000 019196 00 

18 

-0.000 000 000 000 000 003 28813 

19 

0.000 000 000 000 000 000 429 62 

20 

-0.000 000 000 000 000 000 044 438 

21 

0.000 000 000 000 000 000 003 230 5 

22 

-0.000 000 000 000 000 000 000 0314 


with the re-expansion coefficients 


—A 

n\ 


l—n 

= 5> ; 

3=0 


(0) 


(1 - 3j)/2 

1-3 


J ^ (-1) , - J '“ n (4 /gf~ j . (5.229) 


For increasing N, the coefficients bo,b\,... converge rapidly against the values 
shown in Table 5.9. From the logarithmic plot in Fig. 5.21 we extract a convergence 


\bo ~ 


8.2—9.7V 1 / 3 

~ e 


\ bl -b?\ ^ e6.4-9.liW3 


(5.230) 


This behavior will be derived in Subsection 17.10.5, where we shall find that for any 
g > 0, the error decreases at large N roughly like g-[ 9 -'+( c s) 2/3 ) Nl/3 [see Eq. (17.409)]. 

The approach to this limiting behavior is oscillatory, as seen in Fig. 5.22 where 
we have removed the exponential falloff and plotted e -6 ' 5+9 ' 42A,1/3 (&o — b q x ) against 
N [16]. 


H. Kleinert, PATH INTEGRALS 





5.17 General Strong-Coupling Expansions 


521 


For the proof of the convergence of the variational perturbation expansion in 
Subsection 17.10.5. it will be important to know that the strong-coupling expansion 
for the ground state energy 


£ ( °) 



1/3 


bo + bi 





(5.231) 


converges for large enough 


9 > 9s- 


The same is true for the excited energies. 


(5.232) 


5.17 General Strong-Coupling Expansions 


The coefficients of the strong-coupling expansion can be derived for any divergent 
perturbation series 

N 


E N (g ) = a n9 n , 

n =0 


(5.233) 


for which we know that it behaves at large couplings g like 


M 

E(g) = g p E £ Ug- 2 , V m - (5-234) 

m— 0 

The series (5.233) can trivially be rewritten as 


En(9 ) 



(5.235) 


with uj — 1. We now apply the square-root trick (5.188) and replace c o by the iden¬ 
tical expression 

u = + (ta 2 — Vi 2 ), (5.236) 

containing a dummy scaling parameter 12. The series (5.235) is then re-expanded 
in powers of g up to the order N, thereby treating oo 2 — 12 2 as a quantity of order 
g. The result is most conveniently expressed in terms of dimensionless parameters 
g = g/£l q and a = (1 — u 2 )/g, where uj = uj/VL. Then the replacement (5.236) 
amounts to 

uj -> 12(1 — erg) 1 / 2 , (5.237) 

so that the re-expanded series reads explicitly 

N 

W N (g,a) = W^e n (a)(g) n , (5.238) 

r ).=0 


with the coefficients: 


£ n(&) — 5Z a i 

j =o 


(P - W)/ 2 ] (- a ) n ~i 
n-j ) 1 ; 


(5.239) 
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For any fixed g , we form the first and second derivatives of Wyj(g) with respect to fi, 
calculate the Q-values of the extrema and the turning points, and select the smallest 
of these as the optimal scaling parameter Vi N . The function Wjy(g) = Wjv(<7, Ilw) 
constitutes the TVth variational approximation E^{g) to the function E(g). 

We now take this approximation to the strong-coupling limit g —> oo. For this 
we observe that (5.238) has the general scaling form 

Wj$(g) = Ww N (g, cu 2 ). (5.240) 

For dimensional reasons, the optimal fhv increases with g for large g like ~ 
g l l q CN, so that g = c^ q and a = 1 /g = c q N remain finite in the strong-coupling limit, 
whereas cu 2 goes to zero like l/[cN(g/uj q ) 1 ^ q } 2 . Hence 

W% N (g) « f!*(? N w N {c- N q , 0). (5.241) 


Here cjv plays the role of the variational parameter to be determined by the lowest 
extremum or turning point of c^w n (cjf 1 , 0). 

The full strong-coupling expansion is obtained by expanding wjsr(g,to 2 ) in powers 
of Cj 2 = (g/uj q g)~ 2 ^ q at a fixed g. The result is 


W N (g) = g 


= nP/l 


bo{g) + h(g) 


U) q 


-2/q 


+ h (g) 


U) q 


-4 /q 


+ . . . 


(5.242) 


with 


h(g) = 


l ( d 


n\ \ dCb 2 


(n) / ^ 2 

w y N \g,uj 


9 


(2n-p)/q 


(5.243) 


lu 2 = 0 


with respect to u> 2 . Explicitly: 


tW 


ni 


(n) 

N 


N 


l—n 




(p- ii)l 2 \ ( i-i 


1=0 




n 


-g) j ■ (5.244) 


Since g = c N q , the coefficients b n (g) may be written as functions of the parameter c: 


Mp) = I>E( (P !9)/2 ) ( j )(-l(5.245) 

7_n A —n V .1 / \Tl / 


1=0 j =0 


The values of c which optimize Wjy(g) for hxed g yield the desired values of cn- The 
optimization may be performed stepwise using directly the expansion coefficients 
b n (c). First we optimize the leading coefficient bo(c) as a function of c and identifying 
the smallest of them as Cn- Next we have to take into account that for large but 
finite a, the trial frequency Q has corrections to the behavior g x ^ q c. The coefficient 
c will depend on g like 
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c(g) 


c + 7i 



(5.246) 


requiring a re-expansion of c-dependent coefficients b n in (5.242). The expansion 
coefficients c and for n = 1,2,... are determined by extremizing & 2 n (c). The 
final result can again be written in the form (5.242) with 6(c) n replaced by the final 


W N (g) = g p/q 


b 0 + h 




(5.247) 


The final b n are determined by the equations shown in Table 5.10. The two leading 
coefficients receive no correction and are omitted. 

The extremal values of g will have a strong-coupling expansion corresponding to 
(5.246): 


9 = C N 


1-Mi 




(5.248) 


Table 5.10 Equations determining coefficients b n in strong-coupling expansion (5.247) 
from the functions b n (c ) in (5.245) and their derivatives. For brevity, we have suppressed 
the argument c in the entries. 




7n—1 

2 

& 2 + lib ', + ^'o' 

b'M 

3 

h + 72&1 + 7i&2 + 7i72&o + blb'i + |7i^ 3) 

(62 + 716" + |7i6o 3) )/6o 

4 

W + 73&1 + 72^2 + 71^3 + {\ l 2 + 7173)60 
+71726" + hlK + i7i 2 726q 3) + |7i 3 6i 3) + ^7i 4 6q 4) 

(63 + 72 b '{ + 7162 + 7172 b ( Q ] 
+ |7i 2 6S 3) + |7i 3 6o 4) )/6o 


The convergence of the general strong-coupling expansion is similar to the one 
observed for the anharmonic oscillator. This will be seen in Subsection 17.10.5. 

The general strong-coupling expansion has important applications in the theory 
of critical phenomena. This theory renders expansions of the above type for the so- 
called critical exponents, which have to be evaluated at infinitely strong (bare) cou¬ 
plings of scalar field theories with g0 4 interactions. The results of these applications 
are better than those obtained previously with a much more involved theory based 
on a combination of renormalization group equations and Pade-Borel resummation 
techniques [28]. The critical exponents have power series expansions in powers of 
g/uj in the physically most interesting three-dimensional systems, where u 2 /2 is the 
factor in front of the quadratic field term <p 2 . The important phenomenon observed 
in such systems is the appearance of anomalous dimensions. These imply that the 
expansion terms ( g/uj) n cannot simply be treated with the square-root trick (5.236). 
The anomalous dimension requires that ( g/co) n must be treated as if it were ( g/co q ) n 
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when applying the square-root trick. Thus we must use the anomalous square-root 
trick 


tO -hi 


1 + 




q/2 


(5.249) 


The power 2 /q appearing in the strong-coupling expansion (5.234) is experimentally 
observable since it governs the approach of the system to the scaling limit. This 
exponent is usually denoted by the letter to, and is referred to as the Wegner exponent 
[29]. This exponent to is not to be confused with the frequency to in the present 
discussion. In superfluid helium, for example, this critical exponent is very close to 
the value 4/5, implying q k, 5/2. The Wegner exponent of fluctuating quantum holds 
cannot be deduced, as in quantum mechanics, from simple scaling analyses of the 
action. It is, however, calculable by applying variational perturbation theory to the 
logarithmic derivative of the power series of the other critical exponents. These are 
called /3-functions and have to vanish for the correct to. This procedure is referred to 
as dynamical determination of to and has led to values in excellent agreement with 
experiment [17]. 

In the above variational procedure, the existence of anomalous dimensions is 
signalized by the appearance of a nonzero slope in the plateaus of Figs. 5.14. If this 
happens, the power q in the replacement (5.249) must be modified until the plateaus 
are hat. This method is a practical alternative to determining the Wegner exponent 
to = 2/q via the /3-function. 


5.18 Variational Interpolation between Weak and Strong- 
Coupling Expansions 

The possibility of calculating the strong-coupling coefficients from the perturbation 
coefficients can be used to find a variational interpolation of a function with known 
weak- and strong-coupling coefficients [18]. Such pairs of expansions are known for 
many other physical systems, for example most lattice models of statistical mechan¬ 
ics [19]. If applied to the ground state energy of the anharmonic oscillator, this 
method converges exponentially fast [15]. The weak-coupling expansion of the 
ground state energy of the anharmonic oscillator has the form (5.233). In natural 
units with ft — M — to — 1, the lowest coefficient ao is trivially determined to 
be ao = 1/2 by the ground state energy of the harmonic oscillator. If we identify 
a = g/4 with the coupling constant in (5.233), to save factors 1/4, the first coeffi¬ 
cient is ai = 3/4 [see (5.190)]. We have seen before in Section 5.12 that even the 
lowest order variational perturbation theory yields leading strong-coupling coeffi¬ 
cient in excellent agreement with the exact one [with a maximal error of fa 2%, see 
Eq. (5.167)]. In Fig. 5.23 we have plotted the relative deviation of the variational 
approximation from the exact one in percent. 

The strong-coupling behavior is known from (5.226). It starts out like g C 3 , 
followed by powers of g~ 1 ^ 3 , <? _1 , <? -5 / 3 . Comparison with (5.234) shows that this 
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Figure 5.23 Ratio of approximate and exact ground state energy of anharmonic oscillator 
from lowest-order variational interpolation. Dashed curve shows first-order Feynman- 
Kleinert approximation W\{g). The accuracy is everywhere better than 99.5 %. For 
comparison, we also display the much worse (although quite good) variational perturbation 
result using the exact af x = 3/4. 


corresponds to p = 1 and q = 3. The leading coefficient is given in Table 5.9 with 
extreme accuracy: b 0 = 0.667 986 259 155 777108 270 962 016 919 860 .... 

In a variational interpolation, this value is used to determine an approximate cq 
(forgetting that we know the exact value af x = 3/4). The energy (5.238) reads for 
N — 1 (with a = g/4 instead of g): 



(5.250) 


Equation (5.245) yields, for n = 0: 


bo — 77 G 0 H—2 ' (5.251) 

2 c z 

Minimizing b 0 with respect to c we find c — c\ = 2(ai/2ao) 1 ^ 3 with b 0 = 3aoCi/4 = 
3(agai/2) 1/,3 /2. Inserting this into (5.251) fixes cq = 2(2/3&o) 3 /ao = 0.773 970 ... , 
quite close to the exact value 3/4. With our approximate a\ we calculate Wi(a, 0) 
at its minimum, where 


O, 


-j=u cosh 
^cucos 


|acosh(^/^ (0) )] 
| arccos((yf/(7^ 0 ^)J 


for 


g > g (0 \ 


9 <9 


(o) 


(5.252) 


with g^ = 2cn 3 ao/3v / 3oi- The result is shown in Fig. 5.23. Since the difference 
with respect to the exact solution would be too small to be visible on a direct plot 
of the energy, we display the ratio with respect to the exact energy Hq (g)/E^ x . The 
accuracy is everywhere better than 99.5 %. 
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5.19 Systematic Improvement of Excited Energies 

The variational method for the energies of excited states developed in Section 5.12 
can also be improved systematically. Recall the n-dependent level shift formulas 
(3.518) and (3.519), according to which 


A E {n) 


= + A 2 £ (n) + A 3 £ (n) 


+ EE 

k^n l^n 


AVnkAVkiAVin 

(E k — E n )(Ei — E n 


AV n . 


E 

k^n 


AV nk AVi 


kn 


Ei. — E„ 


A KnE 


AV nk AVi 


kn 


k^n 


(E k 


E n ) 2 


(5.253) 


By applying the substitution rule (5.188) to the total energies 


E {n) = hQ(n + 1/2) + AE {n \ 


and expanding each term in powers of g up to g 3 , we find the contributions to the 
level shift 

A = |[3(2n 2 + 2n+l)a 4 + (2n + l)aV], 

A 2 E (n) = [2(34n 3 + 51n 2 + 59n + 21)a 8 

+4 • 3(2n 2 + 2 n + l)a 6 r 2 + (2 n + 

/o\ 3 

A 3 E (n) = [4 • 3(125n 4 + 250n 3 + 472n 2 + 347n + lll)a 12 

+4 • 5(34n 3 + 5In 2 + 59n + 21)a 10 r 2 (5.254) 

+16 • 3(2n 2 + 2 n + 1 )a 8 r 4 + 2 • (2 n + l)a 6 r 6 ]E.-, 

n it 2 


which for n — 0 reduce to the corresponding terms in (5.192). The extremization in 
leads to energies which lie only very little above the exact values for all n. This is 
illustrated in Table 5.11 for n — 8 (compare with the energies in Table 5.5). A sum 

n T— 

over the Boltzmann factors e _p£/ 3 produces an approximate partition function 
which deviates from the exact one by less than 50.1%. 

ft will be interesting to use the improved variational approach for the calculation 
of density matrices, particle distributions, and magnetization curves. 
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Table 5.11 Higher approximations to excited energy with n = 8 of anharmonic oscillator 

/o') 

at various coupling constants g. The third-order approximation E% ; ( g) is compared with 

/o') (S') 

the exact values Ee X (g), with the approximation E\ '(g) of the last section, and with the 

/o') 

lower approximation of even order E\ '(g) (all in units of fwj). 


9 /4 

E£\g) 

E^ig) 

E^(g) 

Ef\g) 

0.1 

13.3790 

13.3235257 

13.3766211 

13.3847643 

0.2 

15.8222 

15.7327929 

15.8135994 

15.8275802 

0.3 

17.6224 

17.5099190 

17.6099785 

17.6281810 

0.4 

19.0889 

18.9591071 

19.0742800 

19.0958388 

0.5 

20.3452 

20.2009502 

20.3287326 

20.3531080 

0.6 

21.4542 

21.2974258 

21.4361207 

21.4629384 

0.7 

22.4530 

22.2851972 

22.4335694 

22.4625543 

0.8 

23.3658 

23.1879959 

23.3451009 

23.3760415 

0.9 

24.2091 

24.0221820 

24.1872711 

24.2199988 

1 

24.9950 

24.7995745 

24.9720376 

25.0064145 

10 

51.9865 

51.5221384 

51.9301030 

51.9986710 

50 

88.3143 

87.5058600 

88.2154879 

88.3500454 

100 

111.128 

110.105819 

111.002842 

111.173183 

500 

189.756 

188.001018 

189.540577 

189.833415 

1000 

239.012 

236.799221 

238.740320 

239.109584 


5.20 Variational Treatment of Double-Well Potential 

Let us also calculate the approximate effective classical potential of third order Wz(xq) for the 
double-well potential 

V(x) = M—x 2 + -x 4 + w 2 = -l. (5.255) 

2 4 4 g 

In the expression (5.197), the sign change of w 2 affects only the coupling g 2 (x o), which becomes 

52 (^ 0 ) = M [-1 - H 2 (a; 0 )] + 3gx% = gr 2 /2 + 3gx% (5.256) 

[recall (5.176)]. Note the constant energy M 2 u> 4 /4g in V (x) which shifts the minima of the potential 
to zero [compare (5.78)]. 

To see the improved accuracy of W 3 with respect to the first approximation W\(xq) discussed 
in Section 5.7 [corresponding to the first line of (5.197)], we study the limit of zero temperature 
where the accuracy is expected to be the worst. In this limit, W$(x 0 ) reduces to (5.201) and is 
easily minimized in xq and Q. 

At larger coupling constants g > g c ~ 0.3, the energy has a minimum at Xq = 0. For g < g c , 
there is an additional symmetric pair of minima at xq = ±x m ^ 0 (recall Figs. 5.5 and 5.6). The 
resulting FT 3 (0) is plotted in Fig. 5.24 together with Wi(0). The figure also contains the first excited 
energy which is obtained by setting w 2 = —1 in r 2 = 2M(w 2 — fi 2 )/c/ of Eqs. (5.253)-(5.255). 

For small couplings g, the energies IFi(O), W%( 0), ... diverge and the minima at x = ±x m of 
Eq. (5.82) become relevant. Moreover, there is quantum tunneling across the central barrier from 
one minimum to the other which takes place for g < g c ~ 0.3 and is unaccounted for by W 3 ( 0 ) and 
Wz(x m ). Tunneling leads to a level splitting to be calculated in Chapter 17. In this chapter, we 
test the accuracy of W\(x m ) and W' 3 (x. m ) by comparing them with the averages of the two lowest 
energies. Figure 5.24 shows that the accuracy of the approximation IT 3 (x rn ) is quite good. 
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0.1 0.2 g 0.3 0.4 


Figure 5.24 Lowest two energies in double-well potential as function of coupling strength g. 
The approximations are W\ (0) (dashed line) and Ws(0) (solid line). The dots indicate numeric 
results of the Schrodinger equation. The lower part of the figure shows W\ (x m ) and Ws(0) in 
comparison with the average of the Schrodinger energies (small dots). Note that W\ misses the 
slope by 25%. Tunneling causes a level splitting to be calculated in Chapter 17 (dotted curves). 


Note that the approximation Wi(x m ) does not possess the correct slope in g, which is missed 
by 25%. In fact, a Taylor expansion of W\(x m ) reads 


V2 


9x/2 


27 


W\(x m ) = -— q — — — q* -— q° + . . . 

u ' 2 16 y 128 256 

whereas the true expansion starts out with 

£(0) = vjL I + . 

2 4 

The optimal frequency associated with (5.257) has the expansion 


(5.257) 


(5.258) 


, r- 3 27^ 2 27 , 

fli(Xm) = v2- q - q 1 - q A + .. . . 

U mj v 4 y 54 V 32 y 

Let us also compare the xo-behavior of W^{xq) with that of the true effective classical potential 
calculated numerically by Monte Carlo simulations. The curves are plotted in Fig. 5.5, and the 
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agreement is seen to be excellent. There are significant deviations only for low temperatures with 

/3 >20. 

At zero temperature, there exists a simple way of recovering the effective classical potential 
from the classical potential calculated up to two loops in Eq. (3.770). As we learned in Eq. (3.833), 
Xo coincides at zero temperature, with X in Eq. (3.770) Thus we merely have to employ the 
square-root trick (5.186) to the effective potential (3.770) and interchange X by Xo to obtain 
the variational approximation to the effective classical potantial to be varied. Explicitly, 

we replace, as in (5.188), the one-loop contribtions, ground state energies Tilot.l in (3.770) by 

y/fly L + (ix^ L (X) — Vlj, L ) w Ht,l + ( w t,l(^) — and exchange ) of the 

remaining two-loop terms by IIt.l ■ This yields for the D-dimensional rotated double-well potential 
(the Mexical hat potential in Fig. 3.13]: 


W (x 0 ) = 

T-s-0 


j(x) + h 


f2 T 


U X ) 


4 Qt 


+ (D-l)h 




(X) 


'ifi r p 


+ 


8(2 M) 2 I 


7 5T^(X) 


+ - 


D 2 - 1 
VL 2 T 


v"{X) v'{X) 


X 2 


X 3 




v"'{X) 2v"(X) 2v'(X) 


X 


3{D — 1) 1 


6(2 M) 


3 i 3fif ^ ^ + 2 P T + Ml PlP 2 t 


T L 


X 2 

v”{X) v’(X) 

A2 - 


A 3 


X 


o(h 3 ) 


(5.259) 


X —yxQ 


This has to be extremized in Pt.l at fixed Xq. 


5.21 Higher-Order Effective Classical Potential for 
Nonpolynomial Interactions 

The systematic improvement of the Feynman-Kleinert approximation in Section 5.13 was based 
on Feynman diagrams and therefore applicable only to polynomial potentials. If we want to calcu¬ 
late higher-order effective classical potentials for nonpolynomial interactions such as the Coulomb 
interaction, we need a generalization of the smearing rule (5.30) to the correlation functions of 
interaction potentials which occur in the expansion (5.180). The second-order term, for example, 
requires the calculation of 

(AZXc = / dT dr 1 {V*Z(x(T))V*Z(x(T'))) x n ° c , (5.260) 

’ Jo Jo 

where 

v^(x) = V(x) - i. Mn 2 (x 0 )(x - xo) 2 . (5.261) 

Thus we need an efficient smearing formula for local expectations of the form 

(Fi(x(n))...F n (x(r„)))n° = ^ 

x Vx{t)Fi{x(t\)) ■ ■ ■ F n (x(T n ))S(x — xq) exp | — ^-Aq 0 [x(t)]| , (5.262) 

where -4 .q°[x(t)] and Z^° are the local action and partition function of Eqs. (5.3) and (5.4). After 
rearranging the correlation functions to connected ones according to Eqs. (5.182) we find the 
cumulant expansion for the effective classical potential [see (5.180)] 

hf3 

V eS ’ c \x 0 )=F*° + ±Jdn <C?(*(ri)))^ c 


0 
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1 


h/.3 hf.3 


~^ J dr l J dr 2 (^int ( X ( T l))Knt ( X ( r 2)))^, 
r 0 0 

hf3 h(3 hfi 


(5.263) 


?pJ dT iJ dT 2 / ^3(^ t °Wr 1 ))^( a; (r 2 ))^(4r3)))^ + -- - • 


6 n°p 


ooo 


It differs from the previous expansion (5.180) for polynomial interactions by the potential V(x) 
not being expanded around xq. The first term on the right-hand side is the local free energy (5.6). 

5.21.1 Evaluation of Path Integrals 

The local pair correlation function was given in Eq. (5.19): 

(8x(t)8x(t'))^° = ([x(r) - x 0 ][x{t') - x 0 ])q = j^G^ 0 (t.t') = a 2 TT ,(x 0 ), (5.264) 

with [recall (5.19)—(5.24)] 

2 Ti cosh[fl(xo)(r— r' — h/3/ 2)] 1 

TT 0 2MCI(xq) sinh[fI(xo)7i/3/2] 


re(0,7i/3). (5.265) 


Higher correlation functions are expanded in products of these according to Wick’s rule (3.305). 
For an even number of <5x(r)’s one has 

{8x{ti)5x{t 2) ■ ■ ■ 8x(r n )) x ^ = ^ a l p(1) r pm ( x o) ■ ■ ■ al Hn _ 1)TpM (x 0 ), (5.266) 

pairs 

where the sum runs over all (n — 1)!! pair contractions. For an exponential, Wick’s rule implies 
/ T 1 \ X ° I rW r K0 

^exp i J dTj(r) Sx(t) J = exp -- J dr J dr'j(T)a 2 TT ,(x 0 )j{r') . (5.267) 

Inserting j(r) = Y17=i kiS(r — Ti), this gives for the expectation value of a sum of exponentials 


exp 


i^^ki Sx(ri) 


= exp 


-JEE4 {x 0 )kikj 


i=i j=i 


(5.268) 


By Fourier-decomposing the functions F(x(t)) = f {dk/2-K)F{k) expifc [xo + 8x{t)} in (5.262), we 
obtain from (5.268) the new smearing formula 


( n +°° 

(Fi(x(ri)) • • • F„(x(t„)))q° = S H J dSx k F k (x 0 + 8x k ) 

I k— 1 __ 


: exp 


(27r)™Det al kTy {x o) 


- 9 51 Sxk a rur k , (*o) Sx k ' 


(5.269) 


fc=i fc'=l 


where a~ 2 T .{x o) is the inverse of the n x n -matrix a 2 iT .(x o). This smearing formula determines 
the harmonic expectation values in the variational perturbation expansion (5.263) as convolutions 
with Gaussian functions. 

For n = 1 and only the diagonal elements a 2 (xo) = a 2 T (xo) appear in the smearing formula 
(5.269), which reduces to the previous one in Eq. (5.30) [F(x(t)) = V(x(r))]. 


H. Kleinert, PATH INTEGRALS 




5.21 Higher-Order Effective Classical Potential for Nonpolynomial Interactions 


531 


For polynomials F(x(t)), we set x(r) = Xq + Sx(t) and expand in powers of 5x(t), and see 
that the smearing formula (5.269) reproduces the Wick expansion (5.266). 

For two functions, the smearing formula (5.269) reads explicitly 


+oo +oo 


(Fi(x(ti))F 2 (x(t 2 )))q° = J dx i J dx 2 F 1 (x 1 )F 2 (x 2 ) 


— oo —oo 


\/(27r) 2 [a 4 (:ro) -a 4 lT2 (x 0 )J 


x exp < — 


{x 0 )(xi-x 0 ) 2 ~2a 2 TiT2 (xo)(xi-x 0 )(x 2 - x 0 )+a 2 (x 0 )(x 2 -x 0 ) 2 
2[a 4 (x 0 ) -< T2 (x 0 )] 

Specializing F 2 (x(t 2 )) to quadratic functions in x(t), we obtain from this 

air 2 {xo) 


Fiixin)) [x(r 2 ) - x 0 ] = (Fi(x(ti)))q° a (xq) 


1 - 


and 


‘(^o) 

([z(Ti) - x 0 ] 2 [a;(r 2 ) - x 0 ] 2 ^ = a 4 (x 0 ) + 2a 4 lT2 (x 0 ) • 


(5.270) 


(5.271) 


(5.272) 


5.21.2 Higher-Order Smearing Formula in D Dimensions 

The smearing formula can easily be generalized to H-dimensional systems, where the local pair 
correlation function (5.264) becomes a D x D -dimensional matrix: 

(6Xi(T)5Xj{T'))n = a ij;rr'( X o). (5.273) 

For rotationally-invariant systems, the matrix can be decomposed in the same way as the trial 
frequency fi?-(xo) in (5.95) into longitudinal and transversal components with respect to xo: 

a? i;TT '(x 0 ) = °i;TT'M^L;ij(xo) + a%. TT , {r 0 )P T -,ij (x 0 ), (5.274) 

where Pl;p(xo) and Pr;ij(xo) are longitudinal and transversal projection matrices introduced in 
(5.96). Denoting the matrix (5.274) by a 2 T , (xo), we can write the D-dimensional generalization 
of the smearing formula (5.275) as 


{ n +°° 

P J d 5 x k F k (x 0 + 6 x k ) 

k—1 ___ 


( 27 r) n Det a 2 kTkl (x Q ) 


exp -EE ^Xfc a T 2 Tk/ (x 0 ) 5x fc - 


(5.275) 


fc=l k'- 1 


The inverse D x D -matrix a“ 2 Tfc/ (xo) is formed by simply inverting the n x n -matrices 
a Z-T fc r ,( r o)) a T 2 rfc r ,( r o) i R the projection formula (5.274) with projection matrices Pl(x 0 ) and 
Pt(xo): 

a r fe 2 r fc , (xo) = a Z ; 2 TfcTfc , (ro)PL(xo) + a Z 2 TfcTfc , (r 0 )P T (x 0 ). 

In D dimensions, the trial potential contains a D x D frequency matrix and reads 


M 

T 


O- j (x 0 )(x i 


X 0i )(Xj 


x 0 j) J 


(5.276) 
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with the analogous decomposition 

o) = fii(xo) 

The interaction potential (5.261) becomes 


+ Hy(xo) ( Sij - 


M 


^t°( x ) = ^( x ) - ^ x oi){xj - x 0j ) • 


To first order, the anisotropic smearing formula (5.275) reads 

+oo 

<J’i(x(r 1 ))^ n = f d 3 xiFi(xi) 1 - exp (- 

J y(27 xyaj.a^ f 


(■xil - r 0 ) 2 x\ T 


2 a 2 L 


2 aip 


(5.277) 


(5.278) 


(5.279) 


with the special cases 


o\ r ° 

[ <5x ('n)] T ) { 


= 2a\, ([5x(n)]r^ = a 2 


L ■ 


(5.280) 

CIt^l \ 

Inserting this into formula (5.263) we obtain the first-order approximation for the effective classical 
potential 

h/3 

' x ° (5.281) 


1 


IU(x 0 ) = F x ° + — JdniV&Mn)))^, 

o 

in agreement with the earlier result (5.97). 

To second-order, the smearing formula (5.275) yields [33] 

+oo +oo 

(Fi(x(ri)F 2 (x(r2))Q TiQt = J d 3 x i J d 3 x 2 F 1 (x 1 )F 2 (x 2 ) 

— oo —oo 

1 f a 2 T x 2 1T - 2a\ X 1 TX 2 T + cl 2 t x 2 t 

(2tt) 3 (4 - a T Tl T 2 )\J a L - °ir 1 T 2 ^ TtiT ^ 

r a|(a;iL - r 0 ) 2 - 2a 2 L (x 1L - r 0 )(x 2L - r 0 ) + a|(a; 2 L - r 0 ) 2 

x exp i-— 4 —1- 

l 2 «~ alnn ) 

so that rule (5.271) for expectation values generalizes to 


9 \ r ° 

4 


Fi(x(n) [<5x(r 2 )]r) = 2a 2 


1 - 


a* 


T n r 2 


a: 


T J 


<F 1 (x(t 1 )))q o 


lT Zp, (f^t-i)) [5x(n)]^) 


T j“ “£/ 

FO 

1/ 


Fi(x(n) [<Sx(r 2 )]i) 




= 


1 - 


i 'LriT2 


J 


(FrWn)))^ o x 


1 Lt 1 T2 


2 \ r 0 


(Fi(x(ri)[5x(n)]|) 


Z, 


Specializing F(x) to quadratic function, we obtain the generalizations of (5.272) 

[Mti)]t M t 2)]t) ° = 4ay + 4oy TlT2 , 

[<5 x (n)]y [(5 x (t 2 )]^) = 2ayo|, 

[<^ x (n)]i [^x(r 2 )]i) ° = al+2a| TiT2 . 


(5.282) 


(5.283) 

(5.284) 

(5.285) 

(5.286) 

(5.287) 
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5.21.3 Isotropic Second-Order Approximation 
to Coulomb Problem 


To demonstrate the use of the higher-order smearing formula (5.275), we calculate the effective 
classical potential of the three-dimensional Coulomb potential 

V(x)=~ (5.288) 

l x l 

to second order in variational perturbation theory, thus going beyond the earlier results in Eq. (5.53) 
and Section 5.10. The interaction potential corresponding to (5.278) is 

p 2 M 

Knt°( x ) = — j^| - -yU 2 (x 0 )(x - x 0 ) 2 . (5.289) 

For simplicity, we consider only the isotropic approximation with only a single trial frequency. Then 
all formulas derived in the beginning of this section have a trivial extension to three dimensions. 
Better results will, of course be obtained with two trial frequencies f2|(ro) and o) of Section 
5.9. 

The Fourier transform 47re 2 /|k| 2 of the Coulomb potential e 2 /|x| is most conveniently written 
in a proper-time type of representation as 

A 2 poo 

U(k) = / dae~ ak /2 - jkx , (5.290) 

2 Jo 

where u has the dimension length square. The lowest-order smeared potentials were calculated 
before in Section 5.10. For brevity, we consider here only the isotropic approximation in which 
longitudinal and transverse trial frequencies are identified [compare (5.112)]: 

(Mn) - x.]^" = 3a 2 (x 0 ), ( R? Tj I ) n = j^erf 


l x o| 


x /2a 2 (x 0 ) 


(5.291) 


The first-order variational approximation to the effective classical potential (5.281) is then given 
by the earlier-calculated expression (5.115). 

To second order in variational perturbation theory we calculate expectation values 

Xo 


([ x ( T i) - Xo] 2 [x(r 2 ) - x o] 2 ) o = 9a 4 (x 0 ) + 6a 4 lT2 (x 0 ) 


[x(n) -x 0 ]' 


!: ( t 2 )]) £ 


Q, 

Xo 


2[3a 4 (x 0 ) - a 4 lT2 (x 0 )] 
\J 7ra 6 (x 0 ) 


(5.292) 

(5.293) 


which follow from the obvious generalization of (5.271), (5.272) to three dimensions. More involved 
is the Coulomb-Coulomb correlation function 


1 1 \ x ° 
|x(ri)| |x(t 2 )|/ q 


+oo 

= i I dn 


+oo 


dcro 


\/[a 2 (xo) + err] [a 2 (x 0 ) + <j 2 J - < T2 (x 0 ) 


x exp < — x; 


v o 


a 2 (x 0 ) + ai/2 + o- 2 /2 - a 2 ir2 (x 0 ) 
[a 2 (x 0 ) + cri][a 2 (x 0 ) + cr 2 ] - <4 lT2 (x 0 ) 


(5.294) 


Using these smearing results we calculate the second connected correlation functions of the inter¬ 
action potential (5.289) appearing in (5.263) and find the effective classical potential to second 
order in variational perturbation theory 


lU 2 (x 0 ) 


1Ui(x 0 ) + 


Me 2 fi(xo) 3M 2 fl 3 (xo) 
?i.y / 27ra 6 (xo) 4S. 

hfi 

rJ iT ( 

0 


^ 4 (x 0 ) 


(5.295) 
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with the abbreviation 


l 4 (x 0 ) = 


h [4 + h 2 (3 2 n 2 (x 0 ) — 4coshft/3f2(x 0 ) + hf3Pl(x 0 ) sinh?i/30(xo)] 
8/3M 2 f2 3 (x 0 ) sinh[7i/3f2(xo)/2] 


(5.296) 


the symbol indicating that this is a quantity of dimension length to the forth power. After an 
extremization of (5.295) with respect to the trial frequency Q(xq), which has to be done numerically, 
we obtain the second-order approximation for the effective classical potential of the Coulomb system 
plotted in Fig. 5.25 for various temperatures. The curves lie all below the first-order ones, and the 
difference between the two decreases with increasing temperature and increasing distance from the 
origin. 



Figure 5.25 Isotropic approximation to effective classical potential of Coulomb system in the 
first (lines) and second order (dots). The temperatures are 10” 4 ,10~ 3 ,10 2 ,10 -1 , and 00 from 
top to bottom in atomic units. Compare also Fig. 5.9. 


5.21.4 Anisotropic Second-Order Approximation 
to Coulomb Problem 

The first-order effective classical potential Wi(x 0 ) was derived in Eqs. (5.97) and (5.117)-(5.121). 
To obtain the second-order approximation W 2 (xq ), we insert the Coulomb potential in the repre¬ 
sentation (5.290) into the second-order smearing formula (5.282), and find 


1 


l x Oi)| 

1 

l x ( r l)l 


\ r 0 

[Sx(t 2 )] 2 t ) 




\ r 0 

[MT 2 )]i) 


/ O 2 


2 a\ 


2a| 


-«rA : 

d\e 


2 a,j, 


2 4 T1T2 X 2 


dX, 


( 4 _ a 2 ) A 2 +a 2 [(a 2 _ a 2 )A 2 +a 2]2 
-^A 2 al + a4 LTir2 [^A 4 -alA 2 ] 


a 4 [(a|-a|)A 2 + a|] ' 


These are special cases of the more general expectation value 

+00 exp 


1 \ ro 

, , F(x(t 2 ))\ 

l x ( r i)l /n T ,n L 


x J d 3 xF(x) exp 


1 

27T 2 


da ■ 


L 0 


2[4 - a LT 1 T 2 + 2a L (J ] 


0 

(a,j, + 2a)x^, 


4 4 

a-r - a T n r 2 


■ 2 Oj,a\ yj'i 


4 4 

a r ~ a L TlT2 


2a\a 


(5.297) 


2[a%-a% riT2 +2afp(T\ 


(a 2 L + 2a)(x L -r 0 ) 2 + 2a 2 LTiT2 ro(x L -r 0 ) 

2[a|-4r 1 r 2 +2a|°'] 


(5.298) 
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which furthermore leads to 


_L_^\ r ° 

|x(ri)| |x(t 2 )| / 


+oo +oo 


d(Ti / d(J2 




[Or + 2(J 1 \l a T + 2(J 2] - 4r it 


v /[a| + 2a 1 ][a| + 2a 2 ]-al TiT2 ^ l K + K + 2 ^] - < Tl 


r$[a 2 L +a!+a 2 - a 2 LTiT2 \ 


(5.299) 


From these smearing results we calculate the second-order approximation to the effective classical 
potential 

h(3 h(3 h(3 

Wi (x 0 ) = Fq 0 + ^jdn (V£(x(n)))Z - ^ Jdn Jdr 2 <^ t °(x(n))^ t °(x(r 2 )))^ c . (5.300) 


0 0 


The result is 


W? T ’ nL (r 0 ) = Wl‘ T ’ llL {r 0 ) 


^CItPl i 


2 h 


e 2 M l2a 2 L 


dX 


7r 


2n T liX 2 


_ tt L l 4 L [r 2 \ 4 a|A~] ^ e _ r 2 A 2/ 2a 2 


M 2 [2n^ + n 3 L i 


[(4 _ a 2 ) A 2 + a 2]2 a 4 [(o 2 _ a 2 )A 2 + fl 2] 

fc/3 fc/3 


4S, 


2K 2 /3 


dr\ / dr 2 


1 


1 V 


c (n)| l x (r 2 )| / 


(5.301) 


L ,c 


with the abbreviation 

j4 h [4 + ft 2 /^ — 4 cosh fiffflT.L + sinh ft/3fiT,L] 

1t ' L = 8/lM 2 fF4sinh[ft/A2 TiL /2] 


(5.302) 


which is a quantity of dimension (length) 4 . After an extremization of (5.115) and (5.301) with 
respect to the trial frequencies Qt, Pl which has to be done numerically, we obtain the second-order 
approximation for the effective classical potential of the Coulomb system plotted in Fig. 5.26 for 
various temperatures. The second order curves lie all below the first-order ones, and the difference 
between the two decreases with increasing temperature and increasing distance from the origin. 


5.21.5 Zero-Temperature Limit 

As a cross check of our result we take (5.301) to the limit T —> 0. Just as in the lowest-order 
discussion in Sect. (5.4), the ;ro-integral can be evaluated in the saddle-point approximation which 
becomes exact in this limit, so that the minimum of Wat(xo) i n x o yields the nth approximation 
to the free energy at T = 0 and thus the nth approximations EZ the ground state energy E^ 
of the Coulomb system. In this limit, the results should coincide with those derived from a direct 
variational treatment of the Rayleigh-Schrodinger perturbation expansion in Section 3.18. With 
the help of such a treatment, we shall also carry the approximation to the next order, thereby 
illustrating the convergence of the variational perturbation expansions. For symmetry reasons, the 
minimum of the effective classical potential occurs for all temperatures at the origin, such that 
we may restrict (5.115) and (5.301) to this point. Recalling the zero-temperature limit of the 
two-point correlations (5.19) from (3.249), 

A” = 2Mn(x„) exp| - ii(x ° ) |r - T ' l} • <5 ' 303 > 
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we immediately deduce for the first order approximation (5.115) with = fi(0) the limit 

= lim <( 0 ) = jhft- —=J —p-e 2 . 

0—>oo 4 yf V ft 

In the second-order expression (5.301), the zero-temperature limit is more tedious to take. Per¬ 
forming the integrals over < 7 i and < 72 , we obtain the connected correlation function 


(5.304) 


1 1 \ Xo 

|x(ti)| |x(t 2 )|/j 


1 


n,o “TlT 2 (°) ''“riT 2 V u ; V “ T 1 T 2 V"/ 

Inserting (5.303), setting n = 0 and integrating over the imaginary times r = r 2 € [0, S./3], we find 
hfi 


,( 0 ) 


arctan i 


,( 0 ) 


,( 0 ) 


-1 - 


,( 0 )' 


(5.305) 


dr 


1 1 \ Xo 4M 

c (t)I I x ( 0)I /n, c ^ 


0 h/3Q 


— i — — 


?i 2 /3 2 ll 2 2 


0 h/3Q 


i 

arcsin \/l — e~ 2h ^ Q + 7 - In a(/3) — ^ [In a(/3 )] 2 — ^ [ 

2 8 2 J 


du 


In? 


1 + u 


a(0) 


with the abbreviation 




1 _ sjl _ e -2h0Q 


1 + y/1 - e~ 2hl3n ' 
Inserting this into (5.301) and going to the limit /3 —> 00 we obtain 


(5.306) 


(5.307) 


£f> ( n> = fon Wf(O) = - 1 (l + l,i2- |) tLe‘. (5.308) 



»"0 

Figure 5.26 Isotropic and anisotropic approximations to effective classical potential of Coulomb 
system in first and second order at temperature 0.1 in atomic units. The lowest line represents the 
high temperature limit in which all isotropic and anisotropic approximations coincide. 
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Postponing for a moment the extremization of (5.304) and (5.308) with respect to the trial fre¬ 
quency fl , let us first rederive this result from a variational treatment of the ordinary Rayleigh- 
Schrodinger perturbation expansion for the ground state energy in Section 3.18. According to the 
replacement rule (5.186), we must first calculate the ground state energy for a Coulomb potential 
in the presence of a harmonic potential of frequency u: 

V(x) = yw 2 x 2 - • (5.309) 

After this, we make the trivial replacement w — > \/fl 2 + uj 2 — fl 2 and re-expand the energy in 
powers of u > 2 — fl 2 , considering this quantity as being of the order e 2 and truncating the re¬ 
expansion accordingly. At the end we go to w = 0, since the original Coulomb system contains 
no oscillator potential. The result of this treatment will be precisely the expansions (5.304) and 
(5.308). 

The Rayleigh-Schrodinger perturbation expansion of the ground state energy E (w) for the 
potential (5.309) in Section 3.18 requires knowledge of the matrix elements of the Coulomb potential 
(5.288) with respect to the eigenfunctions of the harmonic oscillator with the frequency w: 


ATT TV OO ^ 

= J dp J ddsind J dr r 2 d, p) (a d, p), (5.310) 


0 0 0 

where [see (9.67), (9.68), and (9.53)] 


0+1)/2 


, , q , / 2rd 4 [Mu (Mu 2 V 

^,m{r,d,p) = \j T{n + l + m 


(5.311) 


Here n denotes the radial quantum number, L%(x) the Laguerre polynomials and Yp m (d,p) the 
spherical harmonics obeying the orthonormality relation 

2tv tv 


dip J ddsmdY l * m (d,p)Yip m >(d,p) = 6iy5 m ,r. 


(5.312) 


o o 

Inserting (5.311) into (5.310), and evaluating the integrals, we find 


V r 


n,l,m\n' ,V ,m' 


2 Mlo r(/ + l)r(n + l/2) / r(n' + / + 3/2) 


7r h r(Z + 3/2) y n!n'!r(n + l + 3/2) 
X 3P2 ^ C 5 l T 1 ) ^ ^ Tj 7 2 Hl.U &m,m' ? 


(5.313) 


with the generalized hypergeometric series [compare (1.453)] 


3F 2 (a 1 ,a2,a 3 -,f3 1 ,/32;x) = ^ 

k -0 


(ai)fc(a 2 )fc(a 3 ) fc x k 
(/?i )k(fo)k k\ 


(5.314) 


and the Pochhammer symbol ( a)k = T(a + k)/Y(a). 

These matrix elements are now inserted into the Rayleigh-Schrodinger perturbation expansion for 
the ground state energy 


£ (0) M = E 0 ,o,o + V c 


0 , 0 , 0 ; 0 , 0,0 


,0,0 ;n,Z,m v n ,Z,ra; 0,0,0 


n,l,m 


-£■0,0,0 E n ,l,m 
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E i-wr ho,0,0;n,Z,mFn,,Z,m;0,0,0 

m), 0 , 0 ; 0 , 0,0 ———-—- ~2 — 

n,l,m [-^ 0 , 0,0 

v^, >Y°. ,0,0 ;n,Z,m^ / n,Z,m;n',i / ,m / 

2 “"' rrf , [Eo, 0,0 — E ni i <m ] [-Eo. 0,0 — -Efi'.J'.m'] 


nA,m n‘ 


(5.315) 


the denominators containing the energy eigenvalues of the harmonic oscillator 


E n ,i,m — hu ( 2 n + l + — 


(5.316) 


The primed sums in (5.315) run over all values of the quantum numbers n, l = —oo,..., +oo and 
to = —l, ..., +/, excluding those for which the denominators vanish. For the first three orders we 
obtain from (5.313)-(5.316) 


. 3^ 2 I Mu o 4 ( , „ 7 T\ M 4 /AZ° 

E^Uu) = -hui - 1 =\ -——e 2 (1 + In 2 — — ) —^e 4 — c \ 

y ’ 2 v^V h 7r V 2/h 2 \ h 7 u 


(5.317) 


with the constant 


c = 


E 


1 • 3 • • • • (2n — 1) 


OO OO 


tt 3 / 2 ) ^ 2 • 4 ■ ■ ■ 2n n 2 (n + 1/2) ^ ^ 2-4---2n 

Kn=l V 1 / / n=l n' = l 


-EE 


1 • 3 • • • (2n — 1) 


1 • 3 - • • (2 n! - 1) 3^2 (- n',l + 1, §; l + §, | - n; l) 


2 • 4 • • • 2n' 


nn' (n + 1 / 2 ) 


0.031801. 


(5.318) 


Since we are interested only in the energies in the pure Coulomb system with to = 0, the variational 
re-expansion procedure described after (5.309) becomes particularly simple: We simply have to 
replace u> by VCl 2 — Cl 2 which is appropriately re-expanded in the second Cl 2 , thereby considering 
Cl 2 as a quantity of order e 2 . For the first term in the energy (5.317) which is proportional to Cl 
itself this amounts to a multiplication by a factor (1 — l ) 1 / 2 which is re-expanded in the second 
“1” up to the third order asl — \ — | — rjb = JL. The term 3w/2 in (5.317) becomes therefore 
15/32w. By the same rule, the factor w 1 / 2 in the second term of the energy (5.317) goes over into 
ST 1 / 2 (1 — l) 1 / 4 , re-expanded to second order in the second ” 1 ”, i.e., into 0 4 / 4 (l — \ — jp>) = §|. 
The next term in (5.317) happens to be independent of u> and needs no re-expansion, whereas the 
last term remains unchanged since it is already of highest order in e 2 . In this way we obtain from 
(5.317) the third-order variational perturbation expansion 


E^ 0) (Cl) = -E= 

3 v ; 32 16^ 


MCI 


7T\ M 


. 2 4 / TT\ M d / M° 

-e 2 -( 1 + In 2 — — ) —j e 4 - c W ~^—e 6 . 

7T V 2 ) h 2 V h 7 Cl 


M 3 

Wei 


(5.319) 


Extremizing (5.304), (5.308), and (5.317) successively with respect to the trial frequency Cl we find 
to orders 1, 2, and 3 the optimal values 


fli = CI 2 — 


16 Me 4 


CI 3 = c‘ 


, Me 4 


9t r h 3 ’ n 3 ’ 

with d « 0.52621. The corresponding approximations to the ground state energy are 

Me 4 


E$\CI N ) = - 1N - 


(5.320) 


(5.321) 


with the constants 
4 


71 = — « 0.42441. 
37T 


72 = J + 41n2 - 2 « 0.47409, 73 « 0.49012, (5.322) 


approaching exponentially fast the exact value 7 = 0.5, as shown in Fig. 5.27. 
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Figure 5.27 Approach of the variational approximations of first, second, and third order to the 
correct ground state energy —0.5, in atomic units. 


5.22 Polarons 

An important role in the development of variational methods for the approximate 
solution of path integrals was played by the polaron problem [34], Polarons arise 
when electrons travel through ionic crystals thereby producing an electrostatic de¬ 
formation in their neighborhood. If P‘(x, t) denotes electric polarization density 
caused by the displacement of the positive against the negative ions, an electron 
sees a local ionic charge distribution 



pXM) = v • pl ( x ^), 

(5.323) 

which gives rise to an 

electric potential satisfying 



V 2 A°(x, t) = 47t V • P i (x, t). 

(5.324) 

The Fourier transform of this, 



poo 

A^(t) = / d 3 x A°(x, f)e _lkp , 

J — OO 

(5.325) 

and that of P*(x, t), 

poo 

P kW = / rf 3 xP‘(x, t)e~* kx , 

J — OO 

(5.326) 

are related by 

zl-7r 

(5.327) 


Only longitudinal phonons which have P^t) oc k and correspond to density fluctu¬ 
ations in the crystal contribute. For these, an electron at position x(f) experiences 
an electric potential 


In the regime of optical phonons, each Fourier component oscillates with approxi¬ 
mately the same frequency u, the frequency of longitudinal optical phonons. The 
variables Pj^t) have therefore a Lagrangian 

m = 4- e [puwnm - w 2 PU(i)pL(i) 

k 


V- 47r T3 ( ' e 


ikx 


W 


(5.328) 


A°(x,f) = -J2K(t) 


~ikx 


W 


= i 


(5.329) 
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with some material constant p and PLk(t) = Pk*(£), since the polarization is a real 
held. This can be expressed in terms of measurable properties of the crystal. For 
this we note that the interaction of the polarization held with a given total charge 
distribution p(x, t ) is described by a Lagrangian 

L [ni (t) = — j d 3 x p(x,t)V(x,t). (5.330) 

Inserting (5.325) and performing a partial 

L int (f) — 47T I d 3 x —2 Vp(x, i) •P 1 (x , ,i). (5.331) 

Recalling the Gauss law V • D(x, t) = 47rp(x, t) we identify the factor of P*(x, t) 
with the total electric displacement held and write 

-bint (i) = 47 1 J d 3 x D(x, t) ■ P'(x, t). (5.332) 


In combination with (5.329) this leads to an equation of motion 


1 

p 


Pi(t) + 


D k (t). 


(5.333) 


If we go over to the temporal Fourier components PG k of the ionic polarization, we 
find the relation 


1 

p, 





D 


o/,k- 


For very slow deformations, this becomes 


Using the general relation 


G pl , 

p u ,k 


D 


0,k- 


Doj',k Ea/.k 4“ 47rP a ,/ j k, 


(5.334) 


(5.335) 


(5.336) 


where contains both ionic and electronic polarizations, we obtain 


47tP u'.y = 



(5.337) 


with being the dielectric constant at frequency a/. For a slowly moving electron, 
the lattice deformations have small frequencies, and we can write the time-dependent 
equation 



(5.338) 
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By comparison with Eq. (5.335) we determine the parameter ji. Before we can do 
so, however, we must subtract from (5.338) the contribution of the electrons. These 
fulfill the approximate time-dependent equation 

4t rP£(t) « (l - —) D k (t), (5.339) 

' ^OO ' 


where is the dielectric constant at high frequency where only electrons can follow 
the field oscillations. The purely ionic polarization field is therefore given by 


4vrP^(f) « (— - -) D k (f). 

Vdx> e 0/ 

By comparison with (5.334) we identify 

_ ^ 2 ( 1 1 \ 

11 47T Uoc €q) ' 


(5.340) 


(5.341) 


5.22.1 Partition Function 


The partition function of the combined system of an electron and the oscillating 
polarization is therefore described by the imaginary-time path integral 


Z= / V*x n / £> 3 P k exp 


1 r n P 
Tl Jo 


a \ M -K ^ 
dT I T x 


47r, 


E^ [ pi -k(«) p LW -^ 2pl L k (t) p Ut)J + ^E 


:3 ikx(r) 


I, (5.342) 


where V is the volume of the system. The path integral is Gaussian in the Fourier 
components P k (r). These can therefore be integrated out with the rules of Sub¬ 
section 3.8.2. For the correlation function of the polarizations we shall use the 
representation of the Green function (3.251) as a sum of periodic repetitions of the 
zero-temperature Green function 


(P k (T)P_ k (r)> 


h 

2 u j 


E 


£ -oj\t-t'+ nh/ 3 \ 


n =—oo 


(5.343) 


Abbreviating 


°o 1 1 

E e - ulT - T ' +nhm = e~^ T ~ T ' 1 = — (e _tJ|r_T,| - e -»W-\‘r-T' D) _—(5.344) 


the right-hand side being valid for K/3 > r, r' > 0, we find 
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Performing the sum over all wave vectors k using the formula 


I \ ' ikx _J_ 

V ^ k 2 |x| ’ 


(5.346) 


we obtain the path integral 


Z= j V 3 x exp|—— 
where 


W. M. g 

dr — x (r)- ■= 

3 2 V ' 2y/2 ■ 


r hp 


dr 


rhB u)|r—r'| 

dP PCT , 


XT —XT 


, (5.347) 




(5.348) 


h 

^ 47re" — 
k 2u 

The factor \/2 is a matter of historic convention. Staying with this convention, 
we use the characteristic length scale (9.73) associated with the mass M and the 
frequency u: 


= 


k 


Mu 


(5.349) 


This length scale will appear in the wave functions of the harmonic oscillator in 
Eq. (9.73). Using this we introduce a dimensionless coupling constant a defined by 


(5.350) 




y/2 \e u e 0 J ku\, 


A typical value of a is 5 for sodium chloride. In different crystals it varies between 
1 and 20, thus requiring a strong-coupling treatment. In terms of a, one has 


a = ftu 2 \ ul a. 


(5.351) 


The expression (5.348) is the famous path integral of the polaron problem written 
down in 1955 by Feynman [20] and solved approximately by a variational perturba¬ 
tion approach. 

In order to allow for later calculations of a particle density in an external poten¬ 
tial, we decompose the paths in a Fourier series with fixed endpoints x(/3) = X 5 = x a : 


x(t) = x a + x n sin u n T, u n = nn/h/3. 


n= 1 


The path integral is then the limit N —> oo of the product of integrals 


V i x = 


d 2 X a 


_ 3 n _ 3 

\j2Tth 2 f5/M n=1 


d 3 X r , 


(5.352) 


(5.353) 


The correctness of this measure is verified by considering the free particle in which 
case the action is 


1 00 M 

A = With A °n = ~7T^ 

Z 71=1 Z 


(5.354) 
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The Fourier components x n can be integrated leaving a final integral 

Z=f , 3 . (5.355) 

J ^2nh 2 (3/M 

which is the correct partition function of a free particle [compare with the one¬ 
dimensional expression (3.811)]. 

The endpoints xj, = x a do not appear in the integrand of (5.347) as a manifesta¬ 
tion of translational invariance. The integral over the endpoints produces therefore 
a total volume factor V. We may imagine performing the path integral with fixed 
endpoints which produces the particle density. 


5.22.2 Harmonic Trial System 

The harmonic trial system used by Feynman as a starting point of his variational 
treatment has the generating functional 



( 1 




/ dr 

—x 2 (t) — j(r)x(r) 

\ h. 

Jo 

r\ \ / o \ / \ / 


C M r h P r h P 

~2 tL dT l 


2 


3 —n|r— t'I 


per 


(5.356) 


The external current is Fourier-decomposed in the same way as x(r) in (5.352). To 
preserve translational invariance, we assume the current to vanish at the endpoints: 
j a = 0. Then the first two terms in the action in (5.356) are 


1 OO 

A j ] = 9 £ ( Kx-l - Pi nX n ) . 

Z 71=1 


The Fourier decomposition of the double integral in (5.356) reads 



dr 


t-hp 

oo 

L dT 

( sin VnT - sin v n r') x n 


.71=1 


— Q|r— t'\ 
per 


(5.357) 


(5.358) 


With the help of trigonometric identities and a change of variables to a = (r + r , )/2 
and At = (r — r')/2, this becomes 


rhP 

r2h/3 

OO 

/ do 

/ dAr 

cos v n o sin(z/„ Ar/2) x n 

JO 

Jo 

.71=1 


—fi| At| 

per 


(5.359) 


Integrating out o leaves 

r 2 n/3 °° 

hf3 I dAr J2 sin 2 {y n At/2) x 2 e^ 1 At| , 

0 n= 1 


(5.360) 
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and performing the integral over 5t gives for (5.358) the result 


2 V 


-2npn 


D —n , h/3£l 


1 + 2 E - J 2 , 02 ' 

^ n '=1 / n=l 


e , £ x: 


(5.361) 


Hence we can write the interaction term in (5.356) as 


CpM/3 


Ex: 


4H ^ n v* + W 

This changes A° n in (5.357) into 


, Cp = C(l- e ~ 2h ^ n ) coth 




(5.362) 


= 


Mh/3u 2 


1 + 


C* 


n 1/2 + n 2 


= A 1 + 






O 1/2 + fi 2 


(5.363) 


The trial partition function without external source is then approximately equal to 

-3 

I 

A r , 


tEo 


Z> d a; 


d 2 x n 


\j2nh 2 f3/M n =i 




(5.364) 


The product is calculated as follows: 


n 



n \ i+ 


Cp 1 


—3 


n= 1 V n= i y 

resulting in the approximate free energy 


n z / 2 + h 2 


_ pF n ’ C 
& 1 


(5.365) 


= ^Eiog 


< + A 


where we have introduced the function of the trial frequency Q: 

rj(fi) = n 2 + Cp/n. 

With the help of formula (2.173) we find therefore 

F VC = A i oe sinhr ^ r 4 
2/3 ° sinh h(3Tt 


(5.366) 


(5.367) 


(5.368) 


For simplicity, we shall from now on consider only the low-temperature regime where 
Cp — > C, Tp —» H 2 + C/Q, and the free energy (5.368) becomes approximately 

3 h 


F n ’ c = — (T - ft) = Eo’ C . 
o 2 v ' 0 


(5.369) 

The right-hand side is the ground state energy of the harmonic trial system (5.356). 
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In Feynman’s variational approach, the ground state energy of the polaron is 
smaller than this given by the minimum of [compare (5.18), (5.32) and (5.45)] 


E 0 < E^ c + A E^f - A E?f h 


int,harm’ 


(5.370) 


where the two additional terms are the limits /3 —> oo of the harmonic expectation 
values 


A 1 / „ \U,C _ I / a [ hf \, [ hfl rl / 

A£ '“ = -ftA' 4 “ > =hp\-^l dT l iT ■ 


3 -w|r—r'| 


XT — X r 


, (5.371) 


A 

^^intjharm 


--s? *^(i rv; wo -x(t ')] 2 


(5.372) 

The calculation of the first expectation value is most easily done using the Fourier 
decomposition (5.345), where we must find the expectation value 


yk[x(r)~-x(r')]\ n,C 


In the trial path integral (5.356), the exponential corresponds to a source 


j(r w ) = hk 5 ^ 3 \t — t") — 8^ 3 \t' — r") , 


in terms of which (5.373) reads 


4/ <irj(r)x(r)/^ 


Introducing the correlation function 


(Xi(T)Xj(T')) n ' C = Si j G n ' T (T, t'), 


(5.373) 


(5.374) 


(5.375) 


(5.376) 


and using Wick’s rule (3.309) for harmonically fluctuating paths, the expectation 
value (5.375) is equal to 

(° = exp |-4j j'‘ B dj f™ dr' j(r) G nj (r, t') J(t') J . (5.377) 


Inserting the special source (5.373), we obtain 


e ik[x(T)-x(r')]\ aC = = exp 


k 2 G n ’ r (r,r')] , (5.378) 


where the exponent contains the subtracted Green function 

G n,r (r, t') = G n - r (T,T')P-G nT (T,T)P-G a -'\T',T'). 


(5.379) 
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The Green function G n ' r (r, r') itself has the Fourier expansion 


G"’ r (r,r') = ft£ 


00 sin u n T sin v„t' h ^ v 2 + D 2 


1 V \ 

?l/f ^ 


n=l 


2A n /^ + 


sin u n r sin u n r'. (5.380) 


It solves the Euler-Lagrange equation which extremizes the action in (5.356) for a 
source j(r) = M8(r — r')\ 

{~* + 2C r dT ' [X ‘ iT) ^(r-r'). (5.381) 


Decomposing 


vl + D 2 _ £ £ 

^.(g 2 + r |) £ X 2/2 + 




X 


7/2 I p2 ’ 

/3 G> -t- 1 f. 


(5.382) 

'n f 1 /3 

we obtain a combination of ordinary Green functions of the second-order operator 
differential equation (3.239), but with Dirichlet boundary conditions. For such Green 
functions, the spectral sum over n was calculated in Section 3.4 for real time [see 
(3.36) and (3.145)]. The imaginary-time result is 

G^(t,t ) = £- T7T~r~T> -= - . , fc/3 - 1 for r > r > 0. (5.383) 


n=1 


vi + or 


u> sinh u>hf3 


In the low-temperature limit, this becomes 


G£t, T ') = ( ' e -“V- T ’) _ e -o;(r+r')^ ? for T > r' > 0, 


2cn 


(5.384) 


such that 


1 

2f 


Gp 2 (r, t') = — ( e- r(r - r,) - 1 - e ~ r(T+T ' ] + -e— + -e 


1 - 2 rr , 1 „- 2 rr' 


, for r > r > 0. 

(5.385) 

In the limit T —» 0, this becomes —\\t — r'\. We therefore obtain at zero tempera¬ 


ture 


^’ r (T,r') = 


h 


t= o 2 M 

h [ n 2 


q 2 _ r 2 _ q 2 _ 

^Go(t,t') + ^^Go(t,t') 


(5.386) 


2 M r 2 


r — r'l + 


r 2 -D 2 

r 3 


(1 - e -r|T_T ' 1 + e~ r(r+T,) - 


1 -2IV 1 2IV 


to be inserted into (5.378) to get the expectation value The last 

three terms can be avoided by shifting the time interval under consideration and 
thus the Fourier expansion (5.352) from (0 ,h/3) to (—h/3/2, h/3/2), which changes 
Green function (5.387) to 


G^(t,t') = £ 


sin u n {r + h/3/2) sin v n (r' + h/3/2) 


71—1 


K +^ 2 


sinh uj (h/3/2 — r) sinh u> (r' + h/3/2) 
u> sinh uh/3 


, for t > t' > 0. (5.387) 
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We have seen before at the end of Section 3.20 that such a shift is important when 
discussing the limit T —> 0 which we want to do in the sequel. With the symmetric 
limits of integration, the Green function (5.384) loses its last term [compare with 
(3.147) for real times] and (5.386) simplifies to 


G n ’ r (r, t') 


h { fi 2 


T= o 2 M r 2 


O - T + 


r 2 -fi 2 


r 3 


(l - e - r|r-r ' 1 ) 1 . (5.388) 


At any temperature, we have the complicated expression for r > t'\ 


G 2,r (r, t') = 


n (n 2 


2 m \ r 2 L 


t — r 


h/3 


r — r 


_'\2 


(5.389) 


p 2 _ y^ 2 

13 [sinh (ft/3/2—r) sinh T p(r' + ft/3/2) — (t 1 —» r) — (r — y t') 


sinh h(3T p 

With the help of the Fourier integral (5.346) we find from this the expectation value 
of the interaction in (5.347): 

" = r ALF / n , c (k TjT ,) (5390) 


x t - x It' 


(27t) 3 k 2 


(27t) 3 k 2 


For zero temperature, this leads directly to the expectation value of the interaction 
in (5.347): 


dr / dr 


3 -w|r—r'| 


d 3 k 47t 


XT - X r 


rh/3/2 

2ft/3 / dAr e _wAT , —- 

^ Jo J 2vr 3 k 2 


k 2 G S 2 ,i (Ar,0) 


ft/3 


,-uAt 


dAr 


Jo ^/—2G n ’ r (Ar, 0) 


. (5.391) 


The expectation value of the harmonic trial interaction in (5.356), on the other 
hand, is simply found from the correlation function (5.376) [or equivalently from the 
second derivative of I n ' c (k, r, r') with respect to the momenta]: 


([x(r)-x(r')] 2 ) ’ =-6G Q ’ r (r,r'). 

At low temperatures, this leads to an integral 


if r dr r dr ' ^ |x<t) ■ x(T '> |2 ) n ' c e ~A~ A T =.„ w 


3 G 
4fif' 


(5.392) 


(5.393) 


This expectation value contributes to the ground state energy a term 
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Note that this term can be derived from the derivative of the ground state en¬ 
ergy (5.368) as C8cEq' c . Together with —a/ 2y/2 times the result of (5.391), the 
inequality (5.370) for the ground state energy becomes 


„ 3 h _ .0 

e 0 < ^ (r - Q) - hu 


0 — ljAt 


dAr 


hu} Jo 


-2G n ’ r (Ar, 0) 


(5.395) 


This has to be minimized in and C, or equivalently, in and T. Considering the 
low-temperature limit, we have taken the upper limit of integration to infinity (the 
frequency u corresponds usually to temperatures of the order of 1000 K). 

For small a, the optimal parameters ff and T differ by terms of order a. We 
can therefore expand the integral in (5.395) and find that the minimum lies, in 
natural units with h — uj — 1, at = 3 and T = 3[1 + 2a(l — P)/3T, where 
P = 2[(1 — T ) 1 / 2 — 1]. From this we obtain the upper bound 

2 

E 0 < -a - — + ... « -a - 0.0123a 2 + ... . (5.396) 

81 

This agrees well with the perturbative result [21] 

E™ = -a - 0.0159196220a 2 - 0.000806070048a 3 - 0(a 4 ). (5.397) 

The second term has the exact value 

A - lo g (l + 3V2/4) 

In the strong-coupling region, the best parameters are = 1, T = 4 a 2 / 97 T—[4(log2+ 
7 / 2 ) — 1 ], where 7 ~ 0.5773156649 is the Euler-Mascheroni constant (2.469). At 
these values, we obtain the upper bound 

E 0 < - 3 (\ + log 2 ) + 0(a" 2 ) « -0.1061a - 2.8294 + C>(a" 2 ). (5.399) 

3 7T \4 / 

This agrees reasonably well with the precise strong-coupling expansion [23]. 

P s ex = -0.108513a 2 - 2.836 - 0(a" 2 ). (5.400) 


a 


(5.398) 


The numerical results for variational parameters and energy are shown in Table 5.12. 


5.22.3 Effective Mass 

By performing a shift in the velocity of the path integral (5.347), Feynman calculated 
also an effective mass for the polaron. The result is 


M eS 


M 


1 + 


a 

3 




dAr 


(A T) 2 e~ uAr 

y/—2G n ’ r (Ar, 0) 


(5.401) 
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Table 5.12 Numerical results for variational parameters and energy. 


a 

r 

n 

Eq 

A E™ 

Et 0 t 

correction 

1 

3.110 

2.871 

-1.01 

-0.0035 

-1.02 

0.35 % 

3 

3.421 

2.560 

-3.13 

-0.031 

-3.16 

1.0% 

5 

4.034 

2.140 

-5.44 

-0.083 

-5.52 

1.5% 

7 

5.810 

1.604 

-8.11 

-0.13 

-8.24 

1.6% 

9 

9.850 

1.282 

-11.5 

-0.17 

-11.7 

1.4% 

11 

15.41 

1.162 

-15.7 

-0.22 

-15.9 

1.4% 

15 

30.08 

1.076 

-26.7 

-0.39 

-27.1 

1.5% 


The reduced effective mass m = has the weak-coupling expansion 

m w = 1 + - + 2.469136 x KTV + 3.566719 x 10" 3 a 3 + ... (5.402) 

6 

and behaves for strong couplings like 

m s « -^a 4 - t^( 1 + log 4) a 2 + 11.85579 + ... 

8l7T z 37T 

« 0.020141a 4 - 1.012775a 2 + 11.85579 + ... . (5.403) 

The exact expansions are [31] 

mb x = 1 + - +2.362763 x 10~ 2 a 2 + 0(a 4 ), (5.404) 

6 

mf = 0.0227019a 4 + 0(a 2 ). (5.405) 

5.22.4 Second-Order Correction 

With some effort, also the second-order contribution to the variational energy has 
been calculated at zero temperature [32]. It gives a contribution to the ground state 
energy 


A = 


1 1 


^ (v4jnt. Aim .liartri) ^ 


n.c 


(5.406) 


Recall the definitions of the interactions in Eqs. (5.371) and (5.372). There are three 
terms 


A E 


( 2 , 1 ) 

0 




(5.407) 


A E, 


( 2 , 2 ) 


= 2 


1 1 
2 np¥ 


| (Aint A 


int,harm/ 


K n,c 


(Ai n t) ’ (Ajntjharm) 


n,c 


} , (5.408) 
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and 


A£f 3) 


1 1 

2hj3ft? 



2 

int,harm 


n,c 



int,harm, 



(5.409) 


The second term can be written as 

ab » 2 ' 2) = h { ~ 2Cdo <- 4 i»*> n,c } ■ < 5 ' 410 ) 

the third as 

A£f S) = {{1 - Cdc] {Ant,harm) n,C } • (5.411) 

The final expression is rather involved and given in Appendix 5C. The second-order 
correction leads to the second term (5.398) found in perturbation theory. In the 
strong coupling limit, it changes the leading term — a 2 /Sir ~ —0.1061 in (5.399) 
into 


1 2 ~ (2 n)\ _ -17+64 arcsin(^p^) -32 log(4^^) 

47t 7r 2 4n (n!) 2 n(2n + 1) 47 t ’ 


which is approximately equal to —0.1078. The corrections are shown numerically in 
the previous Table 5.12. 


5.22.5 Polaron in Magnetic Field, Bipolarons, Small Polarons, 
Polaronic Excitons, and More 

Feynman’s solution of the polaron problem has instigated a great deal of research on 
this subject [34], There are many publications dealing with a polaron in a magnetic 
field. In particular, there was considerable discussion on the validity of the Jensen- 
Peierls inequality (5.10) in the presence of a magnetic field until it was shown by 
Larsen in 1985 that the variational energy does indeed lie below the exact energy for 
sufficiently strong magnetic fields. On the basis of this result he criticized the entire 
approach. The problem was, however, solved by Devreese and collaborators who 
determined the range of variational parameters for which the inequality remained 
valid. 

In the light of the systematic higher-order variational perturbation theory de¬ 
veloped in this chapter we do not consider problems with the inequality any more 
as an obstacle to variational procedures. The optimization procedure introduced 
in Section 5.13 for even and odd approximations does not require an inequality. 
We have seen that for higher orders, the exact result will be approached rapidly 
with exponential convergence. The inequality is useful only in Feynman’s original 
lowest-order variational approach where it is important to know the direction of the 
error. For higher orders, the importance of this information decreases rapidly since 
the convergence behavior allows us to estimate the limiting value quantitatively, 
whereas the inequality tells us merely the sign of the error which is often quite large 
in the lowest-order variational approach, for instance in the Coulomb system. 
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There is also considerable interest in bound states of two polarons called bipo- 
larons. Such investigations have become popular since the discovery of high- 
temperature superconductivity . 3 


5.22.6 Variational Interpolation for Polaron Energy and Mass 


Let us apply the method of variational interpolation developed in Section 5.18 to 
the polaron. Starting from the presently known weak-coupling expansions (5.397) 
and (5.404) we fix a few more expansion coefficients such that the curves fit also 
the strong-coupling expansions (5.400) and (5.405). We find it convenient to make 
the series start out with a° by removing an overall factor —a from E and deal with 
the quantity —E^/a. Then we see from (5.400) that the correct leading power 
in the strong-coupling expansion requires taking p = 1 ,q = 1. The knowledge 
of 6 0 and b\ allows us to extend the known weak coupling expansion (5.397) by 
two further expansion terms. Their coefficients < 23 , <24 are solutions of the equations 
[recall (5.245)] 


bo 

bi 


35 15 02 2«:3 <24 

—a 0 c + a\ + —— r--p 


128 


8 c 


35 ao 5 <22 a 3 
32 ~c~ _ 4^3 _ 


(5.413) 

(5.414) 


The constant c governing the growth of f° r a —> 00 is obtained by extremizing 

b 0 in c, which yields the equation 


35 15 0,2 4a3 4a4 

128°° 8 ~ c3 

The simultaneous solution of (5.413)-(5.415) renders 


(5.415) 


c 4 = 0.09819868, 

a 3 = 6.43047343 x 10" 4 , (5.416) 

a 4 = -8.4505836 x 10" 5 . 


The re-expanded energy (5.238) reads explicitly as a function of a and H (for E 
including the earlier-removed factor 


-a 


W 4 (a,n) = 


= cioa ^ 


35 

128 

3211 
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f 15 
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+ a 2 OL ( 

v 80 + 

4H 3 


35 
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6412 3 32115 328117 
3 \ , 4/21 

+ “ 3 “ (-Q2 +Q4 


8 H 5 


a ia 


— a 4 a 5 —. (5.417) 


Extremizing this we find H 4 as a function of a [it turns out to be quite well approxi¬ 
mated by the simple function fl 4 a; c 4 a +1/(1 + 0.07a)]. This is to be compared with 
the optimal frequency obtained from minimizing the lower approximation ILL (a, H): 




1 , 2 , 

1 + —X + 
OCLq 


\ 

\ oCLq 


1, 


(5.418) 
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which behaves like c 2 aH-l-|-... with c 2 = y8a. 2 /3ao ~ 0.120154. The resulting energy 
is shown in Fig. 5.28, where it is compared with the Feynman variational energy. 
For completeness, we have also plotted the weak-conpling expansion, the strong- 
conpling expansion, the lower approximation 1F 2 (q;), and two Pade approximants 
given in Ref. [22] as upper and lower bounds to the energy. 



E 


Figure 5.28 Variational interpolation of polaron energy (solid line) between the weak- 
coupling expansion (dashed) and the strong-coupling expansion (short-dashed) shown in 
comparison with Feynman’s variational approximation (fat dots), which is an upper bound 
to the energy. The dotted curves are upper and lower bounds coming from Pade approxi¬ 
mants [22], The dot-dashed curve shows the variational perturbation theory VF 2 (a) which 
does not make use of the strong-coupling information. 


Consider now the effective mass of the polaron, where the strong-coupling be¬ 
havior (5.405) fixes p — 4, q — 1. The coefficient b 0 allows us to determine an 
approximate coefficient 03 and to calculate the variational perturbation expansion 
W 3 (a). From (5.245) we find the equation 

b 0 = —aiC 3 /8 + a 3 c, (5.419) 


whose minimum lies at c 3 = ^JSa^/Sao where b 0 = ^/32a 3 /27ai. Equating b 0 of 
Eq. (5.419) with the leading coefficient in the strong-coupling expansion (5.405), we 
obtain a 3 = [27a,6g/32] '/ 3 « 0.0416929. 

The variational expression for the polaron mass is from (5.238) 


W 3 (a,uj) 


CLq H - 


/ O 3 30 3 \ 

\ T + T + so y 


T CL 2 O? T (i 3 oP‘Vl. 


(5.420) 


This is extremal at 


^3 


, , 4^3 2 , 
1 + —a: + 

oCL\ 



(5.421) 
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Figure 5.29 Variational interpolation of polaron effective mass between the weak- 
(dashed) and strong-coupling expansions (short-dashed). To see better the differences 
between the strongly rising functions, we have divided out the asymptotic behavior 
m ^ = 1 + boa 4 before plotting the curves. The fat dots show Feynman’s variational 
approximation. The dotted curves are upper and lower bounds coming from Pade approx- 
imants [22], 


From this we may find once more C 3 = ^ 802 / 300 - The approximation Ws(a) = 
Wo(a, fl 3 ) for the polaron mass is shown in Fig. 5.29, where it is compared with the 
weak and strong-coupling expansions and with Feynman’s variational result. To see 
better the differences between the curves which all grow fast with a, we have divided 
out the asymptotic behavior m as = 1 + boa 4 before plotting the data. As for the 
energy, we have again displayed two Pade approximants given in Ref. [22] as upper 
and lower bounds to the energy. Note that our interpolation differs considerably 
from Feynman’s and higher order expansion coefficients in the weak- or the strong¬ 
coupling expansions will be necessary to find out which is the true behavior of the 
model. 

Our curve has, incidentally, the strong-coupling expansion 

m s = 0.0227019a 4 + 0.125722a 2 + 1.15304 + 0(a" 2 ), (5.422) 

the second term oc a 2 -term being in sharp contrast with Feynman’s expression 
(5.403). On the weak-coupling side, a comparison of our expansion with Feynman’s 
in Eq. (5.402) shows that our coefficient < 2.3 ~ 0.0416929 is about 10 times larger 
than his. 

Both differences are the reason for our curve forming a positive arch in Fig. 2, 
whereas Feynman’s has a valley. It will be interesting to find out how the polaron 
mass really behaves. This would be possible by calculating a few more terms in 
either the weak- or the strong-coupling expansion. 
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Note that our interpolation algorithm is much more powerful than Pade’s. First, 
we can account for an arbitrary fractional leading power behavior a p as a —> oo. 
Second, the successive lower powers in the strong-coupling expansion can be spaced 
by an arbitrary 2 /q. Third, our functions have in general a cut in the complex em¬ 
plane approximating the cuts in the function to be interpolated (see the discussion 
in Subsection 17.10.4). Pade approximants, in contrast, have always an integer 
power behavior in the strong-coupling limit, a unit spacing in the strong-coupling 
expansion, and poles to approximate cuts. 


5.23 Density Matrices 

In path integrals with fixed end points, the separate treatment of the path aver¬ 
age xq = (l/h/3) JqP dr x{t) loses its special virtues. Recall that the success of 
this separation in the variational approach was based on the fact that for fixed 
x 0 , the fluctuation square width a 2 (x 0 ) shrinks to zero for large temperatures like 
h 2 /12MksT [recall (5.25)]. A similar shrinking occurs for paths whose endpoints 
held fixed, which is the case in path integrals for the density. Thus there is no 
need for a separate treatment of xo, and one may develop a variational perturbation 
theory for fixed endpoints instead. These may, moreover, be taken to be different 
from one another x b ^ x a , thus allowing us to calculate directly density matrices. 4 

The density matrix is defined by the normalized expression 

p(x b , x a ) = p(x b , x a ) , (5.423) 

where p(x b , x a ) is the unnormalized transition amplitude given by the path integral 
p(x b ,x a ) = (x b h/3\x a 0) = j Vx exp {—A[x\/h} , (5.424) 

(x a ,0)^*(xb,h/k B T) 

summing all paths with the fixed endpoints x(0) = x a and xifi/ksT ) = x b . The 
diagonal matrix elements of the density matrix in the integrand yield, of course, the 
particle density (5.90). The diagonal elements coincide with the partition function 
density z(x) introduced in Eq. (2.333). 

The partition function divided out in (5.423) is found from the trace 

OO 

Z = J dxp(x,x). (5.425) 


5.23.1 Harmonic Oscillator 


As usual in the variational approach, we shall base the approximations to be devel¬ 
oped on the exactly solvable density matrix of the harmonic oscillator. For the sake 
of generality, this will be assumed to be centered around x m , with an action 


A 


Q,x r 


X = 


fh/k B T 

f 1 „ 

1 A 

/ dr ■ 

j - Mx 2 [t ) 

+ -MQ 2 [x(t ) - x m ] 2 \ 

Jo 

12 v ’ 



(5.426) 


4 H. Kleinert, M. Bachmann, and A. Pelster, Phys. Rev. A 60 ,3429 (1999) (quant-ph/9812063). 


H. Kleinert, PATH INTEGRALS 




5.23 Density Matrices 


555 


Its unnormalized density matrix is [see (2.411)] 
n,Xm (x b ,x a ) = 


MQ 


P o 


2nh sinh Ttkl/k B T 
f MVt 


x exp | - 
with the abbreviation 


2fi sinh Ml/kpjT L 


(xl + x 2 ) cosh hCl/ksT — 2x b x a \ >, (5.427) 


x(t) = x(t) - x m . (5.428) 

At hxed endpoints x b ,x a and oscillation center x m , the quantum-mechanical corre¬ 
lation functions are given by the path integral 

1 

/Xb,X a — 


OMd))0 2 {x{t 2 ))---)^ 


p 0 n,Xm (x b ,x a ) 


X 


J T>x0 1 (x(t 1 ))0 2 (x(t 2 ))--- exp {-An, Xm [x\/h} . (5.429) 

(x a ,0)^{xb,h/k B T) 

The path x(t) at a hxed imaginary time r has a distribution 


P(x,r ) = (5(x-a;(r))) 


Xb,X a 


^2n b 2 {r] 


exp 


(x - x c i(r)y 
2b 2 (r) 


where x c \ (r) is the classical path of a particle in the harmonic potential 

x b sinh Or + x a sinh fl(h/k B T — r) 


Zci('r) = 
and 5 2 (r) is the square width 


b 2 (r) = 


h 


2 MSI 


coth 


sinh UVt/k B T 


hD cosh[Q(2 T — h/k B T)\ 


(5.430) 


(5.431) 


(5.432) 


k B T sinh Ukl/k B T J 

In contrast to the square width a 2 (x 0 ) in Eq. (5.24) this depends on the Euclidean 
time r, which makes calculations more cumbersome than before. Since the r lies in 
the interval 0 < r < h/k B T, the width (5.432) is bounded by 


, 9/ . h , HD 
6 2 (r) < _ ,_ tanh ■ 


2 MQ 2k B T' ^ 5 ' 433 ^ 

thus sharing with a 2 (x o) the property of remaining hnite at all temperatures. The 
temporal average of (5.432) is 

k B T MbT 


b 2 = 


h Jo 


drb (r) = 


H 

2 MSI 


coth 


UVt k B T 
k B T hfl 


(5.434) 


Just as a 2 (x 0 ), this goes to zero for T —> oo. Note however, that the asymptotic 
behavior is 

¥ -> hD/6k B T , (5.435) 


T—> oo 


which is twice as big as that of a 2 (x o) in Eq. (5.25) (see Fig. 5.30). 
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Figure 5.30 Temperature dependence of fluctuation widths of any point x(r) on the path 
in a harmonic oscillator (Z 2 is the generic square length in units of H/MPl). The quantity 
o 2 (dashed) is the quantum-mechanical width, whereas o?(x o) (dash-dotted) shares the 
width after separating out the fluctuations around the path average xq. The quantity 
a 2 cl (long-dashed) is the width of the classical distribution, and b 2 (solid curve) is the 
fluctuation width at fixed ends which is relevant for the calculation of the density matrix 
by variational perturbation theory (compare Fig. 3.14). 


5.23.2 Variational Perturbation Theory for Density Matrices 

To obtain a variational approximation for the density matrix, we separate the full 
action into the harmonic trial action and a remainder 


with an interaction 


A[x\ = Al,: Vm[x\ + Ant [A 


rh/3 

Ant At)] = / dr Alt (x (r)), 
Jo 


(5.436) 


(5.437) 


where the interaction potential is the difference between the original one V ( x ) and 
the inserted displaced harmonic oscillator: 

AitOA)) = V(z(t)) - ^Mfi 2 [i(r) - x m f . (5.438) 


The path integral (5.424) is then expanded perturbatively around the harmonic 
expression (5.427) as 


p(x b ,x a ) = p 0 Q ’ Xm (x b ,x a ) 


1 - -( AntM ) 


jXiri 

Xb,X a 


+ 


2 zr 


A? \x 

IaJ 


^ j Xm 
Xb,X a 


, (5.439) 
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with the harmonic expectation values defined in (5.429). The sum can be evaluated 
as an exponential of its connected parts, going over to the cumulant expansion: 

1 ' ■ f 1 \fi,Xn- 1 / -9 r n \ 

M > a 


p{xb, Xo) = p 0 Q ' Xm (. x b , x a ) exp 


h 


A 


int 


' Xb,X a ,C 2fi 2 


At \nr 
^int I^J 


X b ,Xa jC 


,(5.440) 


where the cumulants are defined as usual [see (3.485), (3.486)]. The series (5.440) 
is truncated after the TV-tli term, resulting in the iV-th order approximant for the 
quantum statistical density matrix 


~ fl.Xn 

Pn 


(X b , X a ) = po m (x b , X a ) exp 


N 

E 

Ln=l 


(~l) f 

n\h n 


:^ntN) 


^5^771 

X b ,X a ,C 


(5.441) 


which explicitly depends on the two variational parameters and x m . 

By analogy with classical statistics, where the Boltzmann distribution in con¬ 
figuration space is controlled by the classical potential V(x) according to [recall 
(2.354)] 


Pci A) 



exp [— f3V (x)], 


(5.442) 


we shall now work with the alternative type of effective classical potential 
h eff,d (r a , x b ) introduced in Subsection 3.25.4. It governs the unnormalized density 
matrix [see Eq. (3.837)] 


p(x b ,x a ) 



exp 


f3V^ C \x b ,X a ) 


(5.443) 


Variational approximations to V eff,cl (xb, x a ) of iVtli order are obtained from (5.427), 
(5.441), and (5.443) as a cumulant expansion 


W^ Xm 


{x b ,x a ) 


1 sinh H/3Q MQ 

2/3 h(3Q + 2h(3 sinh h(3Q 


1 A, (-l) r 

vh n 


' A n 

k ^int 


>]) 


Xb,X a ,C 


j(xj] + x 2 a ) cosh h/3Q — 2x fe x a j 


(5.444) 


They have to be optimized in the variational parameters hi and x m for a pair of 
endpoints x b , x a - The result is denoted by Wn(xi,, x a ). The optimal values Q(x a , x b ) 
and x m (x a , x b ) are denoted by Q N (x a , x b ),x^(x a , x b ). The iVth-order approximation 
for the normalized density matrix is then given by 

p N (x b ,x a ) = Zf f 1 p^ N ’ Xm (x b ,x a ), (5.445) 

where the corresponding partition function reads 

Z N = r dxapf N,X ”(x a ,x a ). (5.446) 

J —oo 

In principle, one could also optimize the entire ratio (5.445), but this would be 
harder to do in practice. Moreover, the optimization of the unnormalized density 
matrix is the only option, if the normalization diverges due to singularities of the 
potential, for example in the hydrogen atom 
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5.23.3 Smearing Formula for Density Matrices 

In order to calculate the connected correlation functions in the variational pertur¬ 
bation expansion (5.441), we must find efficient formulas for evaluating expectation 
values (5.429) of any power of the interaction (5.437) 


Xb,h(3 


/ A n \ T ] = 

\ - Al int l x J / Xb,x a 


Po n ’ Xm (x b ,x a ) 


vx n 


Xa, 0 


1=1 


rU 3 


d'Tl Vint {x( T l) + Xm) 


x exp | - ^An,x m [X + x m ] j 


(5.447) 


This can be done by an extension of the smearing formula (5.30). For this we rewrite 
the interaction potential as 


Vint{ x(ti) + x m ) = I dzi Vnt{zi + x m ) / exp 


and introduce a current 




dri\i8{r — t{)x{t) 


(5.448) 


so that (5.447) becomes 




Q,Xn 
Xb,X a ~ £l,X 


Po‘ ,Xm (x b ,x a ) JJ 


J{t) = - Ti), 

i=i 


[■Tift r oo roo p 

/ dr t dziVnt(zi +x min ) —l e lXlZl 

1 0 J— oo J— oo Z7T 


(5.449) 

K n ’ Xm \j]. 

(5.450) 


The kernel K n,Xm [j] represents the generating functional for all correlation functions 
of the displaced harmonic oscillator 


Xb,h(3 

K n ’ Xm [j] = J Vxexp 

Xa, 0 


l r h P 

h. 


dr 


y x(t ) + ^MV 2 x 2 (t) +j(r)x(r) 


. (5.451) 


For zero current j, this generating functional reduces to the Euclidean harmonic 
propagator (5.427): 

K n ’ Xm \j = 0] = p 0 n ' Xm (x b ,x a ), (5.452) 


and the solution of the functional integral (5.451) is given by (recall Section 3.1) 

1 r % P 


K n ’ Xm \j] = p 0 n ’ Xm (x bl x a ) exp 


h Jo 


dxj(r) x c i(r 
r np r np 


I rn,p , . . 

+ TT2 dT dr J( T ) g sp (T r)j(r) 
2 n Jo Jo 


, (5.453) 
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where x c i(r) denotes the classical path (5.431) and G^](t,t') the harmonic Green 
function with Dirichlet boundary conditions (3.389), to be written here as 

(2). n _ h coshfl(|r — r'| — U/3) — cosh Q(r + t' — h/3) 

(r ’ r} “ 2 m tinhhpn • (5 ‘ 454) 

The expression (5.453) can be simplified by using the explicit expression (5.449) for 
the current j. This leads to a generating functional 

K n, Xm [-] = ^ exp i\ T x cl - i \ T G \j , (5.455) 

where we have introduced the n-dimensional vectors X = (Ai,...,A n ) and x c] = 
(^ci('Ti),..., x c \(t„)) t with the superscript T denoting transposition, and the sym- 
metric n x n- matrix G whose elements are Gki = G a i (t>, ; , t{). Inserting (5.455) into 
(5.450), and performing the integrals with respect to Ai,..., A n , we obtain the n-th 
order smearing formula for the density matrix 




\^AA) Xb , Xa 


n 

i=i 


ph/3 poo 

/ dr t dziV int (zi + x m ) 

J 0 J —oo 


X 


yj (27r) n det G 


exp 


\ z k~ ^ci(Tfc)] G k i [ Zi - x c i(tj)] >. (5.456) 


k,l =1 


The integrand contains an n-dimensional Gaussian distribution describing both ther¬ 
mal and quantum fluctuations around the harmonic classical path x c \ (r) of Eq. 
(5.431) in a trial oscillator centered at x m , whose width is governed by the Green 
functions (5.454). 

For closed paths with coinciding endpoints (xb = x a ), formula (5.456) leads to 
the n-th order smearing formula for particle densities 


1 If 

p ( Xa ) = —p(x a ,x a ) = — j Vx6(x(t = 0) - x a ) exjp{—A[x]/h}, 
which can be written as 


k Q.X n 


\^M) Xa , Xa 


P0’ Xm (Xa) 


n 


pTifi poo 

/ d.Ti dziV int (zi + x m ) 

J 0 J — oo 


X 


1 n 

eX P ( ~n 5] Z k (1 M z l 1 , 


yj (27r) n+1 det a 2 \ 2 k,i =o 


(5.457) 


(5.458) 


with Zo = x a - Here a denotes a symmetric (n + 1) x (n + l)-matrix whose elements 
a 2 kl = a 2 (rk,Ti) are obtained from the harmonic Green function for periodic paths 


G[J(r, t') of Eq. (3.304): 




T, T') 


h ^( 2 )/ ^ _ h coshh2(|r - r'l - ft/3/2) 

- 2Mfl ginh^fi/2 


(5.459) 
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The diagonal elements a 2 = a(r, r) are all equal to the fluctuation square width 
(5.24). 

Both smearing formulas (5.456) and (5.458) allow us to calculate all harmonic 
expectation values for the variational perturbation theory of density matrices and 
particle densities in terms of ordinary Gaussian integrals. Unfortunately, in many 
applications containing nonpolynomial potentials, it is impossible to solve neither 
the spatial nor the temporal integrals analytically. This circumstance drastically 
increases the numerical effort in higher-order calculations. 

5.23.4 First-Order Variational Approximation 

The first-order variational approximation gives usually a reasonable estimate for any 
desired quantity. Let us investigate the classical and the quantum-mechanical limit 
of this approximation. To facilitate the discussion, we first derive a new representa¬ 
tion for the first-order smearing formula (5.458) which allows a direct evaluation of 
the imaginary time integral. The resulting expression will depend only on temper¬ 
ature, whose low- and high-temperature limits can easily be extracted. 


Alternative First-Order Smearing Formula 

For simplicity, we restrict ourselves to the case of particle densities and allow only 
symmetric potentials V ( x ) centered at the origin. If V ( x ) has only one minimum at 
the origin, then also x rn will be zero. If V ( x ) has several symmetric minima, then 
x m goes to zero only at sufficiently high temperatures as in Section 5.7. 

To first order, the smearing formula (5.458) reads 


MintM)£ 




1 



exp 


1 (z 2 +x 2 a )a 00 -2zx a a 01 

2 


*00 ‘ 


*01 


(5.460) 


Expanding the exponential with the help of Mehler’s formula (2.297), we obtain the 
following expansion in terms of Hermite polynomials H n {x ): 


(Aintfc] )xa,Xa~ 


oo 


n=0 


np 

2 n n\ 


rr( n ) TT 

0^3 11 j, 




l \J^ a m ^ 

(5.461) 


Its temperature dependence stems from the diagonal elements of the harmonic Green 
function (5.459). The dimensionless functions C^ are defined by 





(5.462) 
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Figure 5.31 


Temperature-dependence of first 9 functions Cp 


(n) 


where /3 = 1/ksT. 


Inserting (5.459) and performing the integral over r, we obtain 

(„) 1 Ah /n \ sinh h/3Q(n/2 — k) 

0 = 2 n cosh n hpn/2 W hpn{n/ 2 - k) 


At high temperatures, these functions of [3 go to unity: 

lim Co 1 ' 1 = 1. 

0—>O p 


Their zero-temperature limits are 


lim Cp l) = 


0 - 


1, 

2 


hfiiln ’ 


n = 0, 
n > 0. 


(5.463) 


(5.464) 


(5.465) 


According to (5.444), the first-order approximation to the new effective potential 
is given by 


W^Xa) 


1 sinh Ti(3VL 

2/3 11 npn 


MQ 

+ w x 


2 tanh + V%x 0 


(5.466) 


with the smeared interaction potential 



h < - 4 “ w>n 




(5.467) 


It is instructive to discuss separately the limits (3 —> 0 and /3 oo to see the effects 
of pure classical and pure quantum fluctuations. 
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a) Classical Limit of Effective Classical Potential 

In the classical limit /3 —> 0, the first-order effective classical potential (5.466) reduces 
to 


W?' c \x a ) = -Mtfxl + lim V$(x a ). 


(5.468) 


The second term is determined by inserting the high-temperature limit of the total 
fluctuation width (5.26): 

a t°t,d = M q 2 > (5.469) 

and of the polynomials (5.464) into the expansion (5.461). leading to 


T ,n/ \ ^ i / IMW0 

Va2 ( Xa K~oc ^ 2 n n ! Hn X ~ Xn 


^—V in • 

(5.470) 


2t t/MQ 2 (3 


Then we make use of the completeness relation for Hermite polynomials 
1 00 1 

z~ x2 T TTTJ H ^ x ) H ^ x> ) = S(x-x'), 

71 n = 0 Z 


(5.471) 


which may be derived from Mehler’s formula (2.297) in the limit b —> 1 , to reduce 
the smeared interaction potential Vji(x a ) to the pure interaction potential (5.438): 


lim V$(x a ) = V int (x a ). 


(5.472) 


Recalling (5.438) we see that the hrst-order effective classical potential (5.468) ap¬ 
proaches the classical one: 


lim W“’ cl (x a ) = V(x a ). 

/ 3—>0 


(5.473) 


This is a consequence of the vanishing fluctuation width b 2 of the paths around the 
classical orbits. This property is universal to all higher-order approximations to 
the effective classical potential (5.444). Thus all correction terms with n > 1 must 
disappear in the limit j3 0, 


_1 OO / _i\n 

lim — y M” t [a;]> n 

/?— f3 ' n\h x mU J/ 


%a i&a 


= 0. 


(5.474) 


b) Zero-Temperature Limit 

At low temperatures, the first-order effective classical potential (5.466) becomes 


W^ qm (x a ) = ^ + lim V$(x a ). 

Z p—>oo 


(5.475) 
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The zero-temperature limit of the smeared potential in the second term defined in 
(5.467) follows from Eq. (5.461) by taking into account the limiting procedure for the 
polynomials Cj"' 1 in (5.465) and the zero-temperature limit of the total fluctuation 
width (5.26), which is equal to the zero-temperature limit of a 2 (x o): a| ot0 r = 0 °tot = 
H/2MQ. Thus we obtain with H 0 (x) = 1 and the inverse length k = 1/Aq = 
yjMQ/h [recall (2.303)]: 

°o 

lim V^(x a ) — I dz J—H 0 (kz ) 2 exp{-K 2 z 2 }V int (z). (5.476) 

p-»oo J \ 7T 


Introducing the harmonic eigenvalues 

= SO (n + 2j , 
and the harmonic eigenfunctions [recall (2.301) and (2.302)] 

1 / t-2 \ 1/4 


(5.477) 


0*0 = 




(?) 


e~* K - H n (Kx), 


(5.478) 


we can re-express the zero-temperature limit of the first-order effective classical 
potential (5.475) with (5.476) by 




(5.479) 


This is recognized as the first-order Rayleigh-Schrodinger perturbative result for the 
ground state energy. 

For the discussion of the quantum-mechanical limit of the first-order normalized 
density, 



Pi n (x a 


= Po(%a) 


exp 


{ h ( AntM ) Xo)Xo } 


S-oc dx a PoM exp ( AntN )”,*„} ’ 


(5.480) 


we proceed as follows. First we expand (5.480) up to first order in the interaction, 
leading to 





.(5.481) 


Inserting (5.428) and (5.461) into the third term in (5.481), and assuming not to 
depend explicitly on x a , the x a -integral reduces to the orthonormality relation for 
Hermite polynomials 


2 n n! 


7r 


dx a H n (^x a ^j Ho^Xa^je a dnOi 


(5.482) 
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so that the third term in (5.481) eventually becomes 

°o oo j—^ 

-j dx a pQ (x a ) (AntM )” iX . = -p j dz\j^-V mt {z) exp{—K 2 z 2 } H 0 (hiz). (5.483) 

— OO —OO 

But this is just the n — 0 -term of (5.461) with an opposite sign, thus canceling the 
zeroth component of the second term in (5.481), which would have been divergent 
for (3 —y oo. 

The resulting expression for the first-order normalized density is 


PiM=Po(x a ) 


Q, ( 


1 - 2n^J C h l)H n{ KX a) J dz \^-V mt {z) exp(-/cV) H u (kz) 

Tl— 1 — rx-\ 


(5.484) 


The zero-temperature limit of C^ is from (5.465) and (5.477) 

lim /3Cg l) = ^ 0 , 

P e%-e^ 

so that we obtain from (5.484) the limit 

[ °° i i 

Pi( x a) = Poi x a) 1 — 2^) 2^rd E n — 

7 [e 2 

x J dzd— V int (z) exp{-K 2 z 2 }H n (Kz) H 0 (kz) 


(5.485) 


(5.486) 


Taking into account the harmonic eigenfunctions (5.478), we can rewrite (5.486) as 



IV’o(^a )! 2 


l^( X a)? 


WoM'E'l’nM 

n> 0 


ES ~ Eg 


(5.487) 


which is just equivalent to the harmonic first-order Rayleigh-Schrodinger result for 
particle densities. 

Summarizing the results of this section, we have shown that our method has 
properly reproduced the high- and low-temperature limits. Due to relation (5.487), 
the variational approach for particle densities can be used to determine approxi¬ 
mately the ground state wave function ipo( x a ) for the system of interest. 


5.23.5 Smearing Formula in Higher Spatial Dimensions 

Most physical systems possess many degrees of freedom. This requires an extension of our method 
to higher spatial dimensions. In general, we must consider anisotropic harmonic trial systems, 
where the previous variational parameter fi 2 becomes a D x D -matrix O 2 with /i, i/ = 1,2 
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a) Isotropic Approximation 

An isotropic trial ansatz 


(5.488) 

can give rough initial estimates for the properties of the system. In this case, the n-th order 
smearing formula (5.458) generalizes directly to 






d°Zl Vi nt (Zj) 


X 


1 

D exp 

yj (27r) n+1 det a 2 


1 

2 


n 


°fcz> 

k,l =0 


(5.489) 


with the D-dimensional vectors z; = (zu, Z21, ■ ■ ■, zdi) t ■ Note, that Greek labels = 

1,2 ,...,D specify spatial indices and Latin labels = 0,1,2, ...,n refer to the different 

imaginary times. The vector zo denotes r 0 , the matrix a 2 is the same as in Subsection 5.23.3. The 
harmonic density reads 


/—-— D 



1 J 

/ 27r «oo ! 

1 

to 

O 

oto 

0 

ll> 

*■ 

■R 

1_ 


(5.490) 


b) Anisotropic Approximation 

In the discussion of the anisotropic approximation, we shall only consider radially-symmetric po¬ 
tentials V(r) = V(|r|) because of their simplicity and their major occurrence in physics. The trial 
frequencies decompose naturally into a radial frequency and a transverse one fir as in (5.95): 


~ - 2 


(5.491) 


with r a = |r a |. For practical reasons we rotate the coordinate system by x„ = U x n so that r a 
points along the first coordinate axis, 


( r a)fl — Zfj,o — ^ q 


r a , M = 1 , 

2< fi< D, 


(5.492) 


and fl 2 -matrix is diagonal: 


n 2 = 


( 0 0 

0 iVp 0 

0 0 of. 


V 0 0 0 


0 \ 
0 
0 

n 2 T ) 


= un 2 u 


2 TT -1 


(5.493) 


After this rotation, the anisotropic n-th order smearing formula in D dimensions reads 


Po ( r a) l—l 


r h0 


dri j dPzi Vint (Nz|) 


(2tt) 


-D(n+l)/2 


(5.494) 


x (det a\) 1 2 (deta^) 


2^-(D-l)/2 e k,l=o 


2 E ZlkaL kl Zu 


2 E E M = 1 Z ^ kaT kl 
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The components of the longitudinal and transversal matrices a\ and a\ are 

a Lkl = a i( T fc> T z)> a Tkl = a T( T k,Ti) , 


(5.495) 


where the frequency O in (5.459) must be substituted by the new variational parameters Ql, ^Ir¬ 
respectively. For the harmonic density in the rotated system p 0 L,T ( r) which is used to normalize 
(5.494), we find 


do i ’ T (f) = 


-D-l 


27ra loO V 2na T00 


exp 


2 n 2 

ZU L 00 


x\ - 


D 


2 r/ 2 " J k- 

z “too ^=2 


(5.496) 


Appendix 5A Feynman Integrals for T=j=- 0 without 

Zero Frequency 

The Feynman integrals needed in variational perturbation theory of the anharmonic oscillator at 
nonzero temperature can be calculated in close analogy to those of ordinary perturbation theory 
in Section 3.20. The calculation proceeds as explained in Appendix 3D, except that the lines 
represent now the thermal correlation function (5.19) with the zero-frequency subtracted from the 
spectral decomposition: 


G 


( 2)® 0 


(r,r') = 


1 

2 Q 


coshD(|r — t'| — 7i/3/2) 
sinh(f27i/3/2) 


1 


hpn 2 


With the dimensionless variable x = Uf3Q, the results for the quantities app defined of each Feynman 
diagram with L lines and V vertices as in (3.550), but now without the zero Matsubara frequency, 
are [compare with the results (3D.3)-(3D.ll)] 


(p- coth — 1 

ui x V 2 2 


1 


Cj J 8x 


sinh 


(4 + x 2 — 4 cosh x + x sinh x ) 


(5A.1) 

(5A.2) 


1 1 ( , x „ q . x , 3a; 

a\ = | — I —-w I —3 x cosh - + 2/ cosh — + 3 x cosh — 

Q J 64a; sinh 3 £ \ 2 2 2 


x x 3(d 

+48 sinh —b 6 x 2 sinh-16 sinh — 

2 2 2 


(5A.3) 


1 


1 


_ 

uj) 768a; 3 sinh 4 _ 
2 


(—864 + 18 a; 4 + 1152 cosh a; + 32 x 2 cosh a; 


al° = | - 


—288 cosh 2a: — 32 x 2 cosh 2a: — 288 x sinh x + 24 a: 3 sinh x 
+144 x sinh 2a; + 3 a; 3 sinh 2x) , 

—-■ (672 x cosh-8 a; 3 cosh — + 24 a; 5 cosh A 

,5 x b 2 2 2 


(5A.4) 


(- 

r 1 

1 ( 

Vwy 

1 4096a; 3 

sinh 5 % ' 


3d< 3x 3x 

— 1008 x cosh — + 3 x 3 cosh — 4- 336 x cosh — + 5 x 3 cosh — 

2 2 2 2 

x x x 3x 

—7680 sinh- 352 x 2 sinh —b 72 a; 4 sinh —b 3840 sinh — 

2 2 2 2 

+224 x 2 sinh +12 a: 4 sinh 1-768 sinh — 64 x 2 sinh 'j , 

Z z z z j 


(5A.5) 
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a, = — 


1 


1 


(-107520 - 7360 x 2 + 624 x 4 + 96 x 6 


u) J 49152a: 4 gj^ 6 — 

+161280 cosh x + 12000 x 2 cosh x — 777 x 4 cosh x + 24 x 6 cosh x 
—64512 cosh 2a; — 5952 x 2 cosh 2a; + 144 x 4 cosh 2a; + 10752 cosh 3a; 
—28800 x sinli x + 1312 x 2 cosh 3a; + 9 x 4 cosh 3a; + 1120 a; 3 sinhx 
+324 a; 5 sinha; + 23040 xsinh2x — 320 x 3 sinh 2a; — 5760 a; sinli 3a; 

— 160 x 3 sinh3x) , 

h\ 3 1 1 


24x 2 


sinh 


(—24 —4x 2 + 24coshx+ x 2 coshx— 9xsinhx) , 


(5A.6) 


ffla = — 


1 


288x 2 sinh 3^ 
2 


oc o x 3^ 

45 x cosh ; -6 x 3 cosh — — 45 x cosh — 

2 2 2 


x x 3x 33a 

—432 sinh-54 x 2 sinh —(- 144 sinh-h 4 x 2 sinh — 

2 2 2 2 


a 3 ? = I ^ 


1 


1 


ui J 2304x 3 gjnjj 4 — 


(—3456 — 414 x 2 — 6 x 4 + 4608 coshx+ 


496 x 2 cosh x — 1152 cosh 2x — 82 x 2 cosh 2x — 1008 x sinh x— 
16 x 3 sinh x + 504 x sinh 2x + 5 x 3 sinh 2x) . 


(5A.7) 


(5A.8) 


Six of these integrals are the analogs of those in Eqs. (3.550). In addition there are the three 
integrals a®, a§, and agP, corresponding to the three diagrams 


<3+ 


(5A.9) 


respectively, which are needed in Subsection 5.14.2. They have been calculated with zero Matsub- 
ara frequency in Eqs. (3D.8)-(3D.ll). 

In the low-temperature limit where x = flh(3 —> 00 , the x-depenclent factors in Eqs. (5A.1)- 
(5A.8) converge towards the same constants (3D. 13) as those with zero Matsubara frequency, and 
the same limiting relations hold as in Eqs. (3.553) and (3D.14). 

The high-temperature limits x —> 0, however, are quite different from those in Eq. (3D.16). 
The present Feynman integrals all vanish rapidly for increasing temperatures. For L lines and V 
vertices, ~ l atf goes to zero like f3 v (j3/l2) L . The first V factors are due to the E-integrals 

over r, the second are the consequence of the product of n/2 factors a 2 . Thus Oy" behaves like 


a 


2 L 
v 


oc 



(5A.10) 


Indeed, the x-dependent factors in (5A.1)-(5A.8) vanish now like 

x/12, x 3 /720, x 5 /30240, 

x 5 /241920, x 7 /11404800, 193x 8 /47551795200, 

x 4 /30240, x 6 /1814400, x 7 /59875200, (5A.11) 


respectively. When expanding (5A.1)-(5A.8) into a power series, the lowest powers cancel each 
other. For the temperature behavior of these Feynman integrals see Fig. 5.32. We have plotted 
the reduced Feynman integrals a^f(x) in which the low-temperature behaviors (3.553) and (3D.14) 
have been divided out of a ^. 
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Figure 5.32 Plot of the reduced Feynman integrals Oy‘{x) as functions of L/x = 
LksT/huj. The integrals (3D.4)-(3D.ll) are indicated by decreasing dash-lenghts. Com¬ 
pare Fig. 3.16. 


The integrals (5A.2) and (5A.3) for and a® can be obtained from the integral (5A.1) for a 2 
via the operation 


( _ d_\ n _ Tf_ 

n! \ doj 2 ) n! \ 2 ujdCo) ’ 


(5A.12) 


with n = 1 and n = 2, respectively. This is derived following the same steps as in Eqs. (3D. 18)- 
(3D.20). The absence of the zero Matsubara frequency does not change the argument. 

Also, as in Eqs. (5.195)-(3D.21), the same type of expansion allows us to derive the three 
integrals from the one-loop diagram (3.549). 


Appendix 5B Proof of Scaling Relation for Extrema of W N 


Here we prove the scaling relation (5.215), according to which the derivative of the Nth approxi¬ 
mation W N to the ground state energy can be written as [14] 


<m WN 



(5B.1) 


where pn(ct) is a polynomial of order N in the scaling variable er = fl(fl 2 — l)/g. 

For the sake of generality, we consider an anharmonic oscillator with a potential gx p whose 
power P is arbitrary. The ubiquitous factor 1/4 accompanying g is omitted, for convenience. 
The energy eigenvalue of the ground state (or any excited state) has an IVth order perturbation 
expansion 

£„(») = „££,( 9^)', (5B.2) 

1=0 

where Ei are rational numbers. After the replacement (5.188), the series is re-expanded at fixed r 
in powers of g up to order N, and we obtain 


N i 

w% = (n!^) 

1=0 


(5B.3) 


with the re-expansion coefficients [compare (5.207)] 


£ l(°) =^2 E j 
j=o 


(1 — 2^)/2 

l-J 


{-a)' 


~3 


(5B.4) 
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Here a is a scaling variable for the potential gx p generalizing (5.208) (note that it is four times as 
big as the previous a, due to the different normalization of g ): 


_ fil p_2 )/ 2 (0 2 — w 2 ) 
a = -. 


(5B.5) 


We now show that the derivative dW n (g , ff) /dfl has the following scaling form generalizing 
(5B.1): 


dW% 

dfl 


(q(p+ 2 ) 72 ) P N ( a ) 


where pn(c) is the following polynomial of order N in the scaling variable cr. 

de N+1 (a) 


Pn{c ) = -2 


= 2 $>, 

i=o 


da 

N * p +2 

N + l-j 




(N+l-j) (-a) 


N-j 


The proof starts by differentiating (5B.3) with respect to Cl, yielding 

r n * 


dW , 


N 


dfl 


E 


1=0 l 


ei ^--2~ lei ^ + n dn 


( _£_V 

V0(P+2)/2; 


Using the chain rule of differentiation we see from (5B.4) that 


a— = 

dfl 


Q( p +2)/2 p _ 2 

2- + —r —a 


dei 

da 


(5B.6) 


(5B.7) 


(5B.8) 


(5B.9) 


and (5B.8) can be rewritten as 


dW% 

dfl 



P + 2 


l ei(a) 


' ft(P+ 2 )/ 2 


P-2 \ dei 1 ( 9 V 

2 a ) da \ Vn( p + 2 )/ 2 / 


(5B.10) 


After rearranging the sum, this becomes 


dW% 

dfl 


deo ( g x- 1 
da \n(P+A/2j 



P + 2 


£ i + 


P-2 deg 
2 da 


+ 2 


dsi+i 

da 


9 V 

Q(P+2)/2j 



£ N + 


P — 2 dew 
2 da 


(u( p + 2 )/ 2 ) 


N 


(5B.11) 


The first term vanishes trivially since £0 happens to be independent of a. The sum in the second 
line vanishes term by term: 


l-^)e i + ^§ + 2^i±l = 0, i = 1... JV — 1. (5B.12) 


To see this we form the derivative 

2 A±I = 2j> 


da 


i=o 


(1 - ?± Zj )/2 
l + 1 - j 


(j-l- 1) (-v) l - j , 


(5B.13) 
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and use the identity 


(1 - £±*j)/2 \ _ Vj + 21-1 ( (1 - ?±*j )/2 


i + 1 - i 


i -1 -1 


i-j 


to rewrite (5B.13) as 

n dei +1 
dcr 




implying 


P — 2 dei \ 

-X-CT-p- = > E,' 

2 da ^ J 

3=0 


(1 — 2 ^ j ')/2 \ P ~ 2 




(5B.14) 


(5B.15) 


(5B.16) 


By combining this with (5B.4), (5B.13), we obtain Eq. (5B.12) which proves that the second line 
in (5B.11) vanishes. 

Thus we are left with the last term on the right-hand side of Eq. (5B.11). Using (5B.12) for 
l = N leads to 


dW, 


N 


dfl 


= -2 


9 \ N de N+1 (a) 


{fl(P+ 2)/2 ) 


da 


(5B.17) 


When expressing d£N+i{a)/da with the help of (5B.4), we arrive at 


dW, 


N 


dQ 


= 2 




Ej 


3=0 


P+ 2 , 

N+l-j 


(1 ~ 2 ^ j )/2 


(-W + 1 - j) (~<d 


N —j 


(5B.18) 


This proves the scaling relation (5B.6) with the polynomial (5B.7). 

The proof can easily be extended to physical quantities Qn{9) with a different physical dimen¬ 
sion a , which have an expansion 


-ZV j 

Q N (g) = (TTFTw) ’ (5R19) 

1=0 

rather than (5B.2). In this case the quantity [QN{g)] l ^ a has again an expansion like (5B.2). By 
rewriting Qn{9) as {{Qn{ g)\ l ^ a } a and forming the derivative using the chain rule we see that the 
derivative vanishes whenever the polynomial pat(ct) vanishes, which is formed from [QjvQ?)] 1 / 12 as 
in Eq. (5B.7). 


Appendix 5C Second-Order Shift of Polaron Energy 

For brevity, we introduce the dimensionless variable p = wAr and 

F[p\ = —2T 2 G n ’ r (p,0). (5C.1) 

Going to natural units with K = M = u> = 1, Feynman’s variational energy (5.395) takes the form 

3 1 r°° 

E 0 = — (r-U) 2 -— r / dpe-PF~ l /\p). (5C.2) 

4r V 71 " Jo 

The second-order correction (5.406) reads 

ae< 2) = -tb.r 2 i + - n‘) jy dpe-'F-'/^p) - y^t_(r 2 - Si 2 ) 2 

f + (!-„-■>) + E!z2V»}, (5C . 3) 
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where I denotes the integral 
/ = 

with 


\J Q J 0 J Q d Pi d P 2 dpse P1 F 1/2 (pi)e P2 F 1/2 (p 2 ) ^ arL ^ n ^ - 1 ^ , (5C.4) 


Q = Qi for p 3 - p 2 + p\ > 0 and p 3 - p 2 > 0, 

<5 = Qi for p 3 - P 2 + pi > 0 and p 3 - p 2 < 0, 

Q = Q 3 for p 3 - p 2 + Pi < 0 and p 3 - p 2 < 0, 


and 
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r 2 -n 2 


,_rp3 (l — e _rpi )(e r ^ — 1), 


r 2 -n 2 - 


e -r(p 2 -p 3 )_ e - r P3( 1 + e -r(pi-p 2 )_ e -rp!)j _ 2 n 2 (p 2 - p 3 ) 


Qz = g f ~ 1/2 (Pi)F~ 1/2 (P2 ) 


r 2 -n 2 


-e _rp3 (l - e _rpl ) - e" r(p2_P3) (e rpi - 1)1 - 2fl 2 Pl \ . 


(5C.5) 


(5C.6) 


(5C.7) 


(5C.8) 


Notes and References 

The first-order variational approximation to the effective classical partition function F effcl (a;o) 
presented in this chapter was developed in 1983 by 

R. P. Feynman and H. Kleinert, Phys. Rev. A 34, 5080 (1986) (http://www.physik.fu-berlin. 
de/“kleinert/159). 

For further development see: 

H. Kleinert, Phys. Lett. A 118, 195 (1986) (ifezd.http/148); B 181, 324 (1986) (jfezd.http/151); 
W. Janke and B.K. Chang, Phys. Lett. B 129, 140 (1988); 

W. Janke, in Path Integrals from meV to MeV , ed. by V. Sa-yakanit et ah, World Scientific, Sin¬ 
gapore, 1990. 

A detailed discussion of the accuracy of the approach in comparison with several other approxi¬ 
mation schemes is given by 

S. Srivastava and Vishwamittar, Phys. Rev. A 44, 8006 (1991). 

For a similar, independent development containing applications to simple quantum field theories, 
see 

R. Giachetti and V. Tognetti, Phys. Rev. Lett. 55, 912 (1985); Int. J. Magn. Mater. 

54-57, 861 (1986); 

R. Giachetti, V. Tognetti, and R. Vaia, Phys. Rev. B 33, 7647 (1986); Phys. Rev. A 37, 2165 
(1988); Phys. Rev. A 38, 1521, 1638 (1988); 

Physica Scripta 40, 451 (1989). R. Giachetti, V. Tognetti, A. Cuccoli, and R. Vaia, lecture pre¬ 
sented at the XXVI Karpacz School of Theoretical Physics, Karpacz, Poland, 1990. 

See also 

R. Vaia and V. Tognetti, Int. J. Mod. Phys. B 4, 2005 (1990); 

A. Cuccoli, V. Tognetti, and R. Vaia, Phys. Rev. B 41, 9588 (1990); A 44, 2743 (1991); 

A. Cuccoli, A. Maradudin, A.R. McGurn, V. Tognetti, and R. Vaia, Phys. Rev. D 46, 8839 (1992). 




572 


5 Variational Perturbation Theory 


The variational approach has solved some old problems in quantum crystals by extending in a 
simple way the classical methods into the quantum regime. See 
V.I. Yukalov, Mosc. Univ. Phys. Bull. 31, 10-15 (1976); 

S. Liu, G.K. Horton, and E.R. Cowley, Phys. Lett. A 152, 79 (1991); 

A. Cuccoli, A. Macclii, M. Neumann, V. Tognetti, and R. Vaia, Phys. Rev. B 45, 2088 (1992). 

The systematic extension of the variational approach was developed by 

H. Kleinert, Phys. Lett. A 173, 332 (1993) (quant-ph/9511020). 

See also 

J. Jaenicke and H. Kleinert, Phys. Lett. A 176, 409 (1993) (*6zdhttp/217); 

H. Kleinert and H. Meyer, Phys. Lett. A 184, 319 (1994) (hep-th/9504048). 

A similar convergence mechanism was first observed within an order-dependent mapping technique 
in the seminal paper by 

R. Seznec and J. Zinn-Justin, J. Math. Phys. 20, 1398 (1979). 

For an introduction into various resummation procedures see 

C.M. Bender and S.A. Orszag, Advanced Mathematical Methods for Scientists and Engineers , 
McGraw-Hill, New York, 1978. 

The proof of the convergence of the variational perturbation expansion to be given in Subsec¬ 
tion 17.10.5 went through the following stages: First a weak estimate was found for the anharmonic 
integral: 

I. R.C. Buckley, A. Duncan, H.F. Jones, Phys. Rev. D 47, 2554 (1993); 

C.M. Bender, A. Duncan, H.F. Jones, Phys. Rev. D 49, 4219 (1994). 

This was followed by a similar extension to the quantum-mechanical case: 

A. Duncan and H.F. Jones, Phys. Rev. D 47, 2560 (1993); 

C. Arvanitis, H.F. Jones, and C.S. Parker, Phys.Rev. D 52, 3704 (1995) (hep-ph/9502386); 

R. Guida, K. Konishi, and H. Suzuki, Ann. Phys. 241, 152 (1995) (hep-th/9407027). 

The exponentially fast convergence observed in the calculation of the strong-coupling coefficients 
of Table 5.9 was, however, not explained. The accuracy in the table was reached by working up to 
the order 251 with 200 digits in Ref. [13]. 

The analytic properties of the strong-coupling expansion were studied by 

C.M. Bender and T.T. Wu, Phys. Rev. 184, 1231 (1969); Phys. Rev. Lett. 27, 461 (1971); Phys. 
Rev. D 7, 1620 (1973); ibid. D 7, 1620 (1973); 

C. M. Bender, J. Math. Phys. 11, 796 (1970); 

T. Banks and C.M. Bender, J. Math. Phys. 13, 1320 (1972); 

J. J. Loeffel and A. Martin, Cargese Lectures on Physics (1970); 

D. Bessis ed., Gordon and Breach, New York 1972, Vol. 5, p.415; 

B. Simon, Ann. Phys. (N.Y.) 58, 76 (1970); Cargese Lectures on Physics (1970), D. Bessis ed., 
Gordon and Breach, New York 1972, Vol. 5, p. 383. 

The problem of tunneling at low barriers ( sliding ) was solved by 
H. Kleinert, Phys. Lett. B 300, 261 (1993) (ibid. http/214). 

See also Chapter 17. Some of the present results are contained in 

H. Kleinert, Pfadintegrale in Quantenmechanik, Statistik und Polymerphysik, B.-I. Wis- 
senscliaftsverlag, Mannheim, 1993. 

A variational approach to tunneling is also used in chemical physics: 

M.J. Gillan, J. Phys. C 20, 362 (1987); 

G.A. Voth, D. Chandler, and W.H. Miller, J. Chem. Phys. 91, 7749 (1990); 

G.A. Voth and E.V. OGorman, J. Chem. Phys. 94, 7342 (1991); 

G.A. Voth, Phys. Rev. A 44, 5302 (1991). 

Variational approaches without the separate treatment of xq have been around in the literature 


H. Kleinert, PATH INTEGRALS 




Notes and References 


573 


for some time: 

T. Barnes and G.I. Ghandour, Phys. Rev. D 22, 924 (1980); 

B.S. Shaverdyan and A.G. Usherveridze, Phys. Lett. B 123, 316 (1983); 

K. Yamazaki, J. Phys. A 17, 345 (1984); 

H. Mitter and K. Yamazaki, J. Phys. A 17, 1215 (1984); 

P.M. Stevenson, Phys. Rev. D 30, 1712 (1985); D 32, 1389 (1985); 

P.M. Stevenson and R. Tarrach, Phys. Lett. B 176, 436 (1986); 

A. Okopinska, Phys. Rev. D 35, 1835 (1987); D 36, 2415 (1987); 

W. Namgung, P.M. Stevenson, and J.F. Reed, Z. Phys. C 45, 47 (1989); 

U. Ritschel, Phys. Lett. B 227, 44 (1989); Z. Phys. C 51, 469 (1991); 

M.H. Thoma, Z. Phys. C 44, 343 (1991); 

I. Stancu and P.M. Stevenson, Phys. Rev. D 42, 2710 (1991); 

R. Tarrach, Phys. Lett. B 262, 294 (1991); 

H. Haugerud and F. Raunda, Phys. Rev. D 43, 2736 (1991); 

A.N. Sissakian, I.L. Solovtsov, and O.Y. Shevchenko, Phys. Lett. B 313, 367 (1993). 

Different applications of variational methods to density matrices are given in 

V. B. Magalinsky, M. Hayashi, and H.V. Mendoza, J. Phys. Soc. Jap. 63, 2930 (1994); 

V.B. Magalinsky, M. Hayashi, G.M. Martinez Pena, and R. Reyes Sanchez, Nuovo Cimento B 109, 
1049 (1994). 

The particular citations in this chapter refer to the publications 

[1] H. Kleinert, Phys. Lett. A 173, 332 (1993) (quant-ph/9511020). 

[2] The energy eigenvalues of the anharmonic oscillator are taken from 

F.T. Hioe, D. MacMillan, and E.W. Montroll, Phys. Rep. 43, 305 (1978); W. Caswell, 
Ann. Phys. (N.Y.) 123, 153 (1979); R.L. Somorjai, and D.F. Hornig, J. Chern. Phys. 36, 
1980 (1962). 

See also 

K. Banerjee, Proc. Roy. Soc. A 364, 265 (1978); 

R. Balsa, M. Plo, J.G. Esteve, A.F. Pacheco, Phys. Rev. D 28, 1945 (1983); 
and most accurately 

F. Vinette and J. Cizek, J. Math. Phys. 32, 3392 (1991); 

E.J. Weniger, J. Cizek, J. Math. Phys. 34, 571 (1993). 

[3] R.P. Feynman, Statistical Mechanics , Benjamin, Reading, 1972, Section 3.5. 

[4] M. Hillary, R.F. O’Connell, M.O. Scully, and E.P. Wigner, Phys. Rep. 106, 122 (1984). 

[5] H. Kleinert, Phys. Lett. A 118, 267 (1986) (*6zd.http/145). 

[6] For a detailed discussion of the effective classical potential of the Coulomb system see 

W. Janke and H. Kleinert, Phys. Lett. A 118, 371 (1986) (z&zd.http/153). 

[7] C. Kouveliotou et al., Nature 393, 235 (1998); Astroph. J. 510, L115 (1999); 

K. Hurley et al., Astroph. J. 510, Llll (1999); 

V.M. Kaspi, D. Chakrabarty, and J. Steinberger, Astroph. J. 525, L33 (1999); 

B. Zhang and A.K. Harding, (astro-ph/0004067). 

[8] The perturbation expansion of the ground state energy in powers of the magnetic field B 
was driven to high orders in 

J.E. Avron, B.G. Adams, J. Cizek, M. Clay, M.L. Glasser, P. Otto, J. Paldus, and E. Vrscay, 
Phys. Rev. Lett. 43, 691 (1979); 

B.G. Adams, J.E. Avron, J. Cizek, P. Otto, J. Paldus, R.K. Moats, and H.J. Silverstone, 
Phys. Rev. A 21, 1914 (1980). 

This was possible on the basis of the dynamical group 0(4,1) and the tilting operator 
(13.186) found by the author in his Pli.D. thesis. See 




574 


5 Variational Perturbation Theory 


H. Kleinert, Group Dynamics of Elementary Particles, Fortschr. Physik 6, 1 (1968) 
(ibid, http/1); 

H. Kleinert, Group Dynamics of the Hydrogen Atom, Lectures in Theoretical Physics, edited 
by W.E. Brittin and A.O. Barut, Gordon and Breach, N.Y. 1968, pp. 427-482 (ifezd.http/4). 

[9] Precise numeric calculations of the ground state energy of the hydrogen atom in a magnetic 
field were made by 

H. Ruder, G. Wunner, H. Herolcl, and F. Geyer, Atoms in Strong Magnetic Fields (Springer- 
Verlag, Berlin, 1994). 

[10] M. Bachmann, H. Kleinert, and A. Pelster, Phys. Rev. A 62, 52509 (2000) (quant- 
ph/0005074), Phys. Lett. A 279, 23 (2001) (quant-ph/000510). 

[11] L.D. Landau and E.M. Lifshitz, Quantum Mechanics, Pergamon, London, 1965. 

[12] J.C. LeGuillou and J. Zinn-Justin, Ann. Phys. (N.Y.) 147, 57 (1983). 

[13] W. Janke and H. Kleinert, Phys. Rev. Lett. 75, 2787 (1995) (quant-ph/9502019). 

[14] The high accuracy became possible due to a scaling relation found in 

W. Janke and H. Kleinert, Phys. Lett. A 199, 287 (1995) (quant-ph/9502018). 

[15] For the proof of the exponentially fast convergence see 

H. Kleinert and W. Janke, Phys. Lett. A 206, 283 (1995) (quant-ph/9502019); 

R. Guida, K. Konishi, and H. Suzuki, Ann. Phys. 249, 109 (1996) (hep-th/9505084). 

The proof will be given in Subsection 17.10.5. 

[16] The oscillatory behavior around the exponential convergence shown in Fig. 5.22 was ex¬ 
plained in 

H. Kleinert and W. Janke, Phys. Lett. A 206, 283 (1995) (quant-ph/9502019) 
in terms of the convergence radius of the strong-coupling expansion (see Section 5.15). 

[17] H. Kleinert, Phys. Rev. D 60 , 085001 (1999) (hep-th/9812197); Phys. Lett. B 463, 69 
(1999) (cond-mat/9906359). 

See also Chapters 19-20 in the textbook 

H. Kleinert and V. Schulte-Frohlinde, Critical Properties of $ 4 - Theories, World Scientific, 
Singapore 2001 (i6id.http/b8) 

[18] H. Kleinert, Phys. Lett. A 207, 133 (1995). 

[19] See for example the textbooks 

H. Kleinert, Gauge Fields in Condensed Matter, Vol. I Superflow and Vortex Lines, Vol. II 
Stresses and Defects, World Scientific, Singapore, 1989 (ibid. http/bl). 

[20] R.P. Feynman, Phys. Rev. 97, 660 (1955). 

[21] S. Holder and A. Miillensiefen, Z. Phys. 157, 159 (1959); M.A. Smondyrev, Theor. 
Math. Fiz. 68, 29 (1986); O.V. Selyugin and M.A. Smondyrev, Phys. Stat. Sol. (b) 155, 
155 (1989). 

[22] N.N. Bogoliubov (jun) and V.N. Plechko, Teor. Mat. Fiz. [Sov. Phys.-Theor. Math. Phys.], 
65, 423 (1985); Riv. Nuovo Cimento 11, 1 (1988). 

[23] S.J. Miyake, J. Phys. Soc. Japan, 38, 81 (1975). 

[24] J.E. Avron, I.W. Herbst, B. Simon, Phys. Rev. A 20, 2287 (1979). 

[25] I.D. Feranshuk and L.I. Komarov, J. Phys. A: Math. Gen. 17, 3111 (1984). 

[26] H. Kleinert, W. Kiirzinger, and A. Pelster, J. Phys. A: Math. Gen. 31, 8307 (1998) (quant- 
ph/9806016). 

[27] H. Kleinert, Phys. Lett. A 173, 332 (1993) (quant-ph/9511020). 


H. Kleinert, PATH INTEGRALS 




Notes and References 


575 


[28] H. Kleinert, Phys. Rev. D 57, 2264 (1998) and Addendum: Phys. Rev. D 58, 107702 (1998). 

[29] F.J. Wegner, Phys. Rev. B 5, 4529 (1972); B 6, 1891 (1972). 

[30] H. Kleinert, Phys. Lett. A 207, 133 (1995) (quant-ph/9507005). 

[31] J. Rossler, J. Phys. Stat. Sol. 25, 311 (1968). 

[32] J.T. Marshall and L.R, Mills, Phys. Rev. B 2, 3143 (1970). 

[33] Higher-order smearing formulas for nonpolynomial interactions were derived in 

H. Kleinert, W. Kuerzinger and A. Pelster, J. Phys. A 31, 8307 (1998) (quant-ph/9806016). 

[34] The polaron problem is solved in detail in the textbook 

R.P. Feynman, Statistical Mechanics , Benjamin, New York, 1972, Chapter 8. 

Extensive numerical evaluations are found in 
T.D. Schultz, Phys. Rev. 116, 526 (1959); 

See also 

M. Dineykhan, G.V. Efimov, G. Ganbold, and S.N. Nedelko, Oscillator Representation in 
Quantum Physics, Springer, Berlin, 1995. 

An excellent review article is 

J.T. Devreese, Polarons, Review article in Encyclopedia of Applied Physics, 14, 383 (1996) 
(cond-mat /0004497). 

This article contains ample references on work concerning polarons in magnetic fields, for 
instance 

F.M. Peeters, J.T. Devreese, Phys. Stat. Sol. B 110, 631 (1982); Phys. Rev. B 25, 7281, 
7302 (1982); 

Xiaoguang Wu, F.M. Peeters, J.T. Devreese, Phys. Rev. B 32, 7964 (1985); 

F. Brosens and J.T. Devreese, Phys. Stat. Sol. B 145, 517 (1988). 

For discussion of the validity of the Jensen-Peierls inequality (5.10) in the presence of a 
magnetic field, see 

J.T. Devreese and F. Brosens, Solid State Communs. 79, 819 (1991); Phys. Rev. B 45, 6459 
(1992); Solid State Communs. 87, 593 (1993); 

D. Larsen in Landau Level Spectroscopy, Vol. 1, G. Landwehr and E. Rashba (eds.), North 
Holland, Amsterdam, 1991, p. 109. 

The paper 

D. Larsen, Phys. Rev. B 32, 2657 (1985) 

shows that the variational energy can lie lower than the exact energy. 

The review article by Devreese contains numerous references on bipolarons, small polarons, 
and polaronic excitations. For instance: 

J.T. Devreese, J. De Sitter, M.J. Goovaerts, Phys. Rev. B 5, 2367 (1972); 

L. F. Lemmens, J. De Sitter, J.T. Devreese, Phys. Rev. B 8, 2717 (1973); 

J.T. Devreese, L.F. Lemmens, J. Van Royen, Phys. Rev. B 15, 1212 (1977); 

J. Thomchick, L.F. Lemmens, J.T. Devreese, Phys. Rev. B 14, 1777 (1976); 

F.M. Peeters, Xiaoguang Wu, J.T. Devreese, Phys. Rev. B 34, 1160 (1986); 

F.M. Peeters, J.T. Devreese, Phys. Rev. B 34, 7246 (1986); B 35, 3745 (1987); 

J.T. Devreese, S.N. Klimin, V.M. Fomin, F. Brosens, Solid State Communs. 114, 305 (2000). 
There exists also a broad collection of articles in 

E. K.H. Salje, A.S. Alexandrov, W.Y. Liang (eds.), Polarons and Bipolarons in High-T c Su¬ 
perconductors and Related Materials, Cambridge University Press, Cambridge, 1995. 

A generalization of the harmonic trial path integral (5.356), in which the exponential func¬ 
tion e _n l r_r I at zero temperature is replaced by /(|r — r'|), has been proposed by 

M. Saitoh, J. Phys. Soc. Japan. 49, 878 (1980), 
and further studied by 

R. Rosenfelder and A.W. Schreiber, Phys. Lett. A 284, 63 (2001) (cond-mat/ 
0011332). 




576 


5 Variational Perturbation Theory 


In spite of a much higher numerical effort, this generalization improves the ground state 
energy only by at most 0.1 % (the weak-coupling expansion coefficient —0.012346 in (5.396) 
is changed to —0.012598, while the strong-coupling coefficients in (5.399) remain unchanged 
at this level of accuracy. For the effective mass, the lowest nontrivial weak-coupling coeffi¬ 
cient of l 2 in (5.402) is changed by 0.0252 % while the strong-coupling coefficients in (5.403) 
remain unchanged at this level of accuracy. 
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Aevo rarissima nostro, simplicitas 

Simplicity, a very rare thing in our age 
Ovid (43BC-17), Ars Amatoria, Book 1, 241 


6 

Path Integrals with Topological Constraints 


The path integral representations of the time evolution amplitudes considered so far 
were derived for orbits x(t) fluctuating in Euclidean space with Cartesian coordi¬ 
nates. Each coordinate runs from minus infinity to plus infinity. In many physical 
systems, however, orbits are confined to a topologically restricted part of a Cartesian 
coordinate system. This changes the quantum-mechanical completeness relation and 
with it the derivation of the path integral from the time-sliced time evolution oper¬ 
ator in Section 2.1. We shall consider here only a point particle moving on a circle, 
in a half-space, or in a box. The path integral treatment of these systems is the 
prototype for any extension to more general topologies. 

6.1 Point Particle on Circle 

For a point particle on a circle, the orbits are specified in terms of an angular 
variable ip{t) e [0, 27r] subject to the topological constraint that p> = 0 and ip = 2 tt 
be identical points. 

The initial step in the derivation of the path integral for such a system is the 
same as before: The time evolution operator is decomposed into a product 

{ip b t b \ip a t a ) = (<A|exp 

The restricted geometry shows up in the completeness relations to be inserted be¬ 
tween the factors on the right-hand side for n — 1,... ,N: 

c27T 

/ d(p n \(p n ){ip n \ = 1. (6.2) 

Jo 

If the integrand is singular at (p — 0, the integrations must end at an infinitesimal 
piece below 2n. Otherwise there is the danger of double-counting the contributions 
from the identical points tp — 0 and ip = 2n. The orthogonality relations on these 
intervals are 


% , 

~n (tb 


*„)// 


I <Pa) = {<Pb | n eX P ( ~J x eH ) K)- (6.1) 


{p^nl^Pn— l) ${jpn ^pn £ [0,271"). 


(6.3) 
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The 5-function can be expanded into a complete set of periodic functions on the 
circle: 


oo 2 

<5 {(fin - Tn- i) = E — exp [im n (<p n - (p n - 1 )]- 

2 71 


(6.4) 


m n =—oo 


For a trivial system with no Hamiltonian, the scalar products (6.4) lead to the 
following representation of the transition amplitude: 
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(jpbt'bl'padajo 


n= 1 


C 2tt 


d<p r 


N+l 
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E — 

‘ ^ r ) / rr 
J n= 1 L m n Z7r 


exp 


N +1 

i m nWn ~ <Pn-l) 
L n= 1 


(6.5) 


We now introduce a Hamiltonian H(p, tp). At each small time step, we calculate 


{VntnWn-itn-\) = (<£n| exp 
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eH{p, <p) 


= exp 




Wn-l) 

i}Pn\ l pn—l)- 


Replacing the scalar products by their spectral representation (6.4), this becomes 


{VntnWn-ltn-\) = (Vn\ exp 
= exp 


~-eH(p,(p) 


Wn- 1) 


i . ] 00 1 

T e H(—ihd Vn , (p n ) V — exp[im n ((p n - ip n -i)\- (6.6) 
h J _ lit 


m n =—oo 


By applying the operator in front of the sum to each term, we obtain 
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• (6-7) 


The total amplitude can therefore be written as 


{jp$b\^P cf a 
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( 6 . 8 ) 


This is the desired generalization of the original path integral from Cartesian to cyclic 
coordinates. As a consequence of the indistinguishability of (p(t) and cp(t) + 27m, 
the momentum integrations have turned into sums over integer numbers. The sums 
reflect the fact that the quantum-mechanical wave functions (l/y/2n)exp(ip^ip/h) 
are single-valued. 

The discrete momenta enter into (6.8) via a “momentum step sum” rather than a 
proper path integral. At first sight, such an expression looks somewhat hard to deal 
with in practical calculations. Fortunately, it can be turned into a more comfortable 
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equivalent form, involving a proper continuous path integral. This is possible at the 
expense of a single additional infinite sum which guarantees the cyclic invariance in 
the variable p . To find the equivalent form, we recall Poisson’s formula (1.197), 

oo oo 

E e 2nikl — J2 S(k- m), (6.9) 

l=—oo m =—oo 

to make the right-hand side of (6.4) a periodic sum of 5-functions, so that (6.3) 
becomes 


(}Pn\ l pn— l) ^ &{}Pn Pn —1 T 271"/). 

l =—OO 


( 6 . 10 ) 


A Fourier decomposition of the 5-functions yields 

f°° dk 


^ poo cffc 

{PnWn-l) = V / TP 1 eX P\ ik n(Pn ~ <Pn-l) + 2mk n l\. (6.11) 

7 J —oo ^7T 


l=—oo 


Note that the right-hand side reduces to (6.4) when applying Poisson’s summation 
formula (6.9) to the /-sum, which produces a sum of 5-functions for the integer 
values of k n = m n = 0, ±1, ±2, ... . Using this expansion rather than (6.4), the 
amplitude (6.5) with no Hamiltonian takes the form 


N 

ilPb^bl Aa./a)o 

n= 1 



dp r 


N+l 

n 

J n= 1 



i 'y ^ _i [kn (y^n (fin — l)H“ ‘^•'^k n ln\ 


( 6 . 12 ) 


In this expression, we observe that the sums over l n can be absorbed into the vari¬ 
ables p n by extending their range of integration from [0, 2n) to (— 00 , 00 ). Only in 
the last sum J2i n+1 , this is impossible, and we arrive at 


00 N 

(<Pbtb\<Pota) 0 = e n 

/=—00 n=l 


dp r . 
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n =1 
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/—oo 27T 
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The right-hand side looks just like an H = 0 -amplitude of an ordinary particle 
which would read 


N r 

{jpbfcb | ¥5j^a)o,noncyclic = IT / 

n= 1 


dp r 


N+l 
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n =1 


r°° dkn 

/-oo 2n 


e’E„= 1 Pn - i )_ (6.14) 


The amplitude (6.13) differs from this by the sum over paths running over all periodic 
repetitions of the final point pb + 27m, 4 . The amplitude (6.13) may therefore be 
written as a sum over all periodically repeated final points of the amplitude (6.14): 


OO 

(<Pbtb\<Pata) 0 = E (<A + 2 ^,4|^a4) 0 ,noncyelic • 

l =—OO 


(6.15) 
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In each term on the right-hand side, the Hamiltonian can be inserted as usual, and 
we arrive at the time-sliced formula 




oo N 

~ e n 


l = — OO 71=1 


d(Pr 
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J n= 1 
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/-oo 2nh 


N+l 
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(6.16) 


In the continuum limit, this tends to the path integral 




6^0 ~ 
ay -> E 

l=—oo 
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' ipa^Vb+^l 


The way in which this path integral has replaced the sum over all paths on the circle 
p G [ 0 , 27t) by the sum over all paths with the same action on the entire p -axis is 
illustrated in Fig. 6.1. 

As an example, consider a free particle moving on a circle with a Hamiltonian 

.2 


H(p, p) = 


p 

2 M' 


The ordinary noncyclic path integral is 

(Pbtbl^Pata) noncyclic 


2irhi(tb — t a )/M 


exp 
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(6.18) 


(6.19) 


Using Eq. (6.15), the cyclic amplitude is given by the periodic Gaussian 


(Pbtb\Pata) — 
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h 2 


t b t a 


( 6 . 20 ) 


The same amplitude could, of course, have been obtained by a direct quantum- 
mechanical calculation based on the wave functions 


= TTf 


irrup 


and the energy eigenvalues 
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Within operator quantum mechanics, we hnd 
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( 6 . 22 ) 


(6.23) 
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Figure 6.1 Path with 3 jumps from 2ir to 0 at t ]l , tj 2 , t,j 3 . and with one jump from 0 
to 2ir at tjj_. It can be drawn as a smooth path in the extended zone scheme , arriving at 
ipl n,n ) = ip b + (n — h)27r, where n and n count the number of jumps of the first and the 
second type, respectively. 
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As usual, we insert N completeness relations between the IV +1 factors. In the case 
of a vanishing Hamiltonian, the amplitude (6.27) becomes 

JV+l 

II (r n \r n _i) = (r 6 |r 0 ). (6.28) 

71=1 


(ntb\r a ta) o = n 


dr r 


For each scalar product (r n |r n _i) = 8(r n — r n _i), we substitute its spectral rep¬ 
resentation appropriate to the infinite-wall boundary at r = 0. It consists of a 
superposition of the free-particlc wave functions vanishing at r = 0: 


TOO 

(r\r') = 2 —sin kr sin hr' (6.29) 

Jo n 

/ OO dp; 

— [exp ik(r — r') — exp ik(r + r')\ = S(r — r') — 5(r + r'). 

-oo 2 tt 


This Fourier representation does a bit more than what we need. In addition to 
the 5-function at r = r', there is also a (5-function at the unphysical reflected point 
r = — r'. The reflected point plays a similar role as the periodically repeated points 
in the representation (6.11). For the same reason as before, we retain the reflected 
points in the formula as though r' were permitted to become zero or negative. Thus 
we rewrite the Fourier representation (6.29) as 



n 


p(x — x') + i7t(cr(x) — o[x !)) 


(6.30) 


where 

a(x) = 0(—x) (6.31) 

with the Heaviside function Q(x) of Eq. (1.313). For symmetry reasons, it is con¬ 
venient to liberate both the initial and final positions r and r' from their physical 
half-space and to introduce the localized states |x) whose scalar product exists on 
the entire rc-axis: 

jP{x" — x') + in(<j(x") — cr(x')) 

= 8(x — x') — 8{x + x'). (6.32) 



With these states, we write 


(r|r) (x \x ) \x=r,x'—r' ■ 

We now take the trivial transition amplitude with zero Hamiltonian 
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extend it with no harm by the reflected (5-function 


(6.34) 
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(6.35) 
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and factorize it into many time slices: 
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( r b = r/v + i, r a = r 0 ), where the trivial amplitude of a single slice is 
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With the help of (6.32), this can be written as 
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(6.38) 


The sum over the reflected points = ±r n is now combined, at each n, with the 
integral / 0 °° dr n to form an integral over the entire x-axis, including the unphysical 
half-space x < 0. Only the last sum cannot be accommodated in this way, so that 
we obtain the path integral representation for the trivial amplitude 


N 

(nt b \r a t a ) 0 = E II 

Xb=±rt, n=l 
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x ex P) E 
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dx r , 
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j~p(x n - X n - 1 ) + in(a(x n ) - cr(x n _i)) 


(6.39) 


The measure of this path integral is now of the conventional type, integrating over 
all paths which fluctuate through the entire space. The only special feature is the 
final symmetrization in x b = ±r b . 

It is instructive to see in which way the final symmetrization together with the 
phase factor exp[z7rcr(x)] = ±1 eliminates all the wrong paths in the extended space, 
i.e., those which cross the origin into the unphysical subspace. This is illustrated 
in Fig. 6.2. Note that having assumed x a = r a > 0, the initial phase <j(x a ) can be 
omitted. We have kept it merely for symmetry reasons. 

In the continuum limit, the exponent corresponds to an action 

Aq[p, x] = J t dt[px + fmd t a(x)] = A 0 [p, x] + A a topoV (6.40) 

The first term is the usual canonical expression in the absence of a Hamiltonian. 
The second term is new. It is a pure boundary term: 


AEoiM = - <?(x a )), (6-41) 

which keeps track of the topology of the half space x > 0 embedded in the full space 
x G (— oo, oo). This is why the action carries the subscript “topol”. 
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Figure 6.2 Illustration of path counting near reflecting wall. Each path touching the 
wall once is canceled by a corresponding path of equal action crossing the wall once into 
the unphysical regime (the path is mirror-reflected after the crossing). The phase factor 
exp[i7rcr(xft)] provides for the opposite sign in the path integral. Only paths not touching 
the wall at all cannot be canceled in the path integral. 


The topological action (6.41) can be written formally as a local coupling of the 
velocity at the origin: 


AV>iM = ~ 7Th J t dtx(t)S(x(t)). 


This follows directly from 


rxb rxjy rxb 
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(6.42) 


(6.43) 


Consider now a free point particle in the right half-space with the usual Hamil¬ 
tonian 


H = 


p 

2M' 


The action reads 


A\p,x\— f dt[px — p 2 /2M — hnx(t)S(x(t))], 
Jt a 


(6.44) 


(6.45) 


and the time-sliced path integral looks like (6.39), except for additional energy terms 
—pf 1 /2M in the action. Since the new topological term is a pure boundary term, all 
the extended integrals in (6.39) can be evaluated right away in the same way as for 
a free particle in the absence of an infinite wall. The result is 
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with x a = r a . 

This is indeed the correct result: Inserting the Fourier transform of the Gaussian 
(Fresnel) distribution we see that 
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sin (pr b /k) sin (pr a /h) exp 


(r b ->■ — r b )je 
2 


—ip 2 (t b —t a )/2MU 


l p 


h 2M 


(t b ~ la) 


(6.47) 


which is the usual spectral representation of the time evolution amplitude. 
Note that the first part of (6.46) may be written more symmetrically as 


{r b tb\r a t a ) = 


1 


2tt hi(t b — t a ) /M ■ 


E 

Xa = ±r a 
x b =±r b 


exp 


i M (x b - x a y 
h 2 t b -t a 


+ in(a(x b ) - cr(x a )) 


(6.48) 


In this form, the phase factors are related to what may be considered as even 

and odd “spherical harmonics” in one dimension [more after (9.60)] 

Y e , 0 {x) = ^(0(x) ± 0(-®)), 

namely, 

Y.(£) = 4=, Y 0 (x) = (6.49) 

The amplitude (6.48) is therefore simply the odd “partial wave” of the free-particle 
amplitude 

(r b t b \r a t a ) = Yj Y*(x b )(x b t b \x a t a )Y 0 (x a ), (6.50) 

I Xb\=r b ,\x a \=r a 

which is what we would also have obtained from Schrodinger quantum mechanics. 


6.3 Point Particle in Box 


If a point particle is confined between two infinitely high walls in the interval x E 
(0 ,d), we speak of a particle in a box. 1 The box is a geometric constraint. Since 
the wave functions vanish at the walls, the scalar product between localized states 
is given by the quantum-mechanical orthogonality relation for r G (0, d): 


(r| r') 


2 

d 


Y, sin kpr sin k v r\ 
K>0 


(6.51) 


where k v runs over the discrete positive momenta 

7r 

k„ = -v, v = 1,2,3,... . 
d 


(6.52) 
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We can write the restricted sum in (6.51) also as a sum over all momenta k v with ref(6.51) 
i/ = 0,±l,±2,...: lab(6.46) 

est(6.51) 

(6.53) 




ik v {r—r') _ ^ik^(r+r') 


With the help of the Poisson summation formula (6.9), the right-hand side is con¬ 
verted into an integral and an auxiliary sum: 


( r \r') = ]T 

l =—oo ' 


C dk f ik(i — r'+2dl) ^ ik(r+r'+2dl) 


/-oo 27r L 

Using the potential cr(x) of (6.31), this can be re-expressed as 


(6.54) 


(r\ r ') = ]T Z 

x=±r l=—o o ' 


r°° dk , 


ik(x—x'+2dl)+iTr(cr(x)—cr(x f )) 


-oo 27r 


(6.55) 


The trivial path integral for the time evolution amplitude with a zero Hamiltonian 
is again obtained by combining a sequence of scalar products (6.51): 


(ntb\r a ta) o 


N 


n 

n= 1 
N 

n 


n= 1 L 


dr r 


dr r 


(fn\r n-l) 


N +1 


,n e sin Ay n r n sin A:^ Tl _ 1 r- ri _i. 
J n =i a k v 


(6.56) 


The alternative spectral representation (6.55) allows us to extend the restricted 
integrals over x n and sums over k u to complete phase space integrals, and we may 
write 


N 


(r b t b \r a t a )o = Z Z IT 


xi, »'(, /=—oo n= 1 


day 


7V+1 

n 

J n=l 


r°° dp n 

I-oo “iith, 


exp 


-A N 


(6.57) 


with the time-sliced H = 0 -action: 

JV+1 

^0 = Z [Pn(^n - ®n-l) + - <7(lC n _i))] . (6.58) 

n= 1 

The final x b is summed over all periodically repeated endpoints r b + 2 dl and their 
reflections —r b + 2dl. 

We now add dynamics to the above path integral by introducing some Hamilto¬ 
nian H(p,x), so that the action reads 

A — [ dt[px — H(p,x) — hnxS(x)}. (6.59) 

Jt a 


The amplitude is written formally as the path integral 

{ntM = £ ± e +2 „ / Vx / 2k exp Gr 4 ) ■ 


(6.60) 
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Figure 6.3 Illustration of path counting in a box. A path reflected once on the upper and 
once on the lower wall of the box is eliminated by a path with the same action running to 
x'i'^ and to xP\x^. The latter receive a negative sign in the path integral from the phase 
factor exp[i7ro'(xfe)]. Only paths remaining completely within the walls have no partner 
for cancellation. 




Figure 6.4 A particle in a box is topologically equivalent to a particle on a circle with 
an infinite wall at one point. 


In the time-sliced version, the action is 

JV+1 

A N = Aq - H(p n ,x n ). (6.61) 

n= 1 

The way in which the sum over the final positions Xb = ±r& + 2dl together with the 
phase factor exp[*7rcr(a;b)] eliminates the unphysical paths is illustrated in Fig. 6.3. 
The mechanism is obviously a combination of the previous two. A particle in a box 
of length d behaves like a particle on a circle of circumference 2d with a periodic 
boundary condition, containing an infinite wall at one point. This is illustrated in 
Fig. 6.4. The periodicity in 2d selects the momenta 

k u = (tt/ d)v, v = 1,2,3,..., 

as it should. 

1 See W. Janke and H. Kleinert, Lett. Nuovo Cimento 25, 297 (1979) (http://www.phy- 
sik.fu-berlin.de/~kleinert/64). 
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For a free particle with H = p 2 /2M, the integrations over x n ,p n can be done as 
usual and we obtain the amplitude (x a = r a ) 


(r b t b \r a t a ) = 


l =—oo Xb=±rb-\-2dl / M \_ 


i_ M ( x b -x a -\-2dl) z 
2 t h -t a 


(x b ->• -x b ) 


(6.62) 


A Fourier transform and an application of Poisson’s formula (6.9) shows that this 
is, of course, equal to the quantum-mechanical expression 


(r b tb\r a t a ) = (r & |exp 


h 


(tb ~ t a )H 


| r a) 


2 00 

= -1 sin k C r b sin eX P 

® v=\ 


k 2 

-ih-rjih ~ to) 
2 M y ’ 


(6.63) 


In analogy with the discussion in Section 2.6, we identify in the exponentials the 
eigenvalues of the energy levels labeled by v — 1 = 0,1, 2,... : 


= 


2 1.2 


h 2 k „ 
2M ’ 


v = 1,2,3... . 


(6.64) 


The factors in front determine the wave functions associated with these energies: 


■0^ 1 - ) (a;) = - sin k v x. 


(6.65) 


6.4 Strong-Coupling Theory for Particle in Box 

The strong-coupling theory developed in Chapter 5 open up the possibility of treat¬ 
ing quantum-mechanical systems with hard-wall potentials via perturbation the¬ 
ory. After converting divergent weak-coupling expansions into convergent strong¬ 
coupling expansions, the strong-coupling limit of a function can be evaluated from 
its weak-coupling expansion with any desired accuracy. Due to the combination 
with the variational procedure, new classes of physical systems become accessible to 
perturbation theory. For instance, the important problem of the pressure exerted 
by a stack of membranes upon enclosing walls has been solved by this method. 2 

Here we illustrate the working of that theory for the system treated in the pre¬ 
vious section, the point particle in a one-dimensional box. 

This is just a quantum-mechanical exercise for the treatment of physically more 
interesting problems. The ground state energy of this system has, according to 
Eq. (6.64), the value E ^ = it 2 /2d 2 . For simplicity, we shall now use natural units 
in which we can omit Planck and Boltzmann constants everywhere, setting them 
equal to unity: ft = 1,/cb = 1- We shall now demonstrate how this result is found 
via strong-coupling theory from a perturbation expansion. 

2 See Notes and References. 
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6.4.1 Partition Function 

The discussion becomes simplest by considering the quantum statistical partition 
function of the particle. It is given by the Euclidean path integral (always in natural 
units) 

Z = jvu(T)e*S> ( 6 . 66 ) 

where the shifted particle coordinate u{r) = x(r) — d /2 is restricted to the symmetric 
interval —d/2 < u(t ) < d/2. Since such a hard-wall restriction is hard to treat 
analytically in (6.66), we make the hard-walls soft by adding to the Euclidean action 
E in the exponent of (6.66) a potential term diverging near the walls. Thus we 
consider the auxiliary Euclidean action 

Ac = 2 Jo dT {^( r )] 2 + ^( M ( r ))} ’ ( 6 - 67 ) 

where V (■ u ) is given by 

Tr/ . u) 2 (d 7ru\ 2 uj 2 ( 9 2 , \ . . 

V{u) = - (-tan —) = T (u+-gu +...). (6.68) 

On the right-hand side we have introduced a parameter g = ix 2 /d 2 . 


6.4.2 Perturbation Expansion 

The expansion of the potential in powers of g can now be treated perturbatively, 
leading to an expansion of Z around the harmonic part of the partition function. 
In this, the integrations over u(t) run over the entire it-axis, and can be integrated 
out as described in Section 2.15. The result is [see Eq. (2.489)] 

= g-a/^iogOW). ( 6>69 ) 

For /} —> oo, the exponent gives a free energy density F = — f3~ l logZ equal to the 
ground state energy of the harmonic oscillator 


F = — 

u 2 - 


(6.70) 


The treatment of the interaction terms can be organized in powers of g, and give 
rise to an expansion of the free energy with the generic form 

k 


F — F,„ 


UJ 


/T a k 


k=1 


(6.71) 


The calculation of the coefficients in this expansion proceeds as follows. First we 
expand the potential in (6.67) to identify the power series for the interaction energy 

4 "' = 


[gviu 4 + g 2 v 6 u 6 + g 3 v 8 u 8 + 


— X! / dr 9 k V2k+2[u 2 (r)} 

k =1 J 


fc+1 


2 


(6.72) 
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with coefficients 


*>4 


*>16 

*>24 

*>30 

*>34 


2 17 62 1382 21844 _ 929569 

3’ V6 ~ 45’ Vs ~ 315’ Vl °" 14175’ 1,12 " 467775’ Wl4 “ 42567525’ 

6404582 __ 443861162 _ 18888466084 _ 113927491862 

638512875’ ^ 18 “ 97692469875’ V20 ~ 9280784638125’ L ’ 22 “ 126109485376875’ 
58870668456604 8374643517010684 689005380505609448 

147926426347074375’ l ’ 26 ~ 48076088562799171875’ '’ 28 ~ 9086380738369043484375 ’ 
129848163681107301953 _ 1736640792209901647222 

3952575621190533915703125’ V32 ~ 122529844256906551386796875’ 
418781231495293038913922 

68739242628124575327993046875’ 


The interaction terms / dr [u 2 (r)] k+1 and their products are expanded according to 
Wick’s rule in Section 3.10 into sums of products of harmonic two-point correlation 
functions 


(u(ti)u(t 2 )) 


dk e ik( ' T1 ~ T2 ' ) e -w|Ti-T 2 | 

27r k 2 + cu 2 2u 


Associated local expectation values are (u 2 ) = l/2u, and 


(6.74) 


(udu) 

(dudu) 


dk k 
27r k 2 + o> 2 
dk k 2 

27r k 2 + oj 2 


0 



(6.75) 


where the last integral is calculated using dimensional regularization in which 
/ dkk° = 0 for all a. The Wick contractions are organized with the help of the 
Feynman diagrams as explained in Section 3.20. Only the connected diagrams con¬ 
tribute to the free energy density. The graphical expansion of free energy up to four 
loops is 


F = 


j + (yj {gv 4300 + g 2 v 6 15 ^=> + sf 3 *> 8 105 

{A! [72 OOO +24 0] +^ 3 2u 4 t>6 [540^oo + 360 OO ] } 

2592 0000 +1728^+3456 00+1728^}. (6.76) 


2 ! 


or 


or 


3! 


g 3 vl 


Note different numbers of loops contribute to the terms of order g n . The calculation 
of the diagrams in Eq. (6.76) is simplified by the factorization property: If a diagram 
consists of two subdiagrams touching each other at a single vertex, the associated 
Feynman integral factorizes into those of the subdiagrams. In each diagram, the 
last t-integral yields an overall factor (3, due to translational invariance along the 
t-axis, the others produce a factor 1/oj. Using the explicit expression (6.75) for the 
lines in the diagrams, we ford the following values for the Feynman integrals: 


OOO 




1 

16cn 5 ’ 


0000 


p 


1 

64u> 8 ’ 
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o = 
= 

@0 = 

Adding all contributions in 


0 

(3 


(3 


32a; 5 ’ 
1 

32a; 6 ’ 

1 


c8d 


= 0 

= (3 


= f3 


128a; 8 ’ 

5 

8 • 64a; 8 ’ 
3 


32w 6 ’ ^ ^ 8 • 64a; 8 ' 

(6.76), we obtain up to the order g 3 \ 


(6.77) 


F 3 


| 1 3 (g 

“ 2 + 8” 4 (zJ I + 


15 


21 


L16 ^ 6 32^. 



105 


45 


333 


L32 v *-'T VAV6+ m vl 



(6.78) 


which has the generic form (6.71). 

We can go to higher orders by extending the Bender-Wu recursion relation 
(3C.20) for the ground state energy of the quartic anharmonic oscillator as follows: 


1 n 

‘Zp'Cn = ip' + 1)(2 p' + 1 )C V n + - X) V2k+2C^-k 

k =1 

C 0 ° = 1, Ci = 0 (n>l,p'<l). 


n —1 

E r^^rip' 


k =1 


1 <p'< 2 n, 


(6.79) 


After solving these recursion relations, the coefficients a*, in (6.71) are given by 
a k = (-l) fc+1 C M . For brevity, we list here the first sixteen expansion coefficients 
for F , calculated with the help of MATHEMATICA of REDUCE programs: 3 


1 _ 1 1 
°0 — X’ Q, 1 ~ a 2 — 777; a 3 — 0, a 4 

2 4 16 



Og 

O'lO = 

a i4 = 


2048 

7 


, a 7 — 0 , as — 


65536 


, ag — 0, 


-, an — 0, ai2 — 


21 


, ai3 — 0, 


524288’ 8388608 

33 „ 429 
67108864’ ° 15 “ °’ ° 16 “ _ 4294967296’ 


(6.80) 


6.4.3 Variational Strong-Coupling Approximations 

We are now ready to calculate successive strong-coupling approximations to the 
function F(g). It will be convenient to remove the expected correct d dependence 
7r 1 2 /d 2 from F(g), and study the function F(g) = F(g)/g which depends only on the 
dimensionless reduced coupling constant g = g/u>. The limit uj —)■ 0 corresponds 
to a strong-coupling limit in the reduced coupling constant g. According to the 
general theory of variational perturbation theory and its strong-coupling limit in 
Sections 5.14 and 5.17, the ATh order approximation to the strong-coupling limit of 
F(g), to be denoted by F*, is found by replacing, in the series truncated after the 


3 The programs can be downloaded from www.physik.fu-berlin.de/~kleinert/b5/programs 
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Nth term, F N (g/ui), the frequency uj by the identical expression ^Ct 2 — gr 2 /2M, 
where 

r 2 = 2M(n 2 ~u 2 )/g. (6.81) 

For a moment, this is treated as an independent variable, whereas 11 is a dummy 
parameter. Then the square root is expanded binomially in powers of g, and 
F N (g/\J H 2 — gr 2 /2M) is re-expanded up to order g N . After that, r is replaced 
by its proper value. In this way we obtain a function F N (g 1 12) which depends on 12, 
which thus becomes a variational parameter. The best approximation is obtained by 
extremizing Fjv(g, 12) with respect to oj. Setting u = 0, we go to the strong-coupling 
limit g —> oo. There the optimal 12 grows proportionally to g, so that g/ 12 = c _1 is 
hnite, and the variational expression F N (g, 12) becomes a function of /v(c). In this 
limit, the above re-expansion amounts simply to replacing each power uj n in each 
expansion terms of Fjy(g) by the binomial expansion of (1 — l ) -n / 2 truncated after 
the (N — n)th term, and replacing g by H. The first nine variational functions 
/jv(c) are listed in Table 6.1. The functions Jn(c) are minimized starting from / 2 (c) 
and searching the minimum of each successive / 3 (c), / 3 (c),... nearest to the pre¬ 
vious one. The functions Jn(c) together with their minima are plotted in Fig. 6.5. 
The minima lie at 


Table 6.1 First eight variational functions /jv(c). 


/2(c) 
h (c) 
h (c) 
/5(c) 
/e(c) 
/7(c) 
He) 
He) 


1 1 _]_ , 3c 

4 " 1_ 16 c ' 16 

1 I 3 | 5c 

4 ^ 32 c ^ 32 
I _ 1 1 15 1 35c 

4 256 c 3 “ l " 128 c ' 256 

1 _ 5 , 35 , 63c 

4 512 c 3 “ l " 256 c _l_ 512 

1 , _ l _ 35 , 315 , 231c 

4 " r 2048 c 5 2048 c 3 " 1_ 2048 c 2048 

1 , _7_ 105 , 693 , 429 c 

4 " 1_ 4096 c 5 4096 c 3 " r 4096 c 4096 

1 _ 5 , 63 _ 1155 , 3003 , 

4 65536 c 7 " 1_ 16384 c 5 32768 c 3 ~ l " 16384 c ~ l “ 

1 _ 45 , 231 _ 3003 , 6435 , 

4 131072 c 7 " 1_ 32768 c 5 65536 c 3 “ l " 32768 c _l_ 


6435 c 
65536 
12155 c 
131072 


C 



Figure 6.5 Variational functions /v(c) for particle between walls up to A = 16 are shown 
together with their minima whose y-coordinates approach rapidly the correct limiting value 
1 / 2 . 
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(N, ,/™ in ) = (2,0.466506), (3,0.492061), (4,0.497701), 

(5,0.499253), (6,0.499738), (7,0.499903), 

(8, 0.499963), (9, 0.499985), (10, 0.499994), 
(11,0.499998), (12,0.499999), (13,0.5000), 
(14,0.50000), (15,0.50000), (16,0.5000). (6.82) 

They converge exponentially fast against the known result 1/2, as shown in Fig. 6.6. 


6.4.4 Special Properties of Expansion 

The alert reader will have noted that the expansion coefficients (6.80) possess two special prop¬ 
erties: First, they lack the factorial growth at large orders which would be found for a single 
power [u 2 (r)] k+1 of the interaction potential, as mentioned in Eq.(3C.27) and will be proved in 
Eq. (17.323). The factorial growth is canceled by the specific combination of the different powers 
in the interaction (6.72), making the series (6.71) convergent inside a certain circle. Still, since 
this circle has a finite radius (the ratio test shows that it is unity), this convergent series cannot be 
evaluated in the limit of large g which we want to do, so that variational strong-coupling theory is 
not superfluous. However, there is a second remarkable property of the coefficients (6.80): They 
contain an infinite number of zeros in the sequence of coefficients for each odd number, except 
for the first one. We may take advantage of this property by separating off the irregular term 
dig = g/ 4 = 7r 2 /4d 2 , setting a = g 2 /4oj 2 , and rewriting F(g) as 

If i i N 

F(a) = - 1-|- -=h(a) , h(a) = 2 2n+1 a 2n a n . (6.83) 

4 \Ja ^ 

L v J 71=0 

Inserting the numbers (6.80), the expansion of h(a ) reads 



a 3 5 4 7 r 21 fi 33 7 429 8 

- a -\ -or -cr -|-a'-a 8 + ... . 

16 128 256 1024 2048 32768 

(6.84) 


We now realize that this is the binomial power series expansion of y/l + a. Substituting this into 
(6.83), we find the exact ground state energy for the Euclidean action (6.67) 




Figure 6.6 Exponentially fast convergence of strong-coupling approximations towards 
exact value. 
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Here we can go directly to the strong-coupling limit a —> oo to recover the exact ground state 
energy E W = tt 2 /2 d 2 . 

The energy (6.85) can of course be obtained directly by solving the Schrodinger equation 
associated with the potential (6.72), 

If 3 2 A(1 — A) 

2 \ dx 2 _ cos 2 x 

where we have replaced u dx/n and set uj 2 d 4 /n 4 = A(A — 1), so that 

a= ^( i+ \A+^?)- (6 - 87) 

Equation (6.86) is of the Poschl-Teller type [see Subsection 14.4.5], and has the ground state wave 
function, to be derived in Eq. (14.141), 

ipo(x) = const x cos A x , (6.88) 

with the eigenvalue 7r 2 E(°>/d? = (A 2 — l)/2, which agrees of course with Eq. (6.85). 

If we were to apply the variational procedure to the series h(a)/y/a in F of Eq. (6.85), by 
replacing the factor 1 /ui 2n contained in each power a n by PI = ^/Pl 2 — ra and re-expanding now in 
powers of a rather than g , we would find that all approximation /iat(c) would possess a minimum 
with unit value, such that the corresponding extremal functions /at(c) yield the correct final energy 
in each order N. 


^{x) = -a-EV’fz). 

7 T Z 


( 6 . 86 ) 


6.4.5 Exponentially Fast Convergence 

With the exact result being known, let us calculate the exponential approach of the variational 
approximations observed in Fig. (6.6). Let us write the exact energy (6.85) as 

E {0) = \(g + V9 2 + ^ 2 )- (6-89) 

After the replacement u> —> \/Pl 2 — pg, this becomes 

E {0) = y/9 2 -*P9 + 4) , (6-90) 

where g = g/Pl 2 . The ATh-order approximant / ^(g ) of E ^ is obtained by expanding (6.91) in 
powers of g up to order N, 

N 

In ( 9 ) h k(p)9 k , (6-91) 

0 

and substituting p by 2 Mr 2 = (1 — Cj 2 )/g [compare (6.81)], with w 2 = u 2 /PI 2 . The resulting 
function of g is then optimized. 

It is straightforward to find an integral representation for F^{g). Setting rg = z 1 we have 


F n = 


27 ri 



dz 1 - z N+1 
z N+1 1 — z 


f(z), 


where the contour Cq refers to small circle around the origin and 


F(z) 


PI 

J 

1 

4 r 



(z + V( z ~ z\){z- z 2 )j 


(6.92) 


(6.93) 
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with branch points at z \ t 2 = 2 r 2 |^1 ± y/l — l/r 2 j. For 2 < 1, we rewrite 

1 - ^ +1 = (1 - Z){ 1 + « + ... + 2 W ) = (1 - «)(JV + 1) 

-(1 - 2 ) 2 [N + (N - l)z + ... + z N ~ 1 ] (6.94) 

and estimate this for 2 ss 1 as 


1 - z N+1 = (1 - z){N + 1) + 0(|1 - zj 2 N 2 ). (6.95) 

Dividing the approximant (6.92) by f2, and indicating this by a hat, we use (6.94) to write ibv as 
a sum over the discontinuities across the two branch cuts: 


F n = 


(N+ 1) 

27T* 


Co 


= TT f< ' l| o | 


= (N + 1)J2 


dz 

~N+1 


F(z). 


^«/ 

The integrals yield a constant plus a product 

(IV + 1)(N — I)! 1 


A F, 


1 


N 


N\ (r 2 ) N (1 + r 2 ) N ’ 

which for large N can be approximated using Stirling’s formula (5.204) by 

A 


A F, 


N 


—rN 


(6.96) 


(6.97) 


(6.98) 


(r 2 ) N VN 

In the strong-coupling limit of interest here, w 2 = 0, and r = 1/g = f l/g = c. In Fig. 6.5 we see 
that the optimal c- values tend to unity for N —> 00 , so that A/jv goes to zero like e~ N , as observed 
in Fig. 6.6. 
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Mirum, quod divina natura dedit agros 

It’s wonderful that divine nature has given us fields 

Varro (116BC-27BC) 


7 

Many Particle Orbits - 
Statistics and Second Quantization 

Realistic physical systems usually contain groups of identical particles such as spe¬ 
cific atoms or electrons. Focusing on a single group, we shall label their orbits by 
x^(f) with v — 1, 2, 3,..., N. Their Hamiltonian is invariant under the group of all 
N\ permutations of the orbital indices v. Their Schrodinger wave functions can then 
be classified according to the irreducible representations of the permutation group. 

Not all possible representations occur in nature. In more than two space dimen¬ 
sions, there exists a supers election rule, whose origin is yet to be explained, which 
eliminates all complicated representations and allows only for the two simplest ones 
to be realized: those with complete symmetry and those with complete antisymme¬ 
try. Particles which appear always with symmetric wave functions are called bosons. 
They all carry an integer-valued spin. Particles with antisymmetric wave functions 
are called fermions 1 and carry a spin whose value is half-integer. 

The symmetric and antisymmetric wave functions give rise to the characteristic 
statistical behavior of fermions and bosons. Electrons, for example, being spin-1/2 
particles, appear only in antisymmetric wave functions. The antisymmetry is the 
origin of the famous Pauli exclusion principle , allowing only a single particle of a 
definite spin orientation in a quantum state, which is the principal reason for the 
existence of the periodic system of elements, and thus of matter in general. The 
atoms in a gas of helium, on the other hand, have zero spin and are described by 
symmetric wave functions. These can accommodate an infinite number of particles 
in a single quantum state giving rise to the famous phenomenon of Bose-Einstein 
condensation. This phenomenon is observable in its purest form in the absence of 
interactions, where at zero temperature all particles condense in the ground state. 
In interacting systems, Bose-Einstein statistics can lead to the stunning quantum 
state of superfluidity. 

The particular association of symmetry and spin can be explained within rela¬ 
tivistic quantum field theories in spaces with more than two dimensions where it is 
shown to be intimately linked with the locality and causality of the theory. 

1 Had M. Born as editor of Zeitschrift fur Physik not kept a paper by P. Jordan in his suitcase 
for half a year in 1925, they would be called jordanons. See the bibliographical notes by B. Schroer 
(hep-th/0303241). 


597 




598 


7 Many Particle Orbits — Statistics and Second Quantization 


In two dimensions there can be particles with an exceptional statistical behavior. 
Their properties will be discussed in Section 7.5. In Chapter 16, such particles will 
serve to explain the fractional quantum Hall effect. 

The problem to be solved in this chapter is how to incorporate the statistical 
properties into a path integral description of the orbits of a many-particlc system. 
Afterwards we describe the formalism of second quantization or field quantization 
in which the path integral of many identical particle orbits is abandoned in favor 
of a path integral over a single fluctuating field which is able to account for the 
statistical properties in a most natural way. 


7.1 Ensembles of Bose and Fermi Particle Orbits 


For bosons, the incorporation of the statistical properties into the orbital path in¬ 
tegrals is quite easy. Consider, for the moment, distinguishable particles. Their 
many-particle time evolution amplitude is given by the path integral 
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with an action of the typical form 
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where E(x^) is some common background potential for all particles interacting via 
the pair potential V[nt( x ^ — x^C). We shall ignore interactions involving more than 
two particles at the same time, for simplicity. 

If we want to apply the path integral (7.1) to indistinguishable particles of spin 
zero, we merely have to add to the sum over all paths x^(t) running to the final 
positions the sum of all paths running to the indistinguishable permuted final 
positions xjf^' 1 . The amplitude for n bosons reads therefore 
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where p(u) denotes the N\ permutations of the indices u. For bosons of higher spin, 
the same procedure applies to each subset of particles with equal spin orientation. 

A similar discussion holds for fermions. Their Schrodinger wave function requires 
complete antisymmetrization in the final positions. Correspondingly, the amplitude 
(7.1) has to be summed over all permuted final positions xjf^, with an extra minus 
sign for each odd permutation p(v). Thus, the path integral involves both sums and 
differences of paths. So far, the measure of path integration has always been a true 
sum over paths. For this reason it will be preferable to attribute the alternating 
sign to an interaction between the orbits, to be called a statistics interaction. This 
interaction will be derived in Section 7.4. 
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For the statistical mechanics of Bose- and Fermi systems consider the imaginary- 
time version of the amplitude (7.3): 

(4 1 *. ■ • ■ 1 4 W) ; ■ ■ ■, 4"’; o) =y .... x[ p<A ' l) ; a/?|xW,.. . , xj" 1 ; 0), 

(7.4) 

where e p( v) = ±1 is the parity of even and odd permutations p(v), to be used for 
Bosons and Fermions, respectively. Its spatial trace integral yields the partition 
function of JV-particle orbits: 

ZW d D xW • ■ ■ d D xW (x (1) ,..., xW; k(3 |x« ..., #);0). (7.5) 

A factor 1/N\ accounts for the indistinguishability of the permuted final configura¬ 
tions. 

For free particles, each term in the sum (7.4) factorizes: 

(x?™ • •, x?™; ..., x«y 0) 0 = (x«‘»fi/)|xWo)„ ■ ■ • (x«'" w »R/?|xi N >0) (1 ,(7.6) 

where each factor has a path integral representation 


= V D x^ exp 
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which is solved by the imaginary-time version of (2.74): 
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The partition function can therefore be rewritten in the form 
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. (7 - 9) 

This is a product of Gaussian convolution integrals which can easily be performed 
as before when deriving the time evolution amplitude (2.76) for free particles with 
the help of Formula (2.75). Each convolution integral simply extends the temporal 
length in the fluctuation factor by h/3. Due to the indistinguishability of the parti¬ 
cles, only a few paths will have their end points connected to their own initial points, 
i.e., they satisfy periodic boundary conditions in the interval ( 0 , %P). The sum over 
permutations connects the final point of some paths to the initial point of a different 
path, as illustrated in Fig. 7.1. Such paths satisfy periodic boundary conditions on 
an interval (0 ,whP), where w is some integer number. This is seen most clearly by 
drawing the paths in Fig. 7.1 in an extended zone scheme shown in Fig. 7.2, which 




600 


7 Many Particle Orbits — Statistics and Second Quantization 



Figure 7.1 Paths summed in partition function (7.9). Due to indistinguishability of 
particles, final points of one path may connect to initial points of another. 



Figure 7.2 Periodic representation of paths summed in partition function (7.9), once 
in extended zone scheme, and once on D-dimensional hypercylinder embedded in D + 1 
dimensions. The paths are shown in Fig. 7.1. There is now only one closed path on the 
cylinder. In general there are various disconnected parts of closed paths. 


is reminiscent of Fig. 6.1. The extended zone scheme can, moreover, be placed on a 
hypercylinder, illustrated in the right-hand part of Fig. 7.2. In this way, all paths 
decompose into mutually disconnected groups of closed paths winding around the 
cylinder, each with a different winding number w [1]. An example for a connected 
path which winds three times 3 around the D -dimensional cylinder contributes to 
the partition function a factor [using Formula (2.75)]: 
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For cycles of length w the contribution is 

AZ ( 0 N)W = Z 0 (wf3), (7.11) 


H. Kleinert, PATH INTEGRALS 












7.1 Ensembles of Bose and Fermi Particle Orbits 


601 


where Zo(wfJ) is the partition function of a free particle in a .D-dimensional volume 
Vpj for an imaginary-time interval wh(3: 

Zo(wP) = , = D ■ (7.12) 

\J 2nh 2 w f3 / M 

In terms of the thermal de Broglie length l e (hf3) = \j2irh 2 f3 / M associated with the 
temperature T = l/ksP [recall (2.353)], this can be written as 

= i*>{w%py (7,13) 


There is an additional factor 1 jw in Eq. (7.11), since the number of connected 
windings of the total w\ closed paths is (w — 1)!. In group theoretic language, it 
is the number of cycles of length w, usually denoted by (1, 2, 3,..., w), plus the 
(w — 1)! permutations of the numbers 2, 3,..., w. They are illustrated in Fig. 7.3 for 
w = 2, 3, 4. In a decomposition of all IV! permutations as products of cycles, the 
number of elements consisting of C\, C 2 , C 3 , • • • cycles of length 1, 2, 3, ... contains 


M(Ci, C 2 ,.. •, C N ) 


N\ 


UZ =1 CJw^ 


(7.14) 


elements [ 2 ], 

With the knowledge of these combinatorial factors we can immediately write 
down the canonical partition function (7.9) of N bosons or fermions as the sum of 
all orbits around the cylinder, decomposed into cycles: 
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The sum can be reordered as follows: 
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The parity e Wi c lr ..,c n of permutations is equal to ( = j = i) E n(«’+ 1 ) c, 4 n. Inserting (7.14), 
the sum (7.16) can further be regrouped to 
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(7.17) 


For N = 0, this formula yields the trivial partition function Zq°\(3) = 1 of the no¬ 
particle state, the vacuum. For N — 1, i.e., a single particle, we find Z^\ft) = Z 0 (f3). 
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Figure 7.3 Among the re! permutations of the different windings around the cylinder, 
(w — 1)! are connected. They are marked by dotted frames. In the cycle notation for per¬ 
mutation group elements, these are (12) for two elements, (123), (132) for three elements, 
(1234), (1243), (1324), (1342), (1423), (1432) for four elements. The cycles are shown on 
top of each graph, with trivial cycles of unit length omitted. The graphs are ordered 
according to a decreasing number of cycles. 


The higher Zq N ■* can be written down most efficiently if we introduce a characteristic 
temperature 
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and measure the temperature T in units of defining a reduced temperature 
t = T/T/°b Then we can rewrite Z^\/3) as t D ! 2 Vr>- Introducing further the TV- 
dependent variable 
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we find 4 lj 


D/2 
= X 


A few low-TV examples are for bosons and fermions: 


Z< 2) = ±2-'- d ' 2 tX + if, 

Z|( 3) = ±3 _1_d/2 t 3 d/2 + 2 _1 - D/2 rf ±3 -1 2- 1 t 3 sd/2 , (7.20) 

4 41 = ±2- 2 - D T 4 D/2 + (2- 3 - D + 3- 1 - D ' 2 )r 4 D ±2- 2 -TT 4 3D/2 + 3- 1 2- 3 r 4 2D . 
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From Zq N \/3) we calculate the specific heat [recall (2.602)] of the free canonical 
ensemble: 

cr> = r-| i [r | ogzn = T K 2L[T N | ogzf ) ], (7.2i) 

and plot it [3] in Fig. 7.4 against t for increasing particle number N. In the limit 
N —> oo, the curves approach a limiting form with a phase transition at T — T^°\ 
which will be derived from a grand-canonical ensemble in Eqs. (7.67) and (7.70). 

The partition functions can most easily be calculated with the help of a recursion 
relation [4, 5], starting from Zq 0 ' 1 = 1: 

1 N 

4 N, W) = T7 £(±l)”-%(„/?)Z< ,v -'> ) CS). (7.22) 

iV n= 1 



T/T ( 0) 


Figure 7.4 Plot of the specific heat of free Bose gas with N = 10, 20, 50, 100, 500, oo 
particles. The curve approaches for large T the Dulong-Petit limit 3fcslV/2 corresponding 
to the three harmonic kinetic degrees of freedom in the classical Hamiltonian p 2 /2M. 
There are no harmonic potential degrees of freedom. 


This relation is proved with the help of the grand-canonical partition function 
which is obtained by forming the sum over all canonical partition functions Zq N \/3) 
with a weight factor z N : 

OO 

ZgM = E4 N) («^- (7.23) 

N =0 

The parameter z is the Boltzmann factor of one particle with the chemical potential 
h: 

^ = z(P) = e p P (7.24) 

It is called the fugacity of the ensemble. Inserting the cycle decompositions (7.17), 
the sum becomes 
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From this we read off the grand-canonical free energy [recall (1.545)] of noninteract¬ 
ing identical particles 


Fc(P) = -4 log ZoM = -4 £(±1 )«-' e «* (7.27) 

P P w= \ W 

This is simply the sum of the contributions (7.11) of connected paths to the canonical 
partition function which wind w = 1, 2, 3, ... times around the cylinder [1, 6]. Thus 
we encounter the same situation as observed before in Section 3.20: the free energy 
of any quantum-mechanical system can be obtained from the perturbation expansion 
of the partition function by keeping only the connected diagrams. 

The canonical partition function is obviously obtained from (7.27) by forming 
the derivative: 

1 r) N 

zf >( /3) = wqP7 Z g»W • (7.28) 

z=0 

It is now easy to derive the recursion relation (7.22). From the explicit form (7.27), 
we see that 

= - (rJ F -) z °° ■ < 7 29 > 

Applying to this N — 1 more derivatives yields 

d^ 1 \ d 1_ ^ (N -1)! / d l+1 _ \ d^ 1 - 1 

dz N ~ 1 [dz ZG0 \ ~ ^ l\(N - l - 1)! [dz l +^ G ) dz N ~ l ~ 1 G0 ' 

To obtain from this Zq N ^ we must divide this equation by N\ and evaluate the 
derivatives at z — 0. From (7.27) we see that the l + 1st derivative of the grand- 
canonical free energy is 

F)l +1 

=-(±l) l l\Z 0 ((l + l)(3). (7.30) 

z =0 

Thus we obtain 

1 B N 1 N ~ l 1 ftN-l-l 
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z =0 1=0 k / z =0 
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Inserting here (7.28) and replacing l —y n — 1 we obtain directly the recursion relation 
(7.22). 

The grand-canonical free energy (7.27) may be simplified by using the property 

Z 0 (wft) = Z 0 (ft)-^ (7.31) 

of the free-particle partition function (7.12), to remove a factor 1 /y/w D from Z 0 (w(3). 
This brings (7.27) to the form 

1 00 p™PU 

Fo = ~jZM y (± 1 )—-^. (7.32) 

The average number of particles is found from the derivative with respect to the 
chemical potential 2 

f) 00 pWfiV 

N=--F c = Z 0 WY,(±ir- 1 s rr (7.33) 

dji ,( 77 , ti' 

The sums over w converge certainly for negative or vanishing chemical potential n, 
i.e., for fugacities smaller than unity. In Section 7.3 we shall see that for fermions, 
the convergence extends also to positive /i. 

If the particles have a nonzero spin S, the above expressions carry a multiplicity 
factor gs = 2S + 1, which has the value 2 for electrons. 

The grand-canonical free energy (7.32) will now be studied in detail thereby 
revealing the interesting properties of many-boson and many-fermion orbits, the 
ability of the former to undergo Bose-Einstein condensation , and of the latter to 
form a Fermi sphere in momentum space. 

7.2 Bose-Einstein Condensation 

We shall now discuss the most interesting phenomenon observable in systems con¬ 
taining a large number of bosons, the Bose-Einstein condensation process. 

7.2.1 Free Bose Gas 

For bosons, the above thermodynamic functions (7.32) and (7.33) contain the func¬ 
tions 

OO ~W 

CM = Eb (7.34) 

w=l 1 

These start out for small z like z, and increase for z —> 1 to C( z/ )> where £(z) is 
Riemann’s zeta function (2.521). The functions ( u (z) are called Polylogarithmic 
functions in the mathematical literature [7], where they are denoted by Li u {z). 


2 In grand-canonical ensembles, one always deals with the average particle number (N) for which 
one writes N in all thermodynamic equations [recall (1.551)]. This should be no lead to confusion. 
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They are related to the Hurwitz zeta function £( u,a,z ) = J2w=o zW /( w + a Y as 
Cu(z) = zC(v,l,z). The functions < j)(z,u,a ) = ((u,a,z) are also known as Lerch 
functions. 

In terms of the functions („(z), and the explicit form (7.12) of Z 0 (/3), we may 
write F g and N of Eqs. (7.32) and (7.33) simply as 

f g = —p Z o(,P)tD/ 2 +i(,z) = -fijzffj Cd/ 2 +iO, (7.35) 

N = Z 0 (P)( d/2 (z) = O^-XdMz). (7.36) 

The most interesting range where we want to know the functions (,v(z) is for 
negative small chemical potential ji. There the convergence is very slow and it is 
useful to find a faster-convergent representation. As in Subsection 2.15.6 we rewrite 
the sum over w for z = e ^ as an integral plus a difference between sum and integral 



The integral yields T(1 — v)(—(3fi) u 1 , and the remainder may be expanded sloppily 
in powers of /i to yield the Robinson expansion (2.581): 


Ue^) = r(i - ^(-/^r 1 + £ - k). 


k=0 


There exists a useful integral representation for the functions ( u (z): 

Cu{ z ) = p/ \ X(XtOj 
where i u (a) denotes the integral 
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containing the Bose distribution function (3.93): 
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rX = 


e s-a _ l 

Indeed, by expanding the denominator in the integrand in a power series 


= £ e~ w£ e wa , 


W=1 


(7.38) 

(7.39) 

(7.40) 

(7.41) 

(7.42) 


and performing the integrals over e, we obtain directly the series (7.34). 

It is instructive to express the grand-canonical free energy Fq in terms of the 
functions i u (a). Combining Eqs. (7.35) with (7.39) and (7.40), we obtain 
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The integral can be brought to another form by partial integration, using the fact 
that 
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e £-/3/t _ X 


d_ 

de 


\og(l-e~ £+ ^). 


(7.44) 


The boundary terms vanish, and we find immediately: 

1 V D 


F g = 
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/ d££ D/2 - 1 log(l-e~ £+ ^). 
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(7.45) 


This expression is obviously equal to the sum over momentum states of oscillators 
with energy huj p = p 2 /2 M, evaluated in the thermodynamic limit N —» oo with 
fixed particle density N/V, where the momentum states become continuous: 

F g=\Y. log(! - e-^+to). (7.46) 

P p 


This is easily verified if we rewrite the sum with the help of formula (1.558) for the 
surface of a unit sphere in D dimensions and a change of variables to the reduced 
particle energy £ = /?p 2 /2 M as an integral 


£ -4 v, 


D 


dDp =V D S D 1 


(2irK) 


D 


V, 


D 


( 2nh) D 

poo 

/ d££ D < 2 - 1 
Jo 


T ( D / 2 ") ^2iTh 2 p/M 
Another way of expressing this limit is 

poo 

yi / d£ n £ , 


Jd PP °-' = v d s d 22EJE. 

(7.47) 


(7.48) 


where N e is the reduced density of states per unit energy interval: 
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The free energy of each oscillator (7.46) differs from the usual harmonic oscillator 
expression (2.485) by a missing ground-state energy hu p /2. The origin of this 
difference will be explained in Sections 7.7 and 7.14. 

The particle number corresponding to the integral representations (7.45) and 
(7.46) is 
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—Fn= _-_—_^ r d£ £D/2 1 « V_— 
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Figure 7.5 Plot of functions Cu( z ) for v = 3/2 and 5/2 appearing in Bose-Einstein 
thermodynamics. 


For a given particle number N, Eq. (7.36) allows us to calculate the fugacity as 
a function of the inverse temperature, z(/3), and from this the chemical potential 
= f3~ l \og z(/3). This is most simply done by solving Eq. (7.36) for (5 as a 
function of z, and inverting the resulting function /3(z). The required functions 
Cu(z) are shown in Fig. 7.5. 

There exists a solution z{j3) only if the total particle number N is smaller than 
the characteristic function defined by the right-hand side of (7.36) at unit fugacity 
z(/3) = 1, or zero chemical potential n = 0: 

N < ipkf {D/2) - (7 ' 51) 

Since l e (h/3) decreases with increasing temperature, this condition certainly holds 
at sufficiently high T. For decreasing temperature, the solution exists only as long 
as the temperature is higher than the critical temperature T c = l/ksPc, determined 
by 

N = mk) c{D/ 21 (7 - 52) 


This determines the critical density of the atoms. The de Broglie length at the crit¬ 
ical temperature will appear so frequently that we shall abbreviate it by t c \ 


l e (h/3 c ) 


N 

Vd((D/2) 


-1 ID 


(7.53) 


The critical density is reached at the characteristic temperature introduced in 
Eq. (7.18). Note that for a two-dimensional system, Eq. (7.18) yields T/ 0) = 0, 
due to </(l) = oo, implying the nonexistence of a condensate. One can observe, 
however, definite experimental signals for the vicinity of a transition. In fact, we 
have neglected so far the interaction between the atoms, which is usually repulsive. 
This will give rise to a special type of phase transition called Kosterlitz-Thouless 
transition. For a discussion of this transition see other textbooks [8]. 
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By combining (7.18) with (7.36) we obtain an equation for the temperature 
dependence of z above T c \ 


T\ D/2 (d/ 2 (z(T)) 
Tj ((D/2) ’ 


T > T r . 


(7.54) 


This is solved most easily by calculating T/T c as a function of z — e^h Since for 
small z, all functions T] v (z) behave like z, the high-temperature-behavior of z is 
z^((D/2)(T c /T ) d / 2 

If the temperature drops below T c , the system can no longer accommodate all 
particles N in a normal state. A certain fraction of them, say 7V con( i(T), is forced to 
condense in the ground state of zero momentum, forming the so-called Bose-Einstein 
condensate. The condensate acts like a particle reservoir with a chemical potential 


Both phases can be described by the single equation for the number of normal 
particles, i.e., those outside the condensate: 


JV ” (T) = l?M <D/2(zm 


(7.55) 


For T > T c , all particles are normal and the relation between /j and the temperature 
is found from the equation N n (T ) = N, where (7.55) reduces to (7.36). For T < T c , 
however, the chemical potential vanishes so that z — 1 and (7.55) reduces to 

N " m = ijW) C d/2(1) ’ (7 ' 56) 

which yields the temperature dependence of the number of normal particles: 

NJT) /T\ d/2 „ „ 


NJF) 

N 


T < T r . 


The density of particles in the condensate is therefore given by 

jW T) = _ run = _ (T \ d/2 
n n VrJ 


(7.57) 


(7.58) 


We now calculate the internal energy which is, according to the general thermo¬ 
dynamic relation (1.553), given by 


E = F g + TS + fiN = F g - T8 t F g + fiN = d^F G ) + /iN. 
Expressing N as —dFc/d/a, we can also write 

E = F g + (Pd l3 - pd^Fc. 


(7.59) 


(7.60) 


Inserting (7.35) we see that only the /5-derivative of the prefactor contributes since 
(/3dp — l-idu) applied to any function of z — e^ vanishes. Thus we obtain directly 


(7.61) 
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which becomes with (7.35) and (7.36): 


B = (7.62) 

The entropy is found using the thermodynamic relation (1.574): 

S = 1 (E - nN - F a ) = i (-ApF G - ^iv) , (7,63) 

or, more explicitly, 


5 


k B 


—2—^o(^) Cd/2+i (^) — /3/AV 




-P + 2 Cd/ 2+1 Cf) 

2 (d/2(z) 


-fill 


(7.64) 


For T < T c , the entropy is given by (7.64) with n — 0, z — 1 and N replaced by 
the number N n of normal particles of Eq. (7.57): 




k B N 


(T \ D/2 (D + 2) Cd/2+i(1) 
\Tj 2 Cd/ 2 (1) ’ 


T < T c . 


(7.65) 


The particles in the condensate do not contribute since they are in a unique state. 
They do not contribute to E and Fq either since they have zero energy and fx = 0. 
Similarly we find from (7.62): 


E< 


jNk B T 


7T\ d/2 Cp/2 + i(1) 
\TJ Cd/ 2 (1) 


D 

D + 2 


TS 


<> 


T < T c . 


(7.66) 


The specific heat C at a constant volume in units of k B is found for T <T C from 
(7.65) via the relation C = T8tS\n [recall (2.602)]: 


c , „(T\ d 'HD + 2)D C D /2 + .(l) 
G 4 Cd /2 (i) ’ 


T < T c . 


(7.67) 


For T > T c , the chemical potential at fixed N satisfies the equation 




D (d/2(z) 

2 (d/2-i(z) 


(7.68) 


This follows directly from the vanishing derivative fidpN = 0 implied by the fixed 
particle number N. Applying the derivative to Eq. (7.36) and using the relation 
zd z ( u (z) = ( u -i(z), as well as /3dpf(z) = zd z f(z ) /3dp(/3n), we obtain 


(3dpN — [/3dpZ 0 (f3)](D/2{z)+Z 0 (f3)/3dp(D/2(z) 

= — ^Z 0 (f3X D / 2 (z) + Z 0 (fd) (d/ 2 -i (z)/3dp(j3/j) =0, (7.69) 

thus proving (7.68). 
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The specific heat C at a constant volume in units of k B is found from the deriva¬ 
tive C = TDtS\n = — j3 2 dpE\N, using once more (7.68): 


C 


k B N 


(D + 2 )D Cd/2+1 ( 2 ) 
4 £. 0 / 2 ( 2 ) 


-P 2 Co/2 ( 2 ) 

4 Cd/ 2-1 (-s) 


T > T c . 


(7.70) 


At high temperatures, C tends to the Dulong-Petit limit Dk B N /2 since for small z 
all Cv( z ) behave like z. 

Consider now the physical case D = 3, where the second denominator in (7.70) 
contains £ 1 / 2 ( 2 )- As the temperature approaches the critical point from above, z 
tends to unity from below and £ 1 / 2 ( 2 ) diverges. Thus 1 /£i/ 2 (1) = 0 and the second 
term in (7.70) disappears, yielding a maximal value in three dimensions 


a 


k B N 


15 £5/2(1) 
4 £3/2(1) 


« k B N 1.92567. 


(7.71) 


This value is the same as the critical value of Eq. (7.67) below T c . The specific heat 
is therefore continuous at T c . It shows, however, a marked kink. To calculate the 
jump in the slope we calculate the behavior of the thermodynamic quantities for 
T A T c . As T passes T c from below, the chemical potential starts becoming smaller 
than zero, and we can expand Eq. (7.54) 


1 


/ J 1 \ 3/2 

[ 1 + AC y(/l 


£3/2(1) _ 


(7.72) 


where the symbol A in front of a quantity indicates that the same quantity at zero 
chemical potential is subtracted. Near T c , we can approximate 


/ j ' \ 3/2 
\TJ 


- 1 


^£ 3 / 2 ( 2 ) 

£3/2(1) 


(7.73) 


We now use the Robinson expansion (7.38) to approximate for small negative /j: 


£ 3 / 2 (e^) =T(—1/2)(—/3/i ) 1 / 2 + £(3/2)+/3 / i£(l/2)+ ... , (7.74) 


with T(—1/2) = — 2 y / 7 r. The right-hand side of (7.73) becomes therefore 
—A£ 3 / 2 ( 2 )/£ 3 / 2 (l) = —2 v /T/£(3/2)(—/3/r) 1 / 2 . Inserting this into Eq. (7.73), we ob¬ 
tain the temperature dependence of —/j for T ~ T c \ 


-/i 



3/2 



(7.75) 


The leading square-root term on the right-hand side of (7.74) can also be de¬ 
rived from the integral representation (7.40) which receives for small a its main 
contribution from « « 0, where Ai 3 / 2 (a) can be approximated by 


POO 

Ai 3 / 2 (o!) = y dz z 1 ' 2 


a 


dz- 


4/ 2 (x 


a 


- 7 Ty/—a. (7.76) 
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Using the relation (7.61) for D = 3, we calculate the derivative of the energy with 
respect to the chemical potential from 


dE 


d/i 


T,V 


3 ()F g 
2 d/ i 



(7.77) 


This allows us to hnd the internal energy slightly above the critical temperature T c , 
where —ft is small, as 


!?«!?< + -IV// = 


3 

87 T 


Nk B T c C 2 (3/2) 



(7.78) 


Forming the derivative of this with respect to the temperature we hnd that the slope 
of the specific heat below and above T c jumps at T c by 


A 



« ^-C 2 (3/2) = 3.6658 N ^ 


(7.79) 


the individual slopes being from (7.66) with D = 3 (using dC/dT = d 2 E/dT 2 ): 


'dC<\ 15 3 C(5/2 )Nk L 


dT 


4 2 C(3/2) T c 


2.8885- 


Nk f 


T < T c , 


and from (7.78): 


'dcA (dcA A (dc\ 

dT {dT \dT 


-0.7715- 


Nk 


B 


T. 


T >T r 


(7.80) 


(7.81) 


The specific heat of the three-dimensional Bose gas is plotted in Fig. 7.6, where 
it is compared with the specific heat of superfluid helium for the appropriate atomic 
parameters n = 22.22 nm -3 , M = 6.695 x 10” 27 kg, where the critical temperature 
is T c m 3.145K, which is somewhat larger than T c 2.17 K of helium. 

There are two major disagreements due to the strong interactions in helium. 
First, the small -T behavior is (T/T c ) 3 ^ 2 rather than the physical (T/T c ) 3 due to 
phonons. Second, the Dulong-Petit limit of an interacting system is closer to that 
of harmonic oscillators which is twice as big as the free-particle case. Recall that 
according to the Dulong-Petit law (2.603), C receives a contribution Nk B T /2 per 
harmonic degree of freedom, potential as well as kinetic. Free particle energies are 
only harmonic in the momentum. 

In 1995, Bose-Einstein condensation was observed in a dilute gas in a way that fits 
the above simple theoretical description [9]. When 8 'Rb atoms were cooled down 
in a magnetic trap to temperatures less than 170 nK, about 50 000 atoms were 
observed to form a condensate, a kind of “superatom”. Recently, such condensates 
have been set into rotation and shown to become perforated by vortex lines [10] just 
like rotating superfluid helium II. 


H. Kleinert, PATH INTEGRALS 




7.2 Bose-Einstein Condensation 


613 



T(K) 


Figure 7.6 Specific heat of ideal Bose gas with phase transition at T c . For comparison, 
we have also plotted the specific heat of superfluid helium for the same atomic parameters. 
The experimental curve is reduced by a factor 2 to have the same Dulong-Petit limit as 
free bosons. 

7.2.2 Bose Gas in Finite Box 

The condensation process can be understood better by studying a system in which 
there is a large but finite number of bosons enclosed in a large cubic box of size L. 
Then the sum on the right-hand side of Eq. (7.50) gives the contribution of the dis¬ 
crete momentum states to the total particle number. This implies that the function 
C d/ 2 (z ) in Eq. (7.36) has to be replaced by a function Cd/^) defined by the sum over 
the discrete momentum vectors p n = ft,7r(ni, ri 2 , ..., ud)/L with n t = 1, 2, 3,...: 

N = /pW)^ 2 ^ = ^ e Ppi/2M-^ _ ! • ( 7 - 82 ) 

This can be expressed in terms of the one-dimensional auxiliary partition function 
of a particle in a one-dimensional “box”: 

OO 

Zrib) = Y e~ bn2/2 , b = ph 2 TT 2 /ML 2 = irl 2 e (hp)/2L 2 , (7.83) 

n= 1 


as 

N = = E Zi D (wt>)z w - (7.84) 

The function Z^b) is related to the elliptic theta function 

OO 

'd 3 («, z) = 1 + 2 Y zU " cos 2nu 

n =1 


(7.85) 
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by Z\(b) = ['$ 3 ( 0 , e _b / 2 ) — l]/2. The small-6 behavior of this function is easily 
calculated following the technique of Subsection 2.15.6. We rewrite the sum with 
the help of Poisson’s summation formula (1.205) as a sum over integrals 


tf S (0,e-* /2 ) = £ e- kH/2 = £ 

m=—c 

00 \ 

1 + 2 ]T e ~ 27T2m2/b . (7.86) 

m= 1 / 

Thus, up to exponentially small corrections, we may replace $ 3 ( 0 , e~ b ! 2 ) by \j2it/b, 
so that for small b (i.e., large L/yffi)\ 

Z 1 (b) = ^-\ + 0(e- 2 * 2,b ). (7.87) 

For large 6 , Zfib) falls exponentially fast to zero. 

In the sum (7.82), the lowest energy level with = 6,7 t( 1, ..., 1)/L plays a 

special role. Its contribution to the total particle number is the number of particles 
in the condensate: 

N con d{T) = eDfe/2 _ /3/i _ 1 = i _ Zd > Zd = ^ / • (7.88) 

This number diverges for zd —> 1, where the box function Cd/ 2 ( z ) ^ ias a P 0 ^ e 
1/(716/2 — /3/j,). This pole prevents fin from becoming exactly equal to Db/2 when 
solving the equation (7.82) for the particle number in the box. 

For a large but finite system near T — 0, almost all particles will go into the 
condensate, so that Db/2—fin will be very small, of the order l/N, but not zero. The 
thermodynamic limit can be performed smoothly by defining a regularized function 
fifififiz) in which the lowest, singular term in the sum (7.82) is omitted. Let us 
define the number of normal particles which have not condensed into the state of 
zero momentum as N n (T) = N — N con d(T). Then we can rewrite Eq. (7.82) as an 
equation for the number of normal particles 

NJT) = (7.89) 

which reads more explicitly 



dk 


N n (T ) = S D {z D ) = £ \Z?(wb)e wDb ' 2 - 1 )z w D . (7.90) 

W=1 

A would-be critical point may now be determined by setting here Z£> = 1 and 
equating the resulting N n with the total particle number N. If N is sufficiently 
large, we need only the small-6 limit of Sd( 1) which is calculated in Appendix 7A 
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[see Eq. (7A.12)], so that the associated temperature T/}' 1 is determined from the 
equation 

I 7T >J 

N — y ((3/2) + ^(i) l°gC' 3 ^c+ ••• , (7-91) 

where C 3 ~ 0.0186. In the thermodynamic limit, the critical temperature is 
obtained by ignoring the second term, yielding 

n = S av2) ’ (7 - 92) 

in agreement with Eq. (7.52), if we recall b from (7.83). Using this we rewrite (7.91) 
as 

\ 3/2 o 

w) + ™w^ ogC3bf) - (7 ' 93) 

Expressing b ^ in terms of N from (7.92), this implies 

5T^ 1 2 N 2 / 3 

c ~ ___log; —_— _ 7 94) 

T c (0) C 2/3 (3/2)ATV3 S 7 tC 3 C 2/3 (3/2)' 1 ; 

Experimentally, the temperature 1 1 is not immediatly accessible. What is easy 
to find is the place where the condensate density has the largest curvature, i.e., 
where d 3 N con< i/dT 3 = 0. The associated temperature T c exp is larger than T by a 
factor 1 + 0(1/N), so that it does not modify the leading f ini te-size correction to 
order in 1/iV 1 / 3 . The proof is given in Appendix 7B. 


7.2.3 Effect of Interactions 


Superfluid helium has a lower transition temperature than the ideal Bose gas. This 
should be expected since the atomic repulsion impedes the condensation process of 
the atoms in the zero-momentum state. Indeed, a simple perturbative calculation 
based on a potential whose Fourier transform behaves for small momenta like 


U(k) = g 


r effk 2 /6 + ... 


(7.95) 


gives a negative shift A T c = T C — proportional to the particle density [11]: 


A T c 
T (o) 


1 

w 


Mr eS g 


N 

V* 


(7.96) 


where V is the three-dimensional volume. When discussing the interacting system we 
shall refer to the previously calculated critical temperature of the free system as . 
This result follows from the fact that for small g and r e g, the free-particlc energies 
eo(k) = h 2 k 2 /2M are changed to e(k) = e(0)+h 2 k 2 /2M* with a renormalized inverse 
effective mass 1/M* = [1 — Mr 2 ff gA/3h 2 U]/M. Inserting this into Eq. (7.18), from 
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which we may extract the equation for the temperature shift A T c /T^ = M/M* — 1, 
we obtain indeed the result (7.96). The parameter r e ff is called the effective range of 
the potential. The parameter g in (7.95) can be determined by measuring the s-wave 
scattering length a in a two-body scattering experiment. The relation is obtained 
from a solution of the Lippmann-Schwinger equation (1.525) for the T-matrix. In a 
dilute gas, this yields in three dimensions 


27 tti 2 
9 = M/2 


(7.97) 


The denominator M/2 is the reduced mass of the two identical bosons. In D = 2 
dimensions where g has the dimension energyxlength 0 , Eq. (7.97) is replaced by 
[12, 13, 14, 15, 17] 


7T D / 2 1 27 th 2 D _ 2 

2 2 _D T(1 - D/2)(na D ) D ~ 2 + Y(D/2 - 1) M/ 2° 


In the limit D —> 2, this becomes 


7 (D,na D ) 


27th 2 no 

——cr . 

M/2 

(7.98) 


2t th 2 /M 
ln(e'>'na 2 / 2 ) ’ 


(7.99) 


where 7 is the Euler-Mascheroni constant. The logarithm in the denominator implies 
that the effective repulsion decreases only very slowly with decreasing density [16]. 

For a low particle density N/V , the effective range r e ff becomes irrelevant and 
the shift A T c depends on the density with a lower power ( N/V ) K / 3 , k < 3. The low- 
density limit can be treated by keeping in (7.95) only the first term corresponding 
to a pure (5-function repulsion 


V (x — x') = £(5 (3 ) (x-x'). 


(7.100) 


For this interaction, the lowest-order correction to the energy is in D dimensions 


A E = g 


d D x n 2 (x), 


(7.101) 


where n(x) is the local particle density. For a homogeneous gas, this changes the 
grand-canonical free energy from (7.35) to 


F g = 


1 

' p 1? m 


Cd/2+i { z ) + gV D 


Cd/2(2) 


+ 0(g 2 ), 


(7.102) 


where we have substituted n(x) by the constant density N/Vd of Eq. (7.36). We 
now introduce a length parameter a proportional to the coupling constant g: 




(7.103) 
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In three dimensions, a coincides in the dilute limit (small na D ) with the s-wave 
scattering length a of Eq. (7.97). In in D dimensions, the relation is 

r "i D —3 


a = 7 (D, naP ) 


km 


a. 


(7.104) 


In two dimensions, this has the limit 


a = 


W) 


ln(e'>'na 2 / 2 ) ’ 


(7.105) 


We further introduce the reduced dimensionless coupling parameter a = a/l e (h(3 ) = 
7 (D, na D ) [a/l e (h(3)] D ~ 2 , for brevity [recall (7.104)]. In terms of a, the grand- 
canonical free energy (7.102) takes the form 

f g = {Cr>/ 2 +i(' z ) “ 2 q;[Cd/2(^)] 2 } + 0(a 2 ). (7.106) 

A second-order perturbation calculation extends this by a term [18, 19] 

AF ° = ~pWW) { 8 c * 2 M-)}’ ( 7 - 107 ) 

where hr>(z) = hp\z) + hp\z) is the sum of two terms. The first is simply 

ho\ z ) = [Cd/ 2 (^)] 2 Cd/ 2 -i(^), (7.108) 


the second has been calculated only for D = 3: 



oo ~,ni+n2+n 3 

y * -• 

n 1 ,nt^3=i V n i n ^ n 3{ni+n 2 )(n 1 +n 3 ) 


(7.109) 


The associated particle number is 

N = |Cd/ 2 ( 2: ) — 4dC d/ 2 -i(z)(d/ 2 (z ) + 8 a 2 z —+ 0(a 3 ). (7.110) 


For small a, we may combine the equations for Fg and N and derive the following 
simple relation between the shift in the critical temperature and the change in the 
particle density caused by the interaction 

A T c 2 A n 

D n 



where An is the change in the density at the critical point caused by the interaction. 
The equation is correct to lowest order in the interaction strength. 

The calculation of A T c /Tp' > in three dimensions has turned out to be a difficult 
problem. The reason is that the perturbation series for the right-hand side of (7.111) 
is found to be an expansion in powers (T — T[) 0 ^) _n which needs a strong-coupling 
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evaluation for T —> T^°\ Many theoretical papers have given completely different 
result, even in sign, and Monte Carlo data to indicate sign and order of magnitude. 
The ideal tool for such a calculation, field theoretic variational perturbation theory, 
has only recently been developed [ 20 ], and led to a result in rough agreement with 
Monte Carlo data [21], Let us briefly review the history. 

All theoretical results obtained in the literature have the generic form 


A T c 

ri 0) 


c[C(3/2)r /3 



(7.112) 


where the right-hand part of the equation follows from the middle part via Eq. (7.53). 
In an early calculation [22] based on the 6 -function potential (7.100), n was found 
to be 1/2, with a downward shift of T c . More recent studies, however, have lead 
to the opposite sign [23]—[38]. The exponents n found by different authors range 
from ti = 1/2 [23, 18, 31] to k — 3/2 [19]. The most recent calculations yield 
k = 1 [24]-[28], i.e., a direct proportionality of AT c /T® to the s-wave scattering 
length a, a result also found by Monte Carlo simulations [29, 30, 38], and by an 
extrapolation of experimental data measured in the strongly interacting superfluid 
4 He after diluting it with the help of Vycor glass [40]. As far as the proportionality 
constant c is concerned, the literature offers various values which range for k — 1 
from c = 0.34 ± 0.03 [29] to c = 5.1 [40]. A recent negative value c rs —0.93 [41] 
has been shown to arise from a false assumption on the relation between canonical 
and grand-canonical partition function [42], An older Monte Carlo result found 
c ~ 2.3 [30] lies close to the theoretical results of Refs. [23, 27, 28], who calculated 
ci « -8C(l/2)/3C 1 /s (3/2) « 2.83, 8 tt/3C 4 / 3 (3/2) « 2.33, 1.9, respectively, while 
the extrapolation of the experimental data on 4 He in Vycor glass favored c = 5.1, 
near the theoretical estimate c = 4.66 of Stoof [24], The latest Monte Carlo data, 
however, point towards a smaller value c ~ 1.32 ±0.02, close to theoretical numbers 
1.48 and 1.14 in Refs. [35, 39] and 1.14 ± 0.11 in Ref. [21]. 

There is no space here to discuss in detail how the evaluation is done. We only 
want to point out an initially surprising result that in contrast to a potential with 
a finite effective range in (7.96), the 5-function repulsion (7.100) with a pure phase 
shift causes no change of T c linear an X ^ D if only the first perturbative correction 
to the grand-canonical free energy in Eq. (7.106) is taken into account. A simple 
nonperturbative approach which shows this goes as follows: We observe that the 
one-loop expression for the free energy may be considered as the extremum with 
respect to a of the variational expression 


G 


1 Ed 

pi?m 


Cd/2+i (ze a ) 



(7.113) 


which is certainly correct to first order in a. We have introduced the reduced dimen¬ 
sionless coupling parameter a = a/l e (h(3) = 7 (D,na D ) [a/l e (h(3 )} D ~ 2 , for brevity 
[recall (7.104)]. The extremum lies at a — E which solves the implicit equation 

S = -4dCD/2(^e s ). (7.114) 
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The extremal free energy is 

F ° = “^75^0) {CD/ 2+ i(i?) - 2 q[Co/ 2 (^)] 2 } , Z = ze E . (7.115) 

The equation for the particle number, obtained from the derivative of the free energy 
(7.113) with respect to —p, reads 

N = (7116) 

and fixes Z. This equation has the same form as in the free case (7.36), so that the 
phase transition takes place at Z — 1, implying the same transition temperature as 
in the free system to this order. As discussed above, a nonzero shift (7.112) can only 
be found after summing up many higher-order Feynman diagrams which all diverge 
at the critical temperature. 

Let us also point out that the path integral approach is not an adequate tool for 
discussing the condensed phase below the critical temperature, for which infinitely 
many particle orbits are needed. In the condensed phase, a quantum held theoretic 
formulation is more appropriate (see Section 7.6). The result of such a discussion 
is that due to the positive value of c in (7.112), the phase diagram has an unusual 
shape shown in Fig. 7.7. The nose in the phase transition curve implies that the 
system can undergo Bose-Einstein condensation slightly above if the interaction 
is increased, (see Ref. [43]). 


^eff/Ceff (E — 0) 


1 

0.8 

0.6 

0.4 

0.2 
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Figure 7.7 Reentrant transition in phase diagram of Bose-Einstein condensation for 
different interaction strengths. Curves were obtained in Ref. [43] from a variationally im¬ 
proved one-loop approximation to field-theoretic description with properly imposed posi¬ 
tive slope at Tc (dash length increasing with order of variational perturbation theory). 
Short solid curve and dashed straight line starting at are due to Ref. [38] and [21], 
Diamonds correspond to the Monte-Carlo data of Ref. [29] and dots stem from Ref. [44], 
both scaled to their critical value a e ff(T = 0) « 0.63. 
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An important consequence of a repulsive short-range interaction is a change in 
the particle excitation energies below T c . It was shown by Bogoliubov [46] that this 
changes the energy from the quadratic form e(p) = p 2 /2M to 

e(p) = ^Je 2 {p) + 2gne(p), (7.117) 

which starts linearly like e(p) = \jgn/M |p| = Tt^JAnan/M\p\ for small p, the slope 
defining the second sound velocity. In the strongly interacting superfluid helium, the 
momentum dependence has the form shown in Fig. 7.8. It was shown by Bogoliubov 



P/ft (A" 1 ) 


Figure 7.8 Energies of elementary excitations of superfluid 4 He measured by neutron 
scattering showing excitation energy of NG bosons [after R.A. Cowley and A.D. Woods, 
Can. J. Phys 49, 177 (1971)]. 

[46] that a system in which e(p) > v c |p| for some finite critical velocity v c will display 
superfluidity as long as it moves with velocity v = <9e(p)/<9p smaller than v c . This 
follows by forming the free energy in a frame moving with velocity v. It is given by 
the Legendre transform: 

/ = e(p)-v-p, (7.118) 

which has a minimum at p = 0 if as long as |v| < v c , implying that the particles 
do not move. Seen from the moving frame, they keep moving with a constant 
velocity —v, without slowing down. This is in contrast to particles with the free 
spectrum e(p) = p 2 /2 M for which / has a minimum at p = Mv, implying that 
these particles always move with the same velocity as the moving frame. Note 
that the second sound waves of long wavelength have an energy e(p = c|p| just 
like light waves in the vacuum, with light velocity exchanged by the sound velocity. 
Even though the superfluid is nonrelativistic, the sound waves behave like relativistic 
particles. This phenomenon is known from the sound waves in crystals which behave 
similar to relativistic massless particles. In fact, the Debye theory of specific heat 
is very similar to Planck’s black-body theory, except that the lattice size appears 
explicitly as a short-wavelength cutoff. It has recently been speculated that the 
relativistically invariant world we observe is merely the long-wavelength limit of a 
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world crystal whose lattice constant is very small [47], of the order of the Planck 
length £p « 8.08 x 10 _33 cm. 

7.2.4 Bose-Einstein Condensation in Harmonic Trap 

In a harmonic magnetic trap, the path integral (7.7) of the individual orbits becomes 


(t, \= x ( v ') 

^ {u)) hP |xM 0). = /,,. . V D x F) exp 


t (!/) pa)=X i‘ /) 

and is solved by [recall (2.411)] 

1 / cJ 


r 1 

rW , M r 


/ dr— 

\ h. 

/o 2 L 


x^Wx^ 2 ' 


», (7.119) 


-D 


c‘ p< ‘' )) fi/?|xM0)„ = 




(7.120) 


* exp K@;K x “ )2+ ^’ 2 ) -h^-2xr“»xH] 

The partition function (7.5) can therefore be rewritten in the form 


Z (A ° = 


Muj 


-ND 


x ^ exp 

p(") 


2nh sinh fdfiuj N\ 
1 Mca 


-Jd D xW---d D xW 

[(x (pM)2 + x ( " )2 ) cosh (3hu - 2x (pM) x M ]| . (7.121) 


2 h sinh (3hu 

7.2.5 Thermodynamic Functions 

With the same counting arguments as before we now obtain from the connected 
paths, which wind some number w — 1, 2, 3, ... times around the cylinder, a con¬ 
tribution to the partition function 

1 f , l 


where 


AZl N)w = Z w (w/3)— = f d D x Zuiwfi] x) —, 
w J w 

ZM = 


(7.122) 

[2smh(pkuj/2)] D (7 ‘ 123) 

is the D-dimensional harmonic partition function (2.407), and z u {w^\~x) the associ¬ 
ated density [compare (2.333) and (2.412)]: 

-D 


2«O0;x) = 


ujM 


2nh sinh fdhuj 


exp 


Muj 

h 


(3Tux 2 

tanh- x 


(7.124) 


Its spatial integral is the partition function of a free particle at an imaginary-time 
interval (3 [compare (2.412)]. The sum over all connected contributions (7.122) yields 
the grand-canonical free energy 


1 00 pwPn 1 OO pwPn 

= Zu(wp )—- = d D x z L0 (wfd; x)——. 

P w= 1 W P w= 1 J W 


(7.125) 
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Note the important difference between this and the free-boson expression (7.27). 
Whereas in (7.27), the winding number appeared as a factor w~ D F which was re¬ 
moved from Z 0 (w(3 ) by writing Z 0 (wf3) = Z 0 (/3)/w D / 2 which lead to (7.32), this is 
no longer possible here. The average number of particles is thus given by 


N = 


d_ 

dfi 


OO « OO 

Fg = E ^M)e^ = / dPx £ z u (w0; x)e^. (7.126) 

w =1 w =1 


Since Z u (wfi) ~ e wDhu l 3 /' 2 for large w , the sum over tc converges only for // < 
DTiuj/2. Introducing the fugacity associated with the ground-state energy 


2r,(/3) = e FDhu/2-M = e -Df3hu/2 z , 


(7.127) 


by analogy with the fugacity (7.24) of the zero-momentum state, we may rewrite 

(7.126) as f) 

N = ~F g = Z^Cd^Uu-z d ). (7.128) 

Ofl 

Here zd) are generalizations of the functions (7.34): 


C d (PTm;z d ) = J2 


W= 1 


smh(toh/3/2) 
sin\i(wLjhj3 /2) 


n D 


e^ = Z-\p)Y. 


_ g—2w/3fruj'j 


7372*55. (7.129) 


which reduce to Cd(z) in the trapless limit to —> 0, where Zjj —>■ z. Expression (7.128) 
is the closest we can get to the free-boson formula (7.36). 

We may define local versions of the functions zr>) as in Eq.(7.124): 


C D^hur, z D - x) = Zj (0)22 ■ 


t ,=i(l - e ~ 2w P huJ ) 
in terms of which the particle number (7.128) reads 
d 


ftoM^ ^—Mujta,nh(w/3huj/2)x 2 /Ti,~w (<-7 1 on) 

^F\~rth) z dA‘-^) 


N = —— F G = j d D xn UJ (x) = Z u (0) j d D x( D (/3frur,z D -,x ), (7.131) 


d n 

and the free energy (7.125) becomes 

F g — J d D xf(x) = ~±Z u 


d D x 


r z n dz 


/ o z 


( D (f3hu]Z]x) 


(7.132) 


For small trap frequency to, the function (7.130) has a simple limiting form: 

1 


u;«0 / /3hu\ 

C D (0hu] Z D ]x) 1-^- I 


— Y 

^ ^iW D/2 


—w(3(Muj 2 x 2 /2—fi) 


(7.133) 


where is the oscillator length scale \Jh/Muj of Eq. (2.303). Together with the 
prefactor Z w (U0) in (7.131), which for small to becomes Z w (U0) ~ 1 /((3?ilo) d , this 
yields the particle density 


no(/3;z;x) = 


E: 


3 -w) 9 [V(x)-#i] _ 


^lW D/2 




CD/2(e 


-/ 3 [V(x)-^fo 


(7.134) 
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where V(x) = Mw 2 x 2 /2 is the oscillator potential and l e (H/3) the thermal length 
scale (2.353). There is only one change with respect to the corresponding expression 
for the density in the homogeneous gas [compare (7.36)]: the fugacity z = in 
the argument by the local fugacity 

*(x) = (7.135) 

The function £r,(f3Tioj] zd) starts out like zd, and diverges for zd —> 1 like 
[2 smh(/3huj/2 )] D /( zd — 1)- This divergence is the analog of the divergence of the box 
function (7.82) which reflects the formation of a condensate in the discrete ground 
state with particle number [compare (7.88)] 


f^oonrl 


£>D(3hu)/2—/3[i _ ^ * 


(7.136) 


This number diverges for /i —> DTico/2 or zd —> 1. 

In a box with a finite the number of particles, Eq. (7.36) for the particle number 
was replaced by the equation for the normal particles (7.89) containing the reg¬ 
ularized box functions C d/ 2 ( z )- I* 1 th e thermodynamic limit, this turned into the 
function £ 0 / 2 ( 2 ) in which the momentum sum was evaluated as an integral. The 
present functions C d(/3?iuj', Zd) governing the particle number in the harmonic trap 
play precisely the role of the previous box functions, with a corresponding singular 
term which has to be subtracted, thus defining a regularized function 

( D (f3huj] z D ) = C D (P?iu-,z D )-Z- 1 (P) < ' D = Z~ 1 (^)S D (fdhuj] z D ), (7.137) 

L—Zd 

where S(/3Huj,Zd ) is the sum 


S(Phu, z D ) = y: 

W = 1 




D 



'"D 


(7.138) 


The local function (7.130) has a corresponding divergence and can be regularized 
by a similar subtraction. 

The sum (7.138) governs directly the number of normal particles 


N n (T) = Z u (P)( D (phtu; z D ) = S D (phtu, z D ). (7.139) 


The replacement of the singular equation (7.128) by the regular (7.139) of completely 
analogous to the replacement of the singular (7.82) by the regular (7.89) in the box. 


7.2.6 Critical Temperature 

Bose-Einstein condensation can be observed as a proper phase transition in the 
thermodynamic limit, in which N goes to infinity, at a constant average particle 
density in the trap defined by N /oc Nu D . In this limit, u goes to zero and the 
sum (7.139) becomes £d(zd) //Sho; D . The associated particle equation 

N " = 09ST 5Cd(2d) 


(7.140) 
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can be solved only as long as z B < 1. Above T c , this equation determines z B as 
a function of T from the condition that all particles are normal, N n = N. Below 
T C) it determines the temperature dependence of the number of normal particles by 
inserting Zjj — 1, where 

N ‘ = W C(D) - (7141) 


The particles in the ground state from a condensate, whose fraction is given by 
iVcond {T)/N = 1 — N n (T)/N. This is plotted in Fig. 7.9 as a function of the temper¬ 
ature for a total particle number IV = 40 000. 

The critical point with T = T c , fi = /jl c = Du /2 is reached if N n is equal to the 
total particle number N where 


k B T/ 0) 


hu 


N 


l/D 


((D) 


(7.142) 


This formula has a solution only for D > 1. 

Inserting (7.142) back into (7.162), we may re-express the normal fraction as a 
function of the temperature as follows: 


NO) 

A n 

N 



and the condensate fraction as 


N 0) 

con 

~N 


T 

T c (0) 


D 


(7.143) 


(7.144) 


Including the next term in (7.162), the condensate fraction becomes 


Ai K i _ ( 1 

N \X’i° ) + 5T C 


D 


(7.145) 


It is interesting to re-express the critical temperature (7.142) in terms of the 
particle density at the origin which is at the critical point, according to Eq. (7.134), 

no(0) = wm c(D/2) ' (7 - 146) 

where we have shortened the notation on an obvious way. From this we obtain 


k B T/ 0) 


27 rh 2 
M 


n 0 (0) 


2 /D 


C(W 2) 


(7.147) 


Comparing this with the critical temperature without a trap in Eq. (7.18) we see 
that both expressions agree if we replace N/V by the uniform density no(0). As an 
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Figure 7.9 Condensate fraction N con ^/N = 1 — N n /N as function of temperature for 
total number of N particles. The long- and short-dashed curves on the left-hand show 
the zeroth and first-order approximations (7.144) and (7.163). The dotted curve displays 
the free-boson behavior (7.58). The right-hand figure shows experimental data for 40 000 
87 Rb atoms near T c by Ensher et. al ., Phys. Rev. Lett. 77, 4984 (1996). The solid 
curve describes noninteracting Bose gas in a harmonic trap [cf. (7.144)]. The dotted curve 
corrects for finite -N effects [cf. (7.163)]. The dashed curve is the best fit to the data. The 
transition lies at T c ~ 280 nK, about 3% below the dotted curve. 


obvious generalization, we conclude that Bose condensation in any trap will set in 
when the density at the lowest point reaches the critical value determined by (7.147) 
[and (7.18)]. 

Note the different power D and argument in ((D) in Eq. (7.142) in comparison 
with the free-boson argument D/2 in Eq. (7.18). This has the consequence that 
in contrast to the free Bose gas, the gas in a trap can form a condensate in two 
dimensions. There is now, however, a problem in D = 1 dimension where (7.142) 
gives a vanishing transition temperature. The leading-order expression (7.142) for 
critical temperature can also be calculated from a simple statistical consideration. 
For small u, the density of states available to the bosons is given by the classical 
expression (4.216): 

pJE) =(£?) 1 m ~ 2 ) l d ° x [E ■ l /( x ) T 2 " (7 ' 148) 

The number of normal particles is given by the equation 


N n 



PciCg) 

e E/k B T _ X ’ 


(7.149) 


where E min is the classical ground state energy. For a harmonic trap, the spatial 
integral in (7.148) can be done and is proportional to E D , after which the integral 
over E in (7.149) yields [ksT/hu} D ((D) = (T/T/°^) d N, in agreement with (7.143). 
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Alternatively we may use the phase space formula 


N — [ d D x d P _ - _ 

11 J (2nh) D e^[p 2 / 2M+v ( x )l 


= E / d D x 


d D p 


,-np\p 2 /2M+V(x.)\ 


n =1 ' 


( 2rth ) 


D 


°° 1 p 

= V-tt I d D xe~ npv ^\ 17.1501 

ti J 


where the spatial integration produces a factor y 2it / Muj 2 nf3 so that the right-hand 
side becomes again (T/T^) D N. 


7.2.7 More General Anisotropic Trap 


The equation (7.150) for the particle number can be easily calculated for a more 
general trap where the potential has the anisotropic power behavior 


D 


2=1 


Fi 

a,- 


Pi 


where a) is some frequency parameter and d is the geometric average a = 
Inserting (7.151) into (7.150) we encounter a product of integrals 


(7.151) 

,1/D 


D 


D 


JJ / d x e - n 0M^ 2 a 2 (\ x i\/ a i)Pi/2 = JJ 


Qj{ 


i= 1' 


f = \ (f3M£u 2 d 2 /2y/P‘ 


■r(i +1 /Pi), 


(7.152) 


so that the right-hand side of (7.150) becomes (T /T^) D N , with the critical tem¬ 
perature 


k n T 1 (0) = 


Ma 2 oj 2 

( no \ D/D 

N-k d / 2 

2 

\Md 2 Cb 2 J 

[c(B)n£,r(i + i/ Pi )J 


-,1/b 


(7.153) 


where D is the dimensionless parameter 


D = 


D 


D 


tiPi 


(7.154) 


which takes over the role of D in the harmonic formula (7.142). A harmonic 
trap with different oscillator frequencies uq, ..., ujd along the D Cartesian axes, 
is a special case of (7.151) with p z = 2, c of = Cj 2 a 2 /af and D = D, and formula 
(7.153) reduces to (7.142) with u replaced by the geometric average of the frequencies 
u = (o;i • • -u ;d) 1//D - The parameter a disappears from the formula. A free Bose gas 
in a box of size Vo = n^=i(2oj) = 2 D a D is described by (7.151) in the limit pi-¥ oo 
where D = D/2. Then Eq. (7.153) reduces to 



7th 2 

N 

2/D 2tth 2 

N 

2 Add 2 


M 

[v d C{D/2)\ 


(7.155) 
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in agreement with (7.53) and (7.18). 

Another interesting limiting case is that of a box of length L = 2aj in the re¬ 
direction with pi — oo, and two different oscillators of frequency u> 2 and cu 3 in the 
other two directions. To find for such a Bose gas we identify cD 2 a 2 /a 2 3 = 
in the potential (7.151), so that Cj A /a 2 = enfu;f/a 2 , and obtain 


AmT (0) = hoj 


/ irh ^ 

1 1/5 

N 

2/5 

= TlCj j 

( 27rA wl A W2 A 1/5 

N 

\2Mu j 

1 

[°iC(5/2)J 

v v J 

[C(S/2)J 


1 2/5 


(7.156) 


7.2.8 Rotating Bose-Einstein Gas 

Another interesting potential can be prepared in the laboratory by rotating a Bose 
condensate [48] with an angular velocity around the z-axis. The vertical trapping 
frequencies is oj z ~ 2n x 11.0Hz « 0.58x 11 K, the horizontal one is taj_ « 6 x u z . 
The centrifugal forces create an additional repulsive harmonic potential, bringing 
the rotating potential to the form 


r ( x) = ^ 


z 2 + 36 rjr\ + 


k r]_ 
2 


TlUJ Z 


+ 36?7 


A 2 

UJ Z 


+ 


k r]_ 
2 A 


(7.157) 


where = a ; 2 + y 2 , 77 = 1 — ff 2 /u; 2 , n ~ 0.4, and A Wz = 3.245 //m « 1.42 x 10 _ 3 K. 
For If > caj_, 77 turns negative and the potential takes the form of a Mexican hat as 
shown in Fig. 3.13, with a circular minimum at r 2 ^ = —36/7A 2 z /tc. For large rotation 
speed, the potential may be approximated by a circular harmonic well, so that we 
may apply formula (7.156) with ai = 2irr m , to obtain the 77 -independent critical 
temperature 

I 2/5 


k B T f « hco z 0' 


\ 1/5 

N 

) 

[C(S/2)J 


(7.158) 


For k = 0.4 and N = 300 000, this yields T c rs 53nK. 

At the critical rotation speed If = ca_i_, the potential is purely quartic r± = 
\J[x 2 +y 2 )- To estimate we approximate it for a moment by the slightly different 
potential (7.151) with the powers p\ = 2 ,p 2 = 4,p 3 = 4, ai = A Uz ,a 2 = a 3 = 
Ac 2 (k/ 2 ) 1 / 4 , so that formula (7.153) becomes 


k B T 


Uu z 


7T 2 7C 

1/5 

N 

_16r 4 (5/4)_ 


[C(S/2)J 


(7.159) 


It is easy to change this result so that it holds for the potential oc r 4 = (x + y ) 4 
rather than x A + y A : we multiply the right-hand side of equation (7.149) for N by a 
factor 

27t / r dr dxdy e~ ri 7 r 3 / 2 


/ dxdy e~ x4 ~ y4 


T[5/4 ] 2 ‘ 


(7.160) 
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This factor arrives inversely in front of N in Eq. (7.161), so that we obtain the 
critical temperature in the critically rotating Bose gas 


k R T i (0) =huj- 


\ 71 J 


1/5 

N 

J 

[C(5/2)J 


2/5 


(7.161) 


The critical temperature at = u>± is therefore by a factor 4 1 / 5 « 1.32 larger 
than at infinite fh Actually, this limit is somewhat academic in a semiclassical 
approximation since the quantum nature of the oscillator should be accounted for. 


7.2.9 Finite-Size Corrections 


Experiments never take place in the thermodynamic limit. The particle number 
is finite and for comparison with the data we must calculate finite-size corrections 
coming from finite N where 11 cu ~ 1/N l ^ D is small but nonzero. The transition is no 
longer sharp and the definition of the critical temperature is not precise. As in the 
thermodynamic limit, we shall identify it by the place where zd = 1 hi Eq. (7.139) 
for N n = N. For D > 3, the corrections are obtained by expanding the first term 
in the sum (7.138) in powers of u and performing the sums over w and subtracting 
C(0) for the sum Y^=\ 1: 


N n {T c ) = 


1 


C(B) + ^DC(B-l) + 


(uihpy 

24 


D(3D-l)C(D-2) + ... 


{(3huj) D 

~ C(0). (7.162) 

The higher expansion terms contain logarithmically divergent expressions, for in¬ 
stance in one dimension the first term £(1), and in three dimensions ((D — 2) = £(1). 
These indicate that the expansion powers of fdhuj is has been done improperly at 
a singular point. Only the terms whose ((-function have a positive argument can 
be trusted. A careful discussion along the lines of Subsection 2.15.6 reveals that 
C(l) must be replaced by Creg(l) = — log((3hcu) + const., similar to the replacement 
(2.590). The expansion is derived in Appendix 7A. 

For D > 1, the expansion (7.162) can be used up to the ((D — 1) terms and 
yields the finite-size correction to the number of normal particles 


N n _ ( T \ D D ((D- 1) 1 

+ 2"c 1 - 1/d (d) m/ D ' 


(7.163) 


Setting N n = N, we obtain a shifted critical temperature by a relative amount 


5T C 1 CP-1) 1 

T (0) 2 C^ D - i y D (D) N l / D + ■ ■ ■ ■ 


(7.164) 


In three dimensions, the first correction shifts the critical temperature down¬ 
wards by 2% for 40 000 atoms. 

Note that correction (7.164) has no direct cu-dependence whose size enters only 
implicitly via of Eq. (7.142). In an anisotropic harmonic trap, the temperature 
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shift would carry a dimensionless factor Co/uj where u is the arithmetic mean co = 

(e 

The higher hnite-size corrections for smaller particle numbers are all calculated 
in Appendix 7A. The result can quite simply be deduced by recalling that accord¬ 
ing to the Robinson expansion (2.583), the first term in the naive, wrong power 
series expansion of ( u (e~ b ) = ie~ wb /w v = Y^kLo(—b) k ((v — k)/k\ is corrected 
by changing the leading term ((is) to T (1 — z/)(—+ ((is) which remains finite 
for all positive integer is. Hence we may expect that the correct equation for the 
critical temperature is obtained by performing this change in Eq. (7.162) on each 
((is). This expectation is confirmed in Appendix 7A. It yields for D — 3,2,1 the 
equations for the number of particles in the excited states 


An 

A n 

A n 


1 

f3tiu 

1 

(/Shu ) 2 

l 

(pnujf 


(3Tiw (f3hcu) 2 

— (logflhu — 7 )——C(o)+ y l2 C(~l) + --- , 
C( 2 ) - Phu ^log f3Uus - 7 + - 7 C(0) + • • • 

C(3) + —C( 2 ) - (f3hu;) 2 (log (3huj - 7 + ^ + ... 


(7.165) 

(7.166) 

(7.167) 


where 7 = 0.5772... is the Euler-Mascheroni number (2.469). Note that all nonlog- 
arithmic expansion terms coincide with those of the naive expansion (7.162). 

These equations may be solved for (3 at A n = A to obtain the critical temperature 
of the would-be phase transition. 

Once we study the position of would-be transitions at finite size, it makes sense 
to include also the case D = 1 where the thermodynamic limit has no transition 
at all. There is a strong increase of number of particles in the ground state at a 
“critical temperature” determined by equating Eq. (7.165) with the total particle 
number N , which yields 


A; b T (0) = UuN- 


— log f3hu + 7 ) 


k/A 


log AT 


D = 1. 


(7.168) 


Note that this result can also be found also from the divergent naive expansion 
(7.162) by inserting for the divergent quantity £(1) the dimensionally regularized 
expression £ reg (l) = — log (fdTiw) of Eq. (2.590). 


7.2.10 Entropy and Specific Heat 

By comparing (7.126) with (7.125) we see that the grand-canonical free energy can 
be obtained from N n of Eq. (7.162) by a simple multiplication with —1/(3 and an 
increase of the arguments of the zeta-functions ((is) by one unit. Hence we have, up 
to first order corrections in u 


C(D + l)+l3hL.E C (D ) + ... 


f g (P,Vc) 


p(,3hco) D 


(7.169) 
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Above T c , we expand the total particle number (7.126) in powers of to as in 
(7.162). The fugacity of the ground state is now different from unity: 

= —— ( D (z D ) + f3huj—( >D -i(z D ) + ... . (7.175) 

{pnto)^ L 2 J 

The grand-canonical free energy is 

f g(P,p) = ~ fdmUu) D ^ d+1 ^ Zd ^ ^^~2^ d ( Zd ) + • > (7.176) 

and the entropy 

S((3,p) = k B {(-^ + ^)Cd+\(z d ) + - (jSTiuD 2 - 2 /3pj ( 'd(zd) + • • - j • (7.177) 

The specihc heat C is found from the derivative —ftdpS |jv as 

C(f3,p) = ^ B JJ^Jy5 Cd+i(zd) 

+ \[D ( D 2 + l) Phto-Dfo - Pdf>{Pn)\ C D {z D ) + ... }. (7.178) 
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The derivative /3dp((3fi) is found as before from the condition: dN(/3, n(/3))/dj3 = 0, 
implying 


0 = 


{pn 


,oj 


\D 


D(d(zd) + f3hw—(D — I)Cd-i(^d) 
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C D-i(zd ) + f3hu—(D-2{zD) 
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so that we obtain 
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C 'd(zd) + Cd-2(^d) + • • • 

Pdp{Pn) = D - £ - 

Cd-i(zd) + (3h—u(,D-2{zD) + • • • 

Let us first consider the lowest approximation, where 

N OM ~ d(z), 
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D + l C-P+i jz) 

(/3hu) D C d(z) 


so that from (7.60) 


The chemical potential at fixed N satisfies the equation 

C d(z) 


PdpiPia) = D 

The specific heat at a constant volume is 


Cd-i{z) 


C = knN 


(D + l)D 


(p+l( z ) _ D 2 C d(z) 
Cd(z) Cd-i{z) 


(7.179) 


(7.180) 


(7.181) 

(7.182) 

- Pt* , 

(7.183) 

(7.184) 

(7.185) 


(7.186) 


At high temperatures, C tends to the Dulong-Petit limit DNk B since for small z all 
(v(z) behave like z. This is twice a big as the Dulong-Petit limit of the free Bose 
gas since there are twice as many harmonic modes. 

As the temperature approaches the critical point from above, z tends to unity 
from below and we obtain a maximal value in three dimensions 


ci°L 


k B N 


l2 m _ 9^(1) 

Cs(l) C 2 (l) 


« k B N 4.22785. 


(7.187) 


The specific heat for a fixed large number N of particles in a trap has a much 
sharper peak than for the free Bose gas. The two curves are compared in Fig. 7.10, 
where we also show how the peak is rounded for different finite numbers N 3 


3 P.W. Courteille, V.S. Bagnato, and V.I. Yukalov, Laser Physics 2, 659 (2001). 
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Figure 7.10 Peak of specific heat for infinite (left-hand plot) and various finite numbers 
100, 1000, 10 000 of particles N (right-hand plots) in harmonic trap. The large -N curve 
is compared with that of a free Bose gas. 

7.2.11 Interactions in Harmonic Trap 

Let us now study the effect of interactions on a Bose gas in an isotropic harmonic 
trap. This is most easily done by adding to the free part (7.132) the interaction 
(7.101) with n(x) taken from (7.131), to express the grand-canonical free energy by 
analogy with (7.102) as 

f g = J d ° x f 0 +g [Z u (/3)( D (/3huj-,z D -,x)] 2 '^ . 

(7.188) 

Using the relation (7.103), this takes a form more similar to (7.106): 

F g = —~Z u (P)J cPrrj —( D ((3hu-,z;x.)-2ale (h/3)Z u (/3) [( D (/3hu; z D -,x)] 2 ^ . 

(7.189) 

As in Eq. (7.113), we now construct the variational free energy to be extremized 
with respect to the local parameter <j(x). Moreover, we shall find it convenient to 
express £( 2 ) as ^(dz 1 /z')^(z'). This leads to the variational expression 

1 r T /-^e CT(x) dz cr 2 (xV 

Fq = / d 3 x / -c D (Pfiu\z; x) - , (7.190) 

p J [Jo z 8 a 

where Zr> = = e ~ D P huj / 2 z an d 

a = alfmzjl 3) = (7.191) 

The extremum lies at cr(x) = E(x) where by analogy with (7.114): 

E(x) = —4 a(D{(3huj; ZDe^^-,x). (7.192) 

For a small trap frequency u, we use the function ( D ((3hur, zd] x ) in the approximate 
form (7.133), written as 
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OO 

( D (f3huj] z D ; x) = 

W= 1 


lu 2 Mp 

27 TW 


-D 


—MwPup-x? / 2 

z D e 


(7.193) 


In this approximation, Eq. (7.192) becomes 

oo — D 

E(x) -4a V J z ™ e »s(x) e -M»/3AV 2 _ (7.194) 

, U= 1 v 2 vrw 

For small a, E(x) is also small, so that the factor e wSI - x ^ on the right-hand side is 
close to unity and can be omitted. This will be inserted into the equation for the 
particle number above T c : 


N = j d D xn(x ) = Z w (/3) J d D x (d(PTvjO] ZDe S(x) ; x). 


(7.195) 


Recall that in the thermodynamic limit for D > 1 where the phase transition prop¬ 
erly exists, zd] x ) and (u(ptiu}] zd',~x) coincide, due to (7.139) and (7.141). 

From (7.195) we may derive the following equation for the critical temperature 
as a function of Z]-y. 


ZJJt) f ,£> Cp(^^;^e £(x) ;x) 
^(^ 0) ) J 1 ( D (f3c 0) hu}] 1 ) 


(7.196) 


where T® is the critical temperature in the trap without the repulsive interaction. 
The critical temperature T c of the interacting system is reached if the second argu¬ 
ment of QoijdUuj] Z£)e S(x) ; x ) hits the boundary of the unit convergence radius of the 
expansion (7.130) for x = 0, i.e., if zd^^ = 1. Thus we find the equation for T c : 


ZujPc) /' D Cp(/y^;e Sc(x) Sc(0) ;x) 

z^ ] )' x ( D (p^hu-i) 


(7.197) 


where the subscript of E c (x) indicates that f3 in (7.194) has been set equal to /3 C . 
In particular, a contained in E c (x) is equal to a c = ajt c . Since this is small by 
assumption, we expand the numerator of (7.197) as 


zM 


Z U (P2”) { Cd(4 0) ^;1) 

where the integral has the explicit small-ca form 

-D 


d D x A( D (/3^huj; 1;: 


J d D x y ^ e- Mw ^ 0) “ 2 * 2 / 2 ( e »Pdx)-s c( o)] _ ^ (7 . 199) 


(7.198) 


In the subtracted term we have used the fact that for small c o, ~ 

C1) ~ ((D) is independent of ft [see (7.139) and (7.141)]. 




634 


7 Many Particle Orbits — Statistics and Second Quantization 


Next we approximate near 

ZJM , „Ar e . ATc 

Z u (/?f) Ti 0) tanh($ 0) /iw/2) ~ TP' 

such that Eq. (7.198) can be solved for A T c /T^>: 

W)J dDxA ^ 0) ^P- 


(7.200) 


(7.201) 


On the right-hand side, we now insert (7.199) with the small quantity E c (x) approx¬ 
imated by Eq. (7.194) at fiP, in which the factor e“’ Sc(x ) on the right-hand side is 
replaced by 1, and find for the integral (7.199): 

- D 

M Pc 0) ( e Mw'^ 0) ^/ 2_ 1 

2ltw' V 

The integral leads to 


—4a r / d D x 


on=\ ' 


Uj2M ^ c ] e -M W pi 0 ) oj 2 x 2 /2 w y' 

2vrtc (P. \ 


-4a r 


\ 


u 2 Mfi, 

2tT 


(o) 


-D 


E 

w,w'=l 


D/2-l, UJ /D/2 


W 


(w + w') D ! 2 W D ! 2 


= -4 d c S(D), (7.202) 


where S(D ) abbreviates the double sum, whose prefactor has been simplifies to —4a c 
using (7.191) and the fact that for small to, Z^fiP) & (uhfiP)~ D . For D = 3, the 
double sum has the value S(3) ~ 1.2076 —C(2)C(3/2) fa —3.089. Inserting everything 
into (7.201), we obtain for small a and small to the shift in the critical temperature 


A T c 4 d c S(D) t a 

_£~__ L ~ —3 427— 

tP d ((D) d =3 ‘ 4 ‘ 


(7.203) 


In contrast to the free Bose gas, where a small 5-function repulsion does not produce 
any shift using the same approximation as here [recall (7.116)], and only a high-loop 
calculation leads to an upwards shift proportional to a, the critical temperature of 
the trapped Bose gas is shifted downwards. We can express £ c in terms of the length 
scale = \Jti/Mu associated with the harmonic oscillator [recall Eq. (2.303)] and 
rewrite i c = \ L0 ^2itfi c hu. Together with the relation (7.142), we find 


A T c 

Tp 


-3.427 


V 2 ^[(( 3)} 1 / 6 \ 


-N l/ 6 


-1.326 ^-A 1/6 . 

A(jJ 


(7.204) 


Note that since u is small, the temperature shift formula (7.201) can also be ex¬ 
pressed in terms of the zero-cu density (7.134) as 


AT 


o 0 J d 3 x [<Vi 0 (x)] [n 0 (x) - n 0 (0)] 


2 9 


f d 3 x dT'n 0 (x) 


(7.205) 
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where we have omitted the other arguments (3 and z of no(/3',z;x), for brevity. To 
derive this formula we rewrite the grand-canonical free energy (7.190) as 


F g = 


P 


crx 


/Mx) j / 

—n 0 (p;z';x.)-p 

r» / y' 


v 2 U) 


4 9 


(7.206) 


so that the particle number equation Eq. (7.195) takes the form 

N = j d 3 xn 0 (/d;^ (x) ;x). 

Extremizing Fq in z/(x) yields the self-consistent equation 

i/(x) = -2^no(/3;^W;x). 

As before, the critical temperature is reached for zeP v (°'> = 1, implying that 

N — J d 3 xn 0 (p c ]ze- 2f39[n °W-nom.x). (7.209) 


(7.207) 

(7.208) 


In the exponent we have omitted again the arguments (3 and z of n 0 (j3; z; x). If we 
now impose the condition of constant N, AN = ( AT c 0t + A/j,d p )N = 0, and insert 
A/i = —2g[n 0 (x) — n 0 (0)], we find (7.205). Inserting into (7.205) the density (7.134) 
for the general trap (7.151), we End the generalization of (7.203): 


AT C _ 4a c 1 ~ 1 

T c (0) ~ D ((D) w ~f =l w D/2-i w m/2 


1 

(w + w')^~ D A 


1 

yjD—D/2 


(7.210) 


which vanishes for the homogeneous gas, as concluded before on the basis of 
Eq. (7.116). 

Let us compare the result (7.204) with the experimental temperature shift for 
87 Rb in a trap with a critical temperature T c « 280 nK which lies about 3% be¬ 
low the noninteracting Bose gas temperature (see Fig. 7.9). Its thermal de Broglie 
length is calculated best in atomic units. Then the fundamental length scale is the 
Bohr radius an = h/M p ca, where M p is the proton mass and a ~ 1/137.035 the 
fine-structure constant. The fundamental energy scale is Eh = M e c 2 a 2 . Writing 
now the thermal de Broglie length at the critical temperature as 


a 2nh 2 
4 = Mk B T c 


= V2tt\ 


E 


H 


M P 


k B T c V 87il(fr 


-a#, 


(7.211) 


we estimate with ^E H /kBT c & ^/27.21 eV/(280 x 10~ 9 /11 604.447eV) « 1.06 x 10 6 

and y/M e /87M p « ^/0.511eV/(87 x 938.27eV) « 0.002502 such that i c « 6646a^. 

The triplet s-wave scattering length of 8 'Rb is a ~ (106 ± 4) an such that we 
find from (7.203) 


AT 


E 


(o) 


-5.4%, 


(7.212) 


which is compatible with the experimentally data of the trap in Fig. 7.9. 

Let us finally mention recent studies of more realistic systems in which bosons 
in a trap interact with longer-range interactions [45]. 
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7.3 Gas of Free Fermions 


For fermions, the thermodynamic functions (7.32) and (7.33) contain the functions 




W — 1 ' 


W=1 


W h 


(7.213) 


which starts out for small z like z. For z — 1, this becomes 


C( ) - T y + y F + " • - fo k 


OO 1 OO 1 

= Et,-2'-'E-- = (i-2‘-)CM. (7.214) 


In contrast to Cv( z ) i n Eq. (7.34) this function is perfectly well-defined for all chemical 
potentials by analytic continuation. The reason is the alternating sign in the series 
(7.213). The analytic continuation is achieved by expressing (l(z) as an integral by 
analogy with (7.39), (7.40): 

C'M = jTrt,(a), (7.215) 

where i f n (c k) are the integrals 

roo £ n ~ 1 

<•(“) = / (7.216) 

Jo e £ ° + 1 

In the integrand we recognize the Fermi distribution function of Eq. (3.111), in 
which uh/3 is replaced by £ — a: 


nl = 


+ 1 


(7.217) 


The quantity £ plays the role of a reduced energy £ = E/ksT , and a is a reduced 
chemical potential a = g/ksT. 

Let us also here express the grand-canonical free energy Fq in terms of the 
functions i f n (oi). Combining Eqs. (7.32), (7.213), and (7.216) we obtain for fermions 
with gs = 2S + 1 spin orientations: 




9sVd 


pr(D/2 + l) ^ 27 t% 2 P/M D - 


de 


-D/2 


and the integral can be brought by partial integration to the form 
1 <7sVd 


F g = 


yj\2nh 2 (3/M D 


roo 

/ d££ D/2 - 1 log(l + e~ £+ ^ 1 ). 

Jo 


e s-0n + i ’ 

(7.218) 

(7.219) 


Recalling Eq. (7.47), this can be rewritten as a sum over momenta of oscillators with 
energy huj p = p 2 /2 M: 

F g = log(l + e - phUp+ ^). (7.220) 

P p 
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This free energy will be studied in detail in Section 7.14. 

The particle number corresponding to the integral representations (7.219) and 
(7.220) is 


V _^_ F = _ [ _ 9sVp 

d fi C T{D/ 2 ) 2 n ji 2 fj /m 


D 


de- 


e 


D/2-1 


,e+f$n 


z 9sY1 




. (7.221) 


Recalling the reduced density of states, this may be written with the help of the 
Fermi distribution function of Eq. (7.217) as 

r oo 

N = g s V D deN £ nl (7.222) 

Jo 

The Bose function contains a pole at a = 0 which prevents the existence of a 
solution for positive a. In the analytically continued fermionic function (7.215), on 
the other hand, the point a = 0 is completely regular. 

Consider now a Fermi gas close to zero temperature which is called the degenerate 
limit. Then the reduced variables £ = E/ksT and a = n/ksT become very large 
and the distribution function (7.217) reduces to 


n 


f 

£ 


1 

0 


for 


e < a 
e > a 


0(s — a). 


(7.223) 


All states with energy E lower than the chemical potential /i are filled, all higher 
states are empty. The chemical potential // at zero temperature is called Fermi 
energy Ep\ 


9 


T =0 


= Ep. 


(7.224) 


The Fermi energy for a given particle number N in a volume Vp> is found by per¬ 
forming the integral (7.222) at T — 0: 


N 



1 gsVpET 
r(D/2+l) ^2vr h 2 /M D 


1 9sV D f Pf\ D 

T(D/2 + 1)^ d \ h) ’ 


(7.225) 


where 

Pp = \j2MEp (7.226) 

is the Fermi momentum associated with the Fermi energy. Equation (7.225) is solved 
for Ep by 


E f = 


2irh 2 

M 


T(D/2 + l) 


2/D 


9S 


/ N\ 2/d 

vvrJ ’ 


and for the Fermi momentum by 


T{D/2 + 1) 


l/D 


9s 



1 ID 


h. 


(7.227) 


Pp = 2yfirh 


(7.228) 
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Note that in terms of the particle number N, the density of states per unit energy 
interval and volume can be written as 


_ d N j kftT " £)/2-\ 

~ 2 Vp V Ep 


('7.229) 


As the gas is heated slightly, the degeneracy in the particle distribution function 
in Eq. (7.223) softens. The degree to which this happens is governed by the size of 
the ratio kT/Ep. It is useful to define a characteristic temperature, the so-called 
Fermi temperature 


_ An _ 1 Pf 2 
k b kg 2M 


(7.230) 


o 

For electrons in a metal, p-p is of the order of h/ 1A. Inserting M = m e = 9.109558 x 
1CT 28 g, further k B = 1.380622 x 10~ 16 erg/K and ft = 6.0545919 x 1CT 27 erg sec, 
we see that Tp has the order of magnitude 


T f « 44 000K. 


(7.231) 


Hence, even far above room temperatures the relation T/Tp <C 1 is quite well 
fulfilled and can be used as an expansion parameter in evaluating the thermodynamic 
properties of the electron gas at nonzero temperature. 

Let us calculate the finite -T effects in D = 3 dimensions. From Eq. (7.225) we 
obtain 


N = N{T,n) 


g s v 2 , f / p \ 
iim^ h/2 \k B T)- 


(7.232) 


Expressing the particle number in terms of the Fermi energy with the help of 
Eq. (7.225), we obtain for the temperature dependence of the chemical potential 
an equation analogous to (7.54): 


1 = 


P 


v Ep J 2 3/2 \k B Tj ' 

To evaluate this equation, we write the integral representation (7.216) as 


(7.233) 


it (a) = 


r°° , (a + x) n 1 
ax- 


' —a 
rot 


e x + 1 

, (a — x ) n_1 f°° . (a + x) n_1 

ax --—--h / ax- 


e~ x + 1 


e x + 1 


(7.234) 


where e = x + a. In the first integral we substitute l/(e x + 1) = 1 — \/[e x + 1), 
and obtain 

, f r a , r°° (a+x) 71 - 1 — (cc—x) n_1 r°° (a-x)" -1 . fTrior . 

it(a)= / dxx 1 + / dx- -h / dx- -. (7.235) 

Jo Jo e x +1 J a e x +1 
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In the limit a—> oo, only the first term survives, whereas the last term is exponentially 
small, so that it can be ignored in a series expansion in powers of 1/a. The second 
term is expanded in such a series: 


2 £ (7 


fc=odd 


, n—l—k 


a 


r oo x 

ax 


= 2 E 


(n—1)! 


„ n—l—k ( 


e * + 1 El, (n-l~k)\ 


a 


(1 — 2~ k )((k + 1). 


(7.236) 

In the last equation we have used the integral formula for Riemann’s ((-function 4 


roo j-V—1 

/ ~ 2 1_1 ')C(i y )- (7.237) 

Jo e^ x + 1 

At even positive and odd negative integer arguments, the zeta function is related to 
the Bernoulli numbers by Eq. (2.569). The lowest values of ((x) occurring in the 
expansion (7.236) are C(2), C(4),..., whose values were given in (2.571), so that the 
expansion of i { n (a ) starts out like 

£(<*) = -a n + 2(n—l)ic(2K" 2 + 2(n-l)(n-2)(n-3)^C(4)a n - 4 + ... . (7.238) 
n A o 


Inserting this into Eq. (7.233) where n = 3/2, we End the low-temperature expansion 


1 


k B T 

E f 


3/2 


3 

2 


2 / n \ 3/2 vr 2 / fi \-V 2 7vr 4 / // y 5 /2 

3 \T7t) + 12 \k7r) + 3-320 \k7r) 


implying for /i the expansion 


(7.239) 




E v 


7T 2 (k B T\ 2 7t r 4 / k B T \ 4 
12\E F ) + 720 V E F y + 


(7.240) 


These expansions are asymptotic. They have a zero radius of convergence, diverging 
for any T. They can, however, be used for calculations if T is sufficiently small or 
at all T after a variational resummation a la Section 5.18. 

We now turn to the grand-canonical free energy F G - In terms of the function 
(7.216), this reads 


F g = 


1 9sV 1 -f / 
piim r(5/2 ) h/Aa 


(7.241) 


Using again (7.238), this has the expansion 


Fg{T,H,V) 


^g( 0, /i, V) 



7tU f k B T \ 4 
384 V /x J 


(7.242) 


where 


-^g(0, Fi V) 



y/2 M 3/2 
3n 2 h 3 





A I- 


4 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 3.411.3. 
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By differentiating F G with respect to the temperature at fixed /i, we obtain the 
low-temperature behavior of the entropy 

vr 2 k B T 


S = k f 


-N + ... 


2 Ep 

From this we find a specific heat at constant volume 


C = 

dT 


V,N 


T~0 7T 2 k B T 

* s = kB T ~e7 N + --- ' 


(7.243) 


(7.244) 


This grows linearly with increasing temperature and saturates at the constant value 
3k B N/2 which obeys the Dulong-Petit law of Section 2.12 corresponding to three 
kinetic and no potential harmonic degrees of freedom in the classical Hamiltonian 
p 2 /2 M. See Fig. 7.11 for the full temperature behavior. The linear behavior is 



Figure 7.11 Temperature behavior of specific heat of free Fermi gas. As in the free Bose 
gas, the Dulong-Petit rule gives a high-temperature limit 3k B N/2 for the three harmonic 
kinetic degrees of freedom in the classical Hamiltonian p 2 /2 M. There are no harmonic 
potential degrees of freedom. 


due to the progressive softening near the surface of the Fermi distribution which 
makes more and more electrons thermally excitable. It is detected experimentally 
in metals at low temperature where the contribution of lattice vibrations freezes 
out as (T/Td) 3 . Here T B is the Debye temperature which characterizes the elastic 
stiffness of the crystal and ranges from T B & 90K in soft metals like lead over 
Tp, ft; 389K for aluminum to T B « 1890K for diamond. The experimental size of 
the slope is usually larger than the free electron gas value in (7.244). This can be 
explained mainly by the interactions with the lattice which result in a large effective 
mass M e s > M. 

Note that the quantity F G (0,[a,V) is temperature dependent via the chemical 
potential fi. Inserting (7.240) into (7.242) we find the complete T-dependence 


F G (T, [A, V) = F g (0,E f ,V) 


1 + 


57r 2 ( k B T 


12 V E f 



+ ... 


(7.245) 
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where 

F g ( 0, E f , V ) = ~NE f . (7.246) 

5 

As in the boson gas, we have a relation (7.61) between energy and grand- 
canonical free energy: 

E = ~F g , (7.247) 

such that equation (7.245) supplies us with the low-temperature behavior of the 
internal energy: 


E 



1 + 


57T 2 

~12 



16 



(7.248) 


The first term is the energy of the zero-temperature Fermi sphere. Using the relation 
Cy = dE/VdT , the second term yields once more the leading T —* 0 -behavior 
(7.244) of specific heat. 

This behavior of the specific heat can be observed in metals where the conduction 
electrons behave like a free electron gas. Due to Bloch’s theorem, a single electron 
in a perfect lattice behaves just like a free particle. For many electrons, this is still 
approximately true, if the mass of the electrons is replaced by an effective mass. 

Another important macroscopic system where (7.244) can be observed is a liquid 
consisting of the fermionic isotope 3 He. There are two electron spins and an odd 
number of nucleon spins which make this atom a fermion. Also there the strong 
interactions in the liquid produce a screening effect which raises to an effective 
value of the mass to 8 times that of the atom. 


7.4 Statistics Interaction 


First, we consider only two identical particles; the generalization to n particles will 
be obvious. For simplicity, we ignore the one-body potentials U(x^) in (7.2) since 
they cause only inessential complications. The total orbital action is then 




+ 





(7.249) 


The standard change of variables to center-of-mass and relative coordinates 

X = (M (1) x (1) + M (2) x (2) )/(M (1) + M (2) ), x = (x (1) - x (2) ), (7.250) 

respectively, separates the action into a free center-of-mass and a relative action 


A = A 


CM 


'•rel 


r f b M ■ 9 

rh 

^x 2 - Vjnt(x) 

/ dt— X 2 + 

/ dt 

Jt a 2 

Jt a 



(7.251) 


with a total mass M = M W +M^ and a reduced mass /i = /(. M ^ + M^). 

Correspondingly, the time evolution amplitude of the two-body system factorizes 
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into that of an ordinary free particle of mass M, (Xfc£&|X a £ 0 ), and a relative am¬ 
plitude (x b t b \x a t a ). The path integral for the center-of-mass motion is solved as in 
Chapter 2. Only the relative amplitude is influenced by the particle statistics and 
needs a separate treatment for bosons and fermions. 

First we work in one dimension only. Many of the formulas arising in this case are 
the same as those of Section 6.2, where we derived the path integral for a particle 
moving in a half-space x — r > 0; only the interpretation is different. We take 
care of the indistinguishability of the particles by restricting x to the positive semi- 
axis x — r > 0; the opposite vector —x describes an identical configuration. The 
completeness relation of local states reads therefore 



(7.252) 


To write down the orthogonality relation, we must specify the bosonic or fermionic 
nature of the wave functions. Since these are symmetric or antisymmetric, respec¬ 
tively, we express (r b \r a ) in terms of the complete set of functions with these sym¬ 
metry properties: 


/ , \ 2 [°° ^P_ I cos pr b /h cos pr a /k ) 

' b a Jo itU\ sin pr b /% sin pr a /% J ' 

This may be rewritten as 


(7.253) 


(r b \r a ) = J™ ^ (e*to- ra >/ R ± e ip ^ +r ^ h ) = 5(r b - r a ) ± 8(r b + r a ). (7.254) 


The infinitesimal time evolution amplitude of relative motion is then, in the canon¬ 
ical formulation, 


(r n e|r n _i0) = (r n \e ieHrel/7i |r n _i) 
dp 


j°° ^P ^ e ip(rn-rn-i)/K e ip{r n +r n -i)/tPj e ~ieH iel (p,rn)/fr y 2S5) 


where H vc \(p,x ) is the Hamiltonian of relative motion associated with the action 
A re \ in Eq. (7.251). By combining N + 1 factors, we find the time-sliced amplitude 
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(■ r b tb\r a t a ) = ri 


n= 1 


dry 


N+l 

n 

n =1 
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\i 

" 


'j 

< exp 

T Y Pn(r n 

_ n n= 1 

- r n - i) 

± exp 

T Y PniPn + T n-l) 

. n= 1 


(7.256) 


e 


2-^n =1 


-^rel {Pn^n) 

5 


valid for bosons and fermions, respectively. By extending the radial integral over 
the entire space it is possible to remove the term after the ±sign by writing 


dS r /*oo 

(r b t b \r a t a ) = Y II / 

Xb=±ri, n= 1 00 

r „• n+i 


dx r . 


N+l 

n 

J n =1 


[°° dp n 
Moo 2nh 


(7.257) 


x exp | \Pn{x n - x n -i) - eH te[ {p n , x n ) + h7r(a(x n ) - a(x n - 1 ))} j, 
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where the function a(x) vanishes identically for bosons while being equal to 


cr(x) = 0(— x) 


(7.258) 


for fermions, where @(x) is the Heaviside function (1.313). As usual, we have 
identified ay = x^+i and x a = x 0 which is equal to r a . The final sum over ay = ±r b 
accounts for the indistinguishability of the two orbits. The phase factors e ma< ' Xn ' ) 
give the necessary minus signs when exchanging two fermion positions. 

Let us use this formula to calculate explicitly the path integral for a free two- 
particle relative amplitude. In the bosonic case with a vanishing cr-term, we simply 
obtain the free-particle amplitude summed over the final positions ±r b : 


(r b t b \r a t a ) 


1 

y/2irhi(t b - t a )/n 



i n {r b — r a ) 2 

h 2 t b -ta 


+ (r b ->■ ~r b ) 


(7.259) 


For fermions, the phases cr(x n ) in (7.257) cancel each other successively, 
the boundary term 

e iir(rr(x b )-cr(xa)) 


except for 
(7.260) 


When summing over x b = ±r b in (7.257), this causes a sign change of the term with 
x b = — r b and leads to the antisymmetric amplitude 


(r b t b \r a t a ) 


1 

\J2Trhi(t b - t a )/n 



i P (r b 
U 2 (t b 



(r b ->■ —r b ) \ . 


(7.261) 


Let us also write down the continuum limit of the time-sliced action (7.257). It 
reads 


A = A re i + Af — [ dt [px — H re i(p, x) + h , Kx(t)d x cr(x(t))\ . (7.262) 

Jt a 

The last term is the desired Fermi statistics interaction. It can also be written as 
Af = —hn f dtx(t)S(x(t)) = hn f dtd t Q(—x(t)). (7.263) 

Jt a Jt a 

The right-hand expression shows clearly the pure boundary character of Af , which 
does not change the equations of motion. Such an interaction is called a topological 
interaction. 

Since the integrals in (7.257) over x and p now cover the entire phase space and 
cr(x) enters only at the boundaries of the time axis, it is possible to add to the action 
any potential Vi n t(r). As long as the ordinary path integral can be performed, also 
the path integral with the additional cr-terms in (7.257) can be done immediately. 

It is easy to generalize this result to any number of fermion orbits x^ v \t), v = 
l,...,n. The statistics interaction is then Y^ v <v’ Af[x^ v,v '^] with the distance vec¬ 
tors x ( ' v,u ^ = x^ — x^ v '\ When summing over all permuted final positions, the 
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many-fermion wave functions become antisymmetric. The amplitude is given by the 
generalization of Eq. (7.257): 


(X: 


Ob), 

b > 


n ( N 

tb\x { a a) ]t a ) = y, n \ n 

p{v b )v =1 v n=l lJ -°° 

x-p (^£{±1 


dx M 


N +1 

n 

J n= 1 L' 


dptf 


1-00 ‘1'ltU 
Pn\Xn ] ~ X n- 1) ~ ^rel (p^ , ^ ) 

+h7T ^ [^On’" 0 ) - 0-(®n-l } ) 

u<u' 


, (7.264) 


where denotes the sum over all permutations of the final positions. The phases 
exp[i7r<r(a;)] produce the complete antisymmetry for fermions. 

Consider now two particles moving in a two-dimensional space. Let the relative 
motion be described in terms of polar coordinates. For distinguishable particles, the 
scalar product of localized states is 


/■OO °° 1 

{nQb\r a (Pa) = / dkk im(kr b )i m (kr a )—e im ^ b ~‘ f>a) 

Jo ^ 27T 


y'nVa 


S(r b - r a )5(ip b - (p a ). 


(7.265) 


This follows straightforwardly by expanding the exponentials e* kx = e tkrcos<f in the 
scalar product 

(x 6 |x a ) = J ^_ e ^e- ikx “ = 5^ (x fc - x a ) (7.266) 

into Bessel functions, according to the well-known formula 5 

OO 

gdcosip _ £ i m (a)e im(fi , (7.267) 


rri ——oo 


and by rewriting ^^(xf, — x a ) as {r b Ta)~ x ^d[r b — r a )5(<p b — ip a ). For indistinguish¬ 
able particles, the angle p> is restricted to a half-space, say p> G [0,7r). When 
considering bosons or fermions, the phase factor must be replaced by 

e im(<f b -ip a ) _|_ e im{if b +-rT-ip a ), respectively. In the product of such amplitudes in a time- 
sliced path integral, the ±-terms in (7.256) can again be accounted for by completing 
the half-space in ip to the full space [—7r, 7 t) and introducing the held o((p). By in¬ 
cluding a Hamiltonian and returning to Euclidean coordinates X\,X 2 , we arrive at 
the relative amplitude 


(x b t b \x a t) = J V 2 x J 


V 2 p 

~27 


exp 


i , i , 

—A ve \ + —A 

n n 


+ (X{, -4- -x fe ) 


(7.268) 


with an obvious time slicing as in (7.257). 

5 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 6.633.1. 
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The Fermi statistics interaction Af looks in polar coordinates just like (7.263), 
but with x replaced by ip: 

A{ = tin f dt(p(t)d,pcr((p(t)). (7.269) 

J ta 

Adapting the step function cr{ip) to the periodic nature of the variable <p, we 
continue this function periodically in ip. Equivalently, we replace it by a step function 
cr p {(p) which jumps by one unit at every integer multiple of n and write 

Af = h [ dtx(t ) • a(x(t)), (7.270) 

Jt a 

with a vector potential 

a(x) = 7rV(T p (93). (7.271) 

When calculating particle distributions or partition functions which satisfy pe¬ 
riodic boundary conditions, this coupling is invariant under local gauge transforma¬ 
tions of the vector potential 


a(x) —» a(x) + VA(x), (7.272) 

with smooth and single-valued functions A(x), i.e., with A(x) satisfying the integra- 
bility condition of Schwarz: 


(Adj - djdi) A(x) = 0. 


(7.273) 


Taking advantage of gauge invariance, we can in (7.271) replace cr p (</?) by any func¬ 
tion of x as long as it changes by one unit when going from ipb to ipb+n. A convenient 
choice is 


°p( x ) 


—<p(x) = — arctan —. 

TT TT X\ 


(7.274) 


With this, the statistics interaction (7.270) becomes 


Af = h [ dtitd x (p(x.) — h f dteij^A, (7.275) 

Jt a Jt a X 

where e^- is the antisymmetric unit tensor of Levi-Civita in two dimensions. 

Just like the expression (7.263), this is a purely topological interaction. By 
comparison with (7.270), we identify the vector potential of the statistics interaction 
as 

a*(x) = diip = -Cy—. (7.276) 

x- 

The Fermi statistics remains obviously in operation if we choose, instead of the 
vector potential (7.276), an arbitrary odd multiple of it: 

X ' 

Oi(x) = diip = —(2 n + l)eij- 3 -, 


n = 0, ±1, ±2,.... 


(7.277) 
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The even multiples 


Oi(x) = diip = -2ne i:? —, n = 0, ±1, ±2,..(7.278) 

on the other hand, give rise to Bose statistics. 

For more than two particles, the amplitude (7.268) is generalized to the two- 
dimensional analog of Eq. (7.264). In one and two space dimensions we have thus 
succeeded in taking care of the indistinguishability of the particles and the fermionic 
nature by the simple statistics interaction terms (7.263) and (7.275). The indistin¬ 
guishability of the particles requires that the path integral over all paths from the 
initial point x a to the final point x& has to be extended by those paths which run 
to the reflected point — x&. The statistics interaction guarantees the antisymmetry 
of the resulting amplitude. 

7.5 Fractional Statistics 

The above considerations raise an important question. Is it possible that particles 
with an arbitrary real multiple of the statistical gauge interaction (7.275) exist in 
nature? Such particles would show an unusual statistical behavior. If the prefactor 
is denoted by /x 0 and the statistics interaction reads 

A{ = h/M) [ dt x • Vy?(x) = ?i/i 0 [ dtcij 1 ' J , (7.279) 

Jt a Jt a X 2 

an interchange of the orbital endpoints in the path integral gives rise to a phase 
factor If fi o is even or odd, the amplitude describes bosons or fermions, 

respectively. For rational values of fi o, however, the particles are neither one nor 
the other. They are called anyons. The phase of the amplitude returns to its initial 
value only after the particles have been rotated around each other several times. The 
statistical behavior of such particles will be studied in detail in Section 16.2. There 
we shall see that for two ordinary particles, an anyonic statistical behavior can be 
generated by a magnetic interaction. An interaction of the form (7.279) arises from 
an infinitesimally thin magnetic flux tube of strength $ = with $0 = 2Tthc/e. 
Indeed, the magnetic interaction is given by the gauge-invariant expression 

An g — dt x(t)A(x(t)), (7.280) 

C J ta 

and the vector potential of a thin magnetic flux tube of flux <F reads 

A(x) = ^-dup = —$ey~. (7.281) 

lit x z 

For the flux <F 0 = ‘litTicje or an odd multiple thereof, the magnetic interaction 
coincides with the statistics interaction of two fermions (7.275). Bose statistics 
holds if <F is zero or an even multiple of $ 0 . The magnetic field can be chosen 
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to produce any value of fi 0 . This analogy will permit us to calculate the second 
virial coefficient of a gas of anyons in Section 16.3. There we shall also see that 
the statistical parameter /i 0 determines the behavior of the wave functions near 
the origin. While the wave functions of bosons and fermions carry either even or 
odd azimuthal angular momenta m, respectively, and vanish like |x| m for |x| —y 0, 
those of anyons can carry any integer m, behaving like |x|l m+W) l with a noninteger 
exponent. 

We shall demonstrate in Section 16.2 that flux tubes whose flux <f> is an integer 
multiple of $o, i.e., those with a flux corresponding to Fermi or Bose statistics, have 
a vanishing scattering amplitude with respect to particles of charge e ( Aharonov- 
Bohm effect). 

Such flux tubes can be used as a theoretical artifact to construct the vector 
potential of a magnetic monopole. Although magnetic fields can have no sources, 
a monopole can be brought in from infinity inside an infinitely thin tube of flux 
<f> = n$o (n = integer), called a Dirac string. Since this cannot be detected by 
any electromagnetic scattering experiment the endpoint of the string behaves like 
a magnetic monopole. 6 In an important aspect, the analogy between the magnetic 
and statistics interaction is not perfect and the present path integral is different 
from the one governing the magnetic scattering amplitude: The magnetic scattering 
amplitude deals with two different particles, one with an electric and the other with 
a magnetic charge. The paths are therefore summed with a fixed endpoint. In 
the statistics case, on the other hand, the sum includes the final point x^ and the 
reflected point — x b . 

For this reason, the magnetic analogy can be used to impose arbitrary statistics 
only upon two particles and not upon an ensemble of many identical particles. The 
analogy has nevertheless been useful to guide recent theoretical developments, in 
particular the explanation of the fractional quantum Hall effect (to be discussed in 
Sections 16.13-16.12). 

Particles in two dimensions with fractional statistics have recently become a 
source of inspiration in field theory, leading to many new and interesting insights. 

7.6 Second-Quantized Bose Fields 

We have seen above that the path integral of a system with many identical particles 
can become quite cumbersome to handle. Fortunately, there exists a much sim¬ 
pler and more efficient path integral description of many-particle systems. In the 
Schrodinger formulation of quantum mechanics, it is possible to generalize the single- 
particle Schrodinger equation to an arbitrary and variable number of particles by 
letting the complex Schrodinger fields fi(x, t ) be field operators rather than complex 
c-numbers. These are denoted by fifx.fi) and postulated to satisfy the harmonic- 
oscillator commutation relations at each point x in space. To impose properly such 

6 See also the discussion in H. Kleinert, Int. J. Mod. Phys. A 7, 4693 (1992) (http://www.phy- 
sik.fu-berlin.de/~kleinert/203); Phys. Lett. B 246, 127 (1990) {ibid. http/205). 
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local quantization rules, space is discretized into little cubes of volume e 3 , centered 
around the points x n = 6 ( 711 , 712 ,^ 3 ), with 711 , 2,3 running through all integers. If we 
omit the subscripts n, for brevity, the quantization rules are 

['0(x,t),'0 t (x',t)] = <5 XX /, 

[V’ t CM),'0 t (x',*)] = 0, (7.282) 

['0(x,t),'0(x / ,t)] = 0. 


The commutativity of the operators at different places ensures the independence of 
the associated oscillators. Imposing the conditions (7.282) is referred to as second 
quantization or field quantization. One also speaks of a quantization of particle 
number. The commutation relations generate an infinite-dimensional Hilbert space 
at each space point x. Applying the operator ^/d(x, t) n times to the ground state 
of the harmonic oscillator |0) x at x creates states with n excitations at x: 

1 

vuT 

These states are interpreted as states describing n particles at the point x. The 
ground state of all oscillators is 



[<5t(x,0)]”|0>. 


(7.283) 


io)=ni°>x- < 7 ’ 284 ) 

x 

It is called the vacuum state of the system. The total number of particles at each 
time is measured by the operator 

N(t) = J2 ^ f ( x > t). (7.285) 


The simplest classical action, whose quantum theory has the above structure, 
describes an ensemble of free bosons with a chemical potential pr. 




= Y. [ dt 

-v J ta 


fl 2 _ 

fi*(ihd t + p#(x, t) - — t/;*V x V x 7/>(x, t) 


(7.286) 


The symbols V x , V x denote the difference operators on the discretized three- 
dimensional space, each component V,:, V* being defined in the same way as the 
difference operators V, V on the sliced time axis in Eqs. (2.97). The eigenvalues on 
a plane wave of momentum p are 

-/7/Y;(' px h = P t e ipx/n , - ihV ie ipx/n = iV px/7 \ (7.287) 


with 



e 


By Fourier decomposing the held 


e im/fr 







g*px/fi 


a.p(t), 


(7.288) 


(7.289) 
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the difference operators V x , V x are diagonalized and the action is decomposed into 
a direct sum of fields a*(f), a p (t) of a fixed momentum p, 

A[a*,a]=h'^2 [ dt a p (t)id t a p (t) — u;(p)a*(£)a p (£) , (7.290) 

p dt a 

where cu(p) denotes the single-particle frequencies 

w(p) s s [iH ■ (7 - 29i) 

with 

|P| 2 -^E2[l-» S (f)]. (7.292) 

The extremization of (7.286) gives the field equation 

^9 t + /x+^yV x V x ^( x ,t) = 0. (7.293) 

This is the ordinary free-particle Schrodinger equation (the first-quantized field equa¬ 
tion), apart from a constant shift in the energy by the chemical potential /j. Recall 
that the chemical potential guarantees a fixed average particle number which, in 
experiments, is enforced by contact with an appropriate particle reservoir (see Sec¬ 
tion 1.17). In momentum space, the field equation reads 

[id t - u(p)]a p (t) = 0. 

Knowing the general relation between the operator and the path integral descrip¬ 
tion of quantum mechanics, we expect that the above rules of second quantization 
of operators can be accounted for by assuming the field variables a* p {t ) and a p (t ) in 
the action to be fluctuating c-number variables and summing over all their configu¬ 
rations with an amplitude exp{(i/h)A[a* , a]}. The precise form of this path integral 
can be inferred from the oscillator nature of the commutation relations (7.282). 
After the Fourier transform (7.289), the components a p (t),aj ) (t) satisfy 

[a p (t), o p /(t)] = <5pp', 

KWA'W] = 0. (7-294) 

[dp(t), Op'(t)] 0. 

Since the oscillators at different momenta p are independent of each other and since 
the action is a direct sum, we may drop the subscript p in the sequel and consider 
fields of a single momentum only. 

The commutators (7.294) are the same as those of a harmonic oscillator, of 
course, obtained from the usual canonical commutators 


[p, x] = —ih 


( 7 . 295 ) 
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by the canonical transformation 

a* = \JM/2hu(ujx — ip/M ), o = \JM/2huj(ujx + ip/M). 


(7.296) 


Note that within the present context, the oscillator momentum p is the conjugate 
momentum of the field operator and has no relation to the particle momentum p 
(there exists a field operator for each particle momentum p). The transformation 
(7.296) changes the Hamiltonian of the harmonic oscillator 


H„ = 


-p + 


Mu 2 


-x 


2M 2 

into the creation and annihilation operator form 

- tlU , X, 

H u = —(a'a + a a'). 
The classical action in the canonical form 

Pb 


turns into 


A\p,q}= dt \pq-Hu(p,q)] 

Jt a 

Pb 

A[a *, a] —hi dt ( a*id t a — ua*a). 
Jt a 


(7.297) 


(7.298) 


(7.299) 


(7.300) 


If one wants to describe quantum statistics, one has to replace t —> —it and use the 
Euclidean action (with f3 = 1/ksT ) 


fh/3 

A c [a*,a]=h dr (a*d T a + uja*a), (7.301) 

Jo 

which coincides precisely with the action (7.290) for particles of a single momentum. 


7.7 Fluctuating Bose Fields 


We set up a path integral formulation which replaces this second-quantized opera¬ 
tor structure. Since we have studied the harmonic oscillator extensively in real and 
imaginary time and since we know how to go back and forth between quantum- 
mechanical and -statistical expressions, we consider here only the case of imaginary 
time with the Euclidean action (7.301). For simplicity, we calculate only the par¬ 
tition function. The extension to density matrices is straightforward. Correlation 
functions will be discussed in detail in Chapter 18. 

Since the action (7.300) of the harmonic oscillator is merely a rewritten canonical 
action (7.299), the partition function of the harmonic oscillator is given by the path 
ref(2.339) integral [see (2.339)] 


lab(2.187) 

est(2.220) 


Vp(t) 

2nh 


exp 



dr ( a*d T a + um*a) , 


(7.302) 
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where the quantum-mechanical trace requires the orbits x(r) to be periodic in r —y 
r + h/3, with a Fourier expansion 


x(t) 


^ OO 

—= x m e~ iU}mT , u m = 2nm/h(3. 
VW oo 


(7.303) 


The momentum integrations are unrestricted. 

If the momentum states were used as the diagonal basis for the derivation of the 
path integral, the measure would be j Vx §{Vp/2n%). Then p(r) is periodic under 
r —* r + h/3 and the x (r)-integrations are unrestricted. This would give a different 
expression at the time-sliced level; the continuum limit e —> 0, however, would be 
the same. 

Since the explicit conjugate variables in the action are now a and a*, it is cus¬ 
tomary to express the measure of the path integral in terms of these variables and 
write 




Va*(r)Va(r) 

7r 


exp 



dr ( a*d T a + c oa*a) 


5 


(7.304) 


where § T>a*T>a stands for the measure 


Va*Va = 


T> Re a / Dima . 


(7.305) 


With the action being the time-sliced oscillator action, the result of the path 
integration in the continuum limit is known from (2.409) to be 


Z,, = 


2 smh(huj (3 / 2) 


(7.306) 


ref(2.409) 

lab(2.240) 

est(2.280) 


In the context of second quantization, this is not really the desired result. For 
large (3, the partition function (7.306) behaves like 


Zuj —■> e 


hco/3 /2 


(7.307) 


exhibiting in the exponent the oscillator ground-state energy Eq = hoj/2. In the 
second-quantized interpretation, however, the ground state is the no-particle state. 
Hence its energy should be zero. In the operator formulation, this can be achieved 
by an appropriate operator ordering, choosing the Hamiltonian operator to be 

H = hooded, (7.308) 


rather than the oscillator expression (7.298). In the path integral, the same goal is 
achieved by suitably time-slicing the path integral (7.304) and writing 


N 




n=0 


da* n da r 

71 


exp \ -- A* 


(7.309) 
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with the sliced action 


N 


= ft E l a n( a n ~ 0>n- 1) + £Ua* n a n -y . 


(7.310) 


n =1 


Expressed in terms of the difference operator, it reads 


N 


•K = Y, o* n (1 - «*>)'V + 


(jJ 


n=l 


CLri. • 


(7.311) 


The a(r)-orbits are taken to be periodic functions of r, with a Fourier expansion 

, , 1 


air = 




E a m e lWmT , uj m = 2irm/h/3. 


(7.312) 


Note that in contrast to the coefficients x m in expansion (7.303), a m and a_ m are 
independent of each other, since a(r) is complex. The periodicity of a(r) arises 
as follows: In the time-sliced path integral derived in the x-basis with integration 
variables x 0 ,... , x^v+i and Pi, ■ ■ ■ ,Pn+i, w e introduce a fictitious momentum vari¬ 
able p 0 which is set identically equal to Pn+i- Then the time-sliced ,/q " drpx term, 
Yln=i PnS? x m can be replaced by — J2n=i x n Vp n [see the rule of partial integration 
on the lattice, Eq. (2.103)] or by T^:J2n=i x n^Pn- The first term in the time-sliced 
action (7.310) arises by symmetrizing the above two lattice sums. 

In order to perform the integrals in (7.309), we make use of the Gaussian formula 
valid for Re A > 0, 


da*n d (l n c -a* A n a n _ J_ 
7T A, 


Re A, > 0. 


By taking a product of N of these, we have 


(7.313) 


N 

n 

n =0 


da* n da n 
7r 




N +1 1 

^ n. (“ vi _ | | _ 


11 A ’ 

71=1 ^ n 


Re A > 0. 


(7.314) 


This is obviously a special case of the matrix formula 


N 

z=n 


n =0 L 


da* n da r 

71 


-Y 

o /—tr 




det A’ 


(7.315) 


in which the matrix A = A d has only diagonal elements with a positive real part. 
Now we observe that the measure of integration is certainly invariant under any 
unitary transformation of the components a n : 


So is the determinant of A: 


dr, — y 


E 


u n 


n t CLy 


(7.316) 


det A -> det (U A d U f ) = det A d . 


(7.317) 
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But then formula (7.315) holds for any matrix A which can be diagonalized by a 
unitary transformation and has only eigenvalues with a positive real part. In the 
present case, the possibility of diagonalizing A is guaranteed by the fact that A 
satisfies AAA = Ad A, i.e., it is a normal matrix. This property makes the Hermi- 
tian and anti-Hermitian parts of A commute with each other, allowing them to be 
diagonalized simultaneously. 

In the partition function (7.309), the (N + 1) x (N + 1) matrix A has the form 


A — e(l — ccu)V T ec o 


/ 1 0 0 

—1 + ecu 1 0 

0 — 1 + ecu 1 

0 0 — 1 + ecu 


0 — 1 + ecu^ 

0 0 

0 0 

0 0 


V 0 0 


0 ... -1 +ecu 1 J 

(7.318) 


This matrix acts on a complex vector space. Its determinant can immediately be 
calculated by a repeated expansion along the first row [recall the calculations of the 
determinants (2.204) and (2.418)], giving 


detAr + iH = 1 — (1 — eu) N+1 . 


(7.319) 


Hence we obtain the time-sliced partition function 


gN _ _ 2 _ 

detjv + i[e(l — ecu)V + ecu 


1 

1 - (1 - eu) N+1 ' 


(7.320) 


It is useful to introduce the auxiliary frequency 


cu e = — log(l - ecu), 
e 


(7.321) 


The subscript e records the Euclidean nature of the time [in analogy with the fre¬ 
quencies cu e of Eq. (2.399)]. In terms of cu e , Z^ takes the form 


?N 



(7.322) 


ref(2.399) 

lab(2.230) 

est(2.270) 


This is the well-known partition function of Bose particles for a single state of energy 
cu e . It has the expansion 


Z u = 1 + e~P hQe + e ~ 20hQe + ... , (7.323) 

in which the nth term exhibits the Boltzmann factor for an occupation of a particle 
state by n particles, in accordance with the Hamiltonian operator 

IIjj = hCJ e N = hCJ e a^a. 


(7.324) 
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In the continuum limit e —> 0, the auxiliary frequency tends to ca, 

e-)-0 


and Z N reduces to 


ca e 


= 


CO j 


(7.325) 

! _ e -phw ' ( 7 - 326 ) 

The generalization of the partition function to a system with a time-dependent 
frequency fl(r) reads 


N 


^=n 


with the sliced action 


n =0 


N 


dal da 


| exp I , 

7r | la 


Ti 'y ( [a n (a n a n _i) T e£l n a n a n —\ , 


n=l 


or, expressed in terms of the difference operator V, 


JV 


A% = heJ 2 < (l-eQ n )V + a 


n=l 


The result is 


^•tv _ _1__ _1_ 

det/v+i [e(l — efl)V + eO] 1 — n^=o(l — n ) 


Here we introduce the auxiliary frequency 


1 N 

n ^-WTWcE h&il ^ eSla) ' 


which brings Z^j to the form 


(7.327) 


(7.328) 


(7.329) 


(7.330) 


(7.331) 


ryN _ 

— 




(7.332) 


For comparison, let us also evaluate the path integral directly in the continuum 
limit. Then the difference operator (7.318) becomes the differential operator 


(1 — eca) V T to —t d T T ca, 


(7.333) 


acting on periodic complex functions e lUrnT with the Matsubara frequencies ca m . 
Hence the continuum partition function of a harmonic oscillator could be written as 


Z u = 

= A/7 


/ Va T>a 

r-np 

<p -exp 

— dr ( a*d T a + ua*a) 

/ 7T 

Jo 


det (d T + ca) 


(7.334) 
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The normalization constant is fixed by comparison with the time-sliced result. The 
operator d T + oj has the eigenvalues — ioj m + c j. The product of these is calculated 
by considering the ratios with respect to the oj = 0 -values 


n 

m=—00,7^ 0 


-ioj m + oj smh{ftoj (3 / 2) 


—lOJr, 


ftoj/3/2 


(7.335) 


This product is the ratio of functional determinants 

det (d T + oj) smh(fioj(3/2) 
det'(S r ) U ftojf3/2 


(7.336) 


where the prime on the determinant with oj = 0 denotes the omission of the zero 
frequency ojq = 0 in the product of eigenvalues; the prefactor oj accounts for this. 

Note that this ratio formula of continuum fluctuation determinants gives nat¬ 
urally only the harmonic oscillator partition function (7.306), not the second- 
quantized one (7.322). Indeed, after fixing the normalization factor Af w in (7.334), 
the path integral in the continuum formulation can be written as 


/ Va*Va 

rW 

<p -exp 

— dr (a*d T a + ua*a ) 

/ 7r 

Jo 


k B T det^cb) 1 

h det (d T + oj) 2 smh.(hoj/3/2)' 


(7.337) 


In the continuum, the relation with the oscillator fluctuation factor can be estab¬ 
lished most directly by observing that in the determinant, the operator d T +oj can be 
replaced by the conjugate operator — d T +oj, since all eigenvalues come in complex- 
conjugate pairs, except for the m — 0 -value, which is real. Hence the determinant 
of d T T oj can be substituted everywhere by 


det (d T + oj) — det (— d T + oj) — y^det (—d% + t o 2 ), 
rewriting the partition function (7.337) as 

ksT det'(S,-) 


(7.338) 


Z,„ = 


ft det (d T + oj) 
det'(-d?) 


k B T 

ft 


det (—+ oj 2 ) 


1/2 


2sinh(ba; / S/2) , 


(7.339) 


where the second line contains precisely the oscillator expressions (2.396). 

A similar situation holds for an arbitrary time-dependent frequency where the 
partition function is 


Zq( t ') 


Vet* (t)'Do(t) 


r hp 


n 


exp 


dr 


a^d T a + Fl(r)a^a 


k B T 

det\-d 2 T ) 

1/2 1 

det (—d 2 + oj 2 ) 

ft 

det (— d 2 + H 2 (r)) 

2smh(hojf3 /2) 

det (— d 2 + H 2 (r)) 


lV2 


. (7.340) 


ref(2.396) 

lab(2.227) 

est(2.268) 
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While the oscillator partition function can be calculated right-away in the continuum 
limit after forming ratios of eigenvalues, the second-quantized path integral depends 
sensitively on the choice a])a n _i in the action (7.310). It is easy to verify that 
the alternative slicings a' n+1 a n and a) n a n would have led to the partition functions 
[ e /37iaj _ ij-i anc [ [2 sinh(?iu;/3/2)] _1 , respectively. The different time slicings produce 
obviously the same physics as the corresponding time-ordered Hamiltonian operators 
H = Td'(t)a(t') in which t' approaches t once from the right, once from the left, 
and once symmetrically from both sides. 

It is easy to decide which of these mathematically possible approaches is the phys¬ 
ically correct one. Classical mechanics is invariant under canonical transformations. 
So is Schrodinger theory. Certainly we want path integrals have the same invari¬ 
ance. Since the classical actions (7.300) and (7.301) arise from oscillator actions by 
the canonical transformation (7.296), the associated partition functions must be the 
same. This fixes the time-slicing of the harmonic oscillator to the symmetric one 
with the partition function (7.339), and the general result (7.340). 

Another argument in favor of this symmetric ordering of the harmonic oscillator 
was given in Subsection 2.15.4. We shall see in Section 10.6 that in order to ensure 
invariance of path integrals under coordinate transformations, which is guaranteed in 
Schrodinger theory, path integrals should be defined by dimensional regularization. 
In this framework, the symmetric result (7.340) emerges. 

It must be pointed out, however, that the correctness of the symmetric ordering 
for the oscillator action not true for arbitrary actions with an ordering ambiguity, as 
will be discussed in detail in Subsection (10.3.1). In fact, there exists to my know¬ 
ledge no general rule how to translate the procedure of dimensional regularization 
into an operator-ordering language. 

It is also worth noting that the symmetric result (7.339) gives rise to an im¬ 
portant and poorly understood physical problem in many-body theory. Since each 
harmonic oscillator in the world has a ground-state energy to implied by the limiting 
form (7.307), each momentum state of each particle field in the world contributes 
an energy hto/2 to the vacuum energy. If all these huo/2 are summed up, they pro¬ 
duce a divergence in the cosmological constant, thus eliminating the existence of 
our universe. Somehow, the infinities of the free oscillators must be canceled by 
short-range interactions, and it may well be that we shall never possess a theory 
how this precisely happens. The present quantum fold theories assume only inter¬ 
actions which are completely local. This is certainly a simplification, but it has 
the advantage that the effect of interactions can be calculated perturbatively order 
by order in the interaction strength. Moreover, if the local Lagrangian is suitably 
chosen, the infinities coming from the local interactions are such that our ignorance 
about their true short-distance behavior does not matter. The results depend only 
on the experimentally measured parameters, such as mass and coupling strength. 
Such local Lagrangians are called renormalizable. In a renormalizable theory, it is 
a fundamental rule that all infinities can be subtracted and absorbed in the initial 
parameters of the action to fit the experimentally observed parameters. The total 
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energy of all zero-point oscillations is one of these infinities which can be absorbed 
in the vaccnm energy to fit the exerimetally observed cosmlogical constant. 

Some people want to ignore this subtraction freedom and get a finite sum over 
zero-point energies right at the free-held level. The only way to achieve this is by 
imagining the universe to contains for each Bose held a Fermi held which, as we 
shall see in Eq. (7.427), contributes a negative vacuum energy to the ground state. 
Some people have therefore proposed that the world is described by a theory with 
a broken supersymmetry , where an underlying action contains fermions and bosons 
completely symmetrically. Unfortunately, all elementary particle theories proposed 
so far possess completely unphysical particle spectra. 

There are, however, important mathematical properties of supersymmetry with 
interesting applications. One of them plays a crucial role in the context of gauge 
fixing in nonabelian gauge theories, where a residual supersymmetry (the so-called 
BRST-symmetry) is important for renormalization. The other occurs in the context 
of disorder and will be presented in Section 18.16. 

7.8 Coherent States 

As long as we calculate the partition function of the harmonic oscillator in the vari¬ 
ables a*(r) and a(r), the path integrals do not differ from those of the harmonic- 
oscillator (except for the possibly absent ground-state energy). The situation 
changes if we want to calculate the path integral (7.334) for specific initial and 
final values a a = a(r a ) and ab = a{jb). implying also a* = a*(r a ) and a* b = a*{jb ) by 
complex conjugation. In the definition of the canonical path integral in Section 2.1 
we had to choose between measures (2.46) and (2.47), depending on which of the 
two completeness relations 

J dx |x)(x| = 1, J ^ \p){p\ = 1 (7.341) 

we wanted to insert into the factorized operator version of the Boltzmann factor 
e~^ H into products of e~ eH . The time-sliced path integral (7.309), on the other 
hand, runs over o*(r) and a(r) corresponding to an apparent completeness relation 

I I 2^ \ x p){ x p\ — 1- (7.342) 

This resolution of the identity is at first sight surprising, since in a quantum- 
mechanical system either x or p can be specified, but not both. Thus we expect 
(7.342) to be structurally different from the completeness relations in (7.341). In 
fact, (7.342) may be called an overcompleteness relation. 

In order to understand this, we form coherent states [49] similar to those used 
earlier in Eq. (3A.5): 

| z) = e" at -"* a |0), {z\ = (0|e-" at+ "* a . (7.343) 
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The Baker-Campbell-Hausdorff formula (2.9) allows us to rewrite 


za)—z* a z*z\a7,a\/2 za7 — z*a —z*z/2za7—z*a 

C G G G G G G • 


Since a annihilates the vacuum state, we may expand 


°o z n 


| z) = e -***/ 2 e* at |0) = e ~ z * z/2 Y, -H= \ n )- 

n =0 \ 'tl\ 


(7.344) 


(7.345) 


The states | n) and (n\ can be recovered from the coherent states | z) and (z\ by the 
operations: 


| n) = 


\z)e z * z/2 d n 


J z=o Vn\’ 


(n\ = 


Vrd 


d^e z * z/2 (z\ 


J z=0 


(7.346) 


For an operator O, the trace can be calculated from the integral over the diagonal 
elements 


tr 0 = 


dz*dz 


7T 


>\d\z) = 


dz*dz 


00 z* m z n 


7r 


E 


In Vm\ \fn\ 


(m\0\n). (7.347) 


Setting z = re this becomes 
tr (0 = / dr 2 


—i(rn—n)<j> 

2t r 


oo 

E (^ 2 ) 


m,n =0 


(m+n)/2 1 1 


m,n =0 


VmT v/rTT 


(m|<9|n). (7.348) 


The integral over 0 gives a Kronecker symbol 4 m , n and the integral over r 2 cancels 
the factorials, so that we remain with the diagonal sum 

p OO 1 oo 

tr O = I dr 2 e~ r ~ Y ( r2 ) —j- (n\0\n) = Y( n \Q\ n )- (7.349) 

n=0 n=0 

The sum on the right-hand side of (7.345) allows us to calculate immediately the 
scalar product of two such states: 


(zi\z 2 ) = e - z iW 2 -zW 2 + z :F2. 


(7.350) 


The coherent states (7.343) with z = (x + ip)/V 2 have precisely the property 
(7.342), i.e., we may identify: 


\xp) = \z), where z = (x + ip)/V2. 
Then (7.345) can be written as 

M = e -(.w>/>gh^^|o) i 

n= o v2"n! 


(7.351) 


(7.352) 
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and 


[ dx ^ \x p) (x p\ = [ dx*^- \x p) (x p\e U"+p 2 )/2 V' 
J 2ir J 2 tt 


dp 


(x — ip) m (x + ip) 1 
V2 m m\ V2 n n\ 


\m)(n\ 


Setting (x — ip)/V 2 = re*^, this can be rewritten as 


(7.353) 


dx —^ \xp)(xp\ — [ dr 2 
2n J 


d<j> -i(m-n)<t> 

2vr 


oo 

E o r2 ) 


(m+n)/2 1 1 


m,n=0 


\fm\ \fn\ 


\m)(n\. (7.354) 


The angular integration enforces m = n, and the integrals over r 2 cancel the fac¬ 
torials, as in (7.348), thus proving the resolution of the identity (7.342), which can 
also be written as 

tdz " Az \z)(z\ = l. (7.355) 


7T 


This resolution of the identity can now be inserted into a product decomposition of 
a Boltzmann operator 

{z b \e~^\z a ) = {z b \e-^/( N + D e -^/( N + D ... e -PH./(N+ i)| Zb)j (7.356) 

to arrive at a sliced path integral [compare (2.2)-(2.4)] 


(z b \e pNw \z a ) = Y[ 


N 


n =1 


dz*dz n 

7 T 


N +1 


(^n|c \Zn— l); ZO Zfx , £iV-|-l £— /^/(-^Tl). 

ri=l 

(7.357) 

We now calculate the matrix elements {z n \e~ eHui \z n -i) and find 

(z n \e~ eHu, \z n -i) « (z n |l - = {z n \z n - 1 ) - e(^ n |i7 w |z n _i). (7.358) 

Using (7.350) we find 

(z n \z n -l) = e ~ Z n Zn / 2 - Z n-l z n-l/ 2 +< z n-l = g-( 1 /2)[<(2n-Zn-l)-(4-<_ 1 )zn-l]_ (7.359) 

The matrix elements of the operator Hamiltonian (7.298) is easily found. The co¬ 
herent states (7.345) are eigenstates of the annihilation operator a with eigenvalue 
2 : 


00 gn 


a\z) = e~^ Y. -rp l"> = E ,, > - 1> = z|«)- 

n= 0 V n - n=l y (n — 1)! 


(7.360) 


Thus we find immediately 

(zn\H u \z n _i) = hu(z n \(tfd + aa t )|z n _i) = Tiu {z\z n _ 1 + ^ . (7.361) 

Inserting this together with (7.359) into (7.358), we obtain for small e the path 
integral 


N 


(z b \e 0Hu \z a ) = n 


n =1 


dz* % dz n 
7 r 


[z*,z]/n 


(7.362) 
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with the time-sliced action 


N+l 


-A^[z*,z] = 


n=1 


\ [<Vz B ; - (Vz*)z n _i 


+ to ( Z Z n -i + 


(7.363) 


The gradient terms can be regrouped using formula (2.35), and rewriting its right- 
hand side as pn+i%n+i — Po%o + J2n=i(Pn ~ Pn-i)x n -i- This leads to 


h ^ +1 

•K[z*, z] = -7:{-zlz b + z*z a ) + heJ2 

Z n= 1 


zyz n + to ( Z*Z n _i + - 


(7.364) 


Except for the surface terms which disappear for periodic paths, this action agrees 
with the time-sliced Euclidean action (7.310), except for a trivial change of variables 
a —> z. 

As a brief check of formula (7.362) we set N = 0 and find 


-4° [z*, z] = -j[~Z* h Z b + Z*Z a ) + hz* b (z b ~Z a ) + UJ ( Z b Z a + , 

and the short-time amplitude (7.364) becomes 


-eH u 


| Z a ) = exp 


~p{ z b z b + z a z a ) + z b z a ~ &U [ z b z a + “ 


Applying the recovery operations (7.346) we find 
(0|e- e ^|0> = [e^ z » +z >^ 2 (z b \e- € ^\z a ) 
(l|e- e ^|l) = \d. 


-eff. 


e 

-cH, 


(z*z b +z*z a )/2 / ^ | e -eH u 


z*=0,z=0 

\Za)] d 


_ —ehuj/2 


_ ^—e3huj/2 


z*=0,z=0 


|1) = (l|e- f "“|0) = 0. 


(7.365) 

(7.366) 

(7.367) 

(7.368) 

(7.369) 


Thus we have shown that for fixed ends, the path integral gives the amplitude for 
an initial coherent state \z a ) to go over to a final coherent state \z b ). The partition 
function (7.337) is obtained from this amplitude by forming the diagonal integral 


Z,., = 


dz* dz 


(z\e P Hw \z). 


TT 


(7.370) 


7.9 Second-Quantized Fermi Fields 

The existence of the periodic system of elements is based on the fact that electrons 
can occupy each orbital state only once (counting spin-up and -down states sepa¬ 
rately). Particles with this statistics are called fermions. In the above Hilbert space 
in which n-particle states at a point x are represented by oscillator states | n, x), this 
implies that the particle occupation number n can take only the values 

n — 0 (no electron), 
n — 1 (one electron). 
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It is possible to construct such a restricted many-particle Hilbert space explicitly 
by subjecting the quantized fields ?/d(x), -0(x) or their Fourier components ol, a p 
to anticommutation relations, instead of the commutation relations (7.282), i.e., by 
postulating 


[^(x,f),'0 t (x / ,f)]+ = 5 XX /, 

['0 t (x,t),'0 t (x',t)] + = 0, 

[^(x,t),'0(x / ,t)] + = 0, (7.371) 

or for the Fourier components 

[cip(t), a p /(t)]_i_ = h pp /, 

W P (t),dl,(t)} + = 0, 

[a p (f), a p /(f)] + = 0. (7.372) 

Here [A, B\ + denotes the anticommutator of the operators A and B 

[A, B} + = AB + BA. (7.373) 

Apart from the anticommutation relations, the second-quantized description of 
Fermi fields is completely analogous to that of Bose fields in Section 7.6. 


7.10 Fluctuating Fermi Fields 

The question arises as to whether it is possible to find a path integral formulation 
which replaces the anticommuting operator structure. The answer is affirmative, but 
at the expense of a somewhat unconventional algebraic structure. The fluctuating 
paths can no longer be taken as c-numbers. Instead, they must be described by 
anticommuting variables. 


7.10.1 Grassmann Variables 


Mathematically, such objects are known under the name of Grassmann variables. 
They are defined by the algebraic property 


Ol02 = —0201, 


which makes them nilpotent: 


0 2 = 0 . 


(7.374) 


(7.375) 


These variables have the curious consequence that an arbitrary function of them 
possesses only two Taylor coefficients, F 0 and F \, 


F{6) = F 0 + Fi0. 


( 7 . 376 ) 
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They are obtained from F(9) as follows: 


F 0 

F\ 


m, 



(7.377) 


The existence of only two parameters in F(0) is the reason why such functions 
naturally collect amplitudes of two local fermion states, F 0 for zero occupation, F\ 
for a single occupation. 

ft is now possible to define integrals over functions of these variables in such a 
way that the previous path integral formalism remains applicable without a change 
in the notation, leading to the same results as the second-quantized theory with 
anticommutators. Recall that for ordinary real functions, integrals are linear func¬ 
tionals. We postulate this property also for integrals with Grassmann variables. 
Since an arbitrary function of a Grassmann variable F{9) is at most linear in 6, its 
integral is completely determined by specifying only the two fundamental integrals 
/ d6 and / d6 6. The values which render the correct physics with a conventional 
path integral notation are 



[4Le = i 


(7.378) 

(7.379) 


Using the linearity property, an arbitrary function F(9) is found to have the integral 


/ " Fl = F ‘' (7 ' 380) 


Thus, integration of F(9) coincides with differentiation. This must be remembered 
whenever Grassmann integration variables are to be changed: The integral is trans¬ 
formed with the inverse of the usual Jacobian. The obvious equation 



for any complex number c implies the relation 



(7.381) 


(7.382) 


For ordinary integration variables, the Jacobian d6/d6' would appear without the 
power —1. 

When integrating over a product of two functions F{6) and G(0), the rule of 
integration by parts holds with the opposite sign with respect to that for ordinary 
integrals: 



dO 




m- 


(7.383) 


H. Kleinert, PATH INTEGRALS 




7.10 Fluctuating Fermi Fields 


663 


There exists a simple generalization of the Dirac 5-function to Grassmann vari¬ 
ables. We shall define this function by the integral identity 


dff 

7 ^ 


5(9-9')F(9') = F{9). 


Inserting the general form (7.376) for F(9), we see that the function 

5(9 -9') = 9' -6 


(7.384) 


(7.385) 


satisfies (7.384). Note that the 5-function is a Grassmann variable and, in contrast 
to Dirac’s 5-function, antisymmetric. Its derivative has the property 

5'(9 - 9') = d e 5(9 - 9') = -1. (7.386) 

It is interesting to see that 5' shares with Dirac’s 5' the following property: 

dJ9' 


I -j=f{9-9')F(9') = -F'(9\ 


(7.387) 


with the opposite sign of the Dirac case. This follows from the above rule of partial 
integration, or simpler, by inserting (7.386) and the explicit decomposition (7.376) 
for F(9). 

The integration may be extended to complex Grassmann variables which are 
combinations of two real Grassmann variables 9 \, 9 2 : 


a* — -j=(9i — i0 2 ), a — —j=(9i + i0 2 ). 


The measure of integration is defined by 

r da*da _ r d0 2 d0i 

J 7T J 2tt i 


da da* 


n 


(7.388) 


(7.389) 


Using (7.378) and (7.379) we see that the integration rules for complex Grassmann 
variables are 


da* da 


7T 


= 0, 


da* da 


7T 


-a = 0, 


da* da 


71 


-a* = 0, 


da* da 


a a = 


d9 2 d9\ . 


i9 1 9 2 = 1. 


J 7i J 2ni 

Every function of a*a has at most two terms: 

F(a*a ) = F 0 + F\ a*a. 


(7.390) 

(7.391) 

(7.392) 


In particular, the exponential exp{— a*Aa} with a complex number A has the Taylor 
series expansion 

e ~ a * Aa = x (7.393) 
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Thus we find the following formula for the Gaussian integral: 


f da * da -a*Aa _ 

J It 


(7.394) 


The integration rule (7.390) can be used directly to calculate the Grassmann 
version of the product of integrals (7.315). For a matrix A which can be diagonalized 
by a unitary transformation, we obtain directly 


z' = n 

n 


daldcLr, 


71 


a n^n t n r 


= det A. 


(7.395) 


Remarkably, the fermion integration yields precisely the inverse of the boson result 
(7.315). 


7.10.2 Fermionic Functional Determinant 

Consider now the time-sliced path integral of the partition function written like 
(7.309) but with fermionic anticommuting variables. In order to find the same results 
as in operator quantum mechanics it is necessary to require the anticommuting 
Grassmann fields a(r),a*(r) to be antiperiodic on the interval r e (0 ,h(3), i.e., 


a(h(3 ) = — a(0), 


(7.396) 


or in the sliced form 

Ojv+i = —Oo- (7.397) 

Then the exponent of (7.395) has the same form as in (7.315), except that the matrix 
A of Eq. (7.318) is replaced by 


A —e(l — 6 cu)Vt- T cut — 


/ 1 
-1 + ao 
0 
0 

V o 


0 

1 

-1 + ecu 

0 


0 

0 

1 

T + ecu ... 


0 

0 

0 

0 


1 — eu\ 
0 
0 
0 


— 1 + euj 1 J 
(7.398) 


where the rows and columns are counted from 1 to N + 1. The element in the 
upper right corner is positive and thus has the opposite sign of the bosonic matrix 
in (7.318). This makes an important difference: While for uj = 0 the bosonic matrix 
gave 

det (-eV) w=0 = 0, (7.399) 

due to translational invariance in r, we now have 


det (-eV) w =o = 2. 


(7.400) 
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The determinant of the fermionic matrix (7.398) can be calculated by a repeated 
expansion along the first row [recall the calculations of the determinants (2.204) and 
(2.418)] and is found to be 


detAr + iA = 1 + (1 — eco) N+1 . 


(7.401) 


Hence we obtain the time-sliced fermion partition function 


Z*j N = detjv+i[e(l — eu;)V + euS\ — 1 + (1 — eco) N+1 . 


(7.402) 


As in the boson case, we introduce the auxiliary frequency 

(he = — log(l — eoj) (7.403) 

e 

and write Z i,N in the form 

Lu 

Z* = l + e"^ 8 . (7.404) 

This partition function displays the typical property of Fermi particles. There are 
only two terms, one for the zero-particle and one for the one-particle state at a point. 
Their energies are 0 and hco e , corresponding to the Hamiltonian operator 

H u = hcu e N = hcUecJa. (7.405) 

In the continuum limit e —> 0, where (h e —» cu, the partition function Zu N goes over 
into 

Z u = 1 + e ~ phu . (7.406) 

Let us generalize also the fermion partition function to a system with a time- 
dependent frequency H(r), where it reads 



da* n da n 

7T 



with the sliced action 


N 

H ^ ) \a n (ci n ci n — i) T ef2 n fl r) fl r) _i], 

n =1 


or, expressed in terms of the difference operator V, 


A 


N 


N 

= he J2 < 


n =1 


(1 — ef2 n )V + Cl ri 


(7.407) 


(7.408) 


(7.409) 


The result is 


Z^ N = detAr + i[e(l — efl)V + eu 


N 

l- n( 1 -e fi n). 


n =0 


(7.410) 
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As in the bosonic case, it is useful to introduce the auxiliary frequency 

1 N 

= -n (7.411) 

V V T- ijt n=Q 

and write ZQ N in the form 

Z*j N = 1 + (7.412) 

If we attempt to write down a path integral formula for fermions directly in 
the continuum limit, we meet the same phenomenon as in the bosonic case. The 
difference operator (7.318) turns into the corresponding differential operator 


(1 — ecu )V + u —> d T + u, (7.413) 

. f 

which now acts upon periodic complex functions e~ WmT with the odd Matsubara 
frequencies 

tu f m = ir(2m + l)ksT/h, m — 0, ±1, ±2,... . (7.414) 

The continuum partition function can be written as a path integral 


Z}, = 


Va*Vci 


■ exp — 


dr ( a*d T a + urn*a) 


= ACdet (d T + u), 


(7.415) 


with some normalization constant J\f u determined by comparison with the time- 
sliced result. To calculate Z*, we take the eigenvalues of the operator d T + u, which 
are now — + u, and evaluate the product of ratios 

°o _ j. .f . . 

n _ m J = cosh(MV2). (7.416) 

m=— oo ^ m 


This corresponds to the ratio of functional determinants 

=cosh< {iM7) 

In contrast to the boson case (7.336), no prime is necessary on the determinant of 
d T since there is no zero frequency in the product of eigenvalues (7.416). Setting 
N u = l/2det (d T ), the ratio formula produces the correct partition function 

Zl = 2cosh(^/2). (7.418) 


Thus we may write the free-fermion path integral in the continuum form explicitly 
as follows: 


Zl = 


Va*Va 


/ dr (a*d T a + ua*a) = 2 
./o 


det (d T + u>) 
det (d T ) 


= 2cosh(hu)f3/2). 


(7.419) 
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The determinant of the operator d T + u can again be replaced by 

det (d T + u) — det (— d T + uj) = \Jdet (— d 2 + u 2 ). (7.420) 

As in the bosonic case, this Fermi analog of the harmonic oscillator partition 
function agrees with the results of dimensional regularization in Subsection 2.15.4 
which will ensure invariance of path integrals under a change of variables, as will 
be seen in Section 10.6. The proper fermionic time-sliced partition function corre¬ 
sponding to the dimensional regularization in Subsection 2.15.4 is obtained from a 
fermionic version of the time-sliced oscillator partition function by evaluating 


2 , , 2 \ 


= [det7v+i(—e 2 VV + e 2 u> 

N 

= [2(1 - costume) + e 2 u 

m =0 


1/2 


1/2 


N 

-- [e 2 f^n^ + e 

m =0 
N 

n 

m =0 L 


2 2 
L0 


2 sin 2 ^ + eV , (7.421) 


f 


1/2 

1 V 2 


(7.422) 


with a product over the odd Matsubara frequencies uj\ n . The result is 

Z f j N = 2cosh (hu e /3), 

with uj e given by 

sinh(cD e /2) = eu/2. (7.423) 

This follows from the Fermi analogs of the product formulas (2.400), (2.402): 7 


Sill 


JV/ 2-1 

n b-- 

m =0 

{N- 1)/2 

n 


sin 2 x 


cos(lV + l)x 


2 (2m+l)7r 


2(7V+1) 

sin 2 x 


cosx 


, N = even, 


m =0 


Sill 


2 (2m 
~2(N+1) 


= cos(lV + l)a;, N = 


odd. 


(7.424) 

(7.425) 


For odd N, where all frequencies occur twice, we find from (7.425) that 

1/2 


N 


sin 2 x 


II 1 - ,. 2 (2m+l)n = C °< N + 


(7.426) 


m =0 


sin 


2(N+1) 


and thus, with (7.423), directly (7.422). For even N , where the frequency with 
m = N/2 occurs only once, formula (7.424) gives once more the same answer, thus 
proving (7.426) for even and odd N. 

There exists no real fermionic oscillator action since x 2 and x 2 would vanish 
identically for fermions, due to the nilpotency (7.375) of Grassmann variables. The 
product of eigenvalues in Eq. (7.421) emerges naturally from a path integral in which 
the action (7.408) is replaced by a symmetrically sliced action. 

'I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formulas 1.391.2, 1.391.4. 


ref(2.400) 

lab(2.122b) 

est(2.271) 

ref(2.402) 

lab(2.122bc) 

est(2.273) 
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An important property of the partition function (7.418) of (7.422) is that the 
ground-state energy is negative: 




hut 

~ 2 ~' 


(7.427) 


As discussed at the end of Section 7.7, such a fermionic vacuum energy is required for 
each bosonic vacuum energy to avoid an infinite vacuum energy of the world, which 
would produce an infinite cosmological constant, whose experimentally observed 
value is extremely small. 


7.10.3 Coherent States for Fermions 

For the bosonic path integral (7.304) we have studied in Section 7.8, the case that 
the endpoint values a a = a{r a ) and a b = a{r b ) of the paths a(r) are held fixed. 
The result was found to be the matrix element of the Boltzmann operator e _/3K " 
between coherent states | a) = e ~ a * a / 2 e aa |o) [recall (7.345)]. There exists a similar 
interpretation for the fermion path integral (7.415) if we hold the endpoint values 
a a = a(r a ) and a b = a(r b ) of the Grassmann paths fixed. By analogy with Eq. (7.345) 
we introduce coherent states [50] 

1C) = e-«/V tc |0) = e - GG 2 (|o) _ C |i)). (7.428) 

The corresponding adjoint states read 

(Cl = e- c * c/2 (0|e^ a = e" c * c/2 (<0| + C*(l|). (7.429) 

Note that for consistency of the formalism, the Grassmann elements ( anticommute 
with the fermionic operators. The states |0) and (1| and their conjugates (0| and 
(1| can be recovered from the coherent states |C) and (C| by the operations: 


| n) = 


IC) e 


C*C/2 gn 


C Jc=o^!’ 

These formula simplify here to 


(n\ = 


Vrd 


d> rc/2 (CI 


C=o 


|0) 

II) 


K)eC ^/ 2 

C=o 

IC)e^ /2 S c 


C=o 


( 0 | 

( 1 | 


e« /2 <C| 

k= 

d c e^(C\ 


) 


C=o 


(7.430) 


(7.431) 

(7.432) 


For an operator O, the trace can be calculated from the integral over the antidi¬ 
agonal elements 

tr 0 = /^(- C |d|C) = |^ e -«((0|-C*(l|)o(|0)-C|l>). (7.433) 
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Using the integration rules (7.390) and (7.391), this becomes 

trd=(0|O|0) + (l|d|l). (7.434) 


The states |£) form an overcomplete set in the one-fermion Hilbert space. The 
scalar products are [compare (7.350)]: 


= e -c 1 *ci/2-c 2 *C2/2+crc2 

= e -Ci*(Ci-C2)/2+(cr-c 2 *)C2/2_ 


(7.435) 


The resolution of the identity (7.355) is now found as follows [recall (7.390)]: 

i°>(o| -C|i)<o| + C*|o)(i| 

j n L 

d(*d( 


|()((| = f d ^ d ^ c -ea 

7r J n 


TT 


|0){0| + |i){o|c + C*|o>(i| + CC*(|0>{0| +11}<0|) 


= 1. 


(7.436) 


We now insert this resolution of the identity into the product of Boltzmann factors 


(ale-^-IC.) = <a|e 


-eH, 


-eH, 


I Ca> 


(7.437) 


where e = /3/(N + 1), and obtain by analogy with (7.362) the time-sliced path 
integral 



N 


z a ) = n 

n— 1 


dz*dz n 

TT 


g -Ae{z*,z\/h 


(7.438) 


with the a time-sliced action similar to the bosonic one in (7.364): 


% N + 1 r / i \ 'i 

Au [C*J C] = 2 ( — CCfe + CCa) + he ^2 jC.VCn + w [CnCn-1 + ^ J } ■ (7.439) 

Except for the surface term which disappears for antiperiodic paths, this agrees 
with the time-sliced Euclidean action (7.310), except for a trivial change of variables 

a —> C- 

We have shown that as in the Bose case the path integral with fixed ends gives 
the amplitude for an initial coherent state |£ a ) to go over to a final coherent state 
| (b). The fermion partition function (7.419) is obtained from this amplitude by 
forming the trace of the operator e~ l3Hui , which by formula (7.434) is given by the 
integral over the antidiagonal matrix elements 

zl = f 'FFi(- Cle-^-IC). (7.440) 

J TT 


The antidiagonal matrix elements lead to antiperiodic boundary conditions of the 
fermionic path integral. 
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7.11 Hilbert Space of Quantized Grassmann Variable 


To understand the Hilbert space associated with a path integral over a Grassmann 
variable we recall that a path integral with zero Hamiltonian serves to define the 
Hilbert space via all its scalar products as shown in Eq. (2.18): 


(x b t b \x a t a ) = J'Dx j ^j|-exp * J dtp(t)x(t) = (x b \x a ) = 5(x b -x a ). (7.441) 


A momentum variable inside the integral corresponds to a derivative operator p = 
—ihd x outside the amplitude, and this operator satisfies with x — x the canonical 
commutation relation [p, x\ = — ih [see (2.19)]. 

By complete analogy with this it is possible to create the Hilbert space of spinor 
indices with the help of a path integral over anticommuting Grassmann variables. 
In order to understand the Hilbert space, we shall consider three different cases. 


7.11.1 Single Real Grassmann Variable 

First we consider the path integral of a real Grassmann field with zero Hamiltonian 


/• ve 

i f ih , . •, . 

(7.442) 


- Jdt-emt) ' • 

From the Lagrangian 



m 

= ^ 0 (t)9(t) 

(7.443) 

we obtain a canonical momentum 

Pe = 

dC ih 

m = 

(7.444) 


Note the minus sign in (7.444) arising from the fact that the derivative with resect 
to 9 anticommutes with the variable 6 on its left. 

The canonical momentum is proportional to the dynamical variable. The system 
is therefore subject to a constraint 

xTi 

X = Pe+Y d = °- (7-445) 

In the Dirac classification this is a second-class constraint, in which case the quan¬ 
tization proceeds by forming the classical Dirac brackets rather than the Poisson 
brackets (1.20), and replacing them by ±i/h times commutation or anticommuta¬ 
tion relations, respectively. For n dynamical variables g* and m constraints \p the 
Dirac brackets are defined by 

{A, B} d = {A, B} - {A, Xp }C pq { Xq , B} : (7.446) 

where C pq is the inverse of the matrix 

C P9 = {Xp,X q }- (7.447) 
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For Grassmann variables Pi,qi, the Poisson bracket (1.20) carries by definition an 
overall minus sign if A contains an odd product of Grassmann variables. Applying 
this rule to the present system we insert A = pg and B = 6 into the Poisson bracket 
(1.20) we see that it vanishes. The constraint (7.445), on the other hand, satisfies 

f ib ib ) 

{x,x} = VPo + y d,p e + — d> = - ih{p e ,6 } = -ih. (7.448) 

Hence C = —ih with an inverse i/h. The Dirac bracket is therefore 

{pe, 0} D = {Pe, 0} ~ Pe , x}{x, 0} = 0 - y (h) = (7.449) 


With the substitution rule {A, B} D —> (~i/h) [A, B] + , we therefore obtain the canon¬ 
ical equal-time anticommutation relation for this constrained system: 

zs i T) 

mm\ + = ~ y, (7-450) 

or, because of (7.444), 

[6(t),6(t)}+ = 1 - ( 7 - 451 ) 

The proportionality of pQ and 6 has led to a factor 1/2 on the right-hand side with 
respect to the usual canonical anticommutation relation. 

Let ijj(9) be an arbitrary wave function of the general form (7.376): 


ip(9) = A + ^i9- 


(7.452) 


The scalar product in the space of all wave functions is defined by the integral 

c d9 

(V'1'0) = J + • (7.453) 

In the so-defined Hilbert space, the operator 6 is diagonal, while the operator p is 
given by the differential operator 


P = ihd e , 


to satisfy (7.450). 

The matrix elements of the operator p are 

r 9 f) 

mm = J -rmh-m = mm. 


(7.454) 


(7.455) 


By calculating 


m'H) = J 7y 


ih ^' m 


1/(0) = -ihi>{*‘ 0 1; 


(7.456) 
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we see that the operator p is anti-Hermitian, this being in accordance with the 
opposite sign in the rule (7.383) of integration by parts. 

Let 1 9) be the local eigenstates of which the operator 9 is diagonal: 

0|0}=0|0>. (7.457) 

The operator 6 is Hermitian, such that 

(0|0 = {9\9 = 9(9\. (7.458) 

The scalar products satisfy therefore the usual relation 

(0'-0)(0'|0) = 0. (7.459) 

On the other hand, the general expansion rule (7.376) tells us that the scalar product 
S = (0'|0) must be a linear combination of S 0 + S\6 + S[9' + S' 2 00 / . Inserting this 
into (7.459), we find 

(0'|0) = -6' + 6 + S 2 e6', (7.460) 

where the proportionality constants So and Si are hxed by the property 

c rlf)" 

m = J —(0'|0")(0 // |0). (7.461) 

The constant S' 2 is an arbitrary real number. Recalling (7.385) we see that 
Eq. (7.460) implies that the scalar product (0'|0) is equal to a 5- function: 

<0'|0> = 5(0-0'), (7.462) 

just as in ordinary quantum mechanics. Note the property 

<0'|0>* = — <0|0'> = (-0| - 6'), (7.463) 

and the fact that since the scalar product (0'|0) is a Grassmann object, a Grassmann 
variable anticommutes with the scalar product. Having assumed in (7.458) that the 
Grassmann variable 6 can be taken to the left of the bra-vector (0|, the ket-vector 
10) must be treated like a Grassmann variable, i.e., 

0|0) = 0|0> = -|0)0. (7.464) 

The momentum operator has the following matrix elements 

(0'|p|0) = -i^(0'|0) = i%. (7.465) 

Let |p) be an eigenstate of p with eigenvalue ip , then its scalar product with |0) 
satishes 

r dd 1 r rlfV 

(9\p\p) = J -^me')(0'\p) =ihj -^(0'\p) = m'(9'\p), (7.466) 
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the last step following from the rule (7.380). Solving (7.466) we find 

(0| p) = e idp/h , (7.467) 

the right-hand side being of course equal to 1 + iOp/Tt. 

It is easy to find an orthonormal set of basis vectors in the space of wave functions 
(7.452): 

= 72 

We can easily check that these are orthogonal to each other and that they have the 
scalar products 

/ | -r±m±{0) = ±1- (7.469) 

The Hilbert space contains states of negative norm which are referred to as ghosts. 
Because of the constraint, only half of the Hilbert space is physical. For more details 
on these problems see the literature on supersymmetric quantum mechanics. 


(1 + 0), ^_(0)^-(l-0). (7.468) 


7.11.2 Quantizing Harmonic Oscillator with Grassmann 
Variables 

Let us now turn to the more important physical system containing two Grassmann 
variables 9 1 and 02, combined to complex Grassmann variables (7.388). The La- 
grangian is assumed to have the same form as that of an ordinary harmonic oscilla¬ 
tor: 

C{t) = h a*(t)id t a(t) — ua*[t)a{t) . (7.470) 

We may treat a{t) and a*(t) as independent variables, such that there is no constraint 
in the system. The classical equation of motion 

ia[t) = Lua(t) (7.471) 


is solved by 

a(t) = e~ iut a( 0), a\t ) = e -^V(0). 

The canonical momentum reads 

d C(t) 

pM = ern = 

and the system is quantized by the equal-time anticommutation relation 


(7.472) 

(7.473) 


[Pa(t),a(t)} + = -ih , 


(7.474) 


or 

[a f (f),a(f)]+ = 1. (7.475) 

In addition we have 


[a(t),a(t)] + = 0, [a^(f), o7(f)] + = 0. 


(7.476) 
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Due to these anticommutation relations, the time-independent number operator 


N = a^(t)a(t) 


(7.477) 


satisfies the commutation relations 


[N,a\t)] = a^(t), [N,a(t)] = —a(t ). (7.478) 

We can solve the algebra defined by (7.475), (7.476), and (7.478) for any time, say 
t — 0, in the usual way, defining a ground state |0) by the condition 


a|0) = 0, 


(7.479) 


and an excited state |1) as 


| 1 )=«'| 0 ). 


(7.480) 


These are the only states, and the Hamiltonian operator H = ujN possesses the 
eigenvalues 0 and u on them. Let "0(a) be wave functions in the representation 
where the operator a is diagonal. The canonically conjugate operator p a = iha') has 
then the form 


Pa = -%hd a . 


(7.481) 


7.11.3 Spin System with Grassmann Variables 

For the purpose of constructing path integrals of relativistic electrons later in Chap¬ 
ter 19 we discuss here another system with Grassmann variables. 


Pauli Algebra 


First we introduce three real Grassmann fields 6 l , i = 1,2,3, and consider the path 
integral 

3 r n i Y i 

h 


n 

i =1 


ve l 


exp 


? T) 

dt—0\t)0\t) 


(7.482) 


The equation of motion is 

e\t) = 0, (7.483) 

so that 6 l {t) are time independent variables. The three momentum operators lead 
now to the three-dimensional version of the equal-time anticommutation relation 
(7.451) 

[0 i (t),0 j (t)\+ = 25 ij , (7.484) 

where the time arguments can be omitted due to (7.483). The algebra is solved with 
the help of the Pauli spin matrices (1.448). The solution of (7.484) is obviously 

= A B = 1,2. (7.485) 

Let us now add in the exponent of the trivial path integral a Hamiltonian 

H b = ~S ■ B(t), (7.486) 
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where 


S i = --e ijk 9 j 9 k 

4 

(7.487) 

plays the role of a spin vector. This can be verihed by calculating the canonical 
commutation relations between the operators 

[S\S j ]=ie ijk S k , 

(7.488) 

and 

[&,§*] = i€i jk e k . 

(7.489) 


Thus, the operator H describes the coupling of a spin vector to a magnetic held B(t). 
Using the commutation relation (7.488), we find the Heisenberg equation (1.283) for 
the Grassmann variables: 

0 = B x 0, (7.490) 

which goes over into a similar equation for the spin vector: 

S = B x S. (7.491) 


The important observation is now that the path integral (7.482) with the mag¬ 
netic Hamiltonian (7.486) with fixed ends 9\ = 9 l (rb) and 9 l a = 9 l (r a ) written as 


rsHHn) 

Jdi=0i(Ta) 


V 3 9 exp 


i 

Ti 


dt (^j9 l 9 l + B il -e ijk 9 j 9 k ^j 


represents the matrix 


Texp 




5 


(7.492) 


(7.493) 


where T is the time-ordering operator defined in Eq. (1.241). This operator is 
necessary for a time-dependent B(£) held since the matrices B(t)<r/2 for different 
times do not in general commute with each other. 

The result may be expressed in a slightly different notation using the spin tensors 


S i j = e ijk 3 k _ ]_ 9 i 0j ^ ( 7 . 494 ) 

whose matrix elements satisfy the rotation algebra 

[S ij , S kl } = i ( 5 ik S jl - 8 il S jk + 8 jl S ik - 5 jk S a ) , (7.495) 

and which have the matrix representation 

= \°'L = jy, Vba = y■ (7.496) 


a 


.12 


= a 


Note the normalization 


(7.497) 
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Introducing the analogous magnetic field tensor 

Fij = e ijk B k , (7.498) 

we can write the final result also in the tensorial form 
^ / j n \ f0h = 0 l ( T b) i c (if) i \ 

TeXp V 4R I dt F ‘Pn = exp Is S dt [l e ' 0 ‘ + 4 F ‘^)} < 7 499) 

The trace of the left-hand side is, of course, given by the path integral over all 
antiperiodic Grassmann paths on the right-hand side. 

Whenever we encounter time-ordered exponentials of integrals over matrices, 
these can be transformed into a fluctuating path integral over Grassmann variables. 
If we want to find individual matrix elements, we have to make use of suitably 
extended recovery formulas (7.431) and (7.432). 

For a constant B-field, the time ordering operator can be ignored and the expo¬ 
nential (7.493) can immediately be written down explicitly [see Eq. (1A.2)]. 

In the applications to come, we need only the trace of the matrix (7.493). Ac¬ 
cording to Eq. (7.440), this is found from the integral over (7.492) with 9\ = — 9 l a , 
which means performing the integral over all antiperiodic Grassmann paths 9 1 {t). 
For a constant B-field, the trace of the operator (7.493) is immediately extracted 
from Eq. (1A.2): 

= 2cos[|B|(i b — t a )/2h\. (7.500) 


V i 9 exp 


if) • 1 

—9 i e i + B i -e ijk 9 j 9 k 
4 4 


This result can also be derived directly from the path integral over the Grassmann 
variables 9\ which yields the square root of the functional determinant 

2Det 1,2 dijidt+ '-Fi^xit)) . (7.501) 

Here the normalization factor 2 is determined by the path integral with Fij = 0, 
which simply counts the two possible states of the matrix representation (7.496), as 
in the trace of the left-hand side of (7.499) for F tJ = 0. Thus 




2 . 


(7.502) 


This normalization factor and agrees with Eqs. (7.415) and (7.418), where the path 
integral of single complex fermion field gives the same factor 2 for to = 0 

For a constant B-field in the ^-direction, and antiperiodic boundary conditions 
in the time interval (G,t a ), the matrix in the brackets has the form 


( ^ iB 0 \ 

-iB >J m 0 I , 

V 0 0 (J m ) 


7t(2m + 1) 
tb~t a 


(7.503) 
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where u\ n are the real-time versions of the odd Matsubara frequencies (7.415). The 
functional determinant (7.501) is then obtained from the product [compare (7.416)] 


Det 1/2 


Sij dl/ T ^ Fij 


IT \w m \(Um-B 2 /h 2 ) 


,m =—oo 


1/2 


= cos[B(tb — t a )/2h\. (7.504) 


The determinant in the second expression is an ordinary determinant of the 4x4- 
dimensional matrix in the argument of the cosine, to be calculated from its Taylor 
expansion. 


Dirac Algebra 

There exists a similar path integral suitable for describing relativistic spin systems. 
If we introduce four Grassmann variables 9p — 0,1, 2, 3, the path integral 


n jve 11 exp | j di - ; j^(t)^(t) |, 

(7.505) 

leads to an equation of motion 

F\t) = 0, 

(7.506) 

and an operator algebra at equal times 



(7.507) 

where g liv is the metric in Minkowski space 


/ 1 0 0 0 \ 

0-100 
y 0 0-10' 

\o 0 0 -1 / 

(7.508) 


The time argument in (7.507) can again be dropped clue to (7.506). The algebra 
(7.507) is solved by the matrix elements [recall (7.485)] 


(m i (t)\a) = (Y)p a , p,a = 1,2, 3,4, 
where 7 O 75 are composed of 2 x 2-matrices 0, 1, and a 1 as follows: 


(7.509) 


7° = 


0 1 


-1 0 


, 7 = 


a 


, 7s = i7°7 1 7 2 7 3 = 


-1 0 


0 1 


= 7 5 - 


0 

- a' 0 

\ / \ / \ / 

(7.510) 

One may also introduce an additional Grassmann variable 6*5 such that the path 
integral 


3 

n 

n=0 L 


m 


exp 


Ti / 


(7.511) 
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produces the matrix elements of 7 . 5 (f): 

(m(t)\a) = ( 75 )^, /3,a = 1,2,3,4. (7.512) 

The Grassmann variables 9 M and 9 5 anticommute with each other, and so do the 
matrices 757 ^ and 75 . 

In terms of the Grassmann variables 6 it is possible to write down a four¬ 
dimensional version of the time-ordered 2x2 matrix integral (7.499) as a path 
integral without time ordering: 


Texp 


-2 nJ dtF ^ ] = 


P 4 dexp l-j dt 


in • 1 

-9^ + 


., (7.513) 


where is the Minkowski space generalization of the spin tensor matrix <t* j /2 in 
(7.496): 

W v = 7 "] = (7.514) 

As a check we use (7.510) and hnd 


S 12 = 



a 


12 


0 


0 \ _ 1 ( cr 3 0 \ 

a 12 )- 2\0 a 3 ) ’ 


(7.515) 


in agreement with (7.497). 

As remarked before, we shall need in the applications to come only the trace 
of the matrix (7.493), which is found, according to Eq. (7.440), from the integral 
over (7.492) with 9\ = — 9 l a , i.e., by performing the integral over all antiperiodic 
Grassmann paths 9 1 {t). If we want to hnd individual matrix elements, we have to 
make use of suitably extended recovery formulas (7.431) and (7.432). 

The path integral over all antiperiodic paths for = 0 fixes the normalization. 
For zero fields, the trace of the left-hand side of (7.513) is equal to 4, so that we 
have 


V 4 9expl- J dt 




= 4. 


(7.516) 


This normalization factor agrees with Eqs. (7.415) and (7.418), where we found the 
path integral of single complex fermion held to carry a normalization factor 2. For 
four real helds this corresponds to a factor 4. 

In the presence of a nonzero held tensor, the result of the path integral (7.513) 
is therefore 


1 V A 9 e(*/ 47i ) / dt {[^ indll ^ +iF ^ 6>iev ]} = 4Det 4 / 2 


9nu id t T F^ u (x(f)) 


(7.517) 


In the presence of a constant electic and a constant magnetic held in the z- 
direction, then F 0 3 = E , and 


(7.518) 


E, and 

( ° 

0 

0 

E \ 

F = 

0 

0 

-B 

0 

0 

B 

0 

0 


l E 

0 

0 

0 ) 
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Thus we find 


e 




/ cosh Et 0 0 

0 cos Bt — sin Bt 

0 sin Bt cos Bt 

\ sinh Et 0 0 


sinh Et \ 
0 
0 

coshEf / 


(7.519) 


so that 

Det id t + ^-T) (i ^ = det cos = cos 2 (b cosh 2 (e■ (7.520) 


Constant Electric and Magnetic Field in any Direction 

If there are both constant electric and magnetic fields in any direction, the calcula¬ 
tion can be reduced to the parallel case by a simple Lorentz transformation. It is 
always possible to find a Lorentz frame in which the fields become parallel. This 
special frame will be called center-of-fields frame, and the transformed fields in this 
frame will be denoted by Bcf and Ecf- The transformation has the form 


f v \ 7 2 v 

Ecf = 7 ( E 4— xB-—— 

V c J 7 + 1 c 

/ v \ 7 2 v 

B cf = 7 (B-xE-—- 

V c J 7 + 1 c 

with a velocity of the transformation determined by 

v/c E x B 

1 + (|v|/c ) 2 = |E| 2 + | B | 2 ’ 



(7.521) 

(7.522) 


(7.523) 


and 7 = [1 — (|v| /c) 2 ]^ 1 / 2 . The fields |Ecf| = £ and |Bcf| = B are, of course, 
Lorentz-invariant quantities which can be expressed in terms of the two quadratic 
Lorentz invariants of the electromagnetic field: the scalar S and the pseudoscalar P 
defined by 



Solving these equation yields 


\ (£ 2 - B 2 ) , P = --F^ = E B = SB. 

(7.524) 


j^J = \17s* + P 2 ±S= -i=^(E 2 -B 2 ) 2 +4(EB) 2 ±(E 2 -B 2 ). (7.525) 

After these transformations, the result (7.520) remains valid for any constant field 
directions if we exchange E —> S, B —y B. 
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Relation between Harmonic Oscillator, Pauli and Dirac Algebra 

There exists a simple relation between the path integrals of the previous three para¬ 
graphs. We simply observe that the combinations 



satisfy the anticommutation rules 


a, cr]+ = 1, [a^,a^] + = 1, [a, a]+ = 0. 


0 1 
0 0 


, (7.526) 


(7.527) 


The vacuum state annihilated by a is the spin-down spinor, and the one-particle 
state is the spin-up spinor: 


|0> = 


| 1 > = 


0 


(7.528) 


A similar construction can be found for the Dirac algebra. There are now two 
types of creation and annihilation operators 


a f = 


-( 7 ' +i y)=- 


1/0 <V H 

2 l -u + 0 




1/0 -<T 

2 1 (T~ 0 


, (7.529) 


and 


6 * = 1 ( 7 °+ 7 3 ) = 5 


0 ia 2 a + 
-ia 2 a + 0 


),i-=i(7‘-7 3 ) = l( 


ia 2 <j 


-ia 2 a 


(7.530) 


The states \n a , ab) with n a quanta a and rib quanta b are the following: 


( Q \ 


|0,0> = 72 

1 

0 



|l,0) = o t |0,0> = -^ 

- 


11 ) 








f 0\ 

I 

/ 

|0,1) = 6+10,0) = 

1 

71 

-1 

0 

, |1,1) = a t 6 t |0,0) = —= 




l 1 ) 

1 

V 


( 1 \ 
0 


/ 1 \ 
0 

1 


(7.531) 


(7.532) 


From these relations we can easily deduce the proper recovery formulas general¬ 
izing (7.431) and (7.432). 
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7.12 External Sources in a*, a -Path Integral 

In Chapter 3, the path integral of the harmonic oscillator was solved in the presence 
of an arbitrary external current j{r). This yielded the generating functional Z[j] 
for the calculation of all correlation functions of x(t). In the present context we are 
interested in the generating functional of correlations of a(r) and a*(r). Thus we 
also need the path integrals quadratic in a(r) and a*(r) coupled to external currents. 
Consider the Euclidean action 

rh/3 

A[a*, a] + .4 somce — h dr[a*(r)d T a(r) + u>a*a(r ) — (rfiAair) + c.c.)], (7.533) 

with periodic boundary conditions for a(r) and a*(r). For simplicity, we shall use the 
continuum formulation of the partition function, so that our results will correspond 
to the harmonic oscillator time slicing, with the energies E n = (n + 1/2 )huj. There 
is no problem in going over to the second-quantized formulation with the energies 
E n = rihuj. The partition function is given by the path integral 

ZMM = / exp W[a *,«] + -4 source )} • (7.534) 

As in Chapter 3, we define the functional matrix between a*(r), a(r') as 

D Ui e(r, r') e (3 t + w)5(r - r'), r, r' e (0, h/3). (7.535) 

The inverse is the Euclidean Green function 

G£, e ( T > r') = t'), (7.536) 

satisfying the periodic boundary condition. We now complete the square and rewrite 
the action (7.533), using the shifted fields 

rh/3 

a\ T ) — a {r) — / dr' (r, r>(r') (7.537) 

Jo 

as 

rh/3 r-Tig 

A c = h dr dr'[a , *(r)T> w ,e(E^ , ) a, ( r ') ~'7^)^ e (r, t')^')]- (7.538) 

Jo Jo 

On an infinite /3-interval the Green function can easily be written down in terms of 
the Heaviside function (1.313): 

G W) e(T, t') = G Wi e(r - t') = (r - r'). (7.539) 

As we have learned in Section 3.3, the periodic Green function is obtained from this 
by forming a periodic sum 

OO 

GUr, r') = Gi f (r ~t')= V '-»*» e(T _ T < _ nhf))t 


n =—oo 


(7.540) 
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which is equal to 


-u(r-hP/ 2 ) 

Gl St) = , __ = (1 + nl)e~“ T , 


2smh(u)hf3/2) 
where is the Bose-Einstein distribution function 

1 


n u , = 


(7.541) 


(7.542) 


ref(3.112) 

lab(3.75) 

est(3.74) 


ref(3.111) 
lab (3.74) 
est(3.73) 


g/3huj _^ 

[compare (3.92) and (3.93)]. 

The same considerations hold for anticommuting variables with antiperiodic 
boundary conditions, in which case we find once more the action (7.538) with the 
antiperiodic Green function [compare (3.112)] 

p -u(T-hp/2) 

= (1 -nl)e-“ T , (7.543) 


G“(t) = 


2cosh(uh/3 /2) 

where n u is the Fermi-Dirac distribution function [see (3.111)]: 

1 


nf, = 


ref(3.2) 

lab(3.2) 

est(3.2) 


m (7.544) 

e /3hu + 1 v ’ 

In either case, we may decompose the currents in (7.538) into real and imaginary 
parts j and k via 

7 j = \Ju/2Mh(j — iujMk ), (7.545) 

rf = \Ju/2Mh(j + iuMk ), 

and write the source part of the original action (7.533) in the form 

fh/3 rhp 

A source = h dr{a*r] + rfa) — / dr(jx + kp). (7.546) 

Jo Jo 

Hence, the real current rj = rf* = \Ju)/2Mh j corresponds to the earlier source term 
(3.2). Inserting this current into the action (7.538), it yields the quadratic source 
term 

1 rhp rr p -a)(r-r') 

J dT Jo (7 ‘ 547) 




2 Muj 

This can also be rewritten as 


(rMM. 


10 


which becomes for a current periodic in fifi: 

I 

L 


I- dT ’ ^ 6 W(T T,)j ( r ^( r ^ 


Interchanging r and r', this is also equal to 

L 


= -JXIS I- dT ' dT ' e W|T T,| ^ T ^( T/ )’ 


(7.548) 


(7.549) 


(7.550) 


in agreement with (3.279). 
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7.13 Generalization to Pair Terms 


There exists an important generalization of these considerations to the case of the 
quadratic frequency term h J dr fl 2 (r)a*(r)a(r) being extended to the more general 
quadratic form 

% J dr t2 2 (r)a*(r)a(r) + -A*(r)a 2 (r) + -A(r)a* 2 (r) . (7.551) 

The additional off-diagonal terms in a*, a are called pair terms. They play an 
important role in the theory of superconductivity. The basic physical mechanism 
for this phenomenon will be explained in Section 17.10. Here we just mention that 
the lattice vibrations give rise to the formation of bound states between pairs of 
electrons, called Cooper pairs. By certain manipulations of the path integral of the 
electron field in the second-quantized interpretation, it is possible to introduce a 
complex pair field A x (t) at each space point which is coupled to the electron field 
in an action of the type (7.551). The partition function to be studied is then of the 
generic form 


Z = 


/ Va* Va 

rhf3 

4> -exp 

— dr ( a*d T a + Cl 2 a*a + |A *a 2 + §A a* 2 ) 

/ 7r 

Jo 


(7.552) 


It is easy to calculate this partition function on the basis of the previous formulas. 
To this end we rewrite the action in the matrix form, using the field doublets 


fir) ee ( ° (r) 
’ l a*(r) 


(7.553) 




T*™ ( 9 V(r) T> T0f±n(r)) ) /(T) ’ (7 ' 554) 

where the derivative terms require a partial integration to obtain this form. The 
partition function can be written as 


Z = 


v f *vf_ e _ lrM ^ 


n 


with the matrix 


M = 


d T + H(r) 


A(t) 


n A*(t) =f(<9 t ± H(r)) J ' 

The fields /* and / are not independent of each other, since 


r = 


0 1 
1 0 


/. 


(7.555) 

(7.556) 

(7.557) 


Thus, there are only half as many independent integrations as for a usual complex 
field. This has the consequence that the functional integration in (7.555) gives only 
the square root of the determinant of M, 

Z = M bJ det ( Lo A f T A, u) 7 , (7.558) 


A*(r) 


=F(d T + ft(r)) 
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with the normalization factors Af b '^ being fixed by comparison with (7.337) and 
(7.419). 

A fluctuation determinant of this type occurs in the theory of superconductivity 
[32], with constant parameters to, A. When applied to functions oscillating like 
e - ”™ 1 , the matrix M becomes 


M 


-iuj z m + u 


A* 


A ^ 
T j 


(7.559) 


It is brought to diagonal form by what is called, in this context, a Bogoliubov trans¬ 
formation [33] 


M -y M d 


—iW m + tO A 


0 

±w A ) 


(7.560) 


where to a is the frequency 

to a = V to 2 + A 2 . (7.561) 

In a superconductor, these frequencies correspond to the energies of the quasi¬ 
particles associated with the electrons. They generalize the quasi-particles intro¬ 
duced in Landau’s theory of Fermi liquids. The partition function (7.552) is then 
given by 


J LJ i A 


Af bJ det 


d T T to A 
A* =f<9 t ± to 


N bJ 


det 




=Fl/2 


^=Fl/2 

f [2 sinh(ft/3a;A/2)] _1 , 
1 2cosh(^, / 9a;A/2), 


(7.562) 


for bosons and fermions, respectively. This is equal to the partition function of a 
symmetrized Hamilton operator 

H = -^-A + aaf'j = to a (at a ± , (7.563) 

with the eigenvalue spectrum to a (n ± where n — 0,1, 2, 3... for bosons and 
n — 0,1 for fermions: 


00,1 

Z Ut A = Y e.-^ A(n±1/2)/3 . (7.564) 

n 

In the second-quantized interpretation where zero-point energies are omitted, this 
becomes 


Z W A — 


(1 -e 
(1 + e 


—h/3co/\ 

—h/3u)/\ 


-1 


(7.565) 
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7.14 Spatial Degrees of Freedom 

In the path integral treatment of the last sections, the particles have been restricted 
to a particular momentum state p. In a three-dimensional volume, the fields a*(r), 
A(t) and their frequency u depend on p. With this trivial extension one obtains a 
free quantum field theory. 


7.14.1 Grand-Canonical Ensemble of Particle Orbits from 
Free Fluctuating Field 

The free particle action becomes a sum over momentum states 

rhp r , 

A c [a*,a\ —h dr |a*<9 r a p + u;(p)a*a p . (7.566) 

Jo p L 

The time-sliced partition function is given by the product 

=Fl 


Z = |det [e(l — eo;)V + eta(p)]| 


J exp 

-Eplog (l - e-^Mpiy 

) exp 

E P iog (i + e -^(p)y 


for bosons, 
for fermions. 


The free energy 
is for bosons 

and for fermions 


F = —k B T log Z 
F = k B Tj2 log (l _ e ~h[ 30J e (p) 


F — —k B T ^2 log ( 


1 + e 


-H/3oj e (p) 


In a large volume, the momentum sum may be replaced by the integral 

„ r dPpV 

p 


(2nh) D 


(7.567) 


(7.568) 

(7.569) 

(7.570) 

(7.571) 


For infinitely thin time slices, e —>■ 0 and u> e (p) reduces to ca(p) and the expressions 
(7.569), (7.570) turn into the usual free energies of bosons and fermions. They agree 
completely with the expressions (7.46) and (7.220) derived from the sum over orbits. 
Next we may introduce a fluctuating field in space and imaginary time 


^(x,r) = ^=]Te* px a p (r), 
and rewrite the action (7.566) in the local form 


(7.572) 


rh(3 r 

Afifi)* ifi\ — I dr J d D x 


'fi* (x, r)hd T fi(x, t ) + ^J v ^(x, t)T) 


. (7.573) 
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The partition function is given by the functional integral 

Z = j> 


(7.574) 


Thus we see that the functional integral over a fluctuating field yields precisely the 
same partition function as the sum over a grand-canonical ensemble of fluctuating 
orbits. Bose or Fermi statistics are naturally accounted for by using complex or 
Grassmann field variables with periodic or antiperiodic boundary conditions, re¬ 
spectively. The theory based on the action (7.573) is completely equivalent to the 
second-quantized theory of field operators. 

In order to distinguish the second-quantized or quantum field description of 
many particle systems from the former path integral description of many particle 
orbits, the former is referred to as the first-quantized approach, or also the world-line 
approach. 

The action (7.573) can be generalized further to include an external potential 
V(x, t), i.e., it may contain a general Schrodinger operator H{r) = p 2 + V(x, r) 
instead of the gradient term: 

= j drJd D x |t/ ; *(x, T)hd T fi>(x, r)+^*(x, r) H(r) — /i - 0 (x, r)|. (7.575) 

For the sake of generality we have also added a chemical potential to enable the 
study of grand-canonical ensembles. This action can be used for a second-quantized 
description of the free Bose gas in an external magnetic trap potential V(x), which 
would, of course, lead to the same results as the first-quantized approach in Sec¬ 
tion 7.2.4. The free energy associated with this action 

F = —Tr log [hd T + H(t) — p\ (7.576) 

was calculated in Eq. (3.139) as an expansion 

F = ^Tr jj ^ dr H{t ) ^ Tr ^Te~ n C dT " ^{r")-u]/n j ? ( 7 . 577 ) 


The sum can be evaluated in the semiclassical expansion developed in Section 4.9. 
For simplicity, we consider here only time-independent external potentials, where 
we must calculate Tr ]q s semiclassical limit was given in Eq. (4.258) 

continued to imaginary time. From this we obtain 


F = -Tr H - 4 
2 0 


I_I_V f d D x 


(7.578) 


where z(x) = e~^ x j s the local fugacity (7.24). The sum agrees with the 
previous first-quantized result in (7.132) and (7.133). The first term is due to the 
symmetric treatment of the fields in the action (7.575) [recall the discussion after 
Eq. (7.340)]. 

One may calculate quantum corrections to this expansion by including the higher 
gradient terms of the semiclassical expansion (4.258). If the potential is time- 
dependent, the expansion (4.258) must be generalized accordingly. 
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7.14.2 First versus Second Quantization 

There exists a simple set of formulas which illustrates nicely the difference between 
first and second quantization, i.e., between path and field quantization. Both may 
be though of as being based on two different representations of the Dirac 5-function. 
The first-quantized representation is 


5 (D) (x 6 


/■x(t i ,)=x 6 

/x(t a )=x a 


V D x 


^ D P (i/h)f* b dt P ± 

( 2 t rk) D 


(7.579) 


the second-quantized representation 


iM (D) (x 6 -x a )5(4-f a ) 


V'l/jV'ip* ip(x b , (x a , t a )e (l/h) S d x f-°° 


dtiji* (x,t)^(x,t) 


(7.580) 

The first representation is turned into a transition amplitude by acting upon it with 
the time-evolution operator e~ lH ^ tb ~ ta \ which yields 

(x b 4|x a ta) = e^- to) 5 (D) (x 6 - x„) = j V D x j> e (i/R)/ t >(pi-H)_ (7 5gl) 

By multiplying this with the Heaviside function 0(4 — t a ), we obtain the solution 
of the inhomogeneous Schrodinger equation 


(ihd t - H)Q{t b - t a )(x b t b \x a t a ) = iM (D) (x fc - x a )5(t b - t a ). (7.582) 


This may be expressed as a path integral representation for the resolvent 



ih 

ihd t - H 



0(4 


x( 4)- x , ^d x / V P p {i/K) f t tb dtfri-H) 


/x(t a )=Xa 


(27 rh) 


D 


(7.583) 


The same quantity is obtained from the second representation (7.580) by changing 
the integrand in the exponent from ^*(x, t) to ip*(x,t)(ihdt — H)ip(x.,t ): 


x b 4 


ih 


ihdt — H 


x„4 


= f W^(x t , 4)^*(x 0 ,4)e (i/n) / (75g4) 

This is the second-quantized functional integral representation of the resolvent. 


7.14.3 Interacting Fields 

The interaction between particle orbits in a grand-canonical ensemble can be ac¬ 
counted for by anharmonic terms in the particle fields. A pair interaction between 
orbits, for example, corresponds to a fourth-order self interaction. An example 
is the interaction in the Bose-Einstein condensate corresponding to the energy in 
Eq. (7.101). Expressed in terms of the fields it reads 
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rti/3 n rUft r 

A 1 f t [f>*,'if] = - / drAE = —~ dr d 3 x fj* (x, t + rj)if*(x,T + r/)^(x, r)^(x, r), 
Jo 2 Jo J 

(7.585) 

where r] > 0 is an infinitesimal time shift. It is then possible to develop a perturba¬ 
tion theory in terms of Feynman diagrams by complete analogy with the treatment 
in Section 3.20 of the anharmonic oscillator with a fourth-order self interaction. The 
free correlation function is the momentum sum of oscillator correlation functions: 


<V>(x,t)V>*(x',t')} = ZMr)a;,(T'))e‘^- v > 

P,P' 


(7.586) 


The small rj > 0 in (7.585) is necessary to specify the side of the jump of the 
correlation functions (recall Fig. 3.2). The expectation value of A E is given by 
(7.101), with a prefactor g rather than g /2 due to the two possible Wick contractions. 
Inserting the periodic correlation function (7.541), we obtain the Fourier integral 


W>(x, t)V*(x', r')> = E(1 + n„ p )e-"-«— 


(7.587) 


Recalling the representation (3.287) of the periodic Green function in terms of a 
sum over Matsubara frequencies, this can also be written as 


(^(x,t)^*(x',t / )) = — 


-1 


3 -*w m (r-r')+jp(x-x') 


W lU rn ~ Wp 


(7.588) 


The terms in the free energies (7.102) and (7.107) with the two parts (7.108) and 
(7.109) can then be shown to arise from the Feynman diagrams in the first line of 
Fig. 3.7. 

In a grand-canonical ensemble, the energy huj p in (7.588) is replaced by ftoj-p — /j. 
The same replacement appears in ut p of Eq. (7.587) which brings the distribution 
function n Wp to [recall (7.542)] 


1 

n uj p -n/n — 


(7.589) 


where z is the fugacity z = e /?At . The expansion of the Feynman integrals in powers 
of z yields directly the expressions (7.102) and (7.107). 


7.14.4 Effective Classical Field Theory 

For the purpose of studying phase transitions, a functional integral over fields ip(x, r) 
with an interaction (7.585) must usually be performed at a finite temperature. Then 
is often advisable to introduce a direct three-dimensional extension of the effective 
classical potential E cffcl (a;o) introduced in Section 3.25 and used efficiently in Chap¬ 
ter 5. In a field theory we can set up, by analogy, an effective classical action 
which is a functional of the three-dimensional field with zero Matsubara frequency 
0(x) = t/> 0 (x). The advantages come from the reasons discussed in Section 3.25, that 
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the zero-frequency fluctuations have a linearly diverging fluctuation width at high 
temperature, following the Dulong-Petit law. Thus only the nonzero-modes can be 
treated efficiently by the perturbative methods explained in Subsection 3.25.6. 

By analogy with the splitting of the measure of path integration in Eq. (3.808), 
we may factorize the functional integral (7.574) into zero- and nonzero-Matsubara 
frequency parts as follows: 

Z = j VipV^e-'A'WM = j (7.590) 

and introduce the Boltzmann factor [compare (3.813)] contain the effective classical 
action 

B[ip o, V’o] = = j V'lfVif* (7.591) 

to express the partition function as a functional integral over time-independent fields 
in three dimensions as: 

Z = j V'lfo'DifQe~A eS cl[ ^o. (7.592) 

In Subsection 3.25.1 we have seen that the full effective classical potential E effcl (a; 0 ) 
in Eq. (3.812) reduces in the high-temperature limit to the initial potential V(xq). 
For the same reason, the full effective classical action in the functional integral 
(7.590) can be approximated at high temperature by the bare effective classical 
action, which is simply the zero-frequency part of the initial action: 

A ffcl [^oio]=^ Jd*x {^(x) (-i-V 2 - ,) *,(X) + ^ [»(x)f} . (7.593) 

This follows directly from the fact that, at high temperature, the fluctuations in the 
functional integral (7.591) are strongly suppressed by the large Matsubara frequen¬ 
cies in the kinetic terms. 

Remarkably, the absence of a shift in the critical temperature in the first-order 
energy (7.113) deduced from Eq. (7.116) implies that the chemical potential in the 
effective classical action does not change at this order [34], For this reason, the 
lowest-order shift in the critical temperature of a weakly interacting Bose-Einstein 
condensate can be calculated entirely from the three-dimensional effective classical 
held theory (7.590) with the bare effective classical action (7.593) in the Boltzmann 
factor. 

The action (7.593) may be brought to a more conventional form by introducing 
the differently normalized two-component fields <f> = {(f>i,(j>2) related to the original 
complex held if by ^(x) = \J MT[<p i(x) + i0 2 (x)]. If we also define a square mass 
m 2 = —2 Mfi and a quartic coupling u = ASnaMT, the bare effective classical action 
reads 


Af cl [r 0 ,H = A[(j>) = f d 3 x i|V0| 2 + m 2 f > 2 + ^(</> 2 ) 2 


(7.594) 
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In the field theory governed by the action (7.594), the relation (7.111) for the 
shift of the critical temperature to lowest order in the coupling constant becomes 


A T c 

T c (0) 


2 mTg 

3 n 



^ ( 2 t > 2 ,, 

3 [C(3/2)] 4 / 3 ' 


4?r (mT^) 2 
3 n 





(7.595) 


where (A f 2 ) is the shift in the expectation value of rj) 2 caused by the interaction. 
Since a repulsive interaction pushes particles apart, (A0 2 ) is negative, thus explain¬ 
ing the positive shift in the critical temperature. The evaluation of the expectation 
value (A0 2 ) from the path integral (7.590) with the bare three-dimensional effec¬ 
tive classical action (7.594) in the exponent can now proceed within one of the 
best-studied field theories in the literature [51]. The theoretical tools for calculat¬ 
ing strong-coupling results in this theory are well developed, and this has made it 
possible to drive the calculations of the shift to the five-loop order [21], 

Some low-order corrections to the effective classical action (7.593) have been 
calculated from the path integral (7.591) in Ref. [34], 


7.15 Bosonization 

The path integral formulation of quantum-mechanical systems is very flexible. Just 
as integrals can be performed in different variables of integration, so can path in¬ 
tegrals in different path variables. This has important applications in many-body 
systems, which show a rich variety of so-called collective phenomena. Practically 
all fermion systems show collective excitations such as sound, second sound, and 
spin waves. These are described phenomenologically by bosonic fields. In addition, 
there are phase transitions whose description requires a bosonic order parameter. 
Superconductivity of electron systems is a famous example where a bosonic order 
parameter appears in a fermion system—the energy gap. In all these cases it is 
useful to transform the initial path variables to so-called collective path variables, 
in higher dimensions these become collective fields [32], 

Let us illustrate the technique with simple a model defined by the Lagrangian 

L{t) = a*(t)id t a{f) — - [ a*{t)a{t)] 2 , (7.596) 

where a*, a are commuting or anticommuting variables. All Green functions can be 
calculated from the generating functional 

Z[q*,ri\ = N j Va*Daex p i j dt (L + rf a + a* rj) , (7.597) 

where we have omitted an irrelevant overall factor. 

In operator language, the model is defined by the Hamiltonian operator 

H = e(a)d) 2 /2 , (7.598) 
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where a\ a are creation and annihilation operator of either a boson or a fermion at 
a point. In the boson case, the eigenstates are 

\n) = 4=(a f ) n | 0 ), n = 0,1,2,..., (7.599) 

Vn\ 

with an energy spectrum 

7 ) ~ 

E n = £—. (7.600) 

In the fermion case, there are only two solutions 

|0) with E 0 = 0, (7.601) 

|1) = a^O) with Ei = (7.602) 

Here the Green functions are obtained from the generating functional 

Z[r]\ri\ = (0|Texp i J dt(r)*a + cfirj) |0), (7.603) 

where T is the time ordering operator (1.241). The functional derivatives with 

respect to the sources rj*, r/ generate all Green functions of the type (3.299) at T = 0. 

7.15.1 Collective Field 

At this point we introduce an additional collective field via the Hubbard- 
Stratonovich transformation [52] 

exp j— i- J dt[a*(t)a(t)] 2 

where N is some irrelevant factor. Equivalently we multiply the partition function 
(7.597) with the trivial Gaussian path integral 

1 = N J Dp(f)exp jy dt— p(t ) — ea)(t)a(t) j , (7.605) 

to obtain the generating functional 

Z[r/\ rj\ = N j Va*VaX>p 

+ if(t)a(t) +a*(t)r)(t) j .(7.606) 

From (7.604) we see that the collective held p(t) fluctuates harmonically around £ 
times particle density. By extremizing the action in (7.606) with respect to p(t) we 
obtain the classical equality: 


x exp | J dt a*(t)id t a(t) — ep(t)a*(t)a(t) + 


}=Nj Dp(f)exp ji J dt ^ ^ - — p(t)a*(t)a(t) 1,(7.604) 


pit) = £a*(t)a(t). 


( 7 . 607 ) 
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The virtue of the Hubbard-Stratonovich transformation is that the fundamental 
variables a*, a appear now quadratically in the action and can be integrated out to 
yield a path integral involving only the collective variable p(t): 

Z[q*yrj\ = N J T>pex.p\iA[p\ — j dtdt'rf{t)G p {t,t')p{t') j , (7.608) 

with the collective action 

A[p\ = ±iTr log ( [iG~ ^ + J dt P (7.609) 

where G p denotes the Green function of the fundamental path variables in an ex¬ 
ternal p{t) background potential, which satisfies [compare (3.75)] 

[idt — pit)} G p {t , t') — i8(t — t'). (7.610) 

The Green function was found in Eq. (3.124). Here we find the solution once more 
in a different way which will be useful in the sequel. We introduce an auxiliary field 

<p(t) = J p(t')dt', (7.611) 

in terms of which G p (t,t') is simply 

G p (t, t') = e-^e^Goit - f), (7.612) 


with Go being the free-held propagator of the fundamental particles. At this point 
one has to specify the boundary condition on G 0 (t — t'). They have to be adapted 
to the physical situation of the system. Suppose the time interval is infinite. Then 
Go is given by Eq. (3.100), so that we obtain, as in (3.124), 

G p (t,t') = e-^e^Qit-t'). (7.613) 

The Heaviside function 0 defined in Eq. (1.313) corresponds to pit) coupling to the 
symmetric operator combination [cra+dd')/ 2. The products era in the Hamiltonian 
(7.598), however, have the creation operators left of the annihilation operators. In 
this case we must use the Heaviside function Q(t — t') of Eq. (1.304). If this function 
is inserted into (7.613), the right-hand side of (7.613) vanishes at t = t'. 

Using this property we see that the functional derivative of the tracelog in (7.609) 
vanishes: 

-^y{±?;Tr log(«Gp 1 )} = ^y {±*Tr log [id t -p(t)]} = TG p (t,t')\t'=t = 0. (7.614) 

This makes the tracelog an irrelevant constant. The generating functional is then 
simply 


Z[p\ rf\ = N 


T>ip{t) exp j^- J dt(p(tf 


dtdt'rfit^ity-^e-^Qit - 1 ')} , 

(7.615) 
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where we have used the Jacobian 


Vp = Vp Det(<9 t ) = Vp, (7.616) 

since Det/c/) = 1 according to (2.537). Observe that the transformation (7.611) 
provides p(t ) with a standard kinetic term p 2 {t). 

The original theory has been transformed into a new theory involving the collec¬ 
tive held p. In a three-dimensional generalization of this theory to electron gases, 
the held p describes density waves [32], 


7.15.2 Bosonized versus Original Theory 

The hrst term in the bosonized action in (7.615) is due to a Lagrangian 

L o(t) = (7.617) 

describing free particles on the infinite 99 -axis. Its correlation function is divergent 
and needs a small frequency, say n, to exist. Its small-K expansion reads 


= = + (7.618) 

The hrst term plays an important role in calculating the bosonized correlation func¬ 
tions generated by Z[r)*,rj] in Eq. (7.615). Differentiating this n times with respect 
to 77 and 77 * and setting them equal to zero we obtain 


G (n) (t„,...,ti;C = 


x 


(-l) n (e 

H e p 0 (f pi - h) ■ ■ • 0 (f p „ - fi), 


givit'n) . . . e ifit'7) 


(7.619) 


where the sum runs over all permutations p of the time labels of 1 1 ... t n making 
sure that these times are all later than the times t\ .. .t' n . The factor e p rehects the 
commutation properties of the sources 77 , 77 *, being equal to 1 for all permutations 
if 77 and 77 * commute. For Grassmann variables 77 , 77 *, the factor e p is equal to —1 if 
the permutation p is odd. The expectation value is defined by the path integral 

<•••> = / TV (<)••• e <i/&) 1 dt ■ (7.620) 

Let us calculate the expectation value of the exponentials in (7.619), writing it as 


exp 


2 n 

. I— 1 


= < exp 


f dt S(t - ti)qip(t) 


(7.621) 
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where we have numbered the times as ti, £ 2 , • • • Un rather than ti, t[, t 2 , t' 2 , ■.. t n , t' n . 
Half of the 2n “charges” g* are 1, the other half are —1. Using Wick’s theorem in 
the form (3.310) we find 


,: ]Ci=i iMu) 


exp 


exp 


2 n 

i=1 3 

^ 2 n 

~2 12 Qigj(<p(ti)<p(tj)) ■ 



tj) 


(7.622) 


Inserting here the small-K. 
factor 


expansion (7.618), we see that the 1 /K-terrn gives a pre- 


exp 



(7.623) 


which vanishes since the sum of all “charges” g* is zero. Hence we can go to the 
limit n —> 0 and obtain 


exp 


2 n 

. i=1 


= exp 


Z i>j 


(7.624) 


Note that the limit k —> 0 makes all correlation functions vanish which do not contain 
an equal number of a*(t) and a{t) variables. It ensures “charge conservation”. 

For one positive and one negative charge we obtain, after a multiplication by a 
Heaviside function @(U — t[), the two-point function 

G {2 \t, t ') = e~ i£{t - t,)/2 e(t - t'). (7.625) 


This agrees with the operator result derived from the generating functional (7.603), 
where 


G (2) (M') = ( 0 \fa(t)a){t')\ 0 ) = 0(t-t / )(O|a(t)a t (t')|O)e- i£(t - t ' )/2 0(t-t / )- (7.626) 

Inserting the Heisenberg equation [recall (1.277)] 

a(t) = e itk ae~ itk , a\t') = ^ k a/e^' k . (7.627) 

we find 

(0|Ta(t)a t (t / )|0) = 0(U- i , )(0|e ie(ata)2t/2 ae-^ (ata)a(t - t ' ) a t e- i(ata)2t ' /2 |0) 

= 0(t - t')(1 |e — i (a+a)2 (t— 11 ) = 0(t - t')e- i£{t - t,)/2 . (7.628) 

Let us compare the above calculations with an operator evaluation of the 
bosonized theory. The Hamiltonian operator associated with the Lagrangian (7.617) 
is H = ep 2 /2. The states in the Hilbert space are eigenstates of the momentum op¬ 
erator p = —id/dp: 


W\p} 



(7.629) 
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Here, curly brackets are a modified Dirac notation for states of the bosonized theory, 
which distinguishes them from the states of the original theory created by products 
of operators af(t) acting on |0). In operator language, the generating functional of 
the theory (7.615) reads 


Z{v\v] = jir{0|f«*p [- j - f) 


|0}, (7.630) 


where <p(t) are free-particle operators. 

We obtain all Green functions of the initial operators a(t), a){t) by forming func¬ 
tional derivatives of the generating functional Z[rj',rj\ with respect to Take, 

for instance, the two-point function 


(0|Ta(t)a t (t')|0) 


8&Z 


8r]l(t)5r](t') 


T)1,TI=0 {^ 1 ^} 


{0|e-^ (t) e^ (t#) |0 }©(t — 0 


(7.631) 


Inserting here the Heisenberg equation (1.277), 


0(t) 



<P( °) e 



t 

1 


(7.632) 


we can evaluate the matrix element in (7.631) as follows: 

{01 4 2e _ *^ (0 ) e _i£ ^e _i£ ^10} = {0|e"^ (o) e _i£ ^ (t ” t ' ) e^ (o) |0}. (7.633) 

The state e*^°^|0} is an eigenstate of p with unit momentum 11} and the same norm 
as 10}, so that (7.633) equals 


{ 0 | 0 } 


{111} e 


—ie(t—t ')/2 g—ie(t—1')/2 


(7.634) 


and the Green function (7.631) becomes, as in (7.626) and (7.628): 

(0|Ta(t)a t (t , )|0) = - t'). 


(7.635) 


Observe that the Fermi and Bose statistics of the original operators a, a' enters 
to result only via the commutation properties of the sources. 

There exists also the opposite phenomenon that a bosonic theory possesses so¬ 
lutions which behave like fermions. This will be discussed in Section 8.12. 


Appendix 7A Treatment of Singularities in Zeta-Function 

Here we show how to evaluate the sums which determine the would-be critical temperatures of a 
Bose gas in a box and in a harmonic trap. 
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7A.1 Finite Box 

According to Eqs. (7.83), (7.88), and (7.90), the relation between temperature T = Ti 2 n 2 /bML 2 ks 
and the fugacity zd at a fixed particle number TV in a finite D-dimensional box is determined by 
the equation 

N = N n (T) + N cond (T) = S D (z D ) + zr^—, (7A.1) 

i — zd 

where Sd(zd) is the subtracted infinite sum 

OO 

Sd(z d ) = J2 [Z?(wb)e wDb / 2 - 1 )zl, (7A.2) 

W= 1 

containing the Dth power of one-particle partition function in the box Z\(b) = e ~ bk ^■ The 

would-be critical temperature is found by equating this sum at zd = 1 with the total particle 
number N. We shall rewrite Z\(b) as 


Z\ (6) = e 


- p ~b /2 


0 -3b/2 


tJi(6) 


(7A.3) 


where 04 ( 6 ) is related to the elliptic theta function (7.85) by 


°o e 2b r 


D —(fc—4)6/2 _ 


ct i ( ft ) = E~ 2 

k—2 

According to Eq. (7.87), this has the small -6 behavior 

<Ji(b) = 


$ 3 (0, e _b / 2 ) - 1 - 2e’ 


■6/2 


26 _ 36/2 _ i 2b , 

2b 2 + ‘" ’ 


(7A.4) 


(7A.5) 


The omitted terms are exponentially small as long as b < 1 [see the sum over m in Eq. (7.86)]. For 
large b , these terms become important to ensure an exponentially fast falloff like e -3b / 2 . Inserting 
(7A.3) into (7A.2), we find 


rr 1 


(wb)e~ 3wb / 2 + £L±o3(wb)e- 6wb/2 + {D 1)(£> 2) af(wb)e~ 9wb / 2 


S d {1) = dYI 

W = 1 

Inserting here the small -6 expression (7A.5), we obtain 

OO 

&( 1 ) = E 


(- 


7r 


w =1 


V 2wb 


e wb - 




(7A.6) 


(7A.7) 




2 wb 


2 2wb 


4 V 2 u >6 


the dots indicating again exponentially small terms. The sums are convergent only for negative b , 
this being a consequence of the approximate nature of these expressions. If we evaluate them in 
this regime, the sums produce Polylogarithmic functions (7.34), and we find, using also 1 = 

((0) = -1/2 from (2.522), 


S2( 1) = Ci( e& ) — \j ^Ci/ 2 (e 6 ) + ^Co(e b ) — C(0) + ■ • • • 


(7A.9) 


Ss(l) = ,/i Cs/2(e“ /2 ) - ~Ci(e al/! ) + - s«e“' 2 ) - C<0) + ... . (7A.10) 


2 26 


4 V 26 
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These expressions can now be expanded in powers of 6 with the help of the Robinson expansion 
(2.581). Afterwards, b is continued analytically to positive values and we obtain 


1 


S 2 (l) = -7TI log (C 2 b) - \ —£(1/2) + -(3 - 2tt) + Gib 1 ' 2 ), 


2 b 


^3(1) ~ \l7TT C(3/2) + — log(C 3 6 ) + -\l — C(l/2)(1 + 7 r) + —(1 + 7 r) + 0(b 1,/2 ). (7A.12) 


2b 


(7A.11) 


37T 


2b 


4 b 


4 V 2b 


16 


The constants C 2t 3 ,C 2 3 inside the logartithms turn out to be complex, implying that the limiting 
expressions (7A.7) and (7A.8) cannot be used reliably. A proper way to proceed gors as follows. 
We subtract from S'd(I) terms which remove the small -6 singularties by means of modifications of 
(7A.7) and (7A.8) which have the same small -6 expansion up to 6 °: 


&( 1 ) = ^ 
W = 1 
OO 

iV 11 s V 


(— 

I 2wb 


7 r 47T — 3 

2wb 4 


—wb 


w= 1 


7 r 

2wb 


3 7T 3 . 

-h - 1 + 27 t) 

2 2wb 4 V ; 


2 


e ~3wb/2 


In these expressions, the sums over w can be performed for positive 6 yielding 


S ' 2 ^ = 2b^ 6 l/%M e ) + 


47t — 3 


26 


Co(e ) + ... , 


SM = \lf b (3/2(e-“ /! ) - + j(1+2t), 


(7A.13) 
(7A.14) 

(7A.15) 

'-C 1/ 2(V»/2)_£(l + 2,)C„(e-»' ! ) + .... 

(7A.16) 


Inserting again the Robinson expansion (2.581), we obtain once more the above expansions (7A.11) 
and (7A.12), but now with the well-determined real constants 


Q _ g3/2-n- — 2+V2 


0.8973, 


C 3 = 5 e -2+l/V3-l/n 


0.2630. 


(7A.17) 


The subtracted expressions Sr>(l) — Sr>(l) are smooth near the origin, so that the leading small -6 
behavior of the sums over these can simply be obtained from a numeric integral over w: 


dw[S 2 ( 1) - ^(l)] = - 


1.1050938 


Jo b Jo 

These modify the constants C' 2.3 to 

C 2 = 1.8134, C 3 = 0.9574. 


dw[5 3 (l) — 5 3 (1)] = 3.0441. 


(7A.18) 


(7A.19) 


The corrections to the sums over 5 d(1) — S(d( 1) are of order 6 ° an higher and already included in 
the expansions (7A.11) and (7A.12), which were only unreliable as far as C 2 ,3 os concerned. 

Let us calculate from (7A.12) the finite-size correction to the critical temperature by equat¬ 
ing 5 3 (1) with N. Expressing this in terms of b^ via (7.92), and introducing the ratio 
b c = 6 c / 6 c°' ) which is close to unity, we obtain the expansion in powers of the small quantity 
2b ( ° ) /w = [C(3/2)/Af /3 : 

bl' 2 = 1 + 


26c° } 3 Vl c 


tt 2C(3/2) 


log(C 3 6 (°) 6 c ) 


26! 


(o) 


tt 4C(3/2) 


C(l/ 2 )(l+ 7 r) 6 c 


(7A.20) 
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To lowest order, the solution is simply 


*' = 1 + l/?cW2) toe(Csi ‘° >) + -' (7A - 21) 

yielding the would-be critical temperature to first in 1 /TV 1 / 3 as stated in (7.94). To next order, 
we insert into the last term the zero-order solution b c ss 1 , and in the second term the first-order 
solution (7A.21) to find 


b 3 J 2 


1 + 


3 2b', 


(0) 


2b', 


(0) 


tt 4C(3/2) 


c^) log(C3 ^ 0)) 

|C(1/2)(1 + 7T) + ^1_ 


21og(C 3 6W)+log 2 (C 3 6W) 


+ ... . (7A.22) 


Replacing b ^ by (2/7 r) [<((3/2)/7V]“ 3 , this gives us the ratio (Ti^/TJ 3 / 2 between finite- and 
infinite size critical temperatures T c and T c ° . The first and second-order corrections are plotted 
in Fig. 7.12, together with precise results from numeric solution of the equation N = ,f> 3 (l). 



1/N 1 / 3 


Figure 7.12 Finite-size corrections to the critical temperature for N = 300 to infinity 
calculated once from the formula N = 63 ( 1 ) (solid curve) and once from the expansion 
(7A.22) (short-dashed up to order [b i °' ) ] 1//2 oc 1/N 1 / 3 , long-dashed up to the order b^ oc 
1/N 2//3 ). The fat dots show the peaks in the second derivative d 2 N con d(T) / dT 2 . The small 
dots show the corresponding values for canonical ensembles, for comparison. 


7A.2 Harmonic Trap 

The sum relevant for the would-be phase transition in a harmonic trap is (7.138), 


Sn(b, zd) 


E 


(' l-e~ wb ) 


D 


- 1 


~D> 


(7A.23) 


which determines the number of normal particles in the harmonic trap via Eq. (7.139). We consider 
only the point zd = 1 which determines the critical temperature by the condition N n = N. 
Restricting ourselves to the physical cases D = 1, 2, 3, we rewrite the sum as 


S D (b,l) = Y,D 

W = 1 



1 ) „—2wb 

2 


(£>-!)(£>- 2 ) 
6 



1 

_ g—wb\D ’ 


(7A.24) 
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According to the method developed in the evaluation of Eq. (2.581) we obtain such a sum in two 
steps. First we go to small b where the sum reduces to an integral over w. After this we calculate 
the difference between sum and integral by a naive power series expansion. 

As it stands, the sum (7A.24) cannot be converted into an integral due to singularities at w = 0. 
These have to be first removed by subtractions. Thus we decompose Sn(b, 1) into a subtracted 
sum plus a remainder as 

S D (b, 1) = S D (b, 1) + A D S D (b, 1) + bjA D ^S D (b, 1 ) + b 2 - ^ D - 2 S D {b, 1),(7A.25) 

where 


S D (b,l) = Y. D 


e ~wb _ _ \ e ~2wb + (D ^)(-P ^) „-3 wb 


D 


D(3D — 1) 

(1 — e~ wb ) D w D b D 2 w D ~ 1 b D ~ 1 24 w D ~ 2 b D ~ 2 


is the subtracted sum and 
A D 'S D {b, 1) = 


D — 1 


(D — 1)(D — 2) 


tD'(e~ b ) —-— C, D ' (e _2b ) + ^-£- L Cm(e- 3b ) 


(7A.26) 


(7A.27) 


collects the remainders. The subtracted sum can now be done in the limit of small b as an integral 
over w, using the well-known integral formula for the Beta function: 


dx- 


= B(a, 1 — b) = 


T(a)T(l - b) 


jo (1 — e~ x ) b T (1 + a — b)' 

This yields the small-5 contributions to the subtracted sums 


(7A.28) 


Sl(M) g, K 7_ ^) s “' 
&<m) a K 7+log2 _ s) s ' 2 ’ 
Sa(M) /( 7+1 °s 3 -l) s » a ' 


(7A.29) 


where 7 = 0.5772... is the Euler-Mascheroni number (2.469). The remaining sum-minus-integral 
is obtained by a series expansion of 1/(1 — e~ wb ) D in powers of b and performing the sums over 
w using formula (2.584). However, due to the subtractions, the corrections are all small of order 
(1 /b D )0(b 3 ), and will be ignored here. Thus we obtain 

So(b, 1) = + A S D (b, 1) + i jO(b 3 ). (7A.30) 

We now expand A D'Snib, 1) using Robinson’s formula (2.583) up to b 2 /b D and find 

Ao'Si(b, 1 ) = -C,D'{e~ b ), 

Ad'S 2 (6,1) = ^\2Cm(e~ b ) 

A D ,S 3 (b,l) = l[3C^(e- b ) 

where 

Ci(e" fc ) = -log(l-e“ h ) =-log&+^ ^, 


-Cm(e~ 2b )}, (7A.31) 

-3C D '(e- 2b )+Cm(e- 3b )\, (7A.32) 
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b(e b ) = C(2) + 6(log6- 1) — h — + ... , 
C3(e“ h ) = C(3) - jk(2) - ^ (log 6- 0 + ... 


The results are 

Si(M) 
S2(b, 1 ) 
5 3 ( 6 , 1 ) 


1 

6 

1 

62 

1 

63 


, ,6 6 2 

(-log6 + 7 ) + i - — + ... , 

C(2)-6^1og6-7+0+^ + ... , 

CO) + f C(2) - 6 2 ^log6- 7 +^)+... 


(7A.33) 

(7A.34) 


(7A.35) 


as stated in Eqs. (7.165)-(7.167). 

Note that the calculation cannot be shortened by simply expanding the factor 1/(1 — e~ wb ) D 
in the unsubtracted sum (7A.24) in powers of w, which would yield the result (7A.25) without the 
first term 5i(6,1), and thus without the integrals (7A.29). 


Appendix TB Experimental versus Theoretical 

Would-be Critical Temperature 

In Fig. 7.12 we have seen that there is only a small difference between the theoretical would- 
be critical temperature T c of a finite system calculated from the equation N = S 2 (1) and and 
the experimental T/ xp determined from the maximum of the second derivative of the condensate 
fraction p = N con( ±/N. Let us extimate the difference. The temperature T c is found by solving the 
equation [recall (7.90)] 

OO 

N = S D { 1) = l Z i°(wbc)e wDb/2 - 1]. (7B.1) 

W= 1 

To find the latter we must solve the full equation (7A.1) and search for the maximum of 
d 2 N con d{T)/dT 2 . The last term in (7A.1) can be expressed in terms of the condensate fraction 
p(T) as N con d(T ) = p(T)N. Near the critical point, we set Szd = 1 — Zd and see that it is equal 
to Szd = 1/(1 + Np) 

In the critical regime, p and 1 /Np are both of the same order 1/y/N. Thus we expand Sd{zd) 
to lowest order in Szd = 1/A Jp + ... , and replace (7A.1) by 

N » [S D ( 1) + d b S D (1)66 - d ZD S D ( 1) (1 /Np -1/N +...)] + pN, (7B.2) 


bd b S D (l)Sb _ _d tD S D (l) 1 
S D { 1) b ~ S D {1) Np 


(7B.3) 


In this leading-order discussion we may ignore the finite-size correction to «S(d( 1), i.e., the difference 
between and so that *S(d(1) = (7t/26c°' > ) jD ^ 2 , and we may approximate the left-hand side 
of (7B.3) by (D/2)6T/Tc°\ Abbreviating 9 2 d S'_d(1)/5'd( 1) by A which is of order unity, we must 
find p(T) from the the equation 


where t = ST/Tc°\ This yields 


D _ A A 

~2 f ~ ~N~p ~ P ~ N’ 


Pit) = 



D D 2 

—t -\ - 

4 32 



SL ./fV + 

2048 V A 


(7B.4) 


(7B.5) 
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The maximum of d 2 p(t)/dt 2 lies at t = 0, so that the experimental would-be critical coincides with 
the theoretical to this order. 

If we carry the expansion of (7B.2) to the second order in p ss 1/Np ~ 1/y/N, we find a shift 
of the order 1/N. As an example, take D = 3, assume A = 1, and use the full T-dependence rather 
than the lowest-order expansion in Eq. (7B.4): 


T 


T, 


(o) 


3/2 


= < 1 + t > 3,2 = ^- 


P- 


(7B.6) 


For simplicity, we ignore the 1/N terms in (7B.3). The resulting p(t) and d 2 p/dt 2 are plotted in 
Fig. 7.13. The maximum of d 2 p/dt 2 lies at t ~ 8/9 N, which can be ignored if we know T c only up 
to order 0(7V -1 / 3 ) or 0(N~ 2 / 3 ), as in Eqs. (7.91) and (7A.22). 



T/T c (0) 



Figure 7.13 Plots of condensate fraction and its second derivative for Bose Gas in a 
finite box following Eq. (7B.6) for N = 100 and 1000. 


Note that a convenient way to determine the would-be critical temperature from numerical 
data is via the maximal curvature of the chemical potential p(T ), i.e., from the maximum of 
—d 2 p(T)/dT 2 . Since zd = e^~ Db l 2 = 1 — 5zd ~ 1 + p — Db/2, the second derivative of p is related 


to that of 6zd by 


d2 P _ d25z P _ nh ( 0 ) 
dt 2 ~ dt 2 


(7B.7) 


The second term is of the order l/N 2 / D and can be ignored as we shall see immediately. The 
equation shows that the second derivative of —p coincides with that of < 5zd, which is related to 
d 2 p/dt 2 by 


d 2 5zD 

d 2 1 1 

2 

/ dp\ 2 1 d 2 p 

dt 2 

dt 2 Np N 

p 3 

\ dt ) p 2 dt 2 


D 2 fW 
16 V A 3 


3 D 2 N 9 

_ t 2 

32 A 


+ 0{t 4 ) 


(7B.8) 


This is again maximal at t = 0, implying that the determination of by this procedure coin¬ 
cides with the previous one. The neglected term of order 1/N 2 ^ D has a relative suppression of 
1 //V 2 /' D+1 / 2 , which can be ignored for larger N. 
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Every path hath a puddle 
George Herbert, Outlandish Proverbs, 1640 


8 

Path Integrals in Polar and Spherical Coordinates 


Many physical systems possess rotational symmetry. In operator quantum mechan¬ 
ics, this property is of great help in finding wave functions and energies of a system. 
If a rotationally symmetric Schrodinger equation is transformed to spherical coordi¬ 
nates, it separates into a radial and several angular differential equations. The latter 
are universal and have well-known solutions. Only the radial equation contains spe¬ 
cific information on the dynamics of the system. Being an ordinary one-dimensional 
Schrodinger equation, it can be solved with the usual techniques. 

In the path integral approach, a similar coordinate transformation is possible, 
although it makes things initially more complicated rather than simpler. First, the 
use of non-Cartesian coordinates causes nontrivial problems of the kind observed 
in Chapter 6, where the configuration space was topologically constrained. Such 
problems can be solved as in Chapter 6 using the knowledge of the correct procedure 
in Cartesian coordinates. A second complication is more severe: When studying a 
system at a given angular momentum, the presence of a centrifugal barrier destroys 
the possibility of setting up a time-sliced path integral of the Feynman type as in 
Chapter 2. The recent solution of the latter problem has paved the way for two 
major advances in path integration which will be presented in Chapters 10, 11, 
and 12. 

8.1 Angular Decomposition in Two Dimensions 

Consider a two-dimensional quantum-mechanical system with rotational invariance. 
In Schrodinger quantum mechanics, it is convenient to introduce polar coordinates 

x = r(cos93, sin</?), (8.1) 

and to split the differential equation into a radial and an azimuthal one which are 
solved separately. Let us try to follow the same approach in path integrals. To 
avoid the complications associated with path integrals in the canonical formulation 
[l],all calculations will be done in the Lagrange formulation. It will, moreover, 
be advantageous to work with the imaginary-time amplitude (the thermal density 
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matrix) to avoid carrying around factors of i. Thus we start out with the path 
integral 

(x b T b \x a r a ) = j V 2 x(r)exp J dr yx 2 + h(r) J. (8.2) 

It is time-sliced in the standard way into a product of integrals 

( x ‘ T ‘|x- r «) k n [/ 2^®] exp H fj [S (x “ - x -‘ )2+ '"M} - (8 - 3) 

When going over to polar coordinates, the measure of integration changes to 

SLr°° y 2 * dip n 

n l iv ”L 

and the kinetic term becomes 

f 1 M. , 2 1 f 1 M r 2 2 . ,-n . 

exp — (x„-x n _!) = exp j|r n + r n _ 1 -2r n r n _iCOs((/? n -</? n _i)J j . (8.4) 

To do the (p n - integrals, it is useful to expand (8.4) into a factorized series using the 
formula 

OO 

tgicosip __ J2 J m (a)e imv , (8.5) 

m =—oo 

where J m (z) are the modified Bessel functions. Then (8.4) becomes 



In the discretized path integral (8.3), there are N + 1 factors of this type. The N- 
integrations over the (^-variables can now be performed and produce N Kronecker 
5’s: 

N 

IT (8.7) 

n=l 

These can be used to eliminate all but one of the sums over m, so that we arrive at 
the amplitude 





708 


8 Path Integrals in Polar and Spherical Coordinates 


We now define the radial time evolution amplitudes by the following expansion with 
respect to the azimuthal quantum numbers m: 


(x 6 r b |x a r a ) = 


^ ^(r b T b \r a T a ) m ^e im ^-^. 

2vr 


(8.9) 


The amplitudes (r b Tb\r a T a ) m are obviously given by the radial path integral 


(■ nn\r a T a 


N 

n 


dr r 


yj\2nhe/M n=i [ Jo ^2ithe/M_ 


N+l 

*n 

n =1 


exp 


M 


2 eh 


(r n - r n -i) 2 


Mr n r n -i 
he 


( e N+1 

ex p|~^ IZ V ( r 'r. 


Here we have introduced slightly different modified Bessel functions 

—— V 2irze 


( 8 . 10 ) 


( 8 . 11 ) 


They will also be called “Bessel functions”, for short. They have the asymptotic 
behavior 


-tn('Z) 


z—>■ 0 


-> 1 


m 2 — 1/4 


m- — 1 /4 


2z 


+ ... — e 2z + ... , 


> 2\fn(z/2) 


m+ 1/2 


+ ... . 


( 8 . 12 ) 

(8.13) 


In the case of a free particle with V(r) = 0, it is easy to perform all the inter¬ 
mediate integrals over r n in (8.10). Two neighboring figures in the product require 
the integral 


/ r " 2 r 2 \ 

dr exp-exp 

V 2e 2 2 eJ 


\Jr"r' 


12 I 1 1 

-r -1- 

,2e 2 2ei7J e 2 


ryt '\ vr'r 


C2 


Cl 


< r ' r ' 

Im I — 


= exp 


ry* f/ ^ _|_ 

2 (ei + e 2 ) 


ry*^ry* 


e l + e 2 \ e l + e 2 / 


. e i / 
(8.14) 


For simplicity, the units in this formula are M — l,h — 1. The right-hand side of 
(8.14) follows directly from the formula 

I™ drre~ r2/e I u ((dr) I v (err) = l e (« 2 +P 2 )e/4^ (ea(d/2 ), (8.15) 

Jo 2 


after identifying e, a , (d as 


e — 2eie 2 / (ei + e 2 ), 

ck = r/ei, (8.16) 

P = r " / e 2 . 
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Thus, the integrals in (8.10) with V(r) = 0 can successively be performed yielding 
the thermal amplitude for r b > r a : 


( \ \ M ^FgF a M rl + r 2 a 

{nn \r a Ta)m = -r- —-exp - — - -- I„ 

h T b ~T a 2 n \T b - T a ) 


M r b r a 

h T b -T a 


(8.17) 


Note that the same result could have been obtained more directly from the 
imaginary-time amplitude of a free particle in two dimensions, 


M M (x b — x a 

(x b T b x a T a = ——--exp - —- 

2vr h[r b - T a ) 2 h T b - T a 


(8.18) 


by rewriting the right-hand side as 


M r b + r\ 


2irh (r b - T a ) ^ ^ 2 h r b - r a ) 6XP 1.2 h r b - r a ^ ° ' r “' 

and expanding the second exponential according to (8.5) into the series 

m f7 00 m Ur b -rJ 


M r b r a 


-COS (< p b - <p a ) , 


(8.19) 


A comparison of the coefficients with those in (8.9) gives the radial amplitudes 

( 8 -!7)- 

Due to (8.14), the radial amplitude satisfies a fundamental composition law 
corresponding to (2.4), which reads for r b > r > r a 


poo 

/ drr ( nn\r r) m (r r\r a r a ) m = (r b r b \r a T a ) m . 

J 0 


( 8 . 20 ) 


8.2 Trouble with Feynman’s Path Integral Formula in 
Radial Coordinates 

In the above calculation we have shown that the expression (8.10) is certainly the 
correct radial path integral. It is, however, not of the Feynman type. In operator 
quantum mechanics we learn that the action of a particle moving in a potential 
V(r) at a fixed angular momentum L 3 = rrih contains a centrifugal barrier h 2 {;m 2 — 
l/4)/2 Mr 2 and reads 




( 8 . 21 ) 


This is shown by separating the Hamiltonian operator into radial and azimuthal 
coordinates, over fixing the azimuthal angular momentum L 3 , and choosing for it the 
quantum-mechanical value hm. According to Feynman’s rules, the radial amplitude 
therefore should simply be given by the path integral 


{nn\r a T a )m = Vr exp ■ 


( 8 . 22 ) 
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The reader may object to using the word “classical” in the presence of a term 
proportional to ft 2 in the action. In this section, however, Tim is merely meant 
to be a parameter specifying the azimuthal momentum p^ = Tim in the classical 
centrifugal barrier p 2 /2Mr 2 . It is parametrized in terms of a dimensionless number 
m which does not necessarily have the integer values required by the quantization 
of the azimuthal motion. 

By naively time-slicing (8.22) according to Feynman’s rules of Section 2.1 we 
would have defined it by the finite-TV expression 


(nn\r a T a 


N 

n 


dr r 


\j2nTie/M n =i |y° ^2ithe/M 


\ 1 Vh 1 
x ex P \ ~ T Z. 

f n n= 1 


M (r r j 2 | - ^ m2 ~ l / A | cV ( r ) 
— (r n - r n -i) + e———+ eV {r n ) 


(8.23) 


Actually, the denominators in the centrifugal barrier could have been chosen to be 
r 2 . This would make a negligible difference for small e. Note that in contrast to a 
standard Feynman path integral in one dimension, the integrations over r cover only 
the semi-axis r > 0 rather than the complete r-axis. This represents no problem 
since we have learned in Chapter 6 how to treat such half-spaces. 

The expression (8.23) is now a place for an unpleasant surprise: For m — 0, a 
time-sliced Feynman path integral formula cannot possibly exist since the potential 
has an abyss at small r. This leads to a phenomenon which will be referred to as the 
path collapse , to be understood physically and resolved later in Chapter 12. At this 
place we merely point out the mathematical origin of the problem, by comparing 
the naively time-sliced expression (8.23) with the certainly correct one (8.10). The 
singularity would be of no consequence if the two expressions were to converge 
towards each other in the continuum limit e —> 0. At first sight, this seems to be 
the case. After all, e is assumed to be infinitesimally small so that we may replace 
the “Bessel function” J ra (Mr n r n _j/&) by its asymptotic form (8.12), 


Mr n r n _i 
Tte 


e —>0 

- > exp 


/ h m 2 — l/4\ 

V C 2M r„r n _i ) ' 


(8.24) 


For a fixed set of r n , i.e., for a given path, the continuum limit e —>■ 0 makes the 
integrands (8.10) and (8.23) coincide, the difference being of the order e 2 . Unfortu¬ 
nately, the path integral requires the limit to be taken after the integrations over 
the dr n . The integrals, however, do not exist at m = 0. For paths moving very 
close to the singularity at r = 0, the approximation (8.24) breaks down. In fact, the 
large -z expansion 


-fm(^) 


m 2 — 1/4 (m 2 — l/4)(m 2 — 1/9) 

2z + 2!(2^) 2 


(8.25) 


with z = Mr n r n _i/Tie is never convergent even for a very small e. The series shows 
only an asymptotic convergence (more on this subject in Section 17.9). If we want 
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to evaluate I m (z) = \Z2nze Z l m (z ) for all z we have to use the convergent power 
series expansion of I m (z) around z — 0: 

1 1 ( z \ 2 1 ( Z \ A 

0 !m! + l!(m + 1 )! \ 2 / + 2 !(m + 2 )! V 2 / + ''' 

It is known from the Schrodinger theory that the leading power z m determines 
the threshold behavior of the quantum-mechanical particle distribution near the 
origin. This is qualitatively different from the exponentially small distribution 
exp [— eUlrn 2 — 1/4)/2Mr 2 ] contained in each time slice of the Feynman formula 
(8.23) for \m\ > 1/2. 

The root of these troubles is an anomalous behavior in the high-temperature limit 
of the partition function. In this limit, the imaginary time difference tj,— r a = h/ksT 
is very small and it is usually sufficient to keep only a single slice in a time-sliced 
path integral (see Sections 2.9, 2.13). If this were true also here, the formula (8.23) 
would lead, in the absence of a potential V(r), to the classical particle distribution 
[compare (2.349)] 

(r a r a + e|r a T a ) = 1 exp — y^~] ■ ( 8 - 26 ) 

yj2nhe/M \ 2M r l ) 

If we subtract the barrier-free distribution, this amounts to the classical partition 
function 1 



Z c i = 


r oo d r 


1 0 y/2 


n a 


exp — a- 


m 2 — 1/4 N 

!r 2 



(8.27) 


where we have abbreviated the factor eh/M by a. The integral is temperature- 
independent and converges only for |m| > 1 / 2 . 

Compare this result with the proper high-temperature limit of the exact partition 
function calculated with the use of (8.17) and with the same subtraction as before. 
It reads for all T 

I r°° 

Z=-J o dze~ z [I m (z) - I 1/2 (z)}. (8.28) 

As in the classical expression, there is no temperature dependence. The integral 

[°° dze~ az lJz) = (a 2 - 1 )~ 1/2 (a + (8.29) 

Jo 

[see formula (2.475)] converges for arbitrary real v and a > 1, and gives in the limit 

CY —^ 1 

Z = ~(m~ 1 / 2 ). (8.30) 

1 This follows by expanding the formula / 0 °° dxe~ a ^ x ~ bx = y / 7r/4&e -2 '^’ in powers of y/b, 
subtracting the a = 0 -term, and taking the limit b —> 0. 
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This is different from the classical result (8.27) and agrees with it only in the limit 
of large m. 2 

Thus we conclude that a time-sliced path integral containing a centrifugal barrier 
can only give the correct amplitude when using the Euclidean action 


N+l 

^=E 


71=1 L 


- rn-if - nioglm (j~r n r n -i 


(8.31) 


in which the neighborhood of the singularity is treated quantum-mechanically. The 
naively time-sliced classical action in (8.23) is of no use. The centrifugal barrier 
renders therefore a counterexample to Feynman rules of path integration according 
to which quantum-mechanical amplitudes should be obtainable from a sum over all 
histories of exponentials which involve only the classical expression for the short-time 
actions. 

It is easy to see where the derivation of the time-sliced path integral in Section 2.1 
breaks down. There, the basic ingredient was the Trotter product formula (2.26), 
which for imaginary time reads 


e -p(T+V) = lim f-ef e -eV\ N+1 , £ = ^(^+1). (8.32) 

An exact identity is e~^+v) = (e -e ^ e~ £ ^e ze2x "j + with X given in Eq. (2.10) con¬ 
sisting of a sum of higher and higher commutators between V and T. The Trotter 
formula neglects these commutators. In the presence of a centrifugal barrier, how¬ 
ever, this is not permitted. Although the neglected commutators carry increasing 
powers of the small quantity e, they are more and more divergent at r = 0, like 
e n /r 27r . The same terms occur in the asymptotic expansion (8.25) of the “Bessel 
function”. In the proper action (8.31), these terms are present. 

It should be noted that for a Hamiltonian possessing a centrifugal barrier V c b in 
addition to an arbitrary smooth potential V , i.e., for a Hamiltonian operator of the 
form H = T + V C { + V, the Trotter formula is applicable in the form 

e.-P H = lim ( e -<r+v cb ) e - e v'\ JV+1 , e = p/(N + \). (8.33) 

It leads to a valid time-sliced path integral formula 


TV r 


(nn\r a T a ) m « n 


n= 1 


dr r 


with the sliced action 


TV+l 

■A*\p,r] = E 

77—1 


N+l 

n 

n= 1 L' 


p 2 


dp n 

2ttTi 


exp \ ——A m \p, r] >, (8.34) 


h 


(M 


-ip n (r n - r n _i) + e-f- - h\ogI m —r n r n _i + eH (r n ) 


2M 


V he 


(8.35) 


2 If m were not merely a dimensionless number parametrizing an arbitrary centrifugal barrier 
with fixed pt/2Mr 2 , as it is in this section, the classical limit at a fixed would eliminate the 
problem since for —>■ 0, the number to would become infinitely large, leading to the correct 
high-temperature limit of the partition function. For a fixed finite to, however, the discrepancy is 
unavoidable. 


H. Kleinert, PATH INTEGRALS 




8.3 Cautionary Remarks 


713 


After integrating out the momenta, this becomes 


(nn\r a T a 


with the action 


1 


N 

n 


dr r 


yj2irhe/M n =i \J° \j2nTie/M 


exp \ -~AZ\r\ \, 


(8.36) 


N+l 




n =1 


M 

2e 


( r n - r n -i) 2 - h\ogI n 


Mr n r n _i 
Tte 


+ eV(r n ) 


(8.37) 


The path integral formula (8.36) can in principle be used to find the amplitude for 
a fixed angular momentum of some solvable systems. 

An example is the radial harmonic oscillator at an angular momentum m, al¬ 
though it should be noted that this particularly simple example does not really 
require calculating the integrals in (8.36). The result can be found much more sim¬ 
ply from a direct angular momentum decomposition of the amplitude (2.177). After 
a continuation to imaginary times t = — it and an expansion of part of the exponent 
with the help of (8.5), it reads for D — 2 


(x 6 r fe |x a r a ) = 


_1_ M U _g-Af coth[a;(T 6 -T 0 )]()f+ r 2) 


2n hsinh[a;(r fe — r a ) 


x ]T /„ 


Mujr b r a 


Jm(tp b -ip a ) 


^sinh [uj(r b -T a )]J 
By comparison with (8.9), we extract the radial amplitude 

Mur b r a 


(' nn\r a T a ) m = -wrA- -In 


h coth[o>(r 6 - T a )\ y^,sinh[u;(T b - r a )\) ' 
The limit co —» 0 gives the free-particle result 


M (M r b r a 

(r b T b \r a T a )m = -— - In 1 


h T b ~T a V h T b - T t 


(8.38) 


(8.39) 


(8.40) 


8.3 Cautionary Remarks 


It is important to emphasize that we obtained the correct amplitudes by performing 
the time slicing in Cartesian coordinates followed by the transformation to the polar 
coordinates in the time-sliced expression. Otherwise we would have easily missed 
the factor —1/4 in the centrifugal barrier. To see what can go wrong let us proceed 
illegally and do the change of variables in the initial continuous action. Thus we try 
to calculate the path integral 


(x b T b |x a T a ) = J2 


Vr r 


T>cp 


l = — 00,00 ‘ 


x exp 


rn 


dr 


M 


(■ r 2 + r 2 ip ) + V (r) 


p(n) =i fb+ini 


(8.41) 
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The summation over all periodic repetitions of the final azimuthal angle (p accounts 
for its multivaluedness according to the rules of Section 6.1. If the expression (8.41) 
is time-sliced straightforwardly it reads 


E 


^IV+l =<£>6+271/, £ = — 00,00 


1 N 

2 nhe/M JJ 


dr n r n 


d<Pr 


'° ^2nhe/M °° ^2nhe/M 


I 1 V' 1 
xexp ~h 6 E 

l n n= 1 


M 

2^ 


(r n - r n _i) 2 + r 2 n (p n - p n -i) 2 } + V(r n ) 


(8.42) 


where r b = rjv+i, ‘Pa = Po,r a = r 0 . The integrals can be treated as follows. We 
introduce the momentum integrals over (p ¥ ,) n conjugate to p n , writing for each n 
[with the short notation {p v ) n = p n ] 


r n c -(M/2he)rZ((p n -<Pn-i) 2 

\j2nfie/M 



dp n 

2ith 


exp 


1 e pi i . 
h2Mrl + h Pn{iPr 


Pn-1) 


(8.43) 


After this, the integrals over ip n (n — 1... N ) in (8.42) enforce all p n to be equal 
to each other, i.e., p n = p for n — 1,..., N + 1, and we remain with 


, , N 1 1 ^ f°° dp 




N 

n 

n= 1 


dr r 


I o 27 the/M 


x exp 


, N+l 

- y 

n w) 


M fry 


+ _EL + V(r ) 

2 + 2Mr? 1 


(8.44) 


Performing the sum over l with the help of Poisson’s formula (6.9) changes the 
integral over dp/2nh into a sum over integers m and yields the angular momentum 
decomposition (8.9) with the partial-wave amplitudes 


(r b Tb\r a Ta 


y/r b r a 


x exp 


1 1 N 

—-—- TT 

27 the/M r h ^ 


dr r 


Jo 2ithe/M 


n 


N+l 

E 

n= 1 


M (r n - r n _i) 2 k 2 m 2 


+ 


2 M + 


+ V(r n ) 


(8.45) 


This wrong result differs from the correct one in Eq. (8.10) in three respect. First, it 
does not possess the proper centrifugal term log I m {Mr b r a /Tie). Second, there is 
a spurious overall factor yE/E Third, in comparison with the limiting expression 
(8.24), the centrifugal barrier lacks the term 1/4. 

It is possible to restore the term 1/4 by observing that in the time-sliced expres¬ 
sion, the factor Jr b /r a is equal to 


N+l 

n 


71=1 



N+l 


n i+ 


71=1 


r n ~r n -1 

Ai-i 


-1/2 JV+1 


n i-/ 


lr n -r n -i , l(r n — r n -i) 


+ x- 


71=1 


2 +r n r n _ i 8 r n r n _i 
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JV+l 


( 1 v—* r n T n—l 

CXP V 2 5 


(8.46) 


This, in turn, can be incorporated into the kinetic term of (8.45) via a quadratic 
completion leading to 


, JV+l 
n n= 1 


M f r n — r n -1 

2 l 


+ i 


h 


+ 


h 2 m 2 — 1/4 


2 M yJrnTn-x) 2 M r 


(8.47) 


The centrifugal barrier is now correct, but the kinetic term is wrong. In fact, it 
does not even correspond to a Hermitian Hamiltonian operator, as can be seen by 
introducing momentum integrations and completing the square to 


exp 


-ip n {r n - r n _i) 



u. 

2 M 2Mr n \ j 


(8.48) 


The last term is an imaginary energy. Only by dropping it artificially would the 
time-sliced action acquire the Feynman form (8.23), while still being beset with the 
problem of nonexistence for rn — 0 (path collapse) and the nonuniform convergence 
of the path integrations to be solved in Chapter 12. 

The lesson of this is the following: A naive time slicing cannot be performed in 
curvilinear coordinates. It can safely be done in the Cartesian formulation. 

Fortunately, a systematic modification of the naive slicing rules has recently been 
found which makes them applicable to non-Cartesian systems. This will be shown 
in Chapters 10 and 11. 

In the sequel it is useful to maintain, as far as possible, the naive notation for 
the radial path integral (8.23) and the continuum limit of the action (8.21). The 
places where care has to be taken in the time-slicing process will be emphasized by 
setting the centrifugal barrier in quotation marks and defining 


“ h 2 m 2 - 1/4” ~ (Mr n r n -i 

e^rr- = -h log I r 


2 M r n r n _i \ he 

Thus we shall write the properly sliced action (8.37) as 


(8.49) 


JV+l 

^ 

n= 1 


“ h 2 m 2 — 1/4’ 


M 

— \t„ — r„_i r + e- 
2e 1 2 /a r n r n _i 


+ eV(r n ) 


(8.50) 


and emphasize the need for the non-naive time slicing of the continuum action 
correspondingly: 


A 


m 



M 2 “ h 2 m 2 

—r + 

2 


1/4” 


+ V(r) 


2 M r 2 


(8.51) 
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8.4 Time Slicing Corrections 

It is interesting to find the origin of the above difficulties. For this purpose, we take 
the Cartesian kinetic terms expressed in terms of polar coordinates 

(x n - x n _i) 2 = (r n - r n -i) 2 + 2r n r n _i[l - cos (p n - p n _ i)], (8.52) 

and treat it perturbatively in the coordinate differences [2], Expanding the cosine 
into a power series we obtain the time-sliced action 


A/f N + 1 l\/f N+l r 

A N = f- £ (xn - x n _ l} 2 = £ {(r n ~ Vx] 

n=l Ze n =1 ^ 


1 1 11 

+ 2r n r n _i — (<p n - <p n _ i) 2 - — (ip n - (fin-i) 4 + • • • j- (8.53) 

In contrast to the naively time-sliced expression (8.42), we now keep the quartic 
term (<p n — <p n _ i) 4 . To see how it contributes, consider a single intermediate integral 


d^Pn-l -(a/2e)[(y n -y n _i) 2 +a 4 (v;„-v?„_i) 4 +...] 


(8.54) 


The first term in the exponent restricts the width of the fluctuations of the difference 

'pn Pn— 1 tO 

{{Pn ~ Pn- l) 2 )o = -• (8.55) 

a 


If we rescale the arguments, p n —» \/eu n , the integral takes the form 

I" dU n ^ j ( q/2)\(Un-U n ^l) 2 +ea4(Un-Un-l) 4 ‘ + ■ ■-1 

J Ta 


(8.56) 


This shows that each higher power in the difference u n — is suppressed by an 
additional factor y/e. We now expand the integrand in powers of y/e and use the 
integrals 


„-(a/2)u 2 


(8.57) 


' { ii 2 ” J ( (2n - l)!!o-" J 

with odd powers of u giving trivially 0, to find an expansion of the integral (8.56). 
It begins as follows: 

l-e^a 4 3a~ 2 + 0(e 2 ). (8.58) 

This can be thought of as coming from the equivalent integral 


dpn—l c -(a/2e)(<Pn-ifi n ~l) 2 -3a4,e/2a+... 


(8.59) 
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The quartic term in (8.54), 


AA = ^a 4 (v? n - Tn -\) 4 , (8.60) 

has generated an effective action-like term in the exponent: 

, 3 CL A . v 

This is obviously due to the expectation value (AA) 0 of the quartic term and we 
can record, for later use, the perturbative formula 


A e fi ~ (AA) 0 . 


(8.62) 


If u is a vector in D dimensions to be denoted by u, with the quadratic term 
being (a/2e)(u n — u n _ 4 ) 2 , the integrals (8.57) are replaced by 


/ 



UiUj 


' a-% 

UiUjUkUl 




> = < 


. u h ■ • • • ■ U i2n . 


n~ n S- ■ 

K a U tl—t2n 


(8.63) 


where will be referred to as contraction tensors , defined recursively by the 

relation 


0il...i2n ~~ 


+ <\ i i ;4 


lll3 u l2H--‘1'2 n 


+ ■ • ■ + Su <$( 


*l*2n u *2*3--.*2n-l ' 


(8.64) 


A comparison with the Wick expansion (3.306) shows that this recursion relation 
amounts to possessing a Wick-like expansion into the sum of products of 

Kronecker <5’s, each representing a pair contraction. Indeed, the integral formulas 
(8.63) can be derived by adding a source term j • u to the exponent in the integrand, 
completing the square, and differentiating the resulting e T/ 2a )T with respect to the 
“current” components j t . For vectors ipi, a possible quartic term in the exponent of 
(8.54) may have the form 


AA 


2 (®4 ^ijkl^Tn ^Pn—l)i(jPn ^Pn—l)j{^Pn T > n—l)ki. l Tn ^Pn-l)l- 


(8.65) 


Then the factor 3a 4 in A e g of Eq. (8.61) is replaced by the three contractions 


(°4+ 2 more pair terms). 

Applying the simple result (8.61) to the action (8.53), where a = ( M/ti) 2r n r n _i 
and a 4 = —1/4!, we find that the naively time-sliced kinetic term of the p> field 


M 2 

—r n r n -i{(p n - Lp n - 1) 


is extended to 
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0 ^nTn—lyPn ‘pn- 1) , 

2e 2Mr„r„_i 


+ 


Thus, the lowest perturbative correction due to the fourth-order expansion term of 
cos((/? n — 9 ? n _i) supplies precisely the 1/4-term in the centrifugal barrier which was 
missing in (8.45). Proceeding in this fashion, the higher powers in the expansion of 
cos(ip n — (p n -i) give higher and higher contributions (e/r n r n _i) n . Eventually, they 
would of course produce the entire asymptotic expansion of the “Bessel function” 
in the correct time-sliced action (8.37). 

Note that the failure of this series to converge destroys the justification for trun¬ 
cating the perturbation series after any finite number of terms. In particular, the 
knowledge of the large-order behavior (the “tail end” of the series) [3] is needed to 
recover the correct threshold behavior oc r m in the amplitudes observed in (8.26). 

The reader may rightfully object that the integral (8.56) should really contain 
an exponential factor exp [—(a/2)(u n -\ — u n _ 2 ) 2 ] from the adjacent time slice which 
also contains the variable u n -i and which has been ignored in the integral (8.56) over 
u n —i- In fact, with the abbreviations u n -i = (u n + u n _ 2 )/2, 5 = u n _\ — h n _i, A = 
u n — u n - 2 , the complete integrand containing the variable u n -1 can be written as 


/ - 7 £ =e - a5 V aA2 / 4 {1 - £ea 4 [(-5 + A/2) 4 + (5 + A/2) 4 ] + ...). 
J J2tt/cl { 2 J 


( 8 . 66 ) 


When doing the integral over 5, each even power 5 2n gives a factor (l/2a)(2n — 
1)!! and we observe that the mean value of the fluctuating u n _i is different from 
what it was above, when we singled out the expression (8.56) and ignored the u n _i 
dependence of the adjacent integral. Instead of u n in (8.56), the mean value of 
u n -1 is now the average position of the neighbors, u n -1 = (u n + u n _ 2 )/2. Moreover, 
instead of the width of the u n _i fluctuations being ({u n — u n - i) 2 )o ~ 1/a, as in 
(8.55), it is now given by half this value: 

((u n _i - u n _i) 2 )o = (8.67) 

2 a 

At first, these observations seem to invalidate the above perturbative evaluation 
of (8.56). Fortunately, this objection ignores an important fact which cancels the 
apparent mistake, and the result (8.62) of the sloppy derivation is correct after all. 
The argument goes as follows: The integrand of a single time slice is a sharply 
peaked function of the coordinate difference whose width is of the order e and goes 
to zero in the continuum limit. If such a function is integrated together with some 
smooth amplitude, it is sensitive only to a small neighborhood of a point in the am¬ 
plitude. The sharply peaked function is a would-be 5-function that can be effectively 
replaced by a 5-function plus correction terms which contain increasing derivatives 
of 5-functions multiplied by corresponding powers of y/e. Indeed, let us take the 
integrand of the model integral (8.54), 


_ c -(a/2e)[(y n -y„_i) 2 +a 4 (y»-y„_i) 4 +...] 

yj2ne/a 


( 8 . 68 ) 
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and integrate it over ip n _i together with a smooth amplitude ^(fn- 1 ) which plays 
the same role of a test function in mathematics [recall Eq. (1.162)]: 



d ,L P c -(q/2e)[(v?„-y„_i) 2 +a 4 (y n -y 71 _i) 4 +... 
^ire/a 


n—1J 


(8.69) 


For small e, we expand 1 ) around </?„, 

^(<Pn-l) = l/>(<Pn) - fan ~ <Pn-\W{<Pn) + ^(<Pn - ft-l) 2 ^'V«) + . . . , 

(8.70) 


and (8.69) becomes 


(1 — blefT )l/;((p n ) + 




(8.71) 


This shows that the amplitude for a single time slice, when integrated together with 
a smooth amplitude, can be expanded into a series consisting of a (5-function and its 
derivatives: 


1 c -(a/2e)[(y n -ip n -i) 2 +a4(ipn,-ipn,_i) 4 +...] 


(1 Tn— 1) T ^4Pn ^Pn—l) ~t~ 


(8.72) 


The right-hand side may be viewed as the result of a simpler would-be (5-function 


\/2vre/' 


.g-( a / 2e )(¥ : ’n-V5n-l) 2 e - 


Vl e fi 


(8.73) 


correct up to terms of order e. This is precisely what we found in (8.59). 

The problems observed above arise only if the would-be 5 -function in (8.72) is 
integrated together with another sharply peaked neighbor function which is itself 
a would-be (5-function. Indeed, in the theory of distributions, it is strictly forbid¬ 
den to form integrals over products of two proper distributions. For the would-be 
distributions at hand the rule is not quite as strict and integrals over products can 
be formed. The crucial expansion (8.72), however, is no longer applicable if the 
accompanying function is a would-be (5-function, and a more careful treatment is 
required. 

The correctness of formula (8.62) derives from the fact that each time slice has, 
for sufficiently small e, a large number of neighbors at earlier and later times. If the 
integrals are done for all these neighbors, they render a smooth amplitude before 
and a smooth amplitude after the slice under consideration. Thus, each intermediate 
integral in the time-sliced product contains a would-be (5-function multiplied on 
the right- and left-hand side with a smooth amplitude. In each such integral, the 
replacement (8.59) and thus formula (8.62) is correct. The only exceptions are time 
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slices near the endpoints. Their integrals possess the above subtleties. The relative 
number of these, however, goes to zero in the continuum limit e —> 0. Hence they 
do not change the final result (8.62). 

For completeness, let us state that the presence of a cubic term in the single-sliced 
action (8.68) has the following 5-function expansion 


-I 

__ e -(a/2e)[(<^„-v5„_i) 2 +a3(v3 n -v3 n _i) 3 +a 4 ((p n -v5 n _i) 4 +...] 

27re/a 

(1 A e f[ )5(<^ n Pn— l) T 3(?'3 & (,Pn Pn—l) T ~~S (pn Pn—l) T 


(8.74) 


corresponding to an “effective action 1 ' 


Apft — 


2 a 


3a 4 


15 


(875) 


Using (8.75), the left-hand side of (8.74) can also be replaced by the would-be 5- 
function 


_^ =e -(a/2e)( V > n -^ n . l P e -A eS[l _ ^ + . . .], 

y27re/a ^ 

which has the same leading terms in the 5-function expansion. 

In D dimensions, the term 3as(p n — p n -i) has the general form 

[(®3 )ijj T (^s)jp + (®3 '}jji\i.Pn Pn—l)ii 

and the term 15ao in A e g becomes 


(8.76) 


+ 14 more pair terms). 


8.5 Angular Decomposition in Three and More Dimensions 


Let us now extend the two-dimensional development of Section 8.2 and study the 
radial path integrals of particles moving in three and more dimensions. Consider 
the amplitude for a rotationally invariant action in D dimensions 


(x fc r 6 |x a r a ) = J V d x{t) exp 



(8.77) 


By time-slicing this in Cartesian coordinates, the kinetic term gives an integrand 


exp 


1 M 
h 2e 


N +1 

E E + 


n= 1 


r 


2 

71—1 


- 2r n r n _i cos Ad n ) , 


(8.78) 


where Ad n is the relative angle between the vectors x n and x n _i. 
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8.5.1 Three Dimensions 

In three dimensions, we go over to the spherical coordinates 

x = r(cosdcostp, cos 0 sin yy sin#) 

and write 

cos A i9 n = cos 9 n cos # n _1 + sin 9 n sin 1 cos(</?„ — (p n ~i). 

The integration measure in the time-sliced version of (8.77), 

1 f d 3 x n 


becomes 


I -3 11 / , -3’ 

\j2irfie/M n =1 ^J2nhe/M 

1 tt f dr n r 2 d cos 9 n d(p r 

=3 11 


ihe/M n =1 ^27 rhe/M 

To perform the integrals, we use the spherical analog of the expansion (8.5) 


(8.79) 


(8.80) 


(8.81) 


(8.82) 


M COS A'On 


I ——— OO 

= \h^-J2 I i+i/2(h)(2l + l)Pi(cosA9 n ), (8.83) 

v 1=0 


where Pi(z) are the Legendre polynomials. These, in turn, can be decomposed into 
spherical harmonics 


Yi m {6, <p) = (-1) T 


21 + 1 (/ — m)\ 


4n (.l + m)\ 
with the help of the addition theorem 
21 + 1 


1/2 


P[ n (cos9)e im *, 


(8.84) 


47T 


-P/(cOS M n ) = Y lm(0 n , Vn)Y* m (9 n _ i,<p n -i), 


(8.85) 


m=—l 


the sum running over all azimuthal (magnetic) quantum numbers m. The right-hand 
side of P{ n {z ) contains the associated Legendre polynomials 


PTW = 


(1 — z 2 ) m / 2 (/ — m)\ d l+r 


2 HI (l + m)\dz l+m 

which are solutions of the differential equation 3 


(, 2 - 1)', 


( 8 . 86 ) 


1 d 
sin 9 d9 


' . n d . 

S1110— + 


rin- 


dd sin 9 


3 Note that yf 1 (cos 9) = + sin OP™ (cos 6) satisfies 
differential equation will be used later in Eq. (8.197). 


if*( cos 9) = /(/ + l)P/ n (cos 9). (8.87) 

yT = 1(1 + l )yP- This 


d 2 1 , m -1/4 

d8 2 4 _l sin 12 8 
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Thus, the expansion (8.83) becomes 


COS A fin 


I oo l 

»>„-■)• (8.88) 

1=0 m=—l 


Inserted into (8.78), it leads to the time-sliced path integral 


( yL b T b \yL a T a 
N+l 

x n 

n= 1 L 


47T 


N 

, -.11 

^2nTie/M n =i ^ 

Tien 


00 dr n r^d cos 9 n d(p n 4:Tt 


. 2Mr n r n _i 


1/2 OO l n 

E E ^n + l/2 

In — 0 TTIyi — In 


\j2nTie/M 
M 


x Yl n m. n {9 n , (p n )Yj (0 n — 1, <p n —l) 


Tie 

/ e v' 1 

exp r^^ 

l n n=l 


l'n'l’n-1 


+ + v(rw ) 


(8.89) 


The intermediate p n - and cos d n -integrals can now all be done using the orthogonal¬ 
ity relation 


/-i 


dcosd / dip Yf m {9, <p)Y Vm '{B, p) = S U 'S mm >. 


(8.90) 


Each p n -integral yields a product of Kronecker symbols Si n i n _ 1 S mnmn _ 1 . Only the 
initial and the final spherical harmonics survive, Yi N+imN+1 and Yj* mo , since they are 
not subject to integration. Thus we arrive at the angular momentum decomposition 


OO l 

{x b T b \x a T a ) = V V - 

‘ ‘ /p IY» 

1=0 m=—l b a 


t'b'tb\t’a'ta)iYlm(O b , <Pfe)T) m (0 a , Pa), 


(8.91) 


with the radial amplitude 


( r b r b\ r a r c 


4vrr b r a 


an 

N+l 

xn 

n= 1 


^2nTie/M n =i 


N 

n 


dr n rl 47T 
y 2itTie/M 


N+l 

n 

n=l 




2Mr n r n _i 


(8.92) 


r~ (M \\ 

1 

r e N+1 r 

[i M/ , 

exp < 



M 

2e> 


(r n - r n -i) 2 + V(r„) 


The factors Ilf r 2 / n^ +1 r n r n _i pile up to 1 /r b r a and cancel the prefactor r b r a . 
Together with the remaining product, the integration measure takes the usual one- 
dimensiona.l form 


1 N 

— n 

27 the/M n =i 


dr r 


(8.93) 

O ^2nTie/M'_ 

If we were to use here the large-argument limit (8.24) of the Bessel function, the 
integrand would become exp (—Af/h), with the time-sliced radial action 


N+l 

a^e 

n= 1 


m n2 n 2 i(i + i) _ _ / , 

2e 2 rn rn - l} + 2M r n r n _ 1 +V ^ n) 


(8.94) 
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The associated radial path integral 

1 


( r b T b\ r a T c 


aJl 


N 

n 


dr r 


y/2neh/M n=i [ Jo ^2tt he/M 


exp ( --A] 


N 


(8.95) 


agrees precisely with what would have been obtained by naively time-slicing the 
continuum path integral 


roo , 

(r b T b \r a T a ) l = / Vr(r)e~^ Al[r \ 
Jo 


with the radial action 


rn 


Ai[r] = dr 

Jr a 


M . 

— r + 


h 2 i(i + i) 


+ V(r) 


2 '2 M r 2 

In particular, this would contain the correct centrifugal barrier 

h 2 1(1 + 1 ) 


Kf = 


2 M r 2 


(8.96) 


(8.97) 


(8.98) 


However, as we know from the discussion in Section 8.2, Eq. (8.95) is incorrect and 
must be replaced by (8.92), due to the non uniformity of the continuum limit e —> 0 
in the integrand of (8.92). 

8.5.2 D Dimensions 

The generalization to D dimensions is straightforward. The main place where the 
dimension enters is the expansion of 


h cos Tj, _ g-||r n r n _i cos 


(8.99) 


in which Ad n is the relative angle between D -dimensional vectors x n and x„_ 1 . The 
expansion reads [compare with (8.5) and (8.83)] 

e*'""" = E ‘ %WT T 1 Ac + 2 -'\cos (8.100) 

1=0 L> / Z _ 1 b D 

where So is the surface of a unit sphere in D dimensions (1.558), and 
ai(h) = (27r) D/2 h 1 ~ D/2 I l+D/2 -i(h) 

h+D/2-\(h). (8.101) 


= e h ai(h) = e n ( — J 




The functions Cj a ' 1 (cos if) are the ultra-spherical Gegenbauer polynomials, defined 
by the expansion 


(1 — 2 ta + a 2 ) x 


= e cy> 


a' 


( 8 . 102 ) 


n =0 
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The expansion (8.100) follows from the completeness of the polynomials Cj u \cos t)) 
at fixed u, using the integration formulas 4 

Tdd sin" cos (cosd) = tt ^ + ^ h~ u I u+l (h), (8.103) 

Jo t!I (y) 

[ sin"(cos(cos $) = 7f 2 (8.104) 

Jo /!(< + v)l [v) z 

The Gegenbauer polynomials are related to Jacobi polynomials, which are defined 
in terms of hypergeometric functions (1.453) by 5 


p 1 ° s \P = 1 + 1 + “ + ft i + ft (i - ft/ 2 )- < 8 - 105 ) 

The relation is 


n^)(~\ — r( 2 ^ + l)Y{y + 1 / 2 ) ( u -i/2,u~i/2), , 

1 [) T(2u)T(u+ 1 + 1/2) 1 [) ' 

This follows from the relation 6 

cf’M = + 2l,; 1/2 + «';(!- -)/2). 

For D = 2 and 3, one has 7 


lim —Cf 17 * (cos'd) = ^-cos/d, 


(8.106) 


(8.107) 


(8.108) 


(cos i9) = Pi°'°\cost)) = Pi (cost)), (8.109) 

and the expansion (8.100) reduces to (8.5) and (8.7), respectively. 

For D = 4 


(cost?) 


sin(/ + 1 )(3 

sin /3 


( 8 . 110 ) 


According to an addition theorem, the Gegenbauer polynomials can be decom¬ 
posed into a sum of pairs of D -dimensional ultra-spherical harmonics Y) m (x). 8 
The label m stands collectively for the set of magnetic quantum numbers 


4 I. S. Gradshteyn and I. M. R.yzhik, op. cit., Formulas 7.321 and 7.313. 

5 M. Abramowitz and I. Stegun, op. cit., Formula 15.4.6. 

6 ibid., Formula 15.4.5. 

'I.S. Gradshteyn and I.M. Ryzhik, op. cit.,ibid., Formula 8.934.4. 

8 See H. Bateman, Higher Transcendental Functions, McGraw-Hill, New York, 1953, Vol. II, 
Ch. XI; N.H. Vilenkin, Special Functions and the Theory of Group Representations , Am. Math. 
Soc., Providence, RI, 1968. 
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with the ranges 


. < mi < 777.2 < • 

1 polar angles 

. . < \m D - 2 \. 

The direction x of a 

ad = sin </?£>_!•• 

•sin^i, 


x 2 = sin ipD-i" 

• COS (fii, 


x D = COS (po—h 


(8.111) 

0 < tpi < 2n, 


(8.112) 

0 < T>i < 7T, 

i ± 1. 

(8.113) 


The ultra-spherical harmonics Y) m (x) form an orthonormal and complete set of 
functions on the D-dimensional unit sphere. For a fixed quantum number l of total 
angular momentum, the label m can take 


di = 


(21 + D — 2)(l + D — 3)! 


(8.114) 


l\(D — 2)! 

different values. The functions are orthonormal, 

J dx y,^(x)y {W (x) = 8u'8 mm ', (8.115) 

with / dx denoting the integral over the surface of the unit sphere: 

j dx = /d^_isin-V D _i J dipD -2 sin' 0-3 ip D - 2 ■ • • J dip 2 sin ip 2 J dipi . (8.116) 


By evaluating this integral over a unit integrand 9 we find So = 2n D ^ 2 /T(D/2) as 
anticipated in Eq. (1.558). Since loo(x) is independent of x, the integral (8.115) 
implies that loo(x) = lfy/Sp. 

Note that the integral over the unit sphere in D-dimensions can be decomposed 
recursively into an angular integration with respect to any selected direction, say u, 
in the space followed by an integral over a sphere of radius sin<^D_i in the remaining 
D — 1-dimensional space to u. If x 1 - denotes the unit vector covering the directions 
in this remaining space, one decomposes x = (cos^u + sin^x), and can factorize 
the integral measure as 

j d' D ~ 1 x = J dtpo-i sin 15-2 tpn-i j d D ~ 2 x_ j_ . (8.117) 

For clarity, the dimensionalities of initial and remaining surfaces are marked as 
superscripts on the measure symbols d jD_1 x and d' D_1 x- L . 

9 With the help of the integral formula Jq dip sin k ip = y/nT((k + l)/2)/r((fc + 2)/2) we find 
S D = n^To 1 fo d Tk sin fe ip k = 2it d / 2 T{(k + l)/2)/ Uk=i r((* + 2)/2) = 2n D / 2 /T(D/2). 
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For the surface of the sphere, this corresponds to the recursion relation 


S D = 


v^T((£> - l)/2) 

riD/2) 


X Sd-i, 


(8.118) 


which is solved by S D = 2n D/2 /T(D). 

In four dimensions, the unit vectors x have a parametrization in terms of polar 
angles 

x = (cos 9, sin 9 cost/i, sin 0 sin^ cos 93, sin# sin-0 sin p), (8.119) 

with the integration measure 


dx = d6 sin 2 ddtjj sin ip dip. 


( 8 . 120 ) 


It is, however, more convenient to go over to another parametrization in terms of 
the three Euler angles which are normally used in the kinematic description of the 
spinning top. In terms of these, the unit vectors have the components 

x 1 = cos(#/2) cos[(</? + 7)/2], 
x 2 = — cos(#/2) sin[(</? + y)/2], 
x 3 = sin(d/2) cos[(</9 — y)/2], 

x A = sin(#/2) sin[(</? — y)/2], (8.121) 

with the angles covering the intervals 

9 G [0,7r), pe[ 0,2tt), 7 G [-27r,2vr). (8.122) 


We have renamed the usual Euler angles a,/3,7 introduced in Section 1.15 calling 
them p, 9 ,7, since the formulas to be derived for them will be used in a later ap¬ 
plication in Chapter 13 [see Eq. (13.102)]. There the first two Euler angles coincide 
with the polar angles p, 9 of a position vector in a three-dimensional space. It is 
important to note that for a description of the entire surface of the sphere, the range 
of the angle 7 must be twice as large as for the classical spinning top. The associated 
group space belongs to the covering group, of the rotation group which is equivalent 
to the group of unimodular matrices in two dimensions called SU(2). It is defined 
by the matrices 


g(p, 9, 7) = exp(ipa 3 /2) exp(i9a 2 /2) exp(i7<7 3 /2), (8.123) 


where a* are the Pauli spin matrices (1.448). In this parametrization, the integration 
measure reads 


dx = -d9 sin 9 dp d 7. 


(8.124) 


When integrated over the surface, the two measures give the same result S4 = 27r 2 . 
The Euler parametrization has the advantage of allowing the spherical harmonics in 
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four dimensions to be expressed in terms of the well-known representation functions 
of the rotation group introduced in (1.445), (1.446): 

(8.125) 

For even and odd /, the numbers m i, m 2 are both integer or half-integer, respectively. 

In arbitrary dimensions D > 2, the ultra-spherical Gegenbauer polynomials sat¬ 
isfy the following addition theorem 

2[+B-2 1 c ,( D /2 _ i) ( c ° sAtfJ = ’£YUK)YU*^i)- (8-126) 

D — Z bf, m 

For D = 3, this reduces properly to the well-known addition theorem for the spher¬ 
ical harmonics 

1 1 

— (2/+ l)P,(cos Ad n ) = bm(x„)b lt * n (x n _i). (8.127) 

47r , 

m=—L 

For D — 4, it becomes 10 


l + l 

2tc 2 



(cos A $ n ) 


l + l 

2^2 E 'D’LwJdPni Tn)'Dm\m-idPn-l-, $n-l, 7ra-l)j 

mi ,m 2 =—1/2 

(8.128) 


where the angle A# n is related to the Euler angles of the vectors x n , x n _i by 


cos A-d n = cos(0„/2) cos(6 ) n _i/2) cos[(</?„ - + y n - 7„- i )/2] 

+ sin(6>„/2) sin(6> n _i/2) cos[(<p n - </? n _ 1 - 7 n + 7 „_i)/2 ]. (8.129) 

Using (8.126), we can rewrite the expansion (8.100) in the form 

OO 

e h( C0BArf n —!) = £ 5l(/l) (8.130) 

;=0 in 

This is now valid for any dimension D, including the case D — 2 where the left-hand 
side of (8.126) involves the limiting procedure (8.108). We shall see in Chapter 9 
in connection with Eq. (9.61) that it also makes sense to apply this expansion to 
the case D = 1 where the “partial-wave expansion” degenerates into a separation 
of even and odd wave functions. In four dimensions, we shall mostly prefer the 
expansion 


e H cosAtfn—!) = £ a t (h ) 


1=0 


l + l 

2 tt 2 


1 /2 

E 

mi,rri2=—l/2 


^ mrmJdPni Trifle'm\mJdPn—P @n—li 7n—l)j 


(8.131) 


10 Note that (cos A’dn) coincides with the trace over the representation functions (1.446) of 
the rotation group, i.e., it is equal to 2 ^m?ro(Ai? n ). 
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where the sum over mi, m2 runs for even and odd l over integer and half-integer 
numbers, respectively. 

The reduction of the time evolution amplitude in D dimensions to a radial path 
integral proceeds from here on in the same way as in two and three dimensions. The 
generalization of (8.89) reads 


(XfeTfe X a T a 


1 N 
7 o U 
\j2itfte/M »=i 

27T he 


N+l 

x n 

71=1 


r°° dr n r% 1 dx n 
y/2it%e/M D 

( D — 1)/2 00 


. Mr n r n - 1 , 


f (M 

Y Id/ 2-i+/„ ( n r n _i 

i n =0 


x E^m«(x») y **m n (xn-i 

m n 




V he 

JV+1 r M 


(8.132) 


2e 2 


(r n — r n-i) 2 + V(r n ) 


By performing the angular integrals and using the orthogonality relations (8.115), 
the product of sums over l n , m n reduces to a single sum over /, m, just as in the 
three-dimensional amplitude (8.91). The result is the spherical decomposition 


(XftTj, XoT 0 l = 


,(D—1)/2 


(nr a) 1=0 

where (ryr&|r a T a ) z is the purely radial amplitude 


E (nnlraT^t E ^m(x 6 )r^(x a ), 


(8.133) 


(r b T b\r aTi 


a)l 


N 

n 


dry 


y/27Tke/M nil |/° ^2nhe/M\ 
with the time-sliced action 

N+1 r m , n, ~ cm 


exp \ --Afl r] ), 


(8.134) 


^ r M h ~ / m \ 

A?[r] = ^On - Tn-i) 2 --log/i+u/ 2-1 y-j -+ V(r n ) .(8.135) 


As before, the product nEi 1 lA’Vre-i)^ 0-1 ^ 2 has removed the product flEi r n _1 
in the measure as well as the factor (rv a )^ D_1 ' ) / 2 in front of it, leaving only the 
standard one-dimensional measure of integration. 

In the continuum limit e —> 0, the asymptotic expression (8.24) for the Bessel 
function brings the action to the form 


A] 


Nr 


N+l 

~ e E 

n=l L 


M 

2?' 



k 2 (l + D/2-lf 
2M r n r n -i 


1/4 


+ V (r n ) 


(8.136) 


This looks again like the time-sliced version of the radial path integral in D dimen¬ 
sions 


(nn\r a r a )i = I T>r(r) exp j , 


(8.137) 
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with the continuum action 


Mr = 


rn 


dr 


M “ n 2 (l + D /2 - l ) 2 - 1 / 4 ” 

2 2 M r 2 1 J 


(8.138) 


As in Eq. (8.50), we have written the centrifugal barrier as 

“ h 2 


2 Mr 2 


[(/ + D/2 - I) 2 - 1/4] , 


(8.139) 


to emphasize the subtleties of the time-sliced radial path integral, with the under¬ 
standing that the time-sliced barrier reads [as in (8.51)] 


eh" 


M 


2 Mr n r„,_i 


[(/ + D/2 - l) 1 - 1/4)] = -Mog/ i+D / 2 -i(—r n r n _i). 


(8.140) 


8.6 Radial Path Integral for Harmonic Oscillator 
and Free Particle in D Dimensions 


For the harmonic oscillator and the free particle, there is no need to perform the 
radial path integral (8.134) with the action (8.135). As in (8.38), we simply take the 
known amplitude in D dimensions, (2.177), continue it to imaginary times t = —ir, 
and expand it with the help of (8.130): 


(x 6 r fe |x a r a ) = 


x 

x 


Ld 


-D 


^rj^ D pmh[u(T b -T a )] 


exp < -- 


Muj 


1=0 


hsinh[uj(T b - T a )] 
Mur b r a 

/isinh[n;(Tfe — r a ) 


i r b + r a) cosh[a;(Tfe - 

) Erim(*6)^(x 0 ). 



(8.141) 


Comparing this with Eq. (8.133) and remembering (8.101), we identify the radial 
amplitude as 


(r b Tb\r a T a )i = 


x 


m u^/n/r a D 1 

h sinh[w(r b - r„)] 

e -(Mu/2h) mtb[u{T b -Ta)]{rl+rl) 


M ur b r a 


^sinh[o;(Tft 



(8.142) 


generalizing (8.39). The limit u —> 0 yields the amplitude for a free particle 


{nn\r a Ta)i = 


M sJrgF a M{r 2 +r 2 )/2hiTh - Ta) 
h (n - T a ) Z+D/2 “ 1 


/ Mr b r a \ 

\h(r b -T a )/ ' 


(8.143) 


Comparing this with (8.40) on the one hand and Eqs. (8.140), (8.138) with (8.49), 
(8.51) on the other hand, we conclude: An analytical continuation in D yields the 
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path integral for a linear oscillator in the presence of an arbitrary l/r 2 -potential as 
follows: 


(rbT b \r a T a )i = / Vr{r) exp 


rv> 


dr 


M 


“ -t 2 


-r + 


fi 2 p 2 - 1/4’ 


h Jr a ' \ 2 ' ' 2 M r" 


D—l 


M 

+ T wr , 

Mur b r a 


— UJ \/ r b r a _ e -(Mw/2a)coth[w(r ( ,-r a )](r2+r2)j _ 

h sinh[a;(T 6 - r a )] M ^sinh[a;(r 6 - r a )]) ' 

(8.144) 

Here p is some strength parameter which initially takes the values p = l + D/ 2 — 1 
with integer l and D. By analytic continuation, the range of validity is extended 
to all real p > 0. The justification for the continuation procedure follows from 
the fact that the integral formula (8.14) holds for arbitrary m — p > 0. The 
amplitude (8.144) satisfies therefore the fundamental composition law (8.20) for all 
real m — p > 0. The harmonic oscillator with an arbitrary extra centrifugal barrier 
potential 


TextraC^) — ^ 


I 2 

2 ‘'extra 


2 Mr 2 


(8.145) 


has therefore the radial amplitude (8.144) with 


P — \J + D/2 — l) 2 + /extra ■ (8.146) 

For a finite number N + 1 of time slices, the radial amplitude is known from the 
angular momentum expansion of the finite- N oscillator amplitude (2.199) in its obvi¬ 
ous extension to D dimensions. It can also be calculated directly as in Appendix 2B 
by a successive integration of (8.132), using formula (8.14). The iteration formulas 
are the Euclidean analogs of those derived in Appendix 2B, with the prefactor of the 
amplitude being 2 / nJ\f 2 M‘^ +1 yjr b r a , with the exponent — aN+i(r 2 + r 2 )/h, and with 
the argument of the Bessel function 2 h^ + irpr a /h. In this way we obtain precisely the 
expression (8.144), except that sinh[o;(Tb—r 0 )] is replaced by sinh[d)(]V-|-l)e]e/ sinh ue 
and cosh[u;(Tfo — r a )\ by cosh [a) (N + l)e]. 


8.7 Particle near the Surface of a Sphere 
in D Dimensions 

With the insight gained in the previous sections, it is straightforward to calculate 
exactly a certain class of auxiliary path integrals. They involve only angular variables 
and will be called path integrals of a point particle moving neat' the surface of a 
sphere in D dimensions. The resulting amplitudes lead eventually to the physically 
more relevant amplitudes describing the behavior of a particle on the surface of a 
sphere. 

On the surface of a sphere of radius r, the position of the particle as a function 
of time is specified by a unit vector u (t). The Euclidean action is 

A=^-r 2 r dr u 2 (r). (8.147) 

^ Jr a 
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The precise way of time-slicing this action is not known from previous discussions. 
It cannot be deduced from the time-sliced action in Cartesian coordinates, nor from 
its angular momentum decomposition. A new geometric feature makes the previous 
procedures inapplicable: The surface of a sphere is a Riemannian space with nonzero 
intrinsic curvature. Sections 1.13 to 1.15 have shown that the motion in a curved 
space does not follow the canonical quantization rules of operator quantum mechan¬ 
ics. The same problem is encountered here in another form: Right in the beginning, 
we are not allowed to time-slice the action (8.147) in a straightforward way. The 
correct slicing is found in two steps. First we use the experience gained with the 
angular momentum decomposition of time-sliced amplitudes in a Euclidean space 
to introduce and solve the earlier mentioned auxiliary time-sliced path integral near 
the surface of the sphere. In a second step we shall implement certain corrections 
to properly describe the action on the sphere. At the end, we have to construct the 
correct measure of path integration which will not be what one naively expects. To 
set up the auxiliary path integral near the surface of a sphere we observe that the 
kinetic term of a time slice in D dimensions 

M N+1 

— ( r n + r n-i - 2r n r „_i cos M n ) (8.148) 

77=1 

decomposes into radial and angular parts as 

M W+1 M N+1 

( r n + r l-i - n r n-i) + — 2r n r n _i(l - cos Ad n ). (8.149) 

1(1 77=1 ^ 77=1 

The angular factor can be written as 

M N+1 

~tt J2 Vt7-i(xt7 - X77-O 2 , (8.150) 

77=1 

where x n , x n _! are the unit vectors pointing in the directions of x n , x n _! [recall 
(8.111)]. Restricting all radial variables r n to the surface of a sphere of a fixed radius 
r and identifying x with u leads us directly to the time-sliced path integral near the 
surface of the sphere in D dimensions: 


(u fc T b |u a r a )« n 

y27rfte/Mr 2 n=1 
with the sliced action 

A N = ^ r 2 X! ( u « _ U77-1) 2 - (8.152) 

Ze 77=1 

The measure du n denotes infinitesimal surface elements on the sphere in D dimen¬ 
sions [recall (8.116)]. Note that although the endpoints u n lie all on the sphere, the 
paths remain only near the sphere since the path sections between the points leave 


du, n 


j2nUe/Mr 2 


D -1 


exp 


h 


A 


N 


(8.151) 
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the surface and traverse the embedding space along a straight line. This will be 
studied further in Section 8.8. 

As mentioned above, this amplitude can be solved exactly. In fact, for each time 
interval e, the exponential 


exp 


Mr 2 
2 he 


u n - U„_iJ 


= exp 


Mr 2 
he 


(1 — cos A'i) n ) 


(8.153) 


can be expanded into spherical harmonics according to formulas (8.100)-(8.101), 


exp 


Mr 2 
2 he 


u n - U n _i 


= E^O) 


1=0 


l + D/2 - 1 1 (D/2-1) 

D/2-1 S D ' 


(cos Ath 


= e^iew;m, 


1=0 


where 


ai(h) = ~r 


27 r \( D - 1)/2 


h J 


Ii+D/2-i(h), h — 


Mr 2 
he 


(8.154) 


(8.155) 


For each adjacent pair (n +1, n), ( n , n — 1) of such factors in the sliced path integral, 
the integration over the intermediate u n variable can be done using the orthogonality 
relation (8.115). In this way, (8.151) produces the time-sliced amplitude 

/ u \ (AT+l)(D-l)/2 oo 

(u fe r b |u a r a ) = f — j T,Mh) N+1 T,YiM*LM- (8.156) 


1=0 


We now go to the continuum limit N —> oo, e = fa — T a )/(N +1) —» 0, where [recall 
( 8 . 11 )] 

(N+l)(D-l)/2 r /», 2 \-lN+l 


—y 

,2 fa 


ai(h) N+ = 


H+D/ 2-1 


Mr' 

he 


e—>0 


->• exp —fa - T a )h 


(/ +D/2-1) 2 -1/4' 


(8.157) 


2 Mr 2 

v / 

Thus, the final time evolution amplitude for the motion near the surface of the 
sphere is 

hL 2 


(UfcTb|ll a T a ) = 5Z eX P 
1=0 


2 Mr 2 


fa ~ T a ) 


£ y i m (u*)l£,(u«), 


(8.158) 


with 


L 2 = (l + D/2- l) 2 - 1/4. (8.159) 

For D — 3, this amounts to an expansion in terms of associated Legendre polyno¬ 
mials 


00 21 + 1 

(u 6 r b |u a r a ) = X! ~ , _ exp 


hu 


1=0 


4:7T 


2 Mr 2 


fa - T a ) 


X E n , m j, ! p r(cos 9 b )Pr( COS 9 a )e im ^ b -^\ 

m=—l P + m)l 


(8.160) 
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If the initial point lies at the north pole of the sphere, this simplifies to 

00 21 + 1 T TiL 

(u b T b \z a T a ) = ex P “ r «) Pi{cosO b )Pi{l), (8.161) 

where P/(l) = 1. By rotational invariance the same result holds for arbitrary direc¬ 
tions of u a , if 9 b is replaced by the difference angle 9 between u b and u a . 

In four dimensions, the most convenient expansion uses again the representation 
functions of the rotation group, so that (8.158) reads 

oo r 

(u b T b |u a T a ) = ]T exp r-^T b - To) 

7 1 F 2 

mi ,rri 2 =—1/2 

These results will be needed in Sections 8.9 and 10.4 to calculate the amplitudes on 
the surface of a sphere. First, however, we extract some more information from the 
amplitudes near the surface of the sphere. 

8.8 Angular Barriers near the Surface of a Sphere 

In Section 8.5 we have projected the path integral of a free particle in three di¬ 
mensions into a state of fixed angular momentum l finding a radial path integral 
containing a singular potential, the centrifugal barrier. This could not be treated via 
the standard time-slicing formalism. The projection of the path integral, however, 
supplied us with a valid time-sliced action and yielded the correct amplitude. A 
similar situation occurs if we project the path integral near the surface of a sphere 
into a fixed azimuthal quantum number m. The physics very near the poles of a 
sphere is almost the same as that on the tangential surfaces at the poles. Thus, at a 
fixed two-dimensional angular momentum, the tangential surfaces contain centrifu¬ 
gal barriers. We expect analogous centrifugal barriers at a fixed azimuthal quantum 
number m near the poles of a sphere at a fixed azimuthal quantum number m. These 
will be called angular barriers. 

8.8.1 Angular Barriers in Three Dimensions 

Consider first the case D = 3 where the azimuthal decomposition is 

(u 6 r b |u a r a ) = ^2(smQ b r b \ sm.e a T a ) m ^-e irn ^ b ~ ipa) . (8.163) 

2?r 

It is convenient to introduce also the differently normalized amplitude 

(0 b T b \6 a T a )m = v/sin 6 b sin 6> a (sin 9 b r b \ sin 9 a r a ) m , (8.164) 


( 8 . 162 ) 
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in terms of which the expansion reads 

1 


(u b T b |u a T a ) = ^ 


--(O b T b \0 a T a 


1 

_ e im(p b -p a ) 


-:-7T" \" u • u\~ u, • U/-UL r% 

V sin Ub sin 6 a Zn 

While the amplitude (sin 0 b T b \ sin d a T a ) m has the equal-time limit 

(sin 9 b r\ sin 9 a r) m = -Z—§(0 b - Q a ) 
sm 9 n 


(8.165) 


(8.166) 


corresponding to the invariant measure of the ^-integration on the surface of the 
sphere / d9 sin 9, the new amplitude (O b T b \0 a T) m has the limit 


(d b r\9 a r) m — S(9 b — 9 a 


(8.167) 


with a simple (5-function, just as for a particle moving on the coordinate interval 
9 G (0, 27r) with an integration measure / d9. The renormalization is analogous to 
that of the radial amplitudes in (8.9). 

The projected amplitude can immediately be read off from Eq. (8.158): 


(0bTb\d a Ta 


= sin 9 b sin 9 a 

hi(i +1) 

2 Mr 2 


OO 

x ^2 ex p 


l=m 


(r b ~ r a ) 


27rY lm (0 b ,O)V l * m (0 a ,O). (8.168) 


In terms of associated Legendre polynomials [recall (8.84)], this reads 

, --— °° r jiin i 

(d b Tb\d a T a )m = y sin 9 b sin 9 a J2 ex P j ~ ~ST 7 2 ( Tb _ Ta ) f 


x 


l=m \ 

(2/ + 1) {l-m)\ 


2 Mr 2 

/ 

Pr(cos9 b )Pr(cos9 a 


(8.169) 


(/ + m)\ 


Let us look at the time-sliced path integral associated with this amplitude. We start 
from Eq. (8.151) for D = 3, 


(u fe T fe |u a T a 


tt f d COS 9nd(fn 

^ ' ' 2ithe/Mr 2 


exp 


Sa n 

Tl 


2nhe/Mr 2 ^ 
and use the addition theorem 

cos A 0 n = cos 9 n cos 9 n -\ + sin 9 n sin 9 n -\ cos(</3 n — (p n -i) 
to expand the exponent as 


(8.170) 


(8.171) 


exp 


Mr 2 
2 he 


[ u. n u n _i . 


— exp 


Mr 2 

Tte 


(1 — cos A d n ) 


= exp 
1 


Mr 2 

he 


(1 — cos 9 n cos 9 n -1 — sin 9 n sin d„_i) 


x 


\/2ith n m= _ 00 


^ ] 7 m (/r n )e 


im(p n Pn— 1 ) 


(8.172) 
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where h„ is defined as 


Mr 2 

K = —— sm 9 n sm 9 n _ i. 
he 


(8.173) 


By doing successively the (/^-integrations, we wind up with the path integral for the 
projected amplitude 

1 N 


(9 b T b \9 a T a 


n 


\j2TteTi/Mr 2 n= 
where is the sliced action 

' Mr 2 


d9 n 


\j2neh/Mr- 


exp ——A 
n 


N 

m I ? 


7V+1 

K=J2 

n= 1 


[1 - COS (0 n - 0 n _i)\ - h log I m (h n ) ). 


For small e, this can be approximated (setting A 6 n = 9 n — 6 n _ i) by 


A 


N 


JV+1 


E 

n= 1 


M r 2 r 1 


+ 


r 


m 2 — 1/4 


with the continuum limit 


A = 


m 


dr 


'Mr 2 


- e 2 - 


h 2 


+ 


2 Mr 2 sin 9 n sin 9 n _\ 
ft 2 m 2 — l/4\ 


8 Mr 2 2 Mr 2 sin 2 9 


(8.174) 


(8.175) 


(8.176) 


(8.177) 


This action has a 1/sin 2 9 -singularity at 9 = 0 and 9 — ir, i.e., at the north and 
south poles of the sphere, whose similarity with the l/r 2 -singularity of the centrifugal 
barrier justifies the name “angular barriers”. 

By analogy with the problems discussed in Section 8.2, the amplitude (8.174) 
with the naively time-sliced action (8.176) does not exist for m = 0, this being the 
path collapse problem to be solved in Chapter 12. With the full time-sliced action 
(8.175), however, the path integral is stable for all m. In this stable expression, 
the successive integration of the intermediate variables using formula (8.14) gives 
certainly the correct result (8.169). 

To do such a calculation, we start out from the product of integrals (8.174) and 
expand in each factor I m (h n ) with the help of the addition theorem 


^ e Ccos e „ cos ^ J m(C sin Q n sin Q n _J 


00 (1-mV 

= V I, +1/2(C)(2( + 1)77—-j I P/’+o S 0„)fr(cos+_ 1 ), (8.178) 

where ( = Mr 2 /he. This theorem follows immediately from a comparison of two 
expansions 

(8.179) 

1 


e -C(l—cos A9 n ) __ f [1—cos d n cos 0 n _i —sin d n sin 9 n —i cos((^„— 


X 




Im(C s i n 9 n sin 9 n _ 1 )e 




e -C(l-cos Ad n ) _ e -C 


^(2/ + l)J m/2 (C)P/(cosA^ 
zc > 1=0 


(8.180) 
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The former is obtained with the help (8.5), the second is taken from (8.83). After the 
comparison, the Legendre polynomialis expanded via the addition theorem (8.85), 
which we rewrite with (8.84) as 

P,(c<>sA0 n )= £ ( /, 7 m j| ir(0n)ir(0n-(8.181) 

rn^-l V + m r- 


We now recall the orthogonality relation (8.50), rewritten as 


1-1 dcosd , (l + m)\ 2 

- T -P l m (cosO)P l 7(cos6) = - 


5n'. 


Pi sin" d ‘ 1 r ' (l - m)\21 + 1 

This allows us to do all angular integrations in (8.175). The result 


(8.182) 


(0 b Tb\d a Ta)m = l/sui 9 b sin 9 a ^ [Im+l+1/2 (C)] 

l=m 

(21 + !)(/ — m)\ 


N +1 


X- 


(/ + m)\ 


P^ (cos 9 b )P; n (cos 9 a 


(8.183) 


is the solution of the time-sliced path integral (8.174). 

In the continuum limit, [I m +i+ i/ 2 (C)] iV+1 is dominated by the leading asymptotic 
term of (8.12) so that 


[Wi/ 2 (C)r +1 ~ exp 


h 

2 Mr 2 


L 2 (n 



(8.184) 


leading to the previously found expression (8.169). 

We have gone through this calculation in detail for the following purpose. Later 
applications will require an analytic continuation of the path integral from integer 
values of m to arbitrary real values // > 0. With the present calculation, such 
a continuation is immediately possible by rewriting (8.183) with the help of the 
relation 


PI 


\m D—m 


(l + m)\ 
(l — m)\ 


(8.185) 


as 


, - 00 _ 

(0bn\0 a T a )n = ysin 6 b sin 6 a ^[/ n+/i+ i /2 (C)] iV+1 

71=0 


(2 n + 2 u 


Here, p can be an arbitrary real number if the factorials (n + 2p)\ and n\ are defined 
as T (n + 2p + 1) and T(n + 1). In the continuum limit, (8.186) becomes 


/- ; - 00 

(0bn\0 a r a )n = V sin 0 b sin 9 a ^ exp 


n =0 


h(n + p)(n + p + 1) 
2 Mr 2 


in - T a ) 


x (2 ” (n + P- p-^oo S e b )p-^(co S e a ). 


n\ 


(8.187) 
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We prove this to solve the time-sliced path integral (8.174) for arbitrary real 
values of m — p [4] by using the addition theorem 11 


(sin a sin j3) ^ J^(z sin a sin f3)e 
i n n\(n + n + 1/2) 


iz cos a cos 


p _ 2 2 ^ +1 r 2 (/i + i/2) 

y/2irz 


*£ T(n+ 2p+l) 


J n+/i+ i /2 (z)C^ +1/2) (cos a)C^ +1/2) (cos f3 ). (8.188) 


After substituting z by (e this turns into 

(sin a sin si 11 a s i n P) ex P(C cos a cos P) — 

n\(n + p + 1/2) 


2 2 ^ +1 T 2 (p, + 1/2) 


X £ r(n + 2/1+1) 


V^C 

W+V 2 (C) (cos a)C^ (cos P). 


(8.189) 


The Gegenbauer polynomials C^ +l l 2 \z) can be expressed, for arbitrary /i, by means 
of Eq. (8.106) in terms of Jacobi polynomials and these further in terms of 

Legendre functions using the formula 


pir\z) = (-2 )"h±d: ( i - z 2 r^p-uz) 


Thus 


12 


r (n+i/ 2 ) ( z _ F(n + 2p + l)T(/i + 1) \1 - z 2 
[ ^ T(2/r + l)n! 


-fi/2 


PnW- 


(8.190) 


(8.191) 


We can now perform the integrations in the time-sliced path integral by means of 
the known continuation of the orthogonality relation (8.182) to arbitrary real values 
of /j: 


d cos 6 . 
1 


(8.192) 


Note that for noninteger //, the Legendre functions P~™ m (cos6) are no longer poly¬ 
nomials as in (1.421). Instead, they are defined in terms of the hypergeometric 
function as follows: 

TO = r (I _ P) (i3t) (8.193) 


The integral formula (8.192) is a consequence of the orthogonality of the Gegenbauer 
polynomials (8.104), which is applied here in the form 



2\/i^(/i+l/2)/ n^G-I- 1 / 2 )/ \ c 


7r2 _2M T(2/r + 2 + n) 
n\(n + n)[r(n + 1/2)] 1 


(8.194) 


11 G.N. Watson, Theory of Bessel Functions, Cambridge University Press, 1952, Ch. 11.6, 
Eq. (11.9). 

12 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 8.936. 
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Using (8.189), (8.191) and (8.192), the integrals in the product (8.207) can all be 
performed as before, resulting in the amplitude (8.186) with the continuum limit 
(8.187), both valid for arbitrary real values of m — p > 0. 

The continuation to arbitrary real values of p has an important application: 
The action (8.177) of the projected motion of a particle near the surface of the 
sphere coincides with the action of a particle moving in the so-called Poschl-Tellcr 
potential [5]: 


V{6) 


n 2 s(s + i) 

2 Mr 2 sin 2 6 


(8.195) 


with the strength parameter s = m — 1/2. After the continuation of arbitrary real 
m — p > 0, the amplitude (8.187) describes this system for any potential strength. 
This fact will be discussed further in Chapter 14 where we develop a general method 
for solving a variety of nontrivial path integrals. 

Note that the amplitude (sin# b T&| sin 9 a r a )m satisfies the Schrodinger equation 


' n 2 

Mr 2 


/ 1 1 d . d m 2 \ 
\ 2 sin 9 d6 Sm d6 + 2 sin 2 9 ) 


+ kd T 


(sin 6 r | sin 9 a r a ) m 


= HS(r — T a )5(cos6 — cos 9 a ). 


(8.196) 


This follows from the differential equation obeyed by the Legendre polynomials 
Pjn (cos 0 ) in (8.87). The new amplitude (9 T\9 a r a ) m , on the other hand, satisfies the 
equation [corresponding to that of y/sin 9P™(cos 9) in the footnote to Eq. (8.87)] 


h 2 ( 1 d 1 m 2 — l/4\ 
Mr 2 \ 2 d0 2 8 2 sin 2 9 J 


(dr\9 a T a )m 


hS(r - T a )5(9 - 9 a ). (8.197) 


8.8.2 Angular Barriers in Four Dimensions 

In four dimensions, the angular momentum decomposition reads in terms of Euler 
angles [see (8.162)] 

(u 6 r 6 |u a r a ) = f>xp j-^^(r 6 - r a ) 

I I i C 2 

x At £ (8.198) 

17117712 = — 1/2 

with 

L 2 = (l + l) 2 - 1/4 = 4(1/2)(1/2 + 1) + 3/4 (8.199) 

and mi, m 2 running over integers or half-integers depending on 1/2. We now define 
the projected amplitudes by the expansion 

(ufcTfc|u a r a ) = 8 5/) (sin 9 b Tb\ sin 6 , a r a ) mim2 ^-e imi(l,P6_l/,a) j-e* m2(7b_7a) . (8.200) 

7711777-2 
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As in (8.164), it is again convenient to introduce the differently normalized amplitude 
{0bTb\0 a Ta)m defined by 


( 0 b n\9 a T a ) mim2 = yj sin 6 b sin 6> a (sin 6 b r h \ sin 9 a T a ) mi m 2 , 
in terms of which the expansion becomes [compare (8.163)] 


(uyr fe |u a r a ) = 


--(o b T b \e a T a 


J_ e im(ip b -ip a ) 7t-7a) 


( 8 . 201 ) 


( 8 . 202 ) 


~7\ : -7T-\~ U ■ U\ ~ U, ■ 11/ UtlULZ o " A 

Y Sin. 6}) sni u a Z7T 47r 

A comparison with (8.198) gives immediately the projected amplitude 

(0bTb\0 a T a )mim2 = \/ sin °b sin 0 a (8.203) 


OO 

x ^2 ex p 

i 


h[(l + l) 2 - 1/4] 
2 Mr 2 


in - To) 1 l -^r L d l J2 1 m2 {0 b )d l J2 m A9 a ), 


in which / is summed in even steps from the larger value of |2mi|, | 2 m 2 | to infinity. 

Let us write down the time-sliced path integral leading to this amplitude. Ac¬ 
cording to (8.151)—(8.153), it is given by 


(u fc T b |u a T a 


1 N 

, 3 n 

yj2nhe/Mr 2 n=i 


r r 27c r 4n d6 n sin e n d^ n d^ n 
10 Jo Jo 


8yJ 2nhe / Mr 2 


exp 


h 


A 


N 


(8.204) 


In each time slice we make use of the addition theorem (8.129) and expand the 
exponent with (8.6) as 


exp 


Mr 2 
2 he 


u„ - U n _i 


= exp 


Mr 2 
he 


(1 — cos Ad n ) 


= exp 
1 


Mr 2 
2 he 
1 


x 


[1 - cos(6 ) n /2) cos(6 l „,_i/2) - sin(6> n /2) sin(6> n _i/2)] 

OO 

/A d\m 1 +m2\{h n )I\m 1 -m2\{h n ) 


yJ271 / lf n yj4:71 h^ 7711,1712= — OO 

x exp{irrii((p n - <p n -i) + ~ 7n-i)}> 


(8.205) 


where h c n and h s n are given by 

Mr 2 Mr 2 

K = —— cos(6 l n /2) cos(d n _i/2), h s n = -j— sin(6> n /2) sin(0 n _i/2). (8.206) 

By doing successively the ip n - and 7 n -integrations, we wind up with the path integral 
for the projected amplitude 


{0 b T b \0 a T ( 


1 


a y mi m 2 


N 

n 


yj2neh/AMr 2 n =i |y 0 yj2neh/AMr 


dO r 


exp (8.207) 
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where A^ 11tl2 is the sliced action 


A; 


N 


N+1 (Mr 2 

= { -t 1 - C0S Pn - 0„_i)/2] 

n= 1 l ^ 

h log I\ mi +m 2 \(hfi) h log I\ mi -m 2 \ ( h n ) 


(8.208) 


For small e, this can be approximated (setting A6* n = 9 n — 0 n _i) by 


A 


N 

rn i m 2 


Af + 1 ( Mr 2 1 

6 |^ 2“[(^^/ 2 ) 2 _ Y ^(^^ ri / 2) 4 + • • •] 

h 2 (mi + m 2 ) 2 — 1/4 h 2 (mi — m 2 ) 2 — 1/4 


2Mr 2 cos(d r) ,/2) cos(6 ) n _i/2) 2Mr 2 sin(d„/2) sin(0 n _i/2) 
with the continuum limit 


A 


77717722 


f Tb (Mr 2 - 2 h 2 h 2 |m 1 +m 2 | 2 — 1/4 

ir a T \ 8 8Mr 2 2Mr 2 cos 2 (0/2) 

U 2 \mi — m 2 | 2 — 1/4 


2 Mr 2 sin 2 (0/2) 


After introducing the auxiliary mass 


(8.209) 


( 8 . 210 ) 


p = M/4 


( 8 . 211 ) 


and rearranging the potential terms, we can write the action equivalently as 


A, 


77217722 


PVt 

= dr 




h 2 


+ 


U 2 m\ + m 2 — 1/4 — 2mim 2 cos#' 


32/rr 2 2/i'r 


sin 2 6 


. ( 8 . 212 ) 


Just as in the previous system, this action contains an angular barrier 1/ sin 2 9 at 
9 = 0, and 9 = it, so that the amplitude (8.207) with the naively time-sliced action 
(8.176) does not exist for mi = m 2 or rn\ = — m 2 , due to path collapse. Only with 
the properly time-sliced action (8.208) is the path integral stable and solvable by 
successive integrations with the result (8.203). 

As before, the path integral (8.207) is initially only defined and solved by (8.203) 
if both mi and m 2 have integer or half-integer values. The path integral and its 
solution can, however, be continued to arbitrary real values of m\ = p\ > 0 and its 
m 2 = /x 2 > 0. For this we rewrite (8.203) in the form [4] 


( ^b^~b | ^aTa ) fi2 
oo 

x ^2 exp 


72—0 


((22 V 0111 Dill V a 

h[(n. + //l T j0_ — / _ \ 1 n T hi + 1 rn+m \jn+/ii//i \ 

2Mr 2 Tfl Ta \ 2 P 1 M 2 !"“)> 
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assuming that //1 > p 2 - The products of the rotation functions d* (9) have a 
well-defined analytic continuation to arbitrary real values of the indices pi, P 2 , A, as 
can be seen by expressing them in terms of Jacobi polynomials via formula (1.446). 

To perform the path integral in the analytically continued case, we use the ex¬ 
pansion valid for all /i + ,/i„, 13 


z 

2 


Jfi + (z cos a cos (3)J fi _ (z sin a sin (3) 


cos M+ a cos M+ [3 siiP - a siiP~ f3 


OO 


X — l) n (/ i + + h- + + 1) J fi+ +^_+ 2 n+l(z) 

n =0 


T (n + /i_|_ + p_ + l)T(n + /i_ + 1) 
n\T(n + p + + l)[T(/i_ + l)] 2 
x F(—n, n + p+ + P- + 1; p- + 1; sin 2 a) 

x F(—n , n + p+ + p~ + 1; p- + 1; sin 2 (3) (8.214) 


with ( = Mr 2 /he. The hypergeometric functions appearing on the right-hand side 
have a first argument with a negative integer value. They are therefore proportional 
to the Jacobi polynomials 

P^~^+\x) = ^ /7 ~ -jy- F {-n,n + p + + p- + 1; 1 + /i_; (1 - s)/2) (8.215) 

[recall (1.446) and the identity pT->/ 1 +)(x) = (—) n P J [ /i -’ /i+) (—x)]. Inserting z = 
a = 0 n /2, /3 = 9 n _ i/2, and expressing the Jacobi polynomials in terms of rotation 
functions continued to real-valued Pi, P 2 , we obtain from (8.214) for pi > p 2 


T ( r 0 n 9 n _i\ f . 9 n . 9 n _i 

C cos — cos-P C sm — sm- 

M+ is 2 2 I I S 2 2 


4 00 

> ^ [ I‘2n+fi++ii_+l (C) 

5 n =0 


<a2ie) 


Now we make use of the orthogonality relation [compare (1.455)] 


i: 


dcos9 d£E(9)df+£'(9) = 8 nn - t 


(8.217) 


2n + 1 ’ 

which for real pi, p 2 follows from the corresponding relation for Jacobi polynomials 14 

J dx (1 — xY~(l + xY + PY~' ll+ \x)P { n Y 4L+ \x) 

21 M-+M -+1 T(p + + n+ 1 )T(/i_ + n + 1) 


= Jn 


n!(yii + + p_ + 1 + 2n)T(/i + -1- p_ + n + 1) 


(8.218) 


13 G.N. Watson, op. cit., Chapter 11.6, Gl. (11.6), (1). 

14 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 7.391. 
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valid for Re/x + > —1 , Re/i_ > —1. Performing all ^-integrations in (8.207) yields 
the time-sliced amplitude 


7~b\@a 7~a)[11(12 ^/sill 6 fo sill 9 a ^ ^ ^2n+jLt-|_+^_-hl (0 

71—0 


( 8 - 219 > 


valid for all real Hi > p ,2 > 0. In the continuum limit, this becomes 

- 00 

(»(, r 6 |0„ t„)„ 1m = v^sin 0, sin (<W<fJ+« (»«), (8.220) 

n =0 

with 

Bn = ^((2» + M++yii- + l) 2 -l/4], (8.221) 


which proves (8.213). 

Apart from the projected motion of a particle near the surface of the sphere, 
the amplitude (8.213) describes also a particle moving in the general Poschl-Teller 
potential [5] 


Vp T '{0) 


h 2 giXfi + 1) . ^ 2(^2 + 1) 
2 Mr 2 sin 2 (0/2) cos 2 (0/2) 


( 8 . 222 ) 


Due to the analytic continuation to arbitrary real mi, m 2 the parameters .S] and 
S 2 are arbitrary with the potential strength parameters si = rn\ + m 2 — 1/2 and 
S 2 = mi — m 2 — 1/2. This will be discussed further in Chapter 14. 

Recalling the differential equation (1.454) satisfied by the rotation functions 
we see that the original projected amplitude (8.207) obeys the Schrodinger 

equation 


' h 2 
2/i-r 2 


lkn>M sine Te + Ie + 


m 2 + m 2 — 2 mrm 2 cos 0' 
sin 2 0 


hdi- 


x (sin0r| sin0 a r a ) mim2 = Ti 8 (t - r a )<5(cos0 - cos0 a ). 


(8.223) 


The extra term 3/16 is necessary to account for the energy difference between 
the motion near the surface of a sphere in four dimensions, whose energy is 
(ft 2 /2/ir 2 )[(//2)(//2 + 1) + 3/16] [see (8.158)], and that of a symmetric spinning 
top with angular momentum L = 1 /2 in three dimensions, whose energy is 
(h 2 / 2 nr 2 ) (1/2) (1/2 + 1), as shown in the next section in detail. 

The amplitude (0&Ti,|0 a T a ) mim2 defined in (8.201) satisfies the differential equation 

h 2 / d 2 1 mf + m^ — 1/4 — 2m 1 m 2 cos 0 
2/i-r 2 y d0 2 16 sin 2 0 

x (0r|0 a r a ) mim2 = hS(r - T a )5(6 - 0 a ). (8.224) 



This is, of course, precisely the Schrodinger equation associated with the action 

( 8 . 212 ). 
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The wave functions in the time evolution amplitude near the surface of a sphere are 
also correct for the motion on a sphere. This is not true for the energies, for which 
the amplitude (8.158) gives 

E ‘ = (8 ' 225) 

with 

(LDi = (l + D/2 - l) 2 - 1/4, / = 0,1, 2,... . (8.226) 

As we know from Section 1.14, the energies should be equal to 


E, = 


n 2 


2 Mr 2 


(L 2 


(8.227) 


where (L 2 )i denotes the eigenvalues of the square of the angular momentum operator. 
In D dimensions, the eigenvalues are known from the Schrodinger theory to be 

(L 2 ) l = l(l + D- 2), 1 = 0,1,2,.... (8.228) 


Apart from the trivial case D — 1, the two energies are equal only for D = 3, where 
(L\)i = (L 2 )i = 1(1 + 1). For all other dimensions, we shall have to remove the 
difference 


A(Li), = L 2 -Ll = j 



(D-1)(D- 3) 
4 


(8.229) 


The simplest nontrivial case where the difference appears is for D = 2 where the role 
of l is played by the magnetic quantum number m and ( L%) m = m 2 — 1/4, whereas 
the correct energies should be proportional to (L 2 ) m = mi 2 . 

Two changes are necessary in the time-sliced path integral to find the correct en¬ 
ergies. First, the time-sliced action (8.152) must be modified to measure the proper 
distance on the surface rather than the Euclidean distance in the embedding space. 
Second, we will have to correct the measure of path integration. The modification 
of the action is simply 


in addition to 


_M N +l(Mn ) 2 

^on sphere ' / ^ c\ ? 

6 71=1 Z 

(8.230) 

TWf N+ 1 

*4 a = —r 2 £(1 — cos A i9 n ). 

6 n= 1 

(8.231) 


Since the time-sliced path integral was solved exactly with the latter action, it is 
convenient to expand the true action around the solvable one as follows: 


A N V 

‘^on sphere 


M 2 +} 

= — r L 


71=1 


(1 - cos M n ) + ^(Ad n ) 4 


(8.232) 
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There is no need to go to higher than the fourth order in Ai) n , since these do not 
contribute to the relevant order e. For D = 2, the correction of the action is sufficient 
to transform the path integral neat' the surface of the sphere into one on the sphere, 
which in this reduced dimension is merely a circle. On a circle, A i) n = tp n — ip n -\ 
and the measure of path integration becomes 


1 Vr 1 r /2 dy n 

the/Mr 2 n =i “'~ 7r / 2 yJlTthe/Mr 2 


(8.233) 


The quartic term (Ad n ) 4 = ((p n — (p n -i ) 4 can be replaced according to the rules of 
perturbation theory by its expectation [see (8.62)] 

<(A<y 4 }o = 3 A (8 .234) 

The correction term in the action 

M N+1 1 

Aqu^ = — r 2 £ xt(A^) 4 (8.235) 

6 n= 1 

has, therefore, the expectation 

= (JV + 1 )eAS. (8.236) 

This supplies precisely the missing term which raises the energy from the near-the- 
surface value E m = h 2 (m 2 — 1/4)/2 Mr 2 to the proper on-the-sphere value E m = 
h 2 m 2 /2Mr 2 . 

In higher dimensions, the path integral near the surface of a sphere requires a 
second correction. The difference (8.229) between L 2 and is negative. Since the 
expectation of the quartic correction term alone is always positive, it can certainly 
not explain the difference. 15 Let us calculate first its contribution at arbitrary D. 
For very small e, the fluctuations near the surface of the sphere lie close to the 
D — 1 -dimensional tangent space. Let Ax n be the coordinates in this space. Then 
we can write the quartic correction term as 

M Ar+1 1 

« — £ 3Z3(^„) 4 , (8.237) 

t n=l 

where the components (Ax n )j have the correlations 

((Ax n )j(Ax n )j)o = (8.238) 

15 This was claimed by G. Junker and A. Inomata, in Path Integrals from meV to MeV, edited 
by M.C. Gutzwiller, A. Inomata, J.R. Klauder, and L. Streit (World Scientific, Singapore, 1986), 
p.333. 
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Thus, according to the rule (8.62), A qu ^4 A ' has the expectation 

(A •4% = (N + 1)« WjA,«£t (8.239) 

where A qu L 2 is the contribution of the qnartic term to the value L\. 

\uL 2 2 = (8.240) 

This result is obtained using the contraction rules for the tensor 

/ eh \ 2 

(Ax^AXj Axj; Axi)q ( j (^ij^kl T T $il$jk)i (8.241) 

which follow from the integrals (8.63). 

Incidentally, the same result can also be derived in a more pedestrian way: 
The term (Ax„) 4 can be decomposed into D — 1 qnartic terms of the individ¬ 
ual components Ax ni , and (D — 1 )(D — 2) mixed quadratic terms (Ax ni ) 2 (Ax n j) 2 
with i / j. The former have an expectation (D — 1) • 3 (eh/Mr) 2 , the latter 
(. D — 1){D — 2) • (eh/Mr) 2 . When inserted into (8.237), they lead to (8.239). 

Thus we remain with a final difference in D dimensions: 

A f L^ = A L\ - A qu L 2 2 = -^(D- 1 )(D - 2). (8.242) 

This difference can be removed only by the measure of the path integral. Near the 
sphere we have used the measure 

(8.243) 

We shall find that the 

(8.244) 

= (Ax n /r) 2 , the expec- 

(8.245) 

(8.246) 


d D Hln 
12-Khe/Mr 2 


-D -1 • 


In Chapter 10 we shall argue that this measure is incorrect, 
measure (8.243) receives a correction factor 


N r n — 2 

n [i+^(A'd n) 2 


[see the factor (1 + iAAj) of Eq. (10.151)]. Setting (Ad n ) 2 
tation of this factor becomes 


yr [ (D-2)(D-l) eh 

^ [ 6r 2 M 

corresponding to a correction term in the action 


(AA?) 0 = (N + l)e—-A f Ll 
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with AfL 2 given by (8.242). This explains the remaining difference between the 
eigenvalues (L 2 )/ and (L) 2 . 

In summary, the time evolution amplitude on the D -dimensional sphere reads 

[ 6 ] 

00 r ul 2 1 

(u fe T b |u a T a ) = J^exp “TaTT( rfe-r “) J2 Y i™( n b) Y * m ( u a), (8.247) 

1=0 L Z1V1 r J in 

with 

L 2 = 1(1 + D — 2), (8.248) 

which are precisely the eigenvalues of the squared angular momentum operator of 
Schrodinger quantum mechanics. For D — 3 and D — 4, the amplitude (8.247) 
coincides with the more specific representations (8.161) and (8.162), if is replaced 
by L 2 . 

Finally, let us emphasize that in contrast to the amplitude (8.158) near the 
surface of the sphere, the normalization of the amplitude (8.247) on the sphere is 

J d D ~ l n b (u fe T b |u a T a ) = 1. (8.249) 

This follows from the integral 

I d D_1 u 6 ^y) m (u fc )F / ^(u a ) = Sio j d D - { u b l'oo(u b )y' 0 o(u a ) 

= S i0 j d^Uf, 1/S D = Siq. (8.250) 


This is in contrast to the amplitude near the surface which satisfies 

J d D_1 u b (u b r b |u a r a ) = exp ~ ^ 2 2 ^ 2 - —(n-T a ) . (8.251) 

We end this section with the following observation. In the continuum, the Eu¬ 
clidean path integral on the surface of a sphere can be rewritten as a path integral 
in flat space with an auxiliary path integral over a Lagrange multiplier A(r) in the 
form 16 


/ ioc r 

/ V 2 x(t) 
-ioo J 


PA(t) 

2mh 


exp 







(8.252) 


A naive time slicing of this expression would not yield the correct energy spectrum 
on the sphere. The slicing would lead to the product of integrals 


(\i b t b | u a t Q 


2mh/e 


(8.253) 


16 The field-theoretic generalization of this path integral, in which r is replaced by a d-dimensional 
spatial vector x, is known as the 0(D )-symmetric nonlinear cr-model in d, dimensions. In statistical 
mechanics it corresponds to the well-studied classical 0(D) Heisenberg model in d dimensions. 
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with u = x/|x| and the time-sliced action 

N+l [ TUT \ 

A N = E [f (Xn - x n _i) 2 + e^(x 2 - r 2 ) . (8.254) 

Integrating out the A n ’s would produce precisely the expression (8.151) with the 
action (8.152) near the surface of the sphere. The h-functions arising from the Arc- 
integrations would force only the intermediate positions x re to lie on the sphere; the 
sliced kinetic terms, however, would not correspond to the geodesic distance. Also, 
the measure of path integration would be wrong. 


8.10 Path Integrals on Group Spaces 

In Section 8.3, we have observed that the surface of a sphere in four dimensions 
is equivalent to the covering group of rotations in three dimensions, i.e., with the 
group SU(2). Since we have learned how to write down an exactly solvable time- 
sliced path integral near and on the surface of the sphere, the equivalence opens up 
the possibility of performing path integrals for the motion of a mechanical system 
near and on the group space of SU(2). The most important system to which the 
path integral on the group space of SU(2) can be applied is the spinning top, whose 
Schrodinger quantum mechanics was discussed in Section 1.15. Exploiting the above 
equivalence we are able to describe the same quantum mechanics in terms of path 
integrals. The theory to be developed for this particular system will, after a suitable 
generalization, be applicable to systems whose dynamics evolves on any group space. 


First, we discuss the path integral near the group space using the exact result 
of the path integral near the surface of the sphere in four dimensions. The crucial 
observation is the following: The time-sliced action near the surface 

A = —r 2 E ( u « - u n _i) =- E ( x _ cos Adrc) (8.255) 

n= 1 6 n=1 

can be rewritten in terms of the group elements g(ip,9, 7 ) defined in Eq. (8.123) as 

M N+1 r 1 1 

A N = — r 2 E !- v tT (9n9n-i) » (8.256) 

6 n =1 L Z J 

with the obvious notation 

Qn Q^SPni 9ni 'In)- (8.257) 

This follows after using the explicit matrix form for g, which reads 


9{<P,0, l) 


exp(f<^(T 3 / 2 ) exp(?'dcr 2 /2) exp(i7<73/2) 

I e iv /2 o \f cos( 6 l / 2 ) sin( 0 / 2 ) 

y 0 e ~ l,f A ) y — sin( 0 / 2 ) cos( 0 / 2 ) 


(8.258) 

e n / 2 o \ 

0 J ' 
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After a little algebra we find 

l 

-tr {g n g~\) = cos(0 n /2) cos(0„_i/2) cos[(<^ n - x + 7 „ - 7 n _i)/ 2 ] 

+ sin(0 n /2) sin(0 n _i/2) cos[(^ n - i - 7 n + 7n-i)/2], 

(8.259) 

just as in (8.129). The invariant group integration measure is usually defined to be 
normalized to unity, i.e., 

/ I /*7T r27T rA7T ^ /“ 

dg = / / / dOsmddtpd'y = —- / d 3 u = 1. (8.260) 

167T- jo jo jo 27t- j 

We shall renormalize the time evolution amplitude (u;,77|u a T a ) near the surface of 
the four-dimensional sphere accordingly, making it a properly normalized amplitude 
for the corresponding group elements ( gb T b\g a Ta )• Thus we define 

(u b r b |u a r a ) = ^( gbTb\g a r a )• (8.261) 

The path integral (8.151) then turns into the following path integral for the motion 
near the group space [compare also (8.204)]: 


(gbn\g a r a 


2i r 2 


N 

n 


\j2nhe/Mr 2 n= i ^ ^2nhe/Ad r 2 


27 t 2 dg n 


exp ( --A n 
n 


(8.262) 


Let us integrate this expression within the group space language. For this we expand 
the exponential as in (8.131): 


Mr 


2 r 


exp 


Tie 


Mg n g n -i 


OO / I 1 

= J2Mh)^-T-C! 1 \c°sAd n ) 

1=0 Z7r 


(8.263) 


oo 7 I i V 2 

= Y.^ h )MAT Y :D mim 2 (^n,0n,7n)^im 2 (^n-l,0n-l,7n-l) 


2t r 2 

1=0 mi,m2=—l/2 


In general terms, the right-hand side corresponds to the well-known character ex¬ 
pansion for the group SU(2): 


exp 


-tr(g n g n \) 


1 OO 

-£((+i 

n 1=0 


(8.264) 


Here x^ 2 (g) are the so-called characters, the traces of the representation matrices 
of the group element g, i.e., 


x m) (g) = &J 2 M- 


(8.265) 
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The relation between the two expansions is obvious if we use the representation 
properties of the T ) ^ mo functions and their unitarity to write 

X (,/2 Wi.) = 1)- (8.266) 


This leads directly to (8.263) [see also the footnote to (8.128)]. Having done the 
character expansion in each time slice, the intermediate group integrations can all 
be performed using the orthogonality relations of group characters 

J dgx {L \gig~ l )x {L '\g92 l ) = (8.267) 

The result of the integrations is, of course, the same amplitude as before in (8.162): 


{gbT b \g a T a ) = 


1=0 


TiU 


2 Mr 2 


(n - T a ) 


(8.268) 


1/2 


x + 1) dDj nim2 ( y Lp n ,6 n ^ n )T> 1 / nirn2 ( K Lp n _i 1 6 n -i^ n -i). 


m\,rri 2 =—l /2 


Given this amplitude near the group space we can find the amplitude for the 
motion on the group space, by adding to the energy near the sphere E = ft 2 {(1/2 + 
l) 2 —1/4]/2 Mr 2 the correction A E = h 2 AL|/2Mr 2 associated with Eq. (8.229). For 
D — 4, = (//2)(//2+l)+3/4 has to be replaced by L 2 = L'l+AL'l = (Z/2)(Z/2+1), 

and the energy changes by 

3 f, 2 

A E = (8.269) 

8 M v ; 

Otherwise the amplitude is the same as in (8.268) [6]. 

Character expansions of the exponential of the type (8.264) and the orthogonality 
relation (8.267) are general properties of group representations. The above time- 
sliced path integral can therefore serve as a prototype for the quantum mechanics 
of other systems moving near or on more general group spaces than SU(2). 

Note that there is no problem in proceeding similarly with noncompact groups 
[7]. In this case we would start out with a treatment of the path integral near and on 
the surface of a hyperboloid rather than a sphere in four dimensions. The solution 
would correspond to the path integral near and on the group space of the covering 
group SU(1,1) of the Lorentz group 0(2,1). The main difference with respect to 
the above treatment would be the appearance of hyperbolic functions of the second 
Euler angle 6 rather than trigonometric functions. 

An important family of noncompact groups whose path integral can be obtained 
in this way are the Euclidean groups [8] consisting of rotations and translations. 
Their Lie algebra comprises the momentum operators p, whose representation on 
the spatial wave functions has the Schrodinger form p = —ih'V. Thus, the canonical 
commutation rules in a Euclidean space form part of the representation algebra 
of these groups. Within a Euclidean group, the separation of the path integral 
into a radial and an azimuthal part is an important tool in obtaining all group 
representations. 
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8.11 Path Integral of Spinning Top 

We are now also in a position to solve the time-sliced path integral of a spinning top 
by reducing it to the previous case of a particle moving on the group space SU(2). 
Only in one respect is the spinning top different: the equivalent “particle” does not 
move on the covering space SU(2) of the rotation group, but on the rotation group 
0(3) itself. The angular configurations with Euler angles 7 and 7 + 27T are physically 
indistinguishable. The physical states form a representation space of 0(3) and the 
time evolution amplitude must reflect this. The simplest possibility to incorporate 
the 0(3) topology is to add the two amplitudes leading from the initial configuration 
ip a , 6 a , 7 a to the two identical final ones cp b , 6b, 7 b and (p b , 6b, 7 b + 2vr. This yields the 
amplitude of the spinning top: 

i}Pb,6b, r )b tb\^Pb, 6b, 7b Ti)top (8.270) 

= (<Pb, 6 h , 7 b T b \(p b , 6 b , 7 6 T a ) + (<p b , 6 b , 76 + 2vr T b \<p b , 6 b , t 0 ). 

/ jo 

The sum eliminates all half-integer representation functions D r / m ,{d) in the expan¬ 
sion (8.268) of the amplitude. 

Instead of the sum we could have also formed another representation of the 
operation 7 — » 7 + 2n, the antisymmetric combination 

i^Pb,6 b , r ) b tb\'pb,6b,^ib Ta)fermionic (8.271) 

= (c Pb, 6 b , 7 b r b \(p b , 6 b , 7 b To) - (< Pb, 6 b , 7 b + 2n r b \ip b , 6 b , ^ b r a ). 

Here the expansion (8.268) retains only the half-integer angular momenta 1/2. As 
discussed in Chapter 7, half-integer angular momenta are associated with fermions 
such as electrons, protons, muons, and neutrinos. This is indicated by the subscript 
“fermionic”. In spite of this, the above amplitude cannot be used to describe a single 
fermion since this has only one fixed spin 1/2 , while (8.271) contains all possible 
fermionic spins at the same time. 

In principle, there is no problem in also treating the non-spherical top. In the 
formulation near the group space, the gradient term in the action, 

^ 1-^tr (g n 9n\) , (8.272) 

has to be separated into time-sliced versions of the different angular velocities. In 
the continuum these are defined by 

Ua = -itr i&ag -1 ), a = f, t 7 , C (8.273) 

The gradient term (8.272) has the symmetric continuum limit cWith the different 
moments of inertia the asymmetric sliced gradient term reads 

l ( r l i rf 

^ [k [! - 2 tr (^^n-l)J + I v[ 1 ~ 2 tT (SnCT V gn-l) 

+ k 1 - \to{9n<7z9n-t) } » (8.274) 
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rather than (8.272). The amplitude near the top is an appropriate generalization of 
(8.268). The calculation of the correction term A E, however, is more complicated 
than before and remains to be done, following the rules explained above. 

8.12 Path Integral of Spinning Particle 

The path integral of a particle on the surface of a sphere contains states of all 
integer angular momenta l = 1,2,3,... . The path integral on the group space 
SU(2) contains also all half-integer spins s — §, §,§,... . 

The question arises whether it is possible to set up a path integral which contains 
only a single spinning particle, for instance of spin s = 1/2. Thus we need a path 
integral which for each time slice spans precisely one irreducible representation space 
of the rotation group, consisting of the 2s + 1 states |sss) for S 3 = —s,..., s. In 
order to sum over paths, we must parametrize this space in terms of a continuous 
variable. This is possible by selecting a particular spin state, for example the state 
|ss) pointing in the z-clirection, and rotating it into an arbitrary direction u = 
(sin 9 cos 93 , sin 9 sin <p, cos 9) with the help of some rotation, for instance 

\9<p) = R s (9,ip)\ss) = e- iS ^e~ iS2d \ ss), (8.275) 

where S t are matrix generators of the rotation group of spin s, which satisfy the 
commutation rules of the generators L t in (1.414). The states (8.275) are nonabelian 
versions of the coherent states (7.343). They can be expanded into the 2s + 1 spin 
states ISS 3 ) as follows: 

1 0<P) = \ ss 3){ss 3 \R(9,(p)\ss) = Ns )e~ lS3ip d s S3S (9), (8.276) 

S 3 — S S3 = ~S 

where d J mm ,(9) are the representation matrices of e~ lS20 with angular momentum j 
given in Eq. (1.446). For s — 1/2, where the matrix d J mm , has the form (1.447), the 
states (8.276) are 


\0ip) = e^ / 2 cos0/2|H>-e~^ / 2 sin0/2|i - §). (8.277) 

At this point it is useful to introduce the so-called monopole spherical harmonics 
defined by 

V) = (8.278) 

Comparison with Eq. (8.125) shows that these are simply the ultra-spherical har¬ 
monics Yj m q (x) with vanishing third Euler angle 7 . They satisfy the orthogonality 
relation 

J 1 dc ° s9 j Q d Y Y mq( 9 i V) Y m'q( 9 , <P) = , 


(8.279) 
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and the completeness relation 

E r,(0V) = Hcose - c OS o')s( v - <p'). 


(8.280) 


3,m 


We define now the covariant looking states 

l u ) = IM = \ SS 3 ) Y na( d ><P)> 


An 


(8.281) 


S3 = -S 


and write the angular integral as an integral over the surface of the unit sphere: 

/ I r r r 

dcosO j dtp — J d 3 uS( u 2 — 1) = J du. (8.282) 

From (8.279) we deduce that the states |u) are complete in the space of spin-s states: 
/ du|u)(u| = ^ l ss s) / dcosO / dtpY‘* s {e,tp)Y^ {e,tp){ss' z \ 

J s 3 = -ss' 3 = -s j ~ 1 J0 

s 

= Y, <5S 3 | = I s - (8.283) 


S3 = — S 


The states are not orthogonal, however. Writing Yf (0,tp) as F^ s (u), we see that 


u|u') = E E U‘„(u)(»»3k4)U;,(u')= E 4*,»O u ')- (8-284) 


S 3 — — S s' 3 = — S 


S3 = -S 


The right-hand side can be calculated as follows: 

2 j + 1 


i0S2 c i<pS 3c -iv'S 3c -i6'S 2 \ cc \ _ 2j ' + 1 / cc \ c -isAS 3 „-i/3S 2 


(ss\e Mb2 e^ b3 e~ lip b2 \ss) = 

An x 1 ' An 


ss) 


+ 1 ,-zsAS?. js ( Q\ + l c -isAS 3 ( l + U ' U '\ 


47T 




An 


(8.285) 


where f3 is the angle between u and u', and A(u, u', z) is the area of the spherical 
triangle on the unit sphere formed by the three points in the argument. For a radius 
R, the area is equal to R 2 time the angular excess E of the triangle, defined as the 
amount by which the sum of the angles in the triangle is larger that n. An explicit 
formula for E is the spherical generalization of Heron’s formula for the area A of a 
triangle [9]: 

A = zjs(s — a)(s — b)(s — c), s — (a + b + c)/2 = semiperimeter. (8.286) 
The angular excess on a sphere is 


E 

tan — = 
4 



(8.287) 
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where 0 O , 4>b, <Pc are the angular lengths of the sides of the triangle and 

<Ps — ((pa + (pb + (pc )/2 

is the angular semiperimeter on the sphere. 

We can now set up a path integral for the scalar product (8.285): 


(8.288) 


(u 6 |u a ) = 


N 


II J du r 

Ln=l J 


(u 6 |u A r)(u A r|u 7 V _i)(u Ar _ 1 | • • • |u 1 )(u 1 |u a ). 


(8.289) 


For large N, the intermediate u n -vectors will all lie close to their neighbors and we 
can write approximately 


u. 


|u n _i); 


2S + 1 JAAr, 

4vr 


[1 + \M n 


U, 


Un-l)]' 


2g 1 iAA„+|u„(u n -u„-i) 

4vr 


(8.290) 


Let us take this expression to the continuum limit. We introduce a time parameter 
labeling the chain of u n - vectors by t n = ne, and find the small-e approximation 


2s + 1 
4:71 


exp 


ie s cos 9 ip — -e 2 ( 6 2 + siiT 9 gp 


•2 



(8.291) 


The first term is obtained from the scalar product 


(9 ip\id t \9 ip) 


(ss | e iS2e e iS ^id t e- iS ^e~ iS2e \ ss) 

(ss\e iS2d e iS ^ ( pS 3 e- iS3ip e- iS2d + e~ iS ^9S 2 e~ iS2e ) \ss) 

(ss| (cos^^s — sin^i) 0 + ^S^ss) = s cos 9(p. (8.292) 


This result is actually not completely correct. The reason is that the angular vari¬ 
ables in the states (8.275) are cyclic variables. For integer spins, 9 and ip are cyclic 
in 2n, for half-integer spins in 47T. Thus there can be jumps by 2n or 47T in these 
angles which do not change the states (8.275). In writing down the approximation 
(8.291) we must assume that we are at a safe distances from such singularities. If 
we get close to them, we must change the direction of the quantization axis. 

Keeping this in mind we can express the scalar product in the limit e —> 0 by 
the path integral 

(u 6 |u a ) = J Vu e* -C dtlhscos6 *, (8.293) 

where / T> u is defined by the limit IV — y oo of the product of integrals 


/ 


Vu = 


lim 

TV—>• oo 


2s + 1 
4n 



(8.294) 


The path integral fixes the Hilbert space of the spin theory. It is the analog of the 
zero-Hamiltonian path integral in Eqs. (2.17) and (2.18). Comparing (8.293) with 
(2.18), we see that sh cos 9 plays the role of a canonically conjugate momentum of 
the variable ip. 
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For a specific spin dynamics we must add, as in (2.15), a Hamiltonian H(cos9, ip), 
and arrive at the general path integral representation for the time evolution ampli¬ 
tude of a spinning particle [10] 

(u b t b \u a t a ) = I Du e l & dt [ nscose v- H (0’V)]/fr' (8.295) 

The above path integral has a remarkable property which is worth emphasizing. 
For half-integer spins s = §, it is able to describe the physics of a fermion in 

terms of a held theory involving a unit vector held u which describes the direction 
of the spin state: 

(u|S|u) = {ss\R~ 1 (9, p)SR(9, <^)|ss) = Rij(9,ip)(ss\Sj\ss) = su. (8.296) 

This follows from the vector property of the spin matrices S. The matrices R %J (9, <p) 
are the defining 3x3 matrices of the rotation group (the so-called adjoint represen¬ 
tation). Thus we describe a fermion in terms of a Bose held. 

The above path integral is only the simplest illustration for a more general phe¬ 
nomenon. In 1961, Skyrme pointed out that a certain held conhguration of pions is 
capable of behaving in many respects like a nucleon [11], in particular its fermionic 
properties. 

In two dimensions, Bose held theories are even more powerful and can describe 
particles with any commutation rule, called anyons in Section 7.5. This will be 
shown in Chapter 16. 

In Chapter 10 we shall see that the action in (8.293) can be interpreted as 
the action of a particle of charge e on the surface of the unit sphere whose center 
contains a fictitious magnetic monopole of charge g = —Antics/e. The associated 
vector potential A^(u) will be given in Eq. (10A.59). Coupling this minimally to 
a particle of charge e as in Eq. (2.635) on the surface of the sphere yields the action 

Ao — - [ A*" 9 -’ (u) • u = hs f dt cos 9 dp , (8.297) 

C Jt a Jt a 

where the magnetic hux is supplied to the monopole by two infinitesimally thin flux 
tubes, the famous Dirac strings , one from below and one from above. The held 
A (-s ) in (8.297) is the average of the two expressions in (10A.61) for g = —Anticsje. 
We can easily change the supply line to a single string from above, by choosing the 
states 

1 9ip)' = R{9,<p)\ss) = e- iS3V e~ iS2d e iS3ifi \ss) = \9p)e iSip , (8.298) 

rather than | dip) of Eq. (8.275) for the construction of the path integral. The physics 
is the same since the string is an artifact of the choice of the quantization axis. 

In terms of Cartesian coordinates, the action (8.297) with a hux supplied from 
the north pole can also be expressed in terms of the vector u (t) as [compare (10A.59)] 

A 0 = hs [ dt u (t) _ uft). (8.299) 

J 1 u z [t) 
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This expression is singular on the north pole of the unit sphere. The singularity can 
be rotated into an arbitrary direction n, leading to 


Ao = hs 


dt 


n x u(t) 

1 — n • u (t) 




(8.300) 


If u gets close to n we must change the direction of n. The action (8.300) is referred 
to as Wess-Zumino action. 

In Chapter 10 we shall also calculate the curl of the vector potential A*A of a 
monopole of magnetic charge g and find the radial magnetic field accompanied by a 
singular string contribution along the direction n of flux supply [compare (10A.54)]: 


B (9) = V x A (ff) = 


■Q POO 

g -— t — Aug / dsh<r 3) (u — sn), 
u Jo 


(8.301) 


The singular contribution is an artifact of the description of the magnetic field. The 
line from zero to infinity is called a Dirac string. Since the magnetic field has no 
divergence, the magnetic flux emerging at the origin of the sphere must be imported 
from somewhere at infinity. In the field (8.302) the field is imported along the 
straight line in the direction u. Indeed, we can easily check that the divergence of 
(8.302) is zero. 

For a closed orbit, the interaction (8.297) can be rewritten by Stokes’ theorem 
as 


Ao = - [ dtA^\t) • u(t) = - [ dS ■ [V x A (9) 


= - J dS • B (9) , (8.302) 

where / dS runs over the surface enclosed by the orbit. This surface may or may 
not contain the Dirac string of the monopole, in which case Ao differ by Ange/c. A 
path integral over closed orbits of the spinning particle 


Z QM = fdue i(Ao+A)/h , 


(8.303) 


is therefore invariant under changes of the position of the Dirac string if the monopole 
charge g satisfies the Dirac charge quantization condition 

ge_ 

he 


= s , 


(8.304) 


with s = half-integer or integer. 

Dirac was the first to realize that as a consequence of quantum mechanics, an 
electrically charged particle whose charge satisfies the quantization condition (8.304) 
sees only the radial monopole field in (8.302), not the field in the string. The string 
can run along any line L without being detectable. This led him to conjecture that 
there could exist magnetic monopoles of a specific g, which would explain that all 
charges in nature are integer multiples of the electron charge [16]. More on this 
subject will be discussed in Section 16.2. 

In Chapter 10 we shall learn how to define a monopole held A^ which is free 
of the artificial string singularity [see Eq. (10A.58)]. With the new definition, the 
divergence of B is a 4-fu n ction at the origin: 


V x B(u) = Aug <5 (3) (u). 


(8.305) 
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8.13 Berry Phase 


This phenomenon has a simple physical basis which can be explained most clearly by 
means of the following gedanken experiment. Consider a thin rod whose dynamics 
is described by a unit vector field u(f) with an action 


.4 = 


M 

T 


dt 


n 2 (t)-V(u 2 (t)) 


u 2 (t) ee 1, 


(8.306) 


where u (t) is a unit vector along the rod. This is the same Lagrangian as for a 
particle on a sphere as in (8.147) (recall p. 746). 

Let us suppose that the thin rod is a solenoid carrying a strong magnetic field, 
and containing at its center a particle of spin s = 1/2. Then (8.306) is extended by 
the action [13] 

Ao — j dttp*(t) [ihd t + 711 (f) • <t] (8.307) 

where a 1 are the Pauli spin matrices (1.448). For large coupling strength 7 and 
sufficiently slow rotations of the solenoid, the direction of the fermion spin will 
always be in the ground state of the magnetic field, i.e., its direction will follow the 
direction of the solenoid adiabatically, pointing always along u(£). If we parametrize 
u (t) in terms of spherical angles 0(t),(f>(t) as n = (sin 6 cos 0, sin 9 sin </>, cos 9), the 
associated wave function satisfies u(f) • cr-?/(u(f)) = (l/2)?/>(u(f)), and reads 


V>(u(f)) 


e -i4>(t)/2 cos 0(7)/2 \ 

e ^*)/ 2 sin 0 (t )/2 J ' 


(8.308) 


Inserting this into (8.307) we obtain [compare (8.292)] 

. 4.0 = J dt ^(u(t)) ifid t i/;(u(t)) = h- cos9(t) <j>(t) = h/3(t). (8.309) 


The action coincides with the previous expression (8.297). The angle /3(t) is called 
Berry phase [14], 

In this simple model it is obvious why the bosonic theory of the solenoid behaves 
like a spin-1/2 particle: It simply inherits the physical properties of the enslaved 
spinor. 

The reason why it is a monopole field that causes the spin-1/2 behavior will 
become clear in another way in Section 14.6. There we shall solve the path integral 
of a charged particle in a monopolc field and show that it behaves like a fermion if 
its charge e and the monopole charge g have half-integer products q = eg/he. 


8.14 Spin Precession 

The Wess-Zumino action Aq adds an interesting kinetic term to the equation of 
motion of a solenoid. Extremizing Ao + A yields 

M (u + u 2 u^ =-d u V(u) - j^A 0 . (8.310) 
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The functional derivative of is most easily calculated starting from the general 
expression in (8.297) 


5 


SUi(t) Jt a 


h J dt A (s) • u = h (duA^rij - dtA^ = h (d^A^ - d Uj A\ 9) ^ u 0 


= h 


(V x A (9) ) x u 


(8.311) 


Inserting here the curl of Eq. (8.302), while staying safely away from the singularity, 
the last term in (8.310) becomes hgu x u, and the equation of motion (8.310) turns 
into 

M (ii + u 2 u) = —d u V (u) — hg u x u. (8.312) 

Multiplying this vectorially by u(f) we find [15, 16] 


Mu x ii = —u x d u V (u) — hg 


u u • u — U U' 


(8.313) 


Since u 2 = 1 , this reduces to 


Mu x ii — hgu = — u x <9 u E(u(t)). (8.314) 

If M is small we obtain for a particle of spin s, where g = —s, the so-called Landau- 
Lifshitz equation [17, 18] 

hs u = — u x <9 u E(u). (8.315) 

This is a useful equation for studying magnetization fields in ferromagnetic materials. 

The interaction energy of a spinning particle with an external magnetic field has 
the general form 

Hint = -M. B, p, = —yS, (8.316) 

where p is the magnetic moment, S the vector of spin matrices, and 7 the gyromag- 
netic ratio. 

Since u is the direction vector of the spin, we may identify the magnetic moment 


of the spin s as 

p = jshu, 

(8.317) 

so that the interaction 

energy becomes 



H^t = -'jshu- B. 

(8.318) 

Inserting this for V (u) 

in (8.315) yields the equation of motion 



u = —7 B x u, 

(8.319) 


showing a rate of precession O = — 7 B. 

For comparison we recall the derivation of this result in the conventional way 
from the Heisenberg equation of motion (1.272): 

HS=i[H,S]. 


(8.320) 
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Inserting for H the interaction energy (8.316) and using the commutation relations 
(1.414) of the rotation group for the spin matrices S, this yields the Heisenberg 
equation for spin precession 

S = —7 B x S, (8.321) 

in agreement with the Landau-Lifshitz equation (8.315). This shows that the Wess- 
Zumino term in the action Ao + A has the ability to render quantum equations of 
motion from a classical action. This allows us, in particular, to mimic systems of half¬ 
integer spins, which are fermions, with a theory containing only a bosonic directional 
vector field u(f). This has important applications in statistical mechanics where 
models of interacting quantum spins for ferro- and antiferromagnets a la Heisenberg 
can be studied by applying field theoretic methods to vector field theories. 
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Tollimur in caelum curvato gurgite, et idem 
subducta ad manes imos descendimus unda 

We are carried up to the heaven by the circling wave, 

and immediately the wave subsiding, we descend to the lowest depths 

Virgil (70 BC- 19 BC), Aeneid, 3, 564 
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Wave Functions 


The fundamental quantity obtained by solving a path integral is the time evolution 
amplitude or propagator of a system (x. b t b \x a t a ). In Schrodinger quantum mechanics, 
on the other hand, one has direct access on the energy spectrum and the wave 
functions of a system [see (1.94)]. This chapter will explain how to extract this 
information from the time evolution amplitude (x b t b \x. a t a ). The crucial quantity 
for this purpose the Fourier transform of (x. b t b \x a t a \ the fixed-energy amplitude 
introduced in Eq. (1.317): 

p oo 

(x b |x a ) E = / dt b exp{iE(t b -t a )/h}(x b t b \x b t a ), (9.1) 

Jt a 


which contains as much information on the system as (xbtb|x a f a ), and gives, in 
particular, a direct access to the energy spectrum and the wave functions of the 
system. This is done via the the spectral decomposition (1.325). 

Alternatively, we can work with the causal propagator at imaginary time, 


(x fe r fe |x a r a ) = J ■ 


d u p 


■ exp 


S p(xs - - in (n - T ‘ ] 


(2nh) D 

and calculate the fixed-energy amplitude by the Laplace transformation 

POO 

(x fe |x a )£ = ~i dr b exp {E(r b - r a )/h} (x 6 T 6 |x 6 r a ). 

Jr a 


(9.2) 


(9.3) 


9.1 Free Particle in D Dimensions 


For a free particle in D dimensions, the fixed-energy amplitude was calculated in 
Eqs. (1.348) and (1.355). It will be instructive to rederive the same result once more 
using the development in Section 8.5.1. Here we start directly from the spectral 
representation (1.325), which for a free particle takes the explicit form Eq. (1.344): 



d ° k c »k(x t -x o) ih 

(2n) D E — h 2 \£ 2 /2Ad + irj 


(9.4) 
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The momentum integral can now be done as follows. The exponential function 
exp (ikR) is written as exp (ikR cos d ), where R is the distance vector x& — x a and 
d the angle between k and R. Then we use formula (8.100) with the coefficients 
(8.101) and the hyperspherical harmonics Yj m (x) of Eq. (8.126) and expand 

e* kR = y 0 ,{ikR)Y. r im (k)r,L(R). (9.5) 

1=0 rn 

The integral over k follows now directly from the decomposition into size and di¬ 
rection d D k = d.kdk , and the orthogonality property (8.115) of the hyperspherical 
harmonics, according to which 

J dkY lm (k) =5 l0 5 m0 ^ (9.6) 

with Sp of Eq. (1.558). Since l'oo(x) = 1 /'/Rd, we obtain 

9 Mj roo 1 

(x b |x a ) £ = l dkk^-^-^doiikR), (9.7) 

where 

k = y/-2 ME/h 2 , (9.8) 

as in (1.346). Inserting a 0 (ikR ) from (8.101), 

a 0 (ikR) = (2n) D /‘ 2 J D/ 2-i(kR)/(kR) D / 2 ~ 1 , (9.9) 

we find 

2 Mi r°° 1 

(x 6 |x a ) g = - ^D/ 2 Rl ~ D 2 1 d kk Dl2 ^R^ J D/ 2 -i(kR). (9.10) 

The integral 

roo Uv+l 

i dk jvT^ Mkb) = ¥rFTT) h ^ (ab) (9 ' n) 

yields once more the fixed-energy amplitude (1.347). 

In two dimensions, the amplitude (1.347) becomes [recall (1.350)] 

(x 6 |x a ) E = -^K 0 (K\x b - x a |). (9.12) 

7TO 

It can be decomposed into partial waves by inserting 

|x fe - x a | = \Jr'l + r\ - 2 r a r b cos ((p b - (p a ). (9.13) 

Then a well-known addition theorem for Bessel functions yields the expansion 

OO 

A^|x 6 -x a |) = £ /m(«r < )AT m (/cr > )e <m ^-^>, 


m =—oo 


(9.14) 
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where r< and r> are the smaller and larger values of r a and r*,, respectively. Hence 
the fixed-energy amplitude turns into 

(X 6 |x a ) s = (9.15) 

n m 2n 

This is an analytic function in the complex E- plane. The parameter k is real for 
E < 0. For E > 0, the square root (9.8) allows for two imaginary solutions, 
= e T ' l7T '' 2 k = e T! ^V2M17 /h, so that the amplitude has a right-hand cut. Its 
discontinuity specifies the continuum of free-particle states. On top of the cut, we 
use the analytic continuation formulas (valid for —7 t/2 < arg z < n) 1 

K^e~™ /2 z) = i^e^ /2 H^ (z), (9.16) 

to find the fixed-energy amplitude above the cut 

(x t |x„) B+j , = ^ E (917) 

h m In 

The reflection properties 2 

Me^z) = e"%( 2 ) (9.18) 

yield the amplitude below the cut 

(xi,| Xa )B-i, = ~ E -Ukr^HiUkr^e^-^. (9,19) 

h m In 

The discontinuity across the cut follows from the relation 

JA*) = \[HtXz) + H«Xzj\ (9.20) 

and reads 

O 7 \/T CXD I 

disc (x 6 |x a ) E = —-— E Jm(kr b )J m (kr a )—e irn ^ b ~‘ Pb) . (9.21) 

n m =-oo 2lT 

According to (1.330), the integral over the discontinuity yields the completeness 
relation 

/ °o dE 

——disc (x b |x a )£ 

-oo Znri 

/ OO j-] L 1 O/tt- l\/f OO | 

n~n- — 7 — E Jrn(kr b )J m (kr a )—e im ^-^ = 6(x b -x a ). (9.22) 

-oo 2 nn n m= _ oc 2 n 

1 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formulas 8.406.1 and 8.407.1. 

2 ibid., Formulas 8.476.1 and 8.476.8. 
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After replacing the energy integral by a fc-integral, 

r°° dE 27 tM r°° 


we can also write 
r°° dE 


/—oo 2nh 


disc (x 6 |x a ) B = 


— OO 2 ttH h Jo 
d 2 k 


dkk , 


(9.23) 


1 POO 

ik(x 6 -x a ) = / _ Xa |) 

(27r) z 27 t Jo 

1 .v 


r°° , x 

= 5 ; / dkkJ m {kr b )J m {kr a )—e^~^ 

m=—oo Jo 271 

= J— d( r b ~ r a )5(ip b - (pa). (9.24) 

The last two lines exhibit the well-known completeness relation of the radial wave 
functions of a free particle. 3 

9.2 Harmonic Oscillator in D Dimensions 

The wave functions of the one-dimensional harmonic oscillator have already been 
derived in Section 2.6 from a spectral decomposition of the time evolution ampli¬ 
tude. This was possible with the help of Mchlcr’s formula. In D dimensions, the 
fixed-energy amplitude is the best starting point for determining the wave functions. 
We take the radial propagator (8.142) obtained from the angular momentum decom¬ 
position (8.141) or, for the sake of greater generality, the radial amplitude (8.144) 
with an additional centrifugal barrier, continue it to imaginary time r = it, and go 
over to its Laplace transform 


(n\r a )E,i = ~i\J Mu /hy / Mur b r a /% [ dr b e E(rb Ta),n 

■ J T n . 


1 


T a 

xe“it !coth [“( I v T «)]( r h r «)/ 


sin[o;(r b - T a ) 


M <jjr b r a 


hsmh[u(r b - r a ) 


(9.25) 


To evaluate the r-integral we make use of a standard integral formula for Bessel 
functions 4 

POO 

/ dx[ coth(x/2)] v e~ i9coshx ,/,,(« sinh x) 


T((l + n)/2 — v) 


W"A /j/2 (V« 2 + /5 2 + P) M_^ /2 (Va 2 + /3 2 - /?) , (9.26) 


OT (y(i T 1) 

where W v ^/ 2 [z), M_ ull / 2 (z) are the Whittaker functions. The formula is valid for 

Re/3 > |Re ck|, Re (n/2 — v) > — 


3 Compare with Eqs. (3.112) and (3.139) in J.D. Jackson, Classical Electrodynamics , John Wiley 
& Sons, New York, 1975. 

4 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 6.669.1. 
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By a change of variables 


\ju 2 + /3 2 ± /3 = ta b>a , 


and 


with 


sinh x = (sinh y) , cosh a: = cothy, coth(a;/2) = e v , cothrc = coshy, 


dx = dy/ sinhy, 


Eq. (9.26) goes over into 
dy 


L sinh ^ 6XP \~^ ab ~ cotl1 ^] W 


I o sinhy 

T ((1 + y )/2 — u ) 

t\J T 1) 


■\Joi b oi a 
sinh y 

2 (tCXb^Ad— v^n/2 ( t&a) • 


Using the identity 


and changing the sign of a a in (9.27), this can be turned into 


POO j 

/ —r— e 2uy exp \—\t(a b + ot a ) cothy] 
Jo smh v 


I o sinh y 


\ sinhy 


T ((1 + y)/2 — v) 

t \f oyoyT (F + 1) 


bb^,/i/2 2 (tOLa) i 


with the range of validity 


Setting 


a b > OL a > 0, Re [(1 + yu)/2 — v] > 0, 
Ret > 0, |argf| < n. 


M 2 Mu 2 

y = u(t b -t a ), a b = —ur b , a a =—j—r a , v = E/2uh 


in (9.29) brings the radial amplitude (9.25) to the form (valid for r b > r a 


(r b \r a ) E ,i = -i 


.1 i r((i + /i)/2-z/) 


W r(//+ 1 ) 

The Gamma function has poles at 

u = v r = (1 + /i)/2 + n. 


(9.27) 

(9.28) 


(9.29) 


(9.30) 

(9.31) 


(Mu 9 \ „ r f Mu 9 \ . . 

W / v / ,/2 u j A 4, /t /2 r aJ • (9-32) 


(9.33) 


for integer values of the so-called radial quantum number of the system n r = 
0,1,2,... . The poles have the form 


T ((1 + fx)/2 — v) 


(_l)n r x 


n r ! u — u r 


(9.34) 
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Inserting here the particular value of the parameter /j for the D-dimensional oscilla- 


tor which is /i = D/2 + 1 — 1, and remembering that v 
spectrum 

= E/2uh, we find the energy 

E = kin (2 n r + l + D/2). 

(9.35) 

The principal quantum number is defined by 


n = 2 n r + l 

(9.36) 

and the energy depends on it as follows: 


E n = huj/n + D/2). 

(9.37) 


For a fixed principal quantum number n = 2n r + /, the angular momentum runs 
through / = 0, 2,..., n for even, and l — 1, 3,..., n for odd n. There are d n = (■ n + 
D — 1)\/(D — l)!n! degenerate levels. From the residues 1 /{v — v r ) ~ 2 hco/(E — E n ), 
we extract the product of radial wave functions at given n r , l: 


Rn r l{j'b) Rnrlij" cl) 


2(—l) r 


y/r b r a V(n + l)n r ! 


(9.38) 


x W {1+tl)/2+nr E(Mujr b 2 /h)M {1+ ^ /2+nr »(Mur a 2 /h). 


It is now convenient to express the Whittaker functions in terms of the confluent 
hypergeometric or Kummer functions: 5 


W {1+fl)/2+nr4 (z) = e- z / 2 z^ 2 U(-n r ,l + ^,z), (9.39) 

M il+li)/2+nr z{z) = e~ z / 2 z^ 2 M(-n r ,l + fi,z). (9.40) 

The latter equation follows from the relation 

M_ (1+/i)/2 _ nr e(z) = e~ z/2 z {1+fl)/2 M(l + /i + n r , 1 + fi, z), (9.41) 

after replacing n r —n r — fi — 1. 

For completeness, we also mention the identity 

M (a, b, z) = e z M ( b — a, b, —z) , (9.42) 

so that 

M(1 + n + n r , 1 + fi,z) — e z M(—n r , 1 + fi, —z). (9.43) 

This permits us to rewrite (9.41) as 

M_ (1+M)/2 _ nr j(z) = e z ^ 2 z^ 2 M(-n r , 1 + //, -z), (9.44) 


which turns into (9.40) by using (9.28) and appropriately changing the indices. 
5 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 9.220.2. 
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The Kummer function M(a, b, z ) has the power series 

M(a,b,z ) = i Fi(a;6;z) = 1 + ^ ^ q + ■ ••> ( 9 - 45 ) 

showing that M( 1+/1 y 2 +n r ,%(MuJ r a 2 /2h) is an exponential e~ Mujr °-/ h times a poly¬ 
nomial in r a of order 2 n r . A similar expression is obtained for the other factor 
W(i +t A/ 2 +n r ,£(Mu) r b 2 /h) of Eq. (9.39). Indeed, the Kummer function U(a,b,z ) is 
related to M(a, b, z) by 6 


U(a, b , z) = 


71 


sin Tib 


M (a, b, z) 


T(1 + a - b)T(b) 


— z 


i_ b M( 1 + a - b,2 - b, z) 
T(a)T(2 - b) 


(9.46) 


Since a = —n r with integer n r and 1/T(a) = 0, we see that only the first term in 
the brackets is present. Then the identity 


T(— /i)T(l + n) — t i/ sin[7r(l + /x)] 


leads to the relation 


U(-n r , 1 + /x, z) = ^ M(-n r ,l +/x, z), 

T(-n r - /x) 

which is a polynomial in z of order n r . Thus we have the useful formula 


W(l+/z)/2+n r ,f (^&)-^(l+/i)/2+n r ,f ( z a) — p7 


F-v) 


?-(zb+Za )/2 


-n r — n) 

x(z b z a ) {1+ ^ )/2 M(—n r , 1 + 11, z b )M(-n r , 1 + /x, z a ). 


We can therefore re-express Eq. (9.38) as 


Rn r l(Tb) Rnrlifa) 


I Mu 2(—) n, T(—/x) 


We now insert 


U T(-n r - /x)T(l + n) n r \ 
Xe -Mu{rl+rl)/2K ( Mojrb r a /hf '^ 

xM(—n r , 1 + /x, Murl/h)M(—n r , 1 + /x, Mur 2 /Ti). 
(—) fir T(—/x) T(n r + 1 + /x) 


T(-n r —/x) T(l + /x) 

setting y = D/2 + l — 1, and identify the wave functions as 

RnAr) = C nrl (Mu/ny/^Muryny/ 2 ^ 0 -^ 4 

Xe -M W rV2R M (-n r , l + D/2, Muir 2 /%), 


(9.47) 


(9.48) 


(9.49) 


(9.50) 


(9.51) 


6 M. Abramowitz and I. Stegun, Handbook of Mathematical Functions, Dover, New York, 1965, 
Formula 13.1.3. 
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with the normalization factor 


C nr i — 


V2 I (n r + n)\ 


r(l + /i) V n r \ 

By introducing the Laguerre polynomials ' 

K( z ) = ^-r7^M(-n,/z + l,2)> 


(9.52) 


n\fi\ 


and using the integral formula 8 


dze~ z z' i I£(z)L* l (z) = S n 


(n + n)\ 


n\ 


(9.53) 


(9.54) 


we find that the radial wave functions satisfy the orthonormality relation 

poo 

J drR nr i(r)R n ’ r i(r) = S nrK . (9.55) 

The radial imaginary-time evolution amplitude has now the spectral representa¬ 
tion 

OO 

( nn\r a Ta)i = R n r i{rb)Rn r i(r a )e~ Eri ^ b ~ Ta)/n , 
n r =0 

with the energies 

E n = fiuj{n + D/2) = Tun (2 n r + l + D/2). 

The full causal propagator is given, as in (8.91), by 

^ OO 

(XfeT fe |x a T a ) = / \(D-l )/2 E( rbTb\r a Ta)l Ewwy. 

\ r b r a) K i = o m 

From this, we extract the wave functions 


(9.56) 


(9.57) 


(9.58) 


'4^n r lm{ x -) {D _ 1)/2 R nr l(r)Y lm W- 


(9.59) 


They have the threshold behavior r l near the origin. 

The one-dimensional oscillator may be viewed as a special case of these formulas. 
For D — 1, the partial wave expansion amounts to a separation into even and odd 
wave functions. There are two “spherical harmonics”, 

Y e , 0 (x) = ^=(0(ar) ± 0(-x)), (9.60) 

7 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 8.970 (our definition differs from that in 
L.D. Landau and E.M. Lifshitz, Quantum Mechanics, Pergamon, London, 1965, Eq. (d. 13). The 
relation is L{| = (-)**/(» + m)!^+ l /). 

8 ibid., Formula 7.414.3. 
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and the amplitude has the decomposition 

(■ x b r b \x a T a ) = (r b T b \r a T a ) e Y e (x b )Y e (x a ) + (r b T b \r a T a ) 0 Y 0 (x b )Y 0 (x a ), (9.61) 

with the “radial” amplitudes 

(r b Tb\r a Ta)e,0 = (x b T b \x a T a ) ± (~X b T b \x a T a ). (9.62) 

These are known from Eq. (2.177) to be 


(r b r b \r a T ( 


Mcu/h 


a Je,0 


sinh[o;(r fe - r a )] 
Mu 


x exp 


2 n 


(r b + r a ) cot u(r b -T a ) 


cosh 

sinh 


(9.63) 


(Mur b r a /h ). 


The two cases coincide with the integrand of (9.25) for l = 0 and 1, respectively, 
since fj, = l + D /2 — 1 takes the values ±1/2 and 



cosh^ , 

sinh 2 : . 


(9.64) 


The associated energy spectrum (9.35) is 


E 


Ttu(2n r + |) even, 
hu(2n r + |) odd, 


(9.65) 


with the radial quantum number n r = 0,1,2,... . The two cases follow the single 
formula 

E = hu(n + |), (9.66) 

where the principal quantum number n — 0 , 1 , 2 ,... is related to n r by n = 2 n r and 
n = 2 n r + 1, respectively. The radial wave functions (9.51) become 


RnrAr) = (Mu/h) l/A 
RnrA r ) = (Mu/h) 1/A 


\ 


2 T(n r + |) . 9 

v r 71 /rt „ 1 71 / r , 


im r \ 


-M(—n r , 5 , Mur 2 /h), 


2T(n r ± |) Mur 2 


M(—n r , f, Mur 2 / Ti). 


\ (7 t/4 )n r \ V h 
The special Kunnner functions appearing here are Hermite polynomials 


n\ 


M(-n,±,x 2 ) = —(-yH 2n (x), 


(2 n)\ 


M(—n, f, x 2 ) = 


ni 


(2n+ 1 )! 


1 H-2n+l(x)/2y/x. 


(9.67) 

(9.68) 


(9.69) 

(9.70) 
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Using the identity 

r(z)r(* + ±) = ( 27 r) 1 / 2 2 ~ 2 z+ 1 / 2 r( 2 z), (9.71) 

we obtain in either case the radial wave functions [to be compared with the one¬ 
dimensional wave functions (2.302)] 

R n (r) = N n V2\~ 1/2 e- r2 / 2X “H n (r/Xu), n = 0,1, 2,... (9.72) 


with 



N„ 



(9.73) 


This formula holds for both even and odd wave functions with n r = 2 n and n r = 
2n + 1, respectively. It is easy to check that they possess the correct normalization 
/ 0 °° drR 2 n (r) = 1. Note that the “spherical harmonics” (9.60) remove a factor \/2 
in (9.72), but compensate for this by extending the x > 0 integration to the entire 
x-axis by the “one-dimensional angular integration”. 


9.3 Free Particle from u: ->• 0 -Limit of Oscillator 

The results obtained for the D -dimensional harmonic oscillator in the last section can 
be used to find the amplitude and wave functions of a free particle in D dimensions 
in radial coordinates. This is done by taking the limit u —>• 0 at fixed energy E. 
In the amplitude (9.32) with W V4L / 2 (z), M VjJ / 2 (z) substituted according to (9.39), 
we rewrite n r as (E/uh — l — 1) /2 and go to the limit ui —> 0 at a fixed energy 
E. Replacing Mur 2 /Tt by k 2 r 2 /2n r = z/n r (where z = k 2 r 2 / 2, and using E = 
p 2 /2M—h 2 k 2 /2M), we apply the limiting formulas 9 


lim |T(1 — n r — b)U (—a, 6, = fz/n r )} 

n r —>• oo 



_ —1(6—1) f 2A b _ 1 (2y / i) 

\ — me mh H^i^y/z) (Im z > 0), 

(9.74) 


7 lta A/ (-a. 6. =F,K) /m = 

(9.75) 

and obtain the radial wave functions directly from (9.51) and (9.75): 


Rnrlir) 

^ C Url (Mur 2 /K) (U2+ 1 / 2 ) (k 2 r 2 /2) ^ T(1 + ir)J,(kr), 

(9.76) 

where 

n, —>oo / E \ 2 1 

CnA ^\ 2 hu) r(i + yu) ’ 

(9.77) 

Hence 

Rn r i(r) - — r X ^ 2 \jMu/hV2J^(kr). 

(9.78) 


9 M. Abramowitz and I. Stegun, op. cit., Formulas 13.3.1-13.3.4. 
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Inserting these wave functions into the radial time evolution amplitude 

{nn\r a T a )i = Y Rn r ii,n)Rnrii,n)e ~ En{Tb ~ Ta)/h , (9.79) 

n r 


and replacing the sum over n r by the integral / 0 °° dk hk/Mco [in accordance with 
the n r —» oo limit of E Ur = uh(2n r + l + D/2) —> U 2 k 2 /2M], we obtain the spectral 
representation of the free-particle propagator 

(r b T b \r a Ta) ^ dk kJ^(kr b )J^(kr a )e “ (t ‘ tJ . (9.80) 

J 0 

For comparison, we derive the same results directly from the initial spectral 
representation (9.2) in one dimension 


(x b T b \x a r a ) = 


r°° dk 

—oo 2n 


exp 


ik(x b -x a ) - 7 ^[( T b-T a 


(9.81) 


Its “angular decomposition” is a decomposition with respect to even and odd wave 
functions 


(r b r b \r a Ta)e,0 = 


= 2 


r dk, , . , , , , ,, 

/ —cos k[r b — r a ) ± cos k(r b + r a )\e 

Jo 71 

3 dk 


71 


cos kr b cos kr a 
sin kr b sin kr a 


hk^ ( \ 

(3 2 M V Tb Ta / 


(9.82) 


In D dimensions we use the expansion (8.100) for e* kx to calculate the amplitude in 
the radial form 

(x 6 r 6 |x a r a ) = / j0e ,k(xfc - x “)e-® ( ^ T “) 

1 p OO 1 2 

= dkk ^MkR)e-Vk^\ (9.83) 

with v = Df 2 — 1. With the help of the addition theorem for Bessel functions 10 
(8.188) we rewrite 

JkKy J ^ kE) > = {k 2 Tbra y + 0 Ju+i{kr b )J v+ i{kr a )C\ u) {M) (9.84) 

and expand further according to 
1 (2tt) d/2 00 

j———J u {kR) = —g 77 ^ Jy+i{.kr b )J v+ i(kr a ) Y)m(xb)Y) rn (x a ), (9.85) 

r bX a ) 1 =0 m 

to obtain the radial amplitude 

_ /-OO hk 2 

(' r b r b \r a T a )i = y/r//T a / dkkJ v+l (kr b )J u+ i(kr a )e~^ [Tb ^ Ta \ (9.86) 

Jo 


10 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 8.532. 
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just as in (9.80). 

For D — 1, this reduces to (9.82) using the particular Bessel functions 




y/2n 


j COS z 1 

( sin z j ' 


(9.87) 


9.4 Charged Particle in Uniform Magnetic Field 

Let us also find the wave functions of a charged particle in a magnetic held. The 
amplitude was calculated in Section 2.18. Again we work with the imaginary-time 
version. Factorizing out the free motion along the direction of the magnetic held, 
we write 

CX&T b |x a T a ) = (z b T b \z a T a )(x^T b \x^T a ) f 

with 

1 { M(z b -z a ) 2 \ 


(■ Z b T b \z a T a ) = 


: exp 


/2nn{T b -T a )/M { T b — T ( 

and have for the amplitude in the transverse direction 

. I M uj(r b - To )/2 


(9.88) 

(9.89) 


X fc T b x a T a 27 Th(T b ~ T a ) sillll [u(r b - T a )/ 2 ] 

with the classical transverse action 
Mu 


exp 


-A /h 


Al = 


{i coth [u(n - To)/ 2] (x^ - x^) 2 + x^ X x^} . 


This result is valid if the vector potential is chosen as 

A = x x. 

2 

In the other gauge with 

A = (0, Bx , 0), 

there is an extra surface term, and is replaced by 

Mu 


At\ = M 


'AbVb %aVa )• 


(9.90) 

(9.91) 

(9.92) 

(9.93) 

(9.94) 


The calculation of the wave functions is quite different in these two gauges. In the 
gauge (9.93) we merely recall the expressions (2.663) and (2.665) and write down 
the integral representation 


^JL e wy(y b -ya)/n^ Xbn \ x 


l X 6 r M x a T a) = 
with the oscillator amplitude in the x-direction 


a^~a) xo=p y /Muj 


{%b'l~b\%a'l~a)xo 


I __ / 1 _ -os 

2irhsmh.[u(T b — r a )] ^ V h cl ^ ’ 


(9.95) 


(9.96) 
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and the classical oscillator action centered around xo 

= 9 . , , M ( U —-r{[(a; 6 -a;o) 2 + (x a - x 0 ) 2 ]cosh[u(r b - r b )} 

z sinn[cj^75 T a )\ 

- 2(x b - x 0 )(x a - x 0 )}. (9.97) 

The spectral representation of the amplitude (9.96) is then 

OO 

(x a T b \x a Ta)xo = E ^n{Xb ~ X 0 )4> n {x a - X 0 )e~^ n+ 2M Tb ~ Ta \ (9.98) 

n=0 

where ij} n {x) are the oscillator wave functions (2.302). This leads to the spectral 
representation of the full amplitude (9.88) 

(9 ' 99) 

OO 

X E ^n(x b - Py/Mcj)lp n (Xa - Py/Muj)e~^ n+ ^ Mrb ~ Ta) . 

n =0 

The combination of a sum and two integrals exhibits the complete set of wave 
functions of a particle in a uniform magnetic held. Note that the energy 


E n = (n + \)hu 


(9.100) 


is highly degenerate; it does not depend on p y . 

In the gauge A = x x, the spectral decomposition looks quite different. 
To derive it, the transverse Euclidean action is written down in radial coordinates 
[compare Eq. (2.669)] as 


Ax — 

-Al — 


M (u 


2 12 


coth [u{r b - r a )/ 2] r b 2 + r a 2 - 2 r b r a cos(^ b - p a ) 


iur b r a sin(</? 6 - ip 0 


(9.101) 


This can be rearranged to 
M U 


A 1 - — 
•Al — 


2 2 
M 


coth [u{r b - To)/ 2] (r b + r a 2 ) 


U 


COS [ip b - (fa - iu(n - T a )/ 2] . 


2 sinh [u(r b — t 0 )/2] 

We now expand e - ^/ 7 * into a series of Bessel functions using (8.5) 

M u 


(9.102) 


e A ci/ h — exp 


2 h 2 


coth [c o(r b - To)/ 2] (r b + r a 2 ) 


(9.103) 


OO 

x E 

m =—oo 


'Mu 


r b r a 


2 h sinh [u(r b — T a )/2] 


e mu(T b -Ta)/2 e im((p b -ip a ) 
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The fluctuation factor is the same as before. Hence we obtain the angular decom¬ 
position of the transverse amplitude 

( x ^r 6 |x^r a ) = —= Y,t r b T b\r a T a ) m ^-e im(ipb - ipa \ (9.104) 

\Avb ™ 2vr 

where 


(r b Tb\r a Ta)m 


\fr b r a 


Mu T] 
2hrj sinh rj 


exp 


M u 
_~2h2 


coth rj(rl + r 2 a ) 


( Mur b r a 
Y 2h sinh T] 


e mf) 

(9.105) 


with 

rj = co(r b - T a )/ 2. 

To find the spectral representation we go to the fixed-energy amplitude 


(9.106) 


pOO 

('r b \r a )m,E = ~i dT b e EiTb ~ Ta)/n (■ r b T b \r a T a ) J 

J T a 


(9.107) 


n Jo sinhr? \2nsmhri J 


sinh r] 

The integral is done with the help of formula (9.29) and yields 

-M r(i -Z/+M) 


(r b \r a )m,E = —i\Jr b r a 


h ( Mu/2h)r b r a T(\m\ + 1) 


f Mu 9 \ ,, f Mu 

XH4,|m|/2 y~2fp r bj Mv,\m\/2 \~2^ T aJ > (9.108) 


with 


m 


z/ = 


uh 2 

The Gamma function T(l/2 — z/ — |m|/2) has poles at 


1 Iml 


v = z/ r = n r H-h 


of the form 

T(l/2 — v — \m\/2) 
The poles lie at the energies 


i (-1)' 


n r ! zy — v r 


- 1 ) ? 


uTt 


n r \ E — E, 


n r m 


. / 1 m 

En r m — fou I n r + - 4 --— I • 


(9.109) 


(9.110) 


(9.111) 


(9.112) 
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These are the well-known Landau levels of a particle in a uniform magnetic field. 
The Whittaker functions at the poles are (for m > 0) 

= e z/2 z k ^ L M(-n r , 1 + m, -z), (9.113) 

W u , m / 2 (z) = e~ z,2 z 1 ^ n ~(-) nr — + /? ^' M(-n r , 1 + m,z). (9.114) 

ml 

The fixed-energy amplitude near the poles is therefore 

xTi 

(^6|^a)ra,.E ^ £1 -^n r m(^6)-^n r m(^a )i (9.115) 

^ ^TlrTYl 

with the radial wave functions 11 



Using Eq. (9.53), they can be expressed in terms of Laguerre polynomials L“(z): 

'Mu\ 1 ' 2 I 


R r 


= \ r 


x 


n 

/Mu 

\2h 


I 


n r 


| m |/2 


(n r + |m|)! 

■jm\ { 


exp 


Mu 


Mu 


V 2 h 


(9.117) 


The integral (9.54) ensures the orthonormality of the radial wave functions 

POO 

/ drR nr m{r)R n ' r m{r ) = dn rn ' ■ (9.118) 

Jo 

A Laplace transformation of the fixed-energy amplitude (9.108) gives, via the residue 
theorem, the spectral representation of the radial time evolution amplitude 

(r b Tb\r a Ta) = £ Rn r m(n)R nrm (r a )e- E ^ (n-Ta)/H, (9.119) 

n r m 


with the energies (9.112). The full wave functions in the transverse subspace are, of 
course, 

\ e imif 

Vvm( x ) = —r R nrm{r)—7=. (9.120) 

v r v27T 

Comparing the energies (9.112) with (9.100), we identify the principal quantum 
number n as 

\m\ m 

n = n r + — -—. (9.121) 

11 Compare with L.D. Landau and E.M. Lifshitz, Quantum Mechanics, Pergamon, London, 1965, 
p. 427. 
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Note that the infinite degeneracy of the energy levels observed in (9.100) with respect 
to p y is now present with respect to m. This energy does not depend on m for m > 0. 
The somewhat awkward m-dependence of the energy can be avoided by introducing, 
instead of m, another quantum number n' related to n, m by 


in — n — n. 


(9.122) 


The states are then labeled by n, rt! with both n and n! taking the values 0,1, 2, 3,... . 
For n' < n, one has n' = n r and m — rt! — n < 0, whereas for n! > n one has n = n r 
and m = n' — n > 0. There exists a natural way of generating the wave functions 
tj}n r m { x ) such that they appear immediately with the quantum numbers n,n'. For 
this we introduce the Landau radius 


a = 


I 2 h 
Moj 


l2hc 

~eB 


(9.123) 


as a length parameter and define the dimensionless transverse coordinates 

z = (x + iy)/V2a, z* = (x — iy) j\[2a. (9.124) 

It is then possible to prove that the ^ nr . m ’s coincide with the wave functions 




*~*L-Ld z *) UA=d z 


z*z 


V2 


V2 


(9.125) 


The normalization constants are obtained by observing that the differential opera¬ 
tors 


-7f a ' 




V2 


d z e~ 


V2 


{—dz + z*) 


(9.126) 


behave algebraically like two independent creation operators 

- d z • + z ), 
yz 

, i 

= 


a) = 


1 

V2 

1 

V2 


{—dz + z*), 


(9.127) 


whose conjugate annihilation operators are 

1 


a = V2^ z + Z *^ 

b = ={d z .+z). 


(9.128) 
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The ground state wave function annihilated by these is 

^ 0 , 0 (z,z*) = (z,z* |0) oc e _2f ’L 

We can therefore write the complete set of wave functions as 

fpn,n'(z,Z *) = N nn id^ n b^ n ''lpofi(z : Z*). 


(9.129) 


(9.130) 


Using the fact that a)* = b\ &* = d\ and that partial integrations turn b^aP into 
a, b, respectively, the normalization integral can be rewritten as 


dx dy ip nun >i (z, z*)ip n2 ^ 2 (z, z*) 


= N i N i 

1 y n\n' i 1 v n 2 n r 2 


dxdy 


(a t ) ni (& t ) n ' 1 e-*‘ z 


(a t ) na (6 t ) n ' 2 e- 


N nWl N n2n , 2 j dxdye~ 2z * z (a n ^a^b^) . 


(9.131) 


Here the commutation relations between d\b' : d,b serve to reduce the parentheses 
in the last line to 

^nm'i $n 2 n' 2 ■ (9.132) 

The trivial integral 


J dxdy e 2z * z = it j dr 2 e ' r “/“ 2 = na 2 
shows that the normalization constants are 

1 


N / = 

1 v n.n' 


\J ita 2 n\n'\ 


(9.133) 


(9.134) 


Let us prove the equality of ip nrrn and ipn,n' up to a possible overall phase. For this we 
first observe that z,d z * and z*,d z carry phase factors e lip and e~ t<p , respectively, so 
that the two wave functions have obviously the azimuthal quantum number rn — n — 
n!. Second, we make sure that the energies coincide by considering the Schrodinger 
equation corresponding to the action (2.643) 


2 M 


-itiV - -A ip = Etp 


(9.135) 


In the gauge where 
it reads 


H 


2 r 


2 M 


A = (0, Bx, 0), 
pB 

d x 2 + (d y — i- — x) 2 + d z 


ip = Etp, 


(9.136) 


and the wave functions can be taken from Eq. (9.99). In the gauge where 

A = (—By/2, Bx/2, 0), (9.137) 


H. Kleinert, PATH INTEGRALS 




9.4 Charged Particle in Uniform Magnetic Field 


777 


on the other hand, the Schrodinger equation becomes, in cylindrical coordinates, 


ft 


2 M 


9 r + ~ d r + ^ 2 d l + ^ 


iefiB 


dm + 


e 2 B 2 


2 Me v ' me 2 ' 

= Ei/j(r,z,<p). 


V’(' r , Z, ip) 


(9.138) 


Employing a reduced radial coordinate p — r/a and factorizing out a plane wave in 
the ^-direction, e* PzZ / ft , this takes the form 

d l + - p d P + ^(2 ME - p 2 z ) - p 2 - 2 \id v - d 2 

The solutions are 

^ n r m(r , 93 ) oc e* m¥, e _p2/2 p |m|/2 M |m| + , (9.140) 

where the confluent hypergeometric functions M (—n r , \m\ + are polynomials 
for integer values of the radial quantum number 

1 1, . i . 

n r — n + -m - - \m\ - -, (9.141) 


ip(r, ip) — 0. (9.139) 


as in (9.116). The energy is related to the principal quantum number by 



ft 


(2 ME 



(9.142) 


Since 


the energy is 


2 Ada 2 _ 1 
h 2 hco ’ 


E 



Tioj 


Pi 

2M 


(9.143) 


(9.144) 


We now observe that the Schrodinger equation (9.139) can be expressed in terms of 
the creation and annihilation operators (9.127), (9.128) as 


4 


— {a) a + 1/2) + 


1 

Ttoj 





0. 


(9.145) 


This proves that the algebraically constructed wave functions in (9.130) coin¬ 
cide with the wave functions t/Vm of (9.116) and (9.140), up to an irrelevant phase. 
Note that the energy depends only on the number of a-quanta; it is independent of 
the number of 6-quanta. 
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9.5 Dirac ^-Function Potential 


For a particle in a Dirac 5-function potential, the fixed-energy amplitudes (x 6 |x a ) E 
can be calculated by performing a perturbation expansion around a free-particle am¬ 
plitude and summing it up exactly. For any time-independent potential P(x), in ad¬ 
dition to a harmonic potential Mcu 2 x 2 /2, the perturbation expansion in Eq. (3.478) 
can be Laplace-transformed in the imaginary time via (9.3) to find 


(x 6 |x a )£ 


= (x 6 |x a ) Wj£ ; - - 



+ 


J d D a:i(x 6 |x 1 ) tJi£ ;l/(x 1 )(x 1 |x a ) a;ii? 

d D x i {ytb\x- 2 )u),EV (x 2 ) (x 2 \yLi) u , E V (x x ) (xi Ixo)^ 

(9.146) 


If the potential is a Dirac 5-function centered around X, 

e(x)=ji« D >(x-X), g=J^rs. (9-147) 

this series simplifies to 

9 

XQ Q 

( x 6| x a)£'=( x 6| x a)o;,£; — -^^(XfelX)^ ^(X|x a ) w -^(XblX)^ £;(X|X) W ^(XlXa)^ £)+. . . , 

ri h 

(9.148) 


and can be summed up to 

(x 6 x a ) E = (Xb\Xa)Lu, E ~ It - a -• (9.149) 

h 1 + 4(X| X) UtE 
n 

This is, incidentally, true if a 5-function potential is added to an arbitrary solvable 
fixed-energy amplitude, not just the harmonic one. 

If the 5-function is the only potential, we use formula (9.149) with u> = 0, so 
that (x b |x a ) 0vB reduces to the fixed-energy amplitude (9.12) of a free particle, and 
obtain directly 


(x 6 |x a ) s 


0 M k d ~ 2 K d/2 ^(kR) 

h (27t) D / 2 ( kR) d /2- 1 

2M k d 2 K£)/2-i(tiR b ) w .2 M k d 2 Kd/2-i(kRci) 
ig l n (27r) D / 2 ( KR b ) D R- l X l h (27r) D / 2 {KR a ) D R- 1 
% g 2M k d ~ 2 K d / 2 -i(k5) 

% fl 7T D / 2 (k5) D / 2_1 


where R = |x^ — x a | and R ayb = \x- a , b — X|, and 5 is an infinitesimal distance 
regularizing a possible singularity at zero-distance. In D — 1 dimension, this reduces 
to 


(x b \Xa) E 


' /( i A M p K{R b +Rg) 1 

Kk Uk Ik + V 


(9.151) 
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For an attractive potential with l < 0, the second term can be written as 


h 


—i 


d 2 E + h 2 /2Ml 2 


0 n{Rb~\~Ra) 


(9.152) 


exhibiting a pole at the bound-state energy Eb = —h/2Ml 2 . In its neighborhood, 
the pole contribution reads 


f p ~{R b +Ra)/l 

l 


ik 


E + tf/2Ml 2 


(9.153) 


This has precisely the spectral form (1.325) with the normalized bound-state wave 
function 




(9.154) 


In D = 3 dimensions, the amplitude (9.150) becomes 


... Ml p M e nRb e KR ' 

(x 6 |x a )£ = H + i 


k 2 ttR 


h 2 ttR b 2TcR a l/l + e~ K5 /2 tt5 


(9.155) 


In the limit 8 —> 0, the denominator requires renormalization. We introduce a 
renormalized coupling length scale 


1 _ 1 
l r "I” 27^^5 , 


(9.156) 


and rewrite the last factor in (9.155) as 


l/l r — k/2h 


(9.157) 


For l r < 0, this has a pole at the bound-state energy Eb = —ATt 2 fi 2 /2Ml 2 R of the 
form 

~ 1vEb E^Eb' (9 ‘ 158) 

The total pole term in (9.155) can therefore be written as 

ik 


'ip B {xbW B {xa 


E-E b ' 

with kb = \J2ME B /h = 2ti/ l r and the normalized bound-state wave functions 


(9.159) 


tM x ) = 


4 V /4 e- KB|x - x| 


47T 2 


(9.160) 
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In D = 2 dimensions, the situation is more subtle. It is useful to consider the 
amplitude (9.150) in D — 2 + e dimensions where one has 


(x&|x a )E 


M 1 K e/2 {KR) 

1 h 7r (27 t KR) e / 2 


. M 2 1 _1_ K e/2 (nR b )K e/2 {KR a ) 

hV(2xKfl t )</ ;! (2xKfl 0 )</ 2 ft , M 1 r , , 

9 + te(2^)</2 A ‘ /2( “ ) 

Inserting here K e / 2 (n5) ~ (l/2)r(e/2)/2) —e / 2 , the denominator becomes 


(9.161) 


k 

9 


M r(e/2) _ h M2 
2Tltt (nnSy/ 2 g 2fnt e 


e 

2 


log(7Tft5) 


Here we introduce a renormalized coupling constant 


(9.162) 


1 1 M 1 

— — _ + ¥2 “) 
g r g h e 


and rewrite the right-hand side as 


, 9 r 


M 

2kn 


log 7 tk5. 


(9.163) 


(9.164) 


This has a pole at 


_ ^ 2h 2 TT /Mffr 

- 7r5 


(9.165) 


indicating a bound-state pole of energy Eb = —h 2 K 2 B /2M. 

We can now go to the limit of D = 2 dimensions and find that the pole term in 
(9.161) has the form 

if) 

fe(x 6 )^(x a ) - — , (9.166) 

n — £/ S 

with the normalized bound-state wave function 


^b(x) 



/1 0 (kb|x - 


X|). 


(9.167) 


Notes and References 

The wave functions derived in this chapter from the time evolution amplitude should be compared 
with those given in standard textbooks on quantum mechanics, such as 

L.D. Landau and E.M. Lifshitz, Quantum Mechanics, Pergamon, London, 1965. The charged 
particle in a magnetic field is treated in §111. 

The ^-function potential was studied via path integrals by 
C. Grosche, Phys. Rev. Letters, 71, 1 (1993). 
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10 

Spaces with Curvature and Torsion 


The path integral of a free particle in spherical coordinates has taught us an im¬ 
portant lesson: In a Euclidean space, we were able to obtain the correct time-sliced 
amplitude in curvilinear coordinates by setting up the sliced action in Cartesian 
coordinates x l and transforming them to the spherical coordinates q' 1 = ( r,9,qf>). It 
was crucial to do the transformation at the level of the finite coordinate differences, 
Ax z —>■ A q 1 *. This produced higher-order terms in the differences A q' J ' which had 
to be included up to the order (Aqfi/e. They all contributed to the relevant order 
e. It is obvious that as long as the space is Euclidean, the same procedure can be 
used to find the path integral in an arbitrary curvilinear coordinate system q M , if we 
ignore subtleties arising near coordinate singularities which are present in centrifu¬ 
gal barriers, angular barriers, or Coulomb potentials. For these, a special treatment 
will be developed in Chapters 12-14. 

We are now going to develop an entirely nontrivial but quite natural extension 
of this procedure and define a path integral in an arbitrary metric-affine space with 
curvature and torsion. It must be emphasized that the quantum theory in such 
spaces is not uniquely defined by the formalism developed so far. The reason is 
that also the original Schrodinger theory which was used in Chapter 2 to justify the 
introduction of path integrals is not uniquely defined in such spaces. In classical 
physics, the equivalence principle postulated by Einstein is a powerful tool for de¬ 
ducing equations of motion in curved space from those in flat space. At the quantum 
level, this principle becomes insufficient since it does not forbid the appearance of ar¬ 
bitrary coordinate-independent terms proportional to Planck’s quantum ti 2 and the 
scalar curvature R to appear in the Schodinger equation. We shall set up a simple 
extension of Einstein’s equivalence principle which will allow us to carry quantum 
theories from flat to curved spaces which are, moreover, permitted to carry certain 
classes of torsion. 

In such spaces, not only the time-sliced action but also the measure of path 
integration requires a special treatment. To be valid in general it will be necessary 
to find construction rules for the time evolution amplitude which do not involve the 
crutch of Cartesian coordinates. The final formula will be purely intrinsic to the 
general metric-affine space [1]. 


781 




782 


10 Spaces with Curvature and Torsion 


A crucial test of the validity of the resulting path integral formula will come 
from applications to systems whose correct operator quantum mechanics is known 
on the basis of symmetries and group commutation rules rather than canonical 
commutation rules. In contrast to earlier approaches, our path integral formula will 
always yield the same quantum mechanics as operator quantum mechanics quantized 
via group commutation rules. 

Our formula can, of course, also be used for an alternative approach to the path 
integrals solved before in Chapter 8, where a Euclidean space was parametrized in 
terms of curvilinear coordinates. There it gives rise to a more satisfactory treatment 
than before, since it involves only the intrinsic variables of the coordinate systems. 

10.1 Einstein’s Equivalence Principle 

To motivate the present study we invoke Einstein’s equivalence principle, according 
to which gravitational forces upon a spinless mass point are indistinguishable from 
those felt in an accelerating local reference. 1 They are independent of the atomic 
composition of the particle and strictly proportional to the value of the mass, the 
same mass that appears in the relation between force and acceleration, in Newton’s 
second law. The strict equality between the two masses, gravitational and inertial, 
is fundamental to Einstein’s equivalence principle. Experimentally, the equality 
holds to an extremely high degree of accuracy. Any possible small deviation can 
presently be attributed to extra non-gravitational forces. Einstein realized that as 
a consequence of this equality, all spinless point particles move in a gravitational 
field along the same orbits which are independent of their composition and mass. 
This universality of orbital motion permits the gravitational field to be attributed 
to geometric properties of spacetime. 

In Newton’s theory of gravity, the gravitational forces between mass points are 
inversely proportional to their distances in a Euclidean space. In Einstein’s geomet¬ 
ric theory the forces are explained entirely by a curvature of spacetime. In general 
the spacetime of general relativity may also carry another geometric property, called 
torsion. Torsion is supposed to be generated by the spin densities of material bodies. 
Quantitatively, this may have only extremely small effects, too small to be detected 
by present-day experiments. But this is only due to the small intrinsic spin of ordi¬ 
nary gravitational matter. In exceptional states of matter such as polarized neutron 
stars or black holes, torsion can become relevant. It is now generally accepted that 
spacetime should carry a nonvanishing torsion at least locally at those points which 
are occupied by spinning elementary particles [55]. This follows from rather general 
symmetry considerations. The precise equations of motion for the torsion field, on 
the other hand, are still a matter of speculation. Thus it is an open question whether 

1 Quotation from his original paper Uber das Relativitdtsprinzip und die aus demselben gezoge- 
nen Folgerungen, Jahrbuch der Relativitat und Elektonik 4, 411 (1907): “Wir ... wollen dalier 
im folgenden die vollige physikalische Gleichwertigkeit von Gravitationsfeld und entsprechender 
Beschleunigung des Bezugssystems annehmen”. 
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or not the torsion field is able to propagate into the empty space away from spinning 
matter. 

Even though the effects of torsion are small we shall keep the discussion as 
general as possible and study the motion of a particle in a metric-affine space with 
both curvature and torsion. To prepare the grounds let us first recapitulate a few 
basic facts about classical orbits of particles in a gravitational field. For simplicity, 
we assume here only the three-dimensional space to have a nontrivial geometry. 2 
Then there is a natural choice of a time variable t which is conveniently used to 
parametrize the particle orbits. 

Starting from the free-particle action we shall then introduce a path integral 
for the time evolution amplitude in any metric-affine space which determines the 
quantum mechanics via the quantum fluctuations of the particle orbits. 


10.2 Classical Motion of Mass Point in General 
Metric-Affine Space 

On the basis of the equivalence principle, Einstein formulated the rules for finding 
the classical laws of motion in a gravitational field as a consequence of the geometry 
of spacetime. Let us recapitulate his reasoning adapted to the present problem of a 
nonrelativistic point particle in a non-Euclidean geometry. 


10.2.1 Equations of Motion 

Consider first the action of the particle along the orbit x(t) in a flat space 
parametrized with rectilinear, Cartesian coordinates: 


rh M ■ r, 

A = I dt—i'i 1 ) 2 , i = 1,2,3. (10.1) 

ha 2 

ft is transformed to curvilinear coordinates q ,J ’, /z = 1,2, 3, via some functions 


x l = .r' U/), 


( 10 . 2 ) 


leading to 

A = / dt^-g fa/ {q)q tt q 1 ', (10.3) 

J t a ^ 

where 

9hM) = d^x l {q)d w x‘\q) (10.4) 

is the induced metric for the curvilinear coordinates. Repeated indices are under¬ 
stood to be summed over, as usual. 

2 The generalization to non-Euclidean spacetime will be obvious after the development in Chap¬ 
ter 19. 
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The length of the orbit in the flat space is given by 

l = [ dtyjg^{q)q^q^. (10.5) 

J t a 

Both the action (10.3) and the length (10.5) are invariant under arbitrary 
reparametrizations of space q >l -T q' 11 . 

Einstein’s equivalence principle amounts to the postulate that the transformed 
action (10.3) describes directly the motion of the particle in the presence of a gravi¬ 
tational field caused by other masses. The forces caused by the field are all a result 
of the geometric properties of the metric tensor. 

The equations of motion are obtained by extremizing the action in Eq. (10.3) 
with the result 

dtig^q") - \d^g X vq x q u = + Fa^V = 0. (10.6) 

Here 

r a. i//j = g^n t d^gx/j, di^gxv) (10. i ) 

is the Riemann connection or Christoffel symbol of the first kind [recall (1.70)]. With 
the help of the Christoffel symbol of the second kind [recall (1.71)] 

T Xi : = g^T x ^, ( 10 . 8 ) 

we can write 

«f+ f A /gV = 0. (10.9) 

The solutions of these equations are the classical orbits. They coincide with the 
extrema of the length of a line l in (10.5). Thus, in a curved space, classical orbits 
are the shortest lines, the geodesics [recall (1.72)]. 

The same equations can also be obtained directly by transforming the equation 
of motion from 


x l = 0 


( 10 . 10 ) 


to curvilinear coordinates q A which gives 


x 


dx l d 2 x l A 

sT q + WdC q q 


0. 


( 10 . 11 ) 


At this place it is again useful to employ the quantities defined in Eq. (1.361), the 
basis triads and their reciprocals 


Xq) = 


dx l 

dqi J ’ 


i^Q) = 


dq' 1 

dxl 


( 10 . 12 ) 
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which satisfy the orthogonality and completeness relations (1.362): 

e i ' J 'e l f = S>\, e^e J „ = Sf . (10.13) 

The induced metric can then be written as 

9 nAq) = e\(q)e\(q). (10.14) 

Labeling Cartesian coordinates, upper and lower indices i are the same. The indices 
p, v of the curvilinear coordinates, on the other hand, can be lowered only by con¬ 
traction with the metric g MU or raised with the inverse metric g pv = (g^f)~ l ■ Using 
the basis triads, Eq. (10.11) can be rewritten as 

= e'Vf + dvz\(fq v = 0, 

or as 

q» + efd x e\q K q x = 0. (10.15) 

The quantity in front of q K q x is called the affine connection: 

T a / = efd x e\. (10.16) 

Due to (10.13), it can also be written as [compare (1.370)] 

IV' = ~e\d x ef. (10.17) 

Thus we arrive at the transformed flat-space equation of motion 

<f + r./gV = o. (10.18) 

The solutions of this equation are called the straightest lines or autoparallels. 

If the coordinate transformation functions x l (q) are smooth and single-valued, 
their derivatives commute as required by Schwarz’s integrabilitv condition 

( d x 0 K - d K d x )x l {q) = 0. (10.19) 

Then the triads satisfy the identity 


d x ei-d K e\ = 0, (10.20) 

implying that the connection Txf 1 is symmetric in the lower indices. In fact, it 
coincides with the Riemann connection, the Christoffel symbol f Xt f. This follows 
immediately after inserting g^{q) = e l f{q)e l u (q) into (10.7) and working out all 
derivatives using (10.20). Thus, for a space with curvilinear coordinates q ,J which 
can be reached by an integrable coordinate transformation from a flat space, the 
autoparallels coincide with the geodesics. 
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10.2.2 Nonholonomic Mapping to Spaces with Torsion 

It is possible to map the .x-space locally into a q -space with torsion via an infinites¬ 
imal transformation 

dx l = e l n(q)dq A (10.21) 

We merely have to assume that the coefficient functions ti,Aq) do not satisfy the 
property (10.20) which follows from the Schwarz integrability condition (10.19): 

( 10 . 22 ) 

implying that second derivatives in front of x l (q) do not commute as in Eq. (10.19): 

(d x d K - d K d x )x l {q) ± 0. (10.23) 

In this case we shall call the differential mapping (10.21) nonholonomic , in analogy 
with the nomenclature for nonintegrable constraints in classical mechanics. The 
property (10.23) implies that x l (q) is a multivalued function x*(q), of which we shall 
give typical examples below in Eqs. (10.44) and (10.55). 

Educated readers in mathematics have been wondering whether such nonholo¬ 
nomic coordinate transformations make any sense. They will understand this con¬ 
cept better if they compare the situation with the quite similar but much simpler 
creation of magnetic field in a field-free space by nonholonomic gauge transforma¬ 
tions. More details are explained in Appendix 10A. 

From Eq. (10.22) we see that the image space of a nonholonomic mapping carries 
torsion. The connection r Af T = e l II e l KiX has a nonzero antisymmetric part, called 
the torsion tensor : 3 

Sa/ = ^(r A / - IAa") = ^ (d x e\ - d K e\) . (10.24) 

In contrast to the antisymmetric part S\ K IJ ' is a proper tensor under general 

coordinate transformations. The contracted tensor 

S, = S, x x (10.25) 

transforms like a vector, whereas the contracted connection does not. 

Even though is not a tensor, we shall freely lower and raise its indices using 
contractions with the metric or the inverse metric, respectively: T p u x = f/ /iK F Kiy A , 
F/ A = g VK r AtK A , r^A = g XK r^ K . The same thing will be done with f^ A . 

In the presence of torsion, the affine connection (10.16) is no longer equal to the 
Christoffel symbol. In fact, by rewriting T IW \ = e^d^e 1 ^ trivially as 

F^^a | v T d^e^xe T a T d v e-i^e aJ u T d x e^n& | 

T rj { i/ e% x d v e a &,q L d x e ^j T aJ ^ 

(10.26) 

3 Our notation for the geometric quantities in spaces with curvature and torsion is the same as 
in J.A. Schouten, Ricci Calculus, Springer, Berlin, 1954. 


H. Kleinert, PATH INTEGRALS 




10.2 Classical Motion of Mass Point in General Metric-Affine Space 


787 


and using e > l ,(q)e i ,Aq) = g^{q), we find the decomposition 

r„/ = r ^ A + iv\ (io.27) 

where the combination of torsion tensors 


Kfj v\ = S[ W \ — S u xn + S\n„ (10.28) 

is called the contortion tensor. It is antisymmetric in the last two indices so that 

IV = V- (10.29) 

In the presence of torsion, the shortest and straightest lines are no longer equal. 
Since the two types of lines play geometrically an equally favored role, the question 
arises as to which of them describes the correct classical particle orbits. Intuitively, 
we expect the straightest lines to be the correct trajectories since massive particles 
possess inertia which tend to minimize their deviations from a straight line in space- 
time. It is hard to conceive how a particle should know which path to take at each 
instant in time in order to minimize the path length to a distant point. This would 
contradict the principle of locality which pervades all laws of physics. Only in a 
spacetime without torsion is this possible, since there the shortest lines happen to 
coincide with straightest ones for purely mathematical reasons. In Subsection 10.2.3, 
the straightest lines will be derived from an action principle. 

In Einstein’s theory of gravitation, matter produces curvature in four¬ 
dimensional Minkowski spacetime, thereby explaining the universal nature of grav¬ 
itational forces. The fiat spacetime metric is 


fab 


( 1 

-1 

V 




-1 


-1 J 


ab 


a,b = 0, 1, 2, 3. 


(10.30) 


The Riemann-Cartan curvature tensor is defined as the covariant curl of the affine 
connection: 


R v ,vX K = - d u T^ - [rv, r,]/, //, = 0, 1, 2, 3. (10.31) 

The last term is written in a matrix notation for the connection, in which the tensor 
components T M \ K are viewed as matrix elements (T /i )^ K . The matrix commutator in 
(10.31) is then equal to 

[r„, r,]/ = (r„r v - r^)/ = - r^r^. (10.32) 

Expressing the affine connection (10.16) in (10.31) with the help of Eqs. (10.16) 
in terms of the four-dimensional generalization of the triads (10.12) and their re¬ 
ciprocals (10.12), the tetrads e° /( and their reciprocals we obtain the compact 
formula 


R/u,\ K = e/td/A - d l/ d li )e a x . 


( 10 . 33 ) 
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For the mapping (10.21), this implies that not only the coordinate transformation 
x a (q ), but also its first derivatives fail to satisfy Schwarz’s integrability condition: 

{d p d u ~ d v d p )d x x a (q) ± 0. (10.34) 

Such general transformation matrices e a p (q) will be referred to as multivalued basis 
tetrads. 

A transformation for which x a (q) have commuting derivatives, while the first 
derivatives d /i x a (q) = e l p (q) do not, carries a flat-space region into a purely curved 
one. 

Einstein’s original theory of gravity assumes the absence of torsion. The space 
properties are completely specified by the Riemann curvature tensor formed from 
the Riemann connection (the Christoffel symbol) 

V = o„ r„v - - [r„. r„] A \ (10.35) 

The relation between the two curvature tensors is 

R a k + D»K „ a k - D V K^ - [K p , K U ] X K . (10.36) 

In the last term, the I\ px K, s are viewed as matrices (K lt ) x K . The symbols D p denote 
the covariant derivatives formed with the Christoffel symbol. Covariant derivatives 
act like ordinary derivatives if they are applied to a scalar field. When applied to a 
vector field, they act as follows: 

DpV v = d p v v - r^ A u A , 

DX = d f y + T IJ /v\ (10.37) 

The effect upon a tensor field is the generalization of this; every index receives a 
corresponding additive 1 contribution. 

Note that the Laplace-Beltrami operator (1.371) applied to a scalar field a(q) 
can be written as 


A o = g' kV D v £) v o. 


(10.38) 


In the presence of torsion, there exists another covariant derivative formed with 
the affine connection T pu x rather than the Christoffel symbol which acts upon a 
vector field as 


— d p v u r^j, v Xl 

d p v v = ax + r^V. (10.39) 

Note by definition of r A/ T in (10.16) and (10.17), the covariant derivatives of e\ 
and e^ 1 vanish: 

D p e‘ u = d p e\ - T pv x e\ = 0, = d p e i l/ + T pX e x = 0. (10.40) 
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This will be of use later. 

From either of the two curvature tensors, R IW \ K and R^\ K , one can form the 
once-contracted tensors of rank two, the Ricci tensor 

R,x = R^\ (10.41) 

and the curvature scalar 

R = g vX Rv\- (10.42) 


The celebrated Einstein equation for the gravitational field postulates that the tensor 

Guv = R/jv ~ -g^vR, (10.43) 

the so-called Einstein tensor , is proportional to the symmetric energy-momentum 
tensor of all matter fields. This postulate was made only for spaces with no torsion, 
in which case R jW = R fW and R^, are both symmetric. As mentioned before, it 
is not yet clear how Einstein’s field equations should be generalized in the presence 
of torsion since the experimental consequences are as yet too small to be observed. 
In this text, we are not concerned with the generation of curvature and torsion but 
only with their consequences upon the motion of point particles. 

It is useful to set up two simple examples for nonholonomic mappings which 
illustrate the way in which these are capable of generating curvature and torsion 
from a Euclidean space. The reader not familiar with this subject is advised to 
consult a textbook on the physics of defects [2]. where such mappings are standard 
and of great practical importance; every plastic deformation of a material can only 
be described in terms of such mappings. 

As a first example consider the transformation in two dimensions 


dx l 


dq 1 for z = l, 

dq 2 + ed ll (f)(q)dq^ for i = 2, 


(10.44) 


with an infinitesimal parameter e and the multi-valued function 


( f>(q ) = arctan {q 2 /q 1 ). 


The triads reduce to dyads, with the components 

e 1 = S 1 

c At u n i 

e% = S 2 ,,. + <di,o(q) , 


(10.45) 


(10.46) 


and the torsion tensor has the components 

G\S fU/ x = 0, e 2 x S^ x = f -(d hl d„ - d u dn)cf). 


(10.47) 
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mapping 



Figure 10.1 Edge dislocation in crystal associated with missing semi-infinite plane 
of atoms. The nonholonomic mapping from the ideal crystal to the crystal with the 
dislocation introduces a ^-function type torsion in the image space. 


If we differentiate (10.45) formally, we find (c^cb — d v d fl )<p = 0. This, however, is 
incorrect at the origin. Using Stokes’ theorem we see that 

j d 2 q(d i<9 2 — d 2 d\ )4> = j dq'-'djT) = ^ d6 = (10.48) 

for any closed circuit around the origin, implying that there is a ^-function singu¬ 
larity at the origin with 

e 2 \S 12 X = ^2 tt 5 (2] {q). (10.49) 

By a linear superposition of such mappings we can generate an arbitrary torsion in 
the (/-space. The mapping introduces no curvature. 

In defect physics, the mapping (10.46) is associated with a dislocation caused by 
a missing or additional layer of atoms (see Fig. 10.1). When encircling a dislocation 
along a closed path C, its counter image C in the ideal crystal does not form a 
closed path. The closure failure is called the Burgers vector 

b 1 = j) dx' = j d(f e' tl . (10.50) 

It specifies the direction and thickness of the layer of additional atoms. With the 
help of Stokes’ theorem, it is seen to measure the torsion contained in any surface 
S spanned by C: 

V = £d 2 s^d^e\ = £d 2 s^e\S^\ (10.51) 

where d 2 s fJl/ = —d 2 s v/i is the projection of an oriented infinitesimal area element 
onto the plane ).w. The above example has the Burgers vector 

U = (0,e). (10.52) 

A corresponding closure failure appears when mapping a closed contour C in the 
ideal crystal into a crystal containing a dislocation. This defines a Burgers vector: 

= j) dq tl = j) r/.rV:/'. (10.53) 
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X 


2 


ideal 




Figure 10.2 Edge disclination in crystal associated with missing semi-infinite section of 
atoms of angle fh The nonholonomic mapping from the ideal crystal to the crystal with 
the disclination introduces a d'-function type curvature in the image space. 


By Stokes’ theorem, this becomes a surface integral 


//' = jf ,f 2 s ii d i e j ' 1 = j <Ps ij e i v d v e j tl 

= -f<Ps ii e i v e j x S v >r, (10.54) 

the last step following from (10.17). 

As a second example for a nonholonomic mapping, we generate curvature by the 
transformation 


x l = (f 


n 

—< 

2n 


(p{q) 


(10.55) 


w r ith the multi-valued function (10.45). The symbol denotes the antisymmetric 
Levi-Civita tensor. The transformed metric 


9n u 


J L1V 


n 

7r 


q^q K 

q a qa 


(10.56) 


is single-valued and has commuting derivatives. The torsion tensor vanishes since 
(r)i d 2 — d‘ 2 ()\ )x ]:1 are both proportional to q 2,1 S ( - 2 \q) 1 a distribution identical to zero. 
The local rotation field a j(q) = ±(dix 2 — d 2 x l ). on the other hand, is equal to the 
multi-valued function —Q,(f>(q)/2T:, thus having the noncommuting derivatives: 

(<9i<9 2 - d 2 di)uj(q) = -£l5 (2) (q). (10.57) 


To lovcest order in Q. this determines the curvature tensor, which in two dimensions 
possesses only one independent component, for instance i?i 2 i 2 - Using the fact that 
() I1V has commuting derivatives, -R 1212 can be written as 

-R 1212 = ( d\ 0 2 — d 2 d\)uj(q). (10.58) 

In defect physics, the mapping (10.55) is associated with a disclination which 
corresponds to an entire section of angle missing in an ideal atomic array (see 
Fig. 10.2). 

It is important to emphasize that our multivalued basis tetrads e a ^{q) are not 
related to the standard tetrads or vierbein fields h a ^(q) used in the theory of gravi¬ 
tation with spinning particles. The difference is explained in Appendix 10B. 
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10.2.3 New Equivalence Principle 

In classical mechanics, many dynamical problems are solved with the help of non- 
holonomic transformations. Equations of motion are differential equations which 
remain valid if transformed differentially to new coordinates, even if the transfor¬ 
mation is not integrable in the Schwarz sense. Thus we postulate that the correct 
equations of motion of point particles in a space with curvature and torsion are the 
images of the equation of motion in a flat space. The equations (10.18) for the 
autoparallels yield therefore the correct trajectories of spinless point particles in a 
space with curvature and torsion. 

This postulate is based on our knowledge of the motion of many physical systems. 
Important examples are the Coulomb system which will be discussed in detail in 
Chapter 13, and the spinning top in the body-fixed reference system [3]. Thus the 
postulate has a good chance of being true, and will henceforth be referred to as a 
new equivalence principle. 

10.2.4 Classical Action Principle for Spaces 
with Curvature and Torsion 

Before setting up a path integral for the time evolution amplitude we must find an 
action principle for the classical motion of a spinless point particle in a space with 
curvature and torsion, i.e., the movement along autoparallel trajectories. This is a 
nontrivial task since autoparallels must emerge as the extremals of an action (10.3) 
involving only the metric tensor g )W . The action is independent of the torsion and 
carries only information on the Riemann part of the space geometry. Torsion can 
therefore enter the equations of motion only via some novel feature of the variation 
procedure. Since we know how to perform variations of an action in the Euclidean 
rc-space, we deduce the correct procedure in the general metric-affine space by trans¬ 
ferring the variations Sx'ft.) under the nonholonomic mapping 

q' 1 = ef(q)x l (10.59) 

into the g^-space. Their images are quite different from ordinary variations as il¬ 
lustrated in Fig. 10.3(a). The variations of the Cartesian coordinates Sx z (t ) are 
done at fixed endpoints of the paths. Thus they form closed paths in the .r-space. 
Their images, however, lie in a space with defects and thus possess a closure fail¬ 
ure indicating the amount of torsion introduced by the mapping. This property 
will be emphasized by writing the images S s q ,J (t ) and calling them nonholonomic 
variations. The superscript indicates the special feature caused by torsion. 

Let us calculate them explicitly. The paths in the two spaces are related by the 
integral equation 


<f{t) = + / dfef{q{f))x‘{f). 

Jt a 


(10.60) 
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For two neighboring paths in rc-space differing from each other by a variation Sx' l (t), 
equation (10.60) determines the nonholonomic variation S s q M (t ): 

S s q ,J (t) = f dt'd s [e i M (q(t'))x‘(t')]. (10.61) 

■'ta 

A comparison with (10.59) shows that the variation 5 s and the time derivatives cl/clt 
of q fJ (t.) commute with each other: 

*V(*) = (10.62) 

just as for ordinary variations Sx': 

Sx'(t) = —Sx l (t). (10.63) 

Let us also introduce auxiliary nonholonomic variations in g-space: 

S q^ = e^(q)Sx\ (10.64) 

In contrast to 5 s q'*(t), these vanish at the endpoints, 

Sq{t a ) = 8g(tb) = 0, (10.65) 

just as the usual variations Sx' l (t), i.e., they form closed paths with the unvaried 
orbits. 

Using (10.62), (10.63), and the fact that S s x 1 (t.) = Sx *(£), by definition, we derive 
from (10.61) the relation 

^V(f) = S s eS(q{t))x l {t) + eS(q{t))-^5x i {t) 

= S s e^{q{t))x l {t) +e^{q{t))-^[e\{t)Sq u (t)]. (10.66) 

After inserting 

6 s ef(q) = -r x /8 s q x e i u , ^e^(^) = r^Ve^, (10.67) 

this becomes 

= -r A /<7W + r x Sq x 8q" + ^Sqh (10.68) 

It is useful to introduce the difference between the nonholonomic variation 5 s q^ and 
an auxiliary closed nonholonomic variation Sq^: 


5 s b>* = S S q' J - Sqh 


(10.69) 
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Then we can rewrite (10.68) as a first-order differential equation for 8 s b^: 

j t 5 s b» = -T x ^8 s b x q u + 2 S x fq x 8qh (10.70) 

After introducing the matrices 

G'\(t) = T x f\q(t))cf(t) (10.71) 

and 

^f(t) = 2S x f(q(t))q x (t), (10.72) 

equation (10.70) can be written as a vector differential equation: 

j f 8 s b= -G8 s b + y;{t) Sqft). (10.73) 

Although not necessary for the further development, we solve this equation by 

8 s b(t) = f dt'U{t,t') S(f') 8q(t'), (10.74) 

Jta 

with the matrix 

U{tj') = Texp [- f t dt"G{t")] . (10.75) 

L Jf 

In the absence of torsion, S (t) vanishes identically and 8 s b(t ) = 0, and the varia¬ 
tions 8 s q^(t) coincide with the auxiliary closed nonholonomic variations 8q^(t) [see 
Fig. 10.3(b)]. In a space with torsion, the variations S s q^(t) and 8q^(t) are different 
from each other [see Fig. 10.3(c)]. 

Under an arbitrary nonholonomic variation 8 s q^(t) = Sq M + 8 s b 1 '. the action 
(10.3) changes by 

= M J*" dt (g»„cf8 s q>* + ^ Aie 5 V? V) • (10-76) 

After a partial integration of the hg-term we use (10.65), (10.62), and the identity 
d^g vX = F [ luX + T^xv, which follows directly form the definitions g^ u = e 7 /J: e\ and 
F /Jiy A = and obtain 

6 s A = mJ" J dt -g, p (if + r A /gV) W • 

(10.77) 

To derive the equation of motion we first vary the action in a space without 
torsion. Then 8 s b^(t) = 0, and (10.77) becomes 

S S A = —M f b dtg^frf + f x fq x if)8q\ (10.78) 

J ta 
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Figure 10.3 Images under holonomic and nonholonomic mapping of fundamental S- 
function path variation. In the holonomic case, the paths x(t) and x(t) + 5x(t) in (a) turn 
into the paths q(t) and q(t) + 8q(t) in (b). In the nonholonomic case with .Sj),, A 0, they 
go over into q(t) and q(t) + S s q(t) shown in (c) with a closure failure b^ at 4 analogous 
to the Burgers vector b^ in a solid with dislocations. 


Thus, the action principle 5 5 .A = 0 produces the equation for the geodesics (10.9), 
which are the correct particle trajectories in the absence of torsion. 

In the presence of torsion, S‘ s b fl is nonzero, and the equation of motion receives 
a contribution from the second parentheses in (10.77). After inserting (10.70), the 
nonlocal terms proportional to S s b fi cancel and the total nonholonomic variation of 
the action becomes 

6 S A = ~M f' dig w [<f + (f A / + 2 S\ K ) q x q K ] W 

J t a 

= —M f b dt 9llI/ (ir + T^q x q K ) Sq'\ (10.79) 

J ta 

The second line follows from the first after using the identity Txk 1 ' = f'{ AK } I ' + 2 i S' i '{ AK }. 
The curly brackets indicate the symmetrization of the enclosed indices. Setting 
8 s A = 0 and inserting for 5q(t) the image under (10.64) of an arbitrary 5-function 
variation 8x l (t) oc e l S(t — t 0 ) gives the autoparallel equations of motions (10.18), 
which is what we wanted to show. 

The above variational treatment of the action is still somewhat complicated and 
calls for a simpler procedure [4], The extra term arising from the second parenthesis 
in the variation (10.77) can be traced to a simple property of the auxiliary closed 
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nonholonomic variations (10.64). To find this we form the time derivative cl t = d/dt 
of the defining equation (10.64) and find 

d t 8q'*(t) = d„e/{q{t)) q u {t)8x l {t) + eA{q{t))d t 8x l (t). (10.80) 

Let us now perform variation 8 and /-derivat ive in the opposite order and calculate 
d t 8q p (t.). From (10.59) and (10.13) we have the relation 

d t q x {t) = e x {q(t )) d t x l {t ). (10.81) 

Varying this gives 

8d t q^(t) = d u eA(q(t )) 8q v d t x l {t) + ef(q(t))8d t x\ (10.82) 

Since the variation in ad-space commute with the /-derivatives [recall (10.63)], we 
obtain 


8d t q*\t) - d t 8q IJ, {t) = d„e^(q(t)) 8q u d t x l (t) - d„ef(q(t)) q u {t)5x l {t). (10.83) 

After re-expressing 8x l (t) and d t x l (t) back in terms of 8q^(t) and d t q fi (t) = q IJ {t), 
and using (10.17), (10.24), this becomes 

Sckq^t) - dtSq^t) = 2 S^q"(t)8q x (t). (10.84) 

Thus, due to the closure failure in spaces with torsion, the operations d t and 8 do not 
commute in front of the path q^(t). In other words, in contrast to the open variations 
8 s (and of course the usual ones 8 ), the auxiliary closed nonholonomic variations 8 
of velocities q'*{t) no longer coincide with the velocities of variations. This property 
is responsible for shifting the trajectory from geodesics to autoparallels. 

Indeed, let us vary an action 

t2 

A = I dtL {q ,l {t), q ,l (t)) (10.85) 

^1 

directly by 8q^(t) and impose (10.84), we find 

M = h {!> + §¥7t Sq “ +2S, ^W^} ' (10 ' 86) 


After a partial integration of the second term using the vanishing 8q fJ (t) at the 
endpoints, we obtain the Euler-Lagrange equation 


dI L _ldI L = _ A dL_ 
dq v dt dq 1 ' >iV dq x 


(10.87) 


This differs from the standard Euler-Lagrange equation by an additional contribu¬ 
tion due to the torsion tensor. For the action (10.3), we thus obtain the equation of 
motion 

M [q 11 + <r(d v g XK - 1 d K g vX ) - 2S'A x ]rq X = 0, (10.88) 


which is once more Eq. (10.18) for autoparallels. 
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10.3 Path Integral in Spaces with Curvature and Torsion 


We now turn to the quantum mechanics of a point particle in a general metric-affine 
space. Proceeding in analogy with the earlier treatment in spherical coordinates, we 
first consider the path integral in a fiat space with Cartesian coordinates 


(xt|xY) 


\j2'Kteh/M 


N 

n 

71 = 1 L 


n N +1 


(lx r 


II K o( Ax n), 


J 71 = 1 


(10.89) 


where A'q(Ax„) is an abbreviation for the short-time amplitude 


Kq{ Ax„) = (x„| exp ( --elf) |x n _i) = _ 

n J yj2meh/M 


D 


exp 


i M (Ax n ) ; 
h 2 e 


(10.90) 


with Ax„ = x„ — x n _!, x = x A r + i, x' = x 0 . A possible external potential has been 
omitted since this would contribute in an additive way, uninfluenced by the space 
geometry. 

Our basic postulate is that the path integral in a general metric-affine space 
should be obtained by an appropriate nonholonomic transformation of the amplitude 
(10.89) to a space with curvature and torsion. 


10.3.1 Nonholonomic Transformation of Action 

The short-time action contains the square distance (Ax„) 2 which we have to trans¬ 
form to q- space. For an infinitesimal coordinate difference Ax n & dx ra , the square 
distance is obviously given by (c/x) 2 = g^dq^clq". For a finite Ax„, however, 
we know from Chapter 8 that we must expand (Ax„) 2 up to the fourth order in 
A q n ^ = q n ,J — q n -\ fl to find all terms contributing to the relevant order e. 

It is important to realize that with the mapping from dx l to dq M not being 
holonomic, the finite quantity A q 1 ^ is not uniquely determined by A;r*. A unique 
relation can only be obtained by integrating the functional relation (10.60) along a 
specific path. The preferred path is the classical orbit, i.e., the autoparallel in the 
g-space. It is characterized by being the image of a straight line in .T-space. There 
the velocity x l (t) is constant, and the orbit has the linear time dependence 

Ax l (t) = i*(to)At, (10.91) 

where the time to can lie anywhere on the t-axis. Let us choose for to the final time 
in each interval (t n ,t n _i). At that time, = x l (t n ) is related to (/(,' = by 

*n = e \(Qn)q f n- (10.92) 

It is easy to express qfi in terms of A qfi = q£ — along the classical orbit. First 
we expand q^(t n _i) into a Taylor series around t n . Dropping the time arguments, 
for brevity, we have 

Aq = _ ql X = eq X _ f_ q X : '-if \ ... 


(10.93) 
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where e = t n — t n -\ and q x ,q x ,... are the time derivatives at the final time t n . An 
expansion of this type is referred to as a postpoint expansion. Due to the arbitrariness 
of the choice of the time t 0 in Eq. (10.92), the expansion can be performed around 
any other point just as well, such as t n _i and t n = ( t n +i)/2, giving rise to the 
so-called prepoint or midpoint expansions of A q. 

Now, the term q x in (10.93) is given by the equation of motion (10.18) for the 
autoparallel 


q x = -rv„ w. 


(10.94) 


A further time derivative determines 

= -(d.rV - 2 rvr {ffT} (10.95) 

Inserting these expressions into (10.93) and inverting the expansion, we obtain q x 
at the final time t n expanded in powers of A q. Using (10.91) and (10.92) we arrive 
at the mapping of the finite coordinate differences: 


Ax 1 = e\q x At 
= e\ 


(10.96) 


V-^/A^Acf(d ff r^ A +rvr {(TT} A ) a^a^a^ 


where e\ and T /W x are evaluated at the postpoint. 
It is useful to introduce 


A .^ = o"A.r' : (10.97) 

as autoparallel coordinates or normal coordinates to parametrize the neighborhood 
of a point q. If the space has no torsion, they are also called Riemann normal 
coordinates or geodesic coordinates. 

The normal coordinates (10.97) are expanded in (10.150) in powers of A q fJ around 
the postpoint. There exists also a prepoint version of A£ in which all signs of A q 
are simply the opposite. The prepoint version, for instance, has the expansion: 

A£ A = Aq x + ^r i jAq> J 'Aq" + ^ (d^ + F^T^) Aq* Aq" Aq" +. . . . (10.98) 

In contrast to the finite differences A q f \ the normal coordinates A£ /J in the 
neighborhood of a point are vectors and thus allow for a covariant Taylor expansion 
of a function f(q IJl + A q^). Its form is found by performing an ordinary Taylor 
expansion of a function F(x ) in Cartesian coordinates 

F(x + Ax) = F(x) + i);I'(x)A.r + —didjF(x)Ax 1 AxP + .. . , (10.99) 

and transforming this to coordinates q A The function F(x) becomes f(q) = 
F(x(q)), and the derivatives ■ ■ ■ di n f(x) go over into covariant derivatives: 
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< iiJ' • ■-eifD^D^ ■ ■■D ltn f(q). For instance, djF{x ) = e^d^f{q) = e i / *D #1 /(g), 
and 

did j f{q)=e j lx d lx ej V d u f{q) = > + e/(d fl e j ")d l/ \ f{q) 

= e»Zj V [d ll d v - V , u x d x \f(q) = efe/D p ,dJ(q) = eSe/D fl DJ(q), (10.100) 

where we have used (10.17) to express = Iand changed dummy 

indices. The differences Ax 1 in (10.99) are replaced by e\A^ with the prepoint 
expansion (10.98). In this way we arrive at the covariant Taylor expansion 

f(q + A q) = F(x) + DJ(q) Af + ^D,DJ(q) A^A£" + • • • • (10.101) 

Indeed, re-expanding the right-hand side in powers of Aq IJ via (10.98) we may verify 
that the affine connections cancel against those in the covariant derivatives of f{q), 
so that (10.101) reduces to the ordinary Taylor expansion of f(q + Aq) in powers of 
A q. 

Note that the expansion (10.96) differs only slightly from a naive Taylor expan¬ 
sion of the difference around the postpoint: 

A x l =F(q) - x\q - Aq) = e\Aq x - -/„,,Aq"Aq" + ±-e\^Aq»Aq" Aq* + ... , 

(10.102) 

where a subscript A separated by a comma denotes the partial derivative d\ = 
d/dq x , i.e., f.\ = d\f. The right-hand side can be rewritten with the help of the 
completeness relation (10.13) as 

AaA = e*A [A q x - i^-V^A/A,/" + ^J^AtfAtfAq” + ...]. (10.103) 

The expansion coefficients can be expressed in terms of the affine connection (10.16), 
using the derived relation 

p-V' — <9 fp-V i — p iT p i e j p jX — by A + r r r A no 1041 

Thus we obtain 

Ax i = e\\A q x -^T,„ x A q »Aq"+j ] (d a T,„ x +T^T ar x ) Aq»Aq"Aq* + . ..].(10.105) 

This differs from the true expansion (10.150) only by the absence of the svmmetriza- 
tion of the indices in the last affine connection. 

Inserting (10.96) into the short-time amplitude (10.90), we obtain 

A'q(Ax) = (x| (-Uh) |x - Ax) =--- _ e iAi{ q , q -A q) /h^ (10.106) 

V Tl J J2nieh/M 
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with the short-time postpoint action 

q- Aq) = {Ax' 1 ) 2 = e^-g^rfq" 

= ^{g in ,Aq"A q “ - T, uX Aq»Aq"Aq x 




(10.107) 

Aq' J Aq^Aq x Aq K + ... }. 


Separating the affine connection into Christoffel symbol and torsion, this can also 
be written as 


Ay{q,q- Aq) = 

1 


:9/ji 


{dJx,, 


M 

Ye 

T + r 


giu ,Aq»A<f - r^Aq^Aq 
U 1 


\v -L 5k 




^ “ A K — fxi/u < ^ 


s\ K s, 


XK^anis 


(10.108) 

Aq^Aq u Aq x Aq K + ... J. 


Note that in contrast to the formulas for the short-time action derived in Chap¬ 
ter 8, the right-hand side contains only intrinsic quantities of g-space. For the 
systems treated there (which all lived in a Euclidean space parametrized with curvi¬ 
linear coordinates), the present intrinsic result reduces to the previous one. 

Take, for example, a two-dimensional Euclidean space parametrized by radial 
coordinates treated in Section 8.1. The postpoint expansion (10.96) reads for the 
components r, rf) of q x 


A r r{A<p) 2 Ar(A</>) 2 

e 2e e 

^ A (j) ArAcf> (A 0) 3 ^ 

e er 6e 

Inserting these into the short-time action which is here simply 

A e = -^-e(r 2 + r 2 (/) 2 ), 
we find the time-sliced action 




M 

Y 


A r 2 + r 2 {A<p) 2 


rAr(Acj)) 2 


i’ 2 (A0) 4 + ... 


(10.109) 

( 10 . 110 ) 

( 10 . 111 ) 

( 10 . 112 ) 


A symmetrization of the postpoint expressions using the fact that r 2 stands for 


r 2 n = r n (r„_i + A r n ), 


(10.113) 


leads to the short-time action displaying the subscripts n 


A e 


M 

Y 


Ar 2 + r n r n _i(A(f> n y 


1 

T-r„r n _i 


(A <j > n ) 1 + ... 


(10.114) 


This agrees with the previous expansion of the time-sliced action in Eq. (8.53). 
While the previous result was obtained from a transformation of the time-sliced 
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Euclidean action to radial coordinates, the short-time action here is found from a 
purely intrinsic formulation. The intrinsic method has the obvious advantage of not 
being restricted to a Euclidean initial space and therefore has the chance of being 
true in an arbitrary metric-affine space. 

At this point we observe that the final short-time action (10.107) could also have 
been introduced without any reference to the flat reference coordinates x l . Indeed, 
the same action is obtained by evaluating the continuous action (10.3) for the small 
time interval At = e along the classical orbit between the points q n _\ and q n . Due 
to the equations of motion (10.18), the Lagrangian 

Hq, Q) = ^-9nv{q{t))q^{t)q u {t) (10.115) 

is independent of time (this is true for autoparallels as well as geodesics). The 
short-time action 


A e {qY) = I dtg^{q(t))q^{t)q"(t) 

Z Jt — 6 


(10.116) 


can therefore be written in either of the three forms 


A e 


M 

Y 




M 

Y 




M 

Y 




(10.117) 


where q^,q’^,rfi are the coordinates at the final time t n . the initial time t n and 
the average time (t n + t n _ 1)/2, respectively. The first expression obviously coincides 
with (10.107). The others can be used as a starting point for deriving equivalent 
prepoint or midpoint actions. The prepoint action J\l < arises from the postpoint one 
Ay by exchanging A q by —A q and the postpoint coefficients by the prepoint ones. 
The midpoint action has the most simple-looking appearance: 


7 C( - , A 9 - 

■A(q + —= 


(10.118) 


M 

Ye 


9 ^(q)Aq fi A(fj r —g KT {d x T ^+ T flv s T {x s} T ) Aq^Aq v Aq x Aq h 


where the affine connection can be evaluated at any point in the interval (t n _i,t n ). 
The precise position is irrelevant to the amplitude, producing changes only in higher 
than the relevant orders of e. 

We have found the postpoint action most useful since it gives ready access to 
the time evolution of amplitudes, as will be seen below. The prepoint action is 
completely equivalent to it and useful if one wants to describe the time evolution 
backwards. Some authors favor the midpoint action because of its symmetry and 
the absence of cubic terms in Aq' J in the expression (10.118). 

The different completely equivalent “anypoint” formulations of the same short- 
time action, which is universally defined by the nonholonomic mapping procedure, 
must be distinguished from various so-called time-slicing “prescriptions” found in 
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the literature when setting up a lattice approximation to the Lagrangian (10.115). 
There, a midpoint prescription is often favored, in which one approximates L by 

L(q, q) ->■ L £ (q , A q/e) = ^9» v {q) Aq» {t) Aq u (t), (10.119) 

and uses the associated short-time action 

A £ mpp = eL £ (q,Aq/e) (10.120) 

in the exponent of the path integrand. The motivation for this prescription lies 
in the popularity of H. Weyl’s ordering prescription for products of position and 
momenta in operator quantum mechanics. From the discussion in Section 1.13 we 
know, however, that the Weyl prescription for the operator order in the kinetic 
energy (q)p fJl p u /2M does not lead to the correct Laplace-Beltrami operator in 
general coordinates. The discussion in this section, on the other hand, will show 
that the Wevl-ordered action (10.120) differs from the midpoint form (10.118) of the 
correct short-time action by an additional forth-order term in A q^, implying that the 
short-time action A £ mpp does not lead to the correct physics. Worse shortcomings are 
found when slicing the short-time action following a pre- or postpoint prescription. 
There is, in fact, no freedom of choice of different slicing prescriptions, in contrast 
to ubiquitous statements in the literature. The short-time action is completely fixed 
as being the unique nonholonomic image of the Euclidean time-sliced action. This 
also solves uniquely the operator-ordering problem which has plagued theorists for 
many decades. 

In the following, the action A £ without subscript will always denote the preferred 
postpoint expression (10.107): 

A £ = Al(q,q- Aq). (10.121) 


10.3.2 Measure of Path Integration 


We now turn to the integration measure in the Cartesian path integral (10.89) 


N 


^J'2'k ieh/M 


IP' 

n =1 


D 


X r , 


This has to be transformed to the general metric-affine space. We imagine evaluating 
the path integral starting out from the latest time and performing successively the 
integrations over x^-i, ... , i.e., in each short-time amplitude we integrate over 
the earlier position coordinate, the prepoint coordinate. For the purpose of this 
discussion, we relabel the product d D x l n by H^ 1 so that the integration 

in each time slice (t n , t n _i) with n = N + 1, N,... runs over <l.r l n ,. 

In a flat space parametrized with curvilinear coordinates, the transformation of 
the integrals over d D x l n _ 1 into those over d D q^_ l is obvious: 


N+l 

n / d D x\_ i 

n -2 J 



det 


[e\{Qn- 1 )] 


( 10 . 122 ) 
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The determinant of e\ is the square root of the determinant of the metric g^ v \ 


det(e^) = Jdetg^{q) = J g(q ), 


and the measure may be rewritten as 


N+l \ • I f _ 

II / ,jrKfJ n I = n / ,,D( ln-\ yg(Qn- l) 

n =2 J n =2 L,y 


(10.123) 


(10.124) 


This expression is not directly applicable. When trying to do the d' ) q [ J l _, -integrations 
successively, starting from the final integration over dq^, the integration variable 
q n -i appears for each n in the argument of det ((/«■-! )J or tj tw ((/„_ i). To make 
this g„_i-dependence explicit, we expand in the measure (10.122) e* (g n -i) = c' /( (c/ n — 
Ag n ) around the postpoint q n into powers of A q n . This gives 

dx 1 = e^(q - A q)dq' J = e^dq 11 - B lh „< I q 1 'Aq l/ + ^e\ jUX dq IJ Aq v Aq x + ... (10.125) 

omitting, as before, the subscripts of q n and A q n . Thus the Jacobian of the coordi¬ 
nate transformation from dx 1 to dq is 


J 0 = det (e' K ) det - e 8 -V^A q v + -ef e l ^ uX Aq u Aq x , (10.126) 

giving the relation between the infinitesimal integration volumes d D x l and d D q fi \ 


N+l , N+l , .. 

II J dD ’ X h- 1 = II {/ dl>( ln I'/onj- 


(10.127) 


The well-known expansion formula 


det (1 + B) = exptrlog(l + B) = exptr(I? — B 2 /2 + B 3 /3 — ...) (10.128) 


allows us now to rewrite Jq as 


J 0 = det (e' K ) exp ( -A e Jo ) , 


(10.129) 


with the determinant det (e^) = \Jg{q) evaluated at the postpoint. This equation 
defines an effective action associated with the Jacobian, for which we obtain the 
expansion 

yA‘ h = -e,V„ J ,A 9 " + i W + • • • • (10.130) 

The expansion coefficients are expressed in terms of the affine connection (10.16) 
using the relations: 


k, A Gj 6 i/^GjaA K ^ X T^ T Ak<t 

e^e\ M = g fl; <) K (r , : v c‘„. x ) r < '„. A ( e h 
= juT(d K r Aj , T + r A /r K /). 


(10.131) 


(10.132) 
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The Jacobian action becomes therefore: 

jA) 0 = -VA g ^ + ^r wt *AW + ... . (10.133) 

The same result would, incidentally, be obtained by writing the Jacobian in accor¬ 
dance with (10.124) as 

Jo = \Jg{q ~ Ag), (10.134) 


which leads to the alternative formula for the Jacobian action 


exp 




y/g(q- A g) 
\fgio) 


(10.135) 


An expansion in powers of A q gives 

exp (^) =1- .. . 

Using the formula 

= ^g aT d fJ: g ar = f,,/, 

this becomes 

exp = 1 - r,/Ar/ + +..., 

so that 


(10.136) 


(10.137) 


(10.138) 



—fVAcf + ^r„ A A AcfAcf + ... . 


(10.139) 


In a space without torsion where T x v = T jUiy A , the Jacobian actions (10.133) and 
(10.139) are trivially equal to each other. But the equality holds also in the presence 
of torsion. Indeed, when inserting the decomposition (10.27), F^ A = f A + K^ x , 
into (10.133), the contortion tensor drops out since it is antisymmetric in the last 
two indices and these are contracted in both expressions. 

In terms of Aj 0n , we can rewrite the transformed measure (10.122) in the more 
useful form 


iV+l 

n 


n —2 


d D X 


i 

n —1 



[ e% Mn)\ exp } . (10.140) 


In a flat space parametrized in terms of curvilinear coordinates, the right-hand 
sides of (10.122) and (10.140) are related by an ordinary coordinate transformation, 
and both give the correct measure for a time-sliced path integral. In a general 
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metric-affine space, however, this is no longer true. Since the mapping clx 1 —>■ 
dq IJ is nonholonomic, there are in principle infinitely many ways of transforming 
the path integral measure from Cartesian coordinates to a non-Euclidean space. 
Among these, there exists a preferred mapping which leads to the correct quantum- 
mechanical amplitude in all known physical systems. This will serve to solve the 
path integral of the Coulomb system in Chapter 13. 

The clue for finding the correct mapping is offered by an unaesthetic feature of 
Eq. (10.125): The expansion contains both differentials dq 11 and differences A q 11 . 
This is somehow inconsistent. When time-slicing the path integral, the differentials 
dq IJ in the action are increased to finite differences A q'\ Consequently, the differ¬ 
entials in the measure should also become differences. A relation such as (10.125) 
containing simultaneously differences and differentials should not occur. 

It is easy to achieve this goal by changing the starting point of the nonholonomic 
mapping and rewriting the initial flat space path integral (10.89) as 


(xt|xY) = 


^2nieh/M 


N 

n 

n=1 


N+l 


dAx r 


n ^'o(AxJ. 


(10.141) 


J n=1 


Since x n are Cartesian coordinates, the measures of integration in the time-sliced 
expressions (10.89) and (10.141) are certainly identical: 



(10.142) 


Their images under a nonholonomic mapping, however, are different so that the 
initial form of the time-sliced path integral is a matter of choice. The initial form 
(10.141) has the obvious advantage that the integration variables are precisely the 
quantities Ax l n which occur in the short-time amplitude Kl(Ax n ). 

Under a nonholonomic transformation, the right-hand side of Ecp (10.142) leads 
to the integral measure in a general metric-affine space 


N+l r 

n/■ 

n=2 


rAi, 


A r +1 

n 

n =2 L 


J d D Aq n J n 


(10.143) 


with the Jacobian following from (10.96) (omitting n) 


d(Ax) 
d(A q) 


det (e\) det 



r w A A q"+^ (%r^ } A +r { ^/r {rk}} A ) A q v A(f +... . 

(10.144) 


In a space with curvature and torsion, the measure on the right-hand side of (10.143) 
replaces the flat-space measure on the right-hand side of (10.124). The curly double 
brackets around the indices 72 , k, < 7 , p indicate a symmetrization in r and a followed 
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by a symmetrization in //, v, and a. With the help of formula (10.128) we now 
calculate the Jacobian action 

jAj = -rv/A(f + i [d {tl r VK f + r { ^r {aM f - r { „ K fr w „f] +.... 

(10.145) 


This expression differs from the earlier Jacobian action (10.133) by the symmetriza¬ 
tion symbols. Dropping them, the two expressions coincide. This is allowed if q IJ are 
curvilinear coordinates in a flat space. Since then the transformation functions x\q) 
and their first derivatives d^x' iq) are integrable and possess commuting derivatives, 
the two Jacobian actions (10.133) and (10.145) are identical. 

There is a further good reason for choosing (10.142) as a starting point for the 
nonholonomic transformation of the measure. According to Huygens' principle of 
wave optics, each point of a wave front is a center of a new spherical wave propagating 
from that point. Therefore, in a time-sliced path integral, the differences Ax l n play 
a more fundamental role than the coordinates themselves. Intimately related to this 
is the observation that in the canonical form, a short-time piece of the action reads 


/ 


dpn 
27 rh 


exp 



Xn—l ) 


2 Mh 


Each momentum is associated with a coordinate difference Ax n = x n — x n _i. 
Thus, we should expect the spatial integrations conjugate to p n to run over the 
coordinate differences Ax n = x n — .r n _i rather than the coordinates x n themselves, 
which makes the important difference in the subsequent nonholonomic coordinate 
transformation. 

We are thus led to postulate the following time-sliced path integral in g-space: 

e i J2^i( Ae + A j)/ n i 

(10.146) 

where the integrals over A q n may be performed successively from n = N down to 
n = 1. 

Let us emphasize that this expression has not been derived from the flat space 
path integral. It is the result of a specific new quantum equivalence principle which 
rules how a flat space path integral behaves under nonholonomic coordinate trans¬ 
formations. 

It is useful to re-express our result in a different form which clarifies best the 
relation with the naively expected measure of path integration (10.124), the product 
of integrals 


<9 l e 


-i(L-t')H/n W j 


Q') 


\j2nihe/M 


N+l 

n n 

n=2 


d D Aq n 


\Jg(Qn ) 


sj'lxidt j M 


N 


n 

n=1 



N r 


n=1 L ' 


IT / dD< ln \/9(Qn) 


(10.147) 
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The measure in (10.146) can be expressed in terms of (10.147) as 

II / d D Aq n ^fg{q n ) / d D q n y/g{q n )e~ lA ' J o /h . (10.148) 

n=2 L "' J n=l U 

The corresponding expression for the entire time-sliced path integral (10.146) in the 
metric-affine space reads 

<„:|. e -C-»'WV) = 1 D n / d D q, 

, 'l~ih( i\1 n=i J2TTihe/M 

(10.149) 

where A*4.j is the difference between the correct and the wrong Jacobian actions in 
Eqs. (10.133) and (10.145): 

A (10.150) 

In the absence of torsion where Tp^}"* = r pi , A , this simplifies to 

jAA^j = (10.151) 

where R IW is the Ricci tensor associated with the Riemann curvature tensor, i.e., the 
contraction (10.41) of the Riemann curvature tensor associated with the Christoffel 
symbol 

Being quadratic in A q, the effect of the additional action can easily be evalu¬ 
ated perturbatively using the methods explained in Chapter 8, according to which 
Aq^Aq" may be replaced by its lowest order expectation 

(A^A^)o = ietig ,w (q) / M. 

Then A.Aj yields the additional effective potential 

K»(«) = -A R(q), (10.152) 

where R is the Riemann curvature scalar. By including this potential in the action, 
the path integral in a curved space can be written down in the naive form (10.147) 
as follows: 

(g\e ^ h ,/) 1 — J] [ d 1 ' q„ ^ a(<l " ] n c »> R ‘< </••)/« *' 

J 2tt ihe/M n= l Y J2niefi / M 

(10.153) 

This time-sliced expression will from now on be the definition of a path integral in 
curved space written in the continuum notation as 

(q e i{l q 1 ) = J V D q^Re i tia dtA[q]/n . (10.154) 
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The integrals over q n in (10.153) are conveniently performed successively down¬ 
wards over A q n+1 = q n+ i~q n at fixed q n+1 . The weights yjg{q n ) = \J g(q n +1 ~ Aq n+l ) 
require a postpoint expansion leading to the naive Jacobian Jq of (10.126) and the 
Jacobian action Aj 0 of Eq. (10.133). 

It is important to observe that the above time-sliced definition is automatically 
invariant under coordinate transformations. This is an immediate consequence of 
the definition via the nonholonomic mapping from a flat-space path integral. 

It goes without saying that the path integral (10.153) also has a phase space 
version. It is obtained by omitting all (M / 2e) (Aq n ) 2 terms in the short-time actions 
A' and extending the multiple integral by the product of momentum integrals 


N +1 

n 


n= 1 


dp r 


_2'kTi^J g(q n ) _ 




(10.155) 


When using this expression, all problems which were encountered in the literature 
with canonical transformations of path integrals disappear. 

An important property of the definition of the path integral in spaces with cur¬ 
vature and torsion as a nonholonomic image of a Euclidean path integral is that this 
image is automatically invariant under ordinary holonomic coordinate transforma¬ 
tions. 


10.4 Completing the Solution of Path Integral on Surface 
of Sphere in D Dimensions 


The measure of path integration in Eq. (10.146) allows us to finally complete the 
calculation, initiated in Sections 8.7-8.9, of the path integrals of a point particle on 
the surface of a sphere on group spaces in any number of dimensions. Indeed, using 
the result (10.152) we are now able to solve the problems discussed in Section 8.7 
in conjunction with the energy formula (8.225). Thus we are finally in a position to 
find the correct energies and amplitudes of these systems. 

A sphere of radius r embedded in D dimensions has an intrinsic dimension D 1 = 
D — 1 and a curvature scalar 


R 


(D 1 - 1 )D’ 


(10.156) 


This is most easily derived as follows. Consider a line element in D dimensions 


(dx) 2 = (dx 1 ) 2 + (dx 2 ) 2 + ... + ( dx D ) 2 
and restrict the motion to a spherical surface 

(rr 1 ) 2 + (x 2 ) 2 + ... + (x D ) 2 = r 2 , 
by eliminating x D . This brings (10.157) to the form 

(x 1 dx 1 + dx 2 + ... + x D ' dx D ') 2 


(dx) 2 = (dx 1 ) 2 + (dx 2 ) 2 + ... + ( dx D ) 2 + 


ry*2 _ iyl 2 


(10.157) 

(10.158) 

(10.159) 
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where r' 2 = ( x 1 ) 2 + (x 2 ) 2 + ... + (x D ') 2 . The metric on the IT-dimensional surface 
is therefore 

9nu{x) = 8 fW + _ ^ /2 • (10.160) 

Since R will be constant on the spherical surface, we may evaluate it for small x E 
(p = 1 where g,_ w { Spy + xPx v jr 2 and the Christoffel symbols (10.7) are 

r iIv x k, P/ujx ~ 8 iW x\jr 2 . Inserting this into (10.35) we obtain the curvature tensor 
for small x^\ 

RfJ,v\K ~ • (10.161) 

This can be extended covariantly to the full surface of the sphere by replacing 8^ 
by the metric g^\{x)\ 

Ruu\ k(x) = [g^{x)g„x{x) - g„x{x)g^{x)], (10.162) 

so that Ricci tensor is [recall (10.41)] 

D 1 - 1 

R vk {x) = R v ^(x) = — g„ K (x). (10.163) 

Contracting this with g 1 "' [recall (10.42)] yields indeed the curvature scalar (10.156). 
The effective potential (10.152) is therefore 

v <« = -^i(D-2)(D-l). (10.164) 

It supplies precisely the missing energy which changes the energy (8.225) near the 
sphere, corrected by the expectation of the quartic term in the action, to the 
proper value 

E, = We lil + D ~ 2) - (1(u65) 

Astonishingly, this elementary result of Schrodinger quantum mechanics was found 
only a decade ago by path integration [5]. Other time-slicing procedures yield extra 
terms proportional to the scalar curvature /?. which are absent in our theory. Here 
the scalar curvature is a trivial constant, so it would remain undetectable in atomic 
experiments which measure only energy differences. The same result will be derived 
in general in Eqs. (11.25) and in Section 11.3. 

An important property of this spectrum is that the ground state energy vanished 
for all dimensions D. This property would not have been found in the naive measure 
of path integration on the right-hand side of Eq. (10.147) which is used in most 
works on this subject. The correction term (10.151) coming from the nonholonomic 
mapping of the flat-space measure is essential for the correct result. 
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More evidence for the correctness of the measure in (10.146) will be supplied in 
Chapter 13 where we solve the path integrals of the most important atomic system, 
the hydrogen atom. 

We remark that for t —t t', the amplitude (10.153) shows the states \q) to obey 
the covariant orthonormality relation 

(qW) = \faiq) < 5 ( D) {q-q ')• ( 10 . 166 ) 

The completeness relation reads 

J d D q\[g{q)\q){q\ = 1. (10.167) 

10.5 External Potentials and Vector Potentials 

An important generalization of the above path integral formulas (10.146), (10.149), 
(10.153) of a point particle in a space with curvature and torsion includes the pres¬ 
ence of an external potential and a vector potential. These allow us to describe, for 
instance, a particle in external electric and magnetic fields. The classical action is 
then 


A 


em 



- c A^q(t))cf l 


V(q(t)) 


(10.168) 


To find the time-sliced action we proceed as follows. First we set up the correct 
time-sliced expression in Euclidean space and Cartesian coordinates. For a single 
slice it reads, in the postpoint form, 


VI p 

AC = -—(A:r*) 2 -| —. 1; ( x ! Ax' — — 4y(x) Ax l AxC — eV(x) + ... . (10.169) 

2c c 2c 

As usual, we have neglected terms which do not contribute in the continuum limit. 
The derivation of this time-sliced expression proceeds by calculating, as in (10.116), 
the action 


A e = f dtL{t ) (10.170) 

J t—e 

along the classical trajectory in Euclidean space, where 

W) = y^x 2 (f) + -A (x(i))x(t) - T(x(f)) (10.171) 

c 

is the classical Lagrangian. In contrast to (10.116), however, the Lagrangian has 
now a nonzero time derivative (omitting the time arguments): 

—L = Mxx + -A(x)x + -Aj 7 (x)i’ ? i J — Vj( x )i’'. (10.172) 

(It c c 
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For this reason we cannot simply write down an expression such as (10.117) but we 
have to expand the Lagrangian around the postpoint leading to the series 

A £ = T dtL(t) = eL(t) - -e 2 Z-L(t) + ... . (10.173) 

Jt—e 2 dt 

The evaluation makes use of the equation of motion 

Mx l = -^(A'i(x) - Ajj{x))x J - Fj(x), (10.174) 

from which we derive the analog of Eq. (10.96): First we have the postpoint expan¬ 
sion 

Ax' 1 = —ex 1 + ~e 2 x l + ... 

Z. 

= ~ T[j; r ’ [(Aj ~ AA 3 + ^(x)] + ... . (10.175) 

Inverting this gives 

Ar* p 

x' = - —(^ - ^)A*» + ... . (10.176) 

When inserted into (10.173), this yields indeed the time-sliced short-time action 
(10.169). 

The quadratic term Ax 1 Ax-’ in the action (10.169) can be replaced by the per¬ 
turbative expectation value 

Ax 1 Axi —>■ (. Ax 1 Ax ■ ? ') = 5ij i—, (10.177) 

so that A £ becomes 

IV/T p f) p 

A £ = —(Ax*) 2 + -A i (x)Ax i - ie^-A^(x) - eV(x) + ... . (10.178) 

Zp c ZJV1 c 

Incidentally, the action (10.169) could also have been written as 

A £ = —(Ax 1 ) 2 —A,;(x) Ax 1 — eV(x.) + ... , (10.179) 

2 e c 

where x is the midpoint value of the slice coordinates 

x = x-Ax, (10.180) 

2 

i.e., more explicitly, 

x(4) = ^[x(i„) +x(i„_ 1 )]. 


(10.181) 
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Thus, with an external vector potential in Cartesian coordinates, a midpoint “pre¬ 
scription” for A £ happens to yield the correct expression (10.179). 

Having found the time-sliced action in Cartesian coordinates, it is easy to go 
over to spaces with curvature and torsion. We simply insert the nonholonomic 
transformation (10.96) for the differentials Ax\ This gives again the short-time 
action (10.107), extended by the interaction due to the potentials 

A £ em = -A^A? - ^-d„A„Aq»Aq" - eV(q) + ... . (10.182) 

The second term can be evaluated perturbatively leading to 

4 = ~ A Aq^ ~ ie^-d^ - eV{q) + ... . (10.183) 


The sum over all slices, 


N+l 

Am= E- 4 -.. (10-184) 

n —1 

has to be added to the action in each time-sliced expression (10.146), (10.149), and 
(10.153). 

10.6 Perturbative Calculation of Path Integrals 
in Curved Space 

In Sections 2.15 and 3.21 we have given a perturbative definition of path integrals 
which does not require the rather cumbersome time slicing but deals directly with a 
continuous time. We shall now extend this definition to curved space in such a way 
that it leads to the same result as the time-sliced definition given in Section 10.3. In 
particular, we want to ensure that this definition preserves the fundamental prop¬ 
erty of coordinate independence achieved in the time-sliced definition via the non¬ 
holonomic mapping principle, as observed at the end of Subsection 10.3.2. In a 
perturbative calculation, this property will turn out to be highly nontrivial. In ad¬ 
dition, we want to be sure that the ground state energy of a particle on a sphere is 
zero in any number of dimensions, just as in the time-sliced calculation leading to 
Eq. (10.165). This implies that also in the perturbative definition of path integral, 
the operator-ordering problem will be completely solved. 

10.6.1 Free and Interacting Parts of Action 

The partition function of a point particle in a curved space with an intrinsic dimen¬ 
sion D is given by the path integral over all periodic paths on the imaginary-time 
axis t: 

Z = J V D q^e~ A[q] , (10.185) 
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where A[q] is the Euclidean action 

A[q]= f dr \g^{q{T))q^{T)q u (t) +V(q(r)) . (10.186) 

J 0 1 

We have set h and the particle mass M equal to unity. For a space with constant 
curvature, this is a generalization of the action for a particle on a sphere (8.147), 
also called a nonlinear a-model (see p. 746). The perturbative definition of Sections 
2.15 and 3.21 amounts to the following calculation rules. Expand the metric g^q) 
and the potential V(q) around some point qf in powers of hr/' = q' J — q%. After this, 
separate the action A[q] into a harmonically fluctuating part 

A (0) [q a -Jq] = \ drg^iQa) [t>Vf (r)^(r) + w 2 d7/(r)hg iy (r)] , (10.187) 

and an interacting part 

A' nl [q a - dq] = A[q] - A (0) [q a ; 5q]. (10.188) 

The second term in (10.187) is called frequency term or mass term. It is not invariant 
under coordinate transformations. The implications of this will be seen later. When 
studying the partition function in the limit of large 0, the frequency to cannot be 
set equal to zero since this would lead to infinities in the perturbation expansion, as 
we shall see below. 

A delicate problem is posed by the square root of the determinant of the metric 
in the functional integration measure in (10.185). In a purely formal continuous 
definition of the measure, we would write it as 

J^ D qVg = Hjd D q{r)^/g{^)= j d D q{r) Jg{cu) exp ^ £>g • 

(10.189) 

The formal sum over all continuous times r in the exponent corresponds to an in¬ 
tegral f dr divided by the spacing of the points, which on a sliced time axis would 
be the slicing parameter e. Here it is dr. The ratio 1/dr may formally be identified 
with <5(0), in accordance with the defining integral /drd(r) = 1. The infinity of 
d(0) may be regularized in some way, for instance by a cutoff in the Fourier repre¬ 
sentation 5(0) = f cIuj/(2tt) at large frequencies uj, a so-called UV-cidoff. Leaving 
the regularization unspecified, we rewrite the measure (10.189) formally as 

J^ D qV9= II / dD( l( T )^9{qa) exp 1(5(0) jf drlog^l , (10.190) 

and further as 



(10.191) 
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where we have introduced an effective action associated with the measure: 

AM = ->) /> (10.192) 

For a perturbative treatment, this action is expanded in powers of 8q(r ) and is a 
functional of this variable: 

•A g [q a ,Sq] = -^S(0) J q dr [log g (q a + 8 q(r))-log g(q a )]. (10.193) 

This is added to (10.188) to yield the total interaction 


•/0&, 8q] = A mt [q a , 8q] + Ag[q a , 8q]. (10.194) 

The path integral for the partition function is now written as 

Z = J V D q\J'g{q a ) (10.195) 

According to the rules of perturbation theory, we expand the factor e Ad j n 
powers of the total interaction, and obtain the perturbation series 


Z = 



e -A 0) M 


(10.196) 


where 


= e = jv n q^[^)e A " ■« 


(10.197) 


is the path integral over the free part, and the symbol (...) denotes the expectation 
values in this path integral 


(...) = ZJ 1 / 


(10.198) 


With the usual definition of the cumulants (A mt 

lint' 2 


_ / A int \ //Jint2\ / A int 2 

tot/ c X^tot j c X^tot 


yl™)) ,... [recall (3.485), (3.486)], this can be written as 


Z = e = exp 


- (A”„;) c +5 -M 


int 2 
tot 


(10.199) 


where F u , = —8~ l log Z the free energy associated with Z u . 

The cumulants are now calculated according to Wick’s rule order by order in h, 
treating the 5-function at the origin 5(0) as if it were finite. The perturbation series 
will contain factors of 5(0) and its higher powers. Fortunately, these unpleasant 
terms will turn out to cancel each other at each order in a suitably defined expansion 
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parameter. On account of these cancellations, we may ultimately discard all terms 
containing 5(0), or set 5(0) equal to zero, in accordance with Veltman’s rule (2.508). 

The harmonic path integral (10.197) is performed using formulas (2.489) and 
(2.505). Assuming for a moment what we shall prove below that we may choose 
coordinates in which g^iQa) = 5 A „, we obtain directly in D dimensions 


Z u = 


Vqe- A “ [q] = 


= exp 


——Trlog(— 0 2 To; 2 ) 


= e- 0F “ 


( 10 . 200 ) 


The expression in brackets specifies the free energy F w of the harmonic oscillator at 
the inverse temperature 3. 


10.6.2 Zero Temperature 


For simplicity, we fist consider the limit of zero temperature or ft —>■ oo. Then F b . 
becomes equal to the sum of D ground state energies uj/ 2 of the oscillator, one for 
each dimension: 

Fw = ^Trlog(-d 2 +u 2 ) ->• ^ f ^log(A: 2 + o; 2 ) = yoj. (10.201) 

p Z p—>-oo Z J- OO Z7T Z 


The Wick contractions in the cumulants °f i' 10 expansion (10.198) con¬ 

tain only connected diagrams. They contain temporal integrals which, after suitable 
partial integrations, become products of the following basic correlation functions 


G 2(A t ') 
drGjfJCr, t') 
dr'G$(T, F) 
drdr'G ( ^{T, F) 


{%{r)qAr')) = -, 

{%{r)q v {T')) = , 

(q^(r)qu(T 1 )) = -, 

(QmMqAt')) = .• 


( 10 . 202 ) 

(10.203) 

(10.204) 

(10.205) 


The right-hand sides define line symbols to be used for drawing Feynman diagrams 
for the interaction terms. 

Under the assumption g^{q a ) = 5 ;i „, the correlation function G'| 2 ](r, r 7 ) factor¬ 
izes as 


= (10.206) 

with A (t — t') abbreviating the correlation the zero-temperature Green function 
G'^ 2e (r) of Eq. (3.249) (remember the present units with M = fi = 1): 


A(r - t) = J 


OO rib JHt-t') 1 

L _ _ 1 c ~u)\t-t'\ 


27r k 2 


■ 


2 u 


(10.207) 


As a consequence, the second correlation function (10.203) has a discontinuity 


drG^(r,r') = 5, w i f_ 


°° dke ik ^- T '^k 


-oo 2n k 2 + uj 2 


= 5,„A(t - r 1 ) = -~d,Ar ~ r')e-^-\ 


(10.208) 
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where e(r — r') is the distribution defined in Eq. (1.315) which has a jump at r = r' 
from —1 to 1. It can be written as an integral over a 5-function: 

e(r — r') = —1 + 2 f dr" S(t" — t 1 ). (10.209) 

J — oo 


The third correlation function (10.204) is simply the negative of (10.203): 

dr'G$(T,T') = —d r G^} (r, t') = -S^A{r - t'). (10.210) 

At the point r = r', the momentum integral (10.208) vanishes by antisymmetry: 


drG ( ^ (r, t') | t=t , = -Sr'GjfJ (t, r) | T=T , = 5^ i J 


00 dk k 


' —oo 27T h ^ + CJ 

The fourth correlation function (10.205) contains a 5-function 

ro ° dk e lk { T - T ')k 2 


5 ^ A(0) = 0. (10.211) 


d T d T 'G$ (r, r') = -d 2 G (2 } (r, r') = 5^ j 


-oo 27T A: 2 + cj 2 


= -5^A(r - r') (10.212) 


= 5 




^ ^ 3 i*(r-r') A _ 


r°° elk 

J oo 27T 


k 2 + tc 2 

The Green functions for //, = are plotted in Fig. 10.4 


j = 5 /lv 5(r - t') - uj 2 G (2) v {t,t'). 





Figure 10.4 Green functions for perturbation expansions in curvilinear coordinates in 
natural units with u) = 1. The third contains a 5-function at the origin. 


The last equation is actually the defining equation for the Green function, which 
is always the solution of the inhomogeneous equation of motion associated with the 
harmonic action (10.187), which under the assumption g^iqa) = 5^ reads for each 
component: 


—Q( T ) + uj2 q( t ) = 5(r ~ T ')- (10.213) 

The Green function A(r — t') solves this equation, satisfying 

A(r) = uj 2 A(t) — d(r). (10.214) 

When trying to evaluate the different terms produced by the Wick contrac¬ 
tions, we run into a serious problem. The different terms containing products of 
time derivatives of Green functions contain effectively products of 5-functions and 
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Heaviside functions. In the mathematical theory of distributions, such integrals are 
undefined. We shall offer two ways to resolve this problem. One is based on ex¬ 
tending the integrals over the time axis to integrals over a d-dimensional time space , 
and continuing the results at the end back to d = 1. The extension makes the path 
integral a functional integral of the type used in quantum field theories. It will turn 
out that this procedure leads to well-defined finite results, also for the initially di¬ 
vergent terms coming from the effective action of the measure (10.193). In addition, 
and very importantly, it guarantees that the perturbatively defined path integral is 
invariant under coordinate transformations. 

For the time-sliced definition in Section 10.3, coordinate independence was an 
automatic consequence of the nonholonomic mapping from a flat-space path integral. 
In the perturbative definition, the coordinate independence has been an outstanding 
problem for many years, and was only solved recently in Refs. [23]—[25]. 

In d-dimensional quantum field theory, path integrals between two and four 
spacetime dimensions have been defined by perturbation expansions for a long time. 
Initial difficulties in guaranteeing coordinate independence were solved by 4 Hooft 
and Veltman [29] using dimensional regularization with minimal subtractions. For a 
detailed description of this method see the textbook [30]. Coordinate independence 
emerges after calculating all Feynman integrals in an arbitrary number of dimen¬ 
sions d. and continuing the results to the desired physical integer value. Infinities 
occuring in the limit are absorbed into parameters of the action. In contrast, and 
surprisingly, numerous attempts [31]—[36] to define the simpler quantum-mechanical 
path integrals in curved space by perturbation expansions encountered problems. 
Although all final results are finite and unique, the Feynman integrals in the ex¬ 
pansions are highly singular and mathematically undefined. When evaluated in 
momentum space, they yield different results depending on the order of integration. 
Various definitions chosen by the earlier authors were not coordinate-independent, 
and this could only be cured by adding coordinate-dependent “correction terms” to 
the classical action — a highly unsatisfactory procedure violating the basic Feynman 
postulate that physical amplitudes should consist of a sum over all paths with phase 
factors e lA ! n containing only the classical actions along the paths. 

The calculations in cl spacetime dimensions and the continuation to cl = 1 will 
turn out to be somewhat tedious. We shall therefore find in Subsection 10.11.4 a 
method of doing the calculations directly for cl = 1. 

10.7 Model Study of Coordinate Invariance 

Let us consider first a simple model which exhibits typical singular Feynman integrals 
encountered in curvilinear coordinates and see how these can be turned into a finite 
perturbation expansion which is invariant under coordinate transformations. For 
simplicity, we consider an ordinary harmonic oscillator in one dimension, with the 
action 

| J dr [i 2 (r) + Cd 2 :r 2 (r)] . 


(10.215) 
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The partition function of this system is exactly given by (10.201): 


Z, = / D.r i • = 


exp 


——Tr log(— d 2 + co 2 ) 


= e~ 0F “ 


(10.216) 


A nonlinear transformation of x(r) to some other coordinate q(r) turns (10.216) 
into a path integral of the type (10.185) which has a singular perturbation expansion. 
For simplicity we assume a specific simple coordinate transformation preserving the 
reflection symmetry x <—> —x of the initial oscillator, whose power series expansion 
starts out like 

a ( t ) = fnivq( T )) = -fimir)) = q - + a \q 5 -» (10.217) 

T} 6 0 

where // is an expansion parameter which will play the role of a coupling constant 
counting the orders of the perturbation expansion. An extra parameter a is in¬ 
troduced for the sake of generality. We shall see that it does not influence the 
conclusions. 

The transformation changes the partition function (10.216) into 


Z = j Vq{T)e- Aj[q] e- A[q \ (10.218) 

where is A[q] is the transformed action, whereas 

Aj[q] = -5(0) [ dr log (10.219) 

J dq(r) 

is an effective action coming from the Jacobian of the coordinate transformation 


/=n 


9f(q(r)) 

\ dq(r) 


( 10 . 220 ) 


The Jacobian plays the role of the square root of the determinant of the metric in 
(10.185), and Aj[q] corresponds to the effective action A g [Sq] in Eq. (10.193). 

The transformed action is decomposed into a free part 

AM\ = \ [ dr [q 2 ( T ) +^VC 0 ], (10.221) 

2 Jo 

and an interacting part corresponding to (10.188), which reads to second order in q: 


-4""[</]= /; dr\- V |« 2 (t)4 2 (t) + |-< / 4 (t) 


(j + “) + O 1 (T + y) cf‘( T ) ) . (10.222) 


This is found from (10.188) by inserting the one-dimensional metric 
9oo{q) = g{q) = [f'{m)T = 1 ~ 2??</ 2 + (1 + 2 ci)q 2 q A + ... . 


(10.223) 
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To the same order in 77 , the Jacobian action (10.219) is 

Aj[q] = -5(0) dr -r]q 2 {r) + i] 2 (a - ^ q\r) , (10.224) 

and the perturbation expansion (10.199) is to be performed with the total interaction 

= .4“ [ 9 ] + Aj[q\. (10.225) 

For 77 = 0, the transformed partition function (10.218) coincides trivially with 
(10.216). When expanding Z of Eq. (10.218) in powers of 77 , we obtain sums of 
Feynman diagrams contributing to each order 77 ”. This sum must vanish to ensure 
coordinate independence of the path integral. From the connected diagrams in the 
cumulants in (10.199) we obtain the free energy 

PF = 0F U + 0 ■£F n = 0F W + (_4“} c - i (4o't 2 ) e + • • • • (10-226) 

n =1 

The perturbative treatment is coordinate-independent if F does not depend on the 
parameters 77 and a of the coordinate transformation (10.217). Hence all expansion 
terms F n must vanish. This will indeed happen, albeit in a quite nontrivial way. 


10.7.1 Diagrammatic Expansion 

The graphical expansion for the ground state energy will be carried here only up to 
three loops. At any order 77", there exist different types of Feynman diagrams with 
L = n + 1, ? 7 ,, and n — 1 number of loops coming from the interaction terms (10.222) 
and (10.224), respectively. The diagrams are composed of the three types of lines in 
(10.202)-(10.205), and new interaction vertices for each power of 77 . The diagrams 
coming from the Jacobian action (10.224) are easily recognized by an accompanying 
power of 5(0). 

First we calculate the contribution to the free energy of the first cumulant 
in the expansion (10.226). The associated diagrams contain only lines whose end 
points have equal times. Such diagrams will be called local. 

To lowest order in 77 , the cumulant contains the terms 


/8Fl = r 1 Jo dr {~ ^ 2 ( r )^ 2 ( r ) + y^ 4 ( r ) + 5 (°) ( / 2 ( r )^ 


There are two diagrams originating from the interaction, one from the Jacobian 
action: 


PFi = — ?7 OO - d- 2 OO + 0(0) O- 


(10.227) 
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The first cumulant contains also terms of order if: 



The interaction gives rise to two three-loop diagrams, the Jacobian action to a single 
two-loop diagram: 


/3F 2 (1) = if 


(1 \ 9 / 1 a 

3 ( — ~l“ a ) 7K + 15 cj ( — + — 
\2 J U V 18 5 


-3 (a--)tf(O) 00 


. (10.228) 


We now come to the contribution of the second cumulant in the expan¬ 

sion (10.226). Keeping only terms contributing to order if we have to calculate the 
expectation value 


f'dr M 

-q 2 {r)(f(T) - - r -q 4 (r ) + 5(0W 2 (r) 

Jo Jo \ 

L 

a J 


X 

-C(C)C(C)-^ 4 (r') + 5( 0)q 



(10.229) 


Only the connected diagrams contribute to the cumulant, and these are necessarily 
nonlocal. The simplest diagrams are those containing factors of 5(0): 


2 

PF™ = {25 2 (0) O - 45(0) [ GO + CO + 2 W 2 GO]}- (10.230) 


The remaining diagrams have either the form of three bubble in a chain, or of a 
watermelon, each with all possible combinations of the three line types ( 10 . 202 )- 
(10.205). The sum of the three-bubbles diagrams is 


2 

( 3 fP = - [4 a;>o+2 goo + 2 coo +b u 2 

while the watermelon-like diagrams contribute 


coo +&0000 + 000 ]. 

(10.231) 


W’ = -|-4 


L 3 


O + O + 4 O + © + tc © 


(10.232) 


Since the equal-time expectation value (q(r) q(r)) vanishes according to 
Eq. (10.211), diagrams with a local contraction of a mixed line (10.203) vanish 
trivially, and have been omitted. 

We now show that if we calculate all Feynman integrals in d = 1 — s time 
dimensions and take the limit s —t 0 at the end, we obtain unique finite results. 
These have the desired property that the sum of all Feynman diagrams contributing 
to each order if vanishes, thus ensuring invariance of the perturbative expressions 
(10.196) and (10.199) under coordinate transformations. 
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10.7.2 Diagrammatic Expansion in d Time Dimensions 

As a first step, we extend the dimension of the r-axis to d, assuming r to be a vector 
r = (t°, ... ,r d ), in which the zeroth component is the physical imaginary time, the 
others are auxiliary coordinates to be eliminated at the end. Then we replace the 
harmonic action (10.215) by 

A u = ^ J d d r [d a x(r)d a x(r) +w 2 :r 2 (r)j , (10.233) 

and the terms q 2 in the transformed action (10.222) accordingly by d a q(r)d a q(r). 

The correlation functions (10.206), (10.208), and (10.212) are replaced by two- 
point functions 


G (2) {t,t') = (q(T)q(r')) = A(r - r') 


d d k e jk(T - T,) 
(2n) d k 2 + uj 2 ’ 


(10.234) 


and its derivatives 



(d a q{r)q{T')) = A a {r - t') 

(d a q{r)dpq{T')) = A a8 (r-r') 


r d d k ik a ik ,. ; r , } 
J (27r) d k 2 + uj 2 
f d d k k a k 8 mT - T ') 

J (2Ti) d k 2 + uj 2 


(10.235) 

(10.236) 


The configuration space is still one-climensional so that the indices /j,, v and the 
corresponding tensors in Eqs. (10.206), (10.208), and (10.212) are absent. 

The analytic continuation to d = 1 — g time dimensions is most easily performed 
if the Feynman diagrams are calculated in momentum space. The three types of 
lines represent the analytic expressions 



= i- 


Pa 


p- 


■ LU‘ 


PaP0 

p 2 + Ul 2 


(10.237) 


Most diagrams in the last section converge in one-dimensional momentum space, 
thus requiring no regularization to make them finite, as we would expect for a 
quantum-mechanical system. Trouble arises, however, in some multiple momentum 
integrals, which yield different results depending on the order of their evaluation. 

As a typical example, take the Feynman integral 

O =-Jd d r 1 A{r 1 - T 2 )A a {r 1 - t 2 )A p (t 1 - T 2 )A a p(r 1 - t 2 ). (10.238) 


For the ordinary one-dimensional Euclidean time, a Fourier transformation yields 
the triple momentum space integral 


/ 


dk dpi dp 2 k 2 (pip 2 ) 

2tt 2tt 2tt (k 2 + U! 2 )(p 2 + u) 2 )(p 2 + uj 2 )[(k + pi + p 2 ) 2 + co 2 


X 


(10.239) 
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Integrating this first over k. then over p\ and p 2 yields 1 /32a;. In the order first p \, 
then p 2 and k, we find —3/326 6 , whereas the order first pi, then k and p 2 , gives again 
1/3266. As we shall see below in Eq. (10.284), the correct result is 1/3266. 

The unique correct evaluation will be possible by extending the momentum space 
to cl dimensions and taking the limit d —t 1 at the end. The way in which the 
ambiguity will be resolved may be illustrated by a typical Feynman integral 

y = [ d d k d d Pi d d P2 _ k 2 (Pip 2 ) - jkp 1 ){kp 2 ) _ MO 9401 

d J (2ir) d (2Tr) d (2n) d (k 2 + lu 2 ){p 2 + 66 2 )(p 2 + 66 2 )[(A; + pi + p 2 ) 2 + lo 2 ] ’ 

whose numerator vanished trivially in cl = 1 dimensions. Due to the different 
contractions in cl dimensions, however, l'o will be seen to have the nonzero value 
lo = 1/3266 — ( — 1/3266) in the limit cl —> 1, the result being split according to 
the two terms in the numerator [to appear in the Feynman integrals (10.282) and 
(10.284); see also Eq. (10.355)]. 

The diagrams which need a careful treatment are easily recognized in configura¬ 
tion space, where the one-dimensional correlation function (10.234) is the continuous 
function (10.207). Its first derivative (10.208) which has a jump at equal arguments 
is a rather unproblematic distribution, as long as the remaining integrand does not 
contain ^-functions or their derivatives. These appear with second derivatives of 
A(t, t 7 ), where the d-dimensional evaluation must be invoked to obtain a unique 
result. 


10.8 Calculating Loop Diagrams 


The loop integrals encountered in cl dimensions are based on the basic one-loop 
integral 


I = 


cl d k 


,d-2 


k 2 


66 z 


T(l-d/2) = —, 
(47r) rf / 2 1 ' d= i 266 


(10.241) 


where we have abbreviated cl d k = cl d k/(2Ti) d by analogy with h = h/2n. The 
integral exists only for 66 ^ 0 since it is otherwise divergent at small k. Such a 
divergence is called infrared divergence (IR-divergence) and 66 plays the role of an 
infrared (IR) cutoff. 

By differentiation with respect to u 2 we can easily generalize (10.241) to 

. = r r (d/2 + fl) r ( Q - d - dp) 

a — J (k 2 + oj 2 )° Hi tY' 2 nrf/2)r(o) ' 1 


Note that for consistency of dimensional regularization, all integrals over a pure 
power of the momentum must vanish: 


(10.243) 


1$ = J c! d k (A: 2 ) 8 = 0. 

We recognize Veltman’s rule of Eq. (2.508). 
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With the help of Eqs. (10.241) and (10.242) we calculate immediately the local 
expectation values (10.234) and (10.236) and thus the local diagrams in (10.227) 
and (10.228): 


O = (</> 
oo = (« 2 ) 2 


r cl d k 1 
./ k 2 +0J 2 d-\ 2u> ’ 

/ r a d k V _ J_ 

\J k 2 +i0 2 ) d=l 4 oj 2 ' 


(10.244) 

(10.245) 



/ r a d k \ 3 1 

\J k 2 +uj 2 ) d=i 8uj 3 ’ 


(10.246) 


O'.’} = (q 2 ) (9q dq) = J - 
Y = ^9> 2 = (j 


a d k r d d pp 2 1 

k 2 +ic 2 J p 2 +ui 2 d =i 4' 


¥ = {m) 2 ( 9 q 9 q)= {lJh) 

The two-bubble diagrams in Eq. (10.230) can also be easily computed 

O =/rfSA 2 (r,-r 2 )/ = T 
m /• J d_ /• d d k f d d PP 2 1 


O =/dSA 2 (r,-r 2 )/ I -^ ¥ = 
03 = / A(n - ri)A^ (n - r 2 ) J 
CO = j dd D ^aa{r 1 - Ti)A 2 {t 1 -T 2 ) J 
OO = J d d T 1 A(n - ti)A 2 (ti - r 2 ) J 


k 2 +uo 2 J (p 2 +uj 2 ) 2 d=i 8u) 2 ' 

r d d k k 2 r d d p 1 

/ A: 2 + ./ (p 2 + w 2 ) 2 <*=u 8a; 2 ’ 

d d k r d d p l 


^ J 1 Vi v 1 O F + w 2 i (p 2 + u 2 ) 2 «8w 4 ' 

For the three-bubble diagrams in Eq. (10.231) we find 


GOO = J d d Ti A (n - n) A 2 a (n - r 2 ) A (r 2 - r 2 ) 

/ r d d q \ 2 r d d p(p 2 ) 2 3 

y./ g 2 + w / J (p 2 +uj 2 ) 2 d= i 16 cj’ 

CXX) = J d d Ti A aa ( Ti - Ti ) A 2 ( Ti - r 2 ) App ( r 2 - r 2 ) 

rd d q(q 2 ) 2 2 r d d k 1 

./ q ,2 +(J 2 •/ (A: 2 +oj 2 ) 2 #4. 160 

03(0 = J d d Ti A (Ti - Ti) A 2 (n - r 2 ) A^ (r 2 - r 2 ) 

r d d k r d d pp 2 r d d qq 2 1 

./ A : 2 + w 2 ./ (p 2 + a ; 2 ) 2 J q 2 + a ; 2 d=i 16 cj ’ 

COO = J d d Ti A aa (ri - ri)A 2 (ri - r 2 )A(r 2 - r 2 ) 


(10.247) 

(10.248) 

(10.249) 

(10.250) 

(10.251) 

(10.252) 

(10.253) 

(10.254) 

(10.255) 
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f d d k k 2 f 

d d p f 

' d d q 

1 


J k 2 +0J 2 J 

{p 2 +UJ 2 ) 2 J 

q 2 +uj 2 d= 

u 16a; 3 ’ 

GOO = 

f d d n A(n 

— T i) Aq(ti - 

- t 2 )A(t 2 

- r 2 ) 


f d d k f 

R. 

to 

' d d q 

1 


J k 2 +0J 2 J 

(p 2 +a 2 ) 2 J 

q 2 +oj 2 d= 

x 16a 31 

GOO = 

J d\ A(n 

- ti)A 2 (ti - 

- t 2 )A(t 2 

-r 2 ) 


r d d k 

f d d p 

f d d q 

1 


J k 2 + a; 2 J 

(p 2 +a 2 ) 2 

J q 2 + a 2 

d =i 16a 5 


(10.256) 


(10.257) 


(10.258) 


In these diagrams, it does not make any difference if we replace A 2 Q by A 2 S . 

We now turn to the watermelon-like diagrams in Eq. (10.232) which are more 
tedious to calculate. They require a further basic integral [26]: 


J(P 2 ) 


a d k 


(k 2 + uj 2 )[(k + p) 2 + cu 2 


[' dx f _ — _ 

Jo J [ k 2 + p 2 x(l — x ) + a 2 ] 2 


r (2 - d/ 2 ) ( + ^ V' 2 - 2 / d 13 I \ 

(4yr) d / 2 V 4 J G 2 ’ 2 ’ 2 ’ p 2 + Aw 2 ) ’ 


(10.259) 


where F(ci,b]c;z ) is the hypergeometric function (1.453). For cl = 1, the result is 
simply 


J(P 2 ) 


1 

c u(p 2 + 4a; 2 ) 


We also define the more general integrals 


Jai...a n {p) — 


cl d k k ai ■ ■ ■ k an 


(A; 2 + a; 2 ) [(A; +p) 2 + a; 2 


(10.260) 


(10.261) 


and further 


j TV 


Xp) = S 


d d k 


^ Q1 _ ^ A: n {k+p)/ 3l • • • {k + p)p m 

( k 2 + a; 2 ) [(A; + p) 2 + a; 2 ] 


(10.262) 


The latter are linear combinations of momenta and the former, for instance 

J a ,p(p) = J a {p)P/3 + J a p(p)- (10.263) 

Using Veltman’s rule (10.243), all integrals (10.262) can be reduced to combinations 
of p. /, J{p 2 ). Relevant examples for our discussion are 


j t \ _ f d dk k <* 

a[P) ~ J (k 2 + a; 2 )[(A: + p) 2 + a 2 


1 

2 


PaJ{p 2 ), 


(10.264) 
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and 


Jafi {P ) — J 


d d k k a k f 3 


(A ’ 2 + cc 2 )[(A + p ) 2 + ui 2 


bap + — 2 ) 


p 2 


2(d — 1 ) 


-Sapip 2 + 4^ 2 ) + [dp 2 + 4j 2 ) 


p^ 


-/(P 2 ) 

4(d — 1) ’ 


whose trace is 

Jaa{P ) — j 

Similarly we expand 

JaapiP ) ^ 


d d A A 2 


(A 2 + 6 <j 2 ) [(A + p ) 2 + w 2 ] 
d d A A 2 Ay* 


= I — uj z J(p 2 ) 


(10.265) 


(10.266) 


(A 2 + oj 2 )[(A + p ) 2 + w 2 ] 2 

The integrals appear in the following subdiagrams 


= -p /3 [-/ + n; 2 J(p 2 )]. (10.267) 


0 

= -/(A 2 ), 

O = J Ap): 

O - J ,ap{p), 


k + p 


k + P,a 

k+p,a(3 


k a 


k,a 

k,a 


p 

= Ja{p)i 

Q = Apip), 

= J•> 

(10.268) 

k + P 


k+p,/3 

k + p, (3 7 


ka 


k,aj3 

k,a(3 


V 

k.Tp 

= Jap{p)y 

= JotP,j{p)i 

k+p, 7 

A = JotP,jd{p)- 

k+p,-y8 



All two- and three-loop integrals needed for the calculation can be brought to the 
generic form 

K(a, b) = J d d p (p 2 ) a J 6 (p 2 ), a > 0 , b> 1 , a < b, (10.269) 


and evaluated recursively as follows [27]. From the Feynman parametrization of 
the first line of Eq. (10.259) we observe that the two basic integrals (10.241) and 
(10.259) satisfy the differential equation 


J(P 2 ) 


m_ i 2 d.j(p 2 ) 
dui 2 2 du) 2 


2 p' 


, dJ (p 2 ) 
dp 2 


(10.270) 


Differentiating K(a + 1,6) from Eq. (10.269) with respect to u) 2 , and using 
Eq. (10.270), we find the recursion relation 


K(a, b ) 


2b(d/2 — 1) IK(a — 1, b — 1) — 2lc 2 (2a — 2 — b + d)K(a 

(b + l)d/2 — 2 b + a 


—, (10.271) 


which may be solved for increasing a starting with 


K( 0 , 0 ) = 0 , K( 0 , 1 ) = J d d p J(p 2 ) = I 2 , 
K{0, 2 ) = j d d p J 2 {p 2 ) = A, ..., 


(10.272) 
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where A is the integral 

_ r d d p l d d p 2 d d k 

J {Pi+L0 2 )(p2+UJ 2 )(k 2 +UJ 2 )[(pi+P2 + k) 2 +UJ 2 Y 

This integral will be needed only in d = 1 dimensions where it can be calculated 
directly from the configuration space version of this integral. For this we observe 
that the first watermelon-like diagram in (10.232) corresponds to an integral over 
the product of two diagrams J{p 2 ) in (10.268): 


(10.273) 


^ = J d d T 1 A{r 1 - r 2 ) A(n - T 2 )A(n - r 2 )A(n - r 2 ) = J d d k J 2 {k) 
Thus we find A in d = 1 dimensions from the simple r-integral 



A.(10.274) 


(10.275) 


Since this configuration space integral contains no ^-functions, the calculation in 
d = 1 dimension is without subtlety. 

With the help of Eqs. (10.271), (10.272), and Veltman’s rule (10.243), according 
to which 



K(a , 0) = 0, 

(10.276) 

we find further the integrals 



j d d pp 2 J{p 2 ) 

= it (1,1) = -2a; 2 / 2 4 

(10.277) 

y d d p p 2 j 2 {p 2 ) 

= A"(l, 2) = 1(/ 3 - ai 2 .4), 

(10.278) 

j d d p(p 2 ) 2 .j 2 {p 2 ) 

= K(2,2 ) = + 

V ; 3(4 — 3d) 

(10.279) 


We are thus prepared to calculate all remaining three-loop contributions from 
the watermelon-like diagrams in Eq. (10.232). The second is an integral over the 
product of subdiagrams J Qi g in (10.268) and yields 


= j d d r i A 2 (n - r 2 )A 2 /3 (r 1 - r 2 ) 
= j d d p d d k d d q 


(pkf 




(p 2 + id 2 ) (k 2 + id 2 )(q 2 + id 2 )[{p + k + q ) 2 + id 2 ] 

J d d q J a p(q)J a p(q) = j d d k ^{k 2 ) 2 J 2 {k) 

T j y jd/ 2 +[(d- 2)A: 2 — 4cj 2 ] I J(A:) + i(A: 2 +4a; 2 ) 2 J 2 (/c)| 

.2 4 .2 

[(6 - 5d)I 3 + 2dcd 2 A] (10.280) 


id 2 (6 — 5 d)I 3 + 2 did 2 A 


3(4 - 3d) 


6(4 - 3d) 


Ltd 


3(4 - 3d) 


’(8 - 7d)/ 3 + (d + 4)w 2 Al = (J 3 + 5cj 2 A) 

L J d=l 3 


32a; 
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The third diagram contains two mixed lines. It is an integral over a product of the 
diagrams J n (p) and Jp, a p in (10.268) and gives 


<3 =- 


jcl d T iA(ri - T 2 )A a (Ti - r 2 )A ( g(ri - t 2 )A q/3 (ti - r 2 ) 
= j d d kd d pid d p2 


{kpi){kp 2 ) 


p2~rp-2-k 


(k 2 +u} 2 )(pI+uj 2 )(p 2 +u} 2 ) [(k+pi+p 2 ) 2 +uj 2 ] 

d d p [ppJ a {p)J a p{p) + J a {p)Jp a p{p)\ 

= ~\j d& P P 2j (P 2 ) [(P 2 + 2uj2 )J{p 2 ) - 2/] (10.281) 

= n \( s - 5d ) /3 - 2(4 - d)i0 2 A] = -^(/ 3 - 2 UJ 2 A) = 

6(4 - 3d) P ’ v ' J d=i 2 v ' 32a; 

The fourth diagram contains four mixed lines and is evaluated as follows: 

J d d T 1 A a (r 1 - t 2 ) A a ( T\ - t 2 )A /3 (t 1 - t 2 )A /3 (t 1 - r 2 ). (10.282) 


Since the integrand is regular and vanishes at infinity, we can perform a partial 
integration and rewrite the configuration space integral as 


<3 = / (fViAtri - 7- 2 )A qq ,(ti - r 2 )A (3 (ri - r 2 )A^(ri - r 2 ) 

+ 2 J d d TiA{ri - t 2 )A q (ti - t 2 )A /3 (ti - r 2 )A Q/3 (ri - r 2 ). (10.283) 


The second integral has just been evaluated in (10.282). The first is precisely the 
integral Eq. (10.239) discussed above. It is calculated as follows: 


J d d TiA(r 1 - T 2 )A aa (Ti - t 2 )Ap(ti - r 2 )A /3 (r 1 - r 2 ) 

= f d d k d d m d d Do _ — ^PP 2 1 _ 

J (A: 2 +w 2 )(p 2 +w 2 )(p 2 +cj 2 )[(A;+pi+p 2 ) 2 +u; 2 ] 

= J d d P \Pa J a {p) Jp j3 + J a (p)Jp a p{p)] = f ^ppV^p 2 ) 

= (10 - 284) 
Hence we obtain 

O = A.- (10.285) 

The fifth diagram in (10.232) is an integral of the product of two subdiagrams J a (p) 
in (10.268) and yields 

^ = jd d TiA{ri-T 2 )A 2 a {ri- t 2 )A{ti-t 2 ) 




828 


10 Spaces with Curvature and Torsion 


P 1 P 2 


Ja d ka d Pl a d P 2(A , 2+a;2)(p 2 +a;2)(p 2 +w2) [( ^ +pi+p2)2+{j2] 

= _ [fJ d krJ d n,t1 d 'n^ _ PlP>2 _ 

>k- P , J ^ K [(A:-p 2 ) 2 +a; 2 ](p 2 +^2 )( p|+a;2)[ ( A:+p l) 2 + a;2] 

_ / idi id Pi a f id P2ct 

m J d k< Pl (p 2 +a 2 ) \(p, +k) 2 +a 2 l J d P2 1 


P 2->- 


(p 2 +OJ 2 ) [(p 2 + ^) 2 +^ 2 . 


= J d d k J%{k) = 2 1 d d k k 2 j 2 {k 2 ) 

= --{I 3 -UJ 2 A) = 

4 3 ' ri=i 3 2a 3 


(10.286) 


We can now sum up all contributions to the free energy in Eqs. (10.227)-(10.232). 
A 11 immediate simplification arises from the Veltman’s rule (10.243). This implies 
that all ^-functions at the origin are zero in dimensional regularization: 

iM(o) = /(0J = a (10 ' 287) 

The first-order contribution (10.227) to the free energy is obviously zero by 
Eqs. (10.245) and (10.247). 

The first second-order contribution dip' * becomes, from (10.246) and (10.248): 




+ 15a; 2 




if 

'l2w' 


(10.288) 


The parameter a has disappeared from this equation. 

(<2\ 

The second second-order contribution dip ; vanishes trivially, by Veltman’s rule 
(10.287). 

The third second-order contribution SF^ in (10.231) vanishes nontrivially using 
(10.253)-(10.258): 


ip (3) = - 


if 

21 


4 - 


1 \ 


8a; — 


16a; 
1 


) 


+ 2 - 


16a; 


16a; 3 


8 a 2 


\16a 3 


(l6a 

-8a- 


\16a 5 


= 0. (10.289) 


The fourth second-order contribution, finally, associated with the watermelon¬ 
like diagrams in (10.232) yield via (10.281), (10.282), (10.285), (10.286), and 
(10.274): 


a p( 4 ) _ h 

--j. 


2 r 


32 CO 


4 - 


32a 


32a 


4a 2 


32a 3 


-a 


32a 5 


T) 


12 a’ 

(10.290) 


canceling (10.288), and thus the entire free energy. This proves the invariance of the 
perturbatively defined path integral under coordinate transformations. 
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10.8.1 Reformulation in Configuration Space 

The Feynman integrals in momentum space in the last section corresponds in r-space to integrals 
over products of distributions. For many applications it is desirable to do the calculations directly 
in r-space. This will lead to an extension of distribution theory which allows us to do precisely 
that. 

In dimensional regularization, an important simplification came from Veltman’s rule (10.287), 
according to which the delta function at the origin vanishes. In the more general calculations to 
come, we shall encounter generalized ^-functions, which are multiple derivatives of the ordinary 
^-function: 

= d ai ... a J^(T) = J a d k(ik) ai ... (i!?)„"'*■', (10.291) 

with d ai ... an = d ai .. .d an and d d k = d d k/(2Ti) d . By Veltman’s rule (10.243), all these vanish at 
the origin: 

(0) = J d d k(ik) ai ... (ik) an = 0. (10.292) 

In the extended coordinate space, the correlation function A(r, r') in (10.234), which we shall 
also write as A(r — r'), is at equal times given by the integral [compare (10.241)] 

d d k _ uj d - 2 
k 2 + ui 2 (47r) d / 

The extension (10.235) of the time derivative (10.208), 

A ffl (r) = f d d k 12 lk « e ikr (10.294) 

J k z + ur 

vanishes at equal times, just like (10.211): 

A Q (0) = 0. (10.295) 

This follows directly from a Taylor series expansion of 1 /(k 2 +ui 2 ) in powers of k 2 , after imposing 
(10.292). 

The second derivative of A(r) has the Fourier representation (10.236). Contracting the indices 
yields 

A aa (T) = - / d d k-^c«- = -6 {d \T)+co 2 A(T ). (10.296) 

J k- + oV 

This equation is a direct consequence of the definition of the correlation function as a solution to 
the inhomogeneous field equation 





(10.293) 


{-dl +oj 2 )q(r) =jW(r). (10.297) 

Inserting Veltman’s rule (10.287) into (10.296), we obtain 

A aa (0)=oj 2 A(0) = (10.298) 

d=l Z 

This ensures the vanishing of the first-order contribution (10.227) to the free energy 
Fi = - 5 /y[-A aQ (0)+o; 2 A(0)] A(0) = 0. 


(10.299) 
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The same equation (10.296) allows us to calculate immediately the second-order contribution 
(10.228) from the local diagrams 


F? ] = 


1 

2 + “ 


-V 2 3 g 2 

-r^ 2 A 3 ( 0 ) = 

' 3 A=i 12w 


« ( 0 ) -M^ + |)^ A(0) 


A 2 (0) 


(10.300) 


The other contributions to the free energy in the expansion (10.226) require rules for calculating 
products of two and four distributions, which we are now going to develop. 


10.8.2 Integrals over Products of Two Distributions 

The simplest integrals are 

j cl d T A 2 (t) = 


and 

/<fVA|(r) = 

To obtain the second result we have performed a partial integration and used 
(10.296). 

In contrast to (10.301) and (10.302), the integral 


j a d P a d k 


S ( d ) (k + p) 


(p 2 + u) 2 )(k 2 + cj 2 ) 

d-4 


a d k _ u d - A / d\ _ (2 - cl) 

{k 2 + u; 2 ) 2 ~ { 4^) d /2 r \2)~ 2u 2 


A(0), 


(10.301) 


j cl d T A(r) 8^ d \r) + o> 2 A(t)] = A(0) — ui 2 j AA 2 (r) 


cl 


A(0). 


(10.302) 


f ,d A 2 f \ fid id, {kp) 2 6 {d) {k + p) 

JdrA^r) = Jdpdk ————— 


J 


= / a d k 


(k 2 

(A: 2 ) 2 


)(p 2 + w 2 ) 

d _ A 2 


(A: 2 + w 2 ) 2 


(10.303) 


diverges formally in d = 1 dimension. In dimensional regularization, however, we 
may decompose (A: 2 ) 2 = (A: 2 + u 2 ) 2 — 2u 2 (k 2 + u 2 ) + cj 4 , and use (10.292) to evaluate 


/ d drA la( T ) = J 


ctk- 


(k 2 f 


—2u 2 


d d k 


( k 2 +uj 2 ) 2 “ J (A: 2 + o> 2 ) 

= -2 oj 2 A(0) + a; 4 1 cfVA 2 (r). 




7 




(A: 2 + o> 2 ) 2 

(10.304) 


Together with (10.301), we obtain the relation between integrals of products of two 
distributions 


fd d tA^(t) = J d d T A^fr) = — 2 u> 2 A( 0 ) + ip* j d d r A 2 (t) 
= - (1 + d/2)a; 2 A(0). 


(10.305) 
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An alternative way of deriving the equality (10.303) is to use partial integrations 
and the identity 


d a A q/ 3 (t) = d p A aa (r), (10.306) 

which follows directly from the Fourier representation (10.294). 

Finally, from Eqs. (10.301), (10.302), and (10.305), we observe the useful identity 

Id«T [A^(t) + 2u: 2 A 1(t)+ u* A 2 (r)j = 0, (10.307) 

which together with the inhomogeneous field equation (10.296) reduces the calcula¬ 
tion of the second-order contribution of all three-bubble diagrams (10.231) to zero: 

F 2 (3) = —g 2 A 2 (0) J d d r [A 2 ) + 2u 2 A 2 (r) + oj 4 A 2 (r)j = 0 . (10.308) 

10.8.3 Integrals over Products of Four Distributions 

Consider now the more delicate integrals arising from watermelon-like diagrams in 
(10.232) which contain products of four distributions, a nontrivial tensorial struc¬ 
ture, and overlapping divergences. We start from the second to fourth diagrams: 


€> 

= f d d T A 2 (r)A2 /3 (r), 

(10.309) 

4 <3 

3 

t- 

<1 

t- 

II 

:~)Ay(r)A a ,,(-). 

(10.310) 

0 

= j d d TA a {r)A a \ 

( T ) A/?(t) A / g(r). 

(10.311) 


To isolate the subtleties with the tensorial structure exhibited in Eq. (10.240), we 
introduce the integral 

Y d = J d d T A 2 (t) [a 2 „(t) - ALM] . (10.312) 

In <1 = 1 dimension, the bracket vanishes formally, but the limit d —>■ 1 of the integral 
is nevertheless finite. We now decompose the Feynman diagram (10.309), into the 
sum 

fd d T A 2 (t)A 2 „(t) = / f r , rA 2 (r)AL(T) + li. (10.313) 

To obtain an analogous decomposition for the other two diagrams (10.310) and 
(10.311), we derive a few useful relations using the inhomogeneous field equation 
(10.296), partial integrations, and Veltman’s rules (10.287) or (10.292). From the 
inhomogeneous field equation, there is the relation 

- J f/ d rA tta (r)A 3 (r) = A 3 (0) - u) 2 J cfVA 4 (r). 


(10.314) 
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By a partial integration, the left-hand side becomes 

J d d r A aa (r )A 3 (r) = -3 J fl d rA^(r)A 2 (r), (10.315) 

leading to 

Jd d T A 2 (r)A 2 (r) = ^A 3 (0) - \^ 2 J d d r A 4 (t). (10.316) 

Invoking once more the inhomogeneous field equation (10.296) and Veltman’s rule 
(10.287), we obtain the integrals 

J d d r A 2 aa {r)A 2 {r) - co 4 J d d r A 4 (r) + 2 cj 2 A 3 (0) = 0, (10.317) 

and 

J d d r A aa (r)A|(r)A(r) = u 2 j d d r A|(t)A 2 (t). (10.318) 

Using (10.316), the integral (10.318) takes the form 

J d d r A aa (r)A|(r)A(r) = ^(U 2 A 3 (0) - j d d r A 4 (r). (10.319) 

Partial integration, together with Eqs. (10.317) and (10.319), leads to 

J d d r dpA aa (r) A/ 3 (r) A 2 (r) = - J d d r A 2 aa {r) A 2 (r) -2 j d d r A aa (r)A5(r)A(r) 

= -oj 2 A 3 (0) - -a; 4 [ d d r A 4 (r). (10.320) 

3 3 J 

A further partial integration, and use of Eqs. (10.306), (10.318), and (10.320) pro¬ 
duces the decompositions of the second and third Feynman diagrams (10.310) and 
(10.311): 

4 J d d r A(T)A a (r)A /3 (r)A a ^(r) = 4uj 2 J d d r A 2 (t)A 2 (t) -2 Y d , (10.321) 

and 

| d d TAl(T)A}(T) = -3u 2 jd“ T A 2 (t)AI(t) + Y d . (10.322) 

We now make the important observation that the subtle integral Y ( f of Eq. (10.312) 
appears in Ecjs. (10.313), (10.321), and (10.322) in such a way that it drops out from 
the sum of the watermelon-like diagrams in (10.232): 

@ +4 § + @ = Jd d rA 2 (r)A 2 aa (T)+u 2 J d d rA 2 (r)Al(r). (10.323) 

Using now the relations (10.316) and (10.317), the right-hand side becomes a sum 
of completely regular integrals involving only products of propagators A(r). 
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We now add to this sum the first and last watermelon-like diagrams in 
Eq. (10.232) 

<=) =f° 4 J (10.324) 

and 

4a = 4uj 2 j d d TA 2 {T)A 2 a {T), (10.325) 

and obtain for the total contribution of all watermelon-like diagrams in (10.232) the 

simple expression for rj = 1: 

f?’ = -2l) 2 9 2 Jcl d T A 2 (r) jjw' 1 A 2 (t) + A|„(r) + 5oj 2 Aj(-r) 

= A ' ia326 » 

This cancels the finite contribution (10.300), thus making also the second-order 
free energy in (10.222) vanish, and confirming the invariance of the perturbatively 
defined path integral under coordinate transformations up to this order. 

Thus we have been able to relate all diagrams involving singular time derivatives 
of correlation functions to integrals over products of the regular correlation function 
(10.234), where they can be replaced directly by their d = 1 -version (10.207). The 
disappearance of the ambiguous integral Y d in the combination of watermelon-like 
diagrams (10.323) has the pleasant consequence that ultimately all calculations can 
be done in d = 1 dimensions after all. This leads us to expect that the dimensional 
regularization may be made superfluous by a more comfortable calculation proce¬ 
dure. This is indeed so and the rules will be developed in Section 10.11. Before we 
come to this it is useful, however, to point out a pure rr-space way of finding the 
previous results. 

10.9 Distributions as Limits of Bessel Function 

In dimensional regularization it is, of course, possible to perform the above configuration space 
integrals over products of distributions without any reference to momentum space integrals. For 
this we express all distributions explicitly in terms of modified Bessel functions K a (y). 

10.9.1 Correlation Function and Derivatives 

The basic correlation function in d-dimension is obtained from the integral in Eq. (10.234), as 

A(r) =c d y 1 - d / 2 K 1 _ d / 2 {y), (10.327) 

where y = m |r| is reduced length of r a , with the usual Euclidean norm |x| = \Jt j 2 + ... + rj, and 
K X -diM is the modified Bessel function. The constant factor in front is 

M - 2 

(27T) rf /2 - 


Cd = 


(10.328) 
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In one dimension, the correlation function (10.327) reduces to (10.202). The short-distance prop¬ 
erties of the correlation functions is governed by the small-?/ behavior of Bessel function at origin 4 

Kp(y) * V(d)( /y /2; : '. Re 0 £ 0. (10.329) 

y~Q l 

In the application to path integrals, we set the dimension equal to d, = 1 — e with a small positive 
e, whose limit S->0 will yield the desired results in d = 1 dimension. In this regime, Eq. (10.329) 
shows that the correlation function (10.327) is regular at the origin, yielding once more (10.293). 
For d = 1, the result is A(0) = 1/2 to, as stated in Ecp (10.298). 

The first derivative of the correlation function (10.327), which is the tl dimensional extension 
of time derivative (10.203), reads 


A a ( T ) = -c d y 1 d/2 K d/2 (y)d a y, (10.330) 

where d a y = mT a /\x\. By Eq. (10.329), this is regular at the origin for e > 0, such that the 
antisymmetry A a (— x) = — A a (r) makes A„(0) = 0, as observed after Ecp (10.294). 

Explicitly, the small-r behavior of the correlation function and its derivative is 

A(r) cx const., A q (t) cx |t| £ ’ d a \r\. (10.331) 

In contrast to these two correlation functions, the second derivative 

A cd{T) = A (t) (d a y)(d#y) + ^ K d/2{y) d a py 2 ~ d , (10.332) 

is singular at short distance. The singularity comes from the second term in (10.332): 

d al 3y 2 - d = (2 - d)^ (s# ~d y -^\ , (10.333) 

which is a distribution that is ambiguous at origin, and defined up to the addition of a ^ d '(r)- 
function. It is regularized in the same way as the divergence in the Fourier representation (10.292). 
Contracting the indices a and ,5 in Eq. (10.333), we obtain 

d 2 y 2 ~ d = (2 - d)Lj 2 ~ d S d 8 (d \r), (10.334) 

where S c i = ‘2ir d S 2 /T(d,/2) is the surface of a unit sphere in d dimensions [recall Eq. (1.558)]. As a 
check, we take the trace of A a p(r) in Eq. (10.332), and reproduce the inhomogeneous field equation 
(10.296): 


A aa (r) = oj 2 A(r)-c d m 2 - d S d - 2 T (dp)2 d / 2 S^(t) 


= uj 2 A (r) — (5 l</) (r). 

Since (5 (d, (r) vanishes at the origin by (10.292), we find once more Eq. (10.298). 
A further relation between distributions is found from the derivative 


(10.335) 


d a A q 0 (t) = dp 6 <d) (r) +ar A(r)J + uS d [A(r)|j/| d 1 (dpy)] S {d) (r) = dpAxx(r). 

(10.336) 


4 M. Abramowitz and I. Stegun, op. cit., Formula 9.6.9. 
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10.9.2 Integrals over Products of Two Distributions 

Consider now the integrals over products of such distributions. If an integrand /(|x|) depends only 
on |x|, we may perform the integrals over the directions of the vectors 


/ coo 

d d r f(r) = S d j drr d_1 /(r), r = |x|. 


Using the integral formula 5 


(10.337) 


dyyK}(y) = l-^- = -T(l + p)T(l-P), (10.338) 

Jo 2^ sin 7T p A 

we can calculate directly: 

J d d r A 2 (t) = u~ d c 2 d S d j dy yKl_ d/2 (y) 

= oj- d 4S d ± (l-d/2)r(l-d/2)r(d/2) = ?0A(O), (10.339) 

and 

/ coo 

d d rAl(r) = ^- d 4 S d J dy yK d/2 (y) 

= u) 2 ~ d c d S d (1 + d/2) T (1 — d/2) = ^A(0)|; (10.340) 

in agreement with Eqs. (10.301) and (10.302). Inserting A(0) = 1/2uj from (10.293), these integrals 
give us once more the values of the Feynman diagrams (10.249), (10.252), (10.253), (10.256), and 
(10.258). 

Note that due to the relation 6 

KdMv) = u d, °- 1 ^ [y 1 ~ d/2 iu-d/liy)], (io.34i) 

the integral over y in Eq. (10.340) can also be performed by parts, yielding 


/ 


d d rAl(r) 


-uF- d c^S d (y d/2 K d/ - 2 ) 
A(0) -to 2 J d d T/A 2 (r). 



(10.342) 


The upper limit on the right-hand side gives zero because of the exponentially fast decrease of the 
Bessel function at infinity. This was obtained before in Eq. (10.302) from a partial integration and 
the inhomogeneous field equation (10.296). 

Using the explicit representations (10.327) and (10.332), we calculate similarly the integral 


J d d r AIJt) = J d d r A l p (r) = co 4 J d d r A 2 (t) - cu 4 ~ d c 2 T (d/2) T (1 -d/2) S d 
= co 4 f d d T A 2 (t) - 2uj' 2 A(0) = - (1 + d/2)w 2 A(0). (10.343) 


°I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 6.521.3 
6 ibid., Formulas 8.485 and 8.486.12 
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The first equality follows from partial integrations. In the last equality we have used (10.339). We 
have omitted the integral containing the modified Bessel functions 

• ,00 J ,oc 

(d- 1) j dzK d/2 (z)K 1 _ d/2 (z) + - J dzz~ l K 2 d/2 {z) , (10.344) 

since this vanishes in one dimension as follows: 

— T r (l - e/2) F (e/2) + T (—e/2)] e 2 T(e) = 0. 

4 e—>-0 

Inserting into (10.343) A(0) = 1/2 uj from (10.293), we find once more the value of the right-hand 
Feynman integral (10.250) and the middle one in (10.253). 

By combining the result (10.303) with (10.339) and (10.340), we can derive by proper inte¬ 
grations the fundamental rule in this generalized distribution calculus that the integral over the 
square of the ^-function vanishes. Indeed, solving the inhomogeneous field equation (10.296) for 
5' (d, (r), and squaring it, we obtain 

J d d T [^(r)] 2 = UJ 4 J d d r A 2 (t) + 2w 2 j d d T A 2 (r) + J d d r A% 3 (t) = 0. (10.345) 

Thus we may formally calculate 

J d d r 6 (d) (r)6 (d) (r) = 6 (d) ( 0) = 0, (10.346) 

pretending that one of the two ^-functions is an admissible smooth test function /(r) of ordinary 
distribution theory, where 

J d d r S^ d) (T)f(T) = /(0). (10.347) 


10.9.3 Integrals over Products of Four Distributions 

The calculation of the configuration space integrals over products of four distributions in d = 1 
dimension is straightforward as long as they are unique. Only if they are ambiguous, they require 
a calculation in d = 1 — e dimension, with the limit e —> 0 taken at the end. 

A unique case is 



(10.348) 


where we have set 


V = ur. 


(10.349) 


Similarly, we derive by partial integration 

J d d T A 2 (t)A 2 (t) = u 2 - d e 4 d S d dyy z - d Kl /2 {y)Kl_ d/2 {y) 

= ^ 2 - d c 4 d s d 2- d - 1 r(d/2)r 3 (i—d/2) 

= ![A 3 (0 ) -^/<frA‘(T ) ] = t ± (10.350) 
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Using (10.327), (10.330), and (10.332), we find for the integral in d = 1 — e dimensions 

J d d r A(r)A Q (r)A^(r)A Q73 (r) = or j d d r A 2 (r)A“ (r) - ^Y dt (10.351) 

where Y d is the integral 

POO 

Y d = —2(d — l)w 4-d c d S d / dyy 2 ~ d (»)■ (10-352) 

Jo 

In spite of the prefactor d — 1, this has a nontrivial limit for d —> 1, the zero being compensated 
by a pole from the small-?/ part of the integral at y = 0. In order to see this we use the integral 
representation of the Bessel function [28]: 

Kp(y) = n^ 1 / 2 (y/2 ) -/3 T ^ J dt(cosht)~ 213 cos(t/sinhi). (10.353) 


In one dimension where p = 1/2, this becomes simply Ii 1 / 2 (y) = s/n/2ye v . For 0 = d/2 and 
j3 = 1 — d/2 written as f3 = (1 =F e)/2, it is approximately equal to 


K(i^)My) = ' '^(y/2) i| :-^r(l + -) 


-e y =b s 


dt. (cosh t) 1 In (cosh t) cos(ysinht) 


(10.354) 


where the t-integral is regular at y = 0. 7 After substituting (10.354) into (10.352), we obtain the 
finite value 


Y d 




£ —^0 


2 (w 4 ~ d 4 s d ) e ^ r (i + c/ 2 ) r 3 (i 

( J -) ze! = J_. 

\ 2w7t 2 J 4 8a; 


e/2) x 2- 5e T(2s) 


(10.355) 


The prefactor d — 1 = — £ in (10.352) has been canceled by the pole in T(2e). 

This integral coincides with the integral (10.312) whose subtle nature was discussed in the 
momentum space formulation (10.240). Indeed, inserting the Bessel expressions (10.327) and 
(10.332) into (10.312), we find 

J d d r A 2 (r) [A|j(r) - A 2 q (t)] 

poo 2 A 

= -(d-l)co A - d c 4 d S d J o dy [y 1 -^ 2 Kl - di z( y )\ (10-356) 

and a partial integration 

J dy\y 1 - d/2 (y)K 1 _ d/2 (y)\ —K% /2 (y) = 2J dy y 2 ~ d K 1 _ d/2 (y) K z d/2 (y) (10.357) 

establishes contact with the integral (10.352) for Y d . Thus Ecp (10.351) is the same as (10.321). 
Knowing Y d , we also determine, after integrations by parts, the integral 

J d d r = -3u 2 J d d r A 2 (r)A 2 (r) +Y d , 

7 I.S. Gradshteyn and I.M. Rvzhik, op. cit., Formulas 3.511.1 and 3.521.2. 


(10.358) 
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which is the same as (10.322). It remains to calculate one more unproblematic integral over four 
distributions: 


d d r A 2 (t)A\ x (t) = 


-2w 2 A 3 (0)W/ d d r A 4 (r) 


J d= 1 


= -£■ (io - 359 > 


Combining this with (10.355) and (10.358) we find the Feynman diagram (10.281). The combina¬ 
tion of (10.351) and (10.358) with (10.355) and (10.350), finally, yields the diagrams (10.325) and 
(10.324), respectively. 

Thus we see that there is no problem in calculating integrals over products of distributions in 
configuration space which produce the same results as dimensional regularization in momentum 
space. 


10.10 Simple Rules for Calculating Singular Integrals 

The above methods of calculating the Feynman integrals in cl time dimensions with a 
subsequent limit cl —> 1 are obviously quite cumbersome. It is preferable to develop a 
simple procedure of finding the same results directly working with a one-dimensional 
time. This is possible if we only keep track of some basic aspects of the d-dimensional 
formulation [37]. 

Consider once more the ambiguous integrals coming from the first two water¬ 
melon diagrams in Eq. (10.232), which in the one-dimensional formulation represent 
the integrals 


/ OO 

dr A 2 (r)A 2 (r) , 

-OO 

/ oo 

dr A(t)A 2 (t)A(t), 

-OO 


(10.360) 

(10.361) 


evaluated before in the d-dimensional equations (10.284) and (10.282). Consider 
first the integral (10.360) which contains a square of a d-function. We separate this 
out by writing 

/ OO 

cItA 2 (t)A 2 (t) = / 1 dlv + If, (10.362) 

-OO 

with a divergent and a regular part 

/ OO /* OO 

dr S 2 (t) , /f= / cItA 2 {t)\A 2 {t)-S 2 {t)}. (10.363) 

-oo J — OO L J 

All other watermelon diagrams (10.232) lead to the well-defined integrals 

/ OO 1 

-oo d T A 4 ( r ) = i^ A3 (°)’ (10-364) 

/ OO . 1 

cItA 2 (t)A 2 (t) = - A 3 (0), (10.365) 

-oo 4 

/ oo 1 

drA 4 (r) = -(j 2 A 3 (0), (10.366) 
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whose D-dimensional versions are (10.274), (10.286), and (10.282). Substituting 
these and (10.361), (10.362) into (10.232) yields the sum of all watermelon diagrams 

— — / dr A 2 (t)A 2 (t) + 4A(r)A 2 (r)A(r) + A 4 (t)4 4co) 2 A 2 (t)A 2 (t) + -o; 4 A 4 (t) 
2! J —oo 3 

/ OO / \ 1 7 

drh 2 (r) - 2 (if + 4 1 2 ) - — cj 2 A 3 (0). (10.367) 

-oo v ' 6 

Adding these to (10.230), (10.231), we obtain the sum of all second-order connected 
diagrams 

POO 1 . N 7 

S (all) = 3 5(0)- dr 5 2 (r) A 2 (0) - 2 (/f + 4/ 2 ) - - tu 2 A 3 (0), (10.368) 

where the integrals if and / 2 are undefined. The sum has to vanish to guarantee 
coordinate independence. We therefore equate to zero both the singular and finite 
contributions in Eq. (10.368). The first yields the rule for the product of two 5- 
functions: 5 2 (r) = 5(0) 5(r ). This equality should of course be understood in the 
distributional sense: it holds after multiplying it with an arbitrary test function and 
integrating over r. 

J drh 2 (r)/(r) = <5(0)/(0). (10.369) 

The equation leads to a perfect cancellation of all powers of J(0) arising from the 
expansion of the Jacobian action, which is the fundamental reason why the heuristic 
Veltman ride of setting J(0) = 0 is applicable everywhere without problems. 

The vanishing of the regular parts of (10.368) requires the integrals (10.361) and 
(10.362) to satisfy 

If + 4 h = ciJ 2 A 3 (0) = -^ . (10.370) 

At this point we run into two difficulties. First, this single equation (10.370) for 
the two undefined integrals If and / 2 is insufficient to specify both integrals, so 
that the requirement of reparametrization invariance alone is not enough to fix all 
ambiguous temporal integrals over products of distributions. Second, and more 
seriously, Eq. (10.370) leads to conflicts with standard integration rules based on 
the use of partial integration and equation of motion, and the independence of the 
order in which these operations are performed. Indeed, let us apply these rules to 
the calculation of the integrals If and / 2 in different orders. Inserting the equation 
of motion (10.214) into the finite part of the integral (10.362) and making use of the 
regular integral (10.364), we find immediately 

If = I drA 2 (r) [A 2 (r) - J 2 (r)] 

J —OO 

/ OO 

dr A 4 (r) 

-OO 


=--w 2 A 3 (0) =-— . (10.371) 

4 v ; 32m y 1 
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The same substitution of the equation of motion (10.214) into the other ambiguous 
integral / 2 of (10.361) leads, after performing the regular integral (10.365), to 

/ oo . poo 

dr A 2 (t) A(t) S (t) + uj 2 / <7tA 2 (t)A 2 (t) 

-oo J —oo 

= ~h rj T ^ T)S(T)+ \ ui ^ 0) = h{- h ' s+] i)' (ia372) 

where I e 25 denotes the undefined integral over a product of distributions 

/ OO 

dr c 2 (t)5(t) . (10.373) 

-OO 

The integral / 2 can apparently be fixed by applying partial integration to the integral 
(10.361) which reduces it to the completely regular form (10.366): 

h= Ul dTA{T) i [ A:i(T) ] = 4/I flTA4(T) = -T2 u2a3{0)= -^- (10 ' 374) 

There are no boundary terms due to the exponential vanishing at infinity of all 
functions involved. From (10.372) and (10.374) we conclude that I e 2 S = 1/3. This, 
however, cannot be correct since the results (10.374) and (10.371) do not obey 
Eq. (10.370) which is needed for coordinate independence of the path integral. This 
was the reason why previous authors [32, 35] added a noncovariant correction term 
Al/ = —g 2 (q 2 / 6 ) to the classical action (10.186), which is proportional to h and thus 
violates Feynman’s basic postulate that the phase factors e lA ^ h in a path integral 
should contain only the classical action along the paths. 

We shall see below that the correct value of the singular integral / in (10.373) is 

/ OO 

dr e 2 (r)S(r) = 0. (10.375) 

- OO 

From the perspective of the previous sections where all integrals were defined 
in <7=1 — e dimensions and continued to e —>■ 0 at the end, the inconsistency of 
I e 2 $ = 1/3 is obvious: Arbitrary application of partial integration and equation of 
motion to one-dimensional integrals is forbidden, and this is the case in the calcu¬ 
lation (10.374). Problems arise whenever several dots can correspond to different 
contractions of partial derivatives f) n . dp,..., from which they arise in the limit 
d —t 1. The different contractions may lead to different integrals. 

In the pure one-dimensional calculation of the integrals If and J 2 , all ambiguities 
can be accounted for by using partial integration and equation of motion (10.214) 
only according to the following integration rules: 

Rule 1. We perform a partial integration which allows us to apply subsequently 
the equation of motion (10.214). 

Rule 2. If the equation of motion (10.214) leads to integrals of the type (10.373), 
they must be performed using naively the Dirac rule for the 5-function and the 
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property e(0) = 0. Examples are (10.375) and the trivially vanishing integrals for 
all odd powers of e(r): 

j dre 2n+1 (r) S(r) = 0, n = integer, (10.376) 


which follow directly from the antisymmetry of e 2n+1 (r) and the symmetry of S(t) 
contained in the regularized expressions (10.330) and (10.332). 

Rule 3. The above procedure leaves in general singular integrals, which must 
be treated once more with the same rules. 

Let us show that calculating the integrals If and / 2 with these rules is consistent 
with the coordinate independence condition (10.370). In the integral / 2 of (10.361) 
we first apply partial integration to find 


h = 


u 


—oo 

l r°° 


dr A(t) A(t)— |"A 2 (t) 
dr L 


dr A A (r) — 


>A£ 


dr A(r) A 2 (r) A(r) , 


(10.377) 


with no contributions from the boundary terms. Note that the partial integration 
(10.374) is forbidden since it does not allow for a subsequent application of the 
equation of motion (10.214). On the right-hand side of (10.377) it can be applied. 
This leads to a combination of two regular integrals (10.365) and (10.366) and the 
singular integral I, which we evaluate with the naive Dirac rule to I = 0, resulting 
in 


h 



- 1 

16 uj 


dr A 4 (t) + i 

-o; 2 A 3 (0) = 
4 


/ OO 

dr A 2 (r) A(r) d(r) 

-OO 

1 

32 cu ’ 



/ OO 

dr A 2 (r) A 2 (r) 

-OO 

(10.378) 


If we calculate the finite part if of the integral (10.362) with the new rules we 
obtain a result different from (10.371). Integrating the first term in brackets by 
parts and using the equation of motion (10.214), we obtain 


If = I c/tA 2 (t) [A 2 (t) - 8 2 {t)] 

J —CO J 

= j dr \— A (r) A(r) A 2 (r) — 2 A(t) A 2 (r) A(r) — A 2 (r) c) 2 (t)1 

J— CO L J 

/ OO P oo 

dr [A(t) A 2 (t) 5(t) — A 2 (r) h 2 (r)j — 2/ 2 — uj 2 / drA 2 (r) A 2 (r). (10.379) 

-OO J— co 


The last two terms are already known, while the remaining singular integral in 
brackets must be subjected once more to the same treatment. It is integrated by 
parts so that the equation of motion (10.214) can be applied to obtain 
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Inserting this into Eq. (10.379) yields 

C = j~jT A 2 (r) [£ 2 (t) -<5 2 (t)] = -2 h - A 3 (0) - Tl = -^(10381) 

the right-hand side following from I = 0, which is a consequence of Rule 3. 

We see now that the integrals (10.378) and (10.381) calculated with the new rules 
obey Eq. (10.370) which guarantees coordinate independence of the path integral. 

The applicability of Rules 1-3 follows immediately from the previously estab¬ 
lished dimensional continuation [23, 24], It avoids completely the cumbersome cal¬ 
culations in 1 — ^-dimension with the subsequent limit £ —> 0. Only some inter¬ 
mediate steps of the derivation require keeping track of the d-dimensional origin of 
the rules. For this, we continue the imaginary time coordinate r to a d-dimensional 
spacetime vector r —>■ R* = (r°, r 1 ,..., r d_1 ), and note that the equation of motion 
(10.214) becomes a scalar field equation of the Klein-Gordon type 

(-dl+u 2 ) A(r) =5 w {t). (10.382) 

In cl dimensions, the relevant second-order diagrams are obtained by decomposing 
the harmonic expectation value 

/ <fT{ql(T)<^(T)ql(0)q 2 (0)) (10.383) 

into a sum of products of four two-point correlation functions according to the Wick 
rule. The fields q a (r) are the d-dimensional extensions q a (r ) = d a q{r ) of f/(r). Now 
the d-dimensional integrals, corresponding to the integrals (10.360) and (10.361), 
are defined uniquely by the contractions 

if = j cl d r ^ q a {r)q a {r)q{r)q(r)qp{0)qp(0)q{0)q{0)^ 

= J cl d r A 2 (r) A^(r), (10.384) 

If = j d d r ^ qa{T)q a {r)q{r)q{T)q 3 {0)q 3 {0)q{0)q{0)^ 

= J cl d T A(r) A q (t) Ap(r) A q/3 (t) . (10.385) 

The different derivatives d a d$ acting on A(r) prevent us from applying the field 
equation (10.382). This obstacle was hidden in the one-dimensional formulation. It 
can be overcome by a partial integration. Starting with If, we obtain 

If = -^Jcl d rAl{r) [A*(t) + A(r) A aa {r)] . (10.386) 

Treating If likewise we find 

if = -2lf + j cl d rA 2 {T) AlJr) + 2 J d d r A{r) A|(r) A aa (r ). (10.387) 
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In the second equation we have used the fact that d a A a p = dpA X \. The right-hand 
sides of (10.386) and (10.387) contain now the contracted derivatives <9 2 such that 
we can apply the field equation (10.382). This mechanism works to all orders in the 
perturbation expansion which is the reason for the applicability of Rules 1 and 2 
which led to the results (10.378) and (10.381) ensuring coordinate independence. 

The value I e 2 S = 0 according to the Rule 2 can be deduced from the regularized 
equation (10.386) in d = 1 — $ dimensions by using the field equation (10.335) to 
rewrite I d as 

4 = -)/*A5(t|[A'(t) + ,’A ! (t)-A(t)<«(t)] 

Comparison with (10.372) yields the regularized expression for I e 2 S 


T r — 


/ oo “I R r 

cIt6 2 (t)5(t) = 8u / d d T A^(t) A(t) 6^ (r) = 0, (10.388) 

-OO J J 


the vanishing for all s > 0 being a consequence of the small-r behavior A(r) A 2 (r) oc 
|r| 2e , which follows directly from (10.331). 

Let us briefly discuss an alternative possibility of giving up partial integration 
completely in ambiguous integrals containing e- and ^-function, or their time deriva¬ 
tives, which makes unnecessary to satisfy Eq. (10.374). This yields a freedom in the 
definition of integral over product of distribution (10.373) which can be used to 
fix I e 2 S = 1/4 from the requirement of coordinate independence [25]. Indeed, this 
value of I would make the integral (10.372) equal to J 2 = 0, such that (10.370) 
would be satisfied and coordinate independence ensured. In contrast, giving up par¬ 
tial integration, the authors of Refs. [31, 33] have assumed the vanishing e 2 (r) at 
t = 0 so that the integral I e 2 S should vanish as well: I e 2 S = 0. Then Eq. (10.372) 
yields / 2 = 1/32<d which together with (10.371) does not obey the coordinate in¬ 
dependence condition (10.370), making yet an another noncovariant quantum cor¬ 
rection Ah' = g 2 (q 2 / 2) necessary in the action, which we reject since it contradicts 
Feynman’s original rules of path integration. We do not consider giving up par¬ 
tial integration as an attractive option since it is an important tool for calculating 
higher-loop diagrams. 


10.11 Perturbative Calculation on Finite Time Intervals 

The above calculation rules can be extended with little effort to path integrals of time evolution 
amplitudes on finite time intervals. We shall use an imaginary time interval with r 0 = 0 and t& = j3 
to have the closest connection to statistical mechanics. The ends of the paths will be fixed at r n 
and Tb to be able to extract quantum-mechanical time evolution amplitudes by a mere replacement 
t —> —it. The extension to a finite time interval is nontrivial since the Feynman integrals in 
frequency space become sums over discrete frequencies whose d-dimensional generalizations can 
usually not be evaluated with standard formulas. The above ambiguities of the integrals, however, 
will appear in the sums in precisely the same way as before. The reason is that they stem from 
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ordering ambiguities between q and q in the perturbation expansions. These are properties of small 
time intervals and thus of high frequencies, where the sums can be approximated by integrals. In 
fact, we have seen in the last section, that all ambiguities can be resolved by a careful treatment 
of the singularities of the correlation functions at small temporal spacings. For integrals on a time 
axis it is thus completely irrelevant whether the total time interval is finite or infinite, and the 
ambiguities can be resolved in the same way as before [38]. 

This can also be seen technically by calculating the frequency sums in the Feynman integrals 
of finite-time path integrals with the help of the Euler-Maclaurin formula (2.594) or the equivalent 
(-function methods described in Subsection 2.15.6. The lowest approximation involves the pure 
frequency integrals whose ambiguities have been resolved in the proceeding sections. The remaining 
correction terms in powers of the temperature T = 1/p are all unique and finite [see Eq. (2.598) 
or (2.558)]. 

The calculations of the Feynman integrals will most efficiently proceed in configuration space as 
described in Subsection 10.8.1. Keeping track of certain minimal features of the unique definition 
of all singular integrals in d dimensions, we shall develop reduction rules based on the equation of 
motion and partial integration. These will allow us to bring all singular Feynman integrals to a 
regular form in which the integrations can be done directly in one dimension. The integration rules 
will be in complete agreement with much more cumbersome calculations in d dimensions with the 
limit r7 —> 1 taken at the end. 

10.11.1 Diagrammatic Elements 

The perturbation expansion for an evolution amplitude over a finite imaginary time proceeds as 
described in Section 10.6, except that the free energy in Eq. (10.201) becomes [recall (2.526)] 

,8Ft0 = § Ttl °g(- 52 +^' 2 ) = fp + UJ ^ 

“ “ n 

= ^ log [2 sinh (h/ftn/2)]. (10.389) 

As before, the diagrams contain four types of lines representing the correlation functions (10.202)- 
(10.191). Their explicit forms are, however, different. It will be convenient to let the frequency ui in 
the free part of the action (10.187) go to zero. Then the free energy (10.389) diverges logarithmically 
in u. This divergence is, however, trivial. As explained in Section 2.9, the divergence is removed 
by replacing co by the length of the g-axis according to the rule (2.361). For finite time intervals, 
the correlation functions are no longer given by (10.207) which would not have a finite limit for 
u —> 0. Instead, they satisfy Dirichlet boundary conditions, where we can go to w = 0 without 
problem. The finiteness of the time interval removes a possible infrared divergence for u> —> 0. 
The Dirichlet boundary conditions fix the paths at the ends of the time interval (0,/f) making the 
fluctuations vanish, and thus also their correlation functions: 

G$(0,t') = G$(S,t') = 0, G$(t,0) = G$(t,P) = 0. (10.390) 

The first correlation function corresponding to (10.206) is now 

= S^A(t,t') = -, (10.391) 

where 

A (t ,V) = A(r',r) = |(/3 - r>)r< = ^ [-efr-r'Kr-r'J+r + T 1 ] - (10.392) 

abbreviates the Euclidean version of Go(M0 hi Eq. (3.39). Being a Green function of the free 
equation of motion (10.213) for oj = 0, this satisfies the inhomogeneous differential equations 

"A(t, t') = A"(t, t') = —S(t — t'), (10.393) 
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by analogy with Eq. (10.214) for w = 0. In addition, there is now an independent equation in 
which the two derivatives act on the different time arguments: 

‘A'(t, t') = S(t - t') - l/B. (10.394) 

For a finite time interval, the correlation functions (10.203) (10.204) differ by more than just a sign 
[recall (10.210)]. We therefore must distinguish the derivatives depending on whether the left or 
the right argument are differentiated. In the following, we shall denote the derivatives with respect 
to r or t' by a dot on the left or right, respectively, writing 

'A(t,t') = ^ A(t,t') = ^A(r,r'). (10.395) 

Differentiating (10.392) we obtain explicitly 


A (t, t') = -1-e(T + A '(b 7 ') = \ e ( T ~ T '^> + \~~s = A ( r '’ r ) • ( 10 - 396 ) 


The discontinuity at t = t' which does not depend on the boundary condition is of course the same 
as before, The two correlation functions (10.208) and (10.210) and their diagrammatic symbols are 
now 


9tG$(t,t') = {%{T)q v (T')) = S^A (t,t') = -, (10.397) 

9r'G { ^(T,T') = {q^(T)q v (T'))=S llv A{T,T') = - . (10.398) 

The fourth correlation function (10.212) is now 

d T d t >G${t,t') = 6^A(t. , t') = ., (10.399) 


with A(t,t') being given by (10.394). Note the close similarity but also the difference of this with 
respect to the equation of motion (10.393). 


10.11.2 Cumulant Expansion of .D-Dimensional Free-Particle 
Amplitude in Curvilinear Coordinates 

We shall now calculate the partition function of a point particle in curved space for a finite time 
interval. Starting point is the integral over the diagonal amplitude of a free point particle of unit 
mass (x„/J|x o 0) in flat D-dimensional space 

Z = Jd D x a (x a /3|x a 0), (10.400) 

with the path integral representation 

(x a /l|x n 0) o = J V D xe~ A[ ° )[x \ (10.401) 

where *4(°*[x] is the free-particle action 

^(°)[:r] = - drx 2 (r). (10.402) 

2 Jo 

Performing the Gaussian path integral leads to 

(x a /?|x a 0) 0 = e -W 2 )Tno g{ -aB = »r- % (1.0.403) 
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where the trace of the logarithm is evaluated with Dirichlet boundary conditions. The result is of 
course the D-dimensional imaginary-time version of the fluctuation factor (2.130) in natural units. 
A coordinate transformation x l (r) = x *(^ ;i (r)) mapping x a to q% brings the action (10.402) to the 
form (10.186) with V(q(r)) = 0: 


_ dx‘(q) dx‘(q) 


1 f p 

A[q] = 2 J with g^M) = dqfl g qV ■ 

In the formal notation (10.189), the measure transforms as follows: 

J V d x{t) = IJ / d D x(r ) = J JJ J d D q(r ) = J j V D q sjg{q a ) , 


(10.404) 


(10.405) 


where g(q) = det g^iq) and J is the Jacobian of the coordinate transformation generalizing 
(10.220) and (10.219) 


^=n 


Idx i (q(r)) / / dx i (q a ) 


6qv(r) 


K 


= exp 


1 f 0 

2^(°) J o dr\o g 

Thus we may write the transformed path integral (10.401) in the form 

(x o /3|x„0) 0 = (<7a/%a0) o = J V D qe- At ° t[x \ 

with the total action in the exponent 

rd 

Atot [q] = dr 
Jo 


g(q(r)) 
g(q a .) 


^g^Aqir))^(T)q 1 '(t) - 1(5(0) log ^^ 


(10.406) 


(10.407) 


(10.408) 


Following the rules described in Subsection 10.6.1 we expand the action in powers of Sq ,l (T ) = 
q ,l (r) — q%. The action can then be decomposed into a free part 


A i0) [q a ,Sq] = \ j c i / rg^(q a )Sq^(T)Sq v (T) 


(10.409) 


and an interacting part written somewhat more explicitly than in (10.194) with (10.188) and 
(10.193): 


A\ A t [q a ,Sq] = dT^[g tl „(q) - g /JM (q a )\8q ll 6q‘' 


fp i 

dr-S( 0) 


g{q a + Sq) 


g(q a ) 


-1 


g(q a + Sq) 


g(q a ) 


-1 


+ ... 


(10.410) 


For simplicity, we assume the coordinates to be orthonormal at q%, i.e., g fw {q a ) = The path 
integral (10.407) is now formally defined by a perturbation expansion similar to (10.199): 


(da p\q a 0) = / n n q. A " W ^ = J V D qe- AW M (l - A^ t + 1<) 2 ...) 

= (2 n8)- D ^ 2 [l - (4,^) + \ <4ot 2 ) -■■■, 

= (2nd)- D/2 exp j- (4ot) c + \ (4ot 2 ), - • • •} 


= e -fif(g) 


(10.411) 


with the harmonic expectation values 

<...) = (27 t/ 3) D/2 j n n q(T)(...)e ■' 


(10.412) 
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and their cumulants (-4"ot 2 ) c = (^tot 2 ) — (^tot) ’ • • • [recall (3.485), (3.486)], containing only 
connected diagrams. To emphasize the analogy with the cumulant expansion of the free energy in 
(10.199), we have defined the exponent in (10.411) as —/3f(q). This (/-dependent quantity f(q) is 
closely related to the alternative effective classical potential discussed in Subsection 3.25.4, apart 
from a normalization factor: 

e-PfUD = ' (10.413) 

yj2nh 2 /Mk B T 

If our calculation procedure respects coordinate independence, all expansion terms of 8f(q) must 
vanish to yield the trivial exact results (10.401). 

10.11.3 Propagator in 1 — £ Time Dimensions 

In the dimensional regularization of the Feynman integrals on an infinite time interval in Sub¬ 
section 10.7.2 we have continued all Feynman diagrams in momentum space to d = 1 — e time 
dimensions. For the present Dirichlet boundary conditions, this standard continuation of quantum 
field theory is not directly applicable since the integrals in momentum space become sums over 
discrete frequencies v n = nn/ ft [compare (3.64)]. For such sums one has to set up completely new 
rules for a continuation, and there are many possibilities for doing this. Fortunately, it will not be 
necessary to make a choice since we can use the method developed in Subsection 10.10 to avoid 
continuations altogether, and work in a single physical time dimension. For a better understanding 
of the final procedure it is, however, useful to see how a dimensional continuation could proceed. 
We extend the imaginary time coordinate r to a (/-dimensional spacetime vector whose zeroth 
component is r: z M = (t, z 1 ,..., z d_1 ). In d = 1 — e dimensions, the extended correlation function 
reads 

A(r,z; t',z') = J _^_L e ik(z - z ) A u (t, t'), where w = |k|. (10.414) 

Here the extra e-dimensional space coordinates z are assumed to live on infinite axes with trans¬ 
lational invariance along all directions. Only the original r-coordinate lies in a finite interval 
0 < r < 8, with Dirichlet boundary conditions. The Fourier component in the integrand A w (r, t') 
is the usual one-dimensional correlation function of a harmonic oscillator with the k-dependent 
frequency lo = |k|. It is the Green function which satisfies on the finite r-interval the equation of 
motion 


-"A +uj 2 A u (t,t') = S(t - t'), (10.415) 

with Dirichlet boundary conditions 

A u (0,t) = A w (/3,t) =0. (10.416) 

The explicit form was given in Eq. (3.36) for real times. Its obvious continuation to imaginary-time 
is 


A w (t, t ') 


sinhw(/J — r>) sinh(x!T< 
lo sinh lo8 


(10.417) 


where r> and r< denote the larger and smaller of the imaginary times r and r', respectively. 

In d time dimensions, the equation of motion (10.393) becomes a scalar field equation of the 
Klein-Gordon type. Using Eq. (10.415) we obtain 


nn- 


A(t,z;t',z') = A jU . fl (r,z; r',z') = "A(r,z; r',z') + zz A(t,z; r',z') 


= / (f^ eik(Z ” Z ' } [^(t,t') - W 2 A w (t,t')] = 
= S(r t')S { : (z z': = -8 (d \z-z'). 


(10.418) 
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The important observation is now that for d spacetime dimensions, perturbation expansion of 
the path integral yields for the second correlation function 'A'(r, t') in Eqs. (10.515) and (10.516) 
the extension M A v (z,z'). This function differs from the contracted function M Aand from 
IHl A( z,z') which satisfies the field equation (10.418). In fact, all correlation functions A(r, t') 
encountered in the diagrammatic expansion which have different time arguments always turn out 
to have the d-dimensional extension fl A„(z, z'). An important exception is the correlation function 
at equal times A(r,r) whose d-dimensional extension is always ; ,A ^,(z,z), which satisfies the 
right-hand eciuation (10.393) in the e —> 0 -limit. Indeed, it follows from Ecp (10.414) that 


i, A tI (z, z) = J [AA(r, t) + uj' 2 A u (t, t)] . 

With the help of Eq. (10.417), the integrand in Eq. (10.419) can be brought to 


'AA(t,t) +uj 2 A u! {t,t) 


m 


lj cosho;(2r — p) 
sinh oj/3 


Substituting this into Eq. (10.419), we obtain 

,A t {z,z) = 6 {d) {z.z] - T . 


(10.419) 


(10.420) 


(10.421) 


The integral 7 is calculated as follows 


I £ 


/ 


1 


d £ k ui cosh ui(‘2t — p) 
(2n) e sinhw/I 
S e T(e + 1) 


0 (27 tPY 2^+! 


[C (e + 1,1 


1 S e I" 00 f coshr:(l - 2 t/0) 

p (27T,/I) e ./o sinh z 

- r/p) + ({e + 1 ,r/p )\, 


(10.422) 


where S s = 27r £ / 2 /r(e/2) is the surface of a unit sphere in e dimension [recall Ecp (1.558)], and 
r( 2 ) and ({z,q) are gamma and zeta functions, respectively. For small e —^ 0, they have the limits 
((e + l,q) —>■ 1/e — ip{q), and T(e/2) —)• 2/e, so that I s —» l/P, proving that the d-dimensional 
eciuation (10.421) at coinciding arguments reduces indeed to the one-dimensional eciuation (10.393). 
The explicit d-dimensional form will never be needed, since we can always treat M A t , {z,z) as one¬ 
dimensional functions A (r, r), which can in turn be replaced everywhere by the right-hand side 
<5(0) — 1//3 of (10.394). 


10.11.4 Coordinate Independence for Dirichlet Boundary 
Conditions 

Before calculating the path integral (10.411) in curved space with Dirichlet boundary conditions, 
let us first verify its coordinate independence following the procedure in Section 10.7. Thus we 
consider the perturbation expansion of the short-time amplitude of a free particle in one general 
coordinate. The free action is (10.221), and the interactions (10.222) and (10.224), all with ui = 0. 
Taking the parameter a = 1, the actions are 


4 (0) [q] = \ 



(10.423) 

(10.424) 


and 


4 


int 

tot 



1dW) 


<f(r) - d(0) 


2/ \ i 1 2 4 

-m (r) + -V Q 



(10.425) 


We calculate the cumulants = (4^ t ), (AZ\ 2 ) C = (A^ 2 ) - (A^) 2 ,... [recall 

(3.485), (3.486)] contributing to th quantity pf in Eq. (10.411) order by order in q. For a better 
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comparison with the previous expansion in Subsection 10.7.1 we shall denote the diagrammatic 
contributions which are analogous to the different free energy terms f3F t [ m ' > of order n by corre¬ 
sponding symbols /3/, ( , m) . There are two main differences with respect to Subsection 10.7.1: All 
diagrams with a prefactor co are absent, and there are new diagrams involving the correlation func¬ 
tions at equal times (q^(r)q 1 ' (r)} and {q^(r)q v (r)) which previously vanished because of (10.211). 
Here they have the nonzero value 'A (r, r) = A(r, r) = 1/2 — r/,/3 by Ecp (10.396). To first order 
in r/, the quantity f(q) in Ecp (10.411) receives a contribution from the first cumulant of the linear 
terms in q of the interaction (10.425): 

J9/i = Uot) c = V j' Q dr ( - q 2 (T)q 2 (t) + 5(0)g 2 (r)) + 0(q 2 ). (10.426) 

There exists only three diagrams, two originating from the kinetic term and one from the Jacobian 
action: 

Ph = -V OO -2 V OO + nS ( 0) O- (10.427) 

Note the difference with respect to the diagrams (10.227) for infinite time interval with or-term 
in the action. 

The omitted ry 2 -terms in (10.426) yield the second-order contribution 

,d/f > = q 2 J* dT (1 q 4 (r)q 2 (r) - 6(0)± q 4 (r)^ . (10.428) 

The associated local diagrams are [compare (10.228)]: 

(10.429) 

The second cumulant to order if reads 

drj^ dT'([-q 2 (T)q 2 (T) + 6(0)q 2 {T)] [-q 2 (r')g 2 (r') + S(0)q 2 (r ')]) c , 

leading to diagrams containing 5(0): 

=-^{2 5 2 (0)O-45(0)[O;>+4 OO + CO]}- (10-430) 

The remaining diagrams are either of the three-bubble type, or of the watermelon type, each with 
all possible combinations of the four line types (10.391) and (10.397)-(10.399). The three-bubbles 
diagrams yield [compare (10.231)] 

/?/f=[4a:>::)+2(;:oD-8COD+4COD+4QOO+20co-8o:x)] • 

(10.431) 

The watermelon-type diagrams contribute the same diagrams as in (10.232) for ui = 0: 

A/IO ^4 <E> + 4§ + <3 . (10.432) 

For coordinate independence, the sum of the first-order diagrams (10.427) has to vanish. An¬ 
alytically, this amounts to the equation 

fifi = — q / dr [A(t, r)A(r, t) + 2A 2 (r, r) — 5(0)A(r,r)] = 0. (10.433) 

Jo 


= 2 Y + 18 )*=> -1 <5(0) OO 
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In the d-dimensional extension, the correlation function 'A'(r, r) at equal times is the limit d, —> 1 
of the contracted correlation function ^A^(x,x) which satisfies the d-dimensional field equa¬ 
tion (10.418). Thus we can use Eq. (10.394) to replace 'A'(t, t) by A(0) — 1/8. This removes 
the infinite factor <S(0) in Ecp (10.433) coming from the measure. The remainder is calculated 
directly: 


dr 


-^A(r, t) +2 A 2 (t, r) 


= 0. 


This result is obtained without subtleties, since by Eqs. (10.392) and (10.396) 


whose integrals yield 


Mr,r)=r-j, A*(r,r) = j- 


1 rl 3 W3 

2d J 0 dT A ' ( ' T ' = J 0 dT ' A ' 2<kT ' ^ 


Let us evaluate the second-order diagrams in /3fi^, i = 1, 2, 3,4. The sum of the local diagrams 
in (10.429) consists of the integrals by 

Pf- 2 ] = \ r f j dr [3A 2 (r,r)A'(r,r) + 12A(r,r)A 2 (r,r) - d(0)A 2 (r,r)] . (10.437) 

Replacing A(r, t) in Eq. (10.437) again by (5(0) — 1//3, on account of the equation of motion 
(10.394), and taking into account the right-hand equation (10.435), 


1 A (t,t) 


u 


£ 

12 ' 


(10.434) 


(10.435) 


(10.436) 


df-2 l) = v 2 


r0 

3(5(0) / drA 2 (r, r) 
Jo 




(10.438) 


We now calculate the sum of bubble diagrams (10.430)-(10.432), beginning with (10.430) whose 
analytic form is 


( 2 ) _ _ V 


■2 [-3 p3 

/ / drdr'{2d 2 (0)A 2 (r,r') (10.439) 

^ Jo Jo 

-4 (5(0) [A(r, r)A 2 (r, r') + 4A (r, r)A(r, r') A (r, r') + A 2 (r, r')A(r, r)] } . 
Inserting Eq. (10.394) into the last equal-time term, we obtain 
A 1-3 r& 


m' = - 


UfP = -? 


f j dr dr 1 {—2(5 2 (0)A 2 (t, r') 
Jo Jo 


(10.440) 


-4<5(0) [A(r, r) A 2 (r, t') + 4 A (r, r)A(r, r') A (r, r') - A 2 (r, t')/0\ } • 


As we shall see below, the explicit evaluation of the integrals in this sum is not necessary. Just for 
completeness, we give the result: 


Uf: 


( 2 ) _ 


T\“ <0) 90 +4<S(0) [45 + 4 Tso “ 90 J j 


= n 


{£ (o » + £°>} 


(10.441) 


We now turn to the three-bubbles diagrams (10.432). Only three of these contain the correla¬ 
tion function ;!i A„(;^;,£ , ) —>■ A(t,t') for which Eq. (10.394) is not applicable: the second, fourth, 
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and sixth diagram. The other three-bubble diagrams in (10.432) containing the generalization 
/x A m (x,x) of the equal-time propagator 'A'(r, r) can be calculated using Ecp (10.394). 

Consider first a partial sum consisting of the first three three-bubble diagrams in the sum 
(10.432). This has the analytic form 


/3f-2 3) = [ f dr dr 1 {4 A(r, r) 'A 2 (t, t') ~A(t' , t') (10.442) 

1.2,3 Z J o J 0 

+ 2 A(r, t)A 2 (t, t')'A(t' , t') + 16 A (r, r)A(r, t') A (r, t') 'A(t' , r')} . 

Replacing A(r,r) and A(r',r') by <5(0) — 1//3, according to of (10.394), we see that Eq. (10.442) 
contains, with opposite sign, precisely the previous sum (10.439) of all one-and two-bubble dia¬ 
grams. Together they give 


/?/f + pA 3) 


= 4 f 

+ ^2 A ' 2 ^ t ') - y A(t,t)A(t,t') A(r,r')| 


--A(r,r)A 2 (r,r') 


and can be evaluated directly to 


Bfp + BfW =£(*£-!£ + 

Ph Ph i,2,3 2 \fi 45 B 2 90 ' 8 180/ 2 45 r 


(10.443) 


(10.444) 


By the same direct calculation, the Feynman integral in the fifth three-bubble diagram in (10.432) 
yields 


COJ: h = J j drdT 1 A (r,r) A (r,r') A(r,r') A(t',t') = - —. (10.445) 

The explicit results (10.444) and (10.445) are again not needed, since the last term in Eq. (10.443) 
is equal, with opposite sign, to the partial sum of the fourth and fifth three-bubble diagrams in 
Ecp (10.432). To see this, consider the Feynman integral associated with the sixth three-bubble 
diagram in Eq. (10.432): 


)■■ I4 = 


whose d-dimensional extension is 


dr dr' A (r, t)A(t, t')'A(t, t') A(t', t'), 


(10.446) 


I d — 

1 4 ~ 


[ [ d rf rd d r' a A(r, r)A(r, r') Q A /3 (r, r')A /3 (r , ,r'). (10.447) 

Jo Jo 


Adding this to the fifth Feynman integral (10.445) and performing a partial integration, we find 
in one dimension 


f(3) I _ T 


= —y 16 ( J 4 + h) = -y J J dr dr'y A (t,t) A (r, r')A(r, t') 


= 


(10.448) 


where we have used d[A (t,t)\ /dr = —l/B obtained by differentiating (10.435). Comparing 
(10.448) with (10.443), we find the sum of all bubbles diagrams, except for the sixth and seventh 
three-bubble diagrams in Eq. (10.432), to be given by 


c( 2 ) i /3/( 3 )f — 1L Art 2 


Pfr + m 


16,7 2 15 


(10.449) 
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The prime on the sum denotes the exclusion of the diagrams indicated by subscripts. The cor¬ 
relation function 'A'(r, r') in the two remaining diagrams of Eq. (10.432), whose d-dimensional 
extension is a Ap(x,x'), cannot be replaced via Ecp (10.394), and the expression can only be sim¬ 
plified by applying partial integration to the seventh diagram in Eq. (10.432), yielding 


) '■ h — 


-> 


P rP 


0 Jo 

P rP 


-> 


dr dr' A(r,r)‘A (r, t') A(t, t') A(t' ,t') 

[ f d d Td d T l A(r,r) 9 A(T,r') a A (j (r,r')A ) j(T',r') 
Jo Jo 

^ A ( T ’ T ) A p( T '<v') 9 0l» A ('r,T')] 2 

^ Jo Jo dTdT ' A (A r )' A (G/r ')^7 [A 2 (t,t')] 


1 /■' 3 A' 3 

25 ./o Jo dTdT ' A ( T ’ T y A2 ( T ’ T J = 


90' 


(10.450) 


The sixth diagram in the sum (10.432) diverges linearly. As before, we add and subtract the 
divergence 


P rP 


GOO : h = [" [ 

Jo Jo 


dr dr' A(t,t) A 2 (t, ,t') 


rP fP 

/ / dr dr 1 A(r,r) [A 2 (r,r') — S 2 (t — r')] A(r , ,r') 

Jo Jo 

rP rP 

/ / dr dr'A 2 (t,t) S 2 (t — t'). (10.451) 

do Jo 


+ 


In the first, finite term we go to d dimensions and replace S(t — r') —> (r — r') = — App(r, t' ) 

using the field equation (10.418). After this, we apply partial integration and find 


T R 


[ f d'Vd'V A(r,r) [ Q A|(r,r') - A^(r,r')] A(r , ,r') 

Jo Jo 

f f d d Td d r' {-d a [A(t,t)] A /3 (t, r') a A /3 (r, r')A(r', r') 

Jo Jo 

+ A(r,r)A^(r,r')A 77 (r,r')^ [A(r',r')]} 

n p 

dr dr' 2 { — A (r, t) A(t, t')'A(t, t')A(t ', r') + 


-> 


-> 


A(r, r) A (r, r') A (r', r') A"(r, r')} • 


(10.452) 


In going to the last line we have used d[A(r, r)]/dr = 2 A (r, r) following from (10.435). By 
interchanging the order of integration r O- r', the first term in Eq. (10.452) reduces to the integral 
(10.450). In the last term we replace A"(r,r') using the field equation (10.393) and the trivial 
equation (10.376). Thus we obtain 


with 



(10.453) 


(10.454) 

(10.455) 
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With the help of the identity for distributions (10.369), the divergent part is calculated to be 


C V = S (°) dr A 2 (r,r) = <5(0)^. (10.456) 

Using Eqs. (10.450) and (10.453) yields the sum of the sixth and seventh three-bubble diagrams 
in Eq. (10.432): 

= -y (2/e + 16/ 7 ) = -%r U(0)^ + . (10.457) 

6,7 2j A OU lU 

Adding this to (10.449), we obtain the sum of all bubble diagrams 

/l/f> + 0 » = -^ [2J(0)^ + - (10.458) 

The contributions of the watermelon diagrams (10.432) correspond to the Feynman integrals 

I3f-2 l) = —2r / / drdT 1 [A 2 (r, r')'A' 2 (r, r') 

Jo Jo 

+ 4 A(r, t') A (t, r') A(r, t')'A(t, t') + A 2 (r, t') A 2 (r, r')] . (10.459) 

The third integral is unique and can be calculated directly: 

<3 : /io = J dr j dr' A 2 (r,r') A 2 (t,t') = (10.460) 

The second integral reads in d dimensions 

: / 9 = J J d d Td d r' a A(T,T')Ap(T,T) a Ap{T,T'). (10.461) 
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The finite second part of the integral (10.466) has the d-dimensional extension 

d d T d d T' A 2 (t, t') [ q A|(t, t') - A“ 7 (r,r')] , 


T n - 

1 8 — 


(10.467) 


which after partial integration and going back to one dimension reduces to a combination of 
integrals Eqs. (10.465) and (10.464): 


d 2 

if = -2/ 9 + 2/9, = - —. 

8 y J 72 

The divergent part of Ig coincides with I dn in Eq. (10.455): 

rP rP 


rdiv _ 

T Q — 


Jo Jo dTdT ' A2 ^ T ' T ^ 2 ^ T ~ T ^ = I e W = S ^Jq- 


(10.468) 


(10.469) 


Inserting this together with (10.460) and (10.465) into Eq. (10.459), we obtain the sum of water¬ 
melon diagrams 




(4) _ 


= -2 V 2 (I s +4I 9 +I w ) = - d -US(0)i-- 


H'si-I}- (ia470 » 


For a flat space in curvilinear coordinates, the sum of the first-order diagrams vanish. To 
second order, the requirement of coordinate independence implies a vanishing sum of all connected 
diagrams (10.429)-(10.432). By adding the sum of terms in Eqs. (10.438), (10.458), and (10.470), 
we find indeed zero, thus confirming coordinate independence. It is not surprising that the integra¬ 
tion rules for products of distributions derived in an infinite time interval r S [0, 00 ) are applicable 
for finite time intervals. The singularities in the distributions come in only at a single point of the 
time axis, so that its total length is irrelevant. 

The procedure can easily be continued to higher-loop diagrams to define integrals over higher 
singular products of e- and ^-functions. At the one-loop level, the cancellation of 5(0)s requires 


j dr A(t, t ) d(0) = <5(0) j dr A(r, r). 


The second-order gave, in addition, the rule 
rP rP 


I I dr dr’6 2 (t — r 1 ) = 5(0) f drA 2 (r,r), 

Jo Jo J 

To /r-order we can derive the equation 

J dn . ,.dr n A(t 1 ,t 2 )5(t 1 ,t 2 ) ■ ■ ■ A(r„,n) 5(t„,t 1 ) = <S(0) J dr A" (r, r), 


which reduces to 


dT 1 dT n A n (T 1 ,T 1 )5 2 (T 1 — r n ) =5(0) j dr A”(r, r), 


(10.471) 


(10.472) 


(10.473) 


(10.474) 


which is satisfied due to the integration rule (10.369). See Appendix 10C for a general derivation 
of (10.473). 


10.11.5 Time Evolution Amplitude in Curved Space 

The same Feynman diagrams which we calculated to verify coordinate independence appear also 
in the perturbation expansion of the time evolution amplitude in curved space if this is performed 
in normal or geodesic coordinates. 
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The path integral in curved space is derived by making the mapping from ad to q% in Subsec¬ 
tion 10.11.2 nonholonomic, so that it can no longer be written as ad(r) = ®*(g M (r)) but only as 
dx' (T ) = e*n(q)dq IJ (t) . Then the g-space may contain curvature and torsion, and the result of the 
path integral will not longer be trivial one in Ecp (10.403) but depend on R tw \ K (q a ) and S llv x {q a ). 
For simplicity, we shall ignore torsion. 

Then the action becomes (10.404) with the metric g t , v {q) = e*f,(g)e*„(g). It was shown in 
Subsection 10.3.2 that under nonholonomic coordinate transformations, the measure of a time- 
sliced path integral transforms from the flat-space form H,, d D x n to Y\ n d D q y Igr i exp(AtR n /6). 
This had the consequence, in Section 10.4, that the time evolution amplitude for a particle on the 
surface of a sphere has an energy (10.165) corresponding to the Hamiltonian (1.418) which governs 
the Schrodinger equation (1.424). It contains a pure Laplace-Beltrami operator in the kinetic part. 
There is no extra _R-term, which would be allowed if only covariance under ordinary coordinate 
transformations is required. This issue will be discussed in more detail in Subsection 11.1.1. 

Below we shall see that for perturbatively defined path integrals, the nonholonomic transfor¬ 
mation must carry the flat-space measure into curved space as follows: 


V D x —> D d q sjg exp 


dr R/8 


(10.475) 


For a H-dimensional space with a general metric g^ v {q) we can make use of the above proven 
coordinate invariance to bring the metric to the most convenient normal or geodesic coordinates 
(10.98) around some point q a . The advantage of these coordinates is that the derivatives and thus 
the affine connection vanish at this point. Its derivatives can directly be expressed in terms of the 
curvature tensor: 

T C(q a ) = [RrKa^(q a ) + R<tkC (q a )\ , for normal coordinates. (10.476) 

Assuming q a to lie at the origin, we expand the metric and its determinant in powers of normal 
coordinates AC around the origin and find, dropping the smallness symbols A in front of q and £ 
in the transformation (10.98): 

g,Ac = <v + v ^ iw* + r c rr +..., (10.477) 

g(0 = 1 - d\ R/ju CC+v 2 ^ (r» v R xn+ l iW r RxrC^CCAC+ .... (10.478) 

These expansions have obviously the same power content in £ f ‘ as the previous one-dimensional 
expansions (10.223) had in q. The interaction (10.410) becomes in normal coordinates, up to order 


-«] = 




V\r„X V . CC + V 2 ^Rx^ S Ra,rS ec AC 


cc 


1 """ " 2 1 I/nl D . an S fv fXfK ^ _ (10.479) 


+ n - 5 ( 0 )^ cc + >f Wo sm,sC RxaC ccec 


This has again the same powers in C as the one-dimensional interaction (10.425), leading to 
the same Feynman diagrams, differing only by the factors associated with the vertices. In one 
dimension, with the trivial vertices of the interaction (10.425), the sum of all diagrams vanishes. 
In curved space with the more complicated vertices proportional to R^ VK \ and R^, the result 
is nonzero but depends on contractions of the curvature tensor R VI/K \. The dependence is easily 
identified for each diagram. All bubble diagrams in (10.430)-(10.432) yield results proportional to 
R^ v , while the watermelon-like diagrams (10.432) carry a factor R1^ kX . 
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When calculating the contributions of the first expectation value (-4"ot[£]) t0 the ti me evolution 
amplitude it is useful to reduce the D-dimensional expectation values of (10.479) to one-dimensional 
ones of (10.425) as follows using the contraction rules (8.63) and (8.64): 

(C m O = ^"(CC), (10.480) 

(C A C K C M C") = {8^8^ +8 X ^8 VK +8 X, '8^) (CCCC), (10.481) 

(c A rc M r) = s Xk s^ v (co (cc) + (s^s™ + s Xi 's Kft ) (tij (|cc), (10.482) 

(eeceee) = {s Xk s° t + s x<r s KT + s^s™) (cc> <cc> (cc) 

4- [<5 A/i (8^8^ + S al 'S TK + 8 TI '8 Ka ) + S** (S av 8 XT + 8 Xv 8 Ta + 8 TV 8 aX ) 

+ 8 a » (8 tv 8 Xk + 8 Xv 8 KT + 8 kv 8 tX ) + 8 Ttl (8^8^ + 8 KV 8 aX + <r"<5 AK )] 

x (CC>(CC)(CC)- (10-483) 

Inserting these into the expectation value of (10.479) and performing the tensor contractions, we 
obtain 

(4% [C]> = [ dr{ n ±R [- (co (cc) + (cc) (c c) + n S( o)(CC>] 

+ n 2 -^ [(££„ + />Vu n i,rSi: + r^x k r x "» k ) ((cc > 2 (cc) - <cc> (cc ) 2 ) 

+ ^^(0) {Rl„ + R v ,x k R^ Xk + R^x K R Xv n (CC) (CO }• (10.484) 

Individually, the four tensors in the brackets of (10.483) contribute the tensor contractions, using 
the antisymmetry of R IJV xt; in pv and the contraction to the Ricci tensor Rx^J 8 IJK = Rx s - 

RxtJRauTS 8 X >' (8 KM 8 aT + S av S rK + 8^8™) = 0, 

RxtJRavrS 8 Kfl (8 (7I '8 Xt + 8 Xv 8 T ° + 8 TV 8° X ) = R x s {-R x s + R x s ) = o, 

Rx^ s R*„tS 8^ {8 T ^8 XK + 8 Xv 8 KT + 8 KV 8 rX ) = R XltK s (. R a s 8 Xk + R a x„s + R*kxs) 

_ ( p2 I f) T)ftv\K , f) f)\vilK\ 

— \^liv ' “R ) 

Rx*k S R*»t 6 S t >‘ {8 Xl '8 K<r + 8 KV 8 aX + 8 av 8 XK ) = R Xtk s (R kX tS + Rx KT s) = 0. (10.485) 

We now use the fundamental identity of Riemannian spaces 

RfXvXn + R^Xkv + R[1KV X = 0. (10.486) 

By expressing the curvature tensor (10.31) in Riemannian space in terms of the Christoffel symbol 
(1.70) as 

RfivX k = 2 (OijdxfluK — d^d K g v x ~ d^Oxg^n 4” 0 jt 0 K g^x) — [f^,, f , y ]r K , (10.487) 

we see that the identity (10.486) is a consequence of the symmetry of the metric and the single¬ 
valuedness of the metric expressed by the integrability condition 8 ( dxd K — d K dx)gnv = 0. Indeed, 
due to the symmetry of g we find 

R/il'XkT R[lXmj 4 “ RfjtnvX — 2 [if iO h Ok,Ov) fj/;X {O^Ox 0x0^ ) gfi,■ (il\iij: if:Ox ) g fj.u\ — 0 . 

The integrability has also the consequence that 

RfjvXt: — R/avkX •, RuvXk — Rxk/jl' • (10.488) 

8 For the derivation see p. 1353 in the textbook [2]. 
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Using (10.486) and (10.488) we find that 

R,v\nR X ^ K = lR^\ K R^ X *, (10.489) 

so that the contracted curvature tensors in the parentheses of (10.484) can be replaced by R^ u + 

.3 f) 

We now calculate explicitly the contribution of the first-order diagrams in (10.484) [compare 
(10.427)]: 

Ph = \R -V QO + V CD +T)6{0) O • (10-490) 

corresponding to the analytic expression [compare (10.433)]: 

I /••■* 

f3fi = ~Vq R J dr [A(t,t)A(t,t) -A 2 (t,t) - <S(0)A(r, r)] . (10.491) 

Note that the combination of propagators in the brackets is different from the previous one in 
(10.433). Using the integrals (10.436) we find, setting q = 1: 

Pfi = ~Rf dr —^A(t,t) - A 2 (r,r) . (10.492) 

Using Eq. (10.436), this becomes 

!,! ' = \ R [ dT h HT - T) = ^ mm) 

Adding to this the similar contribution coming from the nonholonomically transformed measure 
(10.475), we obtain the first-order expansion of the imaginary-time evolution amplitude 

(q a f3\q a 0) = _Lp exp j-R(q a ) + . •. . (10.494) 

V2FR L 12 J 

We now turn to the second-order contributions in r /. The sum of the local diagrams (10.429) 
reads now 

+ V - + ^(0) OO • (10-495) 

In terms of the Feynman integrals, the brackets are equal to [compare (10.437)] 

r0 r i 

/ dr A 2 (r,r)A(r,r) — A(r,r)A 2 (r,r) +-(5(0)A 2 (r,r) . (10.496) 

Jo L 4 

Inserting the equation of motion (10.394) and the right-hand equation (10.435), this becomes 

J o dr --^A 2 (r,r) + ^<5(0)A 2 (r,r) =^[l-<5(°)]. (10.497) 

Thus we find 

Id .D = ->1 2 ^ (rIu + [1 - sm . (10.498) 




858 


10 Spaces with Curvature and Torsion 


Next we calculate the nonlocal contributions of order ?r to /?/ coining from the cumulant 

«t 2 ) c = -y ^ J q 0 drj^ dr'^m^ R/jt'v' £"(r)£» G(GrV) 

+ 2 5 ( 0 )JW (r)r (r)e (r)r (r) (GC (G ( 10 . 499 ) 

+ G'AW ^(r)r(r)^(r)r(r) ^(r')f'(r')f (r')f (r')l \ • 


The first two terms yield the connected diagrams [compare (10.430)] 


^(2) = _r GGC 


-|2^ 2 (0) O -4d'(0)[ 03 - 2 GO + CO]}- 


(10.500) 


oA2) [ 

PJ2 2 36 


2 36 

and the analytic expression diagrams [compare (10.439)] 

rP rP 

■ / dr dr' {2t5 2 (0)A 2 (r, G (10.501) 

Jo Jo 

-4 6(0) [A(t, t)'A 2 (t, t') - 2'A (r, t)A(t, r')'A (t, r') + A 2 (t, r') A'(r, r)] } . 

The third term in (10.499) leads to the three-bubble diagrams [compare (10.439)] 


(3)_ if R^R^ 




36 


[4 COD +2 COD- 8 QOO+4 QOO+4 GOO + 2 OCO- 8 CXX)] • 

(10.502) 


The analytic expression for the diagrams 1,2,3 is [compare (10.442)] 


Of, 


(3) 


r R,,R^ 


dr dr' {4 A(r, r) A 2 (t,t') A'(r',r') (10.503) 


1 , 2,3 2 36 

+ 2 A‘(r, t)A 2 (t, t')'A(t', t') — 8 A (r, r)A(r, r') A (r, r') A (G r')} . 


and for 4 and 5 [compare (10.448)] : 

(3) | _ v' 2 RuvRT" 


pf, 


4,5 


,, n 2 Ft Fti 11 ' G G 4 

(J 4 + J 5 ) = ~-r- M L / / dr dr 1 — A (r, r) A (r, r')A(r, r') 


36 v ' 2 36 

rf R^R^ 1 2 

2 36 45 P ‘ 

For the diagrams 6 and 7, finally, we obtain [compare (10.458)] 

„2 


P 


Pf, 


(3) 


_riWC\ 9 . or , rf l^Ftr 

6.7 2 36 6 2 36 


d 3 ff 2 

2(5(0)— - — 
w 30 6 


The sum of all bubbles diagrams (10.501) and (10.503) is therefore 

a 3 


pf f + /?/C = - C <s(o) ^ • 


f(3) 


P 2 


(10.504) 


(10.505) 


(10.506) 


This compensates exactly the (5(0)-term proportional to R 2 „ in Eq. (10.498), leaving only a finite 


second-order term 

Pff + Pf? ] + Pf? ] = n 2 4a - ^-a) + r^(o)-|^^C«A- (10-507) 
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Finally we calculate the second-order watermelon diagrams (10.432) which contain the initially 
ambiguous Feynman integrals we make the following observation. Their sum is [compare (10.432)] 


/3/ 2 (4) = -y 2^ (R m „x k R^ Xk + R^ Xk R^ k ) 

corresponding to the analytic expression 


- 2 <3 + <4 


(10.508) 




3 1 


n /3 

drdr' [A 2 (r, r')'A' 2 (r, r') 


2 36 


-R 


H^kX 


-2 A(t, t ') A (t, t 1 ) A(r, r') A(r, r') + A 2 (r, r') A 2 (r, r')] 


- (-^8 - 2/g + /lo) 


(10.509) 


where the integrals 7g,7g, and 7io were evaluated before in Eqs. (10.469), (10.468), (10.465), and 
(10.460). Substituting the results into Eq. (10.509) and using the rules (10.369) and (10.375), we 
obtain 


:#/f = 


(ipkX 


P rP 

Jo 


dr dr'A 2 (r, t)5' 2 (t -t') = A d(0). 


720 


(10.510) 


Thus the only role of the watermelon diagrams is to cancel the remaining <5(0)-term proportional 
to P‘jj VK \ in Eq. (10.507). It gives no finite contribution. 

The remaining total sum of all second-order contribution in Eq. (10.507). changes the diagonal 
time evolution amplitude (10.494) to 


(daP\qa 0) = 




D 


exp 


{RjivkX - R yv) + 


(10.511) 


In Chapter 11 we shall see that this expression agrees with what has been derived in Schrodinger 
quantum mechanics from a Hamiltonian operator H = — A/2 which contains only is the Laplace- 
Beltrami operator A = g~ 1 B 2 d fJ g 1 B 2 gi M ' (q)d v of Eq. (1.381) and no extra 72-term: 


( q a B | q a 0) 


e /3A/2) = {ga | e 8A/2 | 

1 '-44 


sfhBB' 


■D 


q a ) 

* p 2 1 ^ / tjhvk\ tj r> \ 

144^ + 360 ^ 


+ . 


(10.512) 


This expansion due to DeWitt and Seeley will be derived in Section 11.6, the relevant equation 
being (11.110). 

Summarizing the results we have found that for one-dimensional (/-space as well as for a 71- 
dimensional curved space in normal coordinates, our calculation procedure on a one-dimensional 
r-axis yields unique results. The procedure uses only the essence of the d-dimensional extension, 
together with the rules (10.369) and (10.375). The results guarantee the coordinate independence 
of path integrals. They also agree with the DeWitt-Seelev expansion of the short-time amplitude 
to be derived in Eq. (11.110). The agreement is ensured by the initially ambiguous integrals 7 8 
and 7g satisfying the equations 

7* + 47 9 +7 10 = -^, (10.513) 

7jf — 27g + 7i 0 = 0, (10.514) 


as we can see from Eqs. (10.470) and (10.509). Since the integral 7io = /5 2 /90 is unique, we must 
have Iq = —/3 2 /720 and 7 $ = — d 2 /72, and this is indeed what we found from our integration rules. 

The main role of the d-dimensional extension of the r-axis is, in this context, to forbid the 
application of the equation of motion (10.394) to correlation functions A(r,r'). This would 
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fix immediately the finite part of the integral Ig to the wrong value Ig = — B' 2 /18, leaving the 
integral Ig which fixes the integral over distributions (10.375). In this way, however, we could only 
satisfy one of the equations (10.513) and (10.514), the other would always be violated. Thus, any 
regularization different from ours will ruin immediately coordinate independence. 


10.11.6 Covariant Results for Arbitrary Coordinates 

It must be noted that if we were to use arbitrary rather than Riemann normal coordinates, we 
would find ambiguous integrals already at the two-loop level: 

rP rP 

I\a = / / dr dr''A (t,t ; ) A' (t,t')'A (t,t'), (10.515) 

Jo Jo 

rP rP 

ho = / dr dr' A{t,t')’A 2 {t,t'). (10.516) 

Jo Jo 

Let us show that coordinate independence requires these integrals to have the values 

In =P/ 24, I& = -0/8 , (10.517) 



where the superscript R denotes the finite part of an integral. We study first the ambiguities arising 
in one dimension. Without dimensional extension, the values (10.517) would be incompatible with 
partial integration and the equation of motion (10.393). In the integral (10.515), we use the 
symmetry ‘A (r, r') = A'(t,t'), apply partial integration twice taking care of nonzero boundary 
terms, and obtain on the one hand 


1 rP rP j i rP rP 

2 J J drdr'A( t,t')—[A 2 {t,t')] =-- J J dr dr' A 2 (t.t') 'A (r, r') 

~\l J, dTdT '^^ Z{T ^ = \S 0 dr[A 3 (r,0)-A 3 (rJ)\=^. (10.518) 


rP rP 


hi = 


On the other hand, we apply Eq. (10.394) and perform two regular integrals, reducing I 14 to a 
form containing an undefined integral over a product of distributions: 


/ / dr dr' A (r, t') A'(t, t')S{t — t') — — f f drr dr' A (r, t') A'(t, t') 

Jo Jo P Jo Jo 

rP 

+ I dr A 2 (t, t) + 

Jo 


rP rP 


Ta — 


rP rP 


dr dr' 


/o .'o 


-2 e ‘ 2 (T -t') 


12 


= 13 


\j drr € 2 (t)S(t) + ^ 


(10.519) 


A third, mixed way of evaluating I 14 employs one partial integration as in the first line of 
Eq. (10.518), then the equation of motion (10.393) to reduce I 4 4 to yet another form 


rP rP 


In = 


i o Jo 

cP rP 


= 3 


dr dr' A' 2 (r, t)S(t — t') = 

1 /•-> rP i rP 

- / drdr'e 2 (r — t')5(t — t') + - / drA 2 (r,r) 

8 Jo Jo 2 Jo 

dr e 2 (r)S(r) + ^ . 


We now see that if we set [compare with the correct equation (10.375)] 

j dT[e{T)] 2 S(t) = 1 (false), 


(10.520) 


(10.521) 
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the last two results (10.520) and (10.519) coincide with the first in Eq. (10.518). The definition 
(10.521) would obviously be consistent with partial integration if we insert S(t) = e(r)/2: 

J flr[e(r)] 2 6(r) = ^J clr[e(r)] 2 e(r) = ^ J dT-^[e(r)] 3 = (10.522) 

In spite of this consistency with partial integration and the equation of motion, Eq. (10.521) is 
incompatible with the requirement of coordinate independence. This can be seen from the discrep¬ 
ancy between the resulting value Ii 4 = 8/VI and the necessary (10.517). In earlier work on the sub¬ 
ject by other authors [31]- [36], this discrepancy was compensated by adding the above-mentioned 
(on p. 817) noncovariant term to the classical action, in violation of Feynman’s construction rules 
for path integrals. 

A similar problem appears with the other Feynman integral (10.516). Applying first 
Eq. (10.394) we obtain 

rfi rfi o rP i rP rfi 

ho = j J dr dr 1 A(r , t')6‘ 2 (t ~ t 1 ) — — J drA(r, r) -f — y J dr dr' A(t,.t'). 

(10.523) 


For the integral containing the square of the (5-function we must postulate the integration rule 
(10.369) to obtain a divergent term 


rdiv 

i 15 


5 ( 0 ) / dr A(t, t) 

Jo 



(10.524) 


which is proportional to 5(0), and compensates a similar term from the measure. The remaining 
integrals in (10.523) are finite and yield the regular part l/g = —/?/4, which we shall see to be 
inconsistent with coordinate invariance. In another calculation of hs, we first add and subtract 
the UV-divergent term, writing 

=J J drr drr' A{t, , t') [A' 2 (t, t') — 6 2 (t — t')] + 5(0)-^-. (10.525) 


Replacing 5 2 (r — r') by the square of the left-hand side of the equation of motion (10.393), and 
integrating the terms in brackets by parts, we obtain 



The value of the last integral follows from partial integration. 

For a third evaluation of I\h we insert the equation of motion (10.393) and bring the last 
integral in the fourth line of (10.526) to 


/ f dr dr' A 2 (t,t')S(t — t ') = —/3 - j dr e 2 (r)5(r) + 

J 0 Jo 1.4 J 12 


(10.527) 


All three ways of calculation lead, with the assignment (10.521) to the singular integral, to the 
same result l (| = —/?/4 using the rule (10.521). This, however, is again in disagreement with the 
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coordinate-independent value in Eq. (10.517). Note that both integrals In and l[\ are too large 
by a factor 2 with respect to the necessary (10.517) for coordinate independence. 

How can we save coordinate independence while maintaining the equation of motion and partial 
integration? The direction in which the answer lies is suggested by the last line of Ecp (10.520): 
we must find a consistent way to have an integral f clr [e(r)]~ S(t) = 0, as in Eq. (10.375), instead 
of the false value (10.521), which means that we need a reason for forbidding the application of 
partial integration to this singular integral. For the calculation at the infinite time interval, this 
problem was solved in Refs. [23]—[25] with the help of dimensional regularization. 

In dimensional regularization, we would write the Feynman integral (10.515) in d dimensions 
as 


Td _ 

1 n ~ 


II 


d d a 


d d x' f , A(x, x')A v {x,x') fl A v (x, x'), 


(10.528) 


and see that the different derivatives on li A„(x,x l ) prevent us from applying the field equation 
(10.418), in contrast to the one-dimensional calculation. We can, however, apply partial integration 
as in the first line of Eq. (10.518), and arrive at 


T d — — 

J 14 “ 


d d a 


d d A 


■'K( 


x, x' )A flfl (x, x' 


(10.529) 


In contrast to the one-dimensional expression (10.518), a further partial integration is impossible. 
Instead, we may apply the field equation (10.418), go back to one dimension, and apply the 
integration rule (10.375) as in Eq. (10.520) to obtain the correct result In = /i/24 guaranteeing 
coordinate independence. 

The Feynman integral (10.516) for I i5 is treated likewise. Its d-dimensional extension is 


T cl — 

J 15 — 


d d x d d x' A(x, x') [ M A„(x, x')]~ 


(10.530) 


The different derivatives on ^ A„(.t, .t') make it impossible to apply a dimensionally extended 
version of equation (10.394) as in Ecp (10.523). We can, however, extract the UV-divergence as in 
Eq. (10.525), and perform a partial integration on the finite part which brings it to a dimensionally 
extended version of Eq. (10.526): 


Ab = ~hi + 


I 


d d x d d x'A 2 v {x, x')A tH1 (x, x'). 


(10.531) 


On the right-hand side we use the field equation (10.418), as in Ecp (10.527), return to d = 1, and 
use the rule (10.375) to obtain the result I *| = — In — /3/12 = —0/8, again guaranteeing coordinate 
independence. 

Thus, by keeping only track of a few essential properties of the theory in d dimensions we 
indeed obtain a simple consistent procedure for calculating singular Feynman integrals. All results 
obtained in this way ensure coordinate independence. They agree with what we would obtain using 
the one-dimensional integration rule (10.375) for the product of two e- and one ^'-distribution. 

Our procedure gives us unique rules telling us where we are allowed to apply partial integration 
and the equation of motion in one-dimensional expressions. Ultimately, all integrals are brought 
to a regular form, which can be continued back to one time dimension for a direct evaluation. This 
procedure is obviously much simpler than the previous explicit calculations in d dimensions with 
the limit d —> 1 taken at the end. 

The coordinate independence would require the equations (10.517). Thus, although the cal¬ 
culation in normal coordinates are simpler and can be carried more easily to higher orders, the 
perturbation in arbitrary coordinates help to fix more ambiguous integrals. 

Let us see how the integrals In and I 15 arise in the perturbation expansion of the time evolution 
amplitude in arbitrary coordinates up to the order rj, and that the values in (10.517) are necessary 
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to guarantee a covariant result. We use arbitrary coordinates and expand the metric around the 
origin. Dropping the increment symbol <5 in front of Sq ^, we write: 

Qnviq) = 8^ + ^/g(d x g^)q x +g^(d x d K g^)q x q K , (10.532) 

with the expansion parameter g keeping track of the orders of the perturbation series. At the end 
it will be set equal to unity. The determinant has the expansion to order g: 

log g{q) = Vrjg tJ ' , '(d\g IJ „)q x + g^g ,iI ' [(d\d K g^) - g aT (d\g lia )(d K g IJT )]q x q K . (10.533) 

The total interaction (10.410) becomes 

■4iotM = J dr { \^Vv(d K g t ,M)q K + ^n{d\d K g^)q x q K \q ll q u (10.534) 

- \^m9^{d K g^)q K -\vS(0)g^[(d x d K g^) -g° T {d x g^){d K g VT )]q x (f}. 

Using the relations following directly from the definition of the Christoffel symbols (1.70) and 
(1.71), 

Ong/iv — g^g VT O t; g — HKfjiv A r— 2T g^ (Of.g^il) — 2 T , 
0 \d K g^ lM — Kin* A 0 \T Kt/ ^ — <9 A r k{iiv} , 

(drdxg,,) = 2g^d K T^ = 2d K (g^ ) - 2 T a ^d K g^ 

= 2 (d K r a / + g^T^rTxS a r a /r x f ), (10.535) 

this becomes 

-O'/] = dr | | d x T Kflv q x q K if if 

- m [^T + |5 A r r /gV] }• (10.536) 

The derivative of the Christoffel symbol in the last term can also be written differently using the 
identity d\g ,iv = —g ,i(T g" T d\g aT as follows: 

d\V T f = dxg^ T r „, = g 1 "'t) x Y : , lr = g^d x r r/1 „ - g^g VT (dx 9 (J r) T t ,„ 

= d x T Tltv - (r A ^ + r A „ M ) Tfr ( 10 . 537 ) 

To first order in g, we obtain from the first cumulant [q]) c - 

lfi' ] =V^ dr ( \dxT K ^q x q K f(f - J(0)± d x V T fq x q T )^ (10.538) 

the diagrams (10.490) corresponding to the analytic expression [compare (10.491)] 

HA 1] = ^ d\Tdr^g^ v g KX "A"(r,r)A(r,r) + 2g^ K g vX A 2 (t,t)-<5(0)2''V' a A(t,t)} 

- \g XK (r A ^ Tpf + g T » T rl f r, iA „) «$(0) J^dr A (r, r). (10.539) 

Replacing A(r, r) by <5(0) — 1//1 according to (10.394), and using the integrals (10.436), the (5(0)- 
terms in the first integral cancel and we obtain 

’ fP v n KX h Xk 

L ^(d x T^ v -d i T KX C- J —(T x fT^ + g T ^T T fT llXv )8(t)) . 




(10.540) 
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In addition, there are contributions of order ij from the second cumulant 

~2\ f dT f dT ' ( ^9%T)r(r)q v (T) + 

x [T (r') + S(0)T^q K (r')] ) , (10.541) 

These add to the free energy 

/J/J 2) = -^ k Vc[()-{)-M(0) O—• + <5 2 (o) —• ], 

= -vCx^(g XK T K ^ + g^T VK x )[ O fJ -<5(0) ], 

/3/i ( 4) = - f(<f A a KTT u\ v L,™ + rf v r , K K r„ A A + 2<rr„, A A ) Q-<J . 

/3/i ( 5) = - f (<T s" A V r K/3 + r MA - r rK A ) , 

Tff 1 = - \g Ak (r A / r^" + r/ T r TK v r^) 44 . (10.542) 

The Feynman integrals associated with the diagrams in the first and second lines are 

In = J I dr dr' {’A‘(r, t)A(t, t , )‘A'(t / , t') — 2<5(0) 'A'(r, t) A(r, r') + <5 2 (0) A(t, t')} 

(10.543) 

and 

/12 = J j dr dr' {A (r, r) A (r, r') A(r', r') - <5(0) A (r, r) A (r, r')} , (10.544) 

respectively. Replacing in Eqs. (10.543) and (10.544) A(t, r) and A(t',t') by <5(0) — 1//5 leads 
to cancellation of the infinite factors <5(0) and <5 2 (0) from the measure, such that we are left with 

1 r 13 f 13 3 

hi =jp J o dr dr' A(r, r') = — (10.545) 

and 

h -2 = J dr J dr' A (r,r) A (r,r') = -4 (10.546) 

The Feynman integral of the diagram in the third line of Eq. (10.542) has d-dimensional 
extension 

hs = J l dr dr' A (r, r) A(t',t')A(t, t') 

—> I I d d x d d x'^A(x, x)A„(x', x')^A v (x, x'). (10.547) 

Integrating this partially yields 

h" J J <lr dr' SiT. T'YAir'.y ) ^ J dr J </r'A (r. r) A (r. r') ~ 

(10.548) 
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where we have interchanged the order of integration r -H- r' in the second line of Eq. (10.548) 
and used d['A (r, r)]/dr = —1/3. Multiplying the integrals (10.545), (10.546), and (10.548) by 
corresponding vertices in Ecp (10.542) and adding them together, we obtain 

0 f { i 2) + 3 f[ z) + df[ 4) = -f^V^ r M „ r t kXt . (10.549) 

The contributions of the last three diagrams in and /i/{ 6) of (10.542) are determined 

by the initially ambiguous integrals (10.515) and (10.516) to be equal to In = — /3/24 and In = 
— j3/8 + 6(0)(3 2 /6, respectively. Moreover, the <5(0)-part in the latter, when inserted into the last 
line of Ecp (10.542) for f[ 6 \ is canceled by the contribution of the local diagram with the factor 
(5(0) in fff of (10.540). We see here an example that with general coordinates, the divergences 
containing powers of (5(0) no longer cancel order by order in h, but do so at the end. 

Thus only the finite part l (| = —3/2A remains and we find 

3f[ 5) +3f[ G)R = -\{g^g vX v^Y KVT (/,, + /") + g XK r x ^T ltK v ( 3 i u +i«)} 

= ^ g ^ g KX (10.550) 

By adding this to (10.549), we find the sum of all diagrams in (10.542) as follows 

E - r^r jlt „). (10.551) 

»=2 

Together with the regular part of (10.540) in the first line, this yields the sum of all first-order 
diagrams 


E = ^g""g rX ^R- do.552) 

4=1 

The result is covariant and agrees, of course, with Ecp (10.492) derived with normal coordinate. 
Note that to obtain this covariant result, the initially ambiguous integrals (10.515) and (10.516) 
over distributions appearing ni Eq. (10.550) mast satisfy 

/ i 4+/ i5 - “12 ’ 

31,4 + T* = 0, (10.553) 


which leaves only the values (10.517). 


10.12 Effective Classical Potential in Curved Space 

In Chapter 5 we have seen that the partition function of a quantum statistical 
system in flat space can always be written as an integral over a classical Boltz¬ 
mann factor exp[—/H /effcl (x 0 )], where £?(x 0 ) = V efTcl (x 0 ) is the so-called effective 
classical potential containing the effects of all quantum fluctuations. The variable of 
integration is the temporal path average x 0 = /l -1 f/j drx(r). In this section we gen¬ 
eralize this concept to curved space, and show how to calculate perturbatively the 
high-temperature expansion of V' eff cl (c/ 0 ). The requirement of independence under 
coordinate transformations q^(r) —> f/ /4 (r) introduces subtleties into the definition 
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and treatment of the path average qff, and covariance is achieved only with the help 
of a procedure invented by Faddeev and Popov [49] to deal with gauge freedoms in 
quantum field theory. 

In the literature, attempts to introduce an effective classical potential in curved 
space around a fixed temporal average q 0 = q(r) = 3 1 J[f drq(r) have so far failed 
and produced a two-loop perturbative result for V" effcl (f/ 0 ) which turned out to de¬ 
viate from the covariant one by a noncovariant total derivative [34], in contrast 
to the covariant result (10.494) obtained with Dirichlet boundary conditions. For 
this reason, perturbatively defined path integrals with periodic boundary conditions 
in curved space have been of limited use in the presently popular first-quantized 
worldline approach to quantum field theory (also called the string-inspired approach 
reviewed in Ref. [50]). In particular, is has so far been impossible to calculate with 
periodic boundary conditions interesting quantities such as curved-space effective 
actions, gravitational anomalies, and index densities, all results having been repro¬ 
duced with Dirichlet boundary conditions [46, 52], 

The development in this chapter cures the problems by exhibiting a manifestly 
covariant integration procedure for periodic paths [51]. It is an adaption of similar 
procedures used before in the effective action formalism of two-dimensional sigma- 
models [46]. Covariance is achieved by expanding the fluctuations in the neigh¬ 
borhood of any given point in powers of geodesic coordinates, and by a covariant 
definition of a path average different from the naive temporal average. As a re¬ 
sult, we shall find the same locally covariant perturbation expansion of the effective 
classical potential as in Eq. (10.494) calculated with Dirichlet boundary conditions. 

All problems encountered in the literature occur in the first correction terms 
linear in j3 in the time evolution amplitude. It will therefore be sufficient to consider 
only to lowest-order perturbation expansion. For this reason we shall from now on 
drop the parameter of smallness r/ used before. 

10.12.1 Covariant Fluctuation Expansion 

We want to calculate the partition function from the functional integral over all 
periodic paths 

Z = jv D qs [^)e- A[q \ (10.554) 

where the symbol § indicates the periodicity of the paths. By analogy with (2.443), 
we split the paths into a time-independent and a time-dependent part: 

(p = (£ + rf(r), (10.555) 

with the goal to express the partition function as in Eq. (3.811) by an ordinary 
integral over an effective classical partition function 

z=/-^(10.556) 

3 ^2wr 
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where V' effcl (g 0 ) is the curved-space version of the effective classical partition func¬ 
tion. For a covariant treatment, we parametrize the small fluctuations 77 ^ (r) in terms 
of the prepoint normal coordinates A £ m (t) of the point qtf introduced in Eq. (10.98), 
which are here geodesic due to the absence of torsion. Omitting the smallness sym¬ 
bols A, there will be some nonlinear decomposition 

(f{T) = q'o +rf l {qo,£), (10.557) 

where rf J {qo,0 = 0 for = 0. Inverting the relation (10.98) we obtain 

rf(qo, Z)=e~ k ~ lr^(qo)CCC - • • •, (10.558) 

2 0 

where the coefficients T aT ... K ^{qo) with more than two subscripts are defined simi¬ 
larly to covariant derivatives with respect to lower indices (they are not covariant 
quantities): 

= V K fV/ = d K t aT ** - 2Y Ka v t VT li , ... . (10.559) 

If the initial coordinates q^ are themselves geodesic at qft . all coefficients T C7T ... K ^{qo) 
in Eq. (10.558) are zero, so that 77 ^ (r) = ^(r), and the decomposition (10.557) is 
linear. In arbitrary coordinates, however, 77 ^(r) does not transform like a vector 
under coordinate transformations, and we must use the nonlinear decomposition 
(10.557). 

We now transform the path integral (10.554) to the new coordinates £^(r) us¬ 
ing Eqs. (10.557)-( 10.559). The perturbation expansion for the transformed path 
integral over £ /j (t) is constructed for any chosen qft by expanding the total action 
(10.408) including the measure factor (10.406) in powers of small linear fluctuations 
^(t). Being interested only in the lowest-order contributions we shall from now on 
drop the parameter of smallness 77 counting the orders in the earlier perturbation 
expansions. This is also useful since the similar symbol i/(t) is used here to de¬ 
scribe the path fluctuations. The action relevant for the terms to be calculated here 
consists of a free action, which we write after a partial integration as 

*4 (0) feo,£] = 9hAqo) [ dr^^{T){-dl)C{r), (10.560) 

J 0 ^ 

and an interaction which contains only the leading terms in (10.479): 

4Sb«;e] = + ao.seu 

The partition function (10.554) in terms of the coordinates £ p (r) is obtained from 
the perturbation expansion 


Z 



.ij;,;>/„.£ 


(10.562) 
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The path integral (10.562) cannot immediately be calculated perturbatively in 
the standard way, since the quadratic form of the free action (10.560) is degenerate. 
The spectrum of the operator — d/ in the space of periodic functions has a zero 
mode. The zero mode is associated with the fluctuations of the temporal average of 


(S = e = r' ( 10 . 563 ) 

Jo 

Small fluctuations of £ have the effect of moving the path as a whole infinitesimally 
through the manifold. The same movement can be achieved by changing Qq infinites¬ 
imally. Thus we can replace the integral over the path average by an integral 
over c/q . provided that we properly account for the change of measure arising from 
such a variable transformation. 

Anticipating such a change, the path average (10.563) can be set equal to zero 
eliminating the zero mode in the fluctuation spectrum. The basic free correlation 
function (t')) can then easily be found from its spectral representation as 

shown in Eq. (3.254). The result is 

(f(r)f(r')) ? ° =g^(q 0 )(-d 2 T )- 1 S(T-T / ) = g^(q 0 )A(r, (10.564) 


where A(r, r') is a short notation for the translationally invariant periodic Green 
function G//,. (t) of the operator — d/ without the zero mode in Eq. (3.254) (for a 
plot see Fig. 3.4): 


- - (t — t'P 

A(t, t') = A(r — r') = 2B~ 


t — r 


£ 

12 


r, r 1 E [0 ,hfi\. (10.565) 


This notation is useful since we shall have to calculate Feynman integrals of precisely 
the same form as previously with the Dirichlet-type correlation function Eq. (10.392). 
In contrast to (10.393) and (10.394) for A(r, t'), the translational invariance of the 
periodic correlation function implies that A(r, r') = A(r — r'), so that the first time 
derivatives of A(r, r') have opposite signs: 


~A(r, t) = -A (r, t) = T T ~ ^ T 9 T \ t,t E [0,k/3], (10.566) 

and the three possible double time derivatives are equal, up tp a sign: 

— "A(r, t') = —A "(t, r') =A‘(r, t 1 ) = 8(r — r 1 ) — 1/p. (10.567) 


The right-hand side contains an extra term on the right-hand side due to the missing 
zero eigenmode in the spectral representation of the h-function: 

1 £ e -ium(T-T’) = 5(r _ T ') _ I (10.568) 

P m+ 0 P 

The third equation in (10.567) happens to coincide with the differential equation 
(10.394) in the Diriehlet case. All three equations have the same right-hand side 
due to the translational invariance of A(r, r'). 
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10.12.2 Arbitrariness of q// 

We now take advantage of an important property of the perturbation expansion of 
the partition function (10.562) around q^{r) = qft: the independence of the choice 
of < 7 o . The separation (10.557) into a constant q q and a time-dependent ^(r) paths 
must lead to the same result for any nearby constant q' 0 fi on the manifold. The result 
must therefore be invariant under an arbitrary infinitesimal displacement 

Qo Qoe = Qo + e", M < 1- (10.569) 

In the path integral, this will be compensated by some translation of fluctuation 
coordinates ^(r), which will have the general nonlinear form 

e^^ = e-^Q^(qo,0- (10.570) 

The transformation matrix Q„{qo,£) satisfies the obvious initial condition 
QviQoi 0) = 8%. The path q^(r) = q^iqo^i'r)) must remain invariant under si¬ 
multaneous transformations (10.569) and (10.570), which implies that 

8q^ = qV -q^ = e v IW(<7o, 0 = 0 , (10.571) 


where D u is the infinitesimal transition operator 

d “ = m (10 ' 572) 

Geometrically, the matrix Q0(</o,4) plays the role of a locally flat nonlinear con¬ 
nection [46]. It can be calculated as follows. We express the vector q^{qo,0 in 
terms of the geodesic coordinates ^ using Eqs. (10.557), (10.558), and (10.559), 
and substitute this into Eq. (10.571). The coefficients of e v yield the equations 




(10.573) 


where by Eq. (10.558): 

drf_ (g 0 ,£) 

dQo 


=-^ r mf(qo)CC - ■■■ , 


(10.574) 


{dCh £,) _ cy p it/ pa- ^p U( \rOTT 

-- - QZ~ 1 («/<r) (?0K [varfKQQK £ -••• 

_ J)-p _ f (P) p/-< I 1P K F V- — T K F 

u i/ L 12(7 s 2 l 1ST' C 2 J Ul ' L <TT TV 1 K(T 1 TG 1 KV J S S 

To find Q„(qo,Oi we invert the expansion (10.575) to 


dy{Qo,£) 

dC 


= W+KoZ a + -[d^ T +-d^ ar + r^-r^jrr+- • .(10.576) 


(10.575) 


d^jqoCn) 
drf 


ri=rt(go4) 
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the last equality indicating that the result (10.576) can also be obtained from the 
original expansion (10.98) in the present notation [compare (10.558)]: 

e^o, v) = rf + + • • •, (10.577) 

2 6 

with coefficients 

fV/M 
f„r/(?0) 

: . (10.578) 


— r v 

1 (TT 1 

— r /'-LQf V v ^ ~ f) v ^ _u f "f ^ 

CTTK I ' JJ - tt<T - 1 - l/T (TT ' L K(T L VT 


Indeed, differentiating (10.577) with respect to rf. and re-expressing the result in 
terms of via Eq. (10.558), we find once more (10.576). 

Multiplying both sides of Eq. (10.573) by (10.576), we express the nonlinear 
connection Q%{q&,£) by means of geodesic coordinates £^(t) as 

QZ(qo^) = K + f,/(9o)r + ^/(go)fT + • • • • (10-579) 

The effect of simultaneous transformations (10.569), (10.570) upon the fluctuation 
function = ^(qo,^) in Eq. (10.558) is 


if f <l"‘ = if - e-Q:(q 0 , 17 ), QJ(r;„. 0 ) = 6‘;, 

where the matrix Q^(qo,rj) is related to Q„{qo,£) as follows 

drf(q 0 ,£) drf(q 0 ,ty 


QviqthV) = 


QliqiuO- 




9qo 


(10.580) 


(10.581) 


i=Cqo,v) 


Applying Eq. (10.573) to the right-hand side of Eq. (10.581) yields Q„(qo,v) = 
as it should to compensate the translation (10.569). 

The above independence of will be essential for constructing the correct per¬ 
turbation expansion for the path integral (10.562). For some special cases of the 
Riemannian manifold, such as a surface of sphere m D + 1 dimensions which forms 
a homogeneous space O(D)/0(D — 1), all points are equivalent, and the local inde¬ 
pendence becomes global. This will be discussed further in Section 10.12.6. 


10.12.3 Zero-Mode Properties 

We are now prepared to eliminate the zero mode by the condition of vanishing av¬ 
erage f J = 0. As mentioned before, the vanishing fluctuation £^(t) = 0 is obviously 
a classical saddle-point for the path integral (10.562). In addition, because of the 
symmetry (10.570) there exist other equivalent extrema (r) = — = const. The 

D components of correspond to D zero modes which we shall eliminate in favor of 
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a change of Qq . The proper way of doing this is provided by the Faddeev-Popov pro¬ 
cedure. We insert into the path integral (10.562) the trivial unit integral, rewritten 
with the help of (10.569): 


I d D q 0 S (D) {q 0e - q 0 ) = j d D q 0 S (D) {s ), 


(10.582) 


and decompose the measure of path integration over all periodic paths S.' J {r) into a 
product of an ordinary integral over the temporal average and a remainder 

containing only nonzero Fourier components [recall (2.448)] 

= (10 - 683) 
According to Eq. (10.570), the path average ^ is translated under e' J: as follows 


V D f = 


v ,D c 


(10.583) 


e ->£? = C -sP j" dr f (r)). 


(10.584) 


det - / dr Q»{q 0 , f(r)) 


(10.585) 


Thus we can replace 

[itl! dTQ ^ {T)) ] ■ (l0 - 585) 

Performing this replacement in (10.583) and performing the integral over el 1 in the 
inserted unity (10.582), we obtain the measure of path integration in terms of q$ 
and geodesic coordinates of zero temporal average 






j> V' D S, det dr Q^(qo,^(r)) . (10.586) 


The factor on the right-hand side is the Faddeev-Popov determinant A[</ 0 , £] for the 
change from to q'u ■ We shall write it as an exponential: 

A[go,£] = det i f drQZiqoA) = e _ ^ FP[90l * ] , (10.587) 

p Jo 

where ^4 FP [(/o,C] is an auxiliary action accounting for the Faddeev-Popov determi¬ 
nant 


-4 FP feo,£] = -trlog j f drQ0(q o ,O , 

p Jo 


(10.588) 


which must be included into the interaction (10.561). Inserting (10.579) into 
Eq. (10.588), we find explictly 


Al FP [<7o, C] = -trlog 5$ + (3/3) 1 / dr R aut »(q 0 )£ a (t)^ {t) + ... 


[ dr 


(10.589) 
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The contribution of this action will crucial for obtaining the correct perturbation 
expansion of the path integral (10.562). 

With the new interaction 

4oIfp[%, £] = A&[q 0 , £] + A FP [g 0 , £] (10.590) 

the partition function (10.562) can be written as a classical partition function 

(10-591) 

J y 2tt p 

where R effcl (g 0 ) is the curved-space version of the effective classical partition function 
of Ref. [53]. The effective classical Boltzmann factor 

B(g 0 ) = e -W effcl ('?°) (10.592) 

is given by the path integral 

B(q 0 ) = jv n, S,\fg[%)( A '* y - , i° £ - -bid-KP'/..^ (10.593) 

Since the zero mode is absent in the fluctuations on the right-hand side, the pertur¬ 
bation expansion is now straightforward. We expand the path integral (10.593) in 
powers of the interaction (10.590) around the free Boltzmann factor 

= / V' D ( (10.594) 

as follows: 

B{q 0 ) = B 0 (q 0 ) 1 - (^ jP p[9o, ^]) <? ° + \ (^ot.FP^o, ^] 2 ) <? ° - • • • , (10.595) 

where the g 0 -dependent correlation functions are defined by the Gaussian path in¬ 
tegrals 

(.. .)«> = B~ 1 (q 0 ) j V' D t [.. .] qo < (10.596) 

By taking the logarithm of (10.594), we obtain directly a cumulant expansion for 
the effective classical potential F effcl (go). 

For a proper normalization of the Gaussian path integral (10.594) we diagonalize 
the free action in the exponent by going back to the orthonormal components Ax 1 in 
(10.97). Omitting again the smallness symbols A, the measure of the path integral 
becomes simply: 

/ V'e y^) = fv' D x i , (10.597) 

and we find 

Sq( g 0 ) = jv' D x i e -fo dT ^ 2 . (10.598) 
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If we expand the fluctuations x l (r) into the eigenfunctions e tUmT of the operator 
—dl for periodic boundary conditions R(0) = 0{/3), 

X l {r) = J2 x lnU m {r) = x* 0 + x ln u m(r), x'_ m = x J m *, m > 0, (10.599) 

m 0 

and substitute this into the path integral (10.598), the exponent becomes 

I clT [^( T )] 2 = “f E X -m X L = -0 E C An • (10.600) 

“ J0 Z mjt 0 m> 0 

Remembering the explicit form of the measure (2.447) the Gaussian integrals in 
(10.598) yield the free-particle Boltzmann factor 

B 0 (qo) = 1, (10.601) 

corresponding to a vanishing effective classical potential in Eq. (10.592). 

The perturbation expansion (10.595) becomes therefore simply 

Bit o) = 1 - OCw-Mr + 5 (■4 ?.,fpMT - • • • • (10-602) 

The expectation values on the right-hand side are to be calculated with the help of 
Wick contractions involving the basic correlation function of £“(t) associated with 
the unperturbed action in (10.598): 

(x l {r)x^ {r')y° = WA(r, t) , (10.603) 

which is, of course, consistent with (10.564) via Eq. (10.97). 

10.12.4 Covariant Perturbation Expansion 

We now perform all possible Wick contractions of the fluctuations £^( r ) in the 
expectation values (10.602) using the correlation function (10.564). We restrict our 
attention to the lowest-order terms only, since all problems of previous treatments 
arise already there. Making use of Eqs. (10.565) and (10.567), we find for the 
interaction (10.561): 

(4SI90, £])” = f o f <it i [/wto) (eeet)” +(err] 

= y 2 R(<lo)X (10.604) 

and for (10.589): 


" = dr Pr.m) (err = 


■4 rp [,„.?] 


go 


(10.605) 
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The sum of the two contributions yields the manifestly covariant high-temperature 
expansion up to two loops: 

B{qo) = 1 - (^tot,Fpteo, £]) + • • • = 1 ~ -^R(<lo)0 + • • • (10.606) 

in agreement with the partition function density (10.494) calculated from Dirichlet 
boundary conditions. The associated partition function 

Z F = [ d=J\/W) Bto) (10.607) 

J y/ZTip 

coincides with the partition function obtained by integrating over the partition func¬ 
tion density (10.494). Note the crucial role of the action (10.589) coming from 
the Faddeev-Popov determinant in obtaining the correct two-loop coefficient in 
Eq. (10.606) and the normalization in Eq. (10.607). 

The intermediate transformation to the geodesic coordinates £ M (r) has made 
our calculations rather lengthy if the action is given in arbitrary coordinates, but it 
guarantees complete independence of the coordinates in the result (10.606). The en¬ 
tire derivation simplifies, of course, drastically if we choose from the outset geodesic 
coordinates to parametrize the curved space. 


10.12.5 Covariant Result from Noncovariant Expansion 

Having found the proper way of calculating the Boltzmann factor B(q 0 ) we can easily set up a 
procedure for calculating the same covariant result without the use of the geodesic fluctuations 
C‘ { T )- Thus we would like to evaluate the path integral (10.594) by a direct expansion of the action 
in powers of the noncovariant fluctuations r/ M (r) in Ecp (10.557). In order to make q$ equal to the 
path average, q(r), we now require to have a vanishing temporal average qft = fj^ = 0. 

Instead of (10.560), the free action reads now 


d (0) [qo,v] 



^^"(r)(-d;)^(r), 


(10.608) 


and the small-,d behavior of the path integral (10.607) is governed by the interaction [q] fo 
Eq. (10.536) with unit smallness parameter jj. In a notation as in (10.561), the interaction (10.536) 
reads 





r + ^d x T K ^ri x if 

I VV + \ SaIV/t? V 


}- 


(10.609) 


We must deduce the measure of functional integration over ^-fluctuations without zero mode 
Vo = V >1 from the proper measure in (10.586) of ^-fluctuations without zero mode: 

j V' D ^J{qo,0^ F [qo^] = j V D aT)J(qo,OS {D) (to)A FP [q 0 ,t\. (10.610) 

This is transformed to coordinates /^(r) via Eqs. (10.577) and (10.578) yielding 

j V D Z J(go,OA FP [r/o,£] = j V lD p A FP [q 0 ,ri\, (10.611) 
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where A FP [g 0 ,/?] is obtained from the Faddeev-Popov determinant A FP [g 0 ,£] of (10.587) by ex¬ 
pressed the coordinates in terms of £ m (t), and multiplying the result by a Jacobian accounting 
for the change of the J-function of £o to a J-function of r/o via the transformation Eq. (10.577): 

A FP [(faj v\ = A FP [(/ 0 ,C(go,^)] x det 
The last determinant has the exponential form 


dif(q o,Q 
dp' 


£ = £(«0,>j) 


(10.612) 




= exp < trlog 


V 9 ? /«=«.**) 

where the matrix in the exponent has small-;; expansion 

{drf(qo,t)\ _ f 

— u v L vcr »/ 


1 f 13 , fdif(qo,0 

Ik dT {~aF~ 




(10.613) 


V 9 ? Jz ■ 


_ I ( f) f M i In f M_of K f Mi If Kf /-< ) , 

2 l U (J L VT 2 U V L <7T TV L K(7 ' ^ L TCT L KU ) '/ '/ I • - • • 


(10.614) 


The factor (10.612) in (10.611) leads to a new contribution to the interaction (10.608), if we rewrite 
it as 


A FP [g 0 ,7;] = . . (10.615) 

Combining Eqs. (10.587) and (10.613), we find a new Faddeev-Popov type action for /^-fluctuations 
at vanishing /;((: 


A [g 0 ,/?] = A [g 0 ,^(g 0 ,/?)]-trlog 


1 /• (/ _ fdif(qoA) 


(3 Jo V de 


£=£(qo,v). 


i r> 3 

— J dr T aT {q Q )rfr] T + ... , 


where 


TaAqo) = {d.TvA ~ — I ,»I /,• + F k; ,'T. 

The unperturbed correlation functions associated with the action (10.608) are: 

(^(r)^(r')) W = g^(go)A(r,r') 


(10.616) 


(10.617) 


(10.618) 


and the free Boltzmann factor is the same as in Eq. (10.601). The perturbation expansion of the 
interacting Boltzmann factor is to be calculated from an expansion like (10.602): 


B(q 0 ) = 1 - (AHl FP {qo,y}) 9 ° + l((Altm\do,rT]Y 


2 \ ®° 


(10.619) 


where the interaction is now 7 


^tot.Fpfoo, v\ = v\ + A FP [q 0 ,v\ ■ (10.620) 

As before in the Dirichlet case, the divergences containing powers of J(0) no longer cancel order 
by order, but do so at the end. 

The calculations proceed as in the Dirichlet case, except that the correlation functions are now 7 
given by (10.565) which depend only on the difference of their arguments. 
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The first expectation value contributing to (10.619) is given again by of Eq. (10.539), 
except that the integrals have to be evaluated with the periodic correlation function A (t,t) of 
Ecp (10.565), which has the properties 

A(r,r) = 7 j^, A(r,r) = A'(r,r) = 0 . (10.621) 

Using further the common property A'(r, r') = S(t — r') — 1/8 of Eq. (10.567), we find directly 
from (10.539): 

A (1) = MiStao, n]) qo = + <rf r(W f„" + f TI /f al T) 

~ t^'HO; g{g^r TliK r a „ K + . (10.622) 

To this we must the expectation value of the Faddeev-Popov action: 

(A FP [qo,v]) 9 ' = -^g° r (d„T a S-2i l *»% T ’'+WT <rr *). (10.623) 

The divergent term with the factor <5(0) in (10.622) is canceled by the same expression in the 
second-order contribution to (10.602) which we calculate now, evaluating the second cumulant 
(10.541) with the periodic correlation function A(r, r) of Eq. (10.565). The diagrams are the same 
as in (10.543), but their evaluation is much simpler. Due to the absence of the zero modes in rj m (t), 
all one-particle reducible diagrams vanish, so that the analogs of f[ 2 \ f[ 3 \ and /J 4) in (10.542) 
are all zero. Only those of and /J 6) survive, which involve now the Feynman integrals /14 and 
/15 evaluated with A(r, r) which are 

: ^ 14 = J Q J Q dTdT ' 'A(dt') A(t,t')'A(t,t') = +(5(0)^, 

f—> : Im = J o J o drdr'A(r,r')'A 2 (r,r') = -^. 

This leads to the second cumulant 

\ («t, F p[go. >i]) 2 ) q ( ° = - Ya (/t + 2 f r ^f CT /) 

+ tj'M"! 9 aT + f r /f CT ^). (10.626) 

The sum of Eqs. (10.623) and (10.626) is finite and yields the same covariant result (3R /24 as 
in Ecp (10.552), so that we re-obtain the same covariant perturbation expansion of the effective 
classical Boltzmann factor as before in Ecp (10.606). Note the importance of the contribution 
(10.623) from the Faddeev-Popov determinant in producing the curvature scalar. Neglecting this, 
as done by other authors in Ref. [34], will produce in the effective classical Boltzmann factor 
(10.619) an additional noncovariant term g (TT T ar (q 0 ) /24. This may be rewritten as a covariant 
divergence of a nonvectorial quantity 

g aT T a r = l'"(>/„) = g aT (q 0 )r% T {q 0 ). (10.627) 

As such it does not contribute to the integral over q£ in Eq. (10.607), but it is nevertheless a wrong 
noncovariant result for the Boltzmann factor (10.606). 

The appearance of a noncovariant term in a treatment where qff is the path average of q M (r) is 
not surprising. If the time dependence of a path shows an acceleration, the average of a path is not 
an invariant concept even for an infinitesimal time. One may covariantly impose the condition of 
a vanishing temporal average only upon fluctuation coordinates which have no acceleration. This 
is the case of geodesic coordinates £“(t) since their equation of motion at q q is £°(r) = 0 . 


(10.624) 

(10.625) 
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10.12.6 Particle on Unit Sphere 

A special treatment exists for particle in homogeneous spaces. As an example, 
consider a quantum particle moving on a unit sphere in D + 1 dimensions. The 
partition function is defined by Eq. (10.554) with the Euclidean action (10.408) and 
the invariant measure (10.406), where the metric and its determinant are 

9 hM) = + / //,f/ ' y 2 g{q) = 1 2 - ( 10 . 628 ) 

It is, of course, possible to calculate the Boltzmann factor B(q 0 ) with the procedure 
of Section 10.12.3. Instead of doing this we shall, however, exploit the homogeneity of 
the sphere. The invariance under reparametrizations of general Riemannian space 
becomes here an isometry of the metric (10.628). Consequently, the Boltzmann 
factor B(q 0 ) in Eq. (10.607) becomes independent of the choice of qft, and the integral 
over q(f in (10.591) yields simply the total surface of the sphere times the Boltzmann 
factor B(q 0 ). The homogeneity of the space allows us to treat paths q^(r) themselves 
as small quantum fluctuations around the origin qft = 0, which extremizes the path 
integral (10.554). The possibility of this expansion is due to the fact that V^ T = q ,l g ar 
vanishes at q^(r) = 0, so that the movement is at this point free of acceleration, 
this being similar to the situation in geodesic coordinates. As before we now take 
account of the fact that there are other equivalent saddle-points due to isometries of 
the metric (10.628) on the sphere (see, e.g., [54]). The infinitesimal transformations 
of a small vector q C 

q't = q^ + s^sjl — q 2 , e /J = const, p = 1,..., D (10.629) 

move the origin = 0 by a small amount on the surface of the sphere. Due to the 
rotational symmetry of the system in the D-dimensional space, these fluctuations 
have a vanishing action. There are also D(D — l)/2 more isometries consisting of 
the rotations around the origin q^(r) = 0 on the surface of the sphere. These are, 
however, irrelevant in the present context since they leave the origin unchanged. 

The transformations (10.629) of the origin may be eliminated from the path in¬ 
tegral (10.554) by including a factor d^(g) to enforce the vanishing of the temporal 
path average q = j3~ l fH drg(r). The associated Faddeev-Popov determinant A FP [qr] 
is determined by the integral 

A FP [g] j d D e 8^ ( q £ ) = A FP [g] J dPe 8^ j dr \Jl — q 2 ^j = 1. (10.630) 
The result has the exponential form 

A FP [q] = (jj f 0 c1t y/l - ^ =e~ AFP[q \ (10.631) 

where ^l FP [r/] must be added to the action (10.408): 

''[(/] = —D log ^ ^ dr sjl - q 2 ^j . 


(10.632) 




878 


10 Spaces with Curvature and Torsion 


The Boltzmann factor B(q 0 ) = B is then given by the path integral without zero 
modes 


B = 


/n g{q{r)) 5 (p) (g)A FP [g]e A[q] 

p,,T i J 

= fv' D qyJg(q(T))A FP [q\e- A M, (10.633) 

where the measure V D q is defined as in Eq. (2.447). This can also be written as 

B = f T) ,D qe - A[g] - AJ[g] - AFP[g] , (10.634) 


where A J [q] is a contribution to the action (10.408) coming from the product 

n ^g(q(r)) = e- AJ ^. (10.635) 

T 

By inserting (10.628), this becomes 

[</] = - / dr 7-5(0) logg(q) = [ dr ^5(0) log(l - q 2 ) . (10.636) 

Jo Z Jo Z 

The total partition function is, of course, obtained from B by multiplication with the 
surface of the unit sphere in D + 1 dimensions 2A D+1 d 2 /T(D + l)/2). To calculate 
B from (10.634), we now expand A[q\, A J [q] and .4 FP [g] in powers of q ll {r). The 
metric g lw {q) and its determinant g(q) in Eq. (10.628) have the expansions 

fiV(<7) = + • • • , g{q) = 1 +q 2 + ... , (10.637) 


and the unperturbed action reads 

-4 (0, M = f (10.638) 

Jo Z 

In the absence of the zero eigenmodes due to the 5-function over q in Eq. (10.633), 
we find as in Eq. (10.601) the free Boltzmann factor 

B 0 = 1. (10.639) 

The free correlation function looks similar to (10.603): 

(g ^^ (T)g ^ '(T , )) = 5 /i "A(r, t'). (10.640) 

The interactions coming from the higher expansions terms in Eq. (10.637) begin 
with 


= .4""[,] + A J [q\ = J* (It i [(gg) 2 - 6(0), 2 ] . (10.641) 
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To the same order, the Faddeev-Popov interaction (10.632) contributes 

AFF[q] = ^Io dTq2 ' (10 ' 642) 

This has an important effect upon the two-loop perturbation expansion of the Boltz¬ 
mann factor 

S(9„) = 1 - - (^ FP M)® + • • • = B( 0) = B. (10.643) 

Performing the Wick contractions with the correlation function (10.640) with the 
properties (10.565)—(10.567), we find from Eqs. (10.641), (10.642) 

(^oM) 90 = \ j Q dr {D'A(t,t)A(t,t) + D(D + 1)A 2 {t,t)-5{0)DA{t,t)} 

= \L dr { _ J^ r,r ^ + £) (- D + 1 )'^ 2 ( r ’ r )} = ( 10 - 644 ) 

and 

(^ FP M) 90 = ^ J q dr D A (r, r) = ^0. (10.645) 

Their combination in Eq. (10.643) yields the high-temperature expansion 

B = 1- D{D 2 ~ 1) 8 + ... . (10.646) 

This is in perfect agreement with Eqs. (10.494) and (10.606), since the scalar curva¬ 
ture for a unit sphere in D + l dimensions is R = D(D — 1). It is remarkable how the 
contribution (10.645) of the Faddeev-Popov determinant has made the noncovariant 
result (10.644) covariant. 

10.13 Covariant Effective Action for Quantum Particle 
with Coordinate-Dependent Mass 

The classical behavior of a system is completely determined by the extrema of the 
classical action. The quantum-mechanical properties can be found from the ex¬ 
trema of the effective action (see Subsection 3.22.5). This important quantity can 
in general only be calculated perturbatively. This will be done here for a parti¬ 
cle with a coordinate-dependent mass. The calculation [44] will make use of the 
background method of Subsection 3.23.6 combined with the techniques developed 
earlier in this chapter. From the one-particle-irreclucible (1PI) Feynman diagrams 
with no external lines we obtain an expansion in powers of the Planck constant 
H. The result will be applicable to a large variety of interesting physical systems, 
for instance compound nuclei, where the collective Hamiltonian, commonly derived 
from a microscopic description via time-dependent Hartree-Fock theory [45], con¬ 
tains coordinate-dependent mass parameters. 
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10.13.1 Formulating the Problem 

Consider a particle with coordinate-dependent mass m(q) moving as in the one- 
dimensional potential V(q). We shall study the Euclidean version of the system 
where the paths q(t) are continued to an imaginary times r = —it and the La- 
grangian for q(r) has the form 

L{q,q) = ^ m(q)q 2 + V(q). (10.647) 

The dot stands for the derivative with respect to the imaginary time. The q- 
dependent mass may be written as mg(q ) where g(q) plays the role of a one¬ 
dimensional dynamical metric. It is the trivial lxl Hessian metric of the sys¬ 
tem [recall the definition (1.12) and Eq. (1.388)]. In D-dimensional configuration 
space, the kinetic term would read mg llv (q)q ,l q 1 '/2 , having the same form as in the 
curved-space action (10.186). 

Under an arbitrary single-valued coordinate transformation q = q ( q ), the po¬ 
tential V(q) is assumed to transform like a scalar whereas the metric m(q) is a 
one-dimensional tensor of rank two: 

V(q) = V(q(q)) = V(q), m(q ) = m(q) [dq(q] / clqf . (10.648) 

This coordinate transformation leaves the Lagrangian (10.647) and thus also the 
classical action 

/ OO 

drL(q,q) (10.649) 

-OO 

invariant. Quantum theory has to possess the same invariance, exhibited automati¬ 
cally by Schrodinger theory. It must be manifest in the effective action. This will be 
achieved by combining the background technique in Subsection 3.23.6 with the tech¬ 
niques of Sections 10.6-10.10. In the background field method [46] we split all paths 
into q(r) = Q(r)+ <5g(T), where Q(r) is the final extremal orbit and Sq describes the 
quantum fluctuations around it. At the one-loop level, the covariant effective action 
T[Q] becomes a sum of the classical Lagrangian L(Q, Q ) and a correction term A L. 
It is defined by the path integral [recall (3.776)] 

e -r[Q]/h _ j v ^ q)e Hirn){A [ Q + 5q\^dT8q5v [Q ],8Q} ^ (10.650) 

where the measure of functional integration Vp,(5q) is obtained from the initial 
invariant measure T>/j,{q) = Z~ l fir dq(r) \Jm(q) and reads 

Vg{Sq) = Z- 1 J] dSq{r) Jm{Q) /^io g [m(Q+« g )/ m (Q)] ^ (10.651) 

T 

with Z being some normalization factor. The generating functional (10.650) pos¬ 
sesses the same symmetry under reparametrizations of the configuration space as 
the classical action (10.649). 
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We now calculate F[Q] in Eq. (10.650) perturbatively as a power series in h: 


r[Q] = A[Q\ + nrflQ] + h 2 r 2 [Q] +.... 


(10.652) 


The quantum corrections to the classical action (10.649) are obtained by expanding 
A[Q + dq] and the measure (10.651) covariantly in powers of dq: 


A[Q + dq] = A[Q] + jdr Sx(r) + \ jdrj dr' 


'sq^W) S x{t)Sx{tI) 


+ - / dr dr' dr"————^——- 5x(r) Sx(r') 5x{r") 
6./ J J SQ{t)SQ{t')SQ{t") y 1 y 1 y 1 


(10.653) 


The expansion is of the type (10.101), i.e., the expressions Sx are covariant fluctua¬ 
tions related to the ordinary variations 8q in the same way as the normal coordinates 
Ax ,J are related to the differences A q ,J in the expansion (10.98). The symbol D/SQ 
denotes the covariant functional derivative in one dimension. To first order, this is 
the ordinary functional derivative 


DA[Q\ 8A[Q\ 1 Urwr&t \ trv\ ru \ 

loot = mo = {Q) - 5 m (<?) Q (r) - m{Q) Q(t] - 


(10.654) 


This vanishes for the classical orbit Q(r). The second covariant derivative is [com¬ 
pare (10.100)] 


d 2 AQ] = &AQ\ _ r(n( „ MM 

SQ(t)5Q(t') SQ(t)SQ(t') [ ^ [T>> 8Q(t'Y 


(10.655) 


where T(Q) = m'(Q)/2m(Q) is the one-dimensional version of the Christoffel sym¬ 
bol for the metric (j, lv = 8 lw m(Q). More explicitly, the result is 

jj 2 A\0] r • .. 1 . -i 

^ (r ^ g ( r/) =-[^(Q)^ 2 +»AQ)Q^+m / (Q)Q+-m"(Q)Q 2 -W(Q) \S(r-r'). 

(10.656) 


The validity of the expansion (10.653) follows from the fact that it is equivalent 
by a coordinates transformation to an ordinary functional expansion in Riemannian 
coordinates where the Christoffel symbol vanishes for the particular background 
coordinates. 

The inverse of the functional matrix (10.655) supplies us with the free correla¬ 
tion function G(t,t') of the fluctuations 8x(r). The higher derivatives define the 
interactions. The expansion terms T n [Q] in (10.652) are found from all one-particle- 
irreducible vacuum diagrams (3.784) formed with the propagator and the 

interaction vertices. The one-loop correction to the effective action is given by the 
simple harmonic path integral 

e“ ri[Q] = J VSx \jm{Q) e -^ (2) lQM , ( 10 . 657 ) 
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with the quadratic part of the expansion (10.653): 

A m \Q,Sx] = \ /_“ drdr'Sxir) . (10.658) 

The presence of m(Q) in the free part of the covariant kinetic term (10.658) and 
in the measure in Eq. (10.657) suggests exchanging the fluctuation Sx by the new 
coordinates Sx = h(Q)Sx, where h(Q ) = \Jm(Q) is the one-dimensional version of 

the triad (10.12) e(Q ) = \Jrn(Q) associated with the metric m(Q). The fluctuations 
Sx correspond to the differences Ax' 1 in (10.97). The covariant derivative of e(Q) 
vanishes Dge(Q) = dqe(Q) — T(Q) e(Q ) = 0 [recall (10.40)]. Then (10.658) becomes 


/ \ 1 r°° 

A^[Q,8x] = - dr dr' Sx(t) 

2 . 7—00 


IQ1 SHr') 
8 Q(t)SQ(t') 


(10.659) 


where 

D 2 A[Q] 

SQ(t)SQ(t') 

and 


D 2 A[Q] 




dr 2 




S{t-t '), (10.660) 


u {Q) = e-\Q) D 2 V(Q) e~\Q) = e~\Q) DV'(Q) e~ l {Q) 
[V"{Q)-T(Q)V'(Q)}. 


m{Q ) 


(10.661) 


Note that this is the one-dimensional version of the Laplace-Beltrami operator 
(1.381) applied to V(Q ): 


cu 2 (Q) = A V(Q) 



(10.662) 


Indeed, er 2 D 2 is the one-dimensional version of [recall (10.38)] Since V(Q) 

is a scalar, so is A V(Q). 

Equation (10.660) shows that the fluctuations Sx behave like those of a harmonic 
oscillator with the time-dependent frequency uj 2 (Q). The functional measure of 
integration in Eq. (10.657) simplifies in terms of Sx: 


J][ dSx{r)\Jm(Q) = JJr ISx(t) . (10.663) 


This allows us to integrate the Gaussian path integral (10.657) trivially to obtain 
the one-loop quantum correction to the effective action 

r,[C] = ^Trlog [~d 2 r +X(Q(t))\ . (10.664) 

Due to the r-dependence of u 2 , this cannot be evaluated explicitly. For sufficiently 
slow motion of Q(r), however, we can resort to a gradient expansion which yields 
asymptotically a local expression for the effective action. 
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10.13.2 Gradient Expansion 

The gradient expansion of the one-loop effective action (10.664) has the general form 


/ OO 1 

dr V 1 (Q) + -Z 1 (Q)Q 2 + --- . (10.665) 

-oo Z 

It is found explicitly by recalling the gradient expansion of the trace of the logarithm 
derived in Eq. (4.314): 

Tr log [~dl + uj 2 (t )] = J ^ dr jo;(r) + + • • • j • (10.666) 

Inserting ll(r) = lu(Q(t)), we identify 

H«?) = MO)/2. Z,{Q) = . (10.667) 

and obtain the effective action to order h for slow motion 

/ OO 1 

dr - m eG (Q) Q 2 + V eS (Q) , (10.668) 

-OO 2 . 

where the bare metric m eff (Q) and the potential V' cfT (Q) are related to the initial 
classical expressions by 

m eS {Q) = m(Q) + h > (10.669) 

V eS (Q) = V{Q) + h^l. (10.670) 


For systems in which only the mass is Q-independent, the result has also been 
obtained by Ref. [48]. 

The range of validity of the expansion is determined by the characteristic time 
scale 1/uj. Within this time, the particle has to move only little. 

Appendix 10A Nonholonomic Gauge Transformations in 

Electromagnetism 

To introduce the subject, let us first recall the standard treatment of magnetism. Since there are 
no magnetic monopoles, a magnetic field B(x) satisfies the identity V ■ B(x) = 0, implying that 
only two of the three field components of B(x) are independent. To account for this, one usually 
expresses a magnetic field B(x) in terms of a vector potential A(x), setting B(x) = V x A(x). 
Then Ampere’s law, which relates the magnetic field to the electric current density j(x) by Vx B = 
47rj(x), becomes a second-order differential equation for the vector potential A(x) in terms of an 
electric current 

Vx [Vx A(x)] =j(x). (10A.1) 

The vector potential A(x) is a gauge field. Given A(x), any locally gauge-transformed field 

A(x) -)■ A'(x) = A(x) + VA(x) (10A.2) 
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yields the same magnetic field B(x). This reduces the number of physical degrees of freedom in 
the gauge field A(x) to two, just as those in B(x). In order for this to hold, the transformation 
function must be single-valued, i.e., it must have commuting derivatives 

(didj — djdj) A(x) = 0. (10A.3) 

The equation for absence of magnetic monopoles V • B = 0 is ensured if the vector potential has 
commuting derivatives 

(didj — djdi) A(x) = 0. (10A.4) 

This integrability property makes V • B = 0 the Bianchi identity in this gauge field representation 
of the magnetic field. 

In order to solve (10A.1), we remove the gauge ambiguity by choosing a particular gauge, for 
instance the transverse gauge V- A(x) = 0 in which V x [V x A(x)] = — V 2 A(x), and obtain 

A(x) = f d 3 x' ^ . (10A.5) 

J |x — x | 

The associated magnetic field is 

B(x) = j R' = x' — x. (10A.6) 

This standard representation of magnetic fields is not the only possible one. There exists 
another one in terms of a scalar potential A(x), which must, however, be multivalued to account 
for the two physical degrees of freedom in the magnetic field. 

10A. 1 Gradient Representation of Magnetic Field of 

Current Loops 

Consider an infinitesimally thin closed wire carrying an electric current I along the line L. It 
corresponds to a current density 

j(x) =J8(x;L), (10A.7) 

where 8(x; L) is the (5-function on the line L: 

8(x;L) = L dx'S {3 \x-x'). (10A.8) 

For a closed line L , this function has zero divergence: 

V- 8(x; L) = 0. (10A.9) 

This follows from the property of the (5-function on an arbitrary line L connecting the points xi 
and X 2 : 


V- 8(x; L) = (5(x 2 ) - (5(xi). 

For closed loops, the right-hand side vanishes. 

From Eq. (10A.5) we obtain the associated vector potential 


A(x) = I dx'- 


1 


yielding the magnetic field 


, f dx' x R' , 

(x) A -R 


(10A.10) 


(10A.11) 


(10A.12) 
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B(x) = Vfi(x; L) 



Figure 10.5 Infinitesimally thin closed current loop L. The magnetic field B(x) at the point x 
is proportional to the solid angle 0(x) under which the loop is seen from x. In any single-valued 
definition of 0(x), there is some surface S across which fi(x) jumps by 47T. In the multivalued 
definition, this surface is absent. 


Let us now derive the same result from a scalar field. Let fi(x; S) be the solid angle under 
which the current loop L is seen from the point x (see Fig. 10.5). If S denotes an arbitrary smooth 
surface enclosed by the loop L, and dS 1 a surface element, then 0(x; S ) can be calculated from the 
surface integral 

r jq/ t3/ 

«(x;S) = (10A.13) 

The argument S in fl(x; S ) emphasizes that the definition depends on the choice of the surface S. 
The range of 0(x; S) is from —2n to 2n, as can be most easily be seen if L lies in the xy -plane and 
S is chosen to lie in the same place. Then we find for 0(x; S ) the value 2ir for x just below S, and 
— 2ir just above. Let us calculate from (10A.13) the vector field 


B(x; S) = /Vft(x;S). 


For this we rewrite 


Vfi(x; <?) = j s dS' k V || = -J s dS' k V '||. 
which can be rearranged to 

Vfi(x; 5) = - (dS' h a'|| - dS] + j s dS[ d' k ^L 

With the help of Stokes’ theorem 

/ (dS k di - dSid k )f(x) = e k u [ dxif(x ), 

Js Jl 

and the relation d' k (R' k /R' 3 ) = 47t<5 (3 )(x — x'), we obtain 

f/x' x R' 


LJL 


R 13 


+ 


47T / dS'S^ (x — x') 

Js 


(10A.14) 

(10A.15) 


(10A.16) 


(10A.17) 


Vn(x;S) 


(10A.18) 
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Multiplying the first term by I, we reobtain the magnetic field (10A.12) of the current I. The 
second term yields the singular magnetic field of an infinitely thin magnetic dipole layer lying on 
the arbitrarily chosen surface S enclosed by L. 

The second term is a consequence of the fact that the solid angle f2(x; S) was defined by the 
surface integral (10A.13). If x crosses the surface S, the solid angle jumps by 47T. 

It is useful to re-express Eq. (10A.15) in a slightly different way. By analogy with (10A.8) we 
define a (5-function on a surface as 

8(x; S) = [ dS'<5 (3) (x-x'), (10A.19) 

Js 

and observe that Stokes’ theorem (10A.17) can be written as an identity for (5-functions: 

V x 8(x; S) = 8(x; L), (10A.20) 


where L is the boundary of the surface S. This equation proves once more the zero divergence 
(10A.9). 

Using the (5-function (10A.19) on the surface S, Eq. (10A.15) can be rewritten as 

Vfi(x; S) = - J d 3 x' 4(x'; 5)V'|(10A.21) 
and if we used also Ecp (10A.20), we find from (10A.18) a magnetic field 


B,:(x; S) = -I 


j d 3 x'[V x 8(x; S)] x + 47t6(x'; S) 


(10A.22) 


Stokes theorem written in the form (10A.20) displays an important property. If we move the 
surface S to S' with the same boundary, the (5-function (5(x;5) changes by 


8(x; S ) -)■ 8(x; S') = 8(x; S ) + V(5(x; V), 


(10A.23) 


where 

(5(x; V) = J d 3 x' S {3) (x - x'), (10A.24) 

and V is the volume over which the surface has swept. Under this transformation, the curl on the 
left-hand side of (10A.20) is invariant. Comparing (10A.23) with (10A.2) we identify (10A.23) as 
a novel type of gauge transformation. 9 The magnetic field in the first term of (10A.22) is invariant 
under this, the second is not. It is then obvious how to find a gauge-invariant magnetic field: we 
simply subtract the singular 5-dependent term and form 


B(x) = I [Vfi(x; 5) + 4 tt8(x; 5)] . (10A.25) 

This field is independent of the choice of 5 and coincides with the magnetic field (10A.12) derived 
in the usual gauge theory. Hence the description of the magnetic field as a gradient of field fi(x; 5) 
is completely equivalent to the usual gauge field description in terms of the vector potential A(x). 
Both are gauge theories, but of a completely different type. 

The gauge freedom (10A.23) can be used to move the surface 5 into a standard configuration. 
One possibility is the make gauge fixing, choose 5 so that the third component of 8(x; 5) vanishes. 
This is called the axial gauge. If 8(x; 5) does not have this property, we can always shift 5 by a 
volume V determined by the equation 

,5(1') /" ,5 ?; (x;5), (10A.26) 

J — OO 

9 For a discussion of this gauge freedom, which is independent of the electromagnetic one, see 
Ref. [56]. 
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and the transformation (10A.23) will produce a 8(x; S) in the axial gauge, to be denoted by 
5 ax (x; S) 

Equation (10A.25) suggests defining a solid angle fi(x) which is independent of S and depends 
only on the boundary L of S: 


Vf!(x; L) = Vfi(x; S) + 47t8(x; S ). 


(10A.27) 


This is is the analytic continuation of fl(x; S) through the surface S which removes the jump and 
produces a multivalued function fi(x;L) ranging from —oo to oo. At each point in space, there 
are infinitely many Riemann sheets starting from a singularity at L. The values of fl(x; L) on 
the sheets differ by integer multiples of 4 tt. From this multivalued function, the magnetic field 
(10A.12) can be obtained as a simple gradient: 


B(x) =/Vfi(x;i). 


(10A.28) 


Ampere’s law (10A.1) implies that the multivalued solid angle 0(x;L) satisfies the equation 


(didj - djdi)fl{x;L ) = 4tt e ijk 5 k (x; L). 


(10A.29) 


Thus, as a consequence of its multivaluedness, fl(x; L ) violates the Schwarz integrability condition 
as the coordinate transformations do in Eq. (10.19). This makes it an unusual mathematical object 
to deal with. It is, however, perfectly suited to describe the physics. 

To see explicitly how Eq. (10A.29) is fulfilled by Q(x;L), let us go to two dimensions where 
the loop corresponds to two points (in which the loop intersects a plane). For simplicity, we move 
one of them to infinity, and place the other at the coordinate origin. The role of the solid angle 
fl(x; L ) is now played by the azimuthal angle ip(x) of the point x: 


g>(x) = arctan —. 

nr f 


(10A.30) 


The function arctan(x 2 /x 1 ) is usually made unique by cutting the x-plane from the origin along 
some line C to infinity, preferably along a straight line to x = (—oo,0), and assuming ip(x) to 
jump from tt to — 7r when crossing the cut. The cut corresponds to the magnetic dipole surface 
S in the integral (10A.13). In contrast to this, we shall take g>(x) to be the multivalued analytic 
continuation of this function. Then the derivative <9,; yields 


dnp(x) = 


~e, 


(x 1 ) 2 + (x 2 ) 2 ' 


(10A.31) 


With the single-valued definition of dnp(x), there would have been a 8-function e*j8j(C;x) across 
the cut C, corresponding to the second term in (10A.18). When integrating the curl of (10A.31) 
across the surface s of a small circle c around the origin, we obtain by Stokes’ theorem 


/ d 2 x(didj - djdi)tp(x) = / dxidiip(x), 

J S J C 


(10A.32) 


which is equal to 2n in the multivalued definition of <^(x). This result implies the violation of the 
integrability condition as in (10A.41): 


(did 2 - d 2 di)ip(x.) = 2i r8 (2) (x), 


(10A.33) 


whose three-dimensional generalization is (10A.29). In the single-valued definition with the jump 
by 2tt across the cut, the right-hand side of (10A.32) would vanish, making tp(x) satisfy the 
integrability condition (10A.29). 

On the basis of Eq. (10A.33) we may construct a Green function for solving the corresponding 
differential equation with an arbitrary source, which is a superposition of infinitesimally thin line¬ 
like currents piercing the two-dimensional space at the points x n : 


j( x ) = ^]/„8 (2) (x - x„). 


(10A.34) 
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where I n are currents. We may then easily solve the differential equation 

(dido ~d 2 di )/(x) = j(x), 
with the help of the Green function 

G(x,x') = ^(x-x') 

which satisfies 


(10A.35) 


(10A.36) 


{dido - d- 2 d\ )G(x - x') = 5 (2) (x - x'). (10A.37) 

The solution of (10A.35) is obviously 

/( x ) = J d 2 x' G(x, x')j(x). (10A.38) 

The gradient of /(x) yields the magnetic field of an arbitrary set of line-like currents vertical to 
the plane under consideration. 

It is interesting to realize that the Green function (10A.36) is the imaginary part of the complex 
function (l/27r) log (z — z 1 ) with 2 = x 1 +ix 2 , whose real part (1/2 tt) log \z — z'\ is the Green function 
G a(x — x') of the two dimensional Poisson equation: 

(<9j + d 2 )G&{it — x') = d (2) (x — x'). (10A.39) 


It is important to point out that the superposition of line-like currents cannot be smeared 
out into a continuous distribution. The integral (10A.38) yields the superposition of multivalued 
functions 

1 2 2 

/(x) = — Y" In arctan — -(10A.40) 

2 7T ' x 1 — Xi, 

n 

which is properly defined only if one can clearly continue it analytically into the all parts of the 
Riemann sheets defined by the endpoints of the cut at the origin. If we were to replace the 
sum by an integral, this possibility would be lost. Thus it is, strictly speaking, impossible to 
represent arbitrary continuous magnetic fields as gradients of superpositions of scalar potentials 
Q(x;T). This, however, is not a severe disadvantage of this representation since any current can 
be approximated by a superposition of line-like currents with any desired accuracy, and the same 
will be true for the associated magnetic fields. 

The arbitrariness of the shape of the jumping surface is the origin of a further interesting gauge 
structure which has interesting physical consequences discussed in Subsection 10A.5. 

10A.2 Generating Magnetic Fields by Multivalued Gauge 
Transformat ions 

After this first exercise in multivalued functions, we now turn to another example in magnetism 
which will lead directly to our intended geometric application. We observed before that the local 
gauge transformation (10A.2) produces the same magnetic field B(x) = Vx A(x) only, as long as 
the function A(x) satisfies the Schwarz integrability criterion (10A.29) 

(didj — djdi) A(x) = 0. (10A.41) 

Any function A(x) violating this condition would change the magnetic field by 

A B k {n) = e kij {didj - <9,(9, ).\ix). (10A.42) 
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thus being no proper gauge function. The gradient of A(x) 

A(x) = VA(x) (10A.43) 

would be a nontrivial vector potential. 

By analogy with the multivalued coordinate transformations violating the integrability condi¬ 
tions of Schwarz as in (10A.29), the function A(x) will be called nonholonomic gauge function. 

Having just learned how to deal with multivalued functions we may change our attitude towards 
gauge transformations and decide to generate all magnetic fields approximately in a field-free space 
by such improper gauge transformations A(x). By choosing for instance 

A(x) = 4>fi(x; L), (10A.44) 

we find from (10A.29) that this generates a field 

B k {x) = e kij (didj - djdi)A(x) = <M*,(x; L). (10A.45) 

This is a magnetic field of total flux 4> inside an infinitesimal tube. By a superposition of such 
infinitesimally thin flux tubes analogous to (10A.38) we can obviously generate a discrete approx¬ 
imation to any desired magnetic field in a field-free space. 

10A.3 Magnetic Monopoles 

Multivalued fields have also been used to describe magnetic monopoles [10, 13, 14]. A monopole 
charge density p m (x) is the source of a magnetic field B(x) as defined by the equation 

V-B(x) = 47rp m (x). (10A.46) 

If B(x) is expressed in terms of a vector potential A(x) as B(x) = Vx A(x), equation (10A.46) 
implies the noncommutativity of derivatives in front of the vector potential A(x): 

ijbdhOj - djdi)A k (x ) = 47rp m (x). (10A.47) 

Thus A(x) must be multivalued. Dirac in his famous theory of monopoles [16] made the field single¬ 
valued by attaching to the world line of the particle a jumping world surface, whose intersection 
with a coordinate plane at a fixed time forms the Dirac string, along which the magnetic field of 
the monopole is imported from infinity. This world surface can be made physically irrelevant by 
quantizing it appropriately with respect to the charge. Its shape in space is just as irrelevant as that 
of the jumping surface S in Fig. 10.5. The invariance under shape deformations constitute once 
more a second gauge structure of the type mentioned earlier and discussed in Refs. [2, 6, 7, 10, 12]. 

Once we allow ourselves to work with multivalued fields, we may easily go one step further 
and express also A(x) as a gradient of a scalar field as in (10A.43). Then the condition becomes 

Ujkdidjd k A(x) = 47rp m (x). (10A.48) 

Let us construct the field of a magnetic monopole of charge g at a point x 0 , which satisfies 
(10A.46) with p m (x) = g S^\x — x 0 ). Physically, this can be done only by setting up an infinitely 
thin solenoid along an arbitrary line Lq whose initial point lies at Xo and the final anywhere at 
infinity. The superscript t indicates that the line has a strating point x 0 . Inside this solenoid, the 
magnetic field is infinite, equal to 

Bi„ S ide(x; L) = 4irg 8(x; Lj), (10A.49) 

where 8(x;ij) is the open-ended version of (10A.8) 

8(x;TJ)= f d 3 x'S^ 3 ^ (x — x'). 

o 


(10A.50) 
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The divergence of this function is concentrated at the starting point: 

V- 8(x; Lq) = (x — x 0 ). (10A.51) 


This follows from (10A.10) by moving the end point to infinity. By analogy with the curl relation 
(10A.20) we observe a further gauge invariance. If we deform the line L, at fixed initial point x, 
the (5-function (10A.50) changes as follows: 


8(x;Lj) -5- =8(x;Lj) + Vx 8(x; S), (10A.52) 

where S is the surface over which ifi has swept on its way to L'l. Under this gauge transformation, 
the relation (10A.51) is obviously invariant. We shall call this monopole gauge invariance. The flux 
(10A.49) inside the solenoid is therefore a monopole gauge field. It is straightforward to construct 
from it the ordinary gauge field A(x) of the monopole. First we define the Lj-dependent field 


A(x;Lj) = ~9 j d 3 x 
The curl of the first expression is 


, V'x8(x';Lj) 


R' 


= 9 


J (fix' 8(x'; Lq) x -j^. 


Vx A 

and consists of two terms 

-g t d 3 x 


(x;£j) = -9 J 


d A x 


, V'x [V'x8(x';Lj)j 


R' 


, V' [V'-8(x':4)] 

R' 




+ g d 3 x‘ 


, V ,2 8(x'; Lq) 


R' 


(10A.53) 


(10A.54) 


(10A.55) 


After an integration by parts, and using (10A.51), the first term is ij-independent and reads 


9 


dV(5^(x-Xo)V'-^ =g- X X ° 


J I?' ^ |x — x 0 | 3 

The second term becomes, after two integration by parts, 

—Ing 8(x'; Lq). 


(10A.56) 


(10A.57) 


The first term is the desired magnetic field of the monopole. Its divergence is <5(x — x 0 ), which 
we wanted to archive. The second term is the monopole gauge field, the magnetic field inside the 
solenoid. The total divergence of this field is, of course, zero. 

By analogy with (10A.25) we now subtract the latter term and find the magnetic field of the 
monopole 

B(x) = Vx A(x;Lj) +47 t 5 8(x;TJ). (10A.58) 

This field is independent of the string L$. It depends only on the source point x« and satisfies 
V-B(x) =4tt<7(5< 3) (x-xo). 

Let us calculate the vector potential for some simple choices of x 0 and Uj, for instance x 0 = 0 
and l\ along the positive £-axis, so that 8(x;Tq) becomes z Q(z)6(x)6(y), where z is the unit 
vector in ^-direction. Inserting this into the second expression in (10A.53) yields 


A <»>(x;Lj) =- 5 
= ~9 



dz' 


z xx 

sjx 2 + y 2 + (z 1 — z) 23 ^~ 


i xx 
r(r — z) 


0) 

^ r(r — z ) 


(10A.59) 
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Tf Ll runs to —oo, so that 6(x; Lj) is equal to — z 0(— z)6(x)8(y), we obtain 
A^x;lJ) = J° dz‘- 

J —OO 


Z X X 


\fx 2 + y 2 + (z 1 - z ) 2 


= 3 


z x x 
r(r + x) 


= -a- 


jy, -x,Q) 

r(r 4 - z) 


(10A.60) 


The vector potential has only azimuthal components. If we parametrize (x, y, z) in terms of spher¬ 
ical angles Q,g>) as r(sin 6 cos ip, sin 6 sin ip, cos#)., these are 

A ( J } {x;Ll) = ' 9 (1 - cos 6) or A\jj ] (x; L$) = ——^-v(l + cos#), (10A.61) 

r sin tf r sin u 

respectively. 

The shape of the line Tj can be brought to a standard form, which corresponds to fixing 
a gauge of the field 8(x;Lj). For example, we may always choose to run from x 0 into the 
3-direction. 

Also here, there exists an equivalent formulation in terms of a multivalued A-field with infinitely 
many Riemann sheets around the line L. For a detailed discussion of the physics of multivalued 
fields see Refs. [2, 6, 7, 10, 12], 

An interesting observation is the following: If the gauge function A(x) is considered as a 
nonholonomic displacement in some fictitious crystal dimension, then the magnetic field of a current 
loop which gives rise to noncommuting derivatives (didj —djdi) A(x) ^ 0 is the analog of a dislocaton 
[compare (10.23)], and thus implies torsion in the crystal. A magnetic monopole, on the other hand, 
arises from noncommuting derivatives (didj — djdi)d *A(x) ^ 0 in Eq. (10A.48). It corresponds 
to a disclination [see (10.57)] and implies curvature. The defects in the multivalued description 
of magnetism are therefore similar to those in a crystal where dislocations much more abundantly 
observed than disclinations. They are opposite to those in general relativity which is governed by 
curvature alone, with no evidence for torsion so far [11]. 


10A.4 Minimal Magnetic Coupling of Particles from 
Multivalued Gauge Transformations 

Multivalued gauge transformations are the perfect tool to minimally couple electromagnetism to 
any type of matter. Consider for instance a free nonrelativistic point particle with a Lagrangian 

L = yx 2 . (10A.62) 

The equations of motion are invariant under a gauge transformation 

A -t L' = L + VA(x) i, (10A.63) 

since this changes the action A = J)* 6 dtL merely by a surface term: 

A! —> A = A + A(xj,) — A(x a ). (10A.64) 

The invariance is absent if we take A(x) to be a multivalued gauge function. In this case, a 
nontrivial vector potential A(x) = VA(x) (working in natural units with e = 1) is created in 
the field-free space, and the nonholonomically gauge-transformed Lagrangian corresponding to 
(10A.63), 


L ' = -y-x 2 + A(x) X, 


(10A.65) 


describes correctly the dynamics of a free particle in an external magnetic field. 
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The coupling derived by multivalued gauge transformations is automatically invariant under 
additional ordinary single-valued gauge transformations of the vector potential 

A(x) -> A'(x) = A(x) + VA(x), (10A.66) 

since these add to the Lagrangian (10A.65) once more the same pure derivative term which changes 
the action by an irrelevant surface term as in (10A.64). 

The same procedure leads in quantum mechanics to the minimal coupling of the Schrodinger 
field i,i(x). The action is A = f dtcfxL with a Lagrange density (in natural units with % = 1) 

L = T*(x) [id t + V'(x). (10A.67) 

The physics described by a Schrodinger wave function ip(x) is invariant under arbitrary local phase 
changes 

t/’(x, t) -> i/:>'(x) = e' :A(x ^>(x, t), (10A.68) 

called local U(l) transformations. This implies that the Lagrange density (10A.67) may equally 
well be replaced by the gauge-transformed one 

L = ip*{x,t) ^ id t + :^ d2 ) (10A.69) 

where —ID = —IV — VA(x) is the operator of physical momentum. 

We may now go over to nonzero magnetic fields by admitting gauge transformations with 
multivalued A(x) whose gradient is a nontrivial vector potential A(x) as in (10A.43). Then —ID 
turns into the covariant momentum operator 

P = -*D = -*V - A(x), (10A.70) 

and the Lagrange density (10A.69) describes correctly the magnetic coupling in quantum mechan¬ 
ics. 

As in the classical case, the coupling derived by multivalued gauge transformations is auto¬ 
matically invariant under ordinary single-valued gauge transformations under which the vector 
potential A(x) changes as in (10A.66), whereas the Schrodinger wave function undergoes a local 
U( ^-transformation (10A.68). This invariance is a direct consequence of the simple transformation 
behavior of D ip(x,t) under gauge transformations (10A.66) and (10A.68) which is 

D ij){x,t) -t Dr'ix./j = e ,:A(x) D ip(x,t). (10A.71) 

Thus I)/ -ix. /; transforms just like ^>(x,f) itself, and for this reason, D is called gauge-covariant 
derivative. The generation of magnetic fields by a multivalued gauge transformation is the simplest 
example for the power of the nonholonomic mapping principle. 

After this discussion it is quite suggestive to introduce the same mathematics into differential 
geometry, where the role of gauge transformations is played by reparametrizations of the space 
coordinates. This is precisely what is done in Subsection (10.2.2). 

10A.5 Gauge Field Representation of Current Loops and 
Monopoles 

In the previous subsections we have given examples for the use of multivalued fields in describing 
magnetic phenomena. The nonholonomic gauge transformations by which we created line-like 
nonzero field configurations were shown to be the natural origin of the minimal couplings to the 
classical actions as well as to the Schrodinger equation. It is interesting to observe that there exists 
a fully fledged theory of magnetism (which is easily generalized to electromagnetism) with these 
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multivalued fields, if we properly handle the freedom in choosing the jumping surfaces S whose 
boundary represents the physical current loop in Ecp (10A.12). 

To understand this we pose ourselves the problem of setting up an action formalism for calcu¬ 
lating the magnetic energy of a current loop in the gradient representation of the magnetic field. 
In this Euclidean field theory, the action is the field energy: 

£ = ^-fd 3 a:B 2 (x). (10A.72) 

87T J 

Inserting the gradient representation (10A.28) of the magnetic field, we can write 

T 2 r 

£= — d 3 x [V!l(x)] 2 . (10A.73) 

07 T J 


This holds for the multivalued solid angle 0(x) which is independent of S. In order to perform 
field theoretic calculations, we must go over to the single-valued representation (10A.25), so that 

£ = f d 3 x [Vfi(x; S) + 4tt8(x; S')] 2 . (10A.74) 

87 r J 

The (5-function removes the unphysical field energy on the artificial magnetic dipole layer on S. 
Let us calculate the magnetic field energy of the current loop from the action (10A.74). For this 
we rewrite the action (10A.74) in terms of an auxiliary vector field B(x) as 


£ = 



4-i r 


B(x) • [Vfi(x;S) + 



(10A.75) 


A partial integration brings the second term to 

J d 3 x V-B(x) fi(x; S). 


Extremizing this in fi(x) yields the equation 


V-B(x) = 0, 


(10A.76) 


implying that the field lines of B(x) form closed loops. This equation may be enforced identically 
(as a Bianchi identity) by expressing B(x) as a curl of an auxiliary vector potential A(x), setting 

B(x) = Vx A(x). (10A.77) 

With this ansatz, the equation which brings the action (10A.75) to the form 


£ = 


S d3x {-h [v 


x A(x)] 2 — I [V x A(x)] • 8(x 


;S)}. 


A further partial integration leads to 


£ = 




--[VxA(x)] 2 -IA(x).[Vx8(x;S)] 


and we identify in the linear term in A(x) the auxiliary current 

j(x) = / V x 8(x; S) = 18 (x; L), 


(10A.78) 


(10A.79) 


(10A.80) 


due to Stoke’s law (10A.20). According to Eq. (10A.9), this current is conserved for closed loops 
L. 




894 


10 Spaces with Curvature and Torsion 


By extremizing the action (10A.78), we obtain Ampere’s law (10A.1). Thus the auxiliary 
quantities B(x), A(x), and j(x) coincide with the usual magnetic quantities with the same name. 
If we insert the explicit solution (10A.5) of Ampere’s law into the energy, we obtain the Biot-Savart 
energy for an arbitrary current distribution 

£ =y d 3 xd 3 x' j(x) ^ j( x ')- (10A.81) 

Note that the action (10A.78) is invariant under two mutually dual gauge transformations, the 
usual magnetic one in (10A.2), by which the vector potential receives a gradient of an arbitrary 
scalar field, and the gauge transformation (10A.23), by which the irrelevant surface S is moved to 
another configuration S'. 

Thus we have proved the complete equivalence of the gradient representation of the magnetic 
field to the usual gauge field representation. In the gradient representation, there exists a new 
type of gauge invariance which expresses the physical irrelevance of the jumping surface appearing 
when using single-valued solid angles. 

The action (10A.79) describes magnetism in terms of a double gauge theory [8], in which 
both the gauge of A(x) and the shape of S can be changed arbitrarily. By setting up a grand- 
canonical partition function of many fluctuating surfaces it is possible to describe a large family 
of phase transitions mediated by the proliferation of line-like defects. Examples are vortex lines 
in the superfluid-normal transition in helium and dislocation and disclination lines in the melting 
transition of crystals [2, 6, 7, 10, 12], 

Let us now go through the analogous calculation for a gas of monopoles at x n from the magnetic 
energy formed with the field (10A.58): 


hh 


£ = - 2 _ / d 3 3 


V x A + Airg 8(x; L^) 


As in (10A.75) we introduce an auxiliary magnetic field and rewrite (10A.82) as 


£ = / A (- 8t B!W -4t B(3 


v X A + g 5(x; hi) 


(10A.82) 


(10A.83) 


Extremizing this in A yields V x B = 0, so that we may set B = VA, and obtain 

£ = j d 3 x j-^ [VA(x)f + fifA(x) V • 8(x; Ljjj . (10A.84) 

Recalling (10A.51), the extremal A field is 

A(x) = £*(x-x„) 1 , (10A.85) 

V n n ' n ' 

which leads, after reinsertion into (10A.84), to the Coulomb interaction energy 



n,n' 



(10A.86) 


Appendix 10B Comparison of Multivalued 

Basis Tetrads and Vierbein Fields 

The standard tetrads or vierbein fields were introduced a long time ago in gravitational theories of 
spinning particles both in purely Riemann [16] as well as in Riemann-Cartan spacetimes [17, 18, 
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19, 20, 2]. Their mathematics is described in detail in the literature [21]. Their purpose was to 
define at every point a local Lorentz frame by means of another set of coordinate differentials 

dx a = h\{q)dq x , a = 0, 1, 2, 3, (10B.1) 

which can be contracted with Dirac matrices 7 “ to form locally Lorentz invariant quantities. Local 
Lorentz frames are reached by requiring the induced metric in these coordinates to be Minkowskian: 

g a /3 = h a ^(q)hp v {q)g^ v {q) = q a p, (10B.2) 

where r/ a p is the flat Minkowski metric (10.30). Just like e\,(q) in (10.12), these vierbeins possess 
reciprocals 

h a u (q) = / lai3g l "'(q)h l3 v (q), (10B.3) 

and satisfy orthonormality and completeness relations as in (10.13): 

= 8j, h a „h a v = 5 /. (10B.4) 

They also can be multiplied with each other as in (10.14) to yield the metric 

9nv{q) = h a ^(q)h 13 „(q)r} aff > (10B.5) 

Thus they constitute another “square root” of the metric. The relation between these square roots 
is some linear transformation 


e%(< 7 ) = e a a {q)h a lu {q), (10B.6) 

which must necessarily be a local Lorentz transformation 

A a a(q)=e a a(q), (10B.7) 

since this matrix connects the two Minkowski metrics (10.30) and (10B.2) with each other: 

V ab A a a (q)A b p(q) = r/ a p. (10B.8) 

The different local Lorentz transformations allow us to choose different local Lorentz frames which 
distinguish fields with definite spin by the irreducible representations of these transformations. 
The physical consequences of the theory must be independent of this local choice, and this is the 
reason why the presence of spinning fields requires the existence of an additional gauge freedom 
under local Lorentz transformations, in addition to Einstein’s invariance under general coordinate 
transformations. Since the latter may be viewed as local translations, the theory with spinning 
particles are locally Poincare invariant. 

The vierbein fields h a fl (q) have in common with ours that both violate the integrability con¬ 
dition as in ( 10 . 22 ), thus describing nonholonomic coordinates dx a for which there exists only a 
differential relation (10B.1) to the physical coordinates q 11 . However, they differ from our multi¬ 
valued tetrads e“ p(q) by being single-valued fields satisfying the integrability condition 

{d,A ~ dvd^)h\{q) = 0 , (10B.9) 

in contrast to our multivalued tetrads e* A (g) in Eq. (10.23). 

In the local coordinate system clx a , curvature arises from a violation of the integrability con¬ 
dition of the local Lorentz transformations (10B.7). 

The simple equation (10.24) for the torsion tensor in terms of the multivalued tetrads e\(q) 
must be contrasted with a similar-looking, but geometrically quite different, quantity formed from 
the vierbein fields h a \(q) and their reciprocals, the objects of anholonomy [ 21 ]: 

<W(3) = - 2 h^(q)hp'Aq) [d»h\(q) - d„h\{q)] . 


(10B.10) 
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dx a = i" .,dij 1 ' 

rv=o 


dx a — h a ^dxf 

-K a( p 


dq 

T - ' ^ — p ^ f) p ® 

fits G a v 


Figure 10.6 Coordinate system q >L and the two sets of local nonholonomic coordinates 
dx a and dx a . The intermediate coordinates dx a have a Minkowski metric only at the point 
q , the coordinates dx a in an entire small neighborhood (at the cost of a closure failure). 


A combination of these similar to (10.28), 

K a p (q) = ^ a p{q) ~ tip aid) + (q)> (10B.11) 

appears in the so-called spin connection 


= hdxhShp 

V {K^ X - K,d), 

(10B.12) 

which is needed to form a covariant derivative of local vectors 


v a (q) = ip(q)h a ^{q), 

v a (q)=lT(q)h%(q). 

(10B.13) 

These have the form 



D a v 0 {q ) = d a v 0 (q) - Y a ^{q)v 1 {q), 

D a v p (q) = d a id(q) + T a ~ l3 (q)v 1 {q). 

(10B.14) 


For details see Ref. [2, 6]. In spite of the similarity between the defining equations (10.24) and 

h 

(10B.10), the tensor ^ a p(o) bears no relation to torsion, and K a f?(Q) is independent of the 
contortion A’ a / 3 7 - In fact, the objects of anholonomy f l a p(q) are in general nonzero in the absence 
of torsion [22], and may even be nonzero in flat spacetime, where the matrices h a fl (q) degenerate 

h 

to local Lorentz transformations. The quantities K a $(q), and thus the spin connection (10B.12), 
characterize the orientation of the local Lorentz frames. 

The nonholonomic coordinates dx a transform the metric g llM (q) to a Minkowskian form r/ a b 
at any given point q>‘. They correspond to a small “falling elevator” of Einstein in which the 
gravitational forces vanish precisely at the center of mass, the neighborhood still being subject 
to tidal forces. In contrast, the nonholonomic coordinates dx a flatten the spacetime in an entire 
neighborhood of the point. This is at the expense of producing defects in spacetime (like those 
produced when flattening an orange peel by stepping on it), as will be explained in Section IV. 
The affine connection T a b c {q) in the latter coordinates dx a vanishes identically. 

The difference between our multivalued tetrads and the usual vierbeins is illustrated in the 
diagram of Fig. 10.6. 


Appendix IOC Cancellation of Powers of <5(0) 

There is a simple way of proving the cancellation of all UV-divergences <S(0). Consider a free 
particle whose mass depends on the time with an action 



7jZ{T)q 2 (T) 


^(0) log Z(t) 


(10C.1) 
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where Z(r) is some function of r but independent now of the path q(r). The last term is the 
simplest nontrivial form of the Jacobian action in (10.408). Since it is independent of q, it is 
conveniently taken out of the path integral as a factor 


J = e ( 1 / 2 )'h 0) Jo drl °sZ(T) 


(10C.2) 


We split the action into a sum of a free and an interacting part 

A (0) = J* dr \e(r), A nt = dr ± [Z(r) - 1] r) 2 (r), 


(10C.3) 


and calculate the transition amplitude (10.411) as a sum of all connected diagrams in the cumulant 
expansion 


(0/3|00) = J 


j Vq(T)e- Am[ d- A ’"' [q] = J J Vq(r)t 


A ^l 1 - Aia+ 1 -^ t - 


1 - (Ant) + ^ (Ant) _ • • • 


(27T,i3)“ 1/2 J 

(27r/J) _1/2 Je _<Ant> - + ^" 4 ^ t )c“"' 


(10C.4) 


We now show that the infinite series of <5(0)-powers appearing in a Taylor expansion of the expo¬ 
nential (10C.2) is precisely compensated by the sum of all terms in the perturbation expansion 
(10C.4). Being interested only in these singular terms, we may extend the r-interval to the entire 
time axis. Then Ecp (10.394) yields the propagator A'(r, r') = 6(r — r'), and we find the first-order 
expansion term 

(Ant) c = J dr^[Z(r) - 1 \'£(t,t) = -^6(0) J dr[l-Z(r)\. (10C.5) 

To second order, divergent integrals appear involving products of distributions, thus requiring an 
intermediate extension to d dimensions as follows 

(Ant)* = J J d Tl dr 2 ^{Z-l^^Z-l) 2 2'A(r 1 ,r 2 )'A{r 2 ,r 1 ) 

-5- J J d d x 1 d d x 2 ^(Z - l)i ^(Z - 1) 2 2 fI A l q(x 1 ,x 2 ) v A^{x 2 ,x 1 ) 

= j j d d x 1 d d x 2 ^(Z - l)i ^(Z - 1) 2 2 A mm (x 2 ,x 1 ) A 1 ,^(x 1 ,x 2 ) , (10C.6) 


the last line following from partial integrations. For brevity, we have abbreviated [Z(ri) — 1] by 
(Z — 1),:. Using the field equation (10.418) and going back to one dimension yields, with the further 
abbreviation (Z — 1),; —> zf. 


(Ant)* = \ J J dn dr 2 zi z 2 S 2 (r i, r 2 ). 


To third order we calculate 


1 1 1 


(A 3 nt) c = / / / dn dr 2 dr 3 -xy -z 2 -z 3 8 'A '(n, r 2 ) 'A '(t 2 ,t 3 ) A(r 3 , n) 


-> 


d d xi d d x 2 d d x 3 ^z 2 ^z 3 8 ft A I/ (x 1 ,x 2 ) v A a (x 2i x 3 ) t7 A M (x% 1 x 1 ) 

d d x i d d x 2 d d x 3 ^z 1 ~ z 2 ^z 3 8 A MM (%,ay) A vv (x 1 ,x 2 ) A (J(t (x 2 ,x 3 ). 


(10C.7) 


(10C.8) 
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Applying again the field equation (10.418) and going back to one dimension, this reduces to 

Mint) c = J J j dr 2 dr 3 Zi Z2 z 3 S(ti,t 2 ) S(t 2 ,t 3 ) (5(t 3 ,Ti). (10C.9) 

Continuing to n-order and substituting Eqs. (10C.5), (10C.7), (10C.9), etc. into (10C.4), we obtain 
in the exponent of Ecp (10C.4) a sum 

- Mint), + ^ ML> e - gj <4nt) c + ■ • ■ = j £ < ' '" ^' ( 10C ‘ 10 ) 

with 

C n = J d.T! .. .dr n C{T 1 ,T 2 )C(T2,T3) ... C{r n ,Ti) (10C.11) 

where 

C(t,t') = [Z(t)-1]6(t,t'). (10C.12) 

Substituting this into Eq. (10C.11) and using the rule (10.369) yields 

Cn = J J dr\ dr,, [Z( n ) - 1]” (5 2 (n - r„) = <5(0) J dr [ Z(t ) - 1]”. (10C.13) 

Inserting these numbers into the expansion (10C.10), we obtain 

-Min4 + ^<4nt) c -^<4nt) c +--- = ^(0) j dr f>l)» ^ ~ ^ 

= ~\mjdT logZ(r), (10C.14) 

which compensates precisely the Jacobian factor J in (10C.4). 
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Schrodinger Equation in General 
Metric-Affine Spaces 


We now use the path integral representation of the last chapter to find out which 
Schrodinger equation is obeyed by the time evolution amplitude in a space with 
curvature and torsion. If there is only curvature, the result establishes the connection 
with the operator quantum mechanics described in Chapter 1. In particular, it will 
properly reproduce the energy spectra of the systems in Sections 1.14 and 1.15 — 
a particle on the surface of a sphere and a spinning top — which were quantized 
there via group commutation rules. If the space carries torsion also, the Schrodinger 
operator emerging from our formulation will be a prediction. Its correctness will be 
verified in Chapter 13 by an application to the path integral of the Coulomb system 
which can be transformed into a harmonic oscillator by a nonholonomic mapping 
involving curvature and torsion. 


11.1 Integral Equation for Time Evolution Amplitude 


Consider the time-sliced path integral Eq. (10.146) 


(q\e. 


-i(t-t')H/h\ i 


W)- 


i N +1 

, p n 

\J2irihe/M «=2 


J d D Aq n 


V 'diQn ) 


I - D 

y 27 rieh/M 


e En 1 J , (11.1) 


with the integrals over A q n to be performed successively from n = N down to n = 1. 

Let us study the effect of the last Ag„-integration upon the remaining product 
of integrals. We denote the entire product briefly by ^(Qn+iAn+i) = 'C(r/,t) and 
the product without the last factor by 


t(q\. t N ) = HqN+i ~ A q N+1 ,t N+ i - e) = 4>{q - A q,t- e). 


Since the initial coordinate qo and time to of the amplitude are kept fixed in the 
sequel, they are not shown in the arguments. We assume N to be so large that the 
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amplitude has had time to develop from the initial state localized at q' to a smooth 
function of i[’(q — Aq,t — e), smooth compared to the width of the last short-time 
amplitude, which is of the order ^Jhe tr ( g fW )/M. 

From Eq. (11.1) we deduce the recursion relation 


= \[g{q) j 


cl D Aq \ i , , 

, p ex P t{A +Aj ) 

yJ2iHeh/M Ul 


4’(q~ Aq,t-e). (11.2) 


This is an integral equation 

E{q,t) = j d D AqK e {q,Aq) ip{q- Aq,t-e), 
with an integral kernel 


K e {q , A q) = D exp 

^2ilieh/M 


h 


(A’ + A’j) 


(11.3) 


(11.4) 


The integral equation (11.3) will now be turned into a Schrodinger equation. This 
will be done in two ways, a short way which gives direct insight into the relevance of 
the different terms in the mapping (10.96), and a historic more tedious way, which 
is useful for comparing our path integral with previous alternative proposals in the 
literature (cited at the end). 


11.1.1 From Recursion Relation to Schrodinger Equation 

The evaluation of (11.3) is much easier if we take advantage of the simplicity of the 
integral kernel K e (q, Aq) and the measure when expressed in terms of the variables 
Ax 1 . Thus we introduce into (11.3) the integration variables A^ 1 = AE'eA, with 
e/ evaluated at the postpoint q. The explicit relation between A£ fl and A q 11 follows 
directly from (10.96). In terms of AQ\ we rewrite (11.3) as 


ijj{q,t) = J d D A£ K e 0 {q, A^{q - Aq{A£),t - e), 
with the zeroth-orcler kernel 


*o(9, A£) = 


fak) 


\j2irieh/M 


exp 


| M 
h 2e 




of unit normalization 


d D AC A 0 £ (g,AO = l. 


To perform the integrals in (11.2), we expand the wave function as 

i’k - A?, i - e) = (l - A<j p a„ + i fd„d„ + ... ) t - e), 


(11.5) 


( 11 . 6 ) 


(11.7) 
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and the coordinate differences Ar/ J in powers of A£ by inverting Eq. (10.96): 

Aq s = [Aq+lr^ A AeAr-l(^r„„ A -r„/r,„ ) x )Ae'‘ArAr+...].(ii. 8 ) 

All affine connections are evaluated at the postpoint q. Including in (11.2) only the 
relevant expansion terms, we find the integral equation 

= Jd D A£K‘(q, A£) (11.9) 

r„/A,f A£ a ) d, + 

The evaluation requires only the normalization integral (11.6) and the two-point 
correlation function 

(A^AO = / d n A? KS(q, A^A^A?" = («,). (11.10) 

The result is 

Ip{q, t) = 1 + i(^j (g^d^dv - r/^) + . . . ip{q, t-e). (H-ll) 

The differential operator in parentheses is proportional to the covariant Laplacian 
of the field ip(q, t — e): 

D tl D*w = <ru,D „V = fTD^ = {raj), - r/“a„)w. (11.12) 



+ • • • ] '/>(<?, t-e)- 


In a space with no torsion, this is equal to the Laplace-Beltrami operator applied to 
the field ip: 


A# 


1 

vl 


d^s/gg^d^. 


( 11 . 13 ) 


In a more general space, the relation between the two operators is obtained by 
working out the derivatives 


A = g^d,d u + 



<rd„ + 


( 11 . 14 ) 


Using 


= \ 9<7rdfj9 ° T = T ^’ 

= -g aX g UK d„g XK , ( 11 . 15 ) 
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we see that 

-h^iTs/s) = -fr, (ii-i6) 

and hence 

Ad = (g^d,d w - r/'7d)r = I),!)"<■. (11.17) 

Thus, the relation between the Laplacian and the Laplace-Beltrami operator is given 
by 

= (D^ - K/ v dM = (D^ - 2 S v d v )& (11.18) 

where D fJ denotes the covariant derivative formed with the Riemannian affine con¬ 
nection, the Christoffel symbol and S A is the contracted torsion 

S, = S^. (11.19) 

As a result, the amplitude ip{q,t) in (11.2) satisfies the equation 

+ T[j n i‘ ,)l! ^j r{ ' lJ + ( 11 . 20 ) 

In the limit e —>■ 0, this leads to the Schrodinger equation 

ihdji ■[)/. t) = //„d(f/. t), (11.21) 

where Hq is the free-particle Schrodinger operator 

% 2 

H 0 =- D U D' 1 . (11.22) 

2 M 1 

It is the naively expected generalization of the flat-space operator 

H 0 = d 7 \ (11.23) 

2 M 

from which (11.22) arises by transforming the derivatives with respect to Carte¬ 
sian coordinates d, to the general coordinate derivatives d fl via the nonholonomic 
transformation 


di = (11.24) 

The result is 

a,; 2 = = g ^d,d v - r/*U, (11.25) 

which coincides with the Laplacian D tJ D ,J when applied to a scalar field. Note that 
the operator (11.22) contains no extra term proportional to the scalar curvature R 
allowed by other theories. 
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11.1.2 Alternative Evaluation 


For completeness, we also present an alternative evaluation of the (/-integrals in 
Eq. (11.3) which is more tedious but facilitates comparison with previous work. 
First, the postpoint action A £ is conveniently split into the leading term 

A‘„ = (11.26) 

and a remainder 


A A £ = A £ - A £ 0 . 


(11.27) 


Correspondingly, we introduce as in (11.5) the zeroth-order kernel 


K(q,Aq) 


\jgW) 


\J'2Trieh/M 


exp 



with the unit normalization 

j d D Aq K^q, Aq) = 1, 


(11.28) 


(11.29) 


and expand K £ (q,Aq) around K^(q,Aq) with a series of correction terms of higher 
order in Aq: 


K £ (q,Aq) = K £ (q,Aq)[l + C(Aq)] 


i<o(Q^q) 


1 + Y Cn(A(/r 

n —1 


(11.30) 


Under the smoothness assumptions above, the wave function ip(q — Aq, t. — e) can be 
expanded into a Taylor series around the endpoint q , so that the integral equation 
(11.2) reads 


yj{q,t) 


d D Aqiq{q,Aq) 1 + ^ c„(Ag) ? 

n=1 

X (l - + .. .) t - e) . 


(11.31) 


Due to the normalization property (11.6), the leading term simply reproduces 
'if’{qA — e). To calculate the correction terms c n (Aq), we expand 


C(Aq) = exp 


A £ aA £ j) 


1 


(11.32) 


in powers of Aq 11 . After inserting here A A £ from (11.27) with A £ 0 from (11.26), we 
expand A £ as in (10.107) [recalling (10.121)]. By separating the expansion for C 
into even and odd powers of Aq , 


c = c e + c\ 


(11.33) 
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we find for the odd terms 

C- = -r w "A^ - ~T^Aq»Aq"Aq x + ... , (11.34) 

and the even terms 

C° = ■£<% + ■■■ . (11-35) 

a= 1 

with 

CT = ^[d {/ 1 r vA} A + r { ^r {aM} K + r { , a fr { „ x} x - r {UK fr i , a f]A q »A q 1 ', 

C| = ^r w "r ffAK A^A^Ag A A<f, 

Cl = ^ [^ KT (d A r,/ + r,/r {A(T /) + ± vr^] A q »A q "A q x A q \ 

1 M 2 

Cf = — o 7t2 _ i'r^ A r UTKl A q ^ A q u A q x A q a A q T A q K . (11.36) 

2 4/re 2 

The dots denote terms of higher order in A q 24 which do not contribute to the limit 
e —» 0 . 

The evaluation now proceeds perturbatively and requires the harmonic expecta¬ 
tion values 

(O(A«)) 0 = j d D A q K‘(q,Aq) O(Aq). (11.37) 

The relevant correlation functions are 


(A^A^) 0 

(A q ^A q ^A q x A q K ) 0 

(A q »A q "A q x A q K A q a A q T ) 0 




( AhfA n V \ KaT 

V M ) 


(11.38) 

(11.39) 

(11.40) 


The tensor g^ vXK in the second expectation (11.39) collects three Wick contractions 
[recall (3.305)] and reads 

g' wXn = g >,v g XK + g [lX g™ + g^g vX . (11.41) 

The tensor gi wXKCJT in the third expectation (11.40) collecting 15 Wick contractions 
is obtained recursively following the rule (3.306) by expanding 

gliv\K(TT _ gUVgXKUT _|_ gliXgidKar _|_ gtiKgUXar _|_ gfiagidXKT _|_ gidTgidXna ^ 49 ) 

A product of 2 n factors Aq results in (2 n — 1)!! pair contractions. 
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Let us collect all contributions in (11.31) relevant to order e. Obviously, the 
highest derivative term of f| (q,t — e) is ^Aq ll Aq l 'd fl d v '^{q,t — e). It receives only a 
leading contribution from K^(q, Aq). 

te7^9^(q)dndvi)(q, t-e), (11.43) 

with no more corrections from C(Aq). The term with one derivative r) /( on '^(q, t — e) 
in (11.31) becomes 


A^dfj0.(q, t — e) i 

where A ^ is the expectation involving the odd correction terms 

A» = —(C 0 Acc¬ 
using the rules (11.38) and (11.39), we find 


(11.44) 

(11.45) 


A* = 


i.\l 


T [x ^Aq A + — r aT xAq a Aq T Aq A ) A q* + 


= 16 - 


h_ 

M L 


- -(pc + pc + ro 

A 


= -it- 


A, 

2 M 


VH 


(11.46) 


In combination with (11.43), this produces the Laplacian I) t , 1) 11 of the field 'i/’(q, t—e ) 
as in Eq. (11.11). 

We now turn to the remaining contributions in (11.31) which contain no more 
derivatives of ^(q, t — e). They are all due to the expectation value (C e )o of the even 
correction terms. Let us define 


Vo, = j(C) 0 = C>o. 


(11.47) 


to be called the effective potential caused by the correction terms (C ) 0 of (11.32). 
Using the expectation values (11.38) (11.40) we find 


T/ v _ n i B 

Peff = —V = — C V A , 


M 


(11.48) 


A,B 


where the sum runs over the six terms 

t- 2 1 = -y w 'r { ,„*-r M T H T, 
vA = iiwiw'"*, 

V2 3 = 

v-l = 

<V 2 = + r j/ r („> T) j'“' A “. (11.49) 
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The subscripts 2 and 3 distinguish contributions coming from the quadratic and the 
cubic terms in the expansion (10.96) of Arc*. By inserting on the right-hand sides 
the explicit expansions (11.42) and (11.41), we find after some algebra that the sum 
of all u^-terms is zero. In fact, the v 2 B - and u 3 B -terms disappear separately. A 
simple structural reason for this is given in Appendix 11 A. 

Explicitly, the cancellation is rather obvious for y 3 B after inserting (11.41). For 
v 2 D , the proof requires more work which is relegated to Appendix 11 A. 

Note that in a space without curvature and torsion, the above manipulations are 
equivalent to a direct transformation of the flat-space integral equation 


A(x,t) 


cl D Ax 


yj2meh/M D ' 1 2 

x (1 — A x l d x i + \Ax l AxPd x id x j + .. .)'0(x, t — e) 
ieh 


exp 


ie— (Ax 1 ) 2 


1 + 2 M d ^°^ 


'■•(x. / f}- 


(11.50) 


to the variable A q by a coordinate transformation. In a general metric-affine space, 
the wave function i'(q,t) has no counter image in rr-space so that (11.50) cannot be 
used as a starting point for a nonholonomic transformation. 


11.2 Equivalent Path Integral Representations 

From the derivation of the Schrodinger equation in Subsection 11.1.1 we learn an 
important lesson. When deriving the transformation law (10.96) between the finite 
coordinate differences Ax* and Aby evaluating the integral equation (10.60) along 
the autoparallel, the cubic terms in A q, which make the action and measure lengthy, 
can be dropped altogether. A completely equivalent path integral representation of 
the time evolution amplitude is obtained by transforming the fiat-space path integral 
(10.89) into the general metric-affine one (10.146) with the help of the shortened 
transformation 

Ax* = e*A (Ag A - |r,,/Ar/Ar/) . (11.51) 

This has the simple Jacobian 

J = = det (<) det (<5% - (11.52) 

whose effective action reads 

jA'j = <f - +... . (11.53) 

With the help of (10.16), this is expressed in terms of the connection yielding 

jA‘j = -r w 'Af - + ... . (11.54) 
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The mapping (11.51) has, however, an unattractive feature: The short-time action 
following from (11.51) 


= §(Ax *) 2 = ^(g liV Aq^Aq v -T ftl>x Aq^A^Aq x 

+ jT XK a r^ a Aq^Aq^Aq x Aq K + ... ) 


(11.55) 


is no longer equal to the classical action (10.107) [recall the convention (10.121)] 
evaluated along the autoparallel. 

This was also a feature of another mapping which is the most convenient for 
calculations. Instead of deriving the relation between Ax 1 and A q^ by evaluating 
(10.60) along the autoparallel, one may assume, for the moment, the absence of 
curvature and torsion and expand Ax 1 = x l (q) — x'iq — Aq) in powers of A q: 

Ax i = e\Aq' J - ^^Aq^Aq" + ,^ x Aq> J Aq"Aq x + ... . (11.56) 

After this, curvature and torsion are introduced by allowing the functions x(q) and 
d /l x(q) to be nonintegrable in the sense of the Schwartz criterion, i.e., the second 
derivatives of x(q) and e l fiq) need not commute with each other [implying that the 
right-hand side of (11.56) can no longer be written as x l (q) — x l (q — Ar/)]. The 
expansion (11.56) is then a definition of the transformation from Ax 1 to A q 11 . Using 
the identities (10.16), (10.131), and (10.132), the transformation (11.56) turns into 


Ax’ = e* 


A q x - —T^Aq^Aq 1 ' 


+ y {d a T, u x + r^ T r aT x )Aq»Aq u Aq a + ... 

This differs from the correct one (10.96) by the third-order term 

AV = ^^^^ArfArfiArf = j/ x S aT x V ^ Aq» Aq v A<f, 

which vanishes if the g-space has no torsion. The Jacobian associated with 
is 


(11.57) 


(11.58) 

(11.56) 


d(Ax) 
d(A q) 


clet (e* K ) clet (V ;i - efie^Aq v + ^e\^ vX} Aq v Aq x + ...), (11.59) 


and corresponds to the effective action 


jA’j = 

With (10.16), (10.131), and (10.132), this becomes 


h 


A} = - r^A<? + -(d { ,r„ M K + r {lve % } . 


V {M }]A^A9 A + ... . (11.60) 

■r w ff r M WA^+... * 

(11.61) 
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which differs from the proper Jacobian action (10.145) only by one index sym- 
metrization. 

To find the short-time action following from the mapping (11.56), we form 
A’ = E(Ax ’) 2 = (H-62) 

+ + ie-,.^'A.«) A<,"A<,"A(/A,/ + . ..], 

and use the identities (10.16), (10.131), and (10.132) to obtain 

A f = - TitvxAq* 1 Aq”Aq x (11.63) 

+ ^r{d K r A / + r A /r K /) + -V^Y^ Aq^Aq^Aq x Aq K + ... }. 

This differs from the proper short-time action (10.107) [recall the convention 
(10.107)] only by the absence of the symmetrization in the indices k and S in the 
fourth term, the difference vanishing if the (/-space has no torsion. 

The equivalent path integral representation in which (11.2) contains the short- 
time action (11.63) and the Jacobian action (11.61) will be useful in Chapter 13 
when solving the path integral of the Coulomb system. 

The equivalence of different time-sliced path integral representations manifests 
itself in certain moment properties of the integral kernel (11.4). The derivations of 
the Schrodinger equation in Subsections. 11.1.1 and 11.1.2 have made use only of 
the following three moment properties of the kernel: 

J cl D AqK e {q,Aq) = 1 + ... , (11.64) 

I d D AqK'{q,Aq)Aq'' = -u2-V i r + ... , (11.65) 

j ./"A./ K‘ (./. A./)A<," A./“ + - • (11.66) 

evaluated at fixed postpoint q. The omitted terms indicated by the dots and all 
higher moments contribute to higher orders in e which are irrelevant for the deriva¬ 
tion of the differential equation obeyed by the amplitude. Any kernel K £ (q,Aq) 
with these properties leads to the same Schrodinger equation. If a kernel is written 
as 


K £ (q,Aq) = K £ (q,Aq)[l + C(Aq)% 


where K^q.Aq) is the free-particle postpoint kernel 


Kq (q,Aq) 



(11.67) 

( 11 . 68 ) 
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the moment properties (11.64)—(11.66) are equivalent to 

<C)o = 0 + ... , (11.69) 

{C Art, = + (11.70) 

where the expectation values are taken with respect to the kernel K^q, Aq), the dots 
on the right-hand side indicating terms of the order e 2 . Note that the third of the 
three moment properties is trivially true since it receives only a contribution from 
the leading part of the kernel K ( (q,Aq), i.e., from K^q.Aq). The verification of 
the other two requires some work, in particular the first, w T hich is the normalization 
condition. 

Two kernels K j. K! 2 are equivalent if their correction terms C\, C 2 have expecta¬ 
tions which are small of the order e 2 : 


<C' 1 ) 0 = (C 2 )o = 0(e 2 ), 
((<?! - C 2 )AOo = 0(e 2 ). 


(11.71) 

(11.72) 


These are necessary and sufficient conditions for the equivalence. Many possible 
correction terms C lead to the same moment integrals. All of them are physically 
equivalent, being associated with the same Schrodinger equation. The simplest 
possibilities are 


K £ (q,Aq) = K £ {q,Aq) 


1 + -T/„A<f 


or 


K £ (q, Aq) = K £ 0 {q,Aq) 


1 - ^ T/„ Aq v g XK Aq x Aq K 

D + 2 2 he ' 1 y 1 y . 


(11.73) 


(11.74) 


where D is the space dimension. The zero-order kernel satisfies automatically the 
first and third moment condition, (11.64) and (11.66), while the additional term 
enforces precisely the second condition, (11.65), without changing the others. The 
equivalent kernels can also be considered as the result of working with Jacobian 
actions 

^A-J = - i(r/„A<n 2 , (11.75) 

i i M 

(1L76) 


instead of the original one (10.145). Indeed, the second term in (11.75) can further 
be reduced by perturbation theory to 


-i(ry„A<n 2 .+. -ir/„rA(A<fA<f)o 


= - 7 , 6 - 


h_ 
8 M 


( r A ) 2 


(11.77) 
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yielding an alternative and most useful form for the Jacobian action 

= ir/„A«--; e ^_(ryv) 2 . (n-78) 

Remarkably, this expression involves only the connection contracted in the first two 
indices: 


r/" = 


(11.79) 


11.3 Potentials and Vector Potentials 


It is straightforward to find the effect of external potentials and vector potentials 
upon the Schrodinger equation. For this, we merely observe that the time-sliced 
potential term 

A' p „ = q" - ^3„.4„ A?"A?- - A'(q) + ... (11.80) 

derived in Eq. (10.182) appears in the kernel K e (q,Aq) via a factor e lA p">l h . This 
factor can be combined with the postpoint expansion of the wave function in the 
integral equation (11.31), which becomes 


t ) = j d D AqI< e 0 {q , A q) [1 + C{Aq)] 

xe lA p°t /h ^1 - Aq^d,, + ^Aq^Aq^d/jdJj 0(g, t - e) + ... 


J d D A q K‘(q,A q )[l + C(Aq)] 


1-A g^d.-i-A 


he 


(11.81) 


+-Af/‘Af/' ( d,,- i— 1,.) ( 3„- i— 0 ) - ttV(j) 


he 


V ’(q , t - e) 


By going through the steps of Subsection 11.1.1 or 11.1.2, we obtain the same 
Schrodinger equation as in (11.21), 


ih<) t p(q : I) = // Plq. /.). 


(11.82) 


The Hamiltonian operator H differs from the free operator H 0 of (11.22), 


h 

Ha = ———D..D 


2 M 


Ti- 1 -' j 


(11.83) 


in two ways. First, a potential energy V(q) is added. Second, the covariant deriva¬ 
tives /l /; are replaced by 



D “-‘nc A “■ 


This is the Schrodinger version of the minimal substitution in Eq. (2.644). 


(11.84) 
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The minimal substitution extends the covariance of D p with respect to coordinate 
changes to a covariance with respect to gauge transformations of the vector potential 
A tl . The subtraction of iA^/fi on the right-hand side of (11.84) reflects the fact that 
P jL = p /( — A^ rather than //' is the gauge-invariant physical momentum of a particle 
in the presence of an electromagnetic field. Only the use of guarantees the gauge 
invariance of the electromagnetic interaction, just as in the flat-space action (2.643). 

Let us briefly verify that the Schrodinger equation (11.82) with the covariant 
derivative (11.84) is invariant under gauge transformations. If the amplitude is 
multiplied by a space-dependent phase 

ip{q) -A (11.85) 

the covariant derivative (11.84) is multiplied by precisely the same phase: 

Dnlb{q) -+ < >{ P ,lt:)X[ ' l] l),,c(q). (11.86) 

if the vector potential is gauge tranformed as follows: 

An -A- A fl + A(^). (11.87) 

Under these joint transformations, the Schrodinger equation (11.82) is multiplied by 
an overall phase factor e _,A ^\ and thus gauge invariant. 

Adding a potential V(q), the Hamilton operator in the Schrodinger equation 
(11.82) is therefore 

H=~ D i DA “ + v Ull ( 11 . 88 ) 

Observe that the mixed terms containing derivative and vector potential appears in 
the symmetrized form 

-Pj- c (p,.V + .YpP ■ (11.89) 

This corresponds to a symmetric time slicing of the interaction term (/U4,, which 
was derived in Section 10.5 by using the equation of motion in calculation of the 
short-time action. Here we see that this time slicing guarantees the gauge invariance 
of the Schrodinger equation. 

Note further that there is no extra i?-term in the Schrodinger equation (11.88). 

11.4 Unitarity Problem 

The appearance of the Laplace operator Z^ZU' in the free-particle Schrodinger equa¬ 
tion (11.82) is in conflict with the traditional physical scalar product between two 
wave functions 'Wi(q) and i. b/!: 

(U 2 |Ui) = j d D q^{^^* 2 {q)^ l {q). (11.90) 
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In such a scalar product, only the Laplace-Beltrami operator (11.13), 

A = 1-d^gg^dv, (11.91) 

is a Hermitian operator, not the Laplacian D^D^. The bothersome term is the 
contracted torsion term 

!/y;'- A)r 2.S'A9 / .,r. (11.92) 

This term ruins the Hermiticity and thus also the unitarit y of the time evolution 
operator of a particle in a space with curvature and torsion. 

For presently known physical systems in spaces with curvature and torsion, the 
unitarity problem is fortunately absent. Consider first field theories of gravity with 
torsion. There, the torsion field is generated by the spin current density of 
the fundamental matter fields. The requirement of renormalizability restricts these 
fields to carry spin 1/2. However, the spin current density of spin-1/2 particles 
happens to be a completely antisymmetric tensor. 1 This property carries over to 
the torsion tensor. Hence, the torsion field in the universe satisfies S 11 = 0. This 
implies that for a particle in a universe with curvature and torsion, the Laplacian 
always degenerates into the Laplace-Beltrami operator, assuring unitarity after all. 

In Chapter 13 we shall witness another way of escaping the unitarity problem. 
The path integral of the three-dimensional Coulomb system is solved by a multi¬ 
valued transformation to a four-dimensional space with torsion where the physical 
scalar product is 

('02|'0i) P hys = J d D q s /gw{q)4^{q)4> 1 {q), (11.93) 

with some scalar weight function w(q). This scalar product is different from the 
naive scalar product (11.90). It is, however, reparametrization-invariant, and w(q) 
makes the Laplacian D^D' 1 a Hermitian operator. 

The characteristic property of torsion in the transformed Coulomb system is that 
S IL (q) = 5/,/ can be written as a gradient of a scalar function: S^q) = d^a(q) [see 
Eq. (13.143)]. Such torsion fields admit a Hermitian Laplace operator of a scalar 
field in a scalar product (11.93) with the weight 

w(q) = e~ Mg) . (11.94) 

Thus, the physical scalar product can be expressed in terms of the naive one as 
follows: 

<V’2|V’i) P hys = J d D q\f^e~ Mq] 4^{q)4q{q). (11.95) 

To prove the Hermiticity, we observe that within the naive scalar product (11.93), 
a partial integration changes the covariant derivative — into 

D; = (D, + 2S,). (11.96) 


1 See the standard textbooks on quantum field theory, for example, Ref. [1, 2]. 
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Consider, for example, the scalar product 

I d D q^U^- ^D,V Ul .. Mn . (11-97) 

A partial integration of the derivative term <9 /( in D lt gives 

surface term — J d D dq[{d^ s /gU IWl ''' Vri )V l j 1 ... Vn 

- £ VsU m (11.98) 

i 

Now we use 

d/j,\/g = \[9 = y/g{2Sp + r^/), (11.99) 

to rewrite (11.98) as 

surface term — j d D q ydy [ (d /( U iAV ''" Vn ) V„ { .. Mri 

- E i / "' 1 i n 2.s' /( r /; " -"'i;, (11.100) 

i 

which is equal to 

surface term — / <l D qVs(D;U<‘ n -"~ )K,(11.101) 

In the physical scalar product (11.95), the corresponding operation is 

/ d D q^e~ 2 ^U^-^D,V^ n = 

= surface term - | d D q^j{Dle- 2a{q) U ,lUl - Mn )V Ul ... Vn 

= surface term — J d D q^e^ 2a ^(D tl - s /gU >JjUl '' Mn )V Ul ,, Mn . (11.102) 

Hence, iD^ is a Hermitian operator, and so is the Laplacian D IL D IJ . 

For spaces with an arbitrary torsion, the correct scalar product has yet to be 
found. Thus the quantum equivalence principle is so far only applicable to spaces 
with arbitrary curvature and gradient torsion. 

11.5 Alternative Attempts 

Our procedure has to be contrasted with earlier proposals for constructing path 
integrals in spaces with curvature, in which torsion was always assumed to be absent. 
In the notable work of DeWitt, 2 the measure is taken to be proportional to 

II / dq n y/g(q n -i) = / dq n y/g(q n - A q) (11.103) 

n =1 J n=1 J 

2 See Section 11.5. 
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so that the expansion in powers A q gives a Jacobian action Aj o of Eq. (10.133). 

If one uses this action instead of the correct expression Aj of Eq. (10.145), the 
amplitude obeys a Schrodinger equation 

ihd t ip{q, t ) = (H 0 + \’ v t- )r{(/. t), (11.104) 


where 


Ho = ~ 


2 M 


(11.105) 


contains the Laplace-Beltrami operator A, and V e ff is an additional effective potential 


Ti 2 

F e # = —R. (11.106) 

6 M 

The Schrodinger equation (11.104) differs from ours in Eq. (11.21) derived by the 
nonholonomic mapping procedure by the extra A-term. The derivation is reviewed 
in Appendix 11 A. Note that our sign convention for R is such that the surface of a 
sphere of radius R has R= 2 /R 2 . 

In the amplitude proposed by DeWitt, the short-time amplitude carries an ex¬ 
tra semiclassical prefactor, a curved-space version of the Van Vleck-Pauli-Morette 
determinant in Eq. (4.125). It contributes another term proportional to R which 
reduces (11.106) to (ft 2 /12 M)R (see Appendix 11B). Other path integral prescrip¬ 
tions lead even to additional noncovariant terms [3]. All such nonclassical terms 
proportional to ft 2 have to be subtracted from the classical action to arrive at the 
correct amplitude which satisfies the Schrodinger equation (11.104) without an extra 
Jeff- 

There are two compelling arguments in favor of our construction principle: On 
the one hand, if the space has only curvature and no torsion, our path integral 
gives the correct time evolution amplitude of a particle on the surface of a sphere 
in D dimensions and on group spaces, as we have seen in Sections 8.7-8.9 and 10.4. 
In contrast to other proposals, only the classical action appears in the short-time 
amplitude. In spaces with constant curvature, just as in fiat space, our amplitude 
agrees with the one obtained from operator quantum mechanics by quantizing the 
theory via the commutation rules of the generators of the group of motion. 

In the presence of torsion the result is new. It will be tested by the integration of 
the path integral of the Coulomb system in Chapter 13. This requires a multivalued 
coordinate transformation to an auxiliary space with curvature and torsion, which 
reduces the system to a harmonic oscillator (see Section 13.5). The multivaleud 
mapping principle leads to the correct result. 

The solution is so far the only indirect evidence for the question first raised by 
Bryce DeWitt in his fundamental 1957 paper [4], whether the Hamiltonian oper¬ 
ator for a particle in curved space contains merely the Laplace-Beltrami operator 
A in the kinetic energy, or whether there exists an additional term proportional 
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to h 2 R. Recall the various older path integral literature on the subject cited in 
Chapter 10. From the measure generated by the nonholonomic mapping principle 
in Subsection 10.3.2 it follows that there is no extra ti 2 R- term. See the discussion in 
Section 11.5. It would, of course, be more satisfactory to have a direct experimental 
evidence, but so far all experimentally accessible systems in curved space have either 
a very small R caused by gravitation, whose detection is presently impossible, or a 
constant R which does not change level spacings, an example for the latter being the 
spinning symmetric and asymmetric top discussed in the context of Eq. (1.471). 

11.6 DeWitt-Seeley Expansion of Time Evolution 
Amplitude 

An important tool for comparing the results of path integrals in curved space with 
operator results of Schrodinger theory is the short-time expansion of the imaginary- 
time evolution amplitude ( q , jB \ q\ 0). In Schrodinger theory, the amplitude is given 
by the matrix elements of the evolution operator e~^ H = e^/ 2 , with A being the 
Laplaee-Beltrami operator (11.13). This expansion has first been given by DeWitt 
[6] and by Seeley [7] and reads 3 

1 OO 

(qB | q' 0) = (q \ e^ 2 \ q') = —^ f^ffia k (q,q') , (11.107) 

\/27r/I k=o 

The associated DeWitt-Seeleij expansion coefficients a k {q,q') are, up to fourth order 
in A q'\ 

a 0 {q,q') = l + ^R^Aq^Aq" + [^R^k \R^r + ^R K \Rar^ Aq K Aq x Aq a Aq T , 

ai(q, q') = ^R+ (^RR^+^R KX R K ^+^R KX %R K x^-^-R\R KI ?jAq^Aq^ 

a 2 (R q') = R 2 + ^R^ X R^x ~ (11-108) 

where A q ,x = (q — q'Y. The metric at q is assumed to be Minkowskian, and all 
curvature tensors are evaluated at q. For A q ,L = 0 this simplifies to 

w 1 « 0) =75=y f 1 +4*+f [is fi2+ wo +...}. 

(11.109) 

This can also be written in the cumulant form as 

(qB | q0) = exp (R^R^-R^R^) + (11.110) 

x/2np \_lz tzu 

3 In the mathematical nomenclature of Footnote 16 in Chapter 2, this is a so-called heat kernel 
expansion or a Hadamard expansion [8], and the DeWitt-Seeley coefficients a. k (q, q') are also called 
Hadamard coefficients. 
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The derivation goes as follows. In a neighborhood of some arbitrary point q{{ we 
expand the Laplace-Beltrami operator in normal coordinates where the metric and 
its determinant have the expansions (10.477) and (10.478) as 

A = d 2 - ^ Rik 1 jk 2 (Qo){q - qo) kl {q - 9o)* 2 d,A - ^R v „{q 0 ){q - qoYd v . (li.ni) 

The time evolution operator H = —A/2 in the exponent of Eq. (11.107) is now 
separated into a free part Hq and an interaction part H- mt as follows 

H 0 = ( 11 . 112 ) 

flint = ^R'iMj^iq - qo) kl {q - qo) k2 d^d„ + ^R v „{q - q 0 y j d u . (11.113) 

We now recall Eq. (1.294) and see that the transition amplitude (11.107) satisfies 
the integral equation 


{qft I q' 0) 


where 


{q | e 7(fio+fiint) | q ,s ) = | e ,//m 


1- / da< r, ""II ml e 0,1 


(qP | q' 0)o - J 0 ( l<7 J ( l D q (q ft - a I qO) 0 H- mt {q) {qa I q 0), 


q') 

(11.114) 


(q8 | q' 0) 0 = (q \ e~^ \ q') = (11.115) 


To first order in H- mt we can replace H in the last exponential of Eq. (11.114) by H 0 
and obtain 


{q/3 | </0) « {qp | q 1 0) 0 - J^daJd D q {q ft - cr \ qO) 0 H int (q) {qa \ q 0) c 


(11.116) 


Inserting (11.113) and choosing q 0 = q\ we find 

d D {Aq) 


{q 8 I q' o) = {qp | ?'o) 0 i + 


da 


J 


-D 


-[A( 7 -(<j/,S) Aq] 2 /2a 


X 


1 

6 


-~;R^u\Aq K Aq - 


(W 


a 


VAkci 
A q^Aq 1 ' 
+ a 2 


(11.117) 


1 - Aq^Aq 1 ' 

— Jv/ i 


v IJLV 


a 


where we have replaced the integrating variable q by Aq = q — q 1 and introduced 
the variable a = [P — a)a/B. There is initially also a term of fourth order in Aq 
which vanishes, however, because of the antisymmetry of in pn and v\. The 

remaining Gaussian integrals are performed after shifting Aq —>■ Aq + a Aq/p, and 
we obtain 

{qp\q’ o) = {qp U'o) 0 (i + 1 


6 Jo 


da 


* R»Aq')Aq»Aq" + -RW) 


P 


a 


= (qP\q'0) 0 


1 + a?" + ^R(g') 


(11.118) 
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Note that all geometrical quantities are evaluated at the initial point q'. They can 
be re-expressed in power series around the final position q using the fact that in 
normal coordinates 

9hM) = 9hM) + ^Rikdk 2 (q) A q kl M k2 + • • • , ( 11 . 119 ) 

9 ^{q')Aq^Aq" = g ^ w (q) Aq>‘Aq v , (11.120) 

the latter equation being true to all orders in A q due to the antisymmetry of the 
tensors R^ lVK \ in all terms of the expansion (11.119), which is just another form of 
writing the expansion (10.477) up to the second order in A q ,J . 

Going back to the general coordinates, we obtain all coefficients of the expansion 
(11.107) linear in the curvature tensor 

(qd | <t 0) ^ [l + -Lj^^A^A^ + £-R(q)} . (11.121) 

\J2tt 0 l 

The higher-order terms in the Seeley-DeWitt expansion (10.512) can be derived 
similarly, although with much more effort [9]. 

A simple cross check of the expansion (10.512) to high orders is possible if we 
restrict the space to the surface of a sphere of radius r in D dimensions which has 
D — 1 dimensions. Then 

R/il'k a wj {9/mX 11 vk 9^j,k 9u a) i ffi v 1) 2,..., D 1. (11.122) 

Contractions yield Ricci tensor and scalar curvature 

R V v = R M :v K = —3V, R = R,/' = {D l) ^ 2) (11.123) 

and further: 

m 2(£>-!)(£>-2) „ (D-l){D-2? 

n nvn\ f 4 t f 4 

Inserting these into (11.108), we obtain the DeWitt-Seelev short-time expansion of 
the diagonal amplitude for any q, up to order 6 2 : 

(901 q0) = 7 ^ t 1 + [ d - i )[ d - 2 ) 4 ? 

+ (D-l)(D-2){bD 2 - 17 D + 18) AA + ... . (11.125) 

This expansion may easily be reproduced by a simple direct calculation of the 
partition function for a particle on the surface of a sphere [10] 

OO 

Z(0) = Y di exp [-1(1 + D — 2)0/2r 2 ] , (11.126) 

/=0 
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where —l(l + D — 2) are the eigenvalues of the Laplace-Beltrami operator on a sphere 
[recall (10.165)] and di = (21 + D — 2)(l + D — 3)\/l\(D — 2)! their degeneracies [recall 
(8.114)]. Since the space is homogeneous, the amplitude (q(3 \ qO) is obtained from 
this by dividing out the constant surface of a sphere: 

fa- -3 I go) = (1L127) 

For any given D, the sum in (11.126) easily be expanded in powers of /f. As an 
example, take D = 3 where 

OO 

Z{(3) = ^(21 + 1) exp [~l{l + l)/3/2r 2 ] . (11.128) 

1=0 


In the small-/5 limit, the sum (11.128) is evaluated as follows 


r oo °° r 

Z{3)= d[l{l + 1)] exp[-l{l + l)f3/2r 2 ] + T{21+1) 1 - l{l + l) i B/2r 2 
Jo i=o 1 

The integral is immediately done and yields 


(11.129) 


r oo 2 T Z 

/ clz exp(— zj3/2r 2 ) = . 

Jo p 


(11.130) 


The sums are divergent but can be evaluated by analytic continuation from negative 
powers of l to positive ones with the help of Riemann zeta functions ((z) = n 
which vanishes for all even negative arguments. Thus we find 


OO OO 11 

E(2<+1) = 1 +2Z (2i + 1) = 1 + 2<(-l) - - = - , (11.131) 

1=0 i=i ~ 0 

l ( 2 , + l)« (i + 1 ) = | ( 2 C + D = -l KM) + f (-D 1 = 3 ^ • 

(11.132) 

Substituting these into (11.129) yields 

= f ( 1 + i^ + ^ + "')' (1L133) 


Dividing out the constant surface of a sphere 47 tt 2 as required by Eq. (11.127), we 
obtain indeed the expansion (11.125) for the surface of a sphere in three dimensions. 


11.7 Recursive Calculation 

If one wants to proceed to higher orders, an efficient recursive scheme was devised 
by DeWitt [6]. He considers the real-time version of the amplitude (10.512) 

(qt | q'O) = (q | e ltA/2 \ q'), 


(11.134) 
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which satisfies the Schrodinger equation in curved space 

id t {qt | q'O) = ~y(qfi \ q’O), (11.135) 

with the initial condition 

(qO I q'O) =S (D \q-q'). (11.136) 

To solve (11.135) he first sets up a semiclassical time evolution amplitude in curved 
spacetime which is a direct analog the amplitude (4.125). He considers the action 
(10.2) of a point particle in curved space with a metric 

A = \ f dt' g^{q{t'))q l ‘{t')q u {t') (11.137) 

J 0 

along the geodetic trajectory (10.9) between the initial and final points q' and q , 
denoting it by A(q. q'; f), as in Eq. (4.87). Associated with this he defines the geodetic 
distance 


a{q, q') = tA(q, q’\ t ) = a{q', q). 


(11.138) 


This is a bilocal function called the geodetic interval. The classical momentum of 
the particle along the orbit is given by the derivative [recall Eq. (4.88)] 

Pn = d^A(q, q'; t.) = d, J: a{q, q')/t. (11.139) 

The classical path follows the Hamilton-Jacobi equation (1.65), which reads for 
an action satisfying (11.138): 

9 t a{q, q') = ^d„a{q; q l )d ll a{q ; q'). (11.140) 


The derivative d fl a(q, q') points in the direction of the tangent vector of the geodetic 
trajectory. The Hamilton-Jacobi equation states that its square length is equal to 
twice the geodetic interval. 

Then he writes the semiclassical amplitude in curved spacetime as an obvious 
extension of the flat-space expression (4.125) [11]: 


(qt \ q' 0) = {q \ e ttA/2 | q) = 


\J‘lT\it 


■D 


V ll2 {q^)e ia ^ q ' )l2 \ 


where V denotes the determinant 


V = det ol-d^Aiq, qt)] = 


detol-d^aiq, q')] 
t D 


(11.141) 


(11.142) 


The exact amplitude has a short-time expansion 


(4i|9'0) = («l«“ a/2 |9') = 


sj2ilit 


■D 


g t n an[q ^ ql . (1L143) 


71=0 
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where for q = q'. ci 0 (q,q') = 1, and all other coefficients vanish. Applying the 
Schrodinger equation (11.135) to (11.143), he derives the recursion relation 

r3 / Vr3 /( «o = 0, (11.144) 

<9 / V<9 jU a„ +1 + (??. + l)a„ + i = V^ l/ 2 D IJ 'd ll .{V l/ 2 a n ), n = 0,1, 2,.... (11.145) 

where T>(q,q’) = g~^ 2 {q)T>g^ 2 (q') and D 1 ' is the covariant derivative of the deriva¬ 
tive d^a defined as in Eq. (10.37). He solves the lowest coefficient by the bilocal 
function I(q,q') with the properties 

d^adfJiq,^) = 0, ad^I{q,q') = 0, I(q,q) = 1. (11.146) 

From this he finds the solution of (11.145) as 

a n +i{q,q') = J q df t" n V^ l/ 2 D ll d IJ [V l/ 2 a n (q(r ") 1 q')]. (11.147) 


Appendix 11A Cancellations in Effective Potential 

Here we demonstrate the cancellation of the terms v 2 B and v- 3 B in formula (11.48) for the effective 
potential. First we give a simple reason why the cancellation occurs separately for the contributions 
stemming from the second and third terms in the expansion (10.96) of Ax'. Consider the model 
integral 


f dAx 

(A.t) 2 

I 

2e 


(11A.1) 


and assume that Aa: has an expansion of the type (10.96): 

Ax = Ag[l + a 2 Aq + a 3 (Aq) 2 + ...]. 

The integral transforms into 


(11A.2) 


I + 2a 2 Aq + 3a 3 (Aq)' J + ...] exp | — ^ ^ [1 + 2a 2 Aq + 2a 3 {Aq)~ + a~ 2 {Aq ) 2 + .. .]| , 


and is evaluated perturbativelv via the expansion 


/ 


dAq 

\/2'Kt 


exp 


(A q) 


21 


2e 


(Ary) 3 (Ary) 4 2 (Ar?) 4 

i — a 2 - as - a. 2 —-— 

e e 2e 

+ -3^ - 2 al { -^- + 3a s (Ary) 2 + 


If (O )o denotes the harmonic expectation value 

(O )o = / -^==0exp[—(Ary) 2 /2e], 
J \/ AiTie 


(11A.3) 


(11A.4) 


(11A.5) 


one has 


((Aqf) 0 = e, ((Aq) 4 ) 0 = 3!e 2 , ((Aq) 6 ) 0 = 5!e 3 ,... . 


(11A.6) 
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Using these values we find that the a. 2 - and a 3 -terms cancel separately. Precisely this cancellation 
mechanism is active in the separate cancellation of the more complicated expressions V\ B ,v- 2 B in 
Ecp (11.49). 

To demonstrate the cancellations explicitly, consider first the derivative terms in v 3 b . They 
are 

v 3 dr = -\r/' J d { ,T vX} x + \g,rd K V x S (<f V* + g^g™ + g^g vX ). (11A.7) 

Due to the symmetrization of the first term in /w A, this gives zero. The cancellation of the 
remaining terms in v 3 B which are quadratic in T is most easily shown by writing all indices as 
subscripts, inserting g liM \ K from (11.41), and working out the contractions. 

To calculate the uo^-terms, it is useful to introduce the notation Ti m = T flv ,J , r 2p , = 
fvft , r 3 ^ = I, and similarly the matrices fiy, — (T/Oaki fp/— (P/jLa> P 2 /.<—Pa^kj P 2 ^—Pk/^A; 
Esiu=E\ kix , f^=r K A M . For contractions such as Pi^Tim we write TiTi, and for r^r^A we write 
fiPi = f 2 f 2 = r 3 p3, whichever is most convenient. Similarly, P^aTa^ = fif 2 T = f 2 f 3 T = 
f 3 fi. Then we work out 

v- 2 1 = -i[(Pi + r 2 ) 2 - f 3 (fi + ff + f 2 + ff)], (11A.8) 

V2~ = g[r 3 r3 + p 3 (P 3 + ff)], 

v 2 3 = ^[(Pi + r 2 ) 2 + r 3 (Pi + r 2 )j, 

V 2 4 = — —|TT + r 2 ” + P3 2 + 2(rir 2 + r 2 r3 + r 3 ri) 

o 

+ f 3 (fi + ff + f 2 + ff + r 3 + ff)]. 

It is easy to check that the sum of these i^-terms vanishes. 

Incidentally, if the svmmetrizations in (11.49) following from our Jacobian action had been 
absent, we would find the additional terms 

Av 3 dr = \R-\d^ + i(f 3 fT-r 3 r 2 ), ( 11 A. 9 ) 

6 3 o 

Au 3 r2 = -^ 3 f 2 + ^(f 3 f 2 + f 3 ff + r 3 r 2 ), (11A.10) 

whose sum yields the additional contribution to the w 3 B -terms 

As* = \r- \d^ + |f 3 Si, (11A.11) 

after having used the identity 

5 3 f 2 = f 3 S \. (11A.12) 

The first term in (11A.11) is the J?-term derived by K.S. Cheng 4 as an effective potential in the 
Schrodinger equation. 

For ih B , we would find the extra terms 

Auo 1 = —^(riri-f 3 f 2 ) + kri+r 2 ) 2 -f 3 (Pi+ff + f 2 + ff)j, ( 11 A. 13 ) 

z o 

An 2 3 = ^ 1 - P 2 )(Pi + P 2 + Ps), (11 A. 14) 

4 K.S. Cheng, J. Math. Phvs. 13, 1723 (1972). 
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which add up to 


Av 2 = - ifgSi + ~ S\ s 3 , (11A.15) 

where we have written Si for and used some trivial identities such as 

f 3 f 2 ^ = f 3 fi. (11A.16) 

Thus we would obtain an additional effective potential F e ff = (h 2 /M)v with 

V = \ R - l 9 ^ 9 ^ - - r 3 51 ) + (11A.17) 

The second and the fourth term can be combined to 

~l D ^~l T3Sl - (11A.18) 

Due to the presence of T’s in v, this is a noncovariant expression which cannot possibly be physically 
correct. In the absence of torsion, however, v happens to be reparametrization-invariant, and this 
is the reason why the resulting effective potential K e ff = Ti 2 R/QM appeared acceptable in earlier 
works. A procedure which has no reparametrization-invariant extension to spaces with torsion 
cannot be correct. 

Appendix 11B DeWitt’s Amplitude 

Bryce DeWitt, in his frequently quoted paper,* attempted to quantize the motion of a particle 
in a curved space using the naive measure of path integration as in Ecp (10.153), but with the 
short-time amplitude (11.141) with q = q n , q' = q n -\. However, after taking the Jacobian action 
Aj o into account, this leads to an integral kernel K e (q,Aq) which differs from our correct one in 
Eq. (11.4) by an extra factor 


(11B.1) 

This has the postpoint expansion 1 + j^^ M ^(g)Ag M Aq v + ... . When treated perturbativelv, the 
extra term is equivalent to efiR/YlM , Thus, in order to obtain the correct amplitude without an 
extra A-term, DeWitt had to subtract the nonclassical potential Ti 2 R/V2M from the Hamiltonian. 
Such a correction procedure must be rejected on the grounds that it runs contrary to the very 
essence of the path integral approach, in which the contribution of each path is controlled entirely 
by the phase e lA A with the classical action in the exponent. 

The short-time kernel proposed fifteen years later by Cheng requires the artificial subtraction 
of the full effective potential (11.106) to obtain the correct amplitude (11.4). 
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New Path Integral Formula for 
Singular Potentials 


In Chapter 8 we have seen that for systems with a centrifugal barrier, the Euclidean 
form of Feynman’s original time-sliced path integral formula diverges for certain 
attractive barriers. This happens even if the quantum statistics of the systems 
is well defined. The same problem arises for a particle in an attractive Coulomb 
potential, and thus in any atomic system. 

In this chapter we set up a new and more flexible path integral formula which 
is free of this problem for any singular potential. This has recently turned out to 
be the key for a simple solution of many other path integrals which were earlier 
considered intractable. 

12.1 Path Collapse in Feynman’s formula 
for the Coulomb System 

The attractive Coulomb potential V(r) = —e 2 /r has a singularity at the coordinate 
origin r = 0. This singularity is weaker than that of the centrifugal barrier, but 
strong enough to cause a catastrophe in the Euclidean path integral. Recall that 
an attractive centrifugal barrier does not even possess a classical partition function. 
The same thing is true for the attractive Coulomb potential where formula (2.352) 
reads 


Z c \ = 


d 3 x 

— 3 exp 
^2? Th 2 /3/M 



The integral diverges near the origin. In addition, there is a divergence at large 
r. The leading part of the latter can be removed by subtracting the free-particle 
partition function and forming 


= Z d 


d 3 x 


J d | e =0 


^ 27 rtfp/M L 


exp (3 — — 1 

V r ) 


( 12 . 1 ) 
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leaving only a quadratic divergence. In a realistic many-body system with an equal 
number of oppositely charged particles, this disappears by screening effects. Thus we 
shall not worry about it any further and concentrate only on the remaining small-r 
divergence. In a real atom, this singularity is not present since the nucleus is not a 
point particle but occupies a finite volume. However, this “physical regularization” 
of the singularity is not required for quantum-mechanical stability. The Schrodinger 
equation is perfectly solvable for the singular pure —e 2 /r potential. We should 
therefore be able to recover the existing Schrodinger results from the path integral 
formalism without any short-distance regularization. 

On the basis of Feynman’s original time-sliced formula, this is impossible. If a 
path consists of a finite number of straight pieces, its Euclidean action 



can be lowered indefinitely by a path with an almost stretched configuration which 
corresponds to a slowly moving particle sliding down into the —e 2 /r abyss. We 
call this phenomenon a path collapse. In nature, this catastrophe is prevented by 
quantum fluctuations. In order to understand how this happens, it is useful to 
reinterpret the paths in the Euclidean path integral as random lines parametrized 
by r G (r a ,Tb). Their distribution is governed by the “Boltzmann factor” e~ A ^ n , 
whose effective “quantum” temperature is T eff = h/kpfiTf-, — r a ). 1 The logarithm of 
the Euclidean amplitude (x b Tb|x a r a ) multiplied by — T cff defines a free energy 

F — E — k B TS 


ref(2.111) 

lab(2.70) 

est(2.80) 

ref(2.112) 

lab(2.71) 

est(2.81) 


of the random line with fixed endpoints. The quantum fluctuations equip the path 
with a configurational entropy S. This must be sufficiently singular to produce a 
regular free energy bounded from below. Obviously, such a mechanism can only 
work if the exact path integral contains an infinite number of infinitesimally small 
sections. Only these can contain enough configurational entropy near the singularity 
to halt the collapse. 

The variational approach in Section 5.10 has shown an important effect of the 
configurational entropy of quantum fluctuations. It smoothes the singular Coulomb 
potential producing an effective classical potential that is finite at the origin. A 
path collapse was avoided by defining the path integral as an infinite product of in¬ 
tegrals over all Fourier coefficients. The infinitely high-frequency components were 
integrated out and this produced the desired stability. These high-frequency com¬ 
ponents are absent in a finitely time-sliced path with a finite number of pieces, 
where frequencies fl m are bounded by twice the inverse slice thickness 1/e [recall 
Eqs. (2.111), (2.112)]. 

Unfortunately, the path measure used in the variational approach is unsuitable 
for exact calculations of nontrivial path integrals. Except for the free particle and 

lr This amounts to viewing the path as a polymer with configurational fluctuations in space, a 
possibility which is a major topic in Chapters 15 and 16. 
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the harmonic oscillator, these are all based on solving a finite number of ordinary 
integrals in a time-sliced formula. We therefore need a more powerful time-sliced 
path integral formula which avoids a collapse in singular potentials. 

For the Coulomb system, such a formula has been found in 1979 by Duru and 
Klcinert. 2 It has become the basis for solving the path integral of many other 
nontrivial systems. Here we describe the most general extension of this formula 
which will later be applied to a number of systems. For the attractive Coulomb 
potential and other singular potentials, such as attractive centrifugal barriers, it 
will not only halt the collapse, but also be the key to an analytic solution. 

The derived stabilization is achieved by introducing a path-independent width 
of the time slices. If the path approaches an abyss, the widths decrease and the 
number of slices increases. This enables the configurational entropy of Eq. (12.3) to 
grow large enough to cancel the singularity in the energy. To see the cancellation 
mechanism, consider a random line with n links which has, on a simple cubic lattice 
in D dimensions, (2 D) n configurations with an entropy 

S = n log(2T>). (12.3) 

If the number of time slices n increases near the —e 2 fir singularity like const/r, 
then the entropy is proportional to 1/r. A path section which slides down into the 
abyss must stretch itself to make the kinetic energy small. But then it gives up a 
certain entropy S, and this raises the free energy by ksT e sS according to (12.3). 
This compensates for the singularity in the potential and halts the collapse. The 
purpose of this chapter is to set up a path integral formula in which this stabilizing 
mechanism is at work. 

It should be pointed out that no instability problem would certainly arise if we 
were to define the imaginary-time path integral for the time evolution amplitude in 
the continuum 

(xi,Ti,|x»7-») = J V D x(t) / 8XP {(j Ir 

(12.4) 

without any time slicing as the solution of the Schrodinger differential equation 

(hd T + i7)(xr|x a r a ) = H6(r - r a )h (jD) (x - x a ) (12.5) 

[compare Eq. (1.308)]. After solving the Schrodinger equation = E n fi> n (x.), 

the spectral representation (1.323) renders directly the amplitude (12.4). 

All subtleties described above are due to the finite number of time slices in the 
path integral. As explained at the end of Section 2.1, the explicit sum over all 
paths is an essential ingredient of Feynman’s global approach to the phenomena of 

2 I.H. Duru and H. Kleinert, Phys. Lett. B 84, 30 (1979) (http://www.physik.fu-ber- 
lin.de/~kleinert/65); Fortschr. Phys. 30, 401 (1982) (ibid.httip/83). See also the historical 
remarks in the preface. 
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ref(1.319) 

lab(9.8) 

est(9.15) 


quantum fluctuations. Within this approach, the finite time slicing is essential for 
being able to perform this sum in any nontrivial system. 

We now present a general solution to the stability problem of time-sliced 
quantum-statistical path integrals. 


12.2 Stable Path Integral with Singular Potentials 

Consider the fixed-energy amplitude (9.1) which is the local matrix element 

(x 6 |x a )£ = (xfr|_R|x a ) (12.6) 

of the resolvent operator (1.319): 


R 


ifi 

E — H + ir) 


(12.7) 


Recall that the i //-prescription ensures the causality of the Fourier transform of 
(12.6), making it vanish for R < t a [see the discussion after Eq. (1.327)]. 

The fixed-energy amplitude has poles of the form 


(Xj Xfl ) E 


= E 


ih 


E - E n + ir) 


^n(XfeX(x a ) + . 


at the bound-state energies, and a cut along the continuum part of the energy 
spectrum. The energy integral over the discontinuity across the singularities yields 
the completeness relation (1.330). 

The new path integral formula is based on the following observation. If the 
system possesses a Feynman path integral for the time evolution amplitude, it does 
so also for the fixed-energy amplitude. This is seen after rewriting the latter as an 
integral 


(x 6 |x a ) E = / dR(x b \U E (R ^ £ a )|x a ) (12.8) 

Jta 

involving the modified time evolution operator 

U E (t) = e - it{A - E)/n , (12.9) 

that is associated with the modified Hamiltonian 

H e = H-E. (12.10) 

Obviously, as long as the matrix elements of the ordinary time evolution operator 
U(t) = e~ ltH / n can be represented by a time-sliced Feynman path integral, the 
same is true for the matrix elements of the modified operator U E (t ) = e~ ltHE ^ n . Its 
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explicit form is obtained, as in Section 2.1, by slicing the t -variable into iV + 1 pieces, 
factorizing exp(— UHe/K) into the product of N + 1 factors, 


e ~itH E /h _ e -ieH E /h _ _ _ e ~ieH E /h 


( 12 . 11 ) 


and inserting a sequence of N completeness relations 

N r 

n / d D x n |x n )(x n | = 1 (12.12) 

n= 1 ' 

(omitting the continuum part of the spectrum). In this way, we have arrived at the 
path integral for the time-sliced amplitude with t b — t a = e(N + 1) 

~ N r r 1 F r d D r> 1 / j \ 

(x 6 |c/^(4-4)|x„) = n [J dDx n\ n j ^h) 0 exp \h A z ) 7 ( i2 - 13 ) 

where A^ is the sliced action 

N+l 

A E=J2 {Pn( x n - x n _i) - e[H( p„, X n ) - E]} . (12.14) 

n =1 

In the limit of large N at hxed t b — t a — e(N + 1), this defines the path integral 

<x 6 fe(*)|x a > = / V D x(t') exp | ^ ^ dt'[pk(t') - U E (p(t'), x (t'))]} • 

(12.15) 

It is easy to derive a finite -N approximation also for the fixed-energy amplitude 
(xf,|x a )e of Eq. (12.8). The additional integral over 4 > t a can be approximated at 
the level of a finite N by an integral over the slice thickness e: 

roo roo 

/ dt b = (N + 1) / de. (12.16) 

J t a ^ 0 

The resulting finite -N approximation to the fixed-energy amplitude, 

(x 6 |x 0 )f = (N + 1) / de(x 6 |£/^(e(7V + l))|x a ) = / d4(x b |t/Jf (4 - 4)|x a ), 

° (12.17) 

converges against the correct limit (xft|x a )^. As an example, take the free-particle 
case where 

roo j 

(x 6 |x a )f = (N + 1) / de D 

Jo yj2ni(N+ l)eh/M 

xexp i —— (x b - x a ) 2 + iE(N + l)e . (12.18) 


After a trivial change of the integration variable, this is the same integral as in 
(1.343) whose result was given in (1.348) and (1.355), depending on the sign of 
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the energy E. The A-dependence happens to disappear completely as observed in 
Section 2.2.5. In the general case of an arbitrary smooth potential, the convergence 
is still assured by the dominance of the kinetic term in the integral measure. 

The time-sliced path integral formula for the fixed-energy amplitude (x fc |x a )£ 
given by (12.17), (12.13), (12.14) has apparently the same range of validity as the 
original Feynman path integral for the time evolution amplitude (x. b t b \x a t a ). Thus, 
so far nothing has been gained. However, the new formula has an important ad¬ 
vantage over Feynman’s. Due to the additional time integration it possesses a new 
functional degree of freedom. This can be exploited to find a path-integral formula 
without collapse at imaginary times. The starting point is the observation that the 
resolvent operator R in Eq. (12.7) may be rewritten in the following three ways: 


or 


or, more generally, 


R = 


ih 


ME-H + ir,) 


fh 


R 


fr 


ik 

(E-H + vn)fr 


R = Ir¬ 


ik 


ME-H + ir})f, 


fh 


(12.19) 


( 12 . 20 ) 


( 12 . 21 ) 


where fi, f r are arbitrary operators which may depend on p and x. They are called 
regulating functions. In the subsequent discussion, we shall avoid operator-ordering 
subtleties by assuming fi, f r to depend only on x, although the general case can 
also be treated along similar lines. Moreover, in the specific application to follow 
in Chapters 13 and 14, the operators fi, f r to be assumed consist of two different 
powers of one and the same operator /, i.e., 

// = / 1-A , fr = f\ (12.22) 

whose product is 

fi fr = f- (12.23) 


Taking the local matrix elements of (12.21) renders the alternative representations 
for the fixed-energy amplitude 

/s coo ^ 

(x ft |i?|x a ) = (x fe |x a ) B = / ds b (xL b \U E (s b - s a )|xa), (12.24) 

J S a 

where U E (s) is the generalization of the modified time evolution operator (12.9), to 
be called the pseudotime evolution operator , 

U E (s) = /..(xJe^W^-^W/Kx). (12.25) 
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The operator in the exponent, 

U E = /,(x)(if ~£)/ r (x), (12.26) 

may be considered as an auxiliary Hamiltonian which drives the state vectors |x) 
of the system along a pseudotime s-axis, with the operator e -* s ^s( p- x VA Note that 
PLe is in general not Hermitian, in which case Ue(s) is not unitary. 

As usual, we convert the expression (12.24) into a path integral by slicing the 
pseudotime interval (0, s) into IV+1 pieces, factorizing exp(— isPLe/P) into a product 
of N T 1 factors, and inserting a sequence of N completeness relations. The result 
is the approximate integral representation for the fixed-energy amplitude, 

poo 

(xft|x a ) E « (N + l) de s {x b \U^ (e s (N + 1)) |x a ), (12.27) 

Jo 

with the path integral for the pseudotime-sliced amplitude 

N r « i N-\-l n. .n 

(xf \Ue (e s (A^ + 1)) |x a ) = / r (x fe )/,(x a ) Y[ / d D x n " e lA ^ /n , (12.28) 

n=l LJ J n=l L J \ Z7Tn ) . 

whose time-sliced action reads 

JV+l 

Ae = J2 {Pn( x n - Xn-l) ~ e s /;(x n ) [H (p n , X n ) - £]/ r (x n )} . (12.29) 

71—1 

These equations constitute the desired generalization of the formulas (12.13)- 
(12.17). In the limit of large N , we can write the fixed-energy amplitude as an 
integral 

poo ^ 

(xfe|x a )g — / dS(x b \U E (S)\x a ) (12.30) 

Jo 

over the amplitude 

(x 6 |WB(5')|x a ) = / r (x 6 )/ { (x 0 ) Jvx(s ) exp |^,/i ds[px'-?l E (p,x)] j. (12.31) 

The prime on x(s) denotes the derivative with respect to the pseudotime s. 

For a standard Hamiltonian of the form 


with the kinetic energy 



(12.32) 


(12.33) 
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the momenta p n in (12.28) can be integrated out and we obtain the configuration 
space path integral 


{*bpE (e s (N + 1)) |xo) = 


fr(Xb)fl(Xa 


a/ 27rie s //(x fc )/ r (x 0 )h/M 
d D x. 


D 


(12.34) 


N 

*11 

n= 1 


^27 He s f(jCn)h/M 


jA%/h 


with the sliced action 
M 


N +1 ( 

a e= eI- 


ri (2e s / / (x„)/ r (x n _i) 


(x n - x„_i) 2 - e s fi(x n )[V (x n ) - £]/ r (x n _i)l. (12.35) 


In the limit of large N, this may be written as a path integral 


(x ft |W E (S')|x a ) = / r (x 6 )/;(x c 


s)exp-i 


h 


ds 


M 

Vdr 


J2 


fl(V~E)f r 


,(12.36) 


with the slicing specihcation (12.35). 

The path integral formula for the fixed-energy amplitude based on Eqs. (12.30) 
and (12.36) is independent of the particular choice of the functions /)(x),/ r (x), 
just like the most general operator expression for the resolvent (12.21). Feynman’s 
original time-sliced formula is, of course, recovered with the special choice /)(x) = 
/r(x) = 1. 

When comparing (12.25) with (12.9), we see that for each infinitesimal pseudo¬ 
time slice, the thickness of the true time slices has the space-dependent value 


dt = ds/ J (x n )/ r (x n _ i). (12.37) 

The freedom in choosing /(x) amounts to an invariance under path-dependent time 
reparametrizations of the fixed-energy amplitude (12.30). Note that the invariance is 
exact in the general operator formula (12.21) for the resolvent and in the continuum 
path integral formula based on (12.30) and (12.36). However, the finite pseudotime 
slicing in (12.34), (12.35) used to define the path integral, destroys this invariance. 
At a finite value of N, different choices of /(x) produce different approximations to 
the matrix element of the operator Ue{s ) = / r (x)e _ *^ £ ^' x),/?! /)(x). Their quality 
can vary greatly. In fact, if the potential is singular and the regulating functions 
/ r (x), /)(x) are not suitably chosen, the Euclidean pseudotime-sliced expression may 
not exist at all. This is what happens in the Coulomb system if the functions //(x) 
and f r (x) are both chosen to be unity as in Feynman’s path integral formula. 

The new reparametrization freedom gained by the functions //(x), / r (x) is there¬ 
fore not just a luxury. It is essential for stabilizing the Euclidean time-sliced orbital 
fluctuations in singular potentials. 

In the case of the Coulomb system, any choice of the regulating functions 
/z(x),/ r (x) with /(x) = r leads to a regular auxiliary Hamiltonian "H E , and the 
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path integral expressions (12.27)-(12.36) are all well defined. This was the impor¬ 
tant discovery of Duru and Klcinert in 1979, to be described in detail in Chap¬ 
ter 13, which has made a large class of previously non-existing Feynman path in¬ 
tegrals solvable. By a similar Duru-Klcinert transformation with /;(x),/ r (x) with 
/(x) = \Jfi (x)/ r (x) = r 2 , the earlier difficulties with the centrifugal barrier are 
resolved, as will be seen in Chapter 14. 


12.3 Time-Dependent Regularization 


Before treating specific cases, let us note that there exists a further generalization 
of the above path integral formula which is useful in systems with a time-dependent 
Hamiltonian H(p, x, t). There we introduce an auxiliary Hamiltonian 

W = /i( x ,t)[R(P, x ,t) - E]f r {*,t), (12.38) 

where E is the differential operator for the energy which is canonically conjugate to 
the time t\ 


E = Thd t . (12.39) 

The auxiliary Hamiltonian acts on an extended Hilbert space, in which the states 
are localized in space and time. These states will be denoted by |x, t}. They satisfy 
the orthogonality and completeness relations 

{xt|x't'} = <5 (d )(x — x')<5(f — C), (12.40) 

and 

J d D x J dt|xt}{xt| = 1, (12.41) 

respectively. By construction, the Hamiltonian TL does not depend explicitly on the 
pseudotime s. The pseudotime evolution operator is therefore obtained by a simple 
exponentiation, as in (12.25), 

U(s) = f r (x, £) e -WKx,t)(fi-E)JV( x ,t)y. ( x , t y ( 12 .42) 


The derivation of the path integral is then completely analogous to the time- 
independent case. The operator (12.42) is sliced into IV + 1 pieces, and N com¬ 
pleteness relations (12.41) are inserted to obtain the path integral 


{yL b t b \U N (s)\x a t a } 


= / r (x 6 ,4)/)(x a ,C 


N 


xn 

n= 1 


N+l 


d D x 1 ,dt n 


n 


J n= 1 


d D p n dE n 
(‘. 2nh) D 27 rh 


e iAN/n , 


(12.43) 


with the pseudotime-sliced action 


jV+l 

A N = {p«( x « - x n— l) - E n (t n - t n - 1 ) 

n= 1 

-fi( X-rn tn ) [R(Pn, x n,*n) E n ] f r (x n — i, t n — l)}, 


(12.44) 
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where x b = xjy+i, h = tjv+i; x a = x 0 , £ a = to- This describes orbital fluctuations 
in the phase space of spacetime which contains fluctuating worldlines x(s),£(s) and 
their canonically conjugate spacetime p(s), E(s). In the limit N —y oo we write this 
as 


{x 6 t b |W(S')|x a t a } 


x 


/ r (pfe,X 6 ,t fe )/i(p a ,X a ,t a ) 


j V D x(s)Vt{s ) 


V D p(s)VE(s) lA/h 
(2Tth) D 2 tcH 


with the continuous action 


(12.45) 


fS 

A[p,x,E,t] = / ds{p(s)x'(s) — E(s)t\s) 

x(s),t(s)) [H(p(s),x(s),t(s)) - E(s)J f r (p(s),x(s),t(s))}. (12.46) 


In the pseudotime-sliced formula (12.43), we can integrate out all intermediate en¬ 
ergy variables E n and obtain 


N 


{x b t b \U(S)\x a t a } = J] 


71=1 L 


d D X r , 


N+l 

n 

J 77 = 1 

N+l 


d U pr 


(2ith) 


D 


(12.47) 


X 5 tfr t a 6 S ^ ^ //(Pn? X n , t n ^f r (Pn_l ? X n _i, t n —\) J C ^ 


n= 1 


with the action 


N+l 

A ^ ) [Pn(^ra Xji_i) ^sfl (P«X n , £ n )77(p,,,, X n , t n ^f r (Pn—1, X n _i, f n _i)]. 

n =1 . . 

(12.48) 

This looks just like an ordinary time-sliced action with a time-dependent Hamilto¬ 
nian. The constant width of the time slices e = (t b — t a )/(N + 1), however, has now 
become variable and depends on phase space and time: 


£ t £sfl(Pn^m (p n _i, X n _i, £ n _i) . (12.49) 

The 5-function in (12.47) ensures the correct relation between the pseudotime s and 
the physical time t. In the continuum limit we may write (12.47) as 

{x b t b \ti(S)\x a t a } = J V D x{s) J ~ ta ~ Jo ds /( x >*)) ewi/R » (12-50) 

with the pseudotime action 

A[p,x,t\=l ds [px r — fi(x, t)H(p, x, t)f r (x, t )], (12.51) 

Jo 

which is a functional of the s-dependent paths x(s), p(s), t(s). Note that in the 
continuum formula, the splitting of the regulating function f(x,t) into and 
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/ r (x, t) according to the parameter A in Eq. (12.22) cannot be expressed properly 
since fi,H, and f r are commuting c-number functions. We have written them in a 
way indicating their order in the time-sliced expressions (12.47), (12.48). 

The integral over S yields the original time evolution amplitude 


(x{,f a |x a f a ) = / dS{x b t b \U(S)\x a t a } 



ih 

H-E 



(12.52) 


Indeed, by Fourier decomposing the scalar products {x&4|x a £ a }, 


{x b t 6 |x a t a } = 


d u p 


(2tt Ti) 


D 


dE 

2tt h 


,ip(x b -X a )/h—lE(t b —t a )/h 


(12.53) 


we see that the right-hand side satisfies the same Schrodinger equation as the left- 
hand side: 


[H(-ihd x ,x.,t) - ihd t ] (xf |x a f a ) = -iM (D) (x - x a )S(t - t a ) (12.54) 

[recall (1.308) and (12.5)]. If the ^-function in (12.47) is written as a Fourier integral, ref(1.308) 

we obtain a kind of spectral decomposition of the amplitude (12.52), lab(xl.327) 

est(1.327) 

/ oo . (■ oo ^ 

dEe~ lE(tb ~ ta),h / dS{x b t b \U E (S)\x a t a }, (12.55) 

-oo J 0 

with the pseudotime evolution amplitude: 

Ue(s) = /,(p, X, X) t y (12 . 56) 


12.4 Relation to Schrodinger Theory. Wave Functions 

For completeness, consider also the ordinary Schrodinger quantum mechanics de¬ 
scribed by the pseudo-Hamiltonian Ti. This operator is the generator of transla¬ 
tions of the system along the pseudotime axis s. Let 0(x, t, s ) be a solution of the 
pseudotime Schrodinger equation 

TL( p, x, E, £)0(x, t, s ) = ihd s qb(x, t, s), (12.57) 

written more explicitly as 

/z(x, t) [H( p, x, t) - ihd t \ /r(x, t)0(x, t, s ) = ihd s (j){x, t, s ). (12.58) 

Since the left-hand side is independent of s, the s-dependence of 0(x, t, s ) can be 
factored out: 

0(x, t, s ) = <j) £ (x, t)e~ lSs,n . (12.59) 

If E[ is independent of the time t, it is always possible to stabilize the path integral by 
a time-independent reparametrization function /(x). Then we remove an oscillating 
factor e~ lEt / h from 0g(x, t) and factorize 

fo(x,t) = (t)£ )E {x)e~ lEt/h . (12.60) 
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This leaves us with the time- and pseudotime-independent equation 

H{ P, x, E)</>£, E (x) = fi(x) [H( p, x) - E] / r (x)0 £)B (x) 

= £0^(x). (12.61) 

For each value of E, there will be a different spectrum of eigenvalues £ n . This 
is indicated by writing the eigenvalues £ n as £ n (E) and the associated eigenstates 

0f„,E(x) as <j)£ n (E)- 

Suppose that we possess a complete set of such eigenstates at a fixed energy 
E labeled by a quantum number n (which is here assumed to take discrete values 
although it may include continuous values, as usual). We can then write down a 
spectral representation for the local matrix elements of the pseudotime evolution 
amplitude (12.25): 

(x b |W E (S)|x a ) = / r (x 6 )/ / (x a ) ^</> 5 n( E ) (x b )^ n(E) (x a )e" lS£ " (jB)/7i . (12.62) 

n 

From this we find the expansion for the fixed-energy amplitude (12.24): 

_^ 'ify 

(Xfc|X a ) E = / r (x b )/,(Xo) ^</>£n(E)(x6)# n(E) (Xfl)——. 

n £'n\-E / ) 

The time evolution amplitude is given by the Fourier transform 

(x 6 4|x a t a ) = / r (x 6 )/,(x a )^^e lE(tb “ ta)/7i ^(/. fn(E) (x b )0^ n(jE;) (x a )^^y. (12.63) 

This is to be compared with the usual spectral representation of this amplitude for 
the time-independent Hamiltonian E[ 

(x b 4|x a t a ) = ^'0n(xb)C( x a)e _lSn(tf ' _ta)/?i , (12.64) 

n 

where ?/; n (x) are the solutions of the ordinary time-independent Schrodinger equa¬ 
tion: 


H (p, x)'0„(x) = K^n(x). 


(12.65) 


The relation between the two representations (12.63) and (12.64) is found by ob¬ 
serving that for the energy E coinciding with the energy E n , the eigenvalue £ n {E) 
vanishes, i.e., ih/£ n (E) has poles at E = E n of the form 


ik 1 ik 

£ n (E) £' n (E n ) E — E n + irj ' 


( 12 . 66 ) 


These contribute to the energy integral in (12.63) with a sum 

(x 6 t fe |x a t a ) ~ fr(xb)fiM IZ^n { Sn ) (xfe)(/.£ n(En) (x a )e- l ' En(ti '-* a)/?i . (12.67) 

n 


A comparison with (12.64) shows the relation between the bound-state wave func¬ 
tions of the ordinary and the pseudotime Schrodinger equation. In general, the 
function ih/£ n (E) also has cuts whose discontinuities contain the continuum wave 
functions of the Schrodinger equation (12.65). 

These observations will become more transparent in Section 13.8 when treating 
in detail the bound and continuum wave functions of the Coulomb system. 
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Et modo quae fuerat semita, facta via est 

What was only a path is now made a high road 
Martial (40-103), Epig., Boole 7, 60 


13 

Path Integral of Coulomb System 


One of the most important successes of Schrodinger quantum mechanics is the expla¬ 
nation of the energy levels and transition amplitudes of the hydrogen atom. Within 
the path integral formulation of quantum mechanics, this fundamental system has 
resisted for many years all attempts at a solution. An essential advance was made 
in 1979 when Duru and Kleinert [1] recognized the need to work with a generalized 
pseudotime-sliced path integral of the type described in Chapter 12. After an appro¬ 
priate coordinate transformation the path integral became harmonic and solvable. 
A generalization of this two-step transformation has meanwhile led to the solution 
of many other path integrals to be presented in Chapter 14. The final solution of 
the problem turned out to be quite subtle due to the nonholonomic nature of the 
subsequent coordinate transformation which required the development of a correct 
path integral in spaces with curvature and torsion [2], as done in Chapter 10. Only 
this made it possible to avoid unwanted fluctuation corrections in the Duru-Klcinert 
transformation of the Coulomb system, a problem in all earlier attempts. 

The first consistent solution was presented in the first edition of this book in 
1990. 


13.1 Pseudotime Evolution Amplitude 


Consider the path integral for the time evolution amplitude of an electron-proton 
system with a Coulomb interaction. If m e and m p denote the masses of the two 
particles whose reduced mass is M — rn e rn p /(rn e + m p ), and if e is the electron 
charge, the system is governed by the Hamiltonian 


H 



(13.1) 


The formal continuum path integral for the time evolution amplitude reads 


(x fe 4|x a f a ) = / V 3 x(t) exp 


[h Jt b 


dt( px — H) 


(13.2) 


940 
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As observed in the last chapter, its Euclidean version cannot be time-sliced into a 
finite number of integrals since the paths would collapse. The paths would stretch 
out into a straight line with x w 0 and slide down into the 1/r-abyss. A path 
integral whose Euclidean version is stable can be written down using the pseudotime 
evolution amplitude (12.28). A convenient family of regulating functions is 

/i(x) = /(x) 1- \ /r(x) = /(x) A , (13.3) 

whose product satisfies /)(x)/ r (x) = /(x) = r. Since the path integral represents the 
general resolvent operator (12.21), all results must be independent of the splitting 
parameter A after going to the continuum limit. This independence is useful in 
checking the calculations. 

Thus we consider the fixed-energy amplitude 

POO ^ 

(x 6 |x a ) E = / dS(x b \U E (S)\x a ), (13.4) 

Jo 

with the pseudotime-evolution amplitude 

( x b \U E (S)\x„)=rt;rp x Jv D x(s ) J AAl expJiL ^ (js[px' - - S)r A ]J , 

(13.5) 


where the prime denotes the derivative with respect to the pseudotime argument 
s. For the sake of generality, we have allowed for a general dimension D of orbital 
motion. After time slicing and with the notation Ax n = x n — x n _i, e s = S/ (N + 1), 
the amplitude (13.5) reads 


N+l 


n =2 


n N+l 


* .. f' 00 - _ 

(x 6 |W B (S')|x a ) « r£rl~ x / d D Ax n 

_O U—oo J_i 

where the action is 


J n =1 


r°o rfD p 


D 


N+l 


[P, X] = J] 


n =1 


Pn Ax n - e s r\ A r A „ 1 


P. 


2 M 


/-oo (2irh) 


— E + e s e“ 


JA%/h 


(13.6) 


(13.7) 


The term e s e 2 carries initially a factor (r n -i/r n ) A which is dropped, since it is equal 
to unity in the continuum limit. When integrating out the momentum variables, 
N + 1 factors 1/(^ _A r n-i) D ^ 2 appear. After rearranging these, the configuration 
space path integral becomes 


(x fe |W E (S')|x a ) 


A„l—A 


r,:r 


b 1 a 


y/2nie s hrl X r+M «=2 [ J yj2me s hr n -i/M \ 
with the pseudotime-sliced action 


N+l 

n 


d D Ax„ 


D 


j-AJS. [x,x']/n 


j(13.8) 


N+l 


Ae [x, x] = (N + l)e s e 2 + 


n=l 


M (Ax ra ) 2 

9 fz rr* 1 — A rv* A 
^ n 1 n —1 


+ is r n E 


(13.9) 
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In the last term, we have replaced r l n x, rf_ 1 by r n without changing the continuum 
limit. The limiting action can formally be written as 

Ae[x, x'] = e 2 S + J ds x' 2 + Er^j . (13.10) 

We now solve the Coulomb path integral first in two dimensions, assuming that the 
movement of the electron is restricted to a plane while the electric held extends 
into the third dimension. Afterwards we proceed to the physical three-dimensional 
system. The case of an arbitrary dimension D will be solved in Chapter 14. The one¬ 
dimensional case will not be treated here. The exact energy levels were found before 
at the and of Section 4.1 from a semiclassical expansion. For a long time, the one¬ 
dimensional Coulomb system was only of mathematical interest. Recently, however, 
it has received increased attention due to the possibility of forming hydrogen-like 
bound states in quantum wires [3]. 

13.2 Solution for the Two-Dimensional Coulomb System 

First we observe that the kinetic pseudoenergy has a scale dimension [■ rp 2 ] ~ [r^ 1 ] 
which is precisely opposite to that of the potential term [r +1 ]. The dimensional 
situation is similar to that of the harmonic oscillator, where the dimensions are 
[p 2 ] = [r -2 ] and [r +2 ], respectively. It is possible make the correspondence perfect 
by describing the Coulomb system in terms of “square root coordinates”, i.e., by 
transforming r —> u 2 . In two dimensions, the appropriate square root is given by 
the Levi-Civita transformation 


x 2 = 2 u x u 2 . (13.11) 

If we imagine the vectors x and u to move in the complex planes parametrized by 
x = x 1 + ix 2 and u = u 1 + iu 2 , the transformed variable u corresponds to the 
complex square root: 


U=y/x. (13.12) 

Let us also introduce the matrix 

= “«■)• < m3 > 

and write (13.11) as a matrix equation: 

x = A(u)u. (13.14) 

The Levi-Civita transformation is an integrable coordinate transformation which 
carries the flat rF-space into a flat td l -space. We mention this fact since in the later 
treatment of the three-dimensional hydrogen atom, the transition to the “square root 
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coordinates” will require a nonintegrable (nonholonomic) coordinate transformation 
defined only differentially. As explained in Chapter 10, such mappings change, in 
general, a flat Euclidean space into a space with curvature and torsion. The gener¬ 
ation of torsion is precisely the reason why the three-dimensional system remained 
unsolved until 1990. In two dimensions, this phenomenon happens to be absent. 

If we write the transformation (13.11) in terms of a basis dyad e^(u) as dx l = 
e\(u) du A this is given by 


dx l 


£ ^ U) = d^ 


[u) = 2A\{u), 


with the reciprocal dyad 


e/(u) = u) = 


—AV(u) 
2u 2 M ; 


The associated affine connection 

a _ „ A 


r ^ = —[(d^A) 1 A] uX 


u z 


(13.15) 


(13.16) 


(13.17) 


has the matrix elements (T 

(r,)„ 


^ p A. 

yL)v 1 /j,v • 


u 1 — V? 


(r 


2 


U z 




u 


u 


2u 2 


A(u) 


u 2 u 1 


-u 1 u 2 


The affine connection satisfies the important identity 

T _ o 

which follows from the defining relation 

T/ A = e\, 

by inserting the obvious special property of e\ 

= d 2 u x l {n) = 0 , 


(13.18) 

(13.19) 

(13.20) 

(13.21) 


using the diagonality of g^ w = S^ v /4r. 

The identity (13.19) will be shown in Section 13.6 to be the essential geometric 
reason for the absence of the time slicing corrections. 

The torsion and the Riemann-Cartan curvature tensor vanish identically, the 
former because of the specific form of the matrix elements (13.18), the latter due to 
the linearity of the basis dyads e* M (u) in u which guarantees trivially the integrability 
conditions, i.e., 


e* A (<9 /t e\ - d u e \) = 0, 
ei K {d^d v - dvdp) e\ = 0, 


(13.22) 

(13.23) 
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and thus S^ x = 0, R^ v \ K = 0. 

In the continuum limit, the Levi-Civita transformation converts the action 
(13.10) into that of a harmonic oscillator. With 

x' 2 = 4u 2 u' 2 = 4r u' 2 (13.24) 


we find 

v4.[x] = e 2 S + J ds —u' 2 + Eu 2 ^j . (13.25) 

Apart from the trivial term e 2 S, this is the action of a harmonic oscillator 

A s [u] = [ ds^-(u 2 - u 2 u 2 ), (13.26) 

Jo 2 

which oscillates in the pseudotime s with an effective mass 

H = AM, (13.27) 

and a pseudofrequency 

to = J-E/2M. (13.28) 

Note that to has the dimension 1/s corresponding to [ca] = [r/t] (in contrast to a 
usual frequency whose dimension is [ 1 /1]). 

The path integral is well defined only as long as the energy E of the Coulomb 
system is negative, i.e., in the bound-state regime. The amplitude in the continuum 
regime with positive E will be obtained by analytic continuation. 

In the regularized form, the pseudotime-sliced amplitude is calculated as fol¬ 
lows. Choosing a splitting parameter A = 1/2 and ignoring for the moment all 
complications due to the finite time slicing, we deduce from (13.14) that 


dx = 2A(u)du, (13.29) 

and hence 


d 2 x n = 4u n 2 d 2 it n . 


(13.30) 


Since the x- and the u-space are both Euclidean, the integrals over Ax„ in (13.8) 
can be rewritten as integrals over x n , and transformed directly to u n variables. The 
result is 

(x 6 |W B (S')|x a ) = I e * e25/?i [(u 6 S'|u a 0) + (-u fc S|u a 0)], (13.31) 

where (uf,S'|u a 0) denotes the time-sliced oscillator amplitude 


(u 6 S'|u a 0) 


1 N 

~ —-—n 

2 mhe s /n 
x exp 


d 2 u r , 


2mUe s / n 


i N // 

t l-l f a. 2 2 2 

Wd — Au„ - e s oo u„ 

11 n= 1 Z 


(13.32) 
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Figure 13.1 Illustration of associated final points in u-space, to be summed in the 
oscillator amplitude. In x-space, the paths run from x a to x^ once directly and once after 
crossing the cut into the second sheet of the complex function u = \fx. 

The evaluation of the Gaussian integrals yields, in the continuum limit [recall 
(2.177)]: 

(u 6 S'|u a 0) = ^ — - exp ^ [(u b 2 + u a 2 ) cos ujS - 2u fe u a ] j . (13.33) 

2mn smuS IzhsmuS J 

The symmetrization in Uf, in Eq. (13.31) is necessary since for each path from x a to 

x b , there are two paths in the square root space, one from u a to u b and one from u a 

to — u b (see Fig. 13.1). 

The fixed-energy amplitude is obtained by the integral (13.4) over the pseudo- 
time evolution amplitude (12.18): 

roo .On/ 1 

(x b \x a ) E = d.Se ie s/h -[(u fe S'|u a 0) + (-u 6 S'|u a 0)]. (13.34) 

Jo 4 

By inserting (13.33), this becomes 

(x 6 |x a )£ = - / dSexp(ie 2 S/h)F 2 (S) 

2 Jo 

x exp —tcF 2 (S)(uI + uI)cosujS cosh 27cF 2 (S)u b u a , (13.35) 
with the abbreviation 

F(S) = \J iuuj/ 2nih sin u/S , (13.36) 

for the one-dimensional fluctuation factor [recall (2.171)]. The coordinates U;, and 
u a on the right-hand side are related to x b x a on the left-hand side by 

u l,b = r a,b, u b u a = \J (r b r a + x b x a )/2. (13.37) 

When performing the integral over S, we have to pass around the singularities in 
F(S) in accordance with the ^//-prescription, replacing u —> cu — irj. Equivalently, we 
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can rotate the contour of S-integration to make it run along the negative imaginary 
semi-axis, 

S = —icr, a E (0, oo). 

This amounts to going over to the Euclidean amplitude of the harmonic oscillator 
in which the singularities are completely avoided. The amplitude is rewritten in a 
more compact form by introducing the variables 


Then 


q = e~ 2iujS = e~ 2u}CT , 

(13.38) 

uu 2 Mu / 77Z77T3 

“ - 2ft = h = 

(13.39) 

e 2 / e 4 M 

^ ~ 2cuh V-2 Ti 2 E' 

(13.40) 

ttF 2 (S) = k , 

(13.41) 


e ie*s/h F 


2 Q x ! 2 ~ v 

-, 

7r 1 — q 


(13.42) 


and the fixed-energy amplitude of the two-dimensional Coulomb system takes the 
form 


M f 1 q~ 1/2 ~ u 

(x 6 |x a ) E = -i— / dp — -cos 

nn Jo 1 — q 


2 ( r & r “ + x ^ x «)/ 2 


x exp 


—k 


1 + Q 
1 ~ Q 


0 r b + T a ) 


(13.43) 


Note that the integral converges only for v < 1/2. Expanding the integrand in 
powers of p the integral can be done and yields a sum over terms 1/ (i/— 1/2), 1/iy — 
3/2),... . The residues can be factorized into a sum e *W>6 e -*W> a _|_ e -im<p be im<t > a . 
where (f> are the azimuthal angle of the two-dimensional vectors x. Thus we obtain 
a spectral decomposition of the amplitude: 


ik 


n— 1 


(Xfe|x a ) E = ]T 5] ^n r ,m(x 6 X r!m (x b ) +-0n r -m(x 6 )C r - m (x 6 ) J , (13.44) 

71=1 n 777=0 


where 


l/V,7n(x) = -^=R nr ,\ m \(r)^=e tm,p , r = 


(13.45) 


are the wave functions and 


^ Me 4 1 
n ~~ n 4 (n-i)2 


(13.46) 
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the energy eigenvalues. The principal quantum number n is related to the radial 
quantum number n r = 0,1, 2, 3,... and the azimuthal quantum number m by 
n — n r + \m\ + 1. The radial eigenfunctions are expressed in terms of confluent 
hypergeometric functions (9.45) as 

-^Rn r ,\m\(r) = N nrt \ m \ J e r/rn 1 F l (-n + \m\ + 1, 2|m| + 1, 2 r/r n ), (13.47) 

where r n = (n — ^)r H = ( n — 1/2) Me 2 /ft 2 , and [5] 


N, 


n r ,|ra| — 


1 

(n + |m| — 1) 

m ! \ 

(2 n — 1 )(n — \m\ 


(13.48) 


It is possible to write down another integral representation converging for all 
v ^ 1/2, 3/2, 5/2,.... To do this we change the variable of integrations to 


c = 


1 + Q 
1 - Q 


so that 


dg 


(i -e) 


l C -1 

2 = O d C, ff=-- 


C + 1 


(13.49) 


(13.50) 


This leads to 


(x 6 |x a ) B = ~i— -f^ dc(c-i)" 1/2 (c+ir 1/2 

x cos ^2n\JC 2 - 1 \]{r b r a + x 6 x a )/2| e ~ <[rb+ra) . (13.51) 

The integrand has a cut in the complex /-plane extending from z — — 1 to — oo 
and from / = 1 to oo. The integral runs along the right-hand cut. The integral is 
transformed into an integral along a contour C which encircles the right-hand cut 
in the clockwise sense. Since the cut is of the type (/ — l) - ^ 1 / 2 , we may replace 


/ OO 

d((( ~ 1) 


—v—1/2 




ire 


itr(v+l/2) 


sin[7r(i/ + 1/2)] 2iri Jc 
and the fixed-energy amplitude reads 

d( 


: [ dC(C ~ 1 ) 

l Jc 


—v—1/2 


(13.52) 


.Ml vre^+i/2) 

( x 6 X a)-E — — 7 i i /oM 
irn 2 sm[7r(i/ + 1/2)J 


f c T (c ^ ir ^ +1) 


v—1/2 


X COS 


2 n\J( 2 - 1 (r b r a + x 6 x a )/2 


0 -^Cb+ra) 


(13.53) 
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13.3 Absence of Time Slicing Corrections for D = 2 

We now convince ourselves that the finite thickness of the pseudotime slices in the intermediate 
formulas does not change the time evolution amplitude obtained in the last section [6]. The reader 
who is unaware of the historic difficulties which had to be overcome may not be interested in the 
upcoming technical discussion. He may skip this section and be satisfied with a brief argument 
given in Section 13.6. 

The potential term in the action (13.9) can be ignored since it is of order e s and the time 
slicing can only produce higher than linear correction terms in e s which do not contribute in the 
continuum limit e s —> 0. The crucial point where corrections might enter is in the transformation 
of the measure and the pseudotime-sliced kinetic terms in (13.8), (13.9). In vector notation, the 
coordinate transformation reads, at every time slice n, 

x n = A(u„)u n . (13.54) 

Among the equivalent possibilities offered in Section 11.2 to transform a time-sliced path 
integral we choose the Taylor expansion (11.56) to map Ax into Au. After inserting (13.15) into 
(11.56) we find 


Ax* = 2A\{u)Au» - d v A i ll (u)Au> i Au v . (13.55) 

Since the mapping x(u) is quadratic in u, there are no higher-order expansion terms. Note that due 
to the absence of curvature and torsion in the u-space, the coordinate transformation is holonomic 
and Ax can also be calculated directly from x(u) — x(u — Au). Indeed, using the linearity of A(u) 
in u, we find from (13.54) 

Ax„ = A(u n )u„ - A(u„_i)u„_i = 2A(u„ - ±Au„)Au„ = 2A(u„)Au„, (13.56) 

where u„ is average across the slice. The Taylor expansion of A{ u„ — |Au„) has only two terms 
and leads to (13.55). 

Using (13.56) we can write 


(Ax„) 2 = 4u 2 (Au„) 2 , 

u„ = (u n + u n _i)/2. 


(13.57) 

(13.58) 


The kinetic term of the short-time action in the nth time slice of Eq. (13.9) therefore becomes 

M (A x„) 2 M 4u 2 


^ 26,rA"M_ 1 2e s K)i-A (u 2_ t) A 

This is expanded around the postpoint and yields 


(Au n ) . 


U„ = u, 


- -All,, 


(u 2 ) 1_ A ( U 2 _! ) A 


u„_i = u n — Au„, 
= 1 + (2A — 1) 


u„ Au„ 


+ I I- A 


Au„ 


2A 


i n Au„ 


It is useful to separate the short-time action into a leading term 

- (Au,,) 2 


Ag(Au„) = 4 M- 


2e s 


(13.59) 


(13.60) 

(13.61) 


(13.62) 


(13.63) 
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plus correction terms 


A A e = AM 


(Au.„ 

2e, s 


(13.64) 




Vlf 


-A 


Au„ 


Uf 


2A 2 


u„ Au, 


uf 


which will be treated perturbatively. 

In order to perform the transformation of the measure of integration in (13.8), we expand Ax 
accordingly: 


Ax 1 = 2a4 < M (u-^Au)Au # * 

= 24V(u)A^ - d v A\{u)Au li Au v . 


(13.65) 


The indices n have been suppressed, for brevity. This expression has, of course, the general form 
(10.96), after inserting there 


e* M (u) = 2A* M (u). 


(13.66) 


Since the transformation matrix A^u) in (13.15) is linear in u, the matrix e l Al (u) has no second 
derivatives, and the Jacobian action (11.60) and (10.145) reduce to 

j-Aj = -eSe\^ } Au"-^eSe i {K , I/} e j K e\ tX Au v Au x 

= -T {vti fAu v - ±r { „ (t} 'T { „ A} '‘Ai i *'Au A . 

The expansion coefficients are easily calculated using the reciprocal basis dyad 

1 „• 


as 



e * 2u 2 6 K ’ 

II 

€i' d v e M = — 5 -, 

u z 

' M _ 
fiv — 

i „ „ 2vf 

c vd^ei — 2 

u- 

\ K _ 

Xfi — 

-d\ei K d u e l K = - 


(13.67) 

(13.68) 


(13.69) 


The second equation is found directly from 

__Q e M — o 


= -<9 M (2u 2 ) 1 e\ = 


ri/A„2 


2u^u- 


(13.70) 


which, in turn, follows from the obvious identity d^e 1 M = 0. Note that the third expression in 
(13.69) is automatically equal to T{ j , k } c T{ A(T } k , i.e., of the form required in (13.67), since the iC- 
space has no torsion and r„ K CT = T K!/ ' T . After inserting Eqs. (13.69) into the right-hand side of 
(13.67), we find the postpoint expansion 


n A ‘- = - 


i n Au„ 


Au„ 2 | o ( uAu„ 

O I ^ 


V < 


(13.71) 


The measure of integration in (13.8) contains additional factors n,,r„,r a which require a further 
treatment. First we rewrite it as 

\2A—1 N r /■ j2 a .. 1 1 N r /■ a n Af+l 


C n/r a ) 2 


27t ie s h 


n 


d 2 Ax n 


2me s r n -i/M 


1 


2me s h 

1 

2-Kit Jh 


n 

n= 1 
N+l r 

n 


d 2 Axn 


n—2 L ' 


27rie s hr n /M 

d 2 Ax n 


n 


r n -i 


2A 


2-Kie s hr n /M \ 


e iAf /n 


(13.72) 
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On the left-hand side, we have shifted the labels n by one unit making use of the fact that with 
Ax„ = x„ — x„_i we can certainly write 1 d 2 Ax n = n«=i / d 2 Ax n . In the first expression 

on the right-hand side we have further shifted the subscripts of the factors l/r n _i in the integral 
measure from n — 1 to n and compensated for this by an overall factor Y\n=i i r n/ r n-i)■ Together 
with the prefactor (rb/r a ) 2A_1 , this can be expressed as a product Y\n=\ (x n /r n -{) 2X . There is 
only a negligible error of order e 2 at the upper end [this being the reason for writing the symbol w 
rather than = in (13.72)]. In the last part of the equation we have introduced an effective action 

JV+l 

•*/=£•*/ ( 13J3 ) 

n= 1 


due to the (r n /r„_i) 2A factors, with 



2Alog 



2Alog —y 2 —■ 

<—i 


(13.74) 


The subscript f indicates that the general origin of this term lies in the rescaling factors 
/z(x 6 ),/ r (x a ). 

We now go over from Ax n - to Au„-integrations using the relation 


d 2 Ax = 4u 2 d 2 Au exp y^Ajj . (13.75) 

The measure becomes 

1 x 4 fr 

2 2 • 2irie s Ti 

n=1 

where A^ is the sum over all time-sliced Jacobian action terms Aj of (13.71): 

N+l 

A N J = E A J- ( 13 - 7? ) 

71=1 

The extra factors 2 in the measure denominators of (13.76) are introduced to let the u„-integrations 
run over the entire u-space, in which case the x-space is traversed twice. 

The time-sliced expression (13.76) has an important feature which was absent in the continuous 
formulation. It receives dominant contributions not only from the region neighborhood u„ ~ u„_i, 
in which case (Au„) 2 is of order e s , but also from u„ ~ —u„_i where (u„) 2 is of order e s . This 
is understandable since both configurations correspond to x„ being close to x ra _i and must be 
included. Fortunately, for symmetry reasons, they give identical contributions so that we need to 
discuss only the case u„ ~ u n _i, the contribution from the second case being simply included by 
dropping the factors 2 in the measure denominators. 

To process the measure further, we expand the action A f j (13.76) around the postpoint and 

find 


4<i Aun 


2 • 2-Kie s Ti/M I 


exp 




JVn 


(13.76) 



2 Alog (w;) =2A 


-,Au „ Au 




11) 


l +2 (^' 2 

\ \l z 

\ n 


(13.78) 


A comparison with (13.71) shows that adding ( i/K)A ) and ( i/K)Aj merely changes 2A in Aj into 
2A-1. 

Thus, altogether, the time-slicing produces the short-time action 


A e — Aq + A corr A e , 


(13.79) 
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with the leading free-particle action 


Mo(Au„) = AM 


(Au„) 2 

2e s 


(13.80) 


and the total correction term 


^A COII A e = UAA £ + A e j + A}) 


i Au„ 2 

= -4M—— 

h 2e s 


+ (2A — 1) 


, , u„ Au„ 


u„Au„ Au, ( 




Au„ 


+ 2A" 


u„Au,- 


uf 


U; 


+ 2 


Ur, Au, 


U„ 


(13.81) 


We now show that the action A corr M e is equivalent to zero by proving that the kernel associated 
with the short-time action 


r(Au) = 


■ exp 


2 • 2-Kie s ti/M 

is equivalent to the zeroth-order free-particle kernel 

4 


+ A corr *4 e ) 


^o(Au) = 


2 • 2nie s h/M 


exp 


-A e 

h A ° 


(13.82) 


(13.83) 


The equivalence is established by checking the equivalence relations (11.71) and (11.72). For the 
kernel (13.82), the correction (11.71) is 


Ci=C = exp ^-A corr M e J - 1. 

It has to be compared with the trivial factor of the kernel (13.83): 

C 2 = 0. 

Thus, the equivalence requires showing that 

<C) 0 = 0, 

(C (pAu)) 0 = 0. 

The basic correlation functions due to Jf^Au) are 

(A'/Am")o = 


(Aw Ml • • • Aw M2n ) 0 = 


= YV- 


(PI-'* 2 ”, n > 1, 


\AM J 

where the contraction tensors of Eq. (8.64), determined recursively from 

jpi...p2n = JMlA»2jAl3M4...Al2n I A»4 • • M2n _|_ I A»2n £A*2 H3 • • -A^n-1 


(13.84) 

(13.85) 

(13.86) 

(13.87) 

(13.88) 

(13.89) 


They consist of (2 n — 1)!! products of pair contractions 5^^+ More specifically, we encounter, in 
calculating (13.86), expectations of the type 


((Au, 2t (uAu) si }o = (Ad 1+1 A±A±hlI)!!! (2i _ 1 >!!(„*>' 


\ AM J 


(D + 21 — 2)!! 


(13.90) 
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and 


((Au) 2fc (uAu) 2i (uAu)(pAu)) 0 =^y +;+1 [g (+ 2 j fc 2 + ? ! )]!! (2;-l)!!(up), (13.91) 

where we have allowed for a general u-space dimension D. Expanding (13.86) we now check that, 
up to first order in e s , the expectations (C )o and (C (pAu)) 0 vanish: 


(C) 0 = ^(A COII A e )o + ^ 


((A corr H £ ) 2 ) 0 = 0, 


(C (pAu)) 0 = -(A corr H £ (pAu)) 0 = 0. 
h 


Indeed, the first term in (13.92) becomes 


i . . ... „ fie s 

-(A corr H £ ) 0 = 2 


- ( 4- A 


(D + 2)D _ 2x2 D+ 2 


16 


16 


and reduces for D = 2 to 



corr 


W> 


o — 




(13.92) 

(13.93) 


(13.94) 


(13.95) 


This is canceled identically in A by the second term in (13.92), which is equal to 


1 

2 ! 


((A corr Al £ r)o = 


i he s 
2M 


4(2A - i)2 (£d_4)P_+2) 4 ( 2A _ 1)2 1 _ g(2A _ X )2 

64 4 


D + 2' 

16 J ’ 

(13.96) 


and reduces for D = 2 to 


1 

2 ! 



((A corr Al £ ) 2 )o 




(13.97) 


Similarly, the expectation (13.93), 

(A corr Al £ (pAu)) 0 = -^[(2A - 1 )(D + 2)/4 - (2A - 1)], (13.98) 

is seen to vanish identically in A for D = 2. 

Thus there is no finite time slicing correction to the naive transformation formula (13.34) for 
the Coulomb path integral in two dimensions. 


13.4 Solution for the Three-Dimensional Coulomb System 

We now turn to the physically relevant Coulomb system in three dimensions. The 
first problem is to find again some kind of “square root” coordinates to convert 
the potential —Er in the pseudotime Hamiltonian in the exponent of Eq. (13.5) 
into a harmonic potential. In two dimensions, the answer was a complex square 
root. Here, it is a “quaternionic square root” known as the Kustaanheimo-Stiefel 
transformation , which was used extensively in celestial mechanics [7]. To apply this 
transformation, the three-vectors x must first be mapped into a four-dimensional 
tC-space (// = 1, 2, 3,4) via the equations 

x l = za l z , r = (13.99) 
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Here a 1 are the Pauli matrices (1.448), and z,z the two-component objects 

*=(z*i,zZ), (13.100) 

called “spinors”. Their components are related to the four-vectors u^ by 



zi = ( u 1 + iu 2 ), z 2 = (w 3 + iu A ). 


(13.101) 


The coordinates u^ can be parametrized in terms of the spherical angles of the 
three-vector x and an additional arbitrary angle 7 as follows: 

Zi = y/r cos(9/2)e~ t ^‘ p+ ' y M 2 \ 

Z2 = Vrsin(0/2)e i ^- T )/ 2 l 


In Eqs. (13.99), the angle 7 obviously cancels. Each point in x-space corresponds to 
an entire curve in tC-space along which the angle 7 runs through the interval [ 0 , 47 t]. 
We can write (13.99) also in a matrix form 


/ x 1 
x 2 
\ x 3 


A(u) 


( u l \ 

u 2 
u 3 

W 4 / 


with the 3x4 matrix 



( u 3 

u A 

u 1 

u 

A(u) = 

u A 

— u 3 

-u 2 

u 

\ u 1 

u 2 

— u 3 

—UL 


Since 


r = (u 1 ) 2 + ( u 2 ) 2 + ( u 3 ) 2 + ( u A ) 2 = (u) 2 , 


, 2\2 


3\2 


,4\2 _ 


(13.102) 


(13.103) 


(13.104) 


this transformation certainly makes the potential —Er in the pseudotime Hamilto¬ 
nian harmonic in u. The arrow on top indicates the four-vector nature of 

Consider now the kinetic term / ds(M/2r)(dx/ds ) 2 in the action (13.10). Each 
path x(s) is associated with an infinite set of paths u(s) in u-space, depending on 
the choice of a dummy path 7 ( 5 ) in parameter space. The mapping of the tangent 
vectors du^ into dx 1 is given by 


( dx 1 \ 

( u 3 

u A 

u l 

u 

dx 2 = 2 

u A 

— u 3 

-u 2 

u 

y dx 3 ) 

y u 1 

u 2 

—u 3 

—u 


/ du 1 \ 
du 2 
du 3 

\ du A ) 


(13.105) 


To make the mapping unique we must prescribe at least some differential equation 
for the dummy angle dy. This is done most simply by replacing dy by a parameter 
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which is more naturally related to the components dx 1 on the left-hand side. We 
embed the tangent vector ( dx 1 , dx 2 , dx 3 ) into a fictitious four-dimensional space and 
define a new, fourth component dx 4 by an additional fourth row in the matrix A(u), 
thereby extending (13.29) to the four-vector equation 

dx = 2A(u)du. (13.106) 


The arrow on top of x indicates that x has become a four-vector, 
reasons, we choose the 4x4 matrix A(u) as 


/ M 3 

M 4 

M 1 

M 2 \ 

M 4 

—M 3 

-M 2 

M 1 

M 1 

M 2 

-M 3 

—M 4 

v M 2 

—M 1 

M 4 

—M 3 / 


The fourth row implies the following relation between dx 4 and dj: 

dx 4 = 2(u 2 du 1 — u 4 du 2 + u 4 du 3 — u 3 du 4 ) 

= r (cos 9 d(p + d'y). 


For symmetry 


(13.107) 


(13.108) 


Now we make the important observation that this relation is not integrable since 
dx 4 /du l = 2 m 2 , dx 4 / du 2 = —2 m 1 , and hence 

(d u id u 2 - d u 2 d u i)x 4 (u^) = -4, (<9 n 3<9 u 4 - d u ±d u z)x 4 (u^) = -4, (13.109) 

implying that x 4 (m m ) does not satisfy the integrability criterion of Schwarz [recall 
(10.19)]. The mapping is nonholonomic and changes the Euclidean geometry of the 
four-dimensional T-space into a non-Euclidean M-space with curvature and torsion. 
This will be discussed in detail in the next section. The impossibility of finding a 
unique mapping between the points of x- and M-space has the consequence that the 
mapping between paths is multivalued with respect to the initial point. After having 
chosen a specific image for the initial point, the mapping (13.107) determines the 
image path uniquely. 

We now incorporate the dummy fourth dimension into the action by replacing x 
in the kinetic term by the four-vector x and extending the kinetic action to 


A 


N _ 
kin 


M (x n - f n _i) 2 

* ^ O fz ty> 1 — 

n=1 ^ c s'n n— 1 


(13.110) 


The additional contribution of the fourth components x 4 — x^ l _ 1 can be eliminated 
trivially from the final pseudotime evolution amplitude by integrating each time 
slice over dx 4 _ x with the measure 



d(Ax 4 ) n 

\J 2vrie s Ar 1 _a 9_ 1 /M 


(13.111) 
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Note that in these integrals, the radial coordinates r n are hxed numbers. In contrast 
to the spatial integrals d 3 x n - 1 , the fourth coordinate must be integrated also over 
the initial auxiliary coordinate x$ = x 4 . Thus we use the trivial identity 


JV+l 

n 

n =1 


roo 

1 

g 

< 

exp 

i y^ 1 M (Ax 4 ) 2 

J-oo 1 

J2n ic s hri- x rii_ 1 /M_ 

ft 2 e s r 4 ~ x r x _i_ 


= 1. (13.112) 


Hence the pseudotime evolution amplitude of the Coulomb system in three dimen¬ 
sions can be rewritten as the four-dimensional path integral 


(x fe |W E (S')|x a ) 


/ /w A (y* 1 A 

dx 4 __ 

a (27r ie s hrl A r A /M) 2 


x 



d 4 Ax n 

(2nie s hr n _i/M) 2 



(13.113) 


where A^ is the action (13.9) in which the three-vectors x n are replaced by the four- 
vectors x n , although r is still the length of the spatial part of x. By distributing 
the factors r^, r n , r a evenly over the intervals, shifting the subscripts n of the factors 
1 /r n in the measure to n + 1, and using the same procedure as in Eq. (13.72), we 
arrive at the pseudotime evolution amplitude 


(x 6 |W E (S)|x a ) = 


dx 4 


(2n ie s ft/M) 2 J-oo r a 


N +1 

xn 

n =2 


d 4 Ax r , 


(: 2 / nie s hr n /M) 2 


exp 


jr{A% + A?) 


(13.114) 


with the sliced action 


w4. e x , x 1 — (IV + l)e s e 2 + 


N +1 


n =1 


M (Ax r 


2 e s r n 


1—A A 
' n -1 


+ 6« 




-i E 


(13.115) 


The action Aj accounts for all remaining factors in the integral measure. The 
prefactor is now (r fe /r a ) 3A ~ 2 and can be written as a product Y\i +1 (r n /r n -]) 3X ~ 2 . 
The index shift in the factor 1 jr changes the power 3A — 2 to 3A 



N 

f 


JV+l 

3A£ 

n= 1 


log 


u: 


X-i, 


(13.116) 


[compare (13.73)]. As in the two-dimensional case we shall at first ignore the sub¬ 
tleties due to the time slicing. Thus we set A = 0 and apply the transformation 
formally to the continuum limit of the action Ag, which has the form (13.10), ex¬ 
cept that x is replaced by x. Using the properties of the matrix (13.107) 


A T = 


det A 


u 2 A~ 4 , 

y^det (AA T ) = r 2 , 


(13.117) 
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we see that 


x' 2 = 4 u 2 u ' 2 = 4 ru' 2 , (13.118) 

d 4 x = 16 r 2 d 4 u. (13.119) 

In this way, we find the formal relation 

(x b \U E (S)K) = e ie S/n - / -±(u b S\u a 0) (13.120) 

id j r a 

to the time evolution amplitude of the four-dimensional harmonic oscillator 

(u b S\u a 0) = j V 4 u(s) ex p (jr-Aos'j , (13.121) 


with the action 


A ob = [ S ds-(u' 2 -u 2 u 2 ). (13.122) 

Jo 2 

The parameters are, as in (13.27) and (13.28), 

H = 4 M, u = yJ-E/2M. (13.123) 

The relation (13.120) is the analog of (13.31). Instead of a sum over the two images 
of each point x in u-space, there is now an integral / dx 4 /r a over the infinitely many 
images in the four-dimensional u-space. This integral can be rewritten as an integral 
over the third Euler angle 7 using the relation (13.108). Since x and thus the polar 
angles 6 , tp remain fixed during the integration, we have directly / dx 4 /r a = J d^ a . 
As far as the range of integration is concerned, we observe that it may be restricted 
to a single period y a G [0,47r]. The other periods can be included in the oscillator 
amplitude. By specifying a four-vector u b) all paths are summed which run either to 
the final Euler angle 7 & or to all its periodic repetitions [which by (13.102) have the 
same u b ]. This was the lesson learned in Section 6.1. Equation (13.120) contains, 
instead, a sum over all initial periods which is completely equivalent to this. Thus 
the relation (13.120) reads, more specifically, 

(xb\U E (S)\x a )=e ieS/h — d'y a (u b S\u a 0). (13.124) 

16 Jo 

The reason why the other periods in (13.120) must be omitted can best be under¬ 
stood by comparison with the two-dimensional case. There we observed a two-fold 
degeneracy of contributions to the time-sliced path integral which cancel all factors 2 
in the measure (13.76). Here the same thing happens except with an infinite degen¬ 
eracy: When integrating over all images d 4 u n of d 4 x n in the oscillator path integral 
we cover the original x-space once for e [ 0 , An] and repeat doing so for all periods 
7 n G [47 t/,47t(/ + 1)]. This suggests that each volume element d 4 u n must be divided 
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by an infinite factor to remove this degeneracy. However, this is not necessary since 
the gradient term produces precisely the same infinite factor. Indeed, 

(u n + U n -l) 2 (u n -U n - 1 ) 2 (13.125) 


is small for x n ^ x n -\ at infinitely many places of y n — y n _i, once for each periodic 
repetition of the interval [0, 47 t]. The infinite degeneracy cancels the infinite factor 
in the denominator of the measure. The only place where this cancellation does not 
occur is in the integral J dx 4 /r a . Here the infinite factor in the denominator is still 
present, but it can be removed by restricting the integration over y a in (13.124) to 
a single period [8]. 

Note that a shift of y a by a half-period 2n changes u to — u and thus corresponds 
to the two-fold degeneracy in the previous two-dimensional system. 

The time-sliced path integral for the harmonic oscillator can, of course, be done 
immediately, the amplitude being the four-dimensional version of (13.33) [recall 
(2.177)]: 


(u b S\u a 0) = 


N 

n 


d 4 Au r 


exp 


(2ni%e s /n) 2 ^ [J 2mUe s /n\ 
(2nihsmuS/ /j,) 2 ^ \2Usmu1S 


I yA n 

2 Ve 


a 2 2 -*2 

-A Ur, — e,o; u.„ 


jjLC0 


;[(Ub 2 +U 2 ) COS LdS — 2UbU a ] >. (13.126) 


To find the fixed-energy amplitude we have to integrate this over S: 

rOO On/ 1 /‘^ 7r 

(x 6 |x a )£ = / dSe ie s/h — / d~/ a (u b S\u a 0). (13.127) 

Jo 16 Jo 

Just like (13.35), the integral is written most conveniently in terms of the vari¬ 
ables (13.38), (13.40), so that we obtain the fixed-energy amplitude of the three- 
dimensional Coulomb system 


1 poo 9 p4n 

(x b |x a )£; = — dSe ie /h / dy a {u h s\u a 0) 
16 Jo Jo 


ujM 2 




dxi r 1 , q v 


2ir 2 h J —oo r„ 


1 ^?1 \2 
o (1 - p) 2 


( 2k ^ u b u a ) exp 

U ( r b + r a ) 

V 1 ~6 J 

L 1 - e 


In order to perform the integral over dx %, we now express u b u a in terms of the polar 
angles 


UbUa = sfDTa (cos(df>/2) cos(6> a /2) cos[(tp b - <f a + 7b - 7a)/2] 

+ sin(6>ft/2) sin(6> a /2) cos[(93 b - (p a - Tb + 7a)/ 2 ]} • (13.128) 

A trigonometric rearrangement brings this to the form 

u b u a = VriK (cos[(d b - 9 a )/2] cos[((f b - tp a )/ 2] cos[( 7 b - y a )/2] 

- cos [(6 b + 9 a )/ 2] sin [(ip b - </?„)/2] sin[( 7 b - 7 a )/2]} , 


(13.129) 
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and further to 


u b u a 


\/ (nr a + x b x a )/2 cos[( 7 fe - 7 a + /3)/2], 


where (3 is defined by 

P_ _ cos[(6> b + B a )/ 2] sin[(y> & - <p a )/2] 
an 2 cos[(6» 6 - 0 a )/2] cos[(c^6 - tpa)/ 2] ’ 

or 


cos — = cos- 

2 2 


'a Pb 

— cos — 


Pa 


r b r a 


{r b r a + x b x a )/2" 


(13.130) 


(13.131) 


(13.132) 


The integral / 0 47r d^ a can now be done at each fixed x. This gives the fixed-energy 
amplitude of the Coulomb system [1, 9, 11, 10]. 


(x 6 |x, 


a E 


Mk C Q 

= — i —— / dg 


x exp 


nU Jo K (1 — g) 2 
1 + Q, 


2 ^TT^V ( r&r “ + XfeXa)^ 
\ 4 d / 


— K- 


1 


(r& + r a ) 


(13.133) 


where k and v are the same parameters as in Eqs. (13.40). 

The integral converges only for v < 1, as in the two-dimensional case, ft is 
again possible to write down another integral representation which converges for 
all v 1,2,3,... by changing the variables of integration to ( = (1 + g)/(l — g) 
and transforming the integral over ( into a contour integral encircling the cut from 
£ = 1 to oo in the clockwise sense. Since the cut is now of the type (£ — l )~ u , the 
replacement rule is 

poo r dC 

/ d((C - l)"" • • • / ^(C - I)"" • • • • (13.134) 

J i sm 7 tv Jc 2m 

This leads to the representation 


, , , .M k ne’’™ f dQ 


d( 


7 tTl 2 sin Ttv 

x Iq{2k\JC p - lyj(r b r a + x b x a )/2)e~ K<(rb+ra) . 


(13.135) 


13.5 Absence of Time Slicing Corrections for D = 3 

Let us now prove that for the three-dimensional Coulomb system also, the finite time-slicing 
procedure does not change the formal result of the last section. The reader not interested in the 
details is again referred to the brief argument in Section 13.6. The action A.J- in the time-sliced 
path integral has to be supplemented, in each slice, by the Jacobian action [as in (13.67)] 

= -e'V^lAtk' - eSe i {K>v} e j K e i { ^ x} Au 1 'Au x 

= -r w '‘A/-^r {l/4 T {M ' t A/A« A . (13.136) 
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The basis tetrad 

e\ = dx l /du p ' = 2 A\(u), * = 1,2,3,4, 

is now given by the 4x4 matrix (13.107), with the reciprocal tetrad 


— _p* 

2 ~2 u 2 ^ 


(13.137) 


(13.138) 


From this we find the matrix components of the connection [compare (13.18)] 

/ u 1 u 2 —u 3 —u 4 \ v 

/ r x v _ 1 -u 2 u 1 u 4 u 3 

\ „,3 „,4 .,1 ..2 ) 


u 1 

u 2 

-u 3 

— u 

—u 2 

u 1 

—u 4 

u 

U ' 3 

w 4 

u 1 

u 

w 4 

-u 3 

—u 2 

u 

u 2 

—u 1 

u 4 

—u 

w 1 

u 2 

-u 3 

—u 

-u 4 

u 3 


—u 

u 3 

w 4 

-u 1 

u 

u 3 

w 4 

u 1 

u 

-u 4 

u 3 

u 2 

—u 

—w 1 

—u 2 

u 3 

u 

—u 2 

u 1 

—u 4 

u 

u 4 

-u 3 

-u 2 

u 

u 3 

w 4 

u 1 

u 

u 2 

—-u 1 

-u 4 

—u 

—u 1 

—u 2 

u 3 

u 


(13.139) 


As in the two-dimensional case [see Eq. (13.19)], the connection satisfies the important identity 

r^ v = 0, (13.140) 

which is again a consequence of the relation [compare (13.21)] 

W = 0. (13.141) 

In Section 13.6, this will be shown to be the essential reason for the absence of the time slicing 
corrections being proved in this section. 

However, there is now an important difference with respect to the two-dimensional case. The 
present mapping dx l = e z fl (u)du IJ ' is not integrable. Taking the antisymmetric part of we 
find the u M -space to carry a torsion S^ x whose only nonzero components are 


*S'i2 A = 5 ' 34 a = ^(-** 2 ,w 1 ,-'u 4 ,m 3 ) a . 

u z 


The once-contracted torsion is 


q — q ” — _ 

u U, - ^ LLV - -40 • 

u z 


(13.142) 


(13.143) 


For this reason, the contracted connections 


p M _ p.M/4 — _2_ 

1 I'LL - '-'l L'l' ° LL —>o 5 

u z 

T M — —e l d e- M — —— 

1 LIV — ° V 4j L±'-'l -40 

u z 


(13.144) 
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are no longer equal, as they were in (13.69). Symmetrization in the lower indices gives 

r Wl £2 • 


(13.145) 


Due to this, the Au"A'u A -terms in (13.136) are, in contrast to the two-dimensional case, not given 
directly by 


= -^(<r A tr - 2u i V). 

vr 

The symmetrization in the lower indices is necessary and yields 

r CT-p K, _ -p (7p K, _ rjp <J Q K, Q (7 Q K 

{ pk ,} {Act} — vk ^ Act l'ac *^Acr “r *^Acr 

= r „ K T A(T K - 2(—5v\u 2 + 2u u u\)/u l + u„u\/u 4 . 
Collecting all terms, the Jacobian action (13.136) becomes 


(13.146) 

(13.147) 


Aj = ~ 


0 u n Au n 

> 

to 

, 5 , 

( u n Au n \ 2 


K 

u n 

+ 2 1 

X < ) 



(13.148) 


In contrast to the two-dimensional equation (13.71), this cannot be incorporated into A € f. Although 
the two expressions contain the same terms, their coefficients are different [see (13.116)]: 


-A) = 3Alog 


l n—l 


(13.149) 


= 3A 


^u n Au n A U n 2 | o f uAu r 

" —*n —* r > I ^ l —>o 


It is then convenient to rewrite (omitting the subscripts n) 


^ = ~ 21 ° S| (u-Aw) 2 


uAu 


(13.150) 


A u 2 3 / uAu\ 2 

'^~ + 2\W) + "' 


and absorb the first term into A e f, which changes 3A to (3A — 2). Thus, we obtain altogether the 
additional action [to be compared with (13.81)] 


i . ., i ,, , Au 2 
-A cori A e = —AM —— 
n n 2e 


+ (3A — 2) 


. uAu ,1 ,. Am 2 

(2A-1)—=- + (--A)- 


,uAu Au 2 „ (uAu\ 


2X‘ 




+ 2 


V & ) 

uAu (Ail) 2 3 / uAu\ 2 
+ ~iP ^~ + 2\W) + ‘" ' 

Using this we now show that the expansion of the correction term 


has the vanishing expectations 


C = exp ( -A COII A e ) - 1 


(C)o = 0, 

(C (pAu)) 0 = 0, 


(13.151) 


(13.152) 


(13.153) 
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i.e., 


UA cmi A*)o + U^) <(A corr A £ ) 2 ) 0 = 0, 


2 \n 

i 


(A C orr^ (pA'tt))o — 0, 


(13.154) 

(13.155) 


as in (13.92), (13.93). In fact, using formula (13.91) the expectation (13.155) is immediately found 
to be proportional to 


-2(2A - 1) 16 + 2(3A - 2)- + - 


(13.156) 


which vanishes identically in A for D — 4. Similarly, using formula (13.90), the first term in 
(13.154) has an expectation proportional to 


2 I 4 — A 




i.e., for D = 4, 


(13.157) 


-^(2A-1) 2 , 


(13.158) 


to which the second term adds 
. 1 


,(£±^£+2) 

o4 


+ 9(2A-1) 2 ~12(2A-1) 2 ^ 


(13.159) 


which cancels (13.159) for D = 4. Thus the sum of all time slicing corrections vanishes also in the 
three-dimensional case. 


13.6 Geometric Argument for Absence of Time Slicing 
Corrections 


As mentioned before, the basic reason for the absence of the time slicing corrections can be shown 
to be the property of the connection 

r/ A = = 0, (13.160) 

which, in turn, follows from the basic identity c^e* = 0 satisfied by the basis tetrad, and from the 
diagonality of the metric oc 5^. Indeed, it is possible to apply the techniques of Sections 10.1, 
10.2 to the general pseudotime evolution amplitude (12.28) with the regulating functions 

fl = /(x), fr = 1. (13.161) 


Since this regularization affects only the postpoints at each time slice, it is straightforward to 
repeat the derivation of an equivalent short-time amplitude given in Section 11.3. The result can 
be expressed in the form (dropping subscripts n) 


K e (Aq) 


Vaio) 




■D 


exp 


-(A e + ^) 


(13.162) 


where / abbreviates the postpoint value /(x n ) and A e is the short-time action 
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There exists now a simple expression for the Jacobian action. Using formula (11.75), it becomes 
simply 


{Aj = ^r/„A q" - (13.164) 

In the postpoint formulation, the measure needs no further transformation. This can be seen 
directly from the time-sliced expression (13.8) for A = 0 or, more explicitly, from the vanishing of 
the extra action A e f in (13.74) for D = 2 and in (13.149) for D = 3. As a result, the vanishing 
contracted connection appearing in (13.164) makes all time-slicing corrections vanish. Only the 
basic short-time action (13.163) survives: 


AA e (13.165) 

2e s 

Thanks to this fortunate circumstance, the formal solution found in 1979 by Duru and Kleinert 
happens to be correct. 

13.7 Comparison with Schrodinger Theory 

For completeness, let us also show the significance of the geometric property = 
0 within the Schrodinger theory. Consider the Schrodinger equation of the Coulomb 
system 


(-^ft 2 V 2 -£)t/> ( x) = fi</> (x) , (13.166) 

to be transformed to that of a harmonic oscillator. The postpoint regularization 
of the path integral with the functions (13.161) corresponds to multiplying the 
Schrodinger equation with /) = r from the left. This gives 

(—^^fi 2 rV 2 — Erj ^(x) = e 2, 0(x). (13.167) 

We now go over to the square root coordinates u M transforming —Er into the har¬ 
monic potential —E^u^) 2 and the Laplacian V 2 into g^d^dy — T m mA d\. The geo¬ 
metric property r^ A = 0 ensures now the absence of the second term and the result 
is simply g^ u d^d u . Since g^ = d ,uy /4r, the Schrodinger equation (13.167) takes the 
simple form 


8 M 


h 2 d 2 - E(u^) 2 


V>K) = e 2 -0K). 


(13.168) 


Due to the factor (tC) 2 accompanying the energy E, the physical scalar product in 
which the states of different energies are orthogonal to each other is given by 


= / dTui\}'{u^)[u^) ij}{u). 


(13.169) 


This corresponds precisely to the scalar product given in Eq. (11.95) with the pur¬ 
pose of making the Laplace operator (here A = (1/4u 2 )i9 2 ) hermitian in the tC-space 


H. Kleinert, PATH INTEGRALS 




13.7 Comparison with Schrodinger Theory 


963 


with torsion. Indeed, the once-contracted torsion tensor S M = S can be written 
as a gradient of a scalar function: 

Sfj, = d^a (u), a(u) = ^log u 2 . (13.170) 

Quite generally, we have shown in Eq. (11.104) that if S^(q) is a partial derivative 
of a scalar held cr(q), the physical scalar product is given by (11.95): 

(tWi) P hys = J d D q^fg{q)e- Mq) ^(q)'ip 1 {q). (13.171) 

From (13.137), we have 

y/g = 16u 4 , (13.172) 

so that the physical scalar product is 

(^2|^i)ph ys = J d 4 Uy/ge~ 2(T ^2i.^i(^) = J d A ul&u 2 ^l(u)^i{u). (13.173) 

The Laplace operator obtained from <9§ by the nonholonomic Kustaanheimo- 
Stiefcl transformation is A = (1/4 u 2 )d 2 . This is Hermitian in the physical scalar 
product (13.173), but not in the naive one (11.90) with the integral measure 
/ d 4 u 16u 4 . 

In two dimensions, the torsion vanishes and the physical scalar product reduces 
to the naive one: 

(f /2 |t/i)ph y s = J d 2 Uy/g^l{n)ij 1 (u) = j d 2 u 4u 2 ^2(u)-0i(u). (13.174) 

With p = AM and — E = pen 2 /2, Eq. (13.168) is the Schrodinger equation of a 
harmonic oscillator: 

-1 

~n 2d l + ^cu 2 K) 2 ^K) = (13.175) 

Z Li Z 

The eigenvalues of the pseudoenergy £ are 

£ n = hco(N + DJ 2), (13.176) 

where D u = 4 is the dimension of tC-space, 

d u 

N = 5> (13.177) 

1=1 

sums up the integer principal quantum numbers of the factorized wave functions in 
each direction of the nl'-space. The multivaluedness of the mapping from x to u M 
allows only symmetric wave functions to be associated with Coulomb states. Hence 
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N must be even and can be written as N — 2{n 1). The pseudoenergy spectrum 

is therefore 


£ n = Hco2(n + D u /A- 1), n = l,2,3,.... (13.178) 

According to (13.175), the Coulomb wave functions must all have a pseudoenergy 

S n = e 2 . (13.179) 


The two equations are fulfilled if the oscillator frequency has the discrete values 


CO = UJ n 


2{n + D u /4 — 1) ’ 


n — 1,2,3... . 


(13.180) 


With co 2 = —E/2M and D u = 4, this yields the Coulomb,energies 


E n = -2Mco 2 


Me 4 1 
h 2 2 n 2 


-Me 2 


2 n 2 ’ 


(13.181) 


showing that the number N/2 — n — 1 corresponds to the usual principal quantum 
number of the Coulomb wave functions. 

Let us now focus our attention upon the three-dimensional Coulomb system 
where D u = 4. In this case, not all even oscillator wave functions correspond to 
Coulomb bound-state wave functions. This follows from the fact that the Coulomb 
wave functions do not depend on the dummy fourth coordinate x A (or the dummy 
angle 7 ). Thus they satisfy the constraint d x 4ip = 0, implying in tC-space [recall 
(13.137)] 


~ird x 4 ^(x) 


—ire^d^iu^ 1 ) = 

= 0 . 



u l d 2 ) + (u 4 d 3 


U 3 0a 


ljj(u M ) 

(13.182) 


The explicit construction of the oscillator and Coulomb bound-state wave func¬ 
tions is most conveniently done in terms of the complex coordinates (13.101). In 
terms of these, the constraint (13.182) reads 

^[zd s -zd z \'i/j(z,z*) = 0. (13.183) 

This will be used below to select the Coulomb states. 


To solve the Schrodinger equation (13.175) we simplify the notation by going 
over to atomic natural units, where h — 1, M — 1, e 2 = 1, n = AM = 4. All 
lengths are measured in units of the Bohr radius (4.376), whose numerical value 
is an = h 2 /Me 2 = 5.2917 x 10 ~ 9 cm, all energies in units of E H = e 2 /an = 
Me 4 /h 2 = 4.359 x 10^ n erg = 27.210 eV, and all frequencies co in units of loh = 
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Me 4 /h 3 = 4.133 x 10 16 /sec(= 47rx Rydberg frequency u R ). Then (13.175) reads 
(after multiplication by 4 M/h 2 ) 

^ —d 2 + 16cu 2 (w M ) 2 ^(td 1 ) = 4^(td 4 ). (13.184) 

The spectrum of the operator h is obviously 4cu(lV + 2) = 8cun. To satisfy the 
equation, the frequency u has to be equal to co n = l/2n. 

We now observe that the operator h can be brought to the standard form 

h s = \[~dl + 4«) 2 ], (13.185) 

with the help of the cu-dependent transformation 

h = 4cue^/de-^, (13.186) 

in which the operator D is an infinitesimal dilation operator which in this context 
is called tilt operator [12, 13]: 

D = -^ivPdp, (13.187) 

and '0 is the tilt angle 

d = log(2cu). (13.188) 

The Coulomb wave functions are therefore given by the rescaled solutions of the 
standardized Schrodinger equation (13.185): 

V>K) = e^ s K) = ^ s (V2uju^). (13.189) 

Note that for a solution with a principal quantum number n the scale parameter 
\/2u depends on n: 

^nK) = VnivT/y/n). (13.190) 

The standardized wave functions ^(u^) are constructed most conveniently 

by means of four sets of creation and annihilation operators a[,d\,b\,b 2 , and 
Si, S 2 , bi,t >2 ■ They are combinations of zi, z 2 , their complex-conjugates, and the 
associated differential operators d zi , d Z2 , d z *, d z *. The combinations are the same as 
in (9.127), (9.128), written down once for Z\ and once for z 2 . In addition, we choose 
the indices so that a, and b, transform by the same spinor representation of the 
rotation group. If c tJ is the 2x2 matrix 

(13.191) 
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then CijZj transforms like z*. We therefore define the creation operators 


“I = + Z2 ^ 


d — 


= ~^~ dz l +" 1 )’ 


b\ = ^=(-0*i +*J)f 
^2 = ^(- d z2 + 4)y 


(13.192) 


and the annihilation operators 


hi =- m(dz 2 + z%), bi = —7=(d z * + zi), 


y/2 

= y|(<9 21 + Z l)’ 


a/2 

^2 = y|(<9 2 | + Z ^)' 


Note that d\ = —d z *. The standardized oscillator Hamiltonian is then 

h s = 2(a*a + 6^6 + 2), 


(13.193) 


(13.194) 


where we have used the same spinor notation as in (13.99). The ground state of the 
four-dimensional oscillator is annihilated by 01,02 and 6 i, 6 2 . It has therefore the 
wave function 


(*,**|0> = t/vooooO.V) = = -L e -<“'> a 


(13.195) 


The complete set of oscillator wave functions is obtained, as usual, by applying the 
creation operators to the ground state, 


K,nS,n*X) = a\ n °a\ ni b\ n 'b\ n ' |0), 

with the normalization factor 


N 




n^nQn^.nty. 


(13.196) 


(13.197) 


The eigenvalues of h s are obtained from the sum of the number of a- and 6-quanta 
as 


2(n“ + n\ + n\ + n\ + 2) = 2(N + 2) = 4n. (13.198) 

The Coulomb bound-state wave functions are in one-to-one correspondence with 
those oscillator wave functions which satisfy the constraint (13.183), which may 
now be written as 

Los = — -(S^a — Pb)iJ) s = 0. (13.199) 

These states carry an equal number of a- and 6-quanta. They diagonalize the (mu¬ 
tually commuting) a- and 6-spins 

i“ = ^aVja, L“ = ^b ] cTib , (13.200) 
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with the quantum numbers 

l a = « + 0/2, m a = « - 0/2, 

l b = (n\ + n b )/2, m b = (n\ — n b 2 )/2 , (13.201) 

where lpm are the eigenvalues of L 2 , L 3 . By defining 

n“ = n i + m, n 2 = n 2 , n\ = ri 2 + m, n b = rip for m > 0, 

n“ = rii, n 2 = n 2 — m, n\ = n 2 , n 2 = ri\ — m, for m < 0, (13.202) 

we establish contact with the eigenstates \np n 2 , m) which arise naturally when diag¬ 
onalizing the Coulomb Hamiltonian in parabolic coordinates. The relation between 
these states and the usual Coulomb wave function of a given angular momentum 
|n/m) is obvious since the angular momentum operator L t is equal to the sum of Gl¬ 
and 6-spins. The rediagonalization is achieved by the usual vector coupling coeffi¬ 
cients (see the last equation in Appendix 13A). 

Note that after the tilt transformation (13.189), the exponential behavior of 
the oscillator wave functions ^®(w M ) oc polynomial(rC) x e~^ u ^ goes correctly 
over into the exponential r-dependence of the Coulomb wave functions ?/;(x) oc 
polynomial(x) x e~ r ^ n . 

It is important to realize that although the dilation operator D is Hermitian 
and the operator e 1 ® 0 at a fixed angle d is unitary, the Coulomb bound states 
arising from the complete set of oscillator states by applying e 1 ^ 0 , do not span 
the Hilbert space. Due to the n-dependence of the tilt angle i) n = log(l/n), a 
section of the Hilbert space is not reached. The continuum states of the Coulomb 
system, which are obtained by tilting another complete set of states, precisely fill 
this section. Intuitively we can understand this incompleteness simply as follows. 
The wave functions 0® (td 4 ) have for increasing n spatial oscillations with shorter and 
shorter wavelength. These allow the completeness sum t° build 

up a 6-function which is necessary to span the Hilbert space. In contrast, when 
forming the sum of the dilated wave functions 

n 

the terms of larger n have increasingly stretched spatial oscillations which are not 
sufficient to build up an infinitely narrow distribution. 

A few more algebraic properties of the creation and annihilation operator repre¬ 
sentation of the Coulomb wave functions are collected in Appendix 13A and 13.10. 

13.8 Angular Decomposition of Amplitude, 
and Radial Wave Functions 

Let us also give an angular decomposition of the fixed-energy amplitude. This 
serves as a convenient starting point for extracting the radial wave functions of the 
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Coulomb system which will, in Chapter 14, enable us to find the Coulomb amplitude 
to D dimensions. We begin with the expression (13.133), 


/ I \ Mk f 1 , Q 

(x 6 |x a )£; = — / dg 


nh Jo 
x exp < —k 


(1 - £) 2 
1 + Q 


2 K TJr- V / ( r&ra + x & x a)/ 2 ) 

v 1 ^ / 


1 - Q 


(r b + r a ) } , 


(13.203) 


and rewrite the Bessel function as /o(zcos(0/2)), where 6 is the relative angle be¬ 
tween x a and xj,, and 


4 = 2 K ^r a ^-. (13.204) 

1 Q 

Now we make use of the expansion 1 

(ifc)“ " IJkz) = k“ £ ( + «! + ■'; *4(-)'W4 

(13.205) 

Setting A; = cos(0/2), z/ = 2g > 0, p = 1 + 2g, and using formulas (1.445), (1.446) 
for the rotation functions, this becomes 

2 00 

J 2 ,(zcos(0/2)) = - £(2/ + 1)4(0)/ 2I+1 (2), (13.206) 

z H<zl 

reducing for q = 0 to 

2 °° 

J o (zcos(0/2)) = -£(2/ + 1 )^(cos6»)/ 2Z+ i(^). (13.207) 

^ z=o 

After inserting this into (13.133) and substituting y = — §logp, so that 

Q = e~ 2y , z = 2 7 —, (13.208) 

smh y 

we expand the fixed-energy amplitude into spherical harmonics 


1 00 2 / 4-1 

(x 6 |x a )£; = -£(r & |r a ) E)/ —- Pi(cos6 ) 

ryr a ^ 4vr 

1 OO l 

= -E(^IO^ ^m(Xfe)l)^(x a ), (13.209) 

' a 1=0 m=—l 


1 G.N. Watson, Theory of Bessel Functions, Cambridge University Press, London, 1966, 2nd 
ed., p.140, formula (3). 
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with the radial amplitude 

2 M r°° 

(r b \r a ) E ,i = -i\Jrgr a —r- / dy— 

h Jo si 


3 2 i >y 


sinh y 


(13.210) 


x exp 


[-/ccoth y(r b + r 0 )] I 2 i +1 ( 2 Ky/ryr\ 


sinh y 


Now we apply the integral formula (9.29) and find 

(r b \r a ) E ,i = ^ pi + 1 y. ^ Wu ’ l+l / 2 ( 2/trb ) M vJ+ 1/2 (2 Kr a ). (13.211) 

On the right-hand side the energy E is contained in the parameters k = —2ME/H 2 

and v =e 2 /2ojfi= \J—e 4 M/2h 2 E. The Gamma function has poles at v — n with 
n — l + 1, l + 2, l + 3,,.. . These correspond to the bound states of the Coulomb 
system at the energy eigenvalues 


E n = 


Me 4 1 o a 

= -Me 2 


r 2n 2 


2 n 2 


Writing 


with the Bohr radius 


k = 


1 1 
a H v 


n 2 


O-H = 


Me 2 


(13.212) 


(13.213) 


(13.214) 


(for the electron, a E ~ 0.529 x 10 8 cm), we have the approximations near the poles 
at v ~ n, 


r (—v +1 +1) 

1 


v — n 
k ~ 


n r \ v — n 

2 % 2 k 2 _ 1_ 

n 2 M E — E n ' 


1 1 
cl e n 


where n r = n — l — 1. Hence 


-*r (—v +1 +1) 


M 


ih 


Tin n 2 n r \ a E E — E n 


(13.215) 


(13.216) 


Let us expand the pole parts of the spectral representation of the radial fixed-energy 
amplitude in the form 


(r b \r a ) E ,i = 


ih 


n=l -\-1 


E - E, 


" Rnl(yb) RnliXa 


(13.217) 
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The radial wave functions defined by this expansion correspond to the normalized 
bound-state wave functions 

V’nZm(x) = -Rn,l{r) Y lm{£)- (13.218) 

r 

By comparing the pole terms of (13.211) and (13.217) [using (13.216) and formula 
(9.48) for the Whittaker functions, together with (9.50)], we identify the radial wave 
functions as 


RnAr) = 


(n + /)! 


^ n {2l + l)\\{n-l-l)\ 
x (2 r/naH) l+l e~ r ^ naH M(—n + l + 1, 21 + 2, 2 r/nau) 

1 


‘ 1 ’ ] e^ T/ " ai '(2r/naH)‘ +1 L^_ 1 (2r/na„). (13.219) 


(« + <)! 


To obtain the last expression we have used formula (9.53). 2 It must be noted that 
the normalization integrals of the wave functions R n i{r ) differ by a factor z/2n = 
(2r/na^)/2n from those of the harmonic oscillator (9.54), which are contained in 
integral tables. However, due to the recursion relation for the Laguerre polynomials 


z ^n( z ) — (2 n + P + 1 )I j n( z ) ~ ( n + p)Ln-i(z) — (n + l)L^ +1 (z), (13.220) 

the factor z/2n leaves the values of the normalization integrals unchanged. The 
orthogonality of the wave functions with different n is much harder to verify since 
the two Laguerre polynomials in the integrals have different arguments. Here the 
group-theoretic treatment of Appendix 13A provides the simplest solution. The 
orthogonality is shown in Eq. (13A.28). 

We now turn to the continuous wave functions. The fixed-energy amplitude has 
a cut in the energy plane for positive energy where k = —ik and v = i/auk are 
imaginary. In this case we write v = iv'. From the discontinuity we can extract the 
scattering wave functions. The discontinuity is given by 


disc (r b \r a ) E ,i = (r b \r a ) E+iv j - (r 6 |r 0 ) B _ ijJ){ 


M 

hk 


T{-ii/ + 1 + 1) 


W iv >j, + 1/2 (-2 ikr b ) ,i+i /2 (-2 ikr a ) + (z/-> -v') 


.(13.221) 


(21 + 1 )! 

In the second term, we replace 

M iu ,, l+l/2 (-2ikr) = e~ iir(l+1) M_ iu , H1/2 (2tkr), (13.222) 

and use the relation, valid for argz G (— n/2, 3n/2), 2 // 7 ^ — 1 , — 2 , — 3 ,... , 

M x Jz) = F ( 2 ^ +!) e i*\ e -i+»+i/ 2 ) w / ) + r( 2 /i + l) ■ 

’ T(n + A +1/2) ,MV ’ T(/i- A+ 1/2) ’ 

(13.223) 


2 Compare L.D. Landau and E.M. Lifshitz, Quantum Mechanics , Pergamon, London, 1965, 
p. 119. Note the different definition of our Laguerre polynomials L% =[(— ) M /(u + ^)!]L„ + ^ /i |l.l.- 
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to find 

disc (r b \r a ) E j = jjy—^ e nu 'M iu ,j +1/2 (-2 ikr b ) M_ iv ,j +1/2 (2 ikr a 

The continuum states enter the completeness relation as 

roo fjjr 

/ Trrdisc ( r b\r a )E,i + E R n i(r b )R* nl (r a ) = 5(r b -r a ) 

•'° n =i +1 


(13.224) 

(13.225) 


[compare (1.330)]. Inserting (13.221) and replacing the continuum integral 
/ 0 °° dE/2 'kTl by the momentum integral J^ 0 00 dkkh/2nM, the continuum part of the 
completeness relation becomes 

/ OO 

dkR kl (r b )R* kl (r a ), (13.226) 

-OO 

with the radial wave functions 

Mr) = 1 F< “(E E 1)1 e^M^d-Hkr) . (13.227) 

By expressing the Whittaker function M\^(z) in terms of the confluent hypergeo¬ 
metric functions, the Kumnier functions M(a,b,z ), as 

M x ^(z) = z» +1/2 e~ z/2 M(n - A + 1/2, 2/x + 1, z), (13.228) 

we recover the well-known result of Schrodinger quantum mechanics: 3 


Rki(r) 


[T\r(-iv' + l + 1)1 w /2 ikr 

V 2yr (21 + 1)! 


(—2 ikr) l+1 M(—ii/ + l + 1, 21 + 2, —2 ikr). 

(13.229) 


13.9 Remarks on Geometry of Four-Dimensional rt^-Space 

A few remarks are in order on the Riemann geometry of the w-space in four dimen¬ 
sions with the metric g lu , = 4 u 2 S^. As in two dimensions, the Cartan curvature 
tensor R^ W \ K vanishes trivially since e* ^(u) is linear in u: 

(d lt d v - d v d^)e\(u) = 0. (13.230) 

In contrast to two dimensions, however, the Riemann curvature tensor R^ u \ K is 
nonzero. The associated Ricci tensor [see (10.41)], has the matrix elements 

Ry A = R,yX 11 

= - 2^6 ($v\U 2 - UyU\), 

3 L.D. Landau and E.M. Lifshitz, op. cit., p. 120. 


(13.231) 
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yielding the scalar curvature 

R = g vX R v \ = (13.232) 

In general, a diagonal metric of the form 

9M = ^ 2 (q)\,u (13.233) 

is called conformally flat since it can be obtained from a flat space with a unit metric 
g, iv = 5 by a conformal transformation a la Weyl 

9M n 2 (q) giu ,(q). (13.234) 

Under such a transformation, the Christoffel symbol changes as follows: 

r —> V^ x + ^t^S u x + ~ 9iiv9 Xk ^I,ki (13.235) 

the subscript separated by a comma indicating a differentiation, i.e., = d^VL. 

In D dimensions, the Ricci tensor changes according to 

R,,» -> n~ 2 R^~(D- 2)(n- 3 a lxu -2n~ 4 n li n l/ ) 

-g, lv g XK [(D - 3)fr 4 fi, A fi iK + n~% XK 

= Q~ 2 R, U + (D — 2)U“ 1 (fr 1 ).^ - g^(D - 2)- 1 n~ D (n D - 2 ). M g XK (13.236) 

A subscript separated by a semicolon denotes the covariant derivative formed with 
Riemann connection, i.e., 

= d u n M = n IJV - T IW H\ X . (13.237) 

The curvature scalar goes over into 

R^ R n = ir 2 [r - 2 (d - i)n- 1 a IM/ g tu '^ (d -i)(d- 4 )ir 2 n .(13.238) 

The metric g IJV = 4 u 2 5^ w in the u-space description of the hydrogen atom is 
conformally flat, so that we can use the above relations to obtain all geometric 
quantities from the initially trivial metric g^ u = 5^ with R, IJV = 0 by inserting 
hi = 2|u|, so that 

7/M 0 

fK=2 —, U^-(r« 2 -«Y). (13.239) 

’ ml ’ \ u \ 

From the right-hand sides of (13.236) and (13.238) we obtain 

v = — 3 (D - 2)T g- UpU„), 

R = -3(D-l)(B-2)-T, (13,240) 
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For D = 4, these agree with (13.231) and (13.232). For D — 2, they vanish. 

In the Coulomb system, the conformally flat metric (13.234) arose from the non- 
holonomic coordinate transformation (13.106) with the basis tetrads (13.137) and 
their inverses (13.138), which produced the torsion tensor (13.142). In the notation 
(13.234), the torsion tensor has a contraction 

Sn(q) = S^x{q) = 2 Q2( g ) d/^ 2 (g)- (13.241) 

Note that although 50(g) is the gradient of a scalar held, the torsion tensor (13.142) 
is not a so-called gradient torsion, which is defined by the general form 

50/(g) = ^ 8, J x d v s{q ) - 8 u x d /1 s(q) . (13.242) 

For a gradient torsion, 50(g) is also a gradient: 50(g) = c0u(g) where a(q) = 
(D — l)s(g)/2. But it is, of course, not the only tensor, for which 50(g) is a gradient. 

Note that under a conformal transformation a la Weyl, a massless scalar held 
0(g) is transformed as 

0(g) fi 1 - D / 2 (g)0(g). (13.243) 

The Laplace-Beltrami differential operator A = D 2 applied to 0(g) goes over into 

fi r-D/2(g) A Q0(g) where 

A n = n~ 2 a- - 2 )n~ 1 n. tlu g^ - ^(d- 2 )(d . ( 13 . 244 ) 

Comparison with (13.240) shows that there exists a combination of A = D 2 and the 
Riemann curvature scalar R which may be called Weyl-covariant Laplacian. This 
combination is 

A - 1 (13.245) 

When applied to the scalar held it transforms as 

(a - ■#■(«)-* W 1 - D/2 (a - m- (13.246) 

Thus we can define a massless scalar held in a conformally invariant way by requiring 
the vanishing of (13.246) as a wave equation. This symmetry property has made 
the combination (13.245) a favorite Laplacian operator in curved spaces [14]. 


13.10 Runge-Lenz-Pauli Group of Degeneracy 


A well-known symmetry of the Kepler problem was used by Pauli to find the spec¬ 
trum of the Coulomb problem by purely algebraic manipulations. There exists a 
vector operator M constructed from the Hamilton operator H of (13.1), the mo¬ 
mentum operator p, the angular momentum operator L = x x p, and the operator 

Pe = \J—2MH. This is the Runge-Lenz-Pauli vector: 
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which commutes with H and is therefore a conserved quantity. Together with L it 
forms the algebra of rotations 0(4) in a four-dimensional space 

[Li,Lj\ = ie ijk L k , [Li, Mj\ = ie ijk M k , [M h Mj] = ie ijk M k . (13.248) 

The vector M is orthogonal to L, 

M • L = L • M = 0, (13.249) 

and satisfies 

L 2 + M 2 + n 2 = -e 4 ^t = e 4 ^-. (13.250) 

2 H P 2 e 

The combinations 

j ( h 2) = I(L±M) (13.251) 

generate commuting Lie algebras of three-dimensional rotations 0(3), so that the 
squares have the eigenvalues j 0> 2 ) (j 0> 2 ) _|_ i) The condition (13.249) implies 

that j W = jd 2 ) — j, Hence (13.250) becomes 

„ - * - M 2 Mr 2 

L 2 + M 2 + h 2 = 4(L ± M) 2 + h 2 = [4j(j+l) + l]h 2 = e 4 — = - h 2 a 2 ^^. (13.252) 

Pe 2 H 

From this follows that Pe has the eigenvalues (2 j + 1 )aMc, and H the eigenvalues 
Ej = —Mc 2 a 2 /(2j + l) 2 . Thus we identify the principal quantum number as n = 
2j + 1 = 0,1, 2,... . For each n, the magnetic quantum numbers m\ and m 2 of Jdf 
and T 2 ) can run from — j to j, so that each level is (2 j + l) 2 = n 2 -times degenerate. 

The wave functions of the hydrogen atom of principal quantum number n are 
direct products of eigenstates of T 1 ) and T 2 ); 

\nmym 2 ) = <S> |(13.253) 

In atomic physics, one prefers combinations of these which diagonalize the orbital an¬ 
gular momentum L = J ( 0 + J (2) . This done with the help of the Clebsch-Gordan co¬ 
efficients ( j , mi; j, m, 2 \l, m) [18] which couple spin j with spin j to spin l = 0,1,... 2 j: 

| nlm) = E |jmi) (1) <8) |jm 2 ) (2) j,m 2 \l,m). (13.254) 

mi ,7712j 

13.11 Solution in Momentum Space 

The path integral for a point particle in a Coulomb potential can also be solved in 
momentum space. 
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13.11.1 Pseudotime Path Integral 

As in the coordinate space treatment in Section 13.1, we shall calculate the matrix 
elements of the pseudotime displacement amplitude associated with the the resolvent 
operator R = i/(E — H). As in Eq. (12.19), we shall rewrite it in the form 


R 


f(E-H / 


(13.255) 


where / is an arbitrary function of space, momentum. Rewriting the the path 
integral (12.31) in the momentum space representation (2.34), we shall evaluate the 
canonical path integral for the pseudotime displacement amplitude with M — 1 : 


(Pb|W B (5')|p a ) = 


x 



fa- (13.256) 


From this we find the fixed-energy amplitude via the integral [compare (13.4)] 

(Pt’IPa)i? = [ dS (p b \U E (S)\p a ). (13.257) 

Jo 

The left-hand side carries a superscript / to remind us of the presence of / on the 
right-hand side, although the amplitude does not really depend on /. This freedom 
of choice may be viewed as a gauge invariance [17] of (13.257) under / —» f. Such 
an invariance permits us to subject (13.257) to an additional path integration over 
/, as long as a gauge-fixing functional $[/] ensures that only a specific “gauge” 
contributes. Thus we shall calculate the amplitude (13.257) as a path integral 

(Pfj I Pa) E = J £>/$[/] (Pb\Pa) f E - (13.258) 

The only condition on <3>[/] is that it must be normalized to have a unit integral: 
/ X>/ $[/] = 1. The choice which leads to the desired solution of the path integral is 


m = n-ew 

S ' 



With this, the total action in the path integral (13.258) becomes 


fS 

Ap ,x,/]=/ ds 
Jo 


-V X 



1 ,2 , / 

2^ f + r a 


(13.259) 


(13.260) 


The path integrals over / and x in (13.258) are Gaussian and can be done, in this 
order, yielding a new action 



4p 


/ 2 


(p 2 +PeY 


-j - Q. 


(13.261) 
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where we have introduced p E = \J—2E, assuming E to be negative. The positive 
regime can later be obtained by analytic continuation. 

At this point we go to a more symmetric coordinate system in momentum space 
by projecting the three-vectors p stereographically to the four-dimensional unit vec¬ 
tors 7f = (it, 7T 4 ): 


2p E p _ p 2 - p 2 E 

TT — 9 9 i ^*4 — o . 9 • 

P + Pe P + Pe 

This brings (13.261) to the form 



(13.262) 


(13.263) 


The vector n describes a point particle with pseudomass p = 1 /p 2 E moving on a 
four-dimensional unit sphere. The pseudotime evolution amplitude of this system is 

ftS| m = (13.264) 

Let us see how the measure arises. When integrating out the spatial fluctua¬ 
tions in going from (13.260) to (13.261), the canonical measure in each time slice 
[d 3 p n /(2n) 3 ]d 3 x n becomes [d 3 p n /(27r) 3 ][(27r) 1 / 2 /(p 2 + p E )} 3 - From the stereographic 
projection (13.262) we see that this is equal to d7r n /(27r) 3 / 2 p|;, where dn n denotes 
the product of integrals over the solid angle on the surface of the unit sphere in four 
dimensions. The integral / di f yields the total surface 27r 2 . Alternatively we may 
rewrite as in Eq. (1.560), / dn n = /d 4 7r n 5(|7f n | — 1) = 2/d 4 7r n <5(7f 2 — 1), or use an 
explicit angular form of the type (8.120) or (8.124). 

The expression (13.264) was obtained by purely formal manipulations on the con¬ 
tinuum pseudotime axis and needs, therefore, pseudotime-slicing corrections similar 
to Section 13.5. For the motion on a spherical surface these have to be evaluated by 
the methods of Chapter 10. There we learned that the proper sliced path integral 
we know that in a curved space, the time-sliced measure of path integration is given 
by the product of invariant integrals / dq n yjg(q n ) at each time slice, multiplied by an 
effective action contribution exp(zAg ff ((/„)) = exp(ieR(q n ) /6/i), where R is the scalar 
curvature. For a sphere of radius r in D dimensions, R = (D—l)(D — 2)/r 2 , implying 
here for D = 4 that exp(?b4g ff ) = exp (ie/p) = exp(iep 2 E ). Thus, when transforming 
the time-sliced measure in the path integral (13.256) to the time-sliced measure on 
the sphere in (13.264), a factor e lSpE is by definition contained in the measure of 
the path integral (13.264) [compare (10.153), (10.154)]. This has to be compensated 
by a prefactor e~ lSp E. A careful calculation of the time slicing corrections gives an 
additional factor e lSp E / 2 . The correct version of (13.264) is therefore 


(7r 6 £j7r a 0) 


— e ~iSp 2 E /2 


Vif 

(27r) 3 / 2 p| 


e iA[n\ 


(13.265) 
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with the integral measure defined as in Eqs. (10.153) and (10.154). 

The path integral for the motion near the surface of a sphere in four dimensions 
was solved Subsection 8.7. The energies were brought on the sphere in Section 8.9. 
The spectral representation was given explicitly in Eq. (8.162) in terms of rota¬ 
tion matrices. Here we shall use the ultra-pherical harmonics T) mim2 (7?) defined in 
Eq. (8.125). From these we construct combinations appropriate for the hydrogen 
atom to be denoted by Y n ^ m ( if), where n,l,m are the quantum numbers of the 
hydrogen atom with the well-known ranges (n — 1,2,3,..., / = 0,..., n — 1, m — 
—/,...,/). Explictly, these combinations are formed with the help of Clcbsch- 
Gordan coefficients (j, mp, j, m. 2 \l, m) [18] which couple spin j with spin j to spin 
Z = 0,1,... 2 j, where j is related to the principal quantum number by n — 2j + 1 
[compare (13.254)]: 

Y n lmij 0 E n, ,mi ,7712 (7f) (j,mi,j,m 2 \l,m). (13.266) 

7711 ,7712 — — jf-ij 

The orthonormality and completeness relations are 

J dir Y*ni m i (if) Y n lm.(jt) = Snn'Sll'Smm>, Y nlm(^')Y n l m { 7 ?) = 5 (4) (tf' - 7?), (13.267) 

n,l,m 

where the 5-function satisfies / dn 5^ (if — n) — 1. When restricting the complete 
sum to l and m only we obtain the four-dimensional analog of the Legendre poly¬ 
nomial: 


J2Ynlm(^')Y n l m (7f) = —P„(cOS'd), P n ( COS'5) = 


l,m 


2tt 2 


sin m) 
n sin i) ’ 


(13.268) 


where '0 is the angle between the four-vectors i% and n a : 

(P 1 ~ Pe)(pI ~ Pe ) + 4 pIp 6 • Pa 


COS •& = TTb7f a = 


(Pb+Pl)(Pa+Pl) 


(13.269) 


Adapting the solution of the path integral for a particle on the surface of a 
sphere in Eqs. (8.162) with the energy correction of Section 10.4 to the present case 
we obtain for the path integral in Eq. (13.265) the spectral representation 


00 n 2 


(TfbSlTfaO) = (2 tt) 3/2 p| J2 x-^n(cosd) exp 

71 = 1 Z7T 


KpW ~ « 2 )] | \ ■ (13.270) 


For the path integral in (13.265) itself, the exponential contains the eigenvalues of 
the squared angular-momentum operator L 2 /2p which in D dimensions are /(/ + 
D — 2)/2/t, l — 0,1,2,,,... . For the particle on a sphere in four dimensions and 
with the identification l — 2j — n — 1, the eigenvalues of L 2 are n 2 — 1, leading to an 
exponential e _4p ^ n l 5 / 2 . Together with the exponential prefactor in (13.265), 
we obtain the exponential in (13.270). 
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Inserting the spectral representation (13.270) into (13.257), we can immediately 
perform the integral over S, and arrive at the amplitude at zero fixed pseudoenergy 

00 n 2 9 7 

(7f b |7f a )o = (2tt) 3 /2 p|X]—P n (cos^)^^-^. (13.271) 

This has poles displaying the hydrogen spectrum at energies: 

En = n = l,2,3,.... (13.272) 

More details on the wave functions are listed in Appendix 13B. 

The solution in momentum space was first given by Schwinger [?, 20, 21]. 


13.11.2 Another Form of Action 

Consider the following generalization of the action (13.261) containing an arbitrary 
function h depending on p and s: 


1 r s 

Ap] = 2 J Q ds 


'1 4p /2 

h ( p 2 + p |) 2 


T o? h 


(13.273) 


This action is invariant under reparametrizations s —> s' if one transforms simulta¬ 
neously h —> hds/ds'. The path integral with the action (13.261) in the exponent 
may thus be viewed as a path integral with the gauge-invariant action (13.273) and 
an additional path integral / df <&[f] with an arbitrary gauge-fixing functional <b [h]. 
The parameter s may be chosen to be the physical time t. By going to the extremum 
in h, the action reduces to 


A[v] ^ a f? T \^TW- < 13 - 274 > 

This is the manifestly reparametrization invariant form of an action in a curved 
space with a metric g ,ll> = 5^ v / (p 2 + p 2 E ) 2 . In fact, this action coincides with the 
classical eikonal in momentum space: 

rPb 

S(p b , p a ; E) = — dr p-x. (13.275) 

J Pa 

The eikonal (13.275), and thus the action (13.274), determines the classical orbits 
via the first extremal principle of theoretical mechanics found in 1744 by Maupertius 
(see p. 380 and [22]). 

Appendix 13A Dynamical Group of Coulomb States 

The subspace of oscillator wave functions /\fn) in the standardized form (13.189), which do 

not depend on x 4 (i.e., on 7 ), is obtained by applying an equal number of creation operators cd 
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and D to the ground state wave function (13.195). They are equal to the scalar products between 
the localized bra states (z,z* | and the ket states [ril,^,^,^) of (13.196). 

These ket states form an irreducible representation of the dynamical group 0(4,2), the or¬ 
thogonal group of six-dimensional flat space whose metric gAB has four positive and two negative 
entries (1,1,1,1, —1, —1). 

The 15 generators Lab = —Lba, A,B = 1,... 6, of this group are constructed from the 
spinors 


a = 


a i 
a 2 


5 = 


h 
b 2 


(13A.1) 


and their Hermitian-adjoints, using the Pauli o -matrices and c = io , as follows (since carry 
subscripts, we define <7j = a 1 ): 


Ltj — 


\ + SVfcSj i,j, k = 1, 2, 3 cyclic, 

(, f 


La = 5 (a T cr,;a — feVjfrj 


Li5 = \ (a t cr i c6 t - acaibj , 
L i6 = § ^aV,c6^ + acaJ)J , 
(cd — acb j , 


^45 - 


L 46 = 5 + acfej , 

Lee = \ (a 1 a + Pb + 2 ^ . 


(13A.2) 


The eigenvalues of Lee on the states with an equal number of a- and 5-quanta are obviously 

1 


( (ri^ T ri ‘2 -\- -(- Ti '2 A 2) — n. 

The commutation rules between these operators are 

[Lab, Lac] = igAALsc, 


(13A.3) 


(13A.4) 


where n is the principal quantum number [see (13.198)]. It can be verified that the following 
combinations of position and momentum operators in a three-dimensional Euclidean space are 
elements of the Lie algebra of 0(4,2): 

r = Lee ~ Lm, 
x — La A i4, 

-i(x<9 x + 1) = L 45 , 

ird x i Lie- 


The last equation follows from the transformation formula [recall (13.138)] 


f) , —_ P * f) 

x - 2v? M ^ 


(13A.5) 


(13A.6) 


together with 


u 1 = \{zi+z* l ), u 2 = ±( Zl - z{), 
u 3 = \{z 2 + z%), u a = ±(z 2 - Z 2 ), 


(13A.7) 
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and 

d\ = (■ d Zl + d z *), d 2 = i{d Zl - d z *), 

d 3 = ( d Z2 + d z *), d 4 = i(d Z2 - d z *). (13A.8) 

Hence 

- ird x i = -i{z<Jid z + d z a t z). (13A.9) 

By analogy with (13A.2), the generators Lab can be expressed in terms of the z, z*-va.riables as 
follows: 


Lij = \{za k d z - d z a k z), 

Ui = -\{zcFiZ - d z aid z ), 

L i5 = \(zcriZ + d z aid z ), 

Lie = -i(z<Jid z + d z aiz), 

A 45 = ~i(zd 2 + d z z), 

Lag = -\{zz + d z d z ), 

L 56 = \{zz-d z d z ). (13A.10) 

Going over to the operators x l , d x i, they become 

Lij i{xid x j Xjd x i), 

Li4 = \ {-Pd'i - x l + 2 d x ixdx) , 

Li 5 = \ (-x l d 2 + x 1 + 2<9 x iX<9 x ) , 

L ie = -ird x i, 

L 45 = -i(x l d x i + 1), 

L4e = 

A 56 = ^(~rd 2 +r), (13A.11) 

where the purely spatial operators d £ and x9 x are equal to d 2 ^ and x^d x » because of the constraint 
(13.182). 

The Lie algebra of the differential operators (13A.11) is isomorphic to the Lie algebra of the 
conformal group in four spacetime dimensions, which is an extension of the inhomogeneous Lorentz 
group or Poincare group , defined by the commutators in Minkowski space (/z, v = 0,1, 2,3), whose 
metric has the diagonal elements (+1,-1,—1,-1), 

[P^Pu] = 0, (13A.12) 

[Lfj V ,P\} = -i{gn\P v - gv\Pn), (13A.13) 

L\ k ] — ii^g ij\L VK gvxL^K g^^L^x g^nL ^x). (13A.14) 


The extension involves the generators D of dilatations x M and K M of special conformal 

transformations 4 


x 




X M — c^x 2 
1 — 2 cx + c 2 x 2 ’ 


(13A.15) 


4 Note the difference with respect to the conformal transformations a la Weyl in Eq. (13.234). 
They correspond to local dilatations. 


H. Kleinert, PATH INTEGRALS 




Appendix 13 A 


Dynamical Group of Coulomb States 


981 


with the additional commutation rules 

[D, P„] = [D, K„\ = iK M , [D, L„„] = 0, (13A.16) 

[Kn,K v ]=0, [K fi ,P v ,\ = -2i(g^D+L IJ , I/ ), [K^, L vX \ =i{g^K x - g,j,\K v ). (13A.17) 

The commutation rules can be represented by the differential operators 

Py. = id^, =i(x tl d v -Xvd^), D = ix‘ Jj 8 tl , (13A.18) 

Kn = i(2x Vb x l 'd v - x 2 8 ll ). (13A.19) 

Their combinations 

= L/xv, J/x 5 = \{Pti ~ Kn)i + K„), J 56 = D, (13A.20) 

satisfy the commutation relation of 0(4,2): 

[Jab,Jcd] = ilfs acJbd 9bcJad T 9bdJac 9bcJad)i (13A.21) 

where the metric c/ab has the diagonal values (+1,—1,-1,—1,-1, + 1 ). 


When working with oscillator wave functions which are factorized in the four ^^-coordinates, 
the most convenient form of the generators is 

I/12 = i{u 1 d 2 - u 2 d 1 - u 3 d 4 + u 4 d 3 )/2, 

I/13 = 1^83 + u 2 8 4 - u 3 8 1 - u 4 8 2 )/ 2, 

I/14 = -(n 1 !! 3 + u 2 u 4 ) + (3i3 3 + <92C>4)/4, 

I/15 = (n 1 ?! 3 + u 2 u 4 ) + (8383 + 8 2 d 4 )/ 4 :, 

1/16 = -i(« 4 < 9 3 + u 2 c?4 + u 3 di + u 4 8 2 )/ 2 , 

L 2 3 = i(u 1 d 4 - u 2 8 3 + u 3 8 2 - u 4 8 i)/ 2 , 

T24 = ~{u 4 u 4 - u 2 u 3 ) + (8184 — 8 2 8 3 )/ 4 :, 

L 25 = {u l u 4 + u 2 u 3 ) + (8484 - 8-283)/A, 

L 26 = -i(u 1 d4 - u 2 8 3 - u 3 8 2 + u 4 8 i)/ 2 , 

L 34 = [(n 1 ) 2 + (n 2 ) 2 ^ (n 3 ) 2 - (n 4 ) 2 ]/2 + ( 8 2 + 8 2 - d 2 - dj)/8, 

A35 = -[(« 1 ) 2 + (« 2 ) 2 -(« 3 ) 2 -(« 4 ) 2 ]/2 + (^ + ^-^-^)/ 8 , 

L 36 = —i{v} 8 i + u 2 8 2 - u 3 8 3 - u 4 d 4 )/ 2 , 

L45 = -i{u 4 8 i + u 2 8 2 + u 3 8 3 + u 4 8 4 + 2 )/ 2 , 

i 46 = -K) 2 / 2 -a 2 / 8 , 

i 56 = K) 2 /2-a 2 /8. (13A.22) 

The commutation rules (13A.4) between these generators make the solution of the Schrodinger 
equation very simple. Rewriting (13.167) as 

(-^•V 2 --^ — -lW)=0, (13A.23) 

V 2 E H a H J 

and going to atomic natural units with an = 1, Eh = 1, we express r<9 2 and r in terms of L 4 q, 
via (13A.11). This gives 

2 (-^56 + I/ 46 ) — E(L 5 q — 1 46 ) — 1 if = 0. 

With the help of Lie’s expansion formula 

= 1 + i[A, P] + ^[i, [A, B}} + ... 


(13A.24) 
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for A = L 45 and B = L$q and the commutators [£ 45 ,^ 55 ] = iL 45 and = iL.jfj. this can 

be rewritten as 


with 


e^ Li 5 L 5 e e -^ Li5 


1 ip = 0, 


(13A.25) 


= ilog (-2E). 


(13A.26) 


If ip n denotes the eigenstates of L 5e with an eigenvalue n, the solutions of (13A.25) are obviously 
given by the tilted eigenstates e l ' ffLi5 'ip n of the generator L 5e whose eigenvalues are n = 1, 2,3,... 
[as follows directly from the representation (13A.2)]. For these states, the parameter i) takes the 
values 


1 ? = tl n = — log n, (13A.27) 

with the energies E n = —1/2 n 2 . 

Since the energy E in the Schrodinger equation (13A.24) is accompanied by a factor L^q — L$q, 
the physical scalar product between Coulomb states is 

Wn'^nUys = «'I(£s 6 - ^46)10 = <W (13A.28) 

Within this scalar product, the Coulomb wave functions 

iPn ( x ) = -m=e l ^ nD ^(u^) = / Vn) (13A.29) 

y/n s/n 

are orthonormal. 

The physical scalar product (13A.28) agrees of course with the scalar product (13.169) and 
with the scalar product (11.95) derived for a space with torsion in Section 11.4, apart from a trivial 
constant factor. 

It is now easy to calculate the physical matrix elements of the dipole operator x 1 and the 
momentum operator —id x i using the representations (13A.5). Only operations within the Lie 
algebra of the group 0(4,2) have to be performed. This is why 0(4,2) is called the dynamical 
group of the Coulomb system [13]. 

For completeness, let us state the relation between the states in the oscillator basis \n 1 n 2 m) 
and the eigenstates of a fixed angular momentum | nlm) of (13.219), which is analogous to the 
combination (13.254) 


| nlm) 


E 

ni+ri 2 +m=(n—l)/2 

x |ni?i 2 m)(i(n — 1), i(n 2 — n\ + m); |(n 


1 ), |(ni — n 2 + m)\l, to). 


(13A.30) 


Appendix 13B Wave Functions in Three-Dimensional 

Momentum Space 


Let us introduce the Bohr momentum pn = fi/au = Me 2 /% and go to units where pu = 1. Then 
the radial wave functions F n i(p) with unit normalization f n dpp 2 F 2 lm (p) = 1 are given by [] 


Fniip) = \/~ 


2 /(n l l)!„ 2 22 (J+i)j!_ 


n l p l 


-Cl 


d+i) (-1 


(n — 1)1 " ( n 2 p 2 + \) l+2 ~ n 1 1 \n 2 p 2 + 1 

where Cn X \z) are the Gegenbauer polynomials defined in (8.102), for example 


Cq X \z) = 1, C) A, (z) = 2\z, C ( 2 A, {z) = 2X(X + l)z 2 - X,... . 


AA) 


(A), 


(13B.31) 


(13B.32) 
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The lowest wave functions are 


Fio = 4 


F20 = 


32 4 p 2 - 1 


Fo-i = 


128 


tt ( p 2 + l) 2 ’ - U v^(V + l) 3 ’ v^(V + l) 3 ' 

In two dimensions, the momentum space wave functions were listed in Ref. [21]. 


(13B.33) 
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14 

Solution of Further Path Integrals 
by Duru-Kleinert Method 


The combination of a path-dependent time reparametrization and a compensating 
coordinate transformation, used by Dura and Kleinert to transform the Coulomb 
path integral into a harmonic-oscillator path integral, can be generalized to relate a 
variety of path integrals to each other. In this way, many unknown path integrals 
can be solved by their relation to known path integrals. In this chapter, the method 
is explained for a typical sample of one-dimensional path integrals as well as for a 
more involved three-dimensional system. The latter describes a generalization of the 
Coulomb system consisting of two particles which carry both electric and magnetic 
charges. It is commonly referred to as the dionium atom (by analogy with the 
positronium atom, the bound state between electron and positron). We also discuss 
further possible generalizations of the solution method. 

14.1 One-Dimensional Systems 

In one space dimension, the general relation to be established is the following: Let 
H be a Hamiltonian operator 

H = T + V, (14.1) 

with the kinetic term T = p 2 /2M, and define the auxiliary Hamiltonian operator 

H E = H-E , (14.2) 

with the associated time evolution amplitude 

(x b \U E (t)\x a ) = (x b \e~ ltHE/h \x a ). (14.3) 

An integration of this amplitude over all t > 0 yields the fixed-energy amplitude 

poo ^ 

(x b \x a ) E = dt b (x b \U E (t b -t a )\x a ) (14.4) 

Jta 
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[recall (12.8)]. This can formally be written as a path integral 

(. x b \x a ) E = [°°dt b f Vx(t)e iA ^ n , (14.5) 

Jt a J 

with an action 

Pb r M o 

Ae[x\ = / dt -—x 2 (t) — V(x(t)) + E . (14.6) 

Jt a l 2 

As in the Coulomb system, another path integral representation is found for the 
amplitude (14.5) by making use of the more general representation (12.21) of the 
resolvent operator. By choosing two arbitrary regulating functions fi(x), f r (x) whose 
product is f(x), we introduce the modified auxiliary Hamiltonian operator 

n E = fi{x){H-E)f r {x). (14.7) 

The associated pseudotime evolution amplitude 

(x b \U E (S)\x a ) = fr(x b )fi(x a ){x b \e~ lS ' fLE/h \x a ) (14.8) 

yields upon integration over all S > 0 the same fixed-energy amplitude as (14.4): 

r-OO ^ 

(x b \x a ) E = dS(x b \U E (S)\xa) (14.9) 

Jo 

[recall (12.30)]. The amplitude can therefore be calculated from the path integral 
{x b \x a ) E = J o ds fr(x b )fi(x a ) J Vx(s)E A z [x]/n , (14.10) 

with the modified action 

A f E [x) = j Q ds ^ 2 ^^ s ^ x' 2 (s) - f(x(s))[V(x(s)) -E] j . (14.11) 

As observed in (12.37), this action is obtained from (14.6) by a path-dependent time 
reparametrization satisfying 

dt — ds f(x(s)). (14.12) 

The introduction of f(x) has brought the kinetic term to an inconvenient form 
containing a space-dependent mass M/f(x). This space dependence is removed by 
a coordinate transformation 

x = h(q). (14.13) 

Since the coordinate differentials are related by 

dx = h'(q)dq, (14.14) 
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we require the function h(q) to satisfy 

h' 2 (q ) = f(h(q)). (14.15) 

Then the action (14.11) reads, in terms of the new coordinate q, 

= [ ds {• lly-(s) - f(q(s))[V(q( S )) - E ]} . (14.16) 

with the obvious notation 


f(q ) = /(%)), V(q) ee V{h(q)). (14.17) 

In the transformed action (14.16), the kinetic term has the usual form. 

The important fact to be proved and exploited in the sequel is the following: 
The initial fixed-energy amplitude (14.5) can be related to the hxed-pseudoenergy 
amplitude associated with the transformed action (14.16), if this action is extended 
by an effective potential 


Ves(q) 


n 2 \h m 3 (h"\ 2 
4M Ji' 2 \17) ' 


(14.18) 


The quantity in brackets is known as the Schwartz derivative {h, q} of Eq. (4.19) 
encountered in the semi classical expansion coefficient g 2 (^)- The effective potential 
is caused by time slicing effects and will be derived in the next section. Thus, instead 
of the naively transformed action (14.16), the hxed-pseudoenergy amplitude (qb\q a )e 
is obtained from the extended action 

r s r m 'i 

^E%q] = J 0 ^|yg /2 (s)-/(g(s))[E(g(s))-E]-Kff(g(s)) + 6’|, (14.19) 

by calculating the path integral 

= jfdS jv q (s )( u ““ (14.20) 

The relation to be derived which leads to a solution of many nontrivial path integrals 

is 

(■ x b \x a ) E = [f (% b ) f (x a )} 1/A (qb\qa)s=o- (14.21) 

The procedure is an obvious generalization of the Duru-Kleinert transformation 
of the Coulomb path integral in Section 13.1, as indicated by the superscript DK 
on the transformed actions. Correspondingly, the actions Ae[o;] and [q ], whose 
path integrals (14.5) and (14.20) producing the same fixed-energy amplitude ( Xb\x a )E 
via the relation (14.21), are called DK-equivalent. 

The prefactor on the right-hand side has its origin in the normalization properties 
of the states. With dx = dqh'(q ) = dq f (h(g)) 1 / 2 , the completeness relation 

J dx\x)(x\ = 1 ( 14 . 22 ) 
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goes over into 


J dq\/T(q)\ h (q))(h(<i)\ = i- (14.23) 

We want the transformed states \q) to satisfy the completeness relation 

jdq\q)(q\ = l. (14.24) 

This implies the relation between new and old states: 

\x) = f(q)~ 1/4 \q)- (14.25) 

At hrst sight it appears as though the normalization factor in (14.21) should have 
the opposite power —1/4, but the sign is correct as it is. The reason lies, roughly 
speaking, in a factor [f(xb)f(x a )} 1 ^ 2 by which the pseudotimes dt and ds in the 
integrals (14.4) and (14.20) differ from each other. This causes the fixed-energy 
amplitude to be no longer proportional to the dimensions of the states, in which 
case Eq. (14.21) would have indeed carried a factor [/(x;,)/(a; a )] _1//4 . The extra 
factor [/(xb)/(a; a )] 1 / 2 arising from the pseudotime integration inverts the naively 
expected prefactor. 

In applications, the situation is usually as follows: There exists a solved path 
integral for a system with a singular potential. The time-sliced action is not the 
naively sliced classical action, but a more complicated regularized one which is free 
of path collapse problems. The most important example is the radial path integral 
(8.36) which involves a logarithm of a Bessel function rather than a centrifugal 
barrier. Further examples are the path integrals (8.174) and (8.207) of a particle 
near the surface of a sphere in D = 3 and D = 4 dimensions, where angular barriers 
are regulated by Bessel functions. In these examples, the explicit form of the time- 
sliced path integral without collapse as well as its solution are obtained from an 
angular momentum projection of a simple Euclidean path integral. In the hrst 
step of the solution procedure, the introduction of a path-dependent new time s 
via dt = ds f(x(s)) removes the dangerous singularities by an appropriate choice 
of the regulating function f(x). The transformed system has a regular potential 
and possesses a time-sliced path integral, but it has an unconventional kinetic term. 
In the second step, the coordinate transformation brings the kinetic term to the 
conventional form. The final fixed-pseudoenergy amplitude ( q b \q a )s evaluated at 
£ = 0 coincides with the known amplitude of the initial system, apart from the 
above-discussed factor which is inversely related to the normalization of the states. 
Note that with (14.15), the relation (14.21) can also be written as 

(x b \x a ) E = [h'(q b )h\q a )} 1/2 (q b \q a ) £=0 . (14.26) 

This transformation formula will be used to End a number of path integrals. First, 
however, we shall derive the effective potential (14.18) as promised. 
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14.2 Derivation of the Effective Potential 


In order to derive the effective potential (14.18), we consider the pseudotime-sliced 
path integral associated with the regularized pseudotime evolution operator (14.8): 


(x b \ti E (S)\x a ) 

fr(x b )fl(x a 


N 

n 


^2me 8 hfi(x b )f r (x a )/M n =i ^2me s hf n /M _ 


dx r 


exp , (14.27) 


where 


JV+1 


A"=Z 


M (Ax„) 2 
= 3 [ 2e s fl(x n )fr( x n-l) 


+ e s [E -V(x n )\fi(x n )f r (x n _ 1 ) \ . (14.28) 


In the measure, we have used the abbreviation f n = f(x n ) = fi(x n )f r (x n ). From now 
on, the potential V (. x ) is omitted as being inessential to the discussion. By shifting 
the product index and the subscripts of f n by one unit, and by compensating for 
this with a prefactor, the integration measure in (14.27) acquires the postpoint form 


[/(^)/(^a)] V4 

fr(x a ) 

-5/4 

fl(x a ) 

J2izie s ti/M 

Jr(x b )_ 


Ji{x b )_ 


V 4 JV+1 

n 

n= 2 ' 


dAXr 


2nie s hf n /M 


(14.29) 


where the integrals over Ax n = x n — x n -\ are done successively from high to low n, 
each at a fixed postpoint position x n . 

We now go over to the new coordinate q with a transformation function x = h(q) 
satisfying (14.15) which makes the leading kinetic term simple: 


A 


N 

0 


JV+1 

E 


n= 1 


M 

2e s 


(A q n f. 


(14.30) 


The postpoint expansion of Ax n reads at each n (omitting the subscripts) 

Ax = x(q) - x(q - A q) = e x A q- \e 2 (A qf + E 3 (A qf + . .. , (14.31) 

2 o 

with the expansion coefficients 

ei = h! = f 1/2 , e 2 = h", e 3 = h'",... (14.32) 


evaluated at the postpoint q n . The expansion (14.31) is the one-dimensional analog 
of the expansion (11.56), the coefficients corresponding to the basis triads in 
Eq. (10.12) and their derivatives (ei=e\, e 2 =e l ...). Let us also introduce the 
analog of the reciprocal triad eA defined in (10.12): 


e = 1/ei = 1/ti = l/f 1/2 . 


(14.33) 




990 


14 Solution of Further Path Integrals by Duru-Kleinert Method 


With it, we expand the kinetic term in (14.28) as 


( Ax r 


sfl (Xn) fr (*£n—1) 


(Ag) ; 

2e, 


1 - ee 2 A q + 


1 1 r s2 

-ee 3 + -(ee 2 ) 


(A«) 2 + ...} 


f 

J r 


x{l + fAq + 

Jr 


J'Y 1 fr 


Jr 


2 fr 


(A# 


(14.34) 


where /' = df r /dq. From Eq. (14.31) we see that the transformation of the measure 
has the Jacobian 


J = = yn 

oAq 


1 - ee 2 Ag+ -ee 3 (A qf + 


(14.35) 


[this being a special case of (11.59)]. Since the subsequent algebra is tedious, we 
restrict the regulating functions fi(x) and fjx) somewhat as in Eq. (13.3) by as¬ 
suming them to be different powers fi{x) = f{x) 1 ~ x and f r (x ) = f(x) x of a single 
function f(x), where A is an arbitrary splitting parameter. Then the measure (14.29) 
becomes 


/f 72 /' 1 -")/ 2 W r dAx 


2nie s h/M ^ 2 ^ J2nie s hf n /M 


(14.36) 


with the obvious notation f b = f(x b ) } fa = f(x a ). We now distribute the prefactor 
f3 \/ 2 even |y over the t im e interval by writing 


JV+l / f 

^3A/2 ^(l- 3 A)/2 _ 1 1/4^1 /4 TT I J n ~l 
Jb J a — Jb Ja 11 ( r 

Jn 


1/4-3A/2 


(14.37) 


Then the path integral (14.27) becomes 


(x b \U E (s)\x a ) 


x exp < — 
n 


D/ 4 rl/4 N 
J b J a _ I | 

2tt ie s h/M n = 1 


n =1 


dAq n 


2nie s h/M 


N +1 


M 


A", x—(A q„) 2 + e s f(q n )[E — V(q n )] + ... 

n=\ Z€ s 


(14.38) 

[1 + C(q n ,Aq n )\, 


where 1 + C is a correction factor arising from the three-step transformation 

1 + C = (1 + C mea s) (1 + C f )(l + C ac t). (14.39) 

Dropping irrelevant higher orders in A q, the three contributions on the right-hand 
side have the following origins: 

The transformation of the measure (14.35) gives rise to the time slicing correction 


C'meas = -ee 2 A q + -ee 3 (Ag) 2 + ... . 


(14.40) 
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First we find the expectation value (11.70). Listing only the relevant terms of order 
e s , we obtain 

(CAq) 0 = ihe s —ee 2 - (j - yj j + ^ (ee 2 - Xj^j . (14.44) 

The A-terms cancel each other identically. The remainder vanishes upon using the 
relation (14.15), which reads in the present notation 

e\ = f, (14.45) 

implying that 

2 ei e 2 = /', 2ee 2 = /'//, (14.46) 

and yielding indeed ( CAq) 0 = 0. 

We now turn to the expectation (C% which determines the effective potential 
via Eq. (11.47). By differentiating the second equation in (14.46), we see that 

f"/f — 2 (ee 2 ) 2 + ee 3 . (14.47) 

By expressing / and f" in Eqs. (14.41) and (14.42) in terms of the e-functions, we 
obtain 


Cf — ^ — 2 " j {-2ee 2 A q + [(ee 2 ) 2 + ee 3 ] (Ag) 2 | 



(1 - y) (ee 2 ) 2 (A,) 2 + 


1 


(14.48) 
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.M(AqY 


h 2 e, 


| - (1 - 2A)ee 2 Ag 


—&&3 + -(ee 2 ) 2 — A(ee 2 + ee 3 ) + 2A(A + l)(ee 2 ) 2 — 2A(ee 2 )^ 


L3 


(Aqf 


M 2 (Ag ) 4 


(1 — 2 A) 2 (ee 2 ) 2 (Ag ) 2 + ... . 


2 h 2 4e 2 s 

After forming the product (14.39), the total correction reads 


(14.49) 


C = ee 2 ( - - A ) Ag 


iM 

he* 


(Ag ) 2 - 3 


+ (ee 2 )" 


9 


6 


o A - - A ^ - (Ag ) 2 + i 4A - -A + - — (Ag) 


7, 7 \ M 


8/ he. 


2 V A 2 


M 2 

We 2 


(A g) e 


+ee 3 


S(a^)(a,) 2 -^(a-J)A a ,) 


3/ he. 


+ . 


(14.50) 


Using (14.43), we find the expectation to the relevant order e s : 


^-4 


1 - 3 2 

ye 3 - -(ee 2 ) 


(14.51) 


ft amounts to an effective potential 


U eff = 


ik 2 
’ Af 


r ee 3 - o( ee 2) 5 


(14.52) 


By inserting (14.32) and (14.33), this turns into the expression (14.18) which we 
wanted to derive. 

In summary we have shown that the kernel in (14.38) 


K €s (Ag) = 


1 f* ^ 

, = exp < — > 

\j2Ttie s fi/M l^ n =i 


M 

2^r 


(Ag n ) 2 + e s Ef(q n 


[1 + C] (14.53) 


can be replaced by the simpler equivalent kernel 


Jl(Ag) = 


AT+l 


“P E 


2nie s Ti/M l ^ 


n=l 


M 

2 c" 


(Ag „) 2 + e s Ef(q n ) - e s U eff 


, (14.54) 


in which the correction factor 1 + C is accounted for by the effective potential V e g of 
Eq. (14.18). This result is independent of the splitting parameter A [1]. The same 
result emerges, after a lengthier algebra, for a completely general splitting of the 
regulating function f(x) into a product fi(x)f r {x). 
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14.3 Comparison with Schrodinger 
Quantum Mechanics 

The DK transformation of the action (14.11) into the action (14.19) has of course 
a correspondence in Schrodinger quantum mechanics. In analogy with the intro¬ 
duction of the pseudotime evolution amplitude (14.8), we multiply the Schrodinger 
equation 

h 2 

~2M 9 * ~ E ^ = iWt ^ x '*) (14.55) 

from the left by an arbitrary regulating function fi(x), and obtain 

-^M x )d 2 J r ( x ) ~ Ef(x ) ip f {x,t) = f (x)ihd t 'ip f (x, t), (14.56) 

with the transformed wave function ipf(x,t ) = f r (x)~ 1 'ijj(x,t). After the coordinate 
transformation (14.14), we arrive at 

~2 ^(g)-£/(g) ip f (q,t) = f(q)ihd t i/j f (x,t), (14.57) 

having used the notation f(q ) = f(h(q )) as in (14.17). Inserting h' 2 (q) = f(h(q)) = 
fi(h(q))f r (h(q)) from (14.15), the Schrodinger equation becomes 

r_1 ( g ) (' dq “ 77 dq ) ^ ~ ^ q ^ = (14.58) 

After going from ipf(q,t) to a new wave function 

<t>(Q,t) = /r /4 (?)/r 1/4 (?)^/(?^) 

related to the initial one by ip(x,t) =fr{q)lf(q,t) = the Schrodinger 

equation takes the form 

~wi h '^~ l/2 _ i7 dq ) h '^ 1/2 ~ 

= ~J^ d q + V * s “ E f( q ) t) = t), (14.59) 

where V7ff is precisely the effective potential (14.18). 

For the special coordinate transformation r = h(q) = e q , we obtain 


Kff 


h 2 \h"' 

AM 17 



n 2 i 

2M4’ 


2 


(14.60) 
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as first pointed out by Langer [2] when improving the WKB approximation of 
Schrodinger equations with a centrifugal barrier U 2 l{l + l)/2 Mr 2 . This is too singu¬ 
lar to allow for a semiclassical treatment. The transformation r = h(q ) = e q leads 
to a smooth potential problem on the entire q- axis, in which the centrifugal barrier 
is replaced by h 2 [l(l + 1) + ±]/2 M. Langer concluded from this that the original 
Schrodinger equation in r can be treated semiclassically if /(/ + 1) is replaced by 
/(/ + 1) + The additional \ is known as the Langer correction. 

The operator f(q)d t on the right-hand side of (14.59) plays the role of pseudotime 
derivative d s . 

14.4 Applications 

We now present some typical solutions of path integrals via the DK method. The 
initial fixed-energy amplitudes will all have the generic action 

Ae = j dt —x 2 {t) — V(x) + E , (14.61) 

with different potentials V(x) which usually do not allow for a naive time slicing. 
The associated path integrals are known from certain projections of Euclidean path 
integrals. In the sequel, we omit the subscript E for brevity (since we want to use 
its place for another subscript referring to the potential under consideration). The 
solution follows the general two-step procedure described in Section 14.4. 


14.4.1 Radial Harmonic Oscillator and Morse System 

Consider the action of a harmonic oscillator in D dimensions with an angular mo¬ 
mentum l 0 at a fixed energy E 0 : 


An — 


M , 2 —1/4 M 22 

—r - , r l -wV + E c 

2 2 Mr 2 2 c 


(14.62) 


Here Ho is an abbreviation for 


Ho — Do /2 — 1 + lo (14.63) 

[recall (8.138)], Do denotes the dimension, and lo the orbital angular momentum 
of the system. The subscript O indicates that we are dealing with the harmonic 
oscillator. A free particle is described by the u —> 0 -limit of this action. 

Due to the centrifugal barrier, the time evolution amplitude possesses only a 
complicated time-sliced path integral involving Bessel functions. According to the 
rule (8.140), the centrifugal barrier requires the regularization 

—*■ m ° g d {jL r " r "-') ■ <14 ' 64) 
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This smoothens the small-r fluctuations and prevents a path collapse in the Eu¬ 
clidean path integral with po — 0. The time-sliced path integral can then be solved 
using the formula (8.14). The final amplitude is obtained most simply, however, by 
solving the harmonic oscillator in Dq Cartesian coordinates, and by projecting the 
result into a state of fixed angular momentum Iq. The result was given in Eq. (9.32), 
and reads for ry > r a 


( r b\ r a) Eo4o 


.1 1 T(( l + p)/2-u) 

i --- 

U s/rpF a T(/x + 1) 


w, 




Mcu 2 \ 

ir r v 





where the parameters on the right-hand side are 


E, 


u = u a = 


o 


2 oj%' 


p — po- 


(14.66) 


The poles determining the energy eigenvalues lie at v = n/2-\-D/4 = n r -\-l/2-\- D/4, 
where n = 0,1,2,3,... . 

A stable pseudotime evolution amplitude exists after a path-dependent time 
transformation with the regulating function 


f{r) = r 2 . 


(14.67) 


The time-transformed Hamiltonian 

,p 2 0 - 1/4 M 


pi — r 2 — _l- ft 2 * 

H °~ r M + 


——-1-ca 2 r 4 — E 0 r 2 

2 M 2 


is free of the barrier singularity. Thus, when time-slicing the action 

rS ( j\/f r ' 2 

( __ rv -i - _ 

2 


A f=r2 - 
— 


'Mr ,z p%- 1/4 M 

2 r T _ 


ds | + E 0 r 2 


2 M 


(14.68) 


(14.69) 


associated with Eo, no Bessel functions are needed. 

Note that the factor 1/r 2 accompanying r' 2 = [dr(s)/ds] 2 does not produce 
additional problems. It merely diminishes the fluctuations at small r. However, the 
r-dependence of the kinetic term is undesirable for an evaluation of the time-sliced 
path integral. We therefore go over to a new coordinate x via the transformation 


r = h(x) = e x , 


(14.70) 


the transformation function h(x) being related to the regulating function f(x) by 
(14.15): 


h' 2 = e 2x = f(r) = r 2 . 

The resulting effective potential (14.18) happens to be a constant: 

n 2 


(14.71) 


Wff = 


h 2 

1 b!" 

3 1 


M 

177 

_ 8 ' 

UJ. 


8M 


(14.72) 
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Together with this constant, the DK-transformed radial oscillator action becomes 


A dk - 
•a o ~ 


ds 


M 


-x' 


J2 


Fo 
2 M 


Mu 2 


e 4x + E 0 e 2x 


(14.73) 


The effective potential (14.72) has changed the initial centrifugal barrier term from 
(jj‘q — l/4)/2 M to Hq/2M. We have omitted the pseudoenergy S since it is set 
equal to zero in the final DK relation (14.26). With the identifications 


M 9 
= —or, 

2 

(14.74) 

= Eq, 

(14.75) 

h ^O , F 
- 2 M +Em ’ 

(14.76) 

- (V M ~ -Em)] , 

(14.77) 

Ae 4x - Be 2x + C. 

(14.78) 

dS j Vx{s)e iAM/n 

(14.79) 


the action (14.73) goes over into 

f s 

Am = ds 
Jo 

with the Morse potential 

V M {x) = 

Its fixed-energy amplitude 


is therefore equivalent to the radial amplitude of the oscillator (14.65) via the DK 
relation (14.26), which now reads 

(n\r a )Eo,i = e ( ' Xb+Xa)/2 {x h \x a )E M , (14.80) 


where r = e x . 

Let us use the relations (14.74)-(14.76) to extract the bound-state energy eigen¬ 
values of the Morse potential. For this we use the relation (9.33) to rewrite B 
as 


B — hu(no + n r + 1 / 2 ), n r — 0 ,1,2,3,... , (14.81) 

which becomes with (14.74) 

B = hy/2A/M(fi 0 + n r + 1 / 2 ). (14.82) 

This is solved by po = B/U^2A/M — (n r + 1/2), and inserted into (14.76) to find 

2 

, (0 < n r < \JMB 2 /2Ah 2 —1/2. (14.83) 


E m =C- 


B 2 
4A 


1 - 



( n r + 1 / 2 ) 


For studies of molecular vibrations one typically chooses the Morse potential Vm = 
ho[e^ 4;t — 2e~ 2x ], in which case the energy spectrum becomes 

r 1 2 


Em — — ho 


1 - 



( n r + 1 / 2 ) , 


(0 < n r < yjMV 0 /2h 2 - 1/2. (14.84) 
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14.4.2 Radial Coulomb System and Morse System 

By a similar argument, the completely different path integral of the radial Coulomb 
system can be shown to be DK-equivalent to the path integral of the Morse potential. 
The action is 


•Ac — 


dt 



dl - 1/4 

2 Mr 2 



(14.85) 


where 


p c = D c /2 - 1 + l c . (14.86) 

For e 2 = 0, the action describes a free particle moving in a centrifugal barrier 
potential. As in the previous example, the action (14.85) does not lead to a time- 
sliced amplitude of the Feynman type, but involves Bessel functions. We must again 
remove the barrier via a path-dependent time transformation with 

f(r) = r 2 (14.87) 


by introducing the pseudotime s satisfying dt = dsr 2 (s). This leads to the time- 
transformed action 




Mr' 2 2 /zg- 1/4 
2 r 2 2 M 


+ e 2 r + E c r 2 


(14.88) 


To bring the kinetic term to the standard form, we change the variable r to x via 


r = e x . 

This introduces the same effective potential as in (14.72), 


(14.89) 


V eS = 


k 2 1 


2M 4’ 


(14.90) 


canceling the 1/4-term in the former centrifugal barrier [2], Thus we arrive at the 
DK transform of the radial Coulomb action 


A DK - 


ds 


—x' 2 - h 2 ^ 


+ e V + E c e 


A trivial change of variables 


2 M 


2x 


(14.91) 


x = 2x , 
M = M/4, 
p c = 2 / 2 , 


(14.92) 


brings this to the form 
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A 


DK 

C 



^2_ n 2_P? 2 2, E 4, 

2 2 M 


(14.93) 


and establishes contact with the Morse action (14.77). Upon replacing x by x we 
see that 


(r b \r a ) Ec ,i c = ^ Xb+Xa) (x b \x a ) EM , (14.94) 

with r = e 2x . The factor 1/2 accounts for the fact that the normalized states are 
related by \x) = \x)/2. The identification of the parameters is now 


A 

B 

C 


-E c , 


e 2 , 

+ E * 


(14.95) 

(14.96) 

(14.97) 


This can easily be checked inserting for Em the previous result (14.84), with A and 
B expressed by (14.74) and (14.75). This yields 


Me 4 1 

h 2 2(/ie + n r + ^) 2 


-Me 2 


2n 2 ’ 


(14.98) 


with n = n r + l c + (D c — 1)/2, n r = 0,1,2 ,... . For D c = 3, this agrees with 
(13.212). 


14.4.3 Equivalence of Radial Coulomb System 
and Radial Oscillator 

Since the radial oscillator and the radial Coulomb system are both DK-equivalent 
to a Morse system, they are DK-equivalent to each other. The relation between the 
parameters is 


Mq — 4Mc, 

Fo = 2 nc, 

E 0 = e 2 , (14.99) 


To = \frc- 

We have added subscripts O, C also to the masses M to emphasize the systems to 
which they belong. The relation no — 2/ie implies 

Do/2-l + lo = 2{D c /2-l + l c ) (14.100) 


H. Kleinert, PATH INTEGRALS 




14.4 Applications 


999 


for all dimensions and angular momenta of the two systems. Due to the square root 
relation tq = y/rc, the orbital angular momenta satisfy 

lo = 2l c . (14.101) 


For the dimensions, this implies 


D 0 = 2 D c - 2. 


(14.102) 


In the cases Dc = 2 and 3, there is complete agreement with Chapter 13 where the 
dimensions of the DK-equivalent oscillators were 2 and 4, respectively. 

To relate the amplitudes with each other we find it useful to keep the notation 
as close as possible to that of Chapter 13 and denote the radial coordinate of the 
radial oscillator by u. Then the DK relation for the pseudotime evolution amplitudes 
states that 

{n\r a )E c ,nc = ^\/ u bUa(u b \ua)Eo^o > (14.103) 


with the right-hand side given by (14.65) (after replacing r by u, Ado by 4 Me, and 
Mooou 2 /h by 2 nr). 

Note once more that the prefactor on the right-hand side has a dimension oppo¬ 
site to what one might have expected from the quantum-mechanical completeness 
relation 



(14.104) 


whose w-space version reads 



du2u\r)(r\ = / du\u)(u\ 


1 . 


(14.105) 


As explained in Section 14.1, the reason lies in the different dimensions (by a factor 
r) of the pseudotimes over which the evolution amplitudes are integrated when going 
to the fixed-energy amplitudes. A further factor 1/4 contained in (14.103) is due to 
the mass relation Mq = 4 Mq. 

Let us check the relation (14.103) for Dc = 3. The fixed-energy amplitude of the 
Coulomb system has the partial-wave expansion 


h 


(x 6 |x a ) Ec = 5] Z 


l c =0m.=-l c rbTa 


inK) 

Eq i^C (0 h ,<Pb)Y£ m (0a,<Pa). ( 14 - 106 ) 


The four-dimensional oscillator, on the other hand, has 


OO 

(u b \u a ) Eo = ( U b \Ua)Eo,lo (14.107) 

lo= 0 

I l l o/2 

A- E visile, 

mi,ni2=—lo /2 


X 
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We now take Eq. (13.127), 


roo • 2 / 1 /* 4 tt 

(x 6 |x a ) Ec = / dSe ie s/h — / d'f a (u b S\u a O), (14.108) 

Jo lb Jo 


and observe that the integral / 0 47r dq a over the sum of angular wave functions 


^o + l 

2 vr 2 


l 0 /2 


£ (14-109) 


mi,rri2 =—(q/2 


produces a sum 


l 0 /2 

8 X! ^io/2,m,o(0&> 0a), (14.110) 

m 

with the spherical harmonics 


^Zo/ 2 ,m(^, 0 ) 



m *d, 0 7(9). 


(14.111) 


Only even ip-values survive the integration, and we identify lc = lo /2 

Recalling the radial amplitude of the harmonic oscillator (9.32), we find from 
(14.103) the radial amplitude of the Coulomb system in any dimension Dq for r b > 


{n\r a ) Ec , lc 


. Me r (—v + lc + (Dc — l)/2) 

hn (2lc + Dc — 2 )! 


W u j c+ D c /2-i(2K,r b )M Uj i c+Dc /2-i(2Kr a ) 




(14.112) 


where k = \J—2ME/% 2 and z/ = \J—e A Me/2Ti 2 Ec as in (13.39) and (13.40). For 
D c = 3, this agrees with (13.211). 

The full Dc-dimensional amplitude is given by the sum over partial waves 

^ OO 

(XfclXa)e c ,/ c = - ( Dc _i)/ 2 E (o|o) Eci ; c ^ F/ m (Xj,)y^(x a ), 

yb^a ) 2=0 m 

which becomes with (8.126) 

( | n, 1 ^ ! I N 2/ C + — 2 1 (Dc/2-1)^ A a N 

(x6|x a ) Ec ,z c = -- , D )/2 2^ (r b |r a ) E z ---- — ; (cosAd n ). 

(Va) Z c =0 - 2 S Dc 

(14.113) 


It is easy to perform the sum if we make use of an integral representation of the 
radial amplitude obtained by DK-transforming the integral representation (9.25) of 
the radial oscillator amplitude. Replacing the imaginary time by the new variable 
of integration g = e~ 2u( ' Tb ~ Ta \ the radial variables r by u, and the oscillator mass M 
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by Mq to match the notation of Chapter 13, the amplitude (9.25) can be rewritten 
as 


(u b \u. 


a)Eo,lo~ 


■ Mq - 

-l —yJU h U a 


/0 


" l dQ _ 

■Q 




e 1 - B Mi 0+Do / 2 -i{2Ku b UaY^ j , (14.114) 


with 


K = 


MqLU 
2 h 


v = Eo/2hoj. 


(14.115) 


Recalling (9.35), the poles of this amplitude lie at v — n/2 + Do /4 = n r + Iq /2 + 
Dq/ 4, where n = 0 , 1 , 2 , 3,... , so that the energy eigenvalues are 


£g n = 2ku> 



Tiuj ( 2 Tt r l 


D 


o 


(14.116) 


From the DK relation (14.103) we obtain (■ r b \r a ) lc Ec and insert it into (14.113). 
Then we recall the summation formula 


i \ Dd 2 - 1/2 

A') 


oo 

lD c /2-3/2{kz) = k Dc ~ 2 Y. 


1=0 


1 r(/ + Dc - 2) 
l\ T(D c /2 - 1/2) 


( 2 1 + Dq — 


2 ) 


xF(-Z, l + Dc - 2; D c /2 - 1 / 2 ; (1 + fc 2 )/ 2 )(-)% +Dc _ 2 (;?), (14.117) 


which follows from Eq. (13.205) for v = Dc /2 — 3/2 and /j = Dq — 2. After expressing 
the right-hand side in terms of the Gegenbauer polynomial C ) Dc/2 1 with the help 
of (8.106), this becomes 

^ (2^)d/2-1/2 (f) ' /Dc/2-3/2(fe)/(fe) D 2/2-3/2 

= E 2 ic / g V 2 T-df c/ 2 A(i + V)/2)/ 21 c+Dc _ 2 (3). (14.118) 

( c =0 ^ *3d c 

Setting 


2 : = 2 KU b U a 


2 y^ 

1 -ff’ 


k = cos(d/ 2 ), 


(14.119) 


the sum over the partial waves in (14.113) is easily performed, and we obtain for the 
fixed-energy amplitude of the Coulomb system in Dq dimensions the generalization 
of the integral representations (13.43) and (13.133) in two and three dimensions: 

/ i \ M k d <~ 2 yi dg _ v 

lXb| * a)E 1 n (27t)( D C-1)/2 J q (1 _ g )2 g 


ref(13.43) 

lab(13.30) 

est(13.41) 



{Dc- 3)/2 

e-' , rf (r ‘ +r “)/ Dc/ 2-3/2 (kz) l(kz) D ^- 3 l\ 


(14.120) 


X 
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where 


kz 


2k —J (r b r a + x 6 x a )/2, 


(14.121) 


and k, is are the Coulomb parameters (13.40). 

By changing the integration variable to ( = (1 + q)/{1 — p) as in (13.49), the 
integral in (14.120) is transformed into a contour integral encircling the cut from 
( = 1 to oo in the clockwise sense. Then the amplitude reads [3] 


(x b |x a )£; = -i 


M 


k 


Dc-2 


ne 


iir(i/—D c /2+3/2) 


2 % ( 2 vr)( D c-i )/2 S in[7r(z/ - D c /2 + 3/2)] 


(14.122) 


x 


[ _ y\-v+D c /2-3/2 

Jc 2t ti vs ; 


(C + l)" +Dc/2 - 3/2 e- KC(r " +r “ ) / Dc/2 _3/2 (z) /z Dc/2 - 3/2 . 


This expression generalizes the integral representations (13.53) and (13.135) for 
D c = 2 and D c = 3, respectively. The poles of this amplitude lie at all integer 
is = n r + lc + {Dc — l)/ 2 , corresponding to the energies 


E c = 


Me 4 1 
n 2 2n 2 ’ 


with n = n r + lc + {D c — l)/ 2 , n r 


0,1,2,... ,(14.123) 


in agreement with (14.98) and, for Dc = 3, with (13.212). 

As a final remark let us emphasize that at the time-sliced level there is no way of 
going directly from the radial Coulomb problem to the radial oscillator via the DK 
relation, due to the catastrophic centrifugal barriers. This has been attempted in 
the literature [4], An intermediate Morse potential is necessary to do this properly. 
See Appendix 14A. 


14.4.4 Angular Barrier near Sphere, and Rosen-Morse Potential 

For another application of the solution method, consider the path integral for a 
mass point near the surface of a sphere in three dimensions, projected into a state of 
fixed azimuthal angular momentum m = 0, ±1, ±2,.... The projection generates 
an angular barrier oc (m 2 — 1/4)/ sin 2 9 which is a potential of the Poschl-Teller type. 
With jjL = Mr 2 , the real-time action is 


Apr 


dt 


/r - 2 h 2 h 2 “ m 2 — 1/4 ” 

2 8 /i 2 /i sin 2 6 


(14.124) 


The quotation marks are defined in analogy with those of the centrifugal barrier in 
Eq. (8.140). The precise meaning is given by the proper time-sliced expression in 
Eq. (8.175) whose limiting form for narrow time slices is (8.177). After an analytic 
continuation of the parameter m to arbitrary real numbers /q the resulting amplitude 
was given in (8.187). In the sequel we refrain from using the symbol q for the 
noninteger m-values to avoid confusion with the mass parameter q. 
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The spectral representation of the associated fixed-energy amplitude is easily 
written down; it arises by simply integrating (8.187) over —idr b and reads 


,- ; - 00 

(0 b \Oo)m,E vr = y sin 9 b sin 9 a J2 tt 

n -C/T 


ih 


where L 2 — 1(1 + 1) with l — n + m [recall (8.225) for D — 3]. The sum over n 
can be done using the so-called Sommcrfcld-Watson transformation [5]. The sum is 
re-expressed as a contour integral in the complex n-plane and deformed in such a 
way that only the Regge poles at 


n + m = l = 1{E vt ) = -- + \ - + 


2/jE-pj- 

h 2 


(14.126) 


contribute, with both signs of the square root. The result for 9 b > 9 a is [6] 


(9b\9 a )m.,E VT = \J sin 9 b sin 9 a —^-T(m - /(£ , pr))R(/(^pr) + m + 1) 

X Pr { E vr) (~ COS 9 b )P~™ vT) (COS 9 a ) 


(14.127) 


Here we shall consider m as a free parameter characterizing the interaction strength 
of the Poschl-Teller potential [7] 


Vpr(6) — 


Ti 2 m 2 


2p sin 2 9' 

The regulating function removing the angular barrier is 

f{9) = sin 2 9, 

and the time-transformed action reads with dt = ds sin 2 9(s) 


Af= sin20 = ds 


h 2 

d 1 a '2 i 1 „• 2 


h 2 


2 n 9 + —sin 9 - — (m - 1/4) + E VT siir 9 


(14.128) 


(14.129) 


(14.130) 


2 sin 2 9 ' 8/i 2p 

We now bring the kinetic term to the conventional form by the variable change 


sin 9 = 


cos 9 = — tanh x, 


cosh x ’ 

which maps the interval 9 e (0, n) into x G (—oo, oo). Then we have 

1 


h'(x) = sind = 


cosh x 


(14.131) 


(14.132) 


Forming the higher derivatives 

... tanh x 

h (x) = 


cosh x ’ 


h'"(x) = --— fl — 2 tanh 2 x) , (14.133) 

cosh re v J ' 
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the effective potential is found to be 




8/2 



cosh "x 


The DK-transformed action is therefore 


A 


DK _ 
VI 




h 2 m 2 1 

2 /i ^ cosh 2 a; 


(14.134) 


(14.135) 


It describes the motion of a mass point in a smooth potential well known as the 
Rosen-Morse potential (also called the modified Poschl-Teller potential) [ 8 ]. The 
standard parametrization is 1 

W*) = (14-136) 

2 /i cosh x 

This corresponds to l(3pj-) in (14.126) having the value s. The energy of the Rosen- 
Morse potential determines the parameter m in the action (14.135), and we identify 


m = m(E nM ) = -2 /iEkm/Ti 2 


(14.137) 


It is obvious that the time-sliced amplitude of the Rosen-Morse potential has no 
path collapse problems. Its fixed-energy amplitude is thus DK-equivalent to the 
Poschl-Teller amplitude (14.127), with the precise relation being 

(fibfi a) y^sin 6 b sill 0 a^Xb\x a) m,EnM > (14.138) 

where tanh x = — cos 9, 6 G (0, 7 r), x G (4-00,00). Inserting (14.127), the amplitude 
of the Rosen-Morse system reads explicitly 


— Ill 

(x b \x a ) m / EnM ) = T{m{E nM ) - s)Y{s + m(E nM ) + 1) 

x P~™( e km) ( tan h Xb )Pfi m{EKM) (- tanh x a ). (14.139) 

The bound states lie at the poles of the first Gamma function where 

m{E nM ) = s -n, n = 0,1, 2,..., [s], (14.140) 


with [s] denoting the largest integer number < s. From the residues we extract the 
normalized wave functions [ 6 ] 

fi n (x) = \/r(2s — n + l)(s — n)/nPfi~ s (tai\hx). (14.141) 

For noninteger values of s, these are not polynomials. However, the identity between 
hypergeometric functions (1.453) 

F(a, b ; c; z) — (1 — z) c ~ a ~ b F(c — a, c — b; c; z) (14.142) 

1 There is no danger of confusing this parameter s with the pseudotime s. 
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permits relating them to polynomials: 

2, n ~ s 1 

P" _s (tanhx) = —-——— a _ w F (-n, 1 + 2s - n;s - n + l;(l-tanhz)/2). 

I (s — n + 1) cosh x 

(14.143) 

The continuum wave functions are obtained from (14.141) by an appropriate analytic 
continuation of m to — ik. This amounts to replacing n by s + ik. 


14.4.5 Angular Barrier near Four-Dimensional 

Sphere and General Rosen-Morse Potential 

Let us extend the previous path integral of a mass point moving near the surface of 
a sphere from D = 3 to D = 4 dimensions. By projecting the amplitude into a state 
of fixed azimuthal angular momenta m\ and m 2 , an angular barrier is generated in 
the Euler angle 9 proportional to {rn\ + m\ — 1/4 — 2 r mrm2Cos9)/ sin 2 9. This is 
again a potential of the Poschl-Teller type, although of a more general form to be 
denoted by VT'. The action (8.212) is, with p = Mr 2 / 4, 


Apy' 



^9 2 + — 
2 32/i 


h 2 “mf + m 2 

2 p, 


2 m\rri2 cos 9 — 1/4” 
sin 2 6 


T Eppi 


(14.144) 


where the quotation marks indicate the need to regularize the angular barrier via 
Bessel functions as specified in (8.208). The projected amplitude was given in 
Eq. (8.203) and continued to arbitrary real values of mi = pi, m 2 = P 2 with 
Pi > P 2 > 0 in (8.213). As in subsection 14.4.4, we shall also use the parameters 
mi, m 2 when they have noninteger values. 

The most general Poschl-Teller potential 


Vpt'( 0 ) 


ft 2 £jXfi + 1) . ^ 2(^2 + 1) 
2 p sin 2 (9/2) cos 2 (9/2) 


(14.145) 


can easily be mapped onto the above angular barrier, where si(si + 1) = 

(mi+ 4 m2)2 - s 2(«2 + 1 ) = (mi ~ ma)2 - Js or Si = ~l (1 - yf f + (mi+m 2 ) 2 ) , s 2 = 

l 1 - \/f + (mi - m2) 2 ). 

The fixed-energy amplitude is obtained directly from Eq. (8.213) by an integra¬ 
tion over —idTt,. It reads for rn ] > m 2 


(9 b \9 a 




, = \J sin 9 b sin 9 a 


x E 


ih 


2 n + 2mi + 1 


=0 Evt’ 


h L 2 /Sp 


ew (14.146) 


where L 2 is given by L 2 = (/ + l) 2 — 1/4 with l — 2n + 2m 4 [recall (8.220) with 
(8.225)]. 


ref(8.212) 

lab(8.177b) 

est(8.213) 


ref(8.213) 

lab(8.152f) 

est(8.214) 


ref(8.225) 

lab(x8.226) 

est(8.226) 
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As in Eq. (14.125), the sum over n can be performed with the help of a 
Sommerfeld-Watson transformation by rewriting the sum as a contour integral in 
the complex n-plane. After deforming the contour in such a way that only the Regge 
poles at 


/ 1 2uE-ppt 

2 n + 2mi = l = l^Epp/) = —1 + 2\ — H-— 2 — 

V 16 ft 

contribute, with both signs of the square root, we find for 9 b > 6 a : 

—2 i/t 

~h~ 


(fib | @a)mi ,in 2 ,E-p-j-/ 'y/sill 9 b sill 9 a 


(14.147) 


(14.148) 


x r(m 1 -/(^ r 0/2)r(/(^ r 0/2-m 1 + l)^if^ ) / 2 (^ - vr)dg£' )/2 (0«), 

with arbitrary real parameters mi, m 2 characterizing the interaction strength. The 
eigenvalues of the discrete energies are given by the poles of the Erst Gamma func¬ 
tion: 


E 

H/'p'j-f — —— 


2/i L 


[(mi + n + i) 2 - , n = 0,1, 2 ,... . 

The regulating function which removes the angular barrier is 

f(9)=sin 2 9, 

and the time-transformed action reads, with dt = ds sin 2 9(s), 


(14.149) 


(14.150) 


A /=sin 2 9 _ 
Sl'P'j-r — 


ds 


F 


2 sin 2 9 

k 2 


9 ,2 +—sm 2 9 
32 n 


2/i 


(m 2 + m 2 — 1/4 — 2mim 2 cos 9) + Epr' sin 2 9 


. (14.151) 


We now bring the kinetic term to the conventional form by the variable change 


sin 9 — ±- 


-, cos 9 = — tanh x. 


cosh x 

As in the previous case, this leads to the effective potential 

n 2 


VcS ~ S/i\ 1+ cosh 2 x 


The DK-transformed action is then 


A(p T , — ds 


(14.152) 


(14.153) 


2 X ' 2 ~ + + 2m i m 2 tanh a;) + (e-pt' ~ \ ^^2 x 


(14.154) 
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It contains a smooth potential well near the origin known as the general Rosen-Morse 
potential [8]: 


Vkm'( x ) 



3ft 2 \ 1 ft 2 

- --1-2/ni-mo tanh x 

32/a j cosh 2 x 2/a 


The standard parametrization for this is 2 


Vkm'( x ) 


ft 2 s(s + 1) 
2/a cosh 2 x 


2c tanh x 


(14.155) 


(14.156) 


which amounts to choosing 


E-ppi 


2/a 


s(s + 1) + 


3 ' 

16 J ’ 


mim 2 = c, 


(14.157) 


in (14.154). Inserting this into (14.147) makes l(Eppi)/2 equal to s. 

The energy of the general Rosen-Morse potential is defined by the action in the 
fixed-energy path integral [compare (14.77)] 


Arm' — 


ds 


I 1 12 
2 X 


(Vhm 1 ~ Etzm' 


(14.158) 


Comparison with (14.154) shows that the bound-state energies have the eigenvalues 

E-rm' = + m l) = + c2 /‘ m i)- (14.159) 

The solution of this equation will be a function rri\ (Erm')- Correspondingly, we 
may define m 2 (ER M >) = c/mi(ER M i). 

Feynman’s time-sliced amplitude certainly exists for this potential, and the fixed- 
energy amplitude is determined in terms of the angular-projected amplitude (14.148) 
of a mass point near the surface of a sphere which describes the motion in a general 
Poschl-Tcllcr potential. The relation is [9] 


(^b|^a)mi,m 2 ,i?p 7 -/ ^/sill sill $a(*£b|-£a)mi,m 2 ,£ ; 7 j j v(/ ) (14.160) 

with tanh x = — cos ft, ft G (0,7r), x G (—oo, oo). Explicitly we have 

- 2 XfJi 

(_ x b\ x a)mi,m 2 ,E KM i = —^-T(rrii{E rm>) - s)r(s - mi {Er M >) + 1) (14.161) 

1 

^ 2 (^(‘^' 6 / (@a( x a)) ■ 

Since s — mi > 0, the bound states lie at the poles of the first Gamma function. 
With the energy-dependent function rri\ (Erm') defined by (14.159), they are given 
by the solutions of the equation 


mi(E nMI ) = s - n, n = 0,1 ,..., [s]. 

2 There is no danger of confusing this parameter s with the pseudotime s. 


(14.162) 
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The residues in (14.161) render the normalized wave functions 




\ 


2 2 
mf — 777-2 


T(s + 1 — mi)n\ 


(14.163) 


mi T(s + 1 — m 2 )T(s + 1 + m 2 ) 
x [i(l + tanhx)] (mi - m2)/2 [i(l - tanhz)] (mi+m2)/2 p(jm-m 2 ,m 1+ m 2 )^_ tanhx ) ; 


or, expressed in terms of hypergeometric functions, 


'Mz) = 

x [i(l + tanhx)] (mi “ m2)/2 [i(l - tanhx)] (mi+m2)/2 
x F (2s — n + 1, — n; 1 + mi — m 2 ; §(1 + tanhx)), (14.164) 

with mi — s — n and m 2 = cjm\ [10]. The continuum wave functions are obtained 
from these by an appropriate analytic continuation of mi to complex values —ik 
satisfying the relation k 2 = (mf + c 2 /mf) [compare (14.159)]. 

When inserting (14.161) into (14.160), we have to make sure to use for s the 
E-p-y I - dep endent exression s(E-p-j-i) obtained from solving (14.157). 


mf — m 2 T(s + 1 + mi)T(s + 1 — m 2 ) 
mi n!T(l + mi — m 2 ) 2 T(s + 1 + m 2 ) 


14.4.6 Hulthen Potential and General Rosen-Morse Potential 

For a further application of the solution method, consider the path integral of a 
particle moving along the positive r-axis with the singular Hulthen potential 

Vu(r) = 9 ? -jEj, (14.165) 


where g and a are energy and length parameters. Note that this potential contains 
the Coulomb system in the limit a —> oo at ag = e 2 = fixed. 

The fixed-energy amplitude is controlled by the action 


■An — 




Vn( r ) + E-h 


(14.166) 


The potential is singular at r = 0, and for g < 0, the Euclidean time-sliced amplitude 
does not exist due to path collapse. A regulating function which stabilizes the 
fluctuations is 


f(r ) = 4(1 - e-’-''“) 2 . 


(14.167) 


The time-transformed action is therefore 


A f n = ds 
Jo 


M 


J2 


2 4(1 — e -C«) 2 


-4e- r/a (l - e~ r/a ) + E u 4(1 - e.- r/a ) 2 


(14.168) 
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The coordinate transformation leading to a conventional kinetic energy in terms of 
the new variable x is found by solving the differential equation 


dr 

dx 


= h'(x), 


with 


The solution is 


so that 


h' = y[~f = 2(1 -e~ r/a ). 


= x + alog[2cosh(x/a)] = log(e 2l / a + 1), 


h'(x) = 2 


d 2 x/a 


0 x/a 


e 2 x/a _|_ l cosh(x/a) 


(14.169) 


(14.170) 


(14.171) 


(14.172) 


The semi-axis r e (0, oo) is mapped into the entire x-axis. 

To find the effective potential we calculate the derivatives 


h"(x) = 
h M (x) = 
and obtain 

hT_ 

77 
ti" 

17 


]_ g x/a 


acosh 2 (x/a) acosh(x/a) 
2 sinh x 2 e x ^ a 


a 2 cosh 3 x a 2 cosh (x/a) 

X g-x/a x 

= -[1 — tanh(x/a)], 


[1 — tanh(x/a)], 

[tanh(x/a) — tan 2 (x/a)], (14.173) 


a cosh (x/a) a 
2 e~ x ! a sinh(x/a) 
a 2 cosh 2 (x/a) 

so that the effective potential becomes 


(14.174) 


= —-tanh(x/a)[l — tanh(x/a)], 


V eS = 


h 2 


8 Ma 2 


2 — 2 tanh(x/a) — 


cosh" (x/a) 


(14.175) 


After adding this to the time-transformed potential, the DK-transformed action is 
found to be 


A DK - 


! i3 \ 


M 


x' 2 - g+ E h - 


l 2 


n 2 \ 


2Ada 2 ) cosh 2 (x/c 


2 E u + 


h 2 


4 Ma 2 


tanh(x/a) + 2 


n2 .\ 


AM a 2 J j ' 


(14.176) 
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This is the action governing the fixed-energy amplitude of the general Rosen-Morse 
potential (14.156) 


a ) 


h 2 \ s(s +1) 
2Ma 2 cosh 2 (x / a) 


ctanh(x/«) 


(14.177) 


Since this potential is smooth, there exists a time-sliced path integral of the Feynman 
type. The relation between the fixed-energy amplitudes is 

(■ r b \r a )E n = e {xb+Xa),2a [cosh (x b /a) cosh(a; a /a)]~ 1/2 (x b \X o)e km ,, (14.178) 

with r/a = \og{e 2x ^ a +1) G (0, oo), x G (—oo, oo). The amplitude on the right-hand 
side is known from the last section; it is related to the amplitude for the motion of 
a mass point on the surface of a sphere in four dimensions, projected into a state of 
fixed azimuthal angular momenta rn\ and m 2 . Only a simple rescaling of r/a to a; 
is necessary to make the relation explicit. 

From the energy spectrum (14.159), with (14.162), of the generalized Rosen- 
Morse potential and the above DK we derive the discrete spectrum of the Hulthen 
potential for g < 0 [7]: 


-^''H n 9 


n 2 — n 2 
2 n g n 


2 


fl 1 / 2 2\ 2 

2 Ma 2 4 n 2 ” / 


1 <n< n g , (14.179) 


where n 2 = —2 Mga 2 /h 2 . 

In the literature, a solution of the time-sliced path integral with the action 
(14.166) has been attempted using a regulating function [11] 


/ = a 2 (e r/a - 1). 


(14.180) 


This implies going to the new variables 

- = -21ogcos(0/2)i (14.181) 

a 

so that 


/ = a 2 tan 2 (#/2) = a 2 


cos 2 (0/2) 


(14.182) 


Note that this does not lead to a solution of the time-sliced path integral, since 
the transformed potential is still singular. Indeed, with h' = atan(0/2), h" = 
a/2 cos 2 (d/2), h'" = asin(d/2)/2 cos 3 (d/2), we would find the effective potential 


Kff(d) = 


h 2 


8 Ma 2 sin 2 d 
and a transformed action 


(1 + 2cosd) = 


h 2 


32 Ma 2 


sin 2 (d/2) cos 2 (d/2) 


(14.183) 


A 


DK 

n 


= / ( ds/a 2 ) 
Jo 


I Ma 4 

1“ 


o/2 


g + E- 


n 


cos 2 (d/2) 


+ Reff(d) , (14.184) 
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which is of the general Poschl-Teller type (14.145). Due to the presence of the 
1/cos 2 (d/2)-term, the Euclidean time evolution amplitude cannot be time-sliced. 
Only by starting from the particle near the surface of a sphere with the particular 
ref(8.208) Bessel function regularization of (8.208), can a well-defined time-sliced amplitude be 
lab(8.175) written down whose action looks like (14.184) in the continuum limit. It would be 
est(8.209) ifQposgipie^ however, to invent this regularization when starting from the continuum 
action (14.184). 


14.4.7 Extended Hulthen Potential 

and General Rosen-Morse Potential 


The alert reader will have noticed that the regulating function (14.165) overkills 
the ga/r singularity of the Hulthen potential (14.165). In fact, we may add to the 
potential a term 


A V H = 


g' 

( e r/a _ 1)2 


(14.185) 


without loosing the stability of the path integral. In the limit a —> oo, the extended 
potential contains the radial Coulomb system plus a centrifugal barrier, if we set 
ga = —e 2 = const and g'a 2 = h 2 l(l + l)/2 M. The potential (14.185) adds to the 
time-transformed action (14.168) a term 

A A f u = — ds g' 4e~ 2r/a , (14.186) 

which winds up in the final DK-transformed action as 


= - 


ds g 


2 — 2 tanh(x/a) — 


cosh (rc/a) 


(14.187) 


Therefore, the extended Hulthen potential is again DK-equivalent to the general 
Rosen-Morse potential with the same relation (14.178) between the amplitudes, but 
with different relations between the constants. 

The discrete energy spectrum of the extended Hulthen potential is 

. i 2 


Ey.'n — 


h z 


2 Ma 2 


n(n — 1) + n 2 


— n + 


1 < n < n, 


2 (n - s 2 ) 

where n 2 , = 2 Mg'a 2 /ti 2 , and s 2 = — \ (l — 1 + 4n 2 ,) solves s 2 (-S 2 + 1) 

g' = 0, this reduces to (14.179). 


(14.188) 


= n„ 


For 


14.5 H-Dimensional Systems 

Let us now perform the path-dependent time transformation in D dimensions. The 
fixed-energy amplitude is given by the integral 

f-OG ^ 

(x 6 |x a ) E =/ dS(x b \U E (S)\x a ), 

Jo 


(14.189) 
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with the pseudotime evolution amplitude 


(x ft |W E (5')|x a ) = / r (x 6 )/i(x a )(x 6 | exp 

It has the time-sliced path integral 
(x 6 |Wb(-S , )|x 0 ) « 


--SM*)(H - E)f r (x) 


|xo). (14.190) 


(14.191) 


/r(xe,)/j(Xa 


yj 2ni6 s hfi (xj,) f r (x„) /M n= 
with the action 


N 

n 

=i 


d'Xr 


2Ttie s hf n /M 


exp { -A n 

n 


N +1 


^=E 


M (Ax„) 2 
ri 1 2e s /i(x n )/ r (x n _i) 


+ e s [£ - ^(x n )]//(x n )/ r (x n _i) ^, (14.192) 


where the integration measure contains the abbreviation f n = f(r n ) = //(x n )/ r (x n ). 
The time-transformed measure of path integration reads 


fr (Xft) fl (x a 


N 

n 


d D x r , 


a / 27 ne s hfi(x b )f r (x a )/M n=\ yj2me s fif n /M 


(14.193) 


By shifting the product index and the subscripts of f n by one unit, and by com¬ 
pensating for this with a prefactor, the integration measure in (14.27) acquires the 
postpoint form 


/r(x&)/j(Xo 


-D 


/(**) ™ 


d D Ax r 


\J2me s hfi{yt b )f r (jx. a )/M N -^ x “) n =2 y/ 2nie s hf n /M 


(14.194) 


The integrals over each coordinate difference Ax n = x n — x n _i are done at fixed 
postpoint positions x n . 

To simplify the subsequent discussion, it is preferable to work only with the 
postpoint regularization in which /)(x) = /(x) and / r (x) = 1. Then the measure 
becomes simply 


/(*« 


N+l 

-on 


d D Ax„ 


-D ■ 


(14.195) 


\J2itie s f (x. a )h/M n= 2 y/ 2itie s hf n /M 

We now introduce the coordinate transformation. In D dimensions it is given by 

x l = h\q ). (14.196) 

The differential mapping may be written as in Chapter 10 as 

dx l = d^h\q) = e^(g)dg M . (14.197) 
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The transformation of a single time slice in the path integral can be done following 
the discussion in Sections 10.3 and 10.4. This leads to the path integral 


(xb|x, 


f(Qa 


a E' 


/2nie s f(q a )h/M Jo 
with the total time-sliced action 


n =2 


°°dS JJ 1 f dDAqndl/2 ( qr 


^2me s hf n /M _ 


e iAot/R , (14.198) 


N +1 

“Aot = ^ A.ot' 

n =1 


(14.199) 


Each slice contains three terms 


A £ ot = ^ + ^J + ^of ( 14 - 200 ) 

In the postpoint form, the first two terms were given in (13.163) and (13.164). They 
are equal to 

v + A’j = ^9^(«)a^av - r/„AV - c ,f 2 L( r/„) 2 . (14.201) 

The third term contains the effect of a potential and a vector potential as derived 
in (10.183). After the DK transformation, it reads 

= A.Aq" - ie,fA.(A w Tr + D„A“) - e,fV(q). (14.202) 


14.6 Path Integral of the Dionium Atom 

We now apply the generalized .D-dimensional Duru-Kleinert transformation to the 
path integral of a dionium atom in three dimensions. This is a system of two particles 
with both electric and magnetic charges (ei,<?i) and ( 62 ,( 72 ) [12]. Its Lagrangian for 
the relative motion reads 


L = — x 2 + A(x)x — E(x), (14.203) 

where x is the distance vector pointing from the first to the second article, M the 
reduced mass, E(x) a Coulomb potential 

e 2 

y(x) =-, (14.204) 

r 


and A(x) the vector potential 
A(x) = nq - 


r — z r + z 


= hq 


(xy - yx)z 
r(x 2 + y 2 ) 


(14.205) 
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The coupling constants are q = —(ei g 2 — e 2 gi)/ftc and e 2 = — (eie2 + <71(72)- The 
vector potential (14.205) is a generalization of the magnetic monopole interaction 
(8.300) with an electric charge. If we take the coupling as and e 2 = — eie 2 — .9i .92 in 
(14.205) we allow for the two particles to carry both electric and magnetic charges 
of the two particles, if we take for V (x) the potential 

e 2 

V (x) =-. (14.206) 

r 

The hydrogen atom is a special case of the dionium atom with e\ = —e 2 = e and 
q — 0, l 0 — 0. An electron around a pure magnetic monopolc has e\ — e, g 2 — g, 

e 2 = gi = o. 

In the vector potential (14.205) we have made use of the gauge freedom A —>• 
A(x) + VA(x) to enforce the transverse gauge VA(x) = 0. In addition, we have 
taken advantage of the extra monopole gauge invariance which allows us to choose 
the shape of the Dirac string that imports the magnetic flux to the monopoles. The 
field A(x) in (14.205) has two strings of equal strength importing the flnx, one along 
the positive x 3 -axis from minus infinity to the origin, the other along the negative 
x 3 -axis from pins infinity to the origin. It is the average of the vector potentials 
(10A.59) and (10A.60). 

For the sake of generality, we shall assume the potential V (x) to contain an extra 
l/r 2 -potential: 


I/(x) 



h 2 ll 

2 Mr 2 ‘ 


(14.207) 


The extra potential is parametrized as a centrifugal barrier with an effective angular 
momentum Mq. 

At the formal level, i.e., without worrying about path collapse and time slicing 
corrections, the amplitude has been derived in Ref. [13]. Here we reproduce the 
derivation and demonstrate, in addition, that the time slicing produces no correc¬ 
tions. 


14.6.1 Formal Solution 

We extend the action of the type (14.11) by a dummy fourth coordinate as in the 
Coulomb system and go over to w-coordinates depending on the radial coordinate 
u = yjr and the Euler angles 9 , p, 7 as given in Eq. (13.102). Then the action reads 


, , \ M 2 . 2 M 4 

A = J dt l —4u 2 u 2 + —u 4 


6 2 + p 2 + 7 2 +2 ( 7 +^ 4 ) Fcos6 


h 2 l 2 


u 2 2 M u A 


+E 


(14.208) 
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By performing the Duru-Kleinert time reparametrization dt = ds r(s) and changing 
the mass to /a = AM, the action takes the form 


,4 DK = j S ds £ lu' 2 + dL \e' 2 + <p' 2 +^+2(j'+M) gcose] ~3~3 + Eu 2 
/ 0 ^ 


This can be rewritten in a canonical form 


(14.209) 


rS 

A = / ds(p u ii'+ p e 6 + p^ip'+ p^'- H), 
a o 


(14.210) 


with the Hamiltonian 


H = Y + Y p2 ° + YYe ( p2p + + hq ) 2 “ 2 ^ 7 + cos °) } 


-2hqp 1 + h 2 (ll - q 2 ) . 


(14.211) 


In the canonical path integral, the momenta are dummy integration variables so 
that we can replace + hq by p 1 . Then the action becomes 

r s 

A = ds\p u ii'+ peO + p ip'+ (p - hq)^'- H], (14.212) 

Jo 

with the Hamiltonian 


H = ^ {pi + ^ [pi + (ii+Pj - 2 PyP<f cos 0 


—2hq{p 1 — hq) + h 2 (/p — q 2 ) . 


(14.213) 


This differs from the pure Coulomb case in three ways: 

First, the Hamiltonian has an extra centrifugal barrier proportional to the charge 
parameter 4 q: 


-8 hq{ Pl - hq) 
1 J 2pm 2 


(14.214) 


Second, there is an extra centrifugal barrier 


k 2 l 2 

v ( r ) = 

whose effective quantum number of angular momentum is given by 


(14.215) 


C. a = 4(/ 0 2 -g 2 ). 


( 14 . 216 ) 
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Third, the action (14.212) contains an additional term 

AA =-hq [ S ds-y'. (14.217) 

Jo 

Fortunately, this is a pure surface term 

A A = —hq{o[ b - 7 a ). (14.218) 

In the case q 2 = /q, the extra centrifugal barrier vanishes, making it straightfor¬ 
ward to write down the fixed-energy amplitude (xft|x a )^ of the system. It is given 
by a simple modification of the relation (13.127) that expresses the fixed-energy 
amplitude of the Coulomb system (xj,|x a )^ in terms of the four-dimensional har¬ 
monic oscillator amplitude (■?4>S'|'U a 0). Due to (14.217), the modification consists of 
a simple extra phase factor e - *^ 76-711 ) in the integral over 7 a so that 

(Xftl X a ) s =/ dSe ieS / n - d la e- iq ^»\u b S\u a 0). (14.219) 

Jo 16 Jo 

The integral over y a forces the momentum p 7 in the canonical action (14.212) to 
take the value hq. This eliminates the term proportional to p 7 — % in (14.213). 

In the general case l 0 ^ q , the amplitude becomes 

too 9 1 Mtt 

(x t |xJ E = / dSe " */»- / d 7 ae- a< 1 “- 7 ‘ ) ('Si,S| 5 „ 0 ) i .„,., (14.220) 

Jo lo Jo 

where the subscript / extra indicates the presence of the extra centrifugal barrier po¬ 
tential in the harmonic oscillator amplitude. This amplitude was given for any 
dimension D in Eqs. (8.133) with (8.144). In the present case of D — 4, it has the 
partial-wave expansion [compare (8.162)] 

1 OO 111 

(ubS\u a 0)i extia = p/2 ( u bS\u a 0)i o 2^2 (14.221) 

lo / 2 

m\,mi=—lo A 


with the radial amplitude 


(u b S\u a 0)i o 


Mq u^/u b u a i( MnLJ /2h)(ul+ul)cotuS T ( MpUJU b Ua \ 

ih sinks' lo+1 \ ihsmuS ) 


(14.222) 


This differs from the pure oscillator amplitude [compare (8.142) for D = 4] by having 
the index Iq + 1 of the Bessel function replaced by the square root of the “shifted 
ref(8.146) square” as in (8.146): 
lab(x8.146) 

est(8.146) _|_ l = yf ( l 0 -f 1)2 /2 xtra = yj -g 1)2 _p 4(/2 _ g 2 j _ 2^(jx> + 1/2) 2 + /q — • 

(14.223) 
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The expansion (14.221) is inserted into (14.220) with the variables u b ,u a replaced 
by yTb, yJq. Just as in the Coulomb case in (14.110) and (14.111), the integral 
/ 0 47r d'^ a e~ iq<cih ~ la ' ) over the sum of angular wave functions 

/ +1 l ° / 2 

4gr E (14.224) 

mi,m2=—1/2 


can immediately be done, resulting in 


l a /2 

8 E ’(«<., *,„), (14.225) 

m 

where Y^ 2 (9, <p) are the monopole spherical harmonics (8.278). They coincide 
with the wave functions of a spinning symmetric top which possesses a spin q along 
the body axis. Physically, this spin is caused by the field’s momentum density 
it = (E x B)/47tc encircling the radial distance vector x. The Poynting vector 
yielding the energy density is S = E x B/47T. If a magnetically charged particle lies 
at the origin and electrically charged particle orbits around it at x, the total angular 
momentum carried by the fields is [14] 



The quantization of the angular momentum 

eg h 

— = n —, n = integer 

c 2 



—x. (14.226) 

c 


(14.227) 


is Dirac’s famous charge quantization condition [16] [see also Eq. (8.304)]. 

Thus we arrive at the fixed-energy amplitude of the dionium atom, labeled by 
the subscript V, 


(x b |x, 


Jt> 


a ) Ex> ‘ 


nr a 


£W.)*WP E (14.228) 


3T> 


m=—jx> 


where the sum over jx> — lo/2 runs over integer or half-integer values depending 
on q, and with the radial amplitude given by the pseudotime integral over the 
radial oscillator amplitude of mass Mq = 4 M and frequency u> = \J—E/2Mc [recall 
(13.123)]: 


(n\r, 


a)Ex> Jt> 


1 [°° ,Q ie*S/h M OUV^ ( MpU^Tg 

2 Jo ih sinuS lo+1 l ifi sin u S 


x exp 


%M 0 u 


2 h 


(r b + r a ) cot o uS 


(14.229) 


where k = \J—2ME v /h 2 and v = \J— e 4 M/2h 2 Ex> as in (13.39) and (13.40). Note 
that the dionium atom can be a fermion, even if the constituent particles are both 
bosons (or both fermions). 
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After the variable changes e 2 /h = 2uu, loS = —iy , we do the A-integral as in 
(9.29) and find for > r a the radial amplitude of the dionium atom 

(r b \r a ) Ev ,j D = ( 2 jt+ > i)\ 1) ^.fe+i/2( 2 ^) M ^ +1/2 (2^)» ( 14 - 230 ) 

where jx> = lo /2 = {jv + i) 2 + /q — <7 2 — For q = 0 and Z 0 = 0, this reduces 
properly to the ZA-climensional Coulomb amplitude (14.112). 

The energy eigenvalues are obtained from the poles of the Gamma function at 

v = y nr = jv + n r + 1, n r = 0,1, 2, 3,... , (14.231) 

which yield 

\ 

E n = -MhV- 2 . (14.232) 

2 n r + \ + \J(jv + ^) 2 + lo — q 2 

From the residues at the poles and the discontinuity across the cut at E v > 0 
in (14.230), we can extract the bound and continuum radial wave functions by the 
same method as in Section 13.8 from Eqs. (13.217)-(13.229). 


14.6.2 Absence of Time Slicing Corrections 

Let us now show that the above formal manipulations receive no correction in a proper time-sliced 
treatment [15]. Due to the presence of centrifugal and angular barriers, a path collapse can be 
avoided only after an appropriate regularization of both singularities. This is achieved by the 
path-dependent time transformation dt = ds/(x(s)) with the postpoint regulating functions 

/d x ) = /( x ) = r 2 sin 2 6, / r (x) = 1. (14.233) 

After the extension of the path integral by an extra dummy dimension x 4 , the time-sliced time- 
transformed fixed-energy amplitude to be studied is [see (14.189)—(14.195)] 


(xfclxa)^ « [ dxl „ 1 2n I 
J ri sin 9 a J 0 


rl sin 2 9 a J 0 (2niUe s /M) 2 


(2TTihe s /M) 2 r^ sin 4 9 r 


(14.234) 


with the sliced postpoint action 




M (Aa 


9 • 2 

rz sin i 


- e s rl sin 2 0 n [F(x„) - E\ +A l (x n )Ax l - e s —-A iti (x n ) 


(14.235) 


On this action, we now perform the coordinate transformation in two steps. First we go through 
the nonholonomic Kustaanheimo-Stiefel transformation as in Section 13.4 and express the four¬ 
dimensional ft-space in terms of r = |x| and the Euler angles 0 , ip, 7 . Explicitly, 


x 1 = r sin 0 cosy, 
x 2 = rsin^sinip, 
x 3 = r cos 0, 

dx 4 — r cos 9dp + rdy. (14.236) 
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Only the last equation is nonholonomic. If g^ = 1,2,3,4 denotes the components r,B,P, 7 , the 
transformation matrix reads 


It has the metric 



/ sin 9 cos tp 

r cos 9 cos tp 

— r sin@ sint/? 

° \ 

dx l 

sin 9 sin tp 

r cos 9 sin tp 

r sin 9 cos tp 

0 

'dip ~ 

cos 9 

—rsin0 

0 

0 


\ 0 

0 

r cos# 

r ) 



( 1 

0 

0 

0 \ 


0 

r 2 

0 

0 

9/iv — ^ — 

0 

0 

r 2 

r 2 cos 9 


V 0 

0 

r 2 cos 9 

r 2 ) 


with an inverse 


Z 1 

0 

0 

V 0 


0 

1/r 2 

0 

0 


1/r 2 sin 2 9 — cos 9/r 2 sin 2 8 

— cos 9/r 2 sin 2 6 1/r 2 sin 2 9 ) 


(14.237) 


(14.238) 


The regulating function /(x) = r 2 sin 2 9 removes the singularities in g^ and thus in the free part 
of the Hamiltonian {l/2M)g^p fl p u \ there is no more danger of path collapse in the Euclidean 
amplitude. 

In a second step we go to new coordinates 


r = e^, sin 9 = 1/ cosh B, cos 9 = — tanh B, 


(14.239) 


as in the treatment of the angular barriers for D = 3 and D = 4 in Section 14.4. With g^ = 1,2,3,4 
denoting the coordinates £, /3, ip, 7 , respectively, the combined transformation matrix reads 


e^cosh 1 j3 cosip — cos ip — e^cosh 1 /3sin^ 0 ^ 

-1 


/ cosh 1 /3 cos <p 

cosh -1 /3sin:/? — e^^^^siny 
—e^tanh/3 — e ? cosli -2 /3 

\ 0 0 


with the metric 


9r-v = 


( e 2 « 0 0 

0 e 2? cosh -2 B 0 


e 4 cosh 1 /3 cos tp 0 
0 0 
—e^tanh/3 


0 
V 0 


5 2 ? 


—e 2 ^ tanh B 


e 2 ^tanh/3 e 2 ^ 


and the determinant 

g = e 8 ^/cosh 4 B- 

The inverse metric is completely regular: 


<T = 


( e -2 « 0 0 0 

0 e -2? cosh 2 B 0 0 

0 0 e -2 ^ cosli 2 B e -2 ^ sinh P cosh /? 

\ 0 0 e -2? sinh B cosh B e -2? cosh 2 B 


(14.240) 


(14.241) 


(14.242) 


(14.243) 


We now calculate the transformed actions (14.201) and (14.202). The relevant quantities which 
could contain time slicing corrections are and T^. The former quantity, being equal to 
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diAi , vanishes in the transverse gauge under consideration. The calculation of T^" is somewhat 
tedious (see Appendix 14B) but yields a surprisingly simple result: 

iy*„ = (- 1 ,0,0,0). (14.244) 

Because of this simplicity, the transformed sliced action is easily written down. It is split into two 
parts, 


Al ot =A% 0 +A%^ (14.245) 

one containing only the coordinates £, (3, 

Ay = ^ m)l cosh 2 p n + (A/3 n ) 2 ] + y (14.246) 

_ £s r__cV»_ + ^ 2 (Zg xtra + 1/4) _ Ee^ - 
cosh 2 f3 n 2 M cosh 2 p n cosh 2 (3 n _ 

the other dealing predominantly with ip, 7 , 

Ay = McoAl ^ n [(A ip n ) 2 + (Ay n ) 2 - 2A'y n Aip n tanh /3 n ] 

Z€ s 

h 2 q 2 

+ %tanh/3„A^ n - e s — --g—• (14.247) 

2 M cosh p n 

Hence the fixed-energy amplitude becomes 


(x 6 |x 0 )i 


poo 1 * 47t 2 N r 

L dS Jo <Jr!a 2niTie s rl/M cosh/3 a J4 


dr n dp n 


2'Ki‘he s /M cosh 2 /3 n+ i 


AT+1 


x exp h E A b (p b S b a 1“ °)[/9] • 


(14.248) 


The last factor is a pseudotime evolution amplitude in the angles ip, 7 which is still a functional of 
/3(f), as indicated by the subscript \P\, 


{WblbS\Walati)[l)] 


2'Ki‘hes/M coslr/3f, 


E , E 

< PN+l=Vb + 2-Kl% IN + l^lb + i^l/ 

N r 

n 


71=1 


chfnd'yn 


2iriTie s /M cosh f3 n 


exp 


. N+l 


VI 


(14.249) 


The sums over 1^,1/ account for the cyclic properties of the angles <p and 7 with the periods 2k 
and 4-7T, respectively, at a fixed coordinate (as in the examples in Section 6.1). 

We now introduce auxiliary momentum variables pi, pi and go over to the canonical form of 
the amplitude (14.249): 


JV 


{<Pb'VbS\<p a 'y a O)[p] « 


dp „ 


7V+1 

n 


27 T?l 


N 

n 


d^n 


7V+1 

n 


dpi 

2nh 


x exp 


2 M 


. N+l 
l 

h 


JV / 

E [Pn Al Pn+PlA 7„ 

71=1 ' 


(14.250) 


[(Pn) 2 + ( Pi + %) 2 + 2 p%{pl + hq) tanh p n 


PlH 


M cosh fi r 
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The momenta p 7 are dummy integration variables and can be replaced by p 7 — Tiq. The dip n , d^ n - 
integrals run over the full extended zone schemes <p n , 7 « G (— 00 , 00 ) and enforce the equality of all 
p 7 . At the end, only the integrals over a common single momentum p’Cp 7 remain and we arrive 
at 


(<p b 7b SVa7a 0) [/3] 


(14.251) 


o-*9(76-7a) 


OO 

E 

i t=-° 


00 

E 


dp<p 

2nh 


dPl c iPu,(‘Pb+2nlt-cfi a )/h c ip^(-/ b +4iT'l2--i'a)/h 

2ttTi 


x exp 



iV+l 

E 


n= 1 


1 

2 Me s 


{p 2 v + p 2 + 2.p v p 1 tanh f3 n ) 


(p 7 ~ hq)hq ' 
S M cosh 2 fd n _ 


We can now do the sums over which force the momenta p v to integer values and p 7 to 

half-integer values by Poisson’s formula, so that 


(m&*% a 7 a 0 ) [ffl =e-^- 7 “) 53 ^ e im l( „ a )± e im 2 ( 7b - 7a ) 


27T 


47T 


(14.252) 


exp 'tE 


. N+l 
l 

h 


%2 (m 2 + m 2 + 2mim2 tanh/3 n )- £ ^ 2(W2 q)q 


2 Me 


M cosh P„ 


With this, the expression for the fixed-energy amplitude (14.248) of the dionium atom contains 
the magnetic charge only at three places: the extra centrifugal barrier in the phase factor 
of the remaining integral over 7 Q , and the last term in (14.252). This last term, however, can be 
dropped since the integral over 7 a forces the half-integer number m 2 to become equal to Tiq. The 
7 b-integral over the remaining functional of fi(t) gives, incidentally, 


/*47T _ 1 

J d la { m S\val a 0)[/3] = 53 


xex Pi~TE 


2 Me. 


■ [m 2 + q 2 + 2m \q tanh /3„ 


(14.253) 


The time-sliced expression has the parameter q at precisely the same places as the previous formal 
one. This proves that formula (14.220) with (14.221) is unchanged by time slicing corrections, thus 
completing the solution of the path integral of the dionium atom. 

Note that after inserting (14.253), the time-sliced path integral (14.248) is a combination of a 
general Rosen-Morse system in /3 and a Morse system in £. 

Let us end this discussion by the remark that like the Coulomb system, the dionium atom 
can be treated in a purely group-theoretic way, using only operations within the dynamical group 
0(4,2). This is explained in Appendix 14C. 


14.7 Time-Dependent Duru-Kleinert Transformation 

By generalizing the above transformation method to time-dependent regulating 
functions, we can derive further relations between amplitudes of different physical 
systems. In the path-dependent time transformation dt = ds /)(x)/ r (x) regularizing 
the path integrals, we may allow for functions /)(p, x, t) and / r (p, x, t) depending 
on positions, momenta, and time. Such functions complicate the subsequent trans¬ 
formation to new coordinates q, in which the kinetic term of the amplitude (12.47) 
with respect to the pseudotime s has the standard form (M/2)q ,2 (s). In particular, 
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a momentum dependence of fi and f r leads to involved formulas, which is the reason 
why this case has not yet been investigated (just like the even more general case 
where the right-hand side of the transformation dt = ds f contains terms propor¬ 
tional to fix). If one restricts the transformation to depend only on time and uses 
the special splitting with the regulating functions fi — f and f r — 1 , or /) = 1 
and f r = /, the result in one spatial dimension is relatively simple. On the ba¬ 
sis of Section 12.3, the following relation is found [instead of (14.26)] between the 
time evolution amplitude of an initial system and a fixed-energy amplitude of the 
transformed systems at S — 0: 


(x b t b \x a t a ) = g(q b , t b )g(q a , t a ){q b t b \q a t a }£=o, (14.254) 


where {q b t b \q a t a }£=o denotes the spacetime extension of the fixed-pseudoenergy am¬ 
plitude. It is calculated by time-slicing the expression 


POO ^ 

/ dS{x b t b \U E (S)\x a t a } 
Jo 


(14.255) 


on the right-hand side of (12.55), transforming the coordinates x to q, and adapting 
the normalization to the completeness relation of the states 


J dx J dt\qt}{qt\ = 1. (14.256) 

This leads to the path integral representation 

{q b t b \q a ta}e = j o °° dS J dEe-^-W J Vq(s)e iA ™/ n , (14.257) 

with the DK-transformed action 
r s , m 

■Ae K £ = / o ds[—q 2 {s) - f(q(s),t(s))[V(q(s),t) - E] + £ 

~Vett(q(s),t(s)) - A V ef [(q(s),t(s))y (14.258) 


Note that the initial potential may depend explicitly on time. The function t(s) is 
now given by the time-dependent differential equation 

^ = f(x,t). (14.259) 

The coordinate transformation also depends on time, 

x — h(q, t), (14.260) 


and satisfies the equation 

h' 2 (q, t ) = /(%, t), t), (14.261) 

where h'(q,t ) = d q h(q,t) [compare (14.15)]. The function f(q(s),t(s )) used in 
(14.258) is an abbreviation for f(h(q,t),t ) evaluated at the time t = t(s). 
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In addition to the effective potential V e g determined by Eq. (14.18), there is now 
a further contribution which is due to the time dependence of h(q,t ) [17]: 

AKff = Mti 2 J dq h'h =f ihh'ti. (14.262) 

The upper sign must be used if the relation between t and s is calculated from the 
time-sliced postpoint recursion relation 


tn+1 t n ^sf i.Qn+1 j tn+1) • (14.263) 

The lower sign holds when solving the prepoint relation 

t n +1 ~t n = e s f(q n ,t n ). (14.264) 


Note that the first term of AV e g contributes even at the classical level. If a function 
h(q, t) is found satisfying Newton’s equation of motion 


Mh 


dV (h, t) 
dh 


(14.265) 


with V(h) = V(x)\ x= h, then the first term eliminates the potential in the action 
(14.258), and the transformed system is classically free. This happens if the new 
coordinate q(t) associated with x, t is identified with the initial value, at some time t 0 , 
of the classical orbit running through x, t. These are trivially time-independent and 
therefore behave like the coordinates of a free particle (see the subsequent example). 

The normalization factor g(q,t) is determined by the differential equation 


The solution reads 


with 


g 2 h h 

(14.266) 


(14.267) 

M ri 

A(g,t) = ±— J dqh h. 

(14.268) 


Thus, in addition to the normalization factor in (14.26), the time-dependent DK 
relation (14.254) also contains a phase factor. 

As an example [18], we transform the amplitude of a harmonic oscillator to that 
of a free particle. The classical orbits are given by x(t) = xq cos cot, so that the 
transformation x(t) = h(q,t ) = geos cat leads to a coordinate q(t) which moves 
without acceleration. For brevity, we write coscat as c(t). Obviously, f(q,t) = c 2 [t) 
is a pure function of the time [19], and the differential relation between the time t 
and the pseudotime s is integrated to 


1 sinca(tj) - t a ) 
ca c(t ft )c(t a ) 


(14.269) 
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This equation can be solved for t a (S) at fixed tb, or for t b (S ) at fixed t a . The 
solution t a (S ) is obtained from the time-sliced postpoint recursion relation (14.263), 
while t b (S) arises from the prepoint recursion (14.264). The DK action (14.258) is 
simplified in these two cases to 


M (q b -q a ) 2 , . tl „„c(4) , „{[tb-t a (S)] 


A dk - 

Ae ' £ ~ 2 S 


±m °m +E {Ms)- t :}] +£s - (i4 ’ 27o) 


The .^-integration in (14.257) yields in the first case 

c(t a ) e ( i / h ) M (<ib-qa) 2 /2S 


coo 

{qbtb\q a t a }£ = dS 8(t b — t a (S)) 
Jo 


c (tb ) rkiS/M 

and the integration over S using —dt a (S)/dS = c 2 (t a ) results in 

X e {i/h)M(q b -q a ) 2 /2S 


{qbtb\qat a }e = 


c(t b )c(t a ) yj2irhiS/M 


(14.271) 


(14.272) 


The same amplitude is obtained for the lower sign in (14.270) with dt b (S)/dS = 
c 2 [tb). After inserting this together with (18.671) and (14.268) into (14.254) [the 
integration there gives A (q,t) = (M/h)q 2 c(t)c(t)/ 2], we obtain 


(x b t b \x a t a ) 


— e d/ h ) M [ql c ( t b)c(t b )-qlc{t a )c(t a )]/2 


X e d/M M (qb-qa) 2 /2S 

y/c(t b )c(t a ) ^27 thiS/M 


(14.273) 


Since q b and q a are equal to x b /c(t b ) and x a /c(t a ), respectively, a few trigonometric 
identities lead to the well-known expression (2.175) for the amplitude of the harmonic 
oscillator. 

It is obvious that a combination of this transformation with a time-independent 
Duru-Kleinert transformation makes it possible to reduce also the path integral of 
the Coulomb system to that of a free particle. 

It will be interesting to find out which hitherto unsolved path integrals can 
be integrated by means of such generalized DK transformations. Applications to 
statistical problems have been given in Ref. [21]. 


Appendix 14A Remarks on the DK Transformation 

of Time-Sliced Radial Coulomb Problem 

Here we show that due to the catastrophic centrifugal barriers in the multiple integrals of a time- 
sliced formulation, the DK relation has to be used twice to transform the radial amplitude of the 
Coulomb problem to the radial harmonic oscillator. An intermediate Morse potential is needed 
to have no divergent integrals. The use of the DK transformation with the regulating function 
f(r) = r and a pseudotime s satisfying dt = dsr(s) (which were successful in two and three 
dimensions), removes the Coulomb singularity, but it weakens the centrifugal barrier insufficiently 
to a still catastrophic 1/r-singularity. 
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Let us exhibit the failure of this direct transformation. The starting point is the pseudotime- 
sliced amplitude (13.8), 


(x fc |Z4;(s)|x a ) 


r^j A _ yr f d Dc Ax n 

l2'Ke s ‘hr 1 ~ x r x /M c ^ n =i J \/2'Ke s Tir n /M 


(14A.1) 


with the action 


= -(« + l) e ,e ! + £ " h=_!pl)! + . 

^ 2e s r„ A r x 


(14A.2) 


In contrast to Chapter 13, we work here conveniently with an imaginary-time. In any dimension 
Dq, the amplitude has the angular decomposition 


(14A.4) 


(x 6 |W E (s)|x a ) = ^ e _i /2 5Z(r6|W B (s)|r a )iy ;m (x 6 )l)^(x Q ). (14A.3) 

The action for the radial amplitude is obtained by decomposing 

Ar+1 r m 

Ae=-(N + l)e s e 2 +V' —-J7TT —7 -(^n + ^ra— 1~ ‘^ r n r n—l cos'dn) + e s Er n , (14A.4) 

[ 2e ^ X r x _ 1 \ 

where is the angle between x„ and x n _j. We have replaced Er]^ x r x _ 1 by Er n since the 
difference is of order e 2 and thus negligible. 

We now go through the same steps as in Section 8.5. For an individual time slice, the $ n -part 
of the exponential is expanded as 

f M \ °° 

exp — r x r cos tin = e h ^ a ic (h) m(x&)Li* m (x a ), (14A.5) 

/ ;_n 


aic{h)= T 


[Dc- 1)/2 


lD c /2-i+i c (h), h — -—r 


[recall (8.130) and (8.101)]: The radial part of the propagator is then 

r x r x ~ x N+1 f r rIAr r _1 / 2 " „ 

- , a . n / A G. *- Al ' 


l2^he s r b l - x r x /M n=2 V 2 ^s/M 


(14A.6) 


(14A.7) 


with the radial action 


Ae— — {N +l)e s e 2 + ^ 


M (r n -r„_ i ) 2 ? f M x i-x\ ^ 

“ s D °/ 2_,+,c VW”j' e ‘ ” ■ 


(14A.8) 

At this place we simplify the calculation by choosing the symmetric splitting parameter A = 1/2. 
Going over to square root coordinates 


we calculate 


— yJ r n, 

A r n = (u n + w n _i)A%, 

= 2u n (l Ai/- n /2 , u n ) Aw^ 

= 2w n (l - Au n /u n ), 

oAu n 

r~T = U~ l (l- Alln/Un)- 1 , 


(14A.9) 


(14A.10) 
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transforming the measure of integration into 


y/UbU a 


N 

n 


dAu„ 


\j2irhe s /M ^ J ^nheJM 

Note that there are no higher A u n correction terms. The kinetic energy is 


4u 2 (Au n ) 2 

‘2e s u n u n —i 


4 

2e s 


( a \2 i 1 (Ait„ 

(A “"> +4 ~T? 


(14A.11) 


(14A.12) 


The (Au„) 4 -term can be replaced right away by its expectation value and renders an effective 
potential 


V e s(u 2 ) = e s h 


2 1 3 


2 • 4 M 4 u. 


2 ' 


(14A.13) 


The radial amplitude becomes simply 


(' r b \U E {s)\r a )i c 


y/UbUa 


y/2nheJM 


N+l 

n 


2 du r 


I o \J2irhe s /M 


(14A.14) 


with 


N+l 

Ae = —{N + l)e s + ^ 

n —1 


4M(Au„) 2 Tr . 2 , f (M 

T ) n log Ie>c/ 2— 1+lc ( UnUn—l 


2 2e., 


(14A.15) 


Due to the l/u„ 2 -singularity in V e g(u 2 ), the time-sliced path integral does not exist. Apart from 
the e s /it ra 2 -term, there should be infinitely many terms of increasing order of the type ( e s /u „ 2 ) 2 ,... , 
whose resummation is needed to obtain the correct threshold small-u n behavior of the amplitude as 
discussed in Section 8.2. To have the usual kinetic term of the harmonic oscillator AIo(Au n ) 2 /2e s , 
ref(13.27) we must identify 4 M with the oscillator mass Mq [called g in (13.27); see also (14.99) with 
lab(13.16) M c = M], 
est(13.26) 

M 0 = 4 M. (14A.16) 


The centrifugal barrier in (14A.15) resides in 


4-, r ( Mq / 4 \ , 2 3 

-hlogI Dc / 2 -l+l c { — Un^+Ch ^ 


and is given by 


h 2 


2M 0 U n U n -i 

This can be rewritten more explicitly as 

h 1 


-i 


+ isM 


8 M 0 u 2 n 


'2M 0 u n u n -1 


(Dc - 2 + 2l c ) 2 - - 


(14A.17) 


(14A.18) 


(14A.19) 


The expression in parentheses is identified with the parameter go of the harmonic oscillator, which 
appears in the subscript of the Bessel function in (8.140). This implies 


go = 2 gc, 


(14A.20) 
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in agreement with the relation (14.100). Indeed, the higher terms in the expansion (14A.18) must 
all conspire to sum up to the Bessel-regulated centrifugal barrier in the time-sliced radial amplitude 
of the harmonic oscillator 


M f ( M ° , 

Tl log I Dc -2-\-2l c \j^-UnUn-l J ■ 


(14A.21) 


This is quite hard to verify term by term, although it must happen. 

These difficulties are avoided by using the stronger regulating function / = r 2 , which transform 
the radial Coulomb problem to the Morse problem. Instead of the pseudotime evolution amplitude 
(14A.1), we have 


(x E |W e (s)|x a )f 


r u r. 


2„ 2-2A 


b a 


/- Dc /2 x x 

y^Tr e s hr b 2 ~ 2X r a 2X /M « =1 


N 

n 


d Dc Ax n 


sj2Tre s Tirl/M 


■D C 


e -< N A 


(14A.22) 


with the time-sliced transformed action 

JV+l 

A f E N = —(N + l)e s e 2 + ^ 


n= 1 


M 


2 e s r„' 


2-2A 2A 
' n— 1 


(fn r n _i 2? n r n —i cos d n ) c s Er n 


(14A.23) 


For A = 1/2, the cos Ai9„-term is now free of the radial variables r n , r n -\,r n , r n _i, and the angular 
decomposition of the amplitude as in (14A.3)-(14A.8) gives the radial amplitude with a time-sliced 
action 


JV+l 


•A e N — — (N +l)e s e 2 +y^ 


n=l 


M {r n -r n - 1 ) 2 
2e s r n r n -i 


— h\ogI Dc / 2 -i+i c 


M 

Tie* 


-e s Er n 


(14A.24) 


Since r n ,r„_i are absent in the Bessel function, the limit of small e s is now uniform in the inte¬ 
gration variables r n and the logarithmic term in the energy can directly be replaced by 


2 M c L 


(D c /2 - 1 + l c f - 1/4 


(14A.25) 


where we have added the subscripts C, for clarity. To perform the integration over the r n variables, 
one goes over to new coordinates x with 


The measure of integration is 


r = h(x) = e x . 

y/rbVa 


N+l 

y/2nhe s /M N+1 jj • 
Expanding l/r n _i around the postpoint r n gives 


dAr n 
r n -i 


1 


1 


r n -i r n \r n -\ 

We now write (dropping subscripts n) 

A x—A.x x ( i „—Ax\ 

i\r = e — e = e (1 — e ) 


(14A.26) 


(14A.27) 


(14A.28) 


(14A.29) 


and hnd the Jacobian 

dAr _ x _^ x 

dAx ~ 


(14A.30) 
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In the ^-coordinates, the measure becomes simply 


0 (x b +x a )/2 N +f 


,--- N+l 

yj2irhe s /M n =2 


]~[ / '/A.r,. 


The kinetic term in the action turns into 

N+l 


Ae = —(1 - cos Ax n ), 


(14A.31) 


(14A.32) 


and has the expansions 






(14A.33) 


The higher-order terms contribute with higher powers of e s uniformly in x. They can be treated 
as usual. This is why the path-dependent time transformation of the radial Coulomb system to a 
radial oscillator with the regulating function / = r 2 is free of problems. 

Appendix 14B Affine Connection of Dionium Atom 

From the transformation matrices (14.240), we calculate the derivatives [setting q M = (£,/3, y>,y) 
and using the abbreviation = d^f] 

eW = eV (14B.1) 


e ~ 




Sin ^ 0 


£ sinh 8 

—e 5 cosh -2 (3 


V 0 


cosh 13 p 

0 


—cosh 2 /? 


0 
0 ) 


( —e^cosli 1 fismcj) e^ s ^ n & — e^cosh 1 / 9cos (j) 0 ^ 

cosh -1 /? cos 0 —e^ cos ^ cosh -1 /3 sin <j) 0 

0 0 0 

\0 0 0 


0 
0 / 


(14B.2) 


(14B.3) 


p* — 0 
0 p,a — yj - 


From these we find F^a = e^eV./j by contraction with e z \: 

Ptn 1 ' ~ 9n v ’ 


( o 


■ huv 


(finis' - 


s 2? cosh 2 /3 0 0 


—e 2? cosli 2 —e 2 ^ Sin ^/ R 

cosh' 3 p 


0 

V o 

/ 0 

0 

—e 2 ^ cosh -2 

V o 


0 0 

0 —e 2? cosh -2 /3 

0 0 

e 2? cosh -2 /3 0 V 

2£ sinh/3 


d 2£ sinh/ 


h^0 


- \ST~r 0 

cosh' 3 p 


0 


r — n 

x apis' — yj - 


o 
o 

°y 


(14B.4) 

(14B.5) 

(14B.6) 

(14B.7) 

(14B.8) 


A contraction with the inverse metric g^ v yields T^ v = (—1,0, 0,0), as stated in Eq. (14.244). 
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Appendix 14C Algebraic Aspects of Dionium States 


In Appendix 13A we have shown that certain combinations of x M and d M operators satisfy the 
commutation rules of the Lie algebra of the group 0(4,2) [see Eqs. (13A.11)]. This permits solving 
all dynamical problems via group operations. In the case Iq = q (i.e., Z ex tra = 0), the group- 
theoretic approach can be extended to include the dionium atom. In fact, it is easy to see [20] that 
the Lie algebra of 0(4,2) remains the same if the generators Lab (A, B = 1,..., 6) of Eq. (13A.11) 
are extended to (x® = xf) 


Li 


L i4 


Li5 

Lie 

L 45 

L 46 

L 56 


l , ~ ... , T i~ 

-^{XiO x i - Xjd x i) + q- T X ± , 


- x l d £ - x l + 2 d x ixd x + 2 iq^-(x± x V)j - (-) i3 q 


<5i3„2 x i 


v ± J 

\S i3 „2 Xi 


-X l dx + x l + 2<9 x *x<9 x + 2iq^ r (x± x V)j - (-) i3 q „ 

xi xl 


-ird x i -|-(x x xjjj, 


-i{xd x + 1) 

1 _ 


-rd^r - r + 2 iq— T {x x V) 3 + q 




+ r + 2 iq~ 2 -(x x V) 3 + q 2 ^r 


^±J 


(14C.1) 


The representation space is now characterized by the eigenvalue of the operator L 05 = — ird x t = 
—id-y = — \{a)a — b'b) being eciual to q. The wave functions are generalizations of the q = 0 -wave 
functions of the Coulomb system. 
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William Shakespeare (1564-1616), Hamlet 


15 

Path Integrals in Polymer Physics 


The use of path integrals is not confined to the quantum-mechanical description 
point particles in spacetime. An important field of applications lies in polymer 
physics where they are an ideal tool for studying the statistical fluctuations of line¬ 
like physical objects. 


15.1 Polymers and Ideal Random Chains 


A polymer is a long chain of many identical molecules connected with each other 
at joints which allow for spatial rotations. A large class of polymers behaves ap¬ 
proximately like an idealized random chain. This is defined as a chain of N links 
of a fixed length a, whose rotational angles occur all with equal probability (see 
Fig. 15.1). The probability distribution of the end-to-end distance vector x;, — x a of 
such an object is given by 


N 


P/v(x b - x a ) = ll 


n= 1 


d 3 Ax r 


Ana? 


<5(|Ax n | - a) 


N 


<5 (3) (x b — x a - J2 Ax n ). (15.1) 


72— 1 


The last ^-function makes sure that the vectors Ax n of the chain elements add up 
correctly to the distance vector x b — x a . The (^-functions under the product enforce 
the fixed length of the chain elements. The length a is also called the bond length 
of the random chain. 

The angular probabilities of the links are spherically symmetric. The factors 
l/47ra 2 ensure the proper normalization of the individual one-link probabilities 

p i ( Ax ) = ^^5(|Ax| - a) (15.2) 

in the integral 

J d 3 x b Pi (x f) x a ) = 1. (15.3) 

The same normalization holds for each N: 

J d 3 x b P N t*b ~ x a ) = 1- (15.4) 
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Figure 15.1 Random chain consisting of N links Ax n of length a connecting x a = xo 
and X 5 = xtv- 

If the second 5-function in (15.1) is Fourier-decomposed as 

5 (3) (x fe - x a - EAx„) = f _0_ e i k (xa-x.)-i k EL 1 Ax« > (15.5) 

we see that Pn^b — x a ) has the Fourier representation 

P N (x b - Xa) = f _0_ e * k(x "- x “)p jV (k), (15.6) 

with 

Jv r r 1 i 

P/v(k) = I] / d 3 Ax n -—-5( | Ax n | - a)e” ,kAx " . (15.7) 

n=l 47ra J 

Thus, the Fourier transform Pn (k) factorizes into a product of N Fourier- 
transformed one-link probabilities: 

Rv(k) = [Pi(k)] N . (15.8) 

These are easily calculated: 

Pi(k) = f d 3 Ax —5(|Ax| - a)e- jkAx = —(15.9) 
J 47rcr ka 

The desired end-to-end probability distribution is then given by the integral 

Pk(r) = / (Cyi A(k),VkR 

i r • , iJV 

= ——rdkksmkR , (15.10) 

2it 2 R Jo [ ka ' v ; 
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where we have introduced the end-to-end distance vector 

R = X 5 — x 0 . (15.11) 

The generalization of the one-link distribution to D dimensions is 

Pl ( Ax ) = S D a D ~ i ^d Ax l “ a )’ (15.12) 

with S D being the surface of a unit sphere in D dimensions [see Eq. (1.558)]. 

To calculate 

ACk) = J d. D Ax -^-L^^IAxI - a)e _,kAx , (15.13) 

we insert for e _ * kAx = e -* fc l Ax l cosAl? the expansion (8.130) with (8.101), and use 
y 0 ,o(x) = l/y/So to perform the integral as in (8.250). Using the relation between 
modified and ordinary Bessel functions Jv(z) 1 

I u (e~™ /2 z) = e~ i7r/2 J„(z), (15.14) 

this gives 

^i( k ) = ^}/2) D l-^ D/2 - l{ka ^ (15.15) 

where J M (z) is the Bessel function. 

15.2 Moments of End-to-End Distribution 

The end-to-end distribution of a random chain is, of course, invariant under rotations 
so that the Fourier-transformed probability can only have even Taylor expansion 
coefficients: 

00 (ha \ 21 

F K (k) = [F 1 (k)] A ' = yF M ,h-i r . (15,16) 

1=0 \ Zi r 

The expansion coefficients provide us with a direct measure for the even moments 
of the end-to-end distribution. These are defined by 

(. R 2l ) = J d D RK 2l P N ( R). (15.17) 

The relation between (R 21 ) and Pn.;ii is found by expanding the exponential under 
the inverse of the Fourier integral (15.6): 

Av(k) = f d D Re~ ikR P N ( R) = £ / d g R ( ~ /kR) " p jV (R), (15.18) 

J n=0J n ' 

1 I.S. Gradshteyn and I.M. Ryzhik, op. cit ., Formula 8.406.1. 
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and observing that the angular average of (kR) n is related to the average of R n in 
D dimensions by 


f 0 

((kR) n ) = k n (R n ) < (n — 1) !!(£) — 2)!! 

{ (D + n — 2)!! ’ 


n = odd, 
n = even. 


(15.19) 


The three-dimensional result 1 /( 71 +1) follows immediately from the angular average 
(1/2) f\d cos 9 cos" 9 being l/(n + 1) for even n. In D dimensions, it is most easily 
derived by assuming, for a moment, that the vectors R have a Gaussian distribution 
P$\ R) = (D/2n !Va 2 ) 3 / 2 e~ R2D / 2Ara2 . Then the expectation values of all products of 
Ri can be expressed in terms of the pair expectation value 

(RiRj) {0) = ^5 tj a 2 N (15.20) 

via Wick’s rule (3.305). The result is 

(Ri,Ri, ■ ■ ■ Ri,) {a] = a n N"/\ (15.21) 

with the contraction tensor S ili2i3 _ in of Eqs. (8.64) and (13.89), which has the re¬ 
cursive definition 


^*l*2i3...2n 4“ (+*3 <5j 2 i 4 ...i n + • • • ^il*n^*2*3...*n-l' 


(15.22) 


A full contraction of the indices gives, for even n, the Gaussian expectation values: 

m n \ (o) — — + _~ 2 ^" a n N n/2 = HEH. + /7//2 ) 2 / a n N n/2 (15 23) 
{ ' (D-2)\\D n / 2 T(D/2) D n / 2 ’ 1 j 

for instance 

+y o1 = (h 6 )"” = 


D 


By contracting (15.21) with k n k n ■ ■ ■ k in we hnd 


D 2 


((kR)") (0) = (n - 1)!! —(ka) n N n/2 = k n <(R)"} (0) d n , 


with 


dn — 


(n-l)!!(D-2)!! 
(D + n- 2)!! ‘ 


(15.24) 


(15.25) 


(15.26) 


Relation (15.25) holds for any rotation-invariant size distribution of R, in particu¬ 
lar for P N ( R), thus proving Eq. (15.17) for random chains. Hence, the expansion 
coefficients Pn,21 are related to the moments (R 21 ) n by 


Pn,21 = (-1 yd 2l {R M ), 


(15.27) 
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and the moment expansion (15.16) becomes 

P K (k) = g H)' ( f )2 ' d 2 ,(fi 2 '>. (15.28) 

0=0 V Z V- 

Let us calculate the even moments (R 21 ) of the polymer distribution Pjy(R) 
explicitly for D = 3. We expand the logarithm of the Fourier transform P/v(k) as 
follows: 

log P/v(k) = IV log Pi (k) = IV log (yyy^j = IV E 2 (2/)^ 2f ( fca ) 2t> ^ 15 ’ 29 ) 


where Bi are the Bernoulli numbers P 2 = 1/6, P 4 = —1/30,.... Then we note that 
for a Taylor series of an arbitrary function y(x) 

00 a 

V{x) = E (1.5.30) 

rW) n\ 

the exponential function e y ^ has the expansion 

00 h 

e y{x) = y nn ( 15 . 31 ) 

n=l n! 


with the coefficients 


77! 


En 


1 ( a , 


r , . n mu v 7! 
{m;} i=0 1 


(15.32) 


The sum over the powers 777 * = 0,1, 2,... obeys the constraint 


n = E ? '' rn i 

i= 1 


(15.33) 


Note that the expansion coefficients a n of y(x) are the cumulants of the expansion 
coefficients b n of e y ^ as defined in Section 3.17. For the coefficients a n of the 
expansion (15.29), 


CLn. 


-N2 2l (-l) l B 2l /2l for n = 2l, 

0 for n = 21 T 1, 


we find, via the relation (15.27), the moments 

(.R 2 ') = a 2 '(-l)'(2( + 1)! y i) -L 


N2 2i (-l) i B 2i 
{2i)\2i 


(15.34) 


(15.35) 


with the sum over 777 * = 0,1, 2,... constrained by 
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i 

l — i ■ mi. (15.36) 

i=1 

For / = 1 and 2 we obtain the moments 

(R 2 )=<TN, (i? 1 ) = ja 4 JV 2 (l - . (15.37) 

In the limit of large N, the leading behavior of the moments is the same as in (15.20) 
and (15.24). The linear growth of (K 2 ) with the number of links N is characteristic 
for a random chain. In the presence of interactions, there will be a different power 
behavior expressed as a so-called scaling law 

( R 2 ) oc a 2 N 2u . (15.38) 

The number v is called the critical exponent of this scaling law. It is intuitively 
obvious that v must be a number between v = 1/2 for a random chain as in (15.37), 
and o — l for a completely stiff chain. 

Note that the knowledge of all moments of the end-to-end distribution determines 
completely the shape of the distribution by an expansion 

U(R) = TnwTT £ <*”> W-W?). (15.39) 

b DK ,„o « 

This can easily be verified by calculating the integrals (15.17) using the integrals 
formula 

J dz z n d n z 5(z) = (—1 ) n n\. (15.40) 

15.3 Exact End-to-End Distribution in Three Dimensions 

Consider the Fourier representation (15.10), rewritten as 

with the dimensionless integration variable rj = ka. By expanding 

1 N (N\ 

sin % = El- 1 )” n ex P [K N - 2 ri)v] r (15.42) 

\ ZX > n =0 \ n ) 

we find the finite series 

1 N kN\ 

R «( R ) = - 2n ~ R /“)' < 15 - 43 > 
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where In(x) are the integrals 

/ OO gi TJX 

dr >^zr- (15.44) 

-oo T] 

For N > 2, these integrals are all singular. The singularity can be avoided by noting 
that the initial integral (15.41) is perfectly regular at r) = 0. We therefore replace the 
expression (sin p/rj) N in the integrand by [sin (rj — ie)/(rj — ie)] N . This regularizes 
each term in the expansion (15.43) and leads to well-defined integrals: 

!• oo e ixbi-ie) 

In[x ) = prr (15.45) 

For x < 0, the contour of integration can be closed by a large semicircle in the lower 
half-plane. Since the lower half-plane contains no singularity, the residue theorem 
shows that 


In(x) = 0, x < 0. 


(15.46) 


For x > 0, on the other hand, an expansion of the exponential function in powers 
of rj~ K produces a pole, and the residue theorem yields 


In(x) 


2m N ~ 1 
(N -2)! 


x 


N—2 

i 


x > 0. 


Hence we arrive at the finite series 


(15.47) 


Pn( R) 


1 

2 N+1 (N — 2)\na 2 R 


E 

0<n<(N—R/a)/2 



(N - 2n - R/a) N ~ 2 . 


(15.48) 


The distribution is displayed for various values of N in Fig. 15.2, where we have 
plotted 2ttR 2 \/NP N (J\) against the rescaled distance variable p = R/\/Na. With 
this fV-dependent rescaling all curves have the same unit area. Note that they 
converge rapidly towards a universal zero-order distribution 



2nNa 2 


exp 


3 R 2 
2 No 2 


-4 P<P( R) 


D 


-D 


2TtaL 


0 —DR?/2aL 


(15.49) 


In the limit of large N, the length L will be used as a subscript rather than the 
diverging N. The proof of the limit is most easily given in Fourier space. For 
large N at finite k 2 a 2 N, the TVth power of the quantity -Pi(k) in Eq. (15.15) can be 
approximated by 

[Pl(k)] N - e -Nk 2 a?/2D ( 15 . 50 ) 


Then the Fourier transform (15.10) is performed with the zero-order result (15.49). 
In Fig. 15.2 we see that this large-IV limit is approached uniformly in p = R/\fNa. 
The approach to this limit is studied analytically in the following two sections. 
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1 ♦ ♦ 2 

N= 2 N=3N=4N=5 H/VJ\a 

Figure 15.2 End-to-end distribution Py (R) of random chain with N links. The func¬ 
tions 27rP 2 \/fVP/v(R) are plotted against R/\fN a which gives all curves the same unit 
area. Note the fast convergence for growing N. The dashed curve is the continuum distri¬ 
bution Pj^\ R) of Eq. (15.49). The circles on the abscissa mark the maximal end-to-end 
distance. 

15.4 Short-Distance Expansion for Long Polymer 

At finite N, we expect corrections which are expandable in the form 

r o° i 

fV(R) = 4 0) (k) 1 + £ C„(R 2 /Na 2 ) , (15.51) 

n= 1 iV 

where the functions C n (x ) are power series in x starting with x°. 

Let us derive this expansion. In three dimensions, we start from (15.29) and 
separate the right-hand side into the leading /c 2 -term and a remainder 

OO r)2 If _1 y D 

<?(k) - exp \Nj: \ 2l y 2 i (k 2 a 2 ) l \ • (15-52) 

Exponentiating both sides of (15.29), the end-to-end probability factorizes as 

P N ( k) = e~ Na2k2/6 C{k). (15.53) 

The function C(k) is now expanded in a power series 

£(k) = l+ E C ntl N n (a 2 k 2 ) 1 , (15.54) 

n= 1 , 2 ,... 

Z=2n,2n+lv 
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with the lowest coefficients 
hi,2 = 
Cm = 


180’ 

1 


Cl , 3 = 


Co 4 = 


2835’ 

1 


37800’ ’ 64800’ 

For any dimension D, we factorize 

P N ( k) = e~ Na2k2/2D C(k) 


(15.55) 


(15.56) 


and find C(k) by expanding (15.15) in powers of k and proceeding as before. This 
gives the coefficients 

Ci, 2 = —1/4D 2 (D + 2), 

Ci,3 = —l/3D 3 (D + 2)(D + 4), 

Ci, 4 = ~{5D + l2)/8D\D + 2) 2 {D + 4){D + 6), 

C 2 ,4 = 1/32D 4 (D + 2) 2 . (15.57) 

We now Fonrier-transform (15.56). The leading term in C(k) yields the zero-order 
distribution (15.49) in D dimensions, 


b?’(R) = 


D 


-D 


:> -DR 2 /2Na 2 


2nNa 2 

or, written in terms of the reduced distance variable p = R/Na, 


(15.58) 


b?’(R) = 


D 


-D 


2nNa 2 


D —DNp 2 /2 


(15.59) 


To account for the corrections in C(k) we take the expansion (15.54), emphasize the 
dependence on k 2 a 2 by writing 

C(k) = C(k 2 a 2 ), 

and observe that in the Fourier transform 


Pn( R) = 


d 3 k 

(2 


e !kK Fjv(k) = 


d 3 k 


e ikR. e -Nk 2 a 2 


/2D C[k 


2 a 2 ) 


(15.60) 


the series can be pulled out of the integral by replacing each power ( k 2 a 2 ) p by 
(— 2D8n) p - The result has the form 


Pn( R) = C(—2Dd N ) J -0^e lkR e~ Nk2a2 / 2D = C(- 


2Dd N )Pjy\lV). (15.61) 


Going back to coordinate space, we obtain an expansion 

( O \ D, \-dn? 




/2 C{R). 


(15.62) 
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For D = 3, the function C(R) is given by the series 


C{R) = 1 + £ C ntl N~ n (Np 2 ) 1 , 

n =1 

1=0,...,2n 

with the coefficients 


( 3 

3 

- 9 ^ 

C9; _r 29 

69 981 

1341 


V 4’ 

2’ 

20) ’ 

’ U60’ 

40’ 400’ 

1400’ 

O 

O 

OO 


For any D, we find the coefficients 


(15.63) 


(15.64) 


Ci,i 

C 2 , t 


( D D D 2 \ 

V7’¥’ _ 4(F> + 2 )) ’ 

/ (3F> 2 -2 D + 8 )D {D 2 + 2F> + 8 )D {3D 2 + 14F> + 40)F> 2 
\ 96(H+ 2) ’ 8(F+ 2) ’ 16{D + 2) 2 

(3F 2 + 22F + 56 )F> 3 F> 4 \ 

_ 24(F + 2) 2 (F> + 4) ’ 32(F + 2) 2 J ' 


15.5 Saddle Point Approximation to Three-Dimensional 
End-to-End Distribution 

Another study of the approach to the limiting distribution (15.49) proceeds via the 
saddle point approximation. For this, the integral in (15.41) is rewritten as 

[‘OO 

/ dr] r] e ~ Nf(ri) , (15.66) 


with 


»- 4 -'-(=?) 


The extremum of / lies at rj = 77 , where 77 solves the equation 

, / * —\ 1 R 

COtllUT?)-- — ——. 

777 Na 

The function on the left-hand side is known as the Langevin function: 

1 


L{x) = cothx — 


x 


(15.67) 


(15.68) 


(15.69) 


The extremum lies at the imaginary position 77 = — ix with x being determined by 
the equation 


L{x) = 


R 

Na' 


(15.70) 
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The extremum is a minimum of f(rj) since 


/"0) = £'(*) = — k-z + 4 > 0. (1571) 

smh x x z 

By shifting the integration contour vertically into the complex rj plane to make it 
run through the minimum at —ix, we obtain 


Pn{ R) 


II dr > ( -“ + exp 

V I 2n ~ C -N.f(v) 

4:7T 2 a 2 R\ Nf"(x ) 


(15.72) 


When expressed in terms of the reduced distance p = R/Na G [0,1], this reads 


Pn{ R) 


i __ 

(2-irNa 2 ) 3 / 2 p {i _ [L^/suihL^p)] 2 } 172 


sinh L'(p) )' V 

L i (p)exp[pL i (p)] J 


(15.73) 


Here we have introduced the inverse Langevin function Z/(p) since it allows us to 
express x as 


x = L\p) 


(15.74) 


[inverting Eq. (15.70)]. The result (15.73) is valid in the entire interval p G [0,1] 
corresponding to R G [0, Na\; it ignores corrections of the order 1/N. By expanding 
the right-hand side in a power series in p, we find 


P N ( R)=Af 


2t rNd 2 ) 


3/2 


exp 



9.R 4 


2N 2 a 2 20N 3 a 4 


+ ... , (15.75) 


with some normalization constant A I. At each order of truncation, J\f is determined 
in such a way that / d 3 R Pn(TV)— 1. As a check we take the limit p 2 <C 1/N and 
find powers in p which agree with those in (15.62), for D — 3, with the expansion 
(15.63) of the correction factor. 


15.6 Path Integral for Continuous Gaussian Distribution 


The limiting end-to-end distribution (15.49) is equal to the imaginary-time ampli¬ 
tude of a free particle in natural units with h = 1: 


(x 6 r fe |x a r a ) = D exp 

\/2n(r b - r a )/M 

We merely have to identify 


M (x b - x a ) 2 
2 r b -r a 


(15.76) 


x 6 - x a = R, 


( 15 . 77 ) 
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and replace 


Tb - Ta -5- Na, 

M —> D/a. 

Thus we can describe a polymer with R 2 <C Na 2 by the path integral 


Pl{ R) = / V D x exp 


D 
2 a 




0 —DB?/2La 


(15.78) 

(15.79) 


(15.80) 


The number of time slices is here N [in contrast to (2.66) where it was N + 1), and 
the total length of the polymer is L = Na. 

Let us calculate the Fourier transformation of the distribution (15.80): 


Pl{ q) = / d D R e~ { q r Pl (R). 
After a quadratic completion the integral yields 

Pl( q) = e~ Laq2 ^ 2D , 

with the power series expansion 



(15.81) 


(15.82) 


(15.83) 


Comparison with the moments (15.23) shows that we can rewrite this as 

00 W l T(D/ 2) /o2 p 


Pl ^ ^ ^ l\ 2 2l T(D/2 + l) 


R 


(15.84) 


This is a completely general relation: the expansion coefficients of the Fourier trans¬ 
form yield directly the moments of a function, up to trivial numerical factors specified 
by (15.84). 

The end-to-end distribution determines rather directly the structure factor of a 
dilute solution of polymers which is observable in static neutron and light scattering 
experiments: 

S(q) = -^ [ L ds [ L ds' /e iq ' [x(s )~ x(s ')]\ . (15.85) 

L z Jo Jo x ' 

The average over all polymers running from x(0) to x(L) can be written, more 
explicitly, as 

= / d D x(L) J d D (x{s')-x(s)) j d D x{ 0) (15.86) 

x7L- s /(x(L)-x(s , ))e“ tq ' x(s,) P s /_ s (x(s')-x(s))e ,q ' x(s) P s _o(x(s)-x(0)). 
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The integrals over initial and final positions give unity due to the normalization 
(15.4), so that we remain with 

^ e *q-[xO)-x(s')]^ = j d D Re~ i ^P s ,. s { R). (15.87) 


Since this depends only on L' = |s' — s\ and not on s + s', we decompose the double 
integral in over s and s' in (15.85) into 2 f£ dL\L — L') and obtain 

S(q) = ^ dL '( L ~ L ') j d D Re iq - n{L ' ) P u ( R), (15.88) 

or, recalling (15.81), 

^ (q)= i i: dL,{L ~ (i5 - 89) 

Inserting (15.82) we obtain the Debye structure factor of Gaussian random paths: 

c.Ga“ss(q) = J_ p _ ! + e-*) , X = ffl. ( 15 . 90 ) 

This function starts out like 1 — a:/3 + x 2 /12 + ... for small q and falls of like q ~ 2 
for q 2 3> 2 D/aL. The Taylor coefficients are determined by the moments of the 
end-to-end distribution. By inserting (15.84) into (15.89) we obtain: 

s(q > = £ dU[L ~ U) ( R2 ‘) • ( 15 - 91 > 

Although the end-to-end distribution (15.80) agrees with the true polymer dis¬ 
tribution (15.1) for R <C y/Na , it is important to realize that the nature of the 
fluctuations in the two expressions is quite different. In the polymer expression, the 
length of each link Ax„ is fixed. In the sliced action of the path integral Eq. (15.80), 


N 

A N = aJ£ 

n= 1 


M (Ax ra ) 2 
2 a 2 


(15.92) 


on the other hand, each small section fluctuates around zero with a mean square 

<(Ax n ) 2 ) 0 j y (15.93) 

Yet, if the end-to-end distance of the polymer is small compared to the completely 
stretched configuration, the distributions are practically the same. There exists a 
qualitative difference only if the polymer is almost completely stretched. While the 
polymer distribution vanishes for R > Na, the path integral (15.80) gives a nonzero 
value for arbitrarily large R. Quantitatively, however, the difference is insignificant 
since it is exponentially small (see Fig. 15.2). 
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15.7 Stiff Polymers 

The end-to-end distribution of real polymers found in nature is never the same as 
that of a random chain. Usually, the joints do not allow for an equal probability 
of all spherical angles. The forward angles are often preferred and the polymer is 
stiff at shorter distances. Fortunately, if averaged over many links, the effects of the 
stiffness becomes less and less relevant. For a very long random chain with a finite 
stiffness one finds the same linear dependence of the square end-to-end distance on 
the length L = Na as for ideal random chains which has, according to Eq. (15.23), 
the Gaussian expectations: 

{R 2 } = aL, { R 2i > = . (15.94) 

For a stiff chain, the expectation value ( R 2 ) will increase aL to a e sL , where a e ff is 
the effective bond length In the limit of a very large stiffness, called the rod limit, 
the law (15.94) turns into 

(. R 2 ) = L 2 , ( R 2l ) = If 21 , (15.95) 

i.e., the effective bond length length a e fr increases to L. This intuitively obvious 
statement can easily be found from the normalized end-to-end distribution, which 
coincides in the rod limit with the one-link expression (15.12): 

iTtR) = - L), (15.96) 

and yields [recall (15.17)] 

/ roo 

d D RR n P I L od {R) = J dRR n 8(R - L) = L n . (15.97) 

By expanding P£ od (R) in powers of L, we obtain the series 

1 00 (— ll n 

PT “(R) = -tSEZ T E P" <fl”> (15.98) 

b D ti n< 

An expansion of this form holds for any stiffness: the moments of the distribution 
are the Taylor coefficients of the expansion of Pl( R) into a series of derivatives of 
(f(R)-functions. 

Let us also calculate the Fourier transformation (15.81) of this distribution. Re¬ 
calling (15.15), we find 

PI od (q) = P'° d (lL) = (qL). (15.99) 

For an arbitrary rotationally symmetric Pl{R) = Pl{R), we simply have to super¬ 
impose these distributions for all R: 

P L (cf) = S D / dR R D ~ 1 P Iod (qL)P L (R). (15.100) 

Jo 
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This is simply proved by decomposing and performing the Fourier transformation 
(15.81) on P l (R ) = f 0 °° dR! 5{R- R')P$ d (R)=S D f 0 °° dR! R ,D - 1 P^ d (R)P L (R'), and 
performing the Fourier transformation (15.81) on Pjj? d (R). In D = 3 dimensions, 
(15.100) takes the simple form: 

Pl{ q) = 4vr dR R 2 -P L (R). (15.101) 

Jo qR 

Inserting the power series expansion for the Bessel function 2 


Ju{z) 


fzy ~ (—i) k (z/2) 21 
V27 y o l\T(u + l + l) 


(15.102) 


into (15.99), and this into (15.100), we obtain 


Pl{ q) = 

i=o vz 


q\ 21 T(D/2) 


S D I dRR D ~ l R 21 P l (R), (15.103) 


l\T(D/2 + l) Jo 


in agreement with the general expansion (15.84). The same result is ob¬ 
tained by inserting into (15.103) the expansion (15.98) and using the integrals 
/ 0 °° dRR m dji8(R) = S mn (— which are proved by n partial integrations. 

The structure factor of a completely stiff polymer (rod limit) is obtained by 
inserting (15.99) into (15.89). The resulting »S' rod (q) depends only on qL : 

4 —2D / 2 \ D ^ 2 

S {qL) = ^P r+ yLj nD/2)J D/2 . 2 (qL) + 2F(l/2 ] 3/2, D/2;—g 2 L 2 /4), (15.104) 


where F(a; b, c; z) is the hypergeometric function (1.453). For D = 3, the integral 
(15.89) reduces to (2/L 2 ) / 0 L dL' (L — L')(smqL')/qL', as in the similar equation 
(15.9), and the result is simply 



— [cos 2 - 


1 + 2Si(2)] , 



2 dt 

— sm t. 
t 


(15.105) 


This starts out like 1 — 2 2 /36 + 2 4 /1800 + ... . For large 2 we use the limit of the 
sine integral 3 Si (2) —>• 7t/ 2 to find ,5 <rod (q) —y it/qL. 

For of an arbitrary rotationally symmetric end-to-end distribution Pl(R), the 
structure factor can be expressed, by analogy with (15.100), as a superposition of 
rod limits: 


r 00 

S L ( q) = S D / dRR D - 1 S md (qR)P L (R). 
Jo 


(15.106) 


When passing from long to short polymers at a given stiffness, there is a crossover 
between the moments (15.94) and (15.95) and the behaviors of the structure func¬ 
tion. Let us study this in detail. 

2 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 8.440. 

3 ibid., Formulas 8.230 and 8.232. 
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15.7.1 Sliced Path Integral 


The stiffness of a polymer pictured in Fig. 15.1 may be parameterized by the bending 
energy 

N 


E 


N 


bend q ^ 

n =1 


U„_l 


(15.107) 


where u n are the unit vectors specifying the directions of the links. The initial and 
final link directions of the polymer have a distribution 


N -1 


(u b L|u a 0 ) = - n 

^ n =1 


f du n 


J A 

exp 


K 


N 


E(Un - U n _i 


(15.108) 


2 ak B T — l 

where A is some normalization constant, which we shall choose such that the measure 
of integration coincides with that of a time-sliced path integral near a unit sphere in 
Eq. (8.151). Comparison if the bending energy (15.107) with the Euclidean action 
(8.152) we identify 

Mf2 K (15.109) 


he ak B T : 
and see that we must replace N —> N w 1 and set 

A = yj2it ak B T /n . (15.110) 

The result of the integrations in (15.108) is then known from Eq. (8.156): 


_ r ~ -| N 

(u 5 L|u a 0) = E \Jl+D/ 2-1 (A)] = 


K 


1=0 


aknT : 


(15.111) 


with the modified Bessel function Ii +D / 2 -i(z) of Eq. (8.11). 

The partition function of the polymer is obtained by integrating over all final 
and averaging over all initial link directions [1]: 


Z N = 


d u N 


du r 

~~A 


exp 


’D n=1 

= / du b I (uftL|u a 0). 


K 


N 


2aknT 


E (u n - U n _i 


B 1 n=l 


s, 


D 


Inserting here the spectral representation (15.111) we find 

,MbT Id/2-1 ( 


Zn — 


[f n/9 , ( K 

N 

\l 

r D/2_1 \ak B Tj \ 


[v 


2-kk 


K 


aksT 


aknT 


N 


Knowing this we may define the normalized distribution function 

1 

P N (u b ,Ua) = —(u b L\u a 0), 

Ln 

whose integral over u a as well as over u a is unity: 

f du b P N (u b ,u a ) = f du a P N (u b , u a ) = 1. 


(15.112) 


(15.113) 


(15.114) 


(15.115) 
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15.7.2 Relation to Classical Heisenberg Model 

The above partition function is closely related to the partition function of the one- 
dimensional classical Heisenberg model of ferromagnetism which is defined by 


ry Heis — 


d u„ 


S 


N 

n 

D n= 1 




exp 


J 


N 


k B T 


y ) • u n _! 


n =1 


(15.116) 


where J are interaction energies clue to exchange integrals of electrons in a ferro- 
magnet. This differs from (15.112) by a trivial normalization factor, being equal 
to 


Z 


Heis 

N 



Id/ 2-1 



(15.117) 


Identifying J = n/a we may use the Heisenberg partition functions for all cal¬ 
culations of stiff polymers. As an example take the correlation function between 
neighboring tangent vectors (u n • u n _i). In order to calculate this we observe that 
the partition function (15.116) can just as well be calculated exactly with a slight 
modification that the interaction strength J of the Heisenberg model depends on 
the link n. The result is the corresponding generalization of (15.117): 


N 




n =1 


1271 J n 

~k^f 


-2—D 


'D/2-1 


J n 


k B T 


(15.118) 


This expression may be used as a generating function for expectation values 
(u„ • u n _i) which measure the degree of alignment of neighboring spin directions. 
Indeed, we find directly 


(u„ • U n _i) 


(k B T) 


dZ^ clb (Ji ,..., J N ) 




Jn — J 


I D/ 2(J/k B T) 
Id/2-i{J /k B T) 


(15.119) 


This expectation value measures directly the internal energy per link of te chain. 
Indeed, since the free energy is F/v = — k B T log Z^ eis , we obtain [recall (1.548)] 

E n = N <u» ■ u„—,) = N /D/2( ) / (’° r j, . (15.120) 

I D /2-i{J/k B T ) 

Let us also calculate the expectation value of the angle between next-to-nearest 
neighbors (u n+1 • u n _i). We do this by considering the expectation value 


((u„+i • u n )(u n • u n _i)) 


(k B T) 2 


d 2 Z^ is (J 1 ,...,J N ) 


' I D /2(J/k B T) ' 

dJn+idJ^ yi 

Jn — J 

I D /2-i{J/k B T) 


(15.121) 


Then we prove that the left-hand side is in fact equal to the desired expectation 
value (u n+ i • u n _i). For this we decompose the last vector u n+ i into a component 
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Figure 15.3 Neighboring links for the calculation of expectation values. 


parallel to u„ and a component perpendicular to it: u n+1 = (u n+ 1 -u n ) u n +u ^ +1 . The 
corresponding decomposition of the expectation value (u r)+1 -u n _!) is (u n+1 • u n _!) = 
((u n+ 1 -u n )(u n -u n _!)) +(u^ + 1 -u n ). Now, the energy in the Boltzmann factor depends 
only on (u n+ i • u n ) + (u n • u n _i) = cos# n+ i ;n + cos so that the integral over 

u^ +1 runs over a surface of a sphere of radius sin 6 n+ i. n in D — 1 dimensions [recall 
(8.117)] and the Boltzmann factor does not depend on the angles. The integral 
receives therefore equal contributions from u^ +1 and —u^ +1 , and vanishes. This 
proves that 


(u«+i ' u n _i) (u n+1 • U„.) (u„ ■ U n _i) 


Ip/2(J/k B T) 

I D/ 2-i(J/k B T) 


(15.122) 


and further, by induction, that 


(u i ■ u fc ) 


lD/2{J/k B T) 
I D/ 2-i(J/k B T) 


\i-k\ 


For the polymer, this implies an exponential falloff 

(u, • u fc ) = 


(15.123) 


(15.124) 


where £ is the persistence length 

£ = -a/ log 

For D — 3, this is equal to 
£ = 


lD/2(tv/o,k B T) 
[lp/ 2 -i (tt/ak B T) J 


log [coth (n/ak B T) — ak B T/n\ 


(15.125) 


(15.126) 


Knowing the correlation functions it is easy to calculate the magnetic suscepti¬ 
bility. The total magnetic moment is 


N 

M = a]Tu n , (15.127) 

71=0 

so that we find the total expectation value 

(m 2 ) = + 1) T -^ - 2 :«V“« - - e _ a/{)2 . (15.128) 

The susceptibility is directly proportional to this. For more details see [2], 
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15.7.3 End-to-End Distribution 

A modification of the path integral (15.108) yields the distribution of the end-to-end 
distance at given initial and final directions of the polymer links: 

N 

R = xt - x a = a ^ u n (15.129) 

n= 1 

of the stiff polymer: 

1 1 Ar_1 T r dn 1 N 

Piv(u 6 , u a ; R) = — - -^5 (D) {Il-aJ2u n ) 

A n=2 [J A J n=1 

k Ar_1 

x exp ( u «+i - u «) 2 , (15.130) 

L 2ak B T n=L J 

whose integral over R leads back to the distribution P N (u b , u 0 ): 

J d D RP N ( u b ,u a ;R) = P N (u b , u a ). (15.131) 

If we integrate in (15.130) over all final directions and average over the initial 
ones, we obtain the physically more accessible end-to-end distribution 

Pn( R) = J du b J R/v(ufe, u a ; R). (15.132) 

The sliced path integral, as it stands, does not yet give quite the desired prob¬ 
ability. Two small corrections are necessary, the same that brought the integral 

near the surface of a sphere to the path integral on the sphere in Section 8.9. After 
including these, we obtain a proper overall normalization of P^(u b , u a ; R). 


15.7.4 Moments of End-to-End Distribution 

Since the T D Munction in (15.130) contains vectors u n of unit length, the calculation 
of the complete distribution is not straightforward. Moments of the distribution, 
however, which are defined by the integrals 

(R 21 ) = J d D RR 2l P N ( R), (15.133) 

are relatively easy to find from the multiple integrals 
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Performing the integral over R gives 




du r , 

~A 



x exp 


K 


N-l 




(15.135) 


2ak B T —i 

Due to the normalization property (15.115), the trivial moment is equal to unity: 

(1) = J d D RP N ( R) = Jdu b J C ^P N ( Ub ,u a \L) = 1. (15.136) 


15.8 Continuum Formulation 

Some properties of stiff polymers are conveniently studied in the continuum limit of 
the sliced path integral (15.108), in which the bond length a goes to zero and the 
link number to infinity so that L = Na stays constant. In this limit, the bending 
energy (15.107) becomes 


E 


bend 



(15.137) 


where 


u(s) = —x(s), (15.138) 

ds 

is the unit tangent vector of the space curve along which the polymer runs. The 
parameter s is the arc length of the line elements, i.e., ds = Vdrx 2 . 

15.8.1 Path Integral 

If the continuum limit is taken purely formally on the product of integrals (15.108), 
we obtain a path integral 

(u b L|u a 0) = (15.139) 

This coincides with the Euclidean version of a path integral for a particle on the 
surface of a sphere, ft is a nonlinear a-model (recall p. 637). 

The result of the integration has been given in Section 8.9 where we found that 
it does not quite agree with what we would obtain from the continuum limit of the 
discrete solution (15.111) using the limiting formula (8.157), which is 

00 / knT \ 

P(u bl u a \L) = exp ( -L^—L 2 \ X^ m ( u &)*im(Uo), (15.140) 
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with 


L 2 = (D/2 - 1 + /) 2 - 1/4. (15.141) 

For a particle on a sphere, the discrete expression (15.130) requires a correction 
since it does not contain the proper time-sliced action and measure. According 
the Section 8.9 the correction replaces L 2 by the eigenvalues of the square angular 
momentum operator in D dimensions, L 2 , 

L 2 ^L 2 = l(l + D -2). (15.142) 

After this replacement the expectation of the trivial moment (1) in (15.136) is equal 
to unity since it gives the distribution (15.140) the proper normalization: 

J du b P(u b ,u a \L) = 1. (15.143) 

This follows from the integral 

f du b b)m(u 6 )lim(u a ) = Sio , (15.144) 

J m 

which was derived in (8.250). Thus, with L 2 in (15.140) instead of L 2l no extra 
normalization factor is required. The sum over l) m ( 112 ) 1 )^( 111 ) may furthermore be 
rewritten in terms of Gegenbauer polynomials using the addition theorem (8.126), 
so that we obtain 

P{u b ,u a \L) = f>xp (-L^L 2 ) J - 2/ ^2 2 ^ /2 ~ 1} (u 2 Ui). (15.145) 


15.8.2 Correlation Functions and Moments 

We are now ready to evaluate the expectation values of R 21 . In the continuum 
approximation we write 


R 21 = 



21 


ds u(s) 


(15.146) 


The expectation value of the lowest moment (R 2 ) is given by the double-integral 
over the correlation function (u(s 2 )u(si)): 

(R 2 ) = I ds 2 [ rfsi(u(s 2 )u(si)) = 2 / ds 2 f rfsi(u(s 2 )u(si)). (15.147) 
Jo Jo Jo Jo 

The correlation function is calculated from the path integral via the composition 
law as in Eq. (3.301), which yields here 


(u(s 2 )u(si)) 


x 



P{ Uft, u 2 |L - s 2 ) u 2 P(u 2 , Ui|s 2 - si) «i P(ui, u a |si). (15.148) 




944 


15 Path Integrals in Polymer Physics 


The integrals over u a and u;, remove the initial and final distributions via the nor¬ 
malization integral (15.143), leaving 

(u(s 2 )u(si)) = J du 2 j u 2 uiP(u 2 , Ui|s 2 - si). (15.149) 

Due to the manifest rotational invariance, the normalized integral over ui can be 
omitted. By inserting the spectral representation (15.145) with the eigenvalues 
(15.142) we obtain 


(u(s 2 )u(si)) = fdu 2 u 2 uiP(u 2 ,u 1 \s 2 - Si) 


= E e 

i 


— (s2~ si)k B TL 2 /2k, 


du 2 U 2 U! 


1 21 + D -2 
D -2 


cr~'\ u 2Ul) 


(15.150) 


We now calculate the integral in the brackets with the help of the recursion relation 
(15.152) for the Gegenbauer functions 4 


zC\ 




z = 


2 (u + l) L 


(2z/ + l — 1 )Ci_\(z) + (/ + 1)C' J + 1 (^) 


(15.151) 


Obviously, the integral over u 2 lets only the term l = 1 survive. This, in turn, 
involves the integral 

J d,u 2 C'o' D ' /2_1 ' ) (cos 9) = Sfj. (15.152) 

The l = 1 -factor D/(D — 2) in (15.150) is canceled by the first / = 1 -factor in the 
recursion (15.151) and we obtain the correlation function 


(u(s 2 )u(si)) = exp 


-(s 2 - - 1) 


(15.153) 


where D — 1 in the exponent is the eigenvalue of L 2 = /(/ + D — 2) at l = 1. The 
correlation function (15.153) agrees with the sliced result (15.124) if we identify the 
continuous version of the persistence length (15.126) with 


£ = 2 n/ksT^D — 1 ). 


(15.154) 


Indeed, taking the limit a —> 0 in (15.125), we find with the help of the asymptotic 
behavior (8.12) precisely the relation (15.154). 

After performing the double-integral in (15.147) we arrive at the desired result 
for the first moment: 


(R 2 ) = 2{£L-e [l-e- L/ «]} 


4 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 8.933.1. 


(15.155) 
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This is valid for all D. The result may be compared with the expectation value 
of the squared magnetic moment of the Heisenberg chain in Eq. (15.128), which 
reduces to this in the limit a —> 0 at fixed L = (N + l)a. 

For small L/£, the second moment (15.155) has the large-stiffness expansion 


(. R 2 ) = L 2 



1 L 1 

3^ + 12 




(15.156) 


the first term being characteristic for a completely stiff chain [see Eq. (15.95)]. For 
large L/£, on the other hand, we find the small-stiffness expansion 

1 (15-157) 

where the dots denote exponentially small terms. The first term agrees with relation 
(15.94) for a random chain with an effective bond length 

O.H = H = n 4 * ■ (15.158) 

D — 1 kbT 


< R 2 > 




The calculation of higher expectations ( R 2l ) becomes rapidly complicated. Take, 
for instance, the moment (f? 4 ), which is given by the quadruple integral over the 
four-point correlation function 

rL PS4 PS3 rS2 

(R) = 8 / ds 4 ds 3 / ds 2 / ds 1 Si i i 3i2il (ui 4 (s 4 )u i3 (s 3 )u i2 (s 2 )u il (s 1 )}, (15.159) 
Jo Jo Jo Jo 

with the symmetric pair contraction tensor of Eq. (15.22): 


^*4*3*2*! — (d/4 %3 ^ 


1413 W 1211 T ^1412 ^1311 + ^1414^1312) 


(15.160) 


The factor 8 and the symmetrization of the indices arise when bringing the integral 


rL rL rL rL 

.R 4 = / ds 4 / ds 3 / ds 2 / dsi (u(s 4 )u(s 3 ))(u(s 2 )u(si)) (15.161) 

Jo Jo Jo Jo 

to the s-ordered form in (15.159). This form is needed for the s-ordered evaluation 
of the u-integrals which proceeds by a direct extension of the previous procedure for 
(R 2 ). We write down the extension of expression (15.148) and perform the integrals 
over u a and u;, which remove the initial and final distributions via the normalization 
integral (15.143), leaving S i4 i 3i2il times an integral [the extension of (15.149)]: 


(Uj 4 (s 4 )uj 3 (s 3 )uj 2 (s2)uj 1 (si)) = j du 4 J du 3 j du 2 j 


dui 

5^ 


X Ui 4 Ui i Ui 2 Ui 1 P {\\ 4 , u 3 |s 4 - s 3 )P(u 3 ,u 2 |s 3 - S 2 )P(u 2 , Ui|s 2 


(15.162) 

si) • 
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The normalized integral over ui can again be omitted. Still, the expression is com¬ 
plicated. A somewhat tedious calculation yields 


(i? 4 ) = 


4 (D + 2) 


L 2 i 2 - 8 LC 


D 


d 2 + qd 

W 


D-7 
D + 1 ( 


-VC 


(15.163) 


4£ 4 


D 3 + 23 D~ 7 D + 1 _ o (D + 5) 2 r _L/g (-P l) 5 p -2PL/(d-i)s 


D 3 (D +1) 2 D 3 (T) + 1) 2 

For small values of L/£, we find the large-stiffness expansion 


(i? 4 ) = L 4 


2 L 25D-17/L\ 
1_ 3? + 90(D-1) 


7D 2 -8D + 3 
315 (D - l) 2 


'LV 

.? + "' 


,(15.164) 


the leading term being equal to (15.95) for a completely stiff chain. 
In the opposite limit of large L/£, the small-stiffness expansion is 


(■ R 4 > = 4 


D 


2 C 2 


D 


l i 


D 2 + 6D-1£ D 3 + 23D 2 -7D+1 ( £' 

1 - 2 _ _r— 4- H-—— —- I A 


+ . . • , 


D(D + 2) L D 2 (D + 2) 

"(15.165) 

where the dots denote exponentially small terms. The leading term agrees again 
with the expectation ( R 4 ) of Eq. (15.94) for a random chain whose distribution is 
(15.49) with an effective link length a e ff = 2£ of Eq. (15.158). The remaining terms 
are corrections caused by the stiffness of the chain. 

It is possible to find a correction factor to the Gaussian distribution which main¬ 
tains the unit normalization and ensures that the moment ( R 2 ) has the small-£ exact 
expansion (15.157) whereas (R 2 ) is equal to (15.165) up to the first correction term 
in £/L. This has the form 

" ' " -If 3/1-1 11 1 D(AD-1) R 4 ' 


Pl R) = 


I D 
ArrLZ 


r DR 2 /4L£ I 1 


2D 


+ 


L 2 


. (15.166) 


16(D + 2) £L 3 

In three dimensions, this was first written down by Daniels [3]. It is easy to match 
also the moment (R 4 ) by adding in the curly brackets the following terms 


1-7D + 23D 2 +D 3 
D + l 


D + 2£ 2 
8 D Z 2 


' R 2 \ 1 R 4 

, + Il) + 32 R 


(15.167) 


These terms do not, however, improve the fits to Monte Carlo data for f > 1/10L, 
since the expansion is strongly divergent. 

From the approximation (15.166) with the additional term (15.167) we calculate 
the small-stiffness expansion of all even and odd moments as follows: 

2 


_ 2T(g/2 + n/2) r „„ 

/ n,W9-n/n /o\ ^ S 


where 


Ai = n 


D n / 2 T(D/2) 


n — 2 — 2d 2 — 4 d (n — 1) 
Ad (2 + d) : 


1 + Al i + A2 (i 


+ ... 


A 2 = n(n — 2) 


1-7 d + 23 d 2 + d 3 
8 d? (1 + d) ' 


(15.168) 


(15.169) 
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15.9 Schrodinger Equation and Recursive Solution for 
End-to-End Distribution Moments 

The most efficient way of calculating the moments of the end-to-end distribution 
proceeds by setting up a Schrodinger equation satisfied by (15.112) and solving it 
recursively with similar methods as developed in 3.19 and Appendix 3C. 

15.9.1 Setting up the Schrodinger Equation 

In the continuum limit, we write (15.112) as a path integral [compare (15.139)] 

P L ( R) oc Jdn b Jdu a JV D ~ x xx 5 {d) (R-J^dsu(s)j e~ {R/2) f 0 L ds AbT (15.170) 
where we have introduced the reduced stiffness 

*=-A? = (° - vi 

KbT 2 

for brevity. After a Fourier representation of the ^-function, this becomes 

/ ioo rjD \ _ r r 

__ e K\-R/2 / dub / du a (u. b L\u a 0) x , (15.172) 

-ioo Z7T2 J J 

where 

(u 6 L|u a 0) X = /' u(L)_U6 £) D_1 U g- ( K /2) fo ds {[u'(s)] 2 +X-u(s)} (15.173) 

du(0)=u a 

describes a point particle of mass M — R moving on a unit sphere. In contrast to the 
discussion in Section 8.7 there is now an additional external field X which prevents us 
from finding an exact solution. However, all even moments (R, n R, l2 ■ ■ ■ R% 21 ) of the 
end-to-end distribution (15.172) can be extracted from the expansion coefficients 
in powers of A* of the integral / du b f du a over (15.173). The presence of these 
directional integrals permits us to assume the external electric field X to point in 
the ^-direction, or the Dili direction in D- dimensions. Then X = AA, and the 
moments ^ R 21 ^ are proportional to the derivatives {2/R) 2l d‘f f du b f du a (u b L|u a 0) x . 
The proportionality factors have been calculated in Eq. (15.84). It is unnecessary to 
know these since we can always use the rod limit (15.95) to normalize the moments. 

To find these derivatives, we perform a perturbation expansion of the path inte¬ 
gral (15.173) around the solvable case A = 0. 

In natural units with R — 1, the path integral (15.173) solves obviously the 
imaginary-time Schrodinger equation 

^-^A u + ix-u+-^ (ur|u a 0) x = 0, 


(15.174) 
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where A u is the Laplacian on a unit sphere. In the probability distribution (15.211), 
only the integrated expression 


fp(z, r; A) = J du^urluaO ) 5 


(15.175) 


appears, which is a function of z — cos 9 only, where 6 is the angle between u and 
the electric held X. For ip(z, r; A), the Schrodinger equation reads 


r; A) = - — tj)(z, r; A), 


with the simpler Hamiltonian operator 


H = H 0 + A Hj = —-A + Az 


(1 - ^ ~(D~ 1 )zi- 


dz 2 


dz 


+ \ Xz - 


(15.176) 


(15.177) 


Now the desired moments (15.135) can be obtained from the coefficient of X 21 / (2/)! of 
the power series expansion of the ^-integral over (15.175) at imaginary time r = L: 

/(L;A)= J 1 ^dz'ip(z,L]X). (15.178) 


15.9.2 Recursive Solution of Schrodinger Equation. 

The function /(L; A) has a spectral representation 


OO 


/(£; A) = £ 

1=0 


f\ dz exp (-E^L) f\ dz a <p®(z a ) 

f\dz <p(W(z) 


(15.179) 


where if^ l \z ) are the solutions of the time-independent Schrodinger equation 
H<p^(z) = E^tp^(z). Applying perturbation theory to this problem, we start 
from the eigenstates of the unperturbed Hamiltonian Ho = — A/2, which are given 
by the Gegenbauer polynomials C^ 2 1 (z) with the eigenvalues = 1(1 +D — 2)/2. 

Following the methods explained in 3.19 and Appendix 3C we now set up a recur¬ 
sion scheme for the perturbation expansion of the eigenvalues and eigenfunctions 
[4].Starting point is the expansion of energy eigenvalues and wave-functions in pow¬ 
ers of the coupling constant A: 


£« = £ ef A- \<pV) = £ 78 A* a,, |/'> 


(0 


(15.180) 


l=o 


l',i =0 


The wave functions ip^(z) are the scalar products (z |</?®(A)). We have inserted 
extra normalization constants ay for convenience which will be hxed soon. The 
unperturbed state vectors |/) are normalized to unity, but the state vectors \+^) of 
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the interacting system will be normalized in such a way, that (+^\l) = 1 holds to 
all orders, implying that 


( l ) e ( l ) c 

7iJ = ko 7 k ,o = 5 fk • 


(15.181) 


Inserting the above expansions into the Schrodinger equation, projecting the re¬ 
sult onto the base vector (k\ctk, and extracting the coefficient of A J , we obtain the 
equation 


ryWAk) \ - <h_ v (1) _ V^ m m 

^k,i ^0 / j ^ Tjji—1 / ^ T k,i—j 5 

1=0 


1=0 ak 


(15.182) 


where 14j = \(k\z\j) are the matrix elements of the interaction between unper¬ 
turbed states. For i = 0, Eq. (15.182) is satisfied identically. For % > 0, it leads to 
the following two recursion relations, one for k — l: 


= 


E 7^-iWJ 0 , 


(15.183) 


n=± 1 


the other one for k l: 


i —1 


tS = — 


n=±l 


,(*) dO 


-0 


c 0 


where only n = — 1 and n — 1 contribute to the sums over n since 
W {D = (/| z \i + n ) = o, for n ± ±1. 

Oil 


(15.184) 


(15.185) 


The vanishing of for n^± 1 is due to the band-diagonal form of the matrix of 
the interaction z in the unperturbed basis | n). It is this property which makes the 
sums in (15.183) and (15.184) finite and leads to recursion relations with a finite 
number of terms for all and To calculate W%\ it is convenient to express 
(l\z\l + n) as matrix elements between unnormalized noninteracting states | n} as 


{l\z\l + n} 


(l | z\l + n) — - 

\J{1\1}{1 + n\l + n} 

where expectation values are defined by the integrals 


(15.186) 


(15.187) 


from which we find 5 


m = 


74 -D 


T(l + D-2)ir 


n ( 2 i + d -2) r(D/2-i) 2 ' 


5 I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formulas 7.313.1 and 7.313.2. 


(15.188) 
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Expanding the numerator of (15.186) with the help of the recursion relation (15.151) 
for the Gegenbauer polynomials written now in the form 

(/ + l)\l + l} = (2l + D-2)z\l}-(l + D- 3) | Z - 1}, (15.189) 


we find the only non-vanishing matrix elements to be 

{/ + lN/} = 2 /|z)- 2 {/ + 1|/ + 1} ’ 

+_ 

+ 


D- 3 


D -2 




o-iw = ^ 


Inserting these together with (15.188) into (15.186) gives 


mi - 1) 


N 


1(1 +D- 3) 

(21 + D — 2) (2/ + D — A)' 


(15.190) 

(15.191) 


(15.192) 


and a corresponding result for ( l\z\l + 1). We now fix the normalization constants 
cp/ by setting 


Wf) = — (l\z\l + l) = 1 
cq 


for all /, which determines the ratios 


Oil 

Ol +1 


— (/| z\l + l) — 


(l + l) (l + D-2) 

\ (2 l + D) (21 + D-2)' 


Setting further oi\ — 1, we obtain 


oil — 


^ (21 + D — 2)(2l + D — 4) 
i=i 


1/2 


(15.193) 


(15.194) 


/(/ + £>-3) 

Using this we find from (15.185) the remaining nonzero W r ( l) for n = —1: 

1(1 +D-3) 


(15.195) 


W { 1\ = 


(21 + D — 2) (21 + D — A) 


(15.196) 


We are now ready to solve the recursion relations of (15.183) and (15.184) and 
efl order by order in i. For the initial order i — 0, the values of the 7 ® are 
given by Eq. (15.181). The coefficients ep are equal to the unperturbed energies 
ep = Ep = 1(1 + D — 2)/2. For each i = 1, 2, 3,..., there is only a finite number 
of non-vanishing 7 Pj and Pp with j < i on the right-hand sides of (15.183) and 
(15.184) which allows us to calculate 7 ® and q l> on the left-hand sides. In this way 
it is easy to find the perturbation expansions for the energy and the wave functions 
to high orders. 
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Inserting the resulting expansions (15.180) into Eq. (15.179), only the totally 
symmetric parts in <p( l \z ) will survive the integration in the numerators, i.e., we 
may insert only 


OO 

im(^) = (^ksymm) = 12^0,i A* (*|0) • 

i=0 


(15.197) 


The denominators of (15.179) become explicitly J2i> i \li'\ a i'\ 2 A 2 *, where the sum 
over i is limited by power of A 2 up to which we want to carry the perturbation 
series; also V is restricted to a finite number of terms only, because of the band- 
diagonal structure of the 7 1!\. 

Extracting the coefficients of the power expansion in A from (15.179) we obtain 
all desired moments of the end-to-end distribution, in particular the second and 
fourth moments (15.155) and (15.164). Higher even moments are easily found with 
the help of a Mathematica program, which is available for download in notebook form 
[5]. The expressions are too lengthy to be written down here. We may, however, 
expand the even moments ( R n ) in powers of L/£ to find a general large-stiffness 
expansion valid for all even and odd n: 


( R n ) 1 n L | n (—13 — n + 5 D (1 + n )) L 2 L 3 | L 4 

L n _ 6£ + 360 (D - 1) ^7 _a3 ^s +a4 ^I+•• 

where 

444 — 63n+15n 2 + 7D 2 (4+15n+5n 2 ) + 2D (-124-141n+7n 2 ) 

as = n - 2 - 

45360 (D - l) 2 

a4 — -o ( Dq T Did T T D^d^) , 

5443200(d - l) 3 V > 


(15.198) 


(15.199) 


with 


D 0 = 3 (-5610 + 2921n —822n 2 + 67n 3 ) ,D 1 = 8490 + 12103n-3426n 2 +461n 3 , 

D 2 = 45 (-2-187n-46n 2 + 7n 3 ) , D A = 35 (-6 + 31n+30n 2 + 5n 3 ) . (15.200) 

The lowest odd moments are, up to order Z 4 , 

(R)_ 1 l 5D—7 [2 33 - 43D + UD 2 3 861 - 1469L> + 855D 2 - 175H 3 4 

L ~ 6 180(D —1) 3780(11 — l) 2 453600 (D - 1) 3 

(R 3 ) _ 1 l 512 — 4 t . 2 195-48412+ 329L> 2 ;3 609-220112 + 295512 2 -143512 3 j4 

L 3 2 + 30 (12-1) 7560 (-1 + df 151200 (12 l) 3 

15.9.3 From Moments to End-to-End Distribution for D=3 


We now use the recursively calculated moments to calculate the end-to-end distri¬ 
bution itself. It can be parameterized by an analytic function of r — R/L [4]: 

P l (R) oc r fc (l - r p ) m , 


(15.201) 
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whose moments are exactly calculable: 

(r 21 ) = 


ri 3 + fc + 2 l )r(l+± + m + l 


r («) r (3+^+2! +m+i 


(15.202) 


We now adjust the three parameters k , /3, and m to fit the three most important 
moments of this distribution to the exact values, ignoring all others. If the dis¬ 
tances were distributed uniformly over the interval r G [0,1], the moments would 
be (r 2( ) umf = 1/(2/ + 2). Comparing our exact moments (r 21 ^ (£) with those of 
the uniform distribution we find that (r 2 / )(£)/(r 2i ) umf has a maximum for n close to 
n n iax(0 = 4£/L. We identify the most important moments as those with n = n max (£) 
and n = n max (£) ± 1. If n max (£) < 1, we choose the lowest even moments (r 2 ), (r 4 ), 
and (r 6 ). In particular, we have fitted (r 2 ), (r 4 ) and (r 6 ) for small persistence length 
£ < L/2. For £ = L/ 2, we have started with (r 4 ), for £ = L with (r 8 ) and for £ = 2 L 
with (r 16 ), including always the following two higher even moments. After these ad¬ 
justments, whose results are shown in Fig. 15.4, we obtain the distributions shown in 
Fig.15. 6 for various persistence lengths £. They are in excellent agreement with the 
Monte Carlo data (symbols) and better than the one-loop perturbative results (thin 
curves) of Ref. [ 6 ], which are good only for very stiff polymers. The Mathematica 
program to do these fits are available from the internet address given in Footnote 5. 
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Figure 15.4 Paramters k, (3, and to. for a best fit of end-to-end distribution (15.201). 


For small persistence lengths £/L = 1/400, 1/100, 1/30, the curves are well ap¬ 
proximated by Gaussian random chain distributions on a lattice with lattice constant 
a eff = 2 £, i.e., P L ( R) — > e _3R2 / 4i ^ [recall (15.75)]. This ensures that the lowest mo¬ 
ment (R 2 ) = a e sL is properly fitted. In fact, we can easily check that our fitting 
program yields for the parameters k,f3,m in the end-to-end distribution (15.201) 
the £ —> 0 behavior: k —» —£, /3 —> 2 + 2£, m —> 3/4£, so that (15.201) tends to the 
correct Gaussian behavior. 

In the opposite limit of large £, we find that k —>■ 10£ —7/2, f3 —>■ 40£+5, m —>• 10, 
which has no obvious analytic approach to the exact limiting behavior (R) -*( 1 - 
r) 5//2 e 1/4?(1 r \ although the distribution at £ = 2 is fitted numerically extremely 
well. 
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The distribution functions can be inserted into Eq. (15.89) to calculate the struc¬ 
ture factors shown in Fig. 15.5. They interpolate smoothly between the Debye limit 
(15.90) and the stiff limit (15.105). 



Figure 15.5 Structure functions for different persistence lengths £/L = 1/400,1/100, 
1/30,1/10, 1/5, 1/2, 1, 2, (from bottom to top) following from the end-to-end distribu¬ 
tions in Fig. 15.6. The curves with low £ almost coincide in this plot over the ^-dependent 
absissa. The very stiff curves fall off like 1/q, the soft ones like 1 /q 2 [see Eqs. (15.105) and 
(15.90)]. 

15.9.4 Large-Stiffness Approximation to End-to-End 

Distribution 

The full end-to-end distribution (15.132) cannot be calculated exactly. It is, however, 
quite easy to find a satisfactory approximation for large stiffness [6]. 

We start with the expression (15.170) for the end-to-end distribution P^( R). In 
Eq. (3.233) we have shown that a harmonic path integral including the integrals 
over the end points can be found, up to a trivial factor, by summing over all paths 
with Neumann boundary conditions. These are satisfied if we expand the fields u(s) 
into a Fonrier series of the form (2.452): 

OO 

u(s) = u 0 + r|(s) = u 0 + ^2 u n cos u nS, v n = nir/L. (15.203) 

n =1 

Let us parametrize the unit vectors u in D dimensions in terms of the first D — 1 
-dimensional coordinates vJ l = q M with /i = 1,..,, D — 1. The Dth component is 
then given by a power series 

a = ^Jl~q 2 « 1 - q 2 /2 - (q 2 ) 2 /8 + . . . . (15.204) 

The we approximate the action harmonically as follows: 

A = yt<°) + A m = M L ds [u'(s)] 2 + 1 , 5 ( 0 ) log(l - « 2 ) 

z Jo z 

7) I ds[q'(s)} 2 f dsq 2 . 

2 Jo 2 Jo 


j 


(15.205) 
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The last term comes from the invariant measure of integration d D 1 q /yT — q 2 [recall 
(10.636) and (10.641)]. 

Assuming, as before, that R points into the z, or Hth, direction we factorize 

d(D) i R ~L dsu ^) = 6 { r ~ l+ L ds 

x dsq(s) 

where R = |R|. The second 5-function on the right-hand side enforces 

f L 

q = L~ l dsq fl (s) = 0, \x = 1,..., d - 1, (15.207) 

Jo 

and thus the vanishing of the zero-frequency parts qft in the first D — 1 components 
of the Fourier decomposition (15.203). 

ft was shown in Eqs. (10.632) and (10.642) that the last 5-function has a dis¬ 
torting effect upon the measure of path integration which must be compensated by 
a Faddeev-Popov action 

A ^ F = ~2L~L dSq2 ' (15.208) 

where the number D of dimensions of g^-space (10.642) has been replaced by the 
present number D — 1. 

In the large-stiffness limit we have to take only the first harmonic term in the 
action (15.205) into account, so that the path integral (15.170) becomes simply 

P l CR) oc / V' D - 1 q5(R-L+ [ L ds-q 2 (s)\ e - {R/2) fo ds WW 2 . (15.209) 

Inbc V Jo 2 I 


(15.206) 


The subscript of the integral emphasizes the Neumann boundary conditions. The 
prime on the measure of the path integral indicates the absence of the zero-frequency 
component of g A ‘(s) in the Fourier decomposition due to (15.207). Representing the 
remaining 5-function in (15.209) by a Fourier integral, we obtain 


„ _ r°° du 2 , 

Pl{ R) OC k / —e 

J — ioo ZIYI 


kuj 2 (L—R) I -tV D—l 


v 


/NBC 


q exp 


K 

2 jo 


J ds (V 2 + t J 2 g 2 ) 


. (15.210) 


The integral over all paths with Neumann boundary conditions is known from 
Eq. (2.456). At zero average path, the result is 


/ V' D ~ l q exp 

-lf L ds (y +l ,¥)' 

/NBC 

2 Jo v J 


ul y D - 1 ^ 2 

sinh ojL ) 


(15.211) 


so that 


Pl{ R) oc k 



du 2 r,u 2 (l-r) 
2m 


uL 


\ sinh loL 


(D- 1)/2 


(15.212) 
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The integral can easily be done in D — 3 dimensions using the original product 
representation (2.455) of uL/ sinhcuL, where 


p L { r) oc r r 

J-ioo 2m ^ \ vi 


(15.213) 


If we shift the contour of integration to the left we run through poles at u 2 = —vf 
with residues 


e 4 n 

fc=l n(^fc)=1 


l- k - 

n z , 


2 \ — 1 


(15.214) 


The product is evaluated by the limit procedure for small e: 


00 r i_E±E 


n 

n= 1 L 


rr 


(k + e) 

W 


-> 


-> 


-> 


-2e7r 


(k + e)n —2e 
sin (A; + e)7r k sin (k + e)n 
2en 


cos kir sin en 


Hence we obtain [6] 


P l (R) oc ^ 2(—1 ) k+1 Rv 2 k e-~ KV ^ L - R) . 


-)• 2(—l) fe . (15.215) 


(15.216) 


k =1 


It is now convenient to introduce the reduced end-to-end distance r = R/L and the 
flexibility of the polymer / = L/£, and replace Rv%(L — R) —> k 2 n 2 (l — r)/l so that 
(15.216) becomes 


P L { R) = AfL(R) = MY, {-l) k+1 k 2 Ti 2 e- k2n2{1 - r)/ \ 


k =1 


where J\f is a normalization factor determined to satisfy 


d 3 RP L ( R) = 4vrL 3 


drr 2 Pr( R) = 1. 


(15.217) 


(15.218) 


The sum must be evaluated numerically, and leads to the distributions shown in 
Fig. 15.6. 

The above method is inconvenient if D 3, since the simple pole structure of 
(15.213) is no longer there. For general D, we expand 


/ ul y D -w 

Vsinh loLJ 
and obtain from (15.212): 


= (uLY d ~^ 2 £(-l) fc ( {D , 1)/2 ") e-Pfc+P- 1 )/ 2 )^, (15.219) 
k=0 \ k J 


F t (R) oc £(-l) 

k =0 


*/-(£>-l)/2 


h{R/L), 


(15.220) 
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Figure 15.6 Normalized end-to-end distribution of stiff polymer accord¬ 
ing to our analytic formula (15.201) plotted for persistence lengths £/L = 

1/400, 1/100, 1/30, 1/10, 1/5, 1/2, 1, 2 (fat curves). They are compared with the Monte 
Carlo calculations (symbols) and with the large-stiffness approximation (15.217) (thin 
curves) of Ref. [6] which fits well for £/L = 2 and 1 but becomes bad small £/L < 1. 
For very small values such as £/L = 1/400, 1/100, 1/30, our theoretical curves are well 
approximated by Gaussian random chain distributions on a lattice with lattice constant 
a e s = 2£ of Eq. (15.158) which ensures that the lowest moments (Hi 2 ) = a e sL are properly 
fitted. The Daniels approximation (15.166) fits our theoretical curves well up to larger 
i/L PS 1/10. 


with the integrals 


h(r) = 



^ r J (D+l)/2 c -\2k+(D-l)/2]u+(D-l)C> 2 a-r)/2l 
2iti 


(15.221) 


where ui is the dimensionless variable uL. The integrals are evaluated with the help 
of the formula 6 


f °° — x v e^ x2 ' 2 ~ qx = -=J- —e~ q2 ^D u (q/Jp) , (15.222) 

J-ioo 2iri v ^/ 3^ 1 )/ 2 V 7 V / ’ V 7 

where D u (z) is the parabolic cylinder functions which for integer v are proportional 
to Hcrmite polynomials: 7 


D n (z) = -J^e-^Hniz/V 2). 


(15.223) 


Thus we hnd 


6 I.S. Gradshteyn and I.M. Ryzhik, op. cit ., Formulas 3.462.3 and 3.462.4. 
7 ibid., Formula 9.253. 
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hir) 


V 7 ^ 


l 


(D-l)(l-r) 


(D+ 3)/4 9 

' ” [2k+(D-l)/2] 2 


e 4( 0 -l)(l-r,/l£) (D + 1)/2 


which becomes for D = 3 

1 


4(r): 


(2fc + l) / 


2\[2j\ 


l/2(l-r)/i' 


.g 4(l-r)/i^ 2 


2/c + l 


V(i-r)// y 


2Jfe+(D-l)/2 
(£>-l)(l-r)/Z, 

(15.224) 

(15.225) 


If the sum (15.220) is performed numerically for D — 3, and the integral over 
Pl(R) is normalized to satisfy (15.218), the resulting curves fall on top of those 
in Fig. 15.6 which were calculated from (15.217). In contrast to (15.217), which 
converges rapidly for small r, the sum (15.220) convergent rapidly for r close to 
unity. 

Let us compare the low moments of the above distribution with the exact mo¬ 
ments in Eqs. (15.156) and (15.164). in the large-stiffness expansion. We set to = toL 
and expand 


/(^ 2 ) 


-D—1 


to 


sinh to 


(15.226) 


m a power series 


f(co 2 ) = 1 


D 




(D — 1)(5D — 1) _ 4 (D>-1)(15 + 14D> + 35D> 2 ) 


-to 


2 2 -3 ' 2 5 -3 2 -5 2 7 -3 4 -5-7 ca +... .(15.227) 

Linder the integral (15.212), each power of to 2 may be replaced by a differential 
operator 


_o L d 

to —> to = — — ~r 
k dr 


21 d 
D — 1 dr 


(15.228) 


^ 2 

The expansion f(to ) can then be pulled out of the integral, which by itself yields a 
5- function, so that we obtain Tl(R) in the form / (a) 2 ) S(r — 1), which is a series of 
derivatives of ^-functions of i — 1 staring with 


Pl{ R) oc 


Id (—1 + 5 D) l 2 d 2 (15 + 14 D+35 D 2 ) l 3 d 3 
+ 6 dr + 360 (D — l) dr 2 + 45360 (D-l) 2 dr 3 + ' " 


5(r - 1). 
(15.229) 


From this we find easily the moments 

/ roo 

d D RR m P L (R) oc ^ drr D ~ l r m P L ( R). (15.230) 

Let us introduce auxiliary expectation values with respect to the simple integrals 
(/(r))i oc / dr f(r)P^, rather than to .D-dimensional volume integrals. The unnor¬ 
malized moments (r m ) are then given by (r D ~ 1+m )i. Within these one-dimensional 
expectations, the moments of z = r — 1 are 

roo 

((r- l)")i oc / dr (r — l) n P L (H). 

Jo 


(15.231) 
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The moments (r m ) ([l + (r — l)] m ) = ([l + (r — 1)] D 1+m ) 1 are obtained by expanding 
the binomial in powers of r — 1 and using the integrals / dz z m 5 ( ' n \z) = (—l) m m! S rnn 
to find, up to the third power in L/C, = /, 


(R°)= N 
(. R 2 )=ML 2 
(i? 4 )=A/T 4 


i -£z±i. 


i - 

i - 


6 

D + 1 

6 

D + 3 

6 


(5Z?-l)(Z?-2) 2 (354? 3 + 14Z? + 15)(Z?-2)(Z?-3) 3 ‘ 

360 45360(1? — 1) 

(5Z?—1)Z?(Z? + 1) 2 (35L> 2 + 14Z?+15)Z?(Z? + 1) j3 ' 

360(1? — 1) ~~ 45360(1? — 1) 

(5Z?-l)(Z?+2)(Z?+3) 2 
360(Z? — 1) 

(35I? 2 + 14I? + 15)(I? + l)(I?+2)(I? + 3) 3 ' 

45360(1?-I) 2 


The zeroth moment determines the normalization factor J\f to ensure that (R°) = 1. 
Dividing this out of the other moments yields 



L' 2 

L 4 



13D-9 l2 
180(D-1) 
23D-11 2 
90(D-1) 


123D 2 —98-D + 39 3 

lsgop-i) 2 + 


(15.232) 

(15.233) 


These agree up to the /-terms with the exact expansions (15.156) and (15.164) [or 
with the general formula (15.198)]. For D = 3, these expansions become 



L 2 
L 4 



-1 + —1 2 

3 12 

2 , 29, 2 

3 90 


945 

71 

630 


+ ... 
+ ... 


(15.234) 

(15.235) 


Remarkably, these happen to agree in one more term with the exact expansions 
(15.156) and (15.164) than expected, as will be understood after Eq. (15.295). 


15.9.5 Higher Loop Corrections 

Let us calculate perturbative corrections to the large-stiffness limit. For this we replace the har¬ 
monic path integral (15.210) by the full expression 


P(r-,L)=Sp 1 [ V ,D - 1 q(s)slr~ L- 1 f ds y/l - q 2 (s) ] (15.236) 

J NBC \ Jo J 


where 


Aot M = J ds[g tlv (q)q^(s)q , '(s)-£d(s,s)logg{q{s)))+A FP -eL^. (15.237) 


For convenience, we have introduced here the parameter e = ksT/n = 1 /is, the reduced inverse 
stiffness, related to the flexibility l = L/£ by l = eL{d — l)/2. We also have added the correction 
term eL R/8 to have a unit normalization of the partition function 


Z = 


Sd 


drr u 1 P(r; L) = 1. 


(15.238) 


H. Kleinert, PATH INTEGRALS 




15.9 Schrodinger Equation and Recursive Solution for Moments 


959 


The Faddeev-Popov action, whose harmonic approximation was used in (15.208), is now 




-(£>-!) log 



(15.239) 


To perform higher-order calculations we have added an extra action which corrects for the 
omission of fluctuations of the velocities at the endpoints when restricting the paths to Neumann 
boundary conditions with zero end-point velocities. The extra action contains, of course, only at 
the endpoints and reads [7] 

A COT {q b ,q a } = -log J[qb,q a ] = -[q 2 {0) + q 2 {L)}/4. (15.240) 

Thus we represent the partition function (15.238) by the path integral with Neumann boundary 
conditions 


Z = 


[ V' D 1 g(s)exp{-AotM - ■A COI [qb,q a ] - *4 FP [g]} • (15.241) 

JNBC 


A similar path integral can be set up for the moments of the distribution. We express the 
square distance R 2 in coordinates (15.207) as 


R 2 = 


J ds J ds' u(s) ■ u(s') = ds \/l — 9 2 (s)^ = R 2 


(15.242) 

we find immediately the following representation for all, even and odd, moments [compare (15.147)] 


<(r 2 d = 


f*L nL 


dsds' u(s) • u(s') 


/ o J o 


(15.243) 


in the form 


( R n )= [ V' D 1 g(s)exp{-AotM - A CO i[qb,qa] --4 FP M} • (15.244) 

J NBC 

This differs from Eq. (15.241) only by in the Faddeev-Popov action for these moments, which is 
-4 FP M = -(n + D- !)log I L~ l I ds yjl - q 2 (s) I , (15.245) 


l)log l^L 1 y ds y/l - q 2 (s) j 


rather than (15.239). 

There is no need to divide the path integral (15.244) by Z since this has unit normalization, as 
will be verified order by order in the perturbation expansion. The Green function of the operator 
d 2 /ds 2 with these boundary conditions has the form 


K(s,s') = - 


(s + s') (s 2 + s' 2 ) 

2 + 2 L 


The zero temporal average (15.207) manifests itself in the property 


(15.246) 


[ dsA' N (s,s') = 0. 

Jo 


(15.247) 


In the following we shall simply write A(s,s / ) for A^ r (s,s / ), for brevity. 
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Partition Function and Moments Up to Four Loops 

We are now prepared to perform the explicit perturbative calculation of the partition function and 
all even moments in powers of the inverse stiffness e up to order e 2 cx l 2 . This requires evaluating 
Feynman diagrams up to four loops. The associated integrals will contain products of distributions, 
which will be calculated unambiguously with the help of our simple formulas in Chapter 10. 

For a systematic treatment of the expansion parameter e, we rescale the coordinates q M —> sq 
and rewrite the path integral (15.244) as 

( R n )=f V lD ~ 1 q{s)exp{-Atot,n[^ £ }-} > (15.248) 

J NBC 

with the total action 

Act, n[q;e\ = J ds i (q 2 + £ + ^(O)log(l -eg 2 ) 

- rr n log jJ dsyfl-eq 2 - | [g 2 (0) + q 2 {L)\ - eL^. (15.249) 

The constant a n is an abbreviation for 

a n = n + (d — 1). (15.250) 

For n = 0, the path integral (15.248) must yield the normalized partition function Z = 1. 

For the perturbation expansion we separate 

Aot.rAA = A {0) [q]+A^(q;e], (15.251) 

with a free action 

A {0) [Q] = lJ o dsq 2 (s), (15.252) 

and a large-stiffness expansion of the interaction 

A nt [l\ £ \ = A ntl M + e 2 A nt2 [q\ + ■■■ ■ (15.253) 

The free part of the path integral (15.248) is normalized to unity: 

Z {0) = [ V D ~ 1 q(s) e~ Am ^ = j V ,D ~ 1 q(s)e~ (1/2) J'o ds ^ is) = 1. (15.254) 

JNBC J NBC 

The first expansion term of the interaction (15.253) is 

A ntl M = lJ o L ds{[q(s)q(s)} 2 -p n (s)q 2 (s)}-Lj, (15.255) 

where 

pn(s) = S n + [<5(s) + S(s - L)\ /2, 6 n = 6(0) - a n /L. (15.256) 

The second term in p n (s) represents the end point terms in the action (15.249) and is important 
for canceling singularities in the expansion. 

The next expansion term in (15.253) reads 

A nt2 M = ds j[ 9 (s)g(s)] 2 - \ d(0)-^ 9 2 ( s )| ? 2 (s) 

+ J ds J ds 'd 2 (s)q 2 (s'). (15.257) 
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The perturbation expansion of the partition function in powers of e consists of expectation 
values of the interaction and its powers to be calculated with the free partition function (15.254). 
For an arbitrary functional of q(s), these expectation values will be denoted by 

{F[q}) 0 = f V ,D - 1 q(s)F[q]e^ ( ' 1/2) -fo ds « 2(s) . (15.258) 

jNBC 

With this notation, the perturbative expansion of the path integral (15.248) reads 

(R n )/L n = l-{ATW,e}) 0 + l -{A: t [q ] e} 2 ) 0 -... 

= 1-eMjf 1 ^^ . (15.259) 

For the evaluation of the expectation values we must perform all possible Wick contractions with 
the basic propagator 


(q^s)q^s'))o = S^A(s,s'), 


(15.260) 


where A(s,s') is the Green function (15.246) of the unperturbed action (15.252). The relevant 
loop integrals and H; are calculated using the dimensional regularization rules of Chapter 10. 
They are listed in Appendix 15A and Appendix 15B. 

We now state the results for various terms in the expansion (15.259): 


( 4 ntl M)o 

Mn t2 M)0 

^ ntl [#>o 


2 

QP 2 ~1) 

4 

3 (^-l) 
120 

L 2 f (D-1)L 
~2 


+ Dh - 1 A(0,0) - 1a(L, L) 


_ i5 = i ( D -l)n 


12 


+ ^)^3 + 2 (£ , + 2)/ 4 


8 L 2 


[(D-1)I 2 + 2I 5 


12 


(5(0) + L 

m 


r toe n2 


1440 
D 
+ 2 L 


[(25D 2 +36D+23) + n(ll.D + 5)] , 


- (5 


R 


(D- 1) 


m - W + Hs - Hh) + He- 4D(H2 - H 7 - H w ) 


H n + 2 D 2 (H 8 + H 9 )] + ^ [DH 12 + 2(D + 2 )H 13 + DH U ] 


I? [" (D—l)n 

T 


12 

2 QP-1) 

1440 

3 (D-1)D 




[(25D 2 - 22 D + 25) + 4(n + 4 D- 2)] 


120 


5(0) + L 


2GD-I) 


720 


(29 D - 1). 


(15.261) 


Inserting these results into Eq. (15.259), we find all even and, odd moments up to order e 2 oc l 2 


( R n )/L n 


1-eL 


(D-l)r 


12 


+ e 2 L 2 


(D~ l) 2 


(D — l) (An + 5D — 13)r 


288 


1440 




n 

72 


(4 n + 5 D- 13)7 


360(11-1) 


l 2 - 0{l 3 ). 


0(e 3 ) 

(15.262) 


For n = 0 this gives the properly normalized partition function Z = 1. For all n it reproduces the 
large-stiffness expansion (15.198) up to order l 4 . 
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Correlation Function Up to Four Loops 

As an important test of the correctness of our perturbation theory we calculating the correlation 
function up to four loops and verify that it yields the simple expression (15.153), which reads in 
the present units 

G{s, s') = e - |W|/ « = e -\ s - s '' l/L . (15.263) 

Starting point is the path integral representation with Neumann boundary conditions for the two- 
point correlation function 

G(s,s') = (u(s) ■ u(s')) = [ V' D ~ 1 q{s) f{s,s') exp e]j , (15.264) 

Jnbc k J 

with the action of Eq. (15.249) for n = 0. The function in the integrand f(s, s') = f(q(s), q(s')) is 
an abbreviation for the scalar product u(s) • u(s') expressed in terms of independent coordinates 
9 m («): 


f{q(s), q(s')) = u(s) ■ u(s') = \/l — q 2 (s) s/l - q 2 {s’) + q{s) q(s'). (15.265) 

Rescaling the coordinates q —> y/e q, and expanding in powers of e yields: 

f(q(s),q(s')) = 1 + efi(q(s), q{s')) + e 2 f 2 (q(s), q(s')) + ... , (15.266) 

where 

fi{q(s),q{s')) = q{s)q(s')-^q 2 (s)-^q 2 (s'), (15.267) 

f 2 (q(s),q(s')) = \q 2 (s)q 2 (s') - ^ [g 2 ( S )] 2 - ^ [q 2 (s')} 2 . (15.268) 

We shall attribute the integrand f(q(s),q(s')) to an interaction A- f [q;e\ defined by 

f(q(s),q(s')) = e ~ Af[q ’ e] , (15.269) 

which has the e-expansion 

A S [q\£\ = -log f{q{s),q{s’)) 

= -efi(q{s),q{s'))+e 2 -/ 2 (?(s), q(s')) + ^f 2 (s, s') -..., (15.270) 


to be added to the interaction (15.253) with n = 0. Thus we obtain the perturbation expansion of 
the path integral (15.264) 

G(s,s') = 1- (|(Ao nt [g;£]+A i [g;e])^ + i^(Ao nt [g;e]+A' / [g;e]) 2 ^ o -... . (15.271) 

Inserting the interaction terms (15.253) and (15.271), we obtain 

G(s, s') = l + s(f 1 (q(s), q(s'))) 0 +e 2 [{f 2 (q(s), q(s'))) 0 -(fi(q(s),q{s')) Aq 1141 [q])o] +■ ■ •, 

(15.272) 

and the expectation values can now be calculated using the propagator (15.260) with the Green 
function (15.246). 

In going through this calculation we observe that because of translational invariance in the 
pseudotime, s —> s + sq, the Green function A(s, s') + C is just as good a Green function satisfying 
Neumann boundary conditions as A(s,s / ). We may demonstrate this explicitly by setting C = 
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L(a— 1)/3 with an arbitrary constant a, and calculating the expectation values in Eq. (15.272) using 
the modified Green function. Details are given in Appendix 15C [see Eq. (15C.1)], where we list 
various expressions and integrals appearing in the Wick contractions of the expansion Eq. (15.272). 
Using these results we find the a-independent terms up to second order in e: 


(h(q(s),q{s'))) 

(f 2 {q(s),q{s'))) 

= {D- 1) 


o ~ (fi(q{s),q(s')) A^ n [q]) 0 
\p>\ - i(D + l)Dl -K x - DK 2 




(15.273) 


(D- 1) 


K, 


\ Ka + \ Kb 


(15.274) 


This leads indeed to the correct large-stiffness expansion of the exact two-point correlation function 
(15.263): 


G(s,s') 


l—£ 


D- 1 . ,. 2 (D-1) 2 

—— «-«' +£ 2 V - 


(s-s') 2 + . •• = ! — ■ 


(*- s ') 2 

2£ 2 


... . (15.275) 


Radial Distribution up to Four Loops 

We now turn to the most important quantity characterizing a polymer, the radial distribution func¬ 
tion. We eliminate the (5-function in Eq. (15.236) enforcing the end-to-end distance by considering 
the Fourier transform 


P(k-,L) = J dr e <fc < r-1) P(r;L ). 

This is calculated from the path integral with Neumann boundary conditions 

P{k',L)= [ V' D ~ 1 q(s)exp{-A t k ? t [q;e}} , 

J NBC 

where the action >4](. ot [<?; e] reads, with the same rescaled coordinates as in (15.249), 


(15.276) 


(15.277) 


Al ot [q-,e] = 


ds 


e + e (,,i) 


2 1 


1 — eq 2 


+ ^tf(O) log(l - eq 2 ) - Y (V 1 -eq 2 ~ l) 


- [<? 2 (0) + q 2 (L)] -sLj = A°[q\ + Af’fae]. 


(15.278) 


As before in Eq. (15.253), we expand the interaction in powers of the coupling constant e. The 
first term coincides with Eq. (15.255), except that a n is replaced by 

Pk{s) = 5 k + [S(s)+5(s-L)}/2, 4 = (5(0) - ik/L, (15.279) 

so that 

A ntl M = ds^{[q{s)q(s)} 2 - p k {s)q 2 (s)} - Lj. (15.280) 

The second expansion term A™ t2 [q] is simpler than the previous (15.257) by not containing the 
last nonlocal term: 

ds^ |[g(s)g(s)] 2 - i ( 40 ) - 9 2 (s)|<? 2 (s). 


( 15 . 281 ) 
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Apart from that, the perturbation expansion of (15.277) has the same general form as in (15.259): 

1 


P(k;L) = l-eM^^o+eM-Mfc^o + ^Mfcbno)-... 


(15.282) 


The expectation values can be expressed in terms of the same integrals listed in Appendix 15A 
and Appendix 15B as follows: 


m: 


inti r 

k [ 


0 - 


m: 


int2 r 


(D- 1) 


7 A* I I 

_/ 1+jD / 2 __A(0,0)--A(L,L) 


- L- 


R 


= -L 


(D - 1 ) [(D - 1 ) - ik\ 


12 


o - 


( D 2 - 1) 


= 27 


4 

( D 2 - 1) 


ik 


m + ^)h + 2(D + 2 )I A 


(ATW) 0 = 


120 

L 2 f(D- 1 )L 

T1 12 


5(0) + L 


2 (D 2 - 1) [7(11 + 2) + 3 ik\ 


m 


D 
2 L 


720 


— ( + 


(15.283) 


(15.284) 


R 


[H* - 2 (H* + Hi - H 5 ) + H 6 - 4D(H\ - H 7 - H w ) 


+ H n + 2 D 2 {H 8 + H 9 )] + (jP ^ [DH 12 + 2(27 + 2 )H 13 + DH U ] 


= 27 


(27 - l) 2 [(27 - 1) - ikf 


2 • 12 2 






+ L 3 y — y 5(0) + L 2 K i [(132? 2 - 627 + 21) + 4ik(2D + ik)] 


+ L 


120 
3 {D-1)D 


1440 


5(0) + L 


2(D- 1) 


(2927 - 1). 


120 v ' 720 

In this way we find the large-stiffness expansion up to order £ 2 : 

P{k;L) = 1 + eL- ———- [(27 - 1) - ik] + e 2 L 2 ^ ^ 

x [(ik) 2 (5D-l)-2ik(5D 2 -llD + 8) + (D-l)(5D 2 -llD+14)]+0(£ 3 ). 


(15.285) 


(15.286) 


This can also be rewritten as 

P(k; L) = Pi ioop(fc; L)\ 1 + ■— 7, — l~h 


{D- 3) (527 2 -1127 + 14) 

“2/C H 


180(77—1) 


360 


l 2 +0(l 3 


where the prefactor Pi\ oop {k; L) has the expansion 


Pi ioo P (fc; L) — 1 — eL A_ —— (ifc) + £ 2 L 2 


(£- 1 )^ , 0,2 00-1X517-1)^2 


2 5 • 3 2 • 5 


(ik) 2 -... . 


(15.287) 


(15.288) 


With the identification w 2 = ikeL , this is the expansion of one-loop functional determinant in 
(15.227). By Fourier-transforming (15.286), we obtain the radial distribution function 


P(r;/) = S{r- 1) + l - [8’(r- 1) + (d - 1) 5(r -1)] + ^ [(5d - 1) S"(r- 1) 

+ 2(5d 2 - lld+8) 5'(r-1) + (d- l)(5d 2 - lld+14)5(r-1)] + 0(l 3 ). 


(15.289) 
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As a crosscheck, we can calculate from this expansion once more the even and odd moments 


( R n )=L n 


r n+(D-i) p( r; ;) ; 


(15.290) 


and find that they agree with Eq. (15.262). 

Using the higher-order expansion of the moments in (15.198) we can easily extend the distri¬ 
bution (15.289) to arbitrarily high orders in l. Keeping only the terms up to order l 4 , we find that 
the one-loop end-to-end distribution function (15.212) receives a correction factor: 


P(r; l) oc 



^ iu 2 (mi)(P-l)/2l 

2tt 


V sinh u> / 


e ~v(l,Q 2 )^ 


with 


V(1,LU 2 ) = Vo(l) + V(1,LU 2 ) = Vo(l) + Ur(/)y + V 2 (l + V 3 (l )^ + ... 
The first term 


Mi) 


d- 1, , d- 9 ;2 , (d-1) (32 — 13 d + 5 g? 2 ) ;3 
6 + 360 + 6480 

34 — 272 d + 259 d 2 — 110 d 3 + 25 d 4 4 

259200 + "' 


(15.291) 


(15.292) 


(15.293) 


contributes only to the normalization of P(r;/), and can be omitted in (15.291). The remainder 
has the expansion coefficients 


Vi{l) = 
V 2 (l) = 
V 3 (l) = 


d- 3 i2 (-5 + 9 d) l3 (—455 + 431 d + 91 d 2 + 5 d 3 ) . 

360 + 7560 (-1 + d) + 907200 (d - l) 2 

(5-3 d)l 3 (—31 + 42 d + 25 d 2 ) l 4 

7560 907200 (d-1) + ‘" ’ 

(d-1) l 4 
18900 + ’'’ ’ 


(15.294) 


In the physical most interesting case of three dimensions, the first nonzero correction arises to 
order l 3 . This explains the remarkable agreement of the moments in (15.234) and (15.234) up to 
order l 2 . 

The correction terms V(l,u> 2 ) may be included perturbatively into the sum over k in 
Eq. (15.220) by noting that the expectation value of powers of Cj 2 /l within the w-integral (15.221) 
are 


+/1>=«2* (£> — 1) (1 — r) 
so that we obtain an extra factor e~f k 

f k = V 1 {l)a 2 k +[W 2 (l)-V 2 {l)\ a 4 + 
where up to order l 4 : 


_2k + (D l)/2 / 2 , \2 4 3 


, ( Cj 2 /1) = 3 at, ( lo 2 /1 ) = 15a' 


15V 3 (l)-12V 1 (l)V 2 (l) + -V?(l) 




(15.295) 


(15.296) 


3 v M -vni) = + 156 r 703 c + ... 


2520 

15V^ (0- 12 Vi (0 V 2 (0 -H|l^ 3 (0 = + • 


907200 (D - 1) 


(15.297) 
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15.10 Excluded-Volume Effects 


A significant modification of these properties is brought about by the interactions 
between the chain elements. If two of them come close to each other, the molecular 
forces prevent them from occupying the same place. This is called the excluded- 
volume effect. In less than four dimensions, it gives rise to a scaling law for the 
expectation value ( R 2 ) as a function of L : 

(. R 2 ) oc L 2u , (15.298) 

as stated in (15.38). The critical exponent v is a number between the random-chain 
value v — 1/2 and the stiff-chain value v — 1. 

To derive this behavior we consider the polymer in the limiting path integral 
approximation (15.80) to a random chain which was derived for R 2 / La <C 1 and 
which is very accurate whenever the probability distribution is sizable. Thus we 
start with the time-sliced expression 


PM) = 


N -1 

n 


/- D II / ,- D 

y27r a/M n= i ^J2n a/M 


d D x r , 


exp 




with the action 


N 

A N = aJ2 

n =1 


M (Ax„,) 2 
2 a 2 


(15.299) 


(15.300) 


and the mass parameter (15.79). In the sequel we use natural units in which energies 
are measured in units of ksT, and write down all expressions in the continuum limit. 
The probability (15.299) is then written as 

P l (R) = jv D xe- AL W, (15.301) 

where we have used the label L — Na rather than N. From the discussion in 
the previous section we know that although this path integral represents an ideal 
random chain, we can also account for a finite stiffness by interpreting the number 
a as an effective length parameter a e fr given by (15.158). The total Euclidean time 
in the path integral u — r a = H/ksT corresponds to the total length of the polymer 
L. 

We now assume that the molecules of the polymer repel each other with a two- 
body potential E(x, x'). Then the action in the path integral (15.301) has to be 
supplemented by an interaction 

Ant = \ f dr f dr' V (x(r), x(r'))- (15.302) 

2 Jo Jo 

Note that the interaction is of a purely spatial nature and does not depend on the 
parameters r, r', i.e., it does not matter which two molecules in the chain come 
close to each other. 
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The effects of an interaction of this type are most elegantly calculated by making 
use of a Hubbard-Stratonovich transformation. Generalizing the procedure in Sub¬ 
section ??, we introduce an auxiliary fluctuating field variable <p(x) at every space 
point x and replace A mt by 

Af nt = [ d.T <^(x(r)) — \ f d D xd D x' 9 ?(x)G _1 (x, x')</?(x'). (15.303) 

Jo 2 J 

Here H _1 (x, x') denotes the inverse of V(x, x') under functional multiplication, de¬ 
fined by the integral equation 

j d D x' H _1 (x, x / )H(x',x") = S ( ' D \x — x"). (15.304) 

To see the equivalence of the action (15.303) with (15.302), we rewrite (15.303) as 

Af nt = J d D x p(x)<p(x) — — J d D xd D x' (p(x)V~ 1 (x,x')(p(x') % (15.305) 

where p(x) is the particle density 

p(x) = [ dT(5^(x -x(t)). (15.306) 

Jo 

Then we perform a quadratic completion to 

^fnt = ~\f d D xd D x' [^'(x)r 1 (x,x>'(x') - p(x)V(x, x / )p(x / )j , (15.307) 

with the shifted field 

<//(x) = ip(x) — J d D x' V(x, x / )p(x / ). (15.308) 

Now we perform the functional integral 

J £V(x) e~ A ? nt (15.309) 

integrating </?(x) at each point x from —ioo to ioo along the imaginary field axis. 
The result is a constant functional determinant [det H _1 (x, x')] 1 ^ 2 . This can be 
ignored since we shall ultimately normalize the end-to-end distribution to unity. 
Inserting (15.306) into the surviving second term in (15.307), we obtain precisely 
the original interaction (15.302). 

Thus we may study the excluded-volume problem by means of the equivalent 
path integral 

P L ( R) oc J V d x(t) J Vip{x) e~ A , (15.310) 

where the action A is given by the sum 

A = -4 L [x, x, ip] + A{<p\, 


(15.311) 
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of the line and field actions 

r L r M 1 

A L [x,(p\ = dr — i 2 + ^(x(r)) , (15.312) 

Jo L 2 J 

A[(p\ = — — J dPxdPx' <£>(x)P _ 1 (x, x / )</?(x / ) j (15.313) 

respectively. The path integral (15.310) over x(r) and </?(x) has the following phys¬ 
ical interpretation. The line action (15.312) describes the orbit of a particle in a 
space-dependent random potential </?(x). The path integral over x(r) yields the end- 
to-end distribution of the fluctuating polymer in this potential. The path integral 
over all potentials 93 (x) with the weight accounts for the repulsive cloud of 

the fluctuating chain elements. To be convergent, all (fi(x) integrations in (15.310) 
have to run along the imaginary field axis. 

To evaluate the path integrals (15.310), it is useful to separate x(r)- and <p(x)- 
integrations and to write end-to-end distributions as an average over (^-fluctuations 

P l (R)oc J Vip(x)e- A[<p] P£( R,0), (15.314) 

where 

P/(R, 0 ) = J V d x(t) e~ AL[ * M (15.315) 

is the end-to-end distribution of a random chain moving in a fixed external potential 
<p(x). The presence of this potential destroys the translational invariance of Pfi. This 
is why we have recorded the initial and final points 0 and R. In the final distribution 
Pl( R) of (15.314), the invariance is of course restored by the integration over all 

¥>(x). 

It is possible to express the distribution Pfi (R, 0) in terms of solutions of an 
associated Schrodinger equation. With the action (15.312), this equation is obviously 

r2 + ^ (R ) Pl(R,0) = S ,D> (R-0),5(L). (15.316) 

If denotes the time-independent solutions of the Hamiltonian operator 

+ (15.317) 

the probability Pfi (R) has a spectral representation of the form 

P£{ R, 0 ) = j dEe~ EL ^{ *( 0 ), L > 0 . (15.318) 

From now on, we assume the interaction to be dominated by the simplest possible 
repulsive potential proportional to a ^-function: 

V(x, x) = va D S < ' D \x — x). (15.319) 
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Then the functional inverse is 

y _1 (x, x') = u _1 o- D (5 (D) (x - x'), (15.320) 

and the ^-action (15.312) reduces to 

A[ip\ = --— J d D xip 2 {x). (15.321) 

The path integrals (15.314), (15.315) can be solved approximately by applying the 
semiclassical methods of Chapter 4 to both the x(r)- and the </?(x)-path integrals. 
These are dominated by the extrema of the action and evaluated via the leading 
saddle point approximation. In the </?(x)-integral, the saddle point is given by the 
equation 

u-'a-Vx) = -^logP£(R,0). (15.322) 

<M X ) 

This is the semiclassical approximation to the exact equation 

(15.323) 

where (.. ,) x is the average over all line fluctuations calculated with the help of the 
probability distribution (15.315). 

The exact equation (15.323) follows from a functional differentiation of the path 
integral for P£ with respect to <p(x): 

-4—^l(R) = / / V D xe~ AL[x ’^- A M = o. (15.324) 

0<p(x) J 0 <p(x) J 

By anchoring one end of the polymer at the origin and carrying the path integral 
from there to x(r), and further on to R, the right-hand side of (15.323) can be 
expressed as a convolution integral over two end-to-end distributions: 

J dr 8 ( ' D \x — x(t))^ — J dL'Pl,(x)Pl_ L ,( R —x). (15.325) 

With (15.323), this becomes 

v~ 1 a~ D (if(x)) x = I dL’P'[,(x)P'[_ L ,{ R-x), (15.326) 

Jo 

which is the same as (15.323). 

According to Eq. (15.322), the extremal tp(x) depends really on two variables, x 
and R. This makes the solution difficult, even at the semiclassical level. It becomes 
simple only for R = 0, i.e., for a closed polymer. Then only the variable x remains 
and, by rotational symmetry, <£>(x) can depend only on r = |x|. For R/0, on the 


v l a D (<p(x)) = (p(x)) = ^ dr 6 (d) (x - x(r)) 
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other hand, the rotational symmetry is distorted to an ellipsoidal geometry, in which 
a closed-form solution of the problem is hard to find. As an approximation, we may 
use a rotationally symmetric ansatz </?(x) ^ p (r) also for R^O and calculate the 
end-to-end probability distribution P^(R) via the semiclassical approximation to 
the two path integrals in Eq. (15.310). 

The saddle point in the path integral over </?(x) gives the formula [compare 
(15.314)] 


Pl(R) ~ Pl(R,0 ) 


/ 


V D x exp 




+ <p(r(r )) 


(15.327) 


Thereby it is hoped that for moderate R, the error is small enough to justify this 
approximation. Anyhow, the analytic results supply a convenient starting point for 
better approximations. 

Neglecting the ellipsoidal distortion, it is easy to calculate the path integral over 
x(r) for P/(R, 0) in the saddle point approximation. At an arbitrary given <p(r), 
we must find the classical orbits. The Euler-Lagrange equation has the first integral 
of motion 

^-x 2 — ip(r ) = E = const. (15.328) 

At fixed L, we have to find the classical solutions for all energies E and all angular 
momenta /. The path integral reduces an ordinary double integral over E and 
l which, in turn, is evaluated in the saddle point approximation. In a rotationally 
symmetric potential p(r), the leading saddle point has the angular momentum l = 0 
corresponding to a symmetric polymer distribution. Then Eq. (15.328) turns into a 
purely radial differential equation 

d,v 

dr = , . (15.329) 

p [E + tp(r)]/M 


For a polymer running from the origin to R we calculate 

pR Rrp 

L = / . . (15.330) 

Jo y/2[E + <p(r)]/M 

This determines the energy E as a function of L. It is a functional of the yet 
unknown held tp(r): 


E = E L [p\. 

The classical action for such an orbit can be expressed in the form 

rL r M 


/• /. w 

A i[x,p] = dr —± 2 + <p(r(r)) 
Jo L 2 J 


dr 


M . 2 ( t vx 

yx - <p(r(r)) 

rR 


+ / drMx 2 
Jo 


= —EL + / dr^2M[E + p>(r)\. 


(15.331) 


(15.332) 
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In this expression, we may consider E as an independent variational parameter. 
The relation (15.330) between E, L, R,(p(r), by which E is fixed, reemerges when 
extremizing the classical expression *4. c i[x, (p\. 

i[x, X, (f\ = 0. (15.333) 

The classical approximation to the entire action A x , i p\ + A[<p\ i s then 

Ac i = —EL + jT dr'\J2M\E + <p{r')\ - \v~ l a~ D J d D xp 2 (r). (15.334) 

This action is now extremized independently in ( p(r),E . The extremum in tp(r) is 
obviously given by the algebraic equation 


<p(r’) 


0 r r > r, 

MvaPS^r n - D / y/2M\E + (p(r')] f ° r r’ < r, 


which is easily solved. We rewrite it as 


(15.335) 


E + ip(r) — £ 3 <p~ 2 (r), (15.336) 

with the abbreviation 

£ 3 = ar~ 2S , (15.337) 

where 

S = D- 1 > 0 (15.338) 

and 

a = y v 2 a 2D So 2 . (15.339) 

For large £ 3> 1 /E, i.e., small r <C a 2 ^ 5 E~ 6 ^ s , we expand the solution as follows 

= £ - j + y + • • • • (15.340) 

This expansion is reinserted into the classical action (15.334), making it a power 
series in E. A further extremization in E yields E = E(L, r). The extremal value of 
the action yields an approximate distribution function of a monomer in the closed 
polymer (which runs through the origin): 

P L ( R) oc e-AiCFR). (15.341) 


To see how this happens consider first the noninteracting limit where v = 0. 
Then the solution of (15.335) is tp(r) = 0, and the classical action (15.334) becomes 


Ac i = 


EL + V 2M ER. 


(15.342) 
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The extremization in E gives 



MR 2 

(15.343) 


TP _ 

2 L 2 ’ 

yielding the extremal action 

MR 2 

(15.344) 


= TT- 

The approximate distribution is 

therefore 


Pn( R) 

, oc e~ Aci = e ~ MR2 R L . 

(15.345) 


The interacting case is now treated in the same way. Using (15.336), the classical 
action (15.334) can be written as 


By 

<p\, 


As 


M r R 

A C \ = -EL + \I— dr' 
2 Jo 


^ + £ -2« S/ Vt E 


(15.346) 


expanding this action in a power series in E [after having inserted (15.340) for 
we obtain with e(r) = E/£ = Ea~ l ^r 25 ^ 


Ad = -EL + y y« 1/6 jT dr'r'~ s/3 
long as 5 < 3, i.e., for 


l + e(' r 0 - |uV) + 


(15.347) 


D < 4, 

the integral exists and yields an expansion 


(15.348) 


Ad — —EL + cio(R) + cti(R)E — —a,2(R)E 2 + .. 

with the coefficients 

”«<*> ^ 

aJR) = 3 /f fil+i/3 “" /6 ^3' 

/x 1 [M 1jjt _ 1/9 1 

a M = Wy R ~i- 


Extremizing Ad in E gives the action 

Ad — o,q (R) + 


2 a 2 (R) 


[L — ai(R)] 2 + 


(15.349) 


(15.350) 


(15.351) 
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The approximate end-to-end distribution function is therefore 

Pl{ R) ~ A/”exp j— a 0 (-R) - 2q ^ r ^ [ L - Oi(^)] 2 |, (15.352) 

where A f is an appropriate normalization factor. The distribution is peaked around 


L = 3 



2 R + ' a '— 3 - 


(15.353) 


This shows the most important consequence of the excluded-volume effect: The 
average value of R 2 grows like 


(R 2 ) 


■ 2 \ ~ a 1/{D+2) 



6/{D+2) 


(15.354) 


Thus we have found a scaling law of the form (15.298) with the critical exponent 


3 

D + 2 


(15.355) 


The repulsion between the chain elements makes the excluded-volume chain reach 
out further into space than a random chain [although less than a completely stiff 
chain, which is always reached by the solution (15.354) for D — 1], 

The restriction D < 4 in (15.348) is quite important. The value 


D uc = 4 


(15.356) 


is called the upper critical dimension. Above it, the set of all possible intersections 
of a random chain has the measure zero and any short-range repulsion becomes 
irrelevant. In fact, for D > D uc it is possible to show that the polymer behaves like 
a random chain without any excluded-volume effect satisfying (R 2 ) oc L. 


15.11 Flory’s Argument 

Once we expect a power-like scaling law of the form 

(R 2 ) oc L 2v , (15.357) 

the critical exponent (15.355) can be derived from a very simple dimensional argu¬ 
ment due to Flory. We take the action 

A = [ L dr—x 2 - — [ L dr [ L dr'SP\ x(t) -x(t')), (15.358) 

Jo 2 2 io Jo 

with M = D/a, and replace the two terms by their dimensional content, L for the 
T-variable and R- for each ^-component. Then 

M R 2 va D L 2 
2 ZA “ 2 R D ' 


A 




(15.359) 
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Extremizing this expression in R at fixed L gives 

Y ~ R~ D ~ l L\ (15.360) 

Ju 

implying 

R 2 ~ L 6/(d+2) , (15.361) 

and thus the critical exponent (15.355). 

15.12 Polymer Field Theory 

There exists an alternative approach to finding the power laws caused by the 
excluded-volume effects in polymers which is superior to the previous one. It is 
based on an intimate relationship of polymer fluctuations with field fluctuations in 
a certain somewhat artificial and unphysical limit. This limit happens to be acces¬ 
sible to approximate analytic methods developed in recent years in quantum field 
theory. According to Chapter 7, the statistical mechanics of a many-particle ensem¬ 
ble can be described by a single fluctuating field. Each particle in such an ensemble 
moves through spacetime along a fluctuating orbit in the same way as a random 
chain does in the approximation (15.80) to a polymer in Section 15.6. Thus we can 
immediately conclude that ensembles of polymers may also be described by a single 
fluctuating field. But how about a single polymer? Is it possible to project out 
a single polymer of the ensemble in the field-theoretic description? The answer is 
positive. We start with the result of the last section. The end-to-end distribution 
of the polymer in the excluded-volume problem is rewritten as an integral over the 


fluctuating field </?(x): 

P L {pt- b i x<j) = J Vip e~ A ^(x- b , x ffi ), (15.362) 

with an action for the auxiliary </?(x) field [see (15.312)] 

A[(p\ = —- J d D xd D x > (p(x)V~ 1 (x,x')(p(x'), (15.363) 

and an end-to-end distribution [see (15.315)] 

Pl(x b ,x a ) = J Vxexp j-^ dr ^-x 2 + (f(x(r)) j, (15.364) 

which satisfies the Schrodinger equation [see (15.316)] 

^-^yV 2 + <^(x) P£(x,x') = 5 {3 \x-x’)5(L). (15.365) 
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Since Pl and P'1 vanish for L < 0, it is convenient to go over to the Laplace 
transforms 

I f'OO 

Pm 2 (x,x) = — ^ dLe" im2/2M P L (x,x'), (15.366) 

I r oo 0 

= uil dLe- L ”' I™. Jf(x.x'). (15.367) 

The latter satisfies the L-independent equation 

[—V 2 + m 2 + 2M^(x)]P^ 2 (x,x') = ^ 3) (x — x'). (15.368) 


The quantity m 2 /2M is, of course, just the negative energy variable —E in (15.332): 


E = —. 
2 M 


(15.369) 


The distributions Pf n 2 (x, x') describe the probability of a polymer of any length run¬ 
ning from x' to x, with a Boltzmann-like factor e - Lm2 / 2M governing the distribution 
of lengths. Thus m 2 /2M plays the role of a chemical potential. 

We now observe that the solution of Eq. (15.368) can be considered as the cor¬ 
relation function of an auxiliary fluctuating complex held 0 (x): 


P£ 2 (x,x') = Go(x, x') = ( , 0*(x)'0(x / )) ¥ , 

/Zty*(x)Zty(x) t/ ; *( x )t/ ; (x / ) exp 0 , <p]} , , 

/ Xh/i*(x)Xh/>(x) exp {— A[i/)*, 0 , <p]} 

with a held action 

A[ip*, , iJj,(p}=J d D x | V0*(x)V-0(x) + m 2 ^*(x)^(x) + 2M<p(x)'0*(x)'0(x)}.(15.371) 

The second part of Eq. (15.370) defines the expectations (.. .}</,. In this way, we 
express the Laplace-transformed distribution P n y (x fe , x a ) in (15.366) in the purely 
held-theoretic form 


P m 2 (x,x) = /^exp{-^]}(^(x)^(xO), 

= J Py^exp ji J d D yd D y , if(y)V-\y,y')(f(y')^ 

f 2>0*1>0 ■0*(x)'0(x / ) exp {—.A [?/>*, 0 , v?]} 

/ Vip* j Thj) exp {—*4.[0*, 0, 93 ]} 


It involves only a fluctuating held which contains all information on the path fluc¬ 
tuations. The held 0(x) is, of course, the analog of the second-quantized held in 
Chapter 7. 

Consider now the probability distribution of a single monomer in a closed poly¬ 
mer chain. Inserting the polymer density function 

p(R) = / drS^CR — x(t)) 

Jo 


(15.373) 
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into the original path integral for a closed polymer 

P L (R) = £dr jv D x Jv<pexp{-A L - A[<^]} <5 (D) (R - x(r)), (15.374) 

the ^-function splits the path integral into two parts 

Pl{ R) = J V<pe W {-A[<p}} £ drPZ_ T (0,R)P?(R,0). (15.375) 

When going to the Laplace transform, the convolution integral factorizes, yielding 

P m < R) = J Vcp(x)ex P {-A[cp}}P^(0,R)P^(R,0). (15.376) 

With the help of the field-theoretic expression for P m 2 (R) in Eq. (15.370), the prod¬ 
uct of the correlation functions can be rewritten as 

p,uo,r>p,uo,r) = (rmmMrmmiy ( 15 . 377 ) 

We now observe that the held ip appears only quadratically in the action A[ip*, ip, (p\. 
The product of correlation functions in (15.377) can therefore be viewed as a term 
in the Wick expansion (recall Section 3.10) of the four-held correlation function 

(^*(R)^(R)V’*(0)^(0)) v ,. (15.378) 

This would be equal to the sum of pair contractions 

(^*(R)^(R)) v (^(0)^(0)) v + <^*(RM0))^*(0)^(R)) v . (15.379) 

There are no contributions containing expectations of two ip or two ip* helds which 
could, in general, appear in this expansion. This allows the right-hand side of 
(15.377) to be expressed as a difference between (15.378) and the hrst term of 
(15.379): 

P£ 2 (0,R)P* 2 (0,R) = ('0*(R)'0(R)'0*(O)'0(O)) ¥ , - {ip*(R)ip(R)) ip {ip*(0)ip(0)) (p . 

(15.380) 

The right-hand side only contains correlation functions of a collective held, the 
density field [8] 

p(R) = ip*(R)ip(R), (15.381) 

in terms of which 

qyo, R)P£(0, R) = (fi(R)p(0)) r - (p(R)Mp( 0)) v . (15.382) 

Now, the right-hand side is the connected correlation function of the density held 

p(R): 


(p(R)p(0)) lf , c = (p(R)p(0)) v - (p(R)) r (p(0)) v . (15.383) 
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In Section 3.10 we have shown how to generate all connected correlation func¬ 
tions: The action A[ip, ip*, p\ is extended by a source term in the density field p(x) 

Aourcet^*,^,-^] = - J d°xK (x)p(x) = J d D xK (x)V>* (x)^(x)), (15.384) 

and one considers the partition function 

Z[K, <p] = j VipVip* exp {-A [p>*, ip, t] - vAsource \dP* i P>, K]} • (15.385) 

This is the generating functional of all correlation functions of the density field 
p(R) = ip*(R,)ip(R,) at a fixed <p(x). They are obtained from the functional deriva¬ 
tives 


Wx ‘> ■ ■ ■ p(x “ )> - = Z[K ■ ''' mP) zlK ’ v] \«.o- 

(15.386) 

Recalling Eq. (3.559), the connected correlation functions of p(x) are obtained sim¬ 
ilarly from the logarithm of Z[K, p\. 


(P(xi)---p(x n )) ¥ ,, c = 


_6 _ 

<5/1 (xi) 


_6 _ 

SK(Xn) 


log Z[K, <p\ 


I<= O' 


(15.387) 


For n = 2, the connectedness is seen directly by performing the differentiations 
according to the chain rule: 


(P(R)P(0)) - = SK(R)SK(0) logZ Mx=o 

6K(R) Z ^ T< ’ ^ 5K(0) Z ^ K ^\k=o 
= (p(R)p(0))„ - <p(R))„(p(0))„. (15.388) 


This agrees indeed with (15.383). We can therefore rewrite the product of Laplace- 
transformed distributions (15.382) at a fixed <p(x) as 


/£,(0,R)i^ a (0,R) = 


<5 


<5 


6K( R) 6K( 0) 


log Z[K, p\ 


K =0 


(15.389) 


The Laplace-transformed monomer distribution (15.376) is then obtained by aver¬ 
aging over <p(x), i.e., by the path integral 


£ £ 

Pm2 ^ ~ §K( R) 5K( 0) 


T><p(x) exp {-A[p\} log Z[K, p] 


K =0 


(15.390) 
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Were it not for the logarithm in front of Z, this would be a standard calculation of 
correlation functions within the combined -0, p field theory whose action is 

= A[i>*,4>,(p\ +A[ip\ 

= J d D x (V-0* V-0 + m + 2 

— - J d D xd D x'p(x)V~ 1 {x.,x')p(pd). (15.391) 

To account for the logarithm we introduce a simple mathematical device called the 
replica trick [9]. We consider log Z[K, ip\ in (15.388)-(15.390) as the limit 

log Z = lim - (Z n - 1), (15.392) 

ti-> o n 

and observe that the nth power of the generating functional. Z n , can be thought 
of as arising from a field theory in which every field ^ occurs n times, i.e., with n 
identical replica. Thus we add an extra internal symmetry label a = 1,..., n to the 
fields tKx) and calculate Z n formally as 

Z n [K, if] = j VlplPlpa exp {-A[tp* a , tpa, ip\-A[ip\ -AsourcebPa, K ]} , 

(15.393) 

with the replica field action 

A[ip a , ip*, ip] = J dPx (V-0* + rn 2 'ip* a 'ip a + 2 Mp , (15.394) 

and the source term 

Aource[C>^cn K \ = ~ J <1°X^* a (x)^ a (x) K(x ). (15.395) 

A sum is implied over repeated indices a. By construction, the action is symmetric 
under the group U(n) of all unitary transformations of the replica fields ip a . 

In the partition function (15.393), it is now easy to integrate out the </?(x)- 
fluctuations. This gives 

Z n [K,ip\ = jvr a Vt/j a e W {-A n [r a ^a]-A somce [r a ^a,K]}^ (15.396) 
with the action 

A n ty*M = j d D x(vr a ^a + rn 2 r a ^a) 

+ ^(2 M) 2 J d D xd D x'^ a *(x)^ a (x)V(x,x')'ipi 3 *(x')'ipp(x'). (15.397) 

It describes a self-interacting field theory with an additional U(n) symmetry. 
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In the special case of a local repulsive potential U(x, x') of Eq. (15.319), the 
second term becomes simply 

AnthCV'a] = ^(2 M) 2 va D J d D x[ip Q *(x)'ip a (x)} 2 . (15.398) 

Using this action, we can find log Z[K,tp\ via (15.392) from the functional integral 

log Z[K, ip] = lim - ( I V^lVrlj a exp{-A n [i>l,i>a\ ~ Aource[V£, </><*, K]} - l) . 

ns-0 n \J J 

(15.399) 

This is the generating functional of the Laplace-transformed distribution (15.390) 
which we wanted to calculate. 

A polymer can run along the same line in two orientations. In the above de¬ 
scription with complex replica fields it was assumed that the two orientations can 
be distinguished. If they are indistinguishable, the polymer fields v h Q ,(x) have to be 
taken as real. 

Such a field-theoretic description of a fluctuating polymer has an important 
advantage over the initial path integral formulation based on the analogy with a 
particle orbit. It allows us to establish contact with the well-developed theory of 
critical phenomena in held theory. The end-to-end distribution of long polymers 
at large L is determined by the small-if regime in Eqs. (15.330)-(15.349), which 
corresponds to the small-m 2 limit of the system here [see (15.369)]. This is precisely 
the regime studied in the quantum field-theoretic approach to critical phenomena 
in many-body systems [10, 11]. It can be shown that for D larger than the upper 
critical dimension D uc = 4, the behavior for m 2 —> 0 of all Green functions coincides 
with the free-held behavior. For D = D uc , this behavior can be deduced from scale 
invariance arguments of the action, using naive dimensional counting arguments. 
The fluctuations turn out to cause only logarithmic corrections to the scale-invariant 
power laws. One of the main developments in quantum held theory in recent years 
was the discovery that the scaling powers for D < D uc can be calculated via an 
expansion of all quantities in powers of 

e = D uc — D, (15.400) 

the so-called e-expansion. The e-expansion for the critical exponent v which rules 
the relation between R 2 and the length of a polymer L , ( R 2 ) oc L 2u , can be derived 
from a real 0 4 -theory with n replica as follows [12]: 

= 2+ fig|l|_i__ t _ F(13 „ + 4 4) 

+ 87T+8F [ 3n3 “ 452 ™ 2 - 2672n “ 5312 

+ C(3)(n + 8) • 96(5n + 22)] 

+ 32( n+ 8) « i t 3n5 + 398n4 “ 12900n 3 - 81552n 2 - 219968n - 357120 
+ C(3)(n + 8) • 16(3n 4 - 194n 3 + 148n 2 + 9472n + 19488) 

+ C(4)(n + 8) 3 • 288(5n + 22) 
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- C(5)(n + 8) 2 • 1280(2n 2 + 55n + 186)] 

+ i28(n+8)^ [ 3n? “ H98n 6 - 27484n 5 - 1055344n 4 

—5242112n 3 - 5256704n 2 + 6999040n - 626688 

- C(3)(n + 8) • 16(13n 6 - 310n 5 + 19004n 4 + 102400n 3 

- 381536n 2 - 2792576n - 4240640) 

- C 2 (3)(n + 8) 2 • 1024(2n 4 + 18n 3 + 981 n 2 + 6994n + 11688) 

+ C(4)(n + 8) 3 • 48(3n 4 - 194 n 3 + 148n 2 + 9472n + 19488) 

+ C(5)(n + 8) 2 • 256(155n 4 + 3026n 3 + 989n 2 - 66018n - 130608) 

- C(6)(n + 8) 4 • 6400(2n 2 + 55 n + 186) 

+ C(7)(n + 8) 3 -56448(14n 2 + 189n + 526)]} , (15.401) 


where ((x ) is Riemann’s zeta function (2.521). As shown above, the single-polymer 
properties rnnst emerge in the limit n —>• 0. There, v~ l has the e-expansion 

u- 1 = 2 - - - — e 2 + 0.114 425 e 3 - 0.287 512 e 4 + 0.956 133 e 5 . (15.402) 

4 128 v ’ 

This is to be compared with the much simpler result of the last section 

i D + 2 e . 

v- 1 = = 2 - 3 . (15.403) 

A term-by-term comparison is meaningless since the field-theoretic e-expansion has 
a grave problem: The coefficients of the e n -terms grow, for large n. like n\, so that 
the series does not converge anywhere! Fortunately, the signs are alternating and 
the series can be resummed [13]. A simple first approximation used in e-expansions 
is to re-express the series (15.402) as a ratio of two polynomials of roughly equal 
degree 


2.+ 1.023 606 e- 0.225 661 e 2 
1. + 0.636 803 e - 0.011 746 e 2 + 0.002 677 e 3 ’ 


(15.404) 


called a Pade approximatioti. Its Taylor coefficients up to e 5 coincide with those of 
the initial series (15.402). It can be shown that this approximation would converge 
with increasing orders in e towards the exact function represented by the divergent 
series. In Fig. 15.7, we plot the three functions (15.403), (15.402), and (15.404), the 
last one giving the most reliable approximation 


z /" 1 « 0.585. 


(15.405) 


Note that the simple Flory curve lies very close to the Pade curve whose calculation 
requires a great amount of work. 

There exists a general scaling relation between the exponent v and another ex¬ 
ponent appearing in the total number of polymer configurations of length L which 
behaves like 


5 = L a ~ 2 


(15.406) 
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Figure 15.7 Comparison of critical exponent v in Flory approximation (dashed line) 
with result of divergent e-expansion obtained from quantum field theory (dotted line) and 
its Pade resummation (solid line). The value of the latter gives the best approximation 
v ~ 0.585 at e = 1. 

The relation is 


a — 2 — Du. (15.407) 

Direct enumeration studies of random chains on a computer suggest a number 

a ~ i (15.408) 

corresponding to u — 7/12 rj 0.583, very close to (15.405). 

The Flory estimate for the exponent a reads, incidentally, 

4 -D , . 

“ = ( 15 « 9 ) 

In three dimensions, this yields a = 1/5, not too far from (15.408). 

The discrepancies arise from inaccuracies in both treatments. In the first treat¬ 
ment, they are due to the use of the saddle point approximation and the fact that 
the 5-function does not completely rule out the crossing of the lines, as required by 
the true self-avoidance of the polymer. The field theoretic e-expansion, on the other 
hand, which in principle can give arbitrarily accurate results, has the problem of 
being divergent for any e. Resummation procedures are needed and the order of the 
expansion must be quite large (~ e 5 ) to extract reliable numbers. 

15.13 Fermi Fields for Self-Avoiding Lines 

There exists another way of enforcing the self-avoiding property of random lines 
[14]. It is based on the observation that for a polymer field theory with n fluctuating 
complex fields T Q and a U(n)-symmetric fourth-order self-interaction as in the action 
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(15.397), the symmetric incorporation of a set of m anticommuting Grassmann fields 
removes the effect of m of the Bose fields. For free fields this observation is trivial 
since the functional determinant of Bose and Fermi fields are inverse to one-another. 
In the presence of a fourth-order self-interaction, where the replica action has the 
form (15.397), we can always go back, by a Hubbard-Stratonovich transformation, 
to the action involving the auxiliary field <p(x) in the exponent of (15.393). This 
exponent is purely quadratic in the replica field, and each path integral over a Fermi 
field cancels a functional determinant coming from the Bose field. 

This boson-destructive effect of fermions allows us to study theories with a neg¬ 
ative number of replica. We simply have to use more Fermi than Bose fields. More¬ 
over, we may conclude that a theory with n = —2 has necessarily trivial critical 
exponents. From the above arguments it is equivalent to a single complex Fermi 
field theory with fourth-order self-interaction. However, for anticommuting Grass¬ 
mann fields, such an interaction vanishes: 

(0 f 6) 2 = [(0! - i0 2 )(0! + i9 2 )f = [2 = 0. (15.410) 

Looking back at the e-expansion for the critical exponent v in Eq. (15.401) we can 
verify that up to the power e 5 all powers in e do indeed vanish and v takes the 
mean-field value 1/2. 

Appendix 15A Basic Integrals 


A(0,0) = A (L,L) 

= L/3, 

(15A.1) 

h = J 

f ds A(s, s ) = Z/ 2 /6, 

0 

(15A.2) 

/2 = J 

f ds A 2 (s, s) = L/12, 

0 

(15A.3) 

h = J 

f dsA 2 (s,s) =L 3 / 30, 

0 

(15A.4) 

h = J 

f ds/l 
0 

f L 

i{s,s) A 2 (s, s) = 7L 2 /360, 

r L 

(15A.5) 

h = J 

1 ds j 

0 J 

1 ds' A 2 (s, s') = L 4 /90, 

0 

(15A.6) 

A(0, L) = A(L, 0) 

= -i/6, 

(15A.7) 

4 = J 

f ds [A 2 (s,0) + A 2 (s,L)] =2L 3 /45, 

0 

pL pL 

(15A.8) 

17 = J 

' ds j 

o J 
f L 

' ds' A(s, s) A 2 (s, s') = L 3 /45, 

0 

nL 

(15A.9) 

h = J 

1 ds j 

o J 

r L 

1 ds' A ( 5 , s)A(s, s')‘A (s, s') = L 3 /180, 

0 

(15A.10) 

4 = J 

1 ds A(s, s ) [A 2 (s, 0) + A 2 (s, L)\ = HL 2 /90, 

0 

(15A.11) 

ho = j 

f ds A ( 5 , s) [A(s, 0) A ( 5 ,0) + A(s, L) A (s, L )] ■ 
0 

H. 

= 17L 2 /360, (15A.12) 
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A (0,0) = —A (L, L) = —1/2, 


Jii = 


il 2 — 


p L/ p Li 

/ ds ds' A(s, s) A(s, s')’A (s', s') = L 3 /360, 

Jo Jo 

pL pL 

/ ds / ds'A(s, s') A 2 (s, s') = L 3 /90. 

do do 


(15A.13) 

(15A.14) 


(15A.15) 


Appendix 15B Loop Integrals 

We list here the Feynman integrals evaluated with dimensional regularization rules whenever nec¬ 
essary. Depending whether they occur in the calculation of the moments from the expectations 
(15.261)-(15.261) of from the expectations (15.283)-(15.285) we encounter the integrals depending 
on p n (s) = S n -(- [5(s) + 5(s — L)] /2 with <5„ = (5(0) — a n /L or p k (s) = dk + [<5(s) + 5(s — L)\ /2 
with 5k = (5(0) — ik/L: 


pL pL 

H" {k) = ds ds'p n ( k )(s)p n ( k )(s')A 2 (s,s'), 

Jo Jo 

= ^n(fc) L + <5„(fc) h + 2 [A 2 (0,0) + A 2 (0, L )] , 

# 2 (fe) = [ ds [ dsVn(fc)(s , )A(s,s)A 2 (s,s / ) = <5 n ( fc )/ 7 + 

do do ^ 

H^ k) = [ ds f dsVn(fc)(s')Ad(s, s)A 2 (s, s') = <5 n(fe ) i 5 + ^ (5(0), 

Jo Jo l z . 

H^ k) = [ ds [ ds’p n ( k )(s')'A (s,s)A (s, s')A(s, s') = 5„ (fc) i 8 + 

Jo Jo * 

When calculating (R n ), we need to insert here 5 n =5(0) — a n /L, thus obtaining 
H i = ^<5 2 (0) + ^(3-D-n)(5(0) + ^[(45-24D+4D 2 )-4n(6-2D-n)], 
ff 2 " = ^(0) + ^(15-4D-4n), 

H3= ii <52(0)+ ^ (3 -^- n)<5(0) ’ 

H *‘ = si 5 < 0 > + ^ (21 - 4D - 4 ")- 


(15B.1) 

(15B.2) 


(15B.3) 


(15B.4) 


(15B.5) 

(15B.6) 

(15B.7) 

(15B.8) 


where the values for n = 0 correspond to the partition function Z = (R°). The substitution 
5k = <5(0) — ik/L required for the calculation of P(k; L) yields 


Ti 

rk _ ^ X 2 


Hi — (0) + -j-g- [2 + (-ik)] 5(0) + — (—ik) [4 + (—ik)] + - 

H k 2 =^8(0) + ^[ll + 4(-ik)], 

H Z = ^5 2 (0) + ^[2 + (-ik)} 5(0), 

H ‘ = Wo m + Wo l 17 + 4 <-*)]- 

The other loop integrals are 

ids = [ ds [ ds'A(s, s) A 2 (s, s') A d(s', s') = 5 ( 0)17 = — 5(0), 
do do 45 


(15B.9) 

(15B.10) 

(15B.11) 

(15B.12) 


(15B.13) 
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H 6 = f ds [ ds'Ad{s,s)A 2 {s,s')Ad{s',s')=S 2 {0)I 5 = ^-S 2 (0), (15B.14) 

Jo Jo 90 

Hj = f ds f ds'A(s,s)A(s,s')A(s,s')Ad(s',s') = S(0)Is = ——6(0), (15B.15) 

Jo Jo 180 

H& = Jo ds J Q ds '' A ( s > s )' A ( s > s ') A'(s,s')' A ( s '> s ') = 

p L pL 

Hq = / ds ds'A(s,s)A(s,s')Ad(s,s')A(s',s') = 

Jo Jo 

Hio = f ds f ds'A(s,s)A(s,s')Ad(s,s'yA(s',s') = -J-——y = 

Jo Jo 4 2-L 

Hu = f ds f ds'A(s, s)Ad 2 (s, s')A(s',s') = S(0)I 3 + (-g ) 2 — 

Jo Jo P 


.1 _ Iio _ h _ jj _ 

2 L 8 360 ’ 

h h 

360’ 

,hs 2 2(/ 3 —7u) 


(15B.16) 

(15B.17) 

(15B.18) 


- 2 / 4 , 


+ 2 [A 2 (L 1 L) A(L,L) - A 2 (0,0) A(0,0)] - 2 H 10 = ^6(0) + 


(15B.19) 

OU i? 

pL, pLj t'Z 

H 12 = / ds ds'A 2 (s, s') A‘ 2 (s, s') = —, (15B.20) 

Jo Jo 90 

H 13 =J ds j ds'A(s,s')A(s,s') A(s,s')Ad(s',s) = y - ^ ^ (15B.21) 

J?i 4 = J ds j ds'A 2 (s,s')Ad 2 (s,s')=6(0)I 3 - 2 ( /3 ~ /l2 ) -2J 4 + ||, 

1 2 / 


r3 11T 2 

+ 2 [A 2 (L, L) A(L,L) - A 2 (0,0) A(0,0)] - 2if 13 = — <5(0) + —. (15B.22) 


Appendix 15C Integrals Involving Modified Green Func¬ 
tion 

To demonstrate the translational invariance of results showed in the main text we use the slightly 
modified Green function 


a / /, L I s — s' 

A(s,s) = - a ~^^ 


{s + s') (s 2 + s' 2 ) 

2 + 2L : 


(15C.1) 


containing an arbitrary constant a. The following combination yields the standard Feynman prop¬ 
agator for the infinite interval [compare (3.249)] 


A f (s,s / ) = Ap(s-s') = A(s,/)-^A(s,s)-^A(/,/) = ~ (s-s'). 

Other useful relations fulfilled by the Green function (15C.1) are, assuming s > s' 

s(L — s) (s — s')(s + s') 2 La 


(15C.2) 


D\(s,s') = A 2 (s, s') — A(s, s)A(s', s') = (s—s') 


4L 2 


D 2 (s,s') = A(s,s)-A(s',s') = 
The following integrals are needed: 

pL 


(s — s')(s+s' — L) 


(15C.3) 

(15C.4) 


J\ (s, s') = f dtA(t,t)A(t,s)A(t,s') = 

Jo 


(s 4 +s' 4 ) (2s 3 + s' 3 ) 
4 L 2 3 L 


((a+3)s 2 + as' 2 ) sa T | (20a—9) r2 
6 ~3 + 180 ’ 


(15C.5) 
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J 2 (s, s') = f dt 'A (t, t)A(t, s)'A (t, s') = 
Jo 


(—2s 4 + 6s 2 s' 2 + 3s' 4 ) 
24L 5 


(3s 3 —3s 2 s' —6ss' 2 —s' 3 ) (5s 2 —12ss'—4as' 2 ) s'a (20a—3) 2 

+ 12L 24 6 + 720 ’ 


J 3 (s,s') = f dtA(t,s)A(t,s')=- 

J 0 


(s 4 + 6s 2 s' 2 + s' 4 ) (s 2 + 3s' 2 )s 


60L 


6 


(s 2 + ; 


-L + 


(5a 2 — 10a+6) 

6 " ’ 45 

These are the building blocks for other relations: 

(d~ 1) 


L 3 . 


(f 2 (q(s),q(s'))) = 


n (^+ 1 ) /-> 
A(s,s )--— D 2 (s,s ) 


(d—l)(s —s') 


2 La (d— 3)s— (d+l)s' (d— l)s 2 — (d+l)s' 2 d(s —s')(s + s') 21 

3 ^ 2 z l ~ _ 


2 L 2 


and 


Ki(s, 

s') 

= Jl(s, 


J\ (s, 



= -(s 

- 

La 



-s') 

”6 

K 2 (s, 

s') 

= Ms, 

s')+ J 2 (s', i 



= -(s 

-s') 2 

'1 

_4~ 

K 3 (s, 


= J 3 (S; 



K a (s , 

s') 

= A(0,. 

s)A(0, 


K 5 (s, 

s') 

= A (L, 

s)A(L, s')- 


1 „'2M 


12L 


6 L 


AL 2 


(s+2s') (s + s') 5 


6 8 L 

(s — s') 2 (s+s' — 2L) 2 
8L 2 
(s 2 -s' 2 ) 2 
8L 2 ‘ 


(15C.6) 


(15C.7) 


(15C.8) 


(15C.9) 

(15C.10) 

(15C.11) 

(15C.12) 

(15C.13) 
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Take any shape but that, and my firm nerves 

shall never tremble 
William Shakespeare (1564-1616), Macbeth 


16 

Polymers and Particle Orbits 
in Multiply Connected Spaces 


In the previous chapter, the binary interaction potential between the polymer ele¬ 
ments was approximated by a 5-function. Quantum-mechanically, this potential is 
not completely impenetrable. Correspondingly, a polymer with such an interaction 
has a finite probability of self-intersections. This is only a rough approximation to 
the situation in nature where the atomic potential is of the hard-core type and self¬ 
intersections are extremely rare. In a grand-canonical ensemble, a polymer is often 
entangled with itself and with others. It can be disentangled only if it has open 
ends. Macroscopic fluctuations are required to achieve this in the form of worm-like 
creeping processes. Compared with local fluctuations, these take a very long time. 
For closed polymers, disentangling is impossible without breaking bonds at the cost 
of large activation energies. In order to study such entanglement phenomena in their 
purest form, it is useful to idealize the strongly repulsive interaction potential, as in 
Section 15.10, to a topological constraint of the type discussed in Chapter 6 . 

Entanglement phenomena play an important role also in quantum mechanics. 
Fluctuating particle orbits may get entangled with magnetic flux tubes or with 
other particle orbits. In fact, the statistical properties of Bose and Fermi particles 
may be viewed as entanglement phenomena, as will be shown in this chapter. 

16.1 Simple Model for Entangled Polymers 

Consider the simplest model system with a topological constraint producing entan¬ 
glement phenomena: a fixed polymer stretched out along the z-axis and a fluctuat¬ 
ing second polymer. Arbitrary entanglements with the straight polymer may occur. 
The possible entanglements of the fluctuating polymer with itself are ignored, for 
simplicity. Let us study the end-to-end distribution of the fluctuating second poly¬ 
mer. At first we neglect the third dimension, which can be trivially included at 
a later stage, imagining the movement to be confined entirely to the au/-plane. If 
the polymer along the £-axis is infinitely thin, the total end-to-end distribution of 
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the fluctuating polymer in the plane is certainly independent of the presence of the 
central polymer. In the random-chain approximation it reads for not too large R 


P/v(x 6 - x a ) 


2 


27 xLa 


■2 

e 


(x 6 -x a ) 2 / 2 La 


(16.1) 


where x is a planar vector. 

In the presence of the central polymer, an interesting new problem arises: How 
does the end-to-end distribution decompose with respect to the number of times by 
which the fluctuating polymer is wrapped around the central polymer? To define 
this number, we choose an arbitrary reference line from the origin to infinity, say the 
x-axis. For each path from x a to x&, we count how often it crosses this line, including 
a minus sign for opposite directions of the crossings. In this way, each path receives 
an integer-valued label n which depends on the position of the reference line. 

A property independent of the choice of the reference line exists for the pairs 
of paths with fixed ends. The difference path is closed. The number n of times by 
which a closed path encircles the origin is a topological invariant called the winding 
number. Let us find the decomposition of the probability distribution of a closed 
polymer P/v(x{, — x a ) with respect to n: 


OO 

-fjv(xft x a ) = Y ^v(x6,x a ). (16.2) 

n =—oo 


The topological constraint destroys the translational invariance of the total dis¬ 
tribution on the left-hand side, so that the different fixed-n distributions on the 
right-hand side depend separately on both x b and x a . 

In a path integral it is easy to keep track of the number of crossings n. The 
angular difference between initial and final points x b and x a is given by the integral 


Pb - Pa 



Xi ± 2 - X 2 X\ 

rf 2 I np 2 

Jb ^ | Ju 2 


f x f> xxrfx 


(16.3) 


Given two paths C'i and C 2 connecting x a and x b , this integral differs by an integer 
multiple of 2n. The winding number is therefore given by the contour integral over 
the closed difference path C: 


1 I 

n — — ® 
2n Jc 


xxdx 


c 


(16.4) 


In order to decompose the end-to-end distribution (16.2) with respect to the 
winding number, we recall the angular decomposition of the imaginary-time evolu¬ 
tion amplitude in Eqs. (8.9) and (8.17) of a free particle in two dimensions 




= E 


y/nfc 


:(r b T b \r a T a 


Jm(ip b -ip a ) 


'2vr 


m 


(16.5) 




1098 


16 Polymers and Particle Orbits in Multiply Connected Spaces 


with the radial amplitude 


(r b T b \r a Ta)m = 1 La I m ■ (16.6) 

We have inserted the polymer parameters following the rules of Section 15.6, replac¬ 
ing A / I/2h(Tb — T a ) by 1/La, and using the label L = Na in Pl rather than N, as in 
Eq. (15.301). 

We now recall that according to Section 6.1, an angular path integral consisting 
of a product of integrals 


TT f n d(p n 

M L, 2;r ' 


(16.7) 


whose conjugate momenta are integer-valued, can be converted into a product of 
ordinary integrals 



(16.8) 


whose conjugate momenta are continuous. These become independent of the time 
slice n by momentum conservation, and the common momentum is eventually re¬ 
stricted to its proper integer values by a final sum over an integer number n occurring 
in the Poisson formula [see (6.9)] 


e ik(<pt,+2wn— (pa) 
n 


E *(k 


m ym( Vb -<p a )_ 


(16.9) 


Obviously, the number n on the left-hand side is precisely the winding number by 
which we want to sort the end-to-end distribution. The desired restricted probability 
P£{ptb, x 0 ) for a given winding number n is therefore obtained by converting the sum 
over m in Eq. (16.5) into an integral over p and another sum over n as in Eq. (1.205), 
and by omitting the sum over n. The result is: 

P£(x fe , x a ) = A dpe~^ +r ^ La I M i- e ^-^+ 2 .n)_ ( 16 . 10 ) 

From this we find the desired probability of a closed polymer running through a 
point x with various winding numbers n around the central polymer: 

o poo / ^2 \ i 

P ^> = { 2 ra) < 16 ' n) 

Let us also calculate the partition function of a closed polymer with a given 
winding number n. To make the partition function finite, we change the system by 
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adding a harmonic oscillator potential centered at the origin. 1 If u is measured in 
units 1/length, the above probability becomes 


PI 


U 


X.x = 


a sinh u>L J- 


r dpe- 2{r2/a)uJCOthuiL I\,\ (- f2uJ ) —e i2 ^ n . (16.12) 

J -oo \asmhujLJ 2n 


This can be integrated over the entire space using the formula (2.475). The result 

is 

n . / r,pr(x. *> = £ d ^ e ^. {16M) 

To check this formula, we sum both sides over all n. Then the integral over p is 
reduced, via Poisson’s formula, to a sum over integers p — m — 0, ±1, ±2,... , and 
we find 


/ OO 

d 2 xP L (x,x)= y pi 

n=—~-' 

= 1 ( 2 
2 sinh uL V1 — e~ uL 

As we should have expected, this is the partition function of the two-dimensional 
harmonic oscillator. 

To find the contribution of the various winding numbers, we perform the integral 
over p and obtain 


1 = 


[2 sinh(o;L/2)]" 


(16.14) 


nn 

r L 


ujL 1 

sinh uL 4ir 2 n 2 + c o 2 L 2 


(16.15) 


The right-hand factor is recognized as a term arising in the expansion 


1 

2uL 


coth(cuZ//2) 


E 


i 

47r 2 n 2 + (t oL) 2 


1 

L 2 



(16.16) 


The quantities uj n = 2irn/L are the polymer analogs of the Matsubara frequencies. 
Thus we may write 


P n L = P L ■ «n, (16.17) 

where a n is the relative probability of finding the winding number n (with the 
normalization E n a n = 1), 

-i 


1 


Oin. 


u 2 n + u ; 2 


y —-— 

uj 2 u + cn 2 


1 


L 2 LO 2 + Ld 2 


ujL 
coth — 
2c oL 2 . 


(16.18) 


1 Alternatively, we may add a magnetic field with the Landau frequency ui = — eB/Mc , as done 
in (16.33). Then the amplitude contains w/2 instead of ui, and an extra factor e mujL / 2 . 
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16.2 Entangled Fluctuating Particle Orbit: 
Aharonov-Bohm Effect 

The entanglement of a fluctuating polymer around a straight central polymer has an 
interesting quantum-mechanical counterpart known as the Aharonov-Bohm effect. 
Consider a free nonrelativistic charged particle moving through a space containing 
an infinitely thin tube of finite magnetic flux along the ^-direction: 

Bs= 2n = 9 <5 (2) ( x jJ, (16.19) 

where xj_ is the transverse vector xj_ = (xi,x 2 ). Let us study the associated path 
integral. The magnetic interaction is given by [recall Eq. (2.635)] 

v4. mag — dt±- A, (16.20) 

C J ta 

where e is the charge and A the vector potential. The flux tube (16.19) is obtained 
from the components in the xy-plane. 

A = !-«%>, (i — 1,2), (16.21) 

2 7T 

where p is the azimuthal angle around the tube: 

p(x) = arctan(x 2 /xi). (16.22) 

Note that the derivatives in front of p in (16.19) commute everywhere, except at 
the origin where Stokes’ theorem yields 

J d 2 x (<9i<9 2 — <9 2 <9i )p = j) dp = 2i r. (16.23) 

The total magnetic flux through the tube is defined by the integral 

$ = Jd 2 xB 3 . (16.24) 

Inserting (16.19) we see that the total flux is equal to g\ 

$ = g. (16.25) 

With the vector potentoal (16.21), the interaction (16.20) takes the form 

Anag = -Up0 / dt 0, (16.26) 

J ta 

where po is the dimensionless number 

- -ff~ c (16.27) 
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The minus sign is a matter of convention. 

Since the particle orbits are present at all times, their worldlines in spacetime 
can be considered as being closed at infinity, and the integral 


1 




(16.28) 


is the topological invariant (16.4) with integer values of the winding number n. The 
magnetic interaction (16.26) is therefore a purely topological one, its value being 


A 


mag 


—ftpo 2nn. 


(16.29) 


After adding this to the action of a free particle in the radial decomposition (8.9) 
of the quantum-mechanical path integral,we rewrite the sum over the azimuthal 
quantum numbers m via Poisson’s summation formula as in (16.10), and obtain 


roo i 

(xf,Tb|x a r a ) = / dp - (r fe T fe |r a T a ) 

J-oo y/rUra 


(16.30) 


1 


x E — e 


_ i(/U-//o)(^6+27m-^a) 

2 vr 


Since the winding number n is often not easy to measure experimentally, let us 
extract observable consequences which are independent of n. The sum over all n 
forces // to be equal to /i 0 modulo an arbitrary integer number m = 0 , ± 1 , ± 2 ,... . 
The result is 


(x fe T fe |x a T a ) = 


1 1 

_ (ruTuW T ) _ e im{<p b -<p a ) 

f^oo 2 tt 


with the radial amplitude 
(r b Tb\r a Ta ) m+ , 0 = Vw~a M 


ft (n - r a ) 


exp 


M r 'l + r 
2 h Tb — r, 


2 

a i r 


\m+no\ 


M r b r a 
ft n-r 0 


(16.31) 


.(16.32) 


For the sake of generality, we allow for the presence of a homogeneous magnetic field 
B whose Landau frequency is to = —eB/Mc. In analogy with the parameter /i 0 in 
(16.27), it is defined with a minus sign. Using the radial amplitude (9.105), we see 
that (16.32) is simply generalized to 


{HT b \r a Ta)m+iM> = 


Mu 


V 


2 hr] sinh rj 


exp 


M u 
2h2 


coth r] (jl + r ( 


x /, 


|m+/io| 


( Mur » r a ) e (m +W ,)n 
l 2h sinh q I 


(16.33) 


where rj = u(r b — r a )/2. 

At this point we can make an interesting observation: If /iq is an integer number, 
i.e., if 

eg 


27 ike 


integer, 


(16.34) 
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the quantum-mechanical particle distribution function (x4|xf a ) in (16.31) becomes 
independent of the magnetic flux tube along the z-axis. The condition implies that 
the magnetic flux is an integer multiple of the fundamental flux quantum 


2nhc he 
f bo = ,9o =-= —• 

e e 


(16.35) 


We recognize this infinitely thin tube as a Dirac string. Such undetectable strings 
were used in Sections 8.12, Appendix 10A.3, and Section 14.6 to import the magnetic 
flux of a magnetic monopole from infinity to a certain point where the magnetic 
held lines emerge radially. In Appendix 10A.3 we have made the string invisible 
mathematically imposing monopole gauge invariance. The present discussion shows 
explicitly that the flux quantization makes Dirac strings indeed undetectable by any 
charged particle. This observation inspired Dirac his speculation on the existence 
of magnetic monopoles. 

In low-temperature physics, a quantization of magnetic flux is observable in type- 
11 superconductors. Superconductors are perfect diamagnets which expel magnetic 
fields. Those of type 11 have the property that above a certain critical external held 
called H C1 , the expulsion is not perfect but they admit quantized magnetic tubes 
of flux <h 0 (Shubnikov phase). For increasing fields, there are more and more such 
flux tubes. They are squeezed together and can form a periodically arranged bundle. 
When cut across in the xy- plane, the bundle looks like a hexagonal planar flux lattice 
[4]. If the central magnetic flux tube in (16.19) carries an amount of hnx that is not 
an integer multiple of <ho, the amplitude of particles passing the tube displays an 
interesting interference pattern. This was initially a surprise since the space is free 
of magnetic fields. To calculate this pattern we consider the fixed-energy amplitude 
of a free particle in two dimensions (9.12), decomposed into partial waves via the 
addition theorem (9.14) for Bessel functions as in (9.15): 


(X 6 |x a )£; = 


2 iM 
h 


OO 1 

E /m(«r<)iir m (/cr > )— 


(16.36) 


Comparing this with (16.30) and repeating the arguments leading to (16.31), (16.32), 
we can immediately write down the fixed-energy amplitude in the presence of a hnx 
<ho : 


o j M 00 i 

(x t |xJ E = -— y |„„ l («r > )- e "l'*--). (16.37) 

n m =-oo Z7V 

The wave functions are now easily extracted. In the complex A-plane, the right- 
hand side has a discontinuity across the positive real axis. By going through the 
same steps as in (9.15)-(9.22), we derive for the discontinuity 

/ °o d.E r°° i 

—-disc(x 6 |x a )£ = E / dkkJ\ m+w \(kr b )J\ m+M \(kr a )—e im{ipb ~ ,fb) . (16.38) 
-CO ZTTrl Zl r 
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The integration measure / (dE/‘2i\K)(2i:M/%) has been replaced by / 0 °° dkk according 
to Eq. (9.23). 

In the absence of the flux tube, the amplitude (16.38) reduces to that of a free 
particle, which has the decomposition 



dE 

2nh 


disc(x b |x a ) 


E 


r d 2 k 

( 2 n) 2 

oo 

£ 


m =—oo 


(k(X), x„) _ 


2 vr 


dkkJ m (kr b ) J m (kr, 


dkkJ 0 (k |x 6 - x a |) 
1 


0 im(cp b -<p a ) 


2 vr 


(16.39) 


If a flux tube is present, a beam of incoming charged particles is deflected even 
though the space around the z-axis contains no magnetic field. Let us calculate the 
scattering amplitude and the ensuing cross section from the fixed-energy amplitude 
(16.37). Recall the results of the quantum-mechanical scattering theory due to 
Lippmann and Schwinger. In this theory one studies the effect of an interaction 
upon an incoming free-particle state p k of wave vector k. The result is the scattering 
state 0 k obtained from the Lippmann-Schwinger integral equation 


0 k 


T’k + 


E - H 0 + irj 


-va 


</?k - ^ R ( E ) vVk, 


(16.40) 


where E is the energy of the incoming particle, V the potential, and R(E) the 
resolvent operator (1.319). The scattering states -0k are solutions of the Schrodinger 
equation 

m k = (Ho + V)^ = E0 k . (16.41) 


In x-space, the Lippmann-Schwinger equation reads 


0 k(x) = y?k(x) ~ jr J d D x' (x|x') £ 17(x / ) 9 ? k (x / ). (16.42) 

The first term describes the impinging particles, the second the scattered ones. For 
the scattering amplitude, only the large-x behavior of the second term matters. One 
usually normalizes <^k(x) to e* kx and factorizes the second term asymptotically into 
a product of an outgoing spherical wave times a scattering amplitude. In three 
dimensions, the asymptotic behavior far away from the scattering center is 


0 k (x) 


|x|—>00 


-)• e^ x + 


o*|k||x| 


-/(M + 


(16.43) 


where 6 and p are the scattering angles of the outgoing beam and / is the scattering 
amplitude. Its square gives directly the differential cross section 
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In two dimensions, the corresponding splitting is 


Ixl—>00 g*|k| l x l 

tMx) -> + -=/(¥>) + 




(16.45) 


The scattering amplitude f(<p) which depends only on the azimuthal angle ip = 
arctan(x 2 /xi) yields the differential cross section 


^ = \f(cp)\ 2 . (16.46) 

To calculate /(</?), we observe that the most general solution T(x) of the 
Schrodinger equation (16.41) is obtained by forming the convolution integral of the 
discontinuity of the resolvent with an arbitrary wave function 0(x): 


■0(x) = J d D x' disc(x|x')s 0(x'). 


(16.47) 


Using (16.38), this becomes some linear combination of wave functions J\ m+tl0 \(kr) 


OO 

ip (x) = J2 a tnJ\m.+fi 0 \(kr)e im,f , (16.48) 

m =—oo 


which certainly satisfies the Schrodinger equation (16.41). The coefficients a m have 
to be chosen to satisfy the scattering boundary condition at spatial infinity. Suppose 
that the incident particles carry a wave vector k = (— k,0). In the incoming region 
x —> oo, they are described by a wave function 

lirn ip (x) = e - lkx e ~ l ^<f (16.49) 

The extra phase factor is necessary for the correct wave vector since in the presence 
of the gauge held 


eAi = —hcpodi.tp, (16.50) 

the physical momentum p = h k is not given by the usual derivative operator — ih'V 
but by the gauge-invariant momentum operator 

P = —ih'V — -A = -ih(v + ip, 0 V(p). (16.51) 

c 

The corresponding incident gauge-invariant particle current is 

j( x ) = V ^( x ) “ ^ A ( X )^V( X ). (16.52) 

We demonstrate below that the correct choice for the coefficients a m is 

am = H) |m+Wl , (16.53) 
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leading to the scattering amplitude 

1 . . p-*¥V2 

fW) = -7=e“ W4 sin7r /i 0 - 

V2vr cos(<p/2) 

i.e., to the cross section 


da 1 2 1 

— = —sm vr/io - 9 , 7 . 

Ct<p Z7T COS z (<p/2) 


(16.54) 


(16.55) 


It has a strong peak near the forward direction <p « 7 r. For po= integer, there is no 
scattering at all and the flux tube becomes an invisible Dirac string. 

To derive (16.53) and (16.54) we may assume that /i 0 € (0,1). Otherwise, we 
could simply shift the sum over m in (16.37) by an integer Am, and this would 
merely produce an overall factor e lAm 06 -<Pa) in disc(xj,|x a )s. This would wind up 
as a factor e lAmv in 0(x). For /i 0 G (0,1), we split the wave function (16.48) into 
three parts: 


-0k = 0^ + 4 ^ + 0®. 


(16.56) 


The first collects the terms with positive m, 

OO 

0 (1) = E H) m+W (16.57) 

m=l 

the second those with negative m, 

V> <2) = E (-!)”+" 

m =—00 
00 

= (16.58) 

ra=l 

and the third contains only the term m = 0 , 

0 (3) = H)' wl (16.59) 

Obviously, may be obtained from - 0 ^) v ia the identity 

0 (2) ( r , 75 ho) = 0 (1) (r, -<p, -// 0 ). (16.60) 

Thus, the wave function (16.56) requires only a calculation of 00-). 

As a first step we observe that the sum (16.57) has an integral representation 

0 (1) = ^(-i)^e- ipcoBV I{p), (16.61) 

with /(p) being the integral 

I{p) = fdp'e (j 1+w> - V„e<q , 

J 0 


(16.62) 
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We have set hr = p such that kx = pcosp. To prove the integral representation, 
we differentiate (16.61) and find the differential equation 

<9p0 (1) = -icoscp 0 (1) + ^(—i )^ 0 (ji+u,o - iJno et<P ) > (16.63) 

with all functions depending only on hr = p. Precisely the same equation is obeyed 
by the sum (16.57): 

OO 

<9 P 0 (1) = £ (-0™+^ J m+W e^ 

m= 1 

oo 1 

= E «»+»-. - -W„ + i) e™” (16.64) 

m=l Z 

? °° 1 

- (e* + e~‘p + (J 1+ „ - U„e“) . 

m=l 


Thus, the two expressions (16.57) and (16.61) for tp^ 1 ) can differ at most by an 
integration constant. However, the constant must be zero since both expressions 
vanish at p = 0. This proves the integral representation (16.61). 

In order to derive the scattering amplitude for the magnetic flux tube, we have 
to find the asymptotic of the wave function. This is done by splitting ipQ into two 
terms, a contribution ipQ in which the integral / is carried all the way to infinity, to 
be denoted by lx, and a remainder Axp^ which vanishes for r —> oo. The integral 
lx can be calculated analytically using the formula 

n OO 1 

dpe^J a (kp) = arcsin(/3/A:) , Q < £ < fc, a > _ 2 . (16.65) 


This gives 


Tx) — 


d p e ip ' c ° s(p (j 


-iJuJn = 


i+po LJ no 


sin(^| 1 


e *Mo(7r/2-|^|) _ ^ e *<P e *(l+Mo)(?r/2—|V5|) 


^0(74/2-1^1) \ _ gVj 


| sin p | 

with p G (— 7 T, 7 r). Hence we have 


e = 


< 0 , 


e -ino<P2p > 0 , 


</>« = { 


0 , 


g— ikXg—ifioP 


T’ < 0, 
99 > 0. 


Using (16.60), we find 


</£> = 


e * fc3: e W¥3 , 93 < 0 , 

0 , p > 0 . 


(16.66) 


(16.67) 


(16.68) 


The sum 0W +0^ represents the incoming wave (16.49). The scattered wave must 
therefore reside in the remainder 


0 SC = A0 (1) + A0 (2) +0 (3) . 


(16.69) 
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For the scattering amplitude, only the leading 1 /yT-behavior of the three terms is 
relevant. To find it for A-^ 1 ), we take (16.61) and write the remainder of the integral 
(16.62) as 


A I(p) = I(p) - /„ = f° dp'e 1 ^-* (j 1+M - . 


At large p, the asymptotic expansion 


Ja{p) 


/ 7 r p cos(p — a/2 — 7 t/ 4 ) 


renders 


with the integrals 


A I(p) = ^{AW + B(p)\, 


(16.70) 


(16.71) 


(16.72) 


A(p) = Jf —j=e ip ' COSif cos [p' — (1 + Po)/2 — 7 t/4 ] , 

B(p) = r^gV^cos^-^2-^/4]. 

•V v P 


(16.73) 


Separating the cosine into exponentials and changing the variable p' in the two terms 
to p' = t 2 / (1 ± cos<p), we find 


,dfe it2 + -i 


? -3/2+^o roo 


( _ 7 A/ 2 +M 0 /-oo „ 7 '3/2+/ j,o 7-00 „ 

A(p) = V j f _ dte u + = f _ dte- u , 

V 1 + COS 6 J\J p(l+cos ip) v 1 — COS 6 J\J p(l-cos<£) 

(16.74) 

and a corresponding expression for B(p). The asymptotic expansion of the error 
function 


f °° dte^ = ±i exp(±to2) + ... 

x 2 x 


(16.75) 


leads to 


A(p) = -„ hT" 


/p( 1 + cos<p)^ 


+ i2 +P0 - 


/ p( 1 — cos<p) ; 


5(p) = (-O-j- 


(16.76) 


x -* 


/p(l + cos^ 


: + i~ 2 +M °- 


/p(l — cos<p) ; 


Adding the two terms together in (16.72) and inserting everything into (16.61) gives 
the asymptotic behavior 


A^ (1) = ~^J= 

v 2^2 Wp 


l + e iv> 


) w e v - ! -+ ie~ lp 


1 + cos <p 


1 - e i<f> 

1 — cos <p 


(16.77) 
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Together with found via (16.60), we obtain 

jpcos(np 0 - <p/ 2) 


A^ (1) + A^ (2) = 


V2np 


COs(<^/2) 


+ ie 


-ip 


+ e 


—i(pcos p+po <fi) 


(16.78) 


Adding further tp^ from (16.59) with the asymptotic limit given by (16.71), the 
total wave function is seen to behave like 


V’(x) —» e 


—i(p cosp+poA 


+ V’sc(x), 


with the scattered wave 


Jj = 1 ip smTT/io iy/2 

sc y / 2nip cos(<^/2) 


(16.79) 


(16.80) 


This corresponds precisely to the scattering amplitude (16.54) with the cross section 
(16.55). 

Let us mention that for half-integer values of po, the solution of the Schrodinger 
equation has the simple integral representation 


, /i_p-*(vV2+pcosip) 


^ x) = V2 e 


»\/p(T+cosp) 


die 1 


(16.81) 


It vanishes on the line p = 7r, i.e., directly behind the flux tube and is manifestly 
single-valued. 


16.3 Aharonov-Bohm Effect and Fractional Statistics 


It was noted in Section 7.5 and it is worth mentioning once more in this context 
that the amplitude for the relative motion of two fermion orbits can be obtained 
from the amplitude of the Aharonov-Bohm effect. 

For this, we take the amplitude with p 0 = 1 and sum it over the final states with 
( Pb , p>b + 7r, to account for particle identity. The result is 


(x 6 |x a ) £ + (-x 6 |x a ) B = 


2 %M 

n 


/ |m+i|(«r<)A) m+ i|(fi;r > ) 


x 


2vr L 


e im((p b -ip a ) _j_ 


\m ^im(<p b —tp a ) 


J2 J| m |(«r < )A| m |(«r > )^e im ^-^). (16.82) 

11 m=odd Z71 


The sum over the two identical final states selects only the odd wave functions, as in 
(7.267)-(7.268). When calculating observable quantities such as particle densities or 
partition functions which involve only the trace of the amplitude, the phase factor 
e -*(<Pb-v>a) h as no observable consequences and can be omitted. 
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For Ho ^ 1, the resulting amplitudes may be interpreted as describing particles 
in two dimensions obeying an unusual fractional statistics. This interpretation has 
recently come to enjoy great popularity, 2 since it has led to an understanding of the 
experimental data of the fractional quantum Hall effect. The data can be explained 
by the following assumption: The excitations of a gas of electrons with Coulomb 
interactions in a quasi-two-dimensional material traversed by a strong magnetic 
held can be viewed, to lowest approximation, as a gas of quasi-particles which has 
no Coulomb interactions, but a new effective pair interaction. Each pair behaves 
as if one partner were accompanied by a thin magnetic flux tube of a certain value 
of Ho- While the quasi-particles of the ground state carry an integer-valued Ho and 
act statistically like ordinary electrons, the elementary excitations carry a fractional 
value of Ho and display fractional statistics (more in Section 16.11). 

To study the fundamental thermodynamic properties of an ensemble of such 
particles, we calculate the partition function of a particle running around a thin 
flux tube along the 2 -axis. For finiteness, we assume the presence of an additional 
homogeneous magnetic held in the 2 -direction. Ignoring the third dimension, we 
take the amplitude (16.33), integrate it over all space, and find 

Z = j d 2 x(x 6 Tft|x a T a ) 

1 °° POO 

= xe"” £ e”"7 rf{e- 5c “ h ”/ |m+TOl (0, (16,83) 

m=—oo 0 

where 

£ = Mur 2 /2hsmhrj (16.84) 

[recall that co = —eB/Me and rj = a;(r& —r a )/2], To calculate the partition function, 
the difference between the Euclidean times u, r a is set equal to u—r a = U/kpT = h(3, 
so that rj = coh/3/2. 

To deal with two identical particles, we also need the integral in which x ft is 
exchanged by — x 6 : 

/ I °° POO 

d 2 x(-x b T b \x a r a ) = -e™ £ d^ cosh V [m+ , 0 ,(0- (l 6 -85) 

^ m.=— oo 0 


In order to facilitate writing joint equations for both expansions, let us denote Z 
and Z ex by Z\ and Zi ex , respectively. The integrals are performed with the help of 
formula (2.474), yielding the sums 


Zi,i ex = ~ E (±)’V*" + «>—-e 


—ri\m+fxo\ 


m =—oo 


sinh rj 


(16.86) 


These sums are obviously periodic under Ho —>■ Ho + 2. Because of translational 
invariance, the partition function Z = Z\ diverges with the total area V = f d 2 x as 

2 See Notes and References at the end of Chapter 7. 
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an overall factor. To enforce convergence, we multiply the volume elements d 2 x with 
an exponential regulating factor Then the area integrals can be extended over 
all space. In terms of the variable £ of (16.84), the measure in the above rotationally 
symmetric integrals can be written as 

d 2 x = l 2 e (T)^^df, (16.87) 

V 

with the thermal length l e (T) = \j2ith 2 jksTM introduced in Eq. (2.354). The role 
of the total area V = f d 2 x is now played by the finite quantity 


V = 


/ 


d 2 xe 


l 2 e {T ) sinh q 
e rj 


(16.88) 


Inserting the factor e e ^ into the integrals in Eqs. (16.83) and (16.85), and defining 
a variable rf slightly different from q by 


cosh rf = e + cosh r/, 


(16.89) 


which has the expansion 

e v = cosh rf + \J cosh 2 q' — 1 

1 


= em 1 + 


— -e 


-v_ 


+ ... 


V > 0, 


sinh q 2 ~ sinh 3 rj 
the regulated sums (16.86) for Z\ and Z lex look almost the same as before: 


(16.90) 


Zi,i„ = 5 E (±) 


in »?(m+/io). 


D -r)'\m+no\ 


2 m^oo V ' ' Sillh V' 


(16.91) 


Separating positive and negative values of m + the two sums can be done for 
Po C (0,1) and for /j 0 G (—1, 0). In the combined interval /j 0 G (—1,1), we End 


Zi, 


= -e 


vno. 


p-V W pV M0 
__|_ __ e v \no\ 


2 sinh ?/ [ 1 =F a 1 =)= b 

where 

a = e v ~ v ', b = e~ v ~ v '. 

Two identical particles have the partition function 


(16.92) 


no 


oV no 


Z 2^ Zl + Zle ^ 2 eW ° sinh rf 1 1 - a 2 ' 1 - b 2 


+ 


ov'lnol 


. (16.93) 


It is symmetric under the simultaneous exchange /i 0 —>■ —po, rj —> —q. Outside the 
interval po G (—1,1), it is defined by periodic extension. 
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In the absence of the thin flux tube we may take Z\ ) i ex directly from the amplitude 
(2.668). For Xf, = x a and Xf, = —x a , this yields with the present variables 


(x a r fe |x a T a ) = l e (T) — 


V 


sinh r) ’ 

Their regulated spatial integrals are 


(-x„T t | Xa rJ = C. (16.94) 


1 /*°° 1 
Zifl = o / d^ = —, 


2 Jo 
1 r 00 

z iex,o = X / 

z Jo 


— (e+2cosh?7)£ _ 


2(e + 2 cosh//)' 


(16.95) 


The subtracted partition functions AZi ; i ex = ^i,i ex — have a finite e —* 0 -limit, 
and A Z = Z — \Z\$ becomes for /x 0 € (0, 2) 


AZ 


1 

8 sinh T) 


cot hr/ + 2(// 0 - 1) - 2e 2(w+1)?? —|— + 4e 2wo 

smh 2 r/ 


(16.96) 


These results can be used to calculate the second coefficient appearing in a virial 
expansion of the equation of state. For a dilute gas of particles with the above 
magnetic interactions it reads 


pV 

Nk B T 


1 + ^2B r n r -\ 

r =2 


(16.97) 


Here n is the number density of the particles N/V. In many-body theory it is shown 
that the coefficient B 2 depends on the two-body partition function Z 2 as follows: 


B 2 = V 




(16.98) 


where Z\ is the two-dimensional single particle partition function of mass M. In the 
presence of the homogeneous magnetic field, Z\ is given by Z 10 of Eq. (16.95). With¬ 
out the regulating factor, the spatial integral over the imaginary-time amplitude in 
(16.94) gives directly 


Z x = 


V 


V 

1%(T) sinh rj' 


(16.99) 


Separating the center of mass from the relative motion, we see that Z 2 = 2Z\ Z re] 
and obtain 

s 2 = F(Z,/ 2 - 2 Z, a ) = g( r ) smh q Zl _ 4Z ). (16,100) 

Zi 27 / 


The difference on the right-hand side is convergent for V —> oo. It can be evaluated 
using any regulator for the area integration, in particular the exponential regulator 
of Eq. (16.88). 
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Figure 16.1 Second virial coefficient B 2 as function of flux po for various external 
magnetic field strengths parametrized by 7] = —(eB/2Mc)h/3. For a better comparison, 
each curve has been normalized to unity at po = 0 . 


The partition function for the relative motion of two identical particles is ob¬ 
tained from Z by replacing M by the reduced mass, i.e., M —> M/2. This renders 
a factor 1/2 via l~ 2 (T). Hence Z\/2 — 2Z re i becomes equal to —A Z and (16.100) 
yields [5] 


Bo 


iim 

4-/7 


cot hr? + 2(p 0 - 1 ) - 2 e 2(w+1)r? - 


+4e 2wo 


(16.101) 


sinh( 2 ? 7 ) 

The behavior of B 2 as a function of po is shown in Fig. 16.1. In the absence of a 
magnetic field, it reduces to 

lliT) 


Bo = 


l-2(l-|UolT, Po e (-1, !)• 


(16.102) 


As po grows from zero to infinity, B 2 oscillates with a period 2 between B 2 = 
—/ 2 (T)/4 for even values of p 0 , and B 2 = 1 2 {T )/4 for odd values. These are the well- 
known second virial coefficients of free bosons and fermions. They can, of course, be 
obtained in a simpler and more direct way from the symmetric and antisymmetric 
combinations of (16.95), Z 0 = (l/2)(Zi j0 ±^i ex ,o)- Subtracting Zip leaves ±Ai ex; o/2 
which reduces for rj — 0 to ±1/8. Accounting for the factor 2 in the reduced mass, 
this yields B 2 = ±/ 2 (T)/4. 

The expression (16.102) can be interpreted as the virial coefficient of particles 
which are neither bosons nor fermions, but obey the laws of fractional statistics. 
These particles are the anyons introduced in Section 7.5. Unfortunately, there are 
at present no experimental data for the virial coefficients to which the theoretical 
expressions (16.102) [or (16.101)] could be compared. 

At this point we should mention older, meanwhile discarded speculations that 
the phenomenon of high-temperature superconductivity might be explained by frac¬ 
tional statistics of some elementary excitations. Indeed, the change in statistics can 
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Figure 16.2 Lefthanded trefoil knot in polymer. 


be derived from the electromagnetic interaction between the electrons in a quasi-two- 
dimensional layer of material moving in a strong magnetic field. Also, it is possible 
to construct a model of anyonic two-dimensional superconductivity in which topo¬ 
logical effects lead to a Meissner screening of magnetic fields (see Section 16.13). A 
closer investigation, however, shows that the currents in the model show dissipation 
after all. 

It must be emphasized that the equality between electromagnetic and statistical 
interaction used in the above calculations is restricted to two-particle systems and 
cannot be extended to arbitrarily many particles as in Section 7.5. Although it is 
possible to distribute the magnetic flux in a many-particle system equally between 
the constituents producing the desired behavior under particle exchange, an equal 
distribution of the charges would create an unwanted additional Coulomb potential, 
and the purely topological character of the interaction would be destroyed. The 
problem does not arise for charged particles such as electrons. Nevertheless, there 
is a definite need for a better and universally applicable theoretical description of 
anyons. This will be presented in Section 16.7. 

16.4 Self-Entanglement of Polymer 

An interesting consequence of the excluded-volume properties of polymers is the 
possibility of a self-entanglement of a closed polymer. Since its line elements are 
forbidden to cross each other, the fluctuations are unable to explore all possible 
configurations. An initially circular polymer, for example, can never turn into a 
trefoil knot of the form shown in Fig. 16.2 without breaking a molecular bond. 

In the chemical formation process of a large number of polymers, many 

entangled configurations arise. It is an interesting problem to find the distribu¬ 
tion of the various independent topology classes. Until recently, the lack of theo¬ 
retical methods has made analytic work almost impossible, restricting it to classi¬ 
fication questions. Only Monte Carlo methods have yielded quantitative insights. 
Since 1989, however, interesting new quantum field-theoretic methods have been 
developed promising significant progress in the near future. Here we survey these 
methods and indicate how to derive analytic results. First, we introduce the relevant 
topological concepts. 

A closed polymer will in general form a knot. A circular polymer represents 
a trivial knot. Two knots are called equivalent if they can be deformed into each 
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Figure 16.3 Nonprime (compound) knot. The dashed line separates two pieces. After 
closing the open ends, the pieces form two prime knots. 



Figure 16.4 Illustration of multiplication law a\CL 2 ~ 03 in knot group. The loops ai 
and 02 are equivalent, a\ ~ ( 12 , while <24 ~ a ^ 1 . 


other without breaking any line. Such deformations are called isotopic. A first 
step towards the classification consists in separating the equivalence classes into 
irreducible and reducible ones, defining prime or simple knots and nonprime or 
compound knots, respectively. A compound knot is characterized by the existence 
of a plane which is intersected twice (after some isotopic deformation) (see Fig. 16.3). 
By closing the open ends on each side of the plane one obtains two new knots. These 
may or may not be reduced further in the same way until one arrives at simple knots. 
One important step towards distinguishing different equivalence classes of simple and 
compound knots is the knot group defined as follows. In the multiply connected 
space created by a certain knot, choose an arbitrary point P (see Fig. 16.4). Then 
consider all possible closed loops starting from P and ending again at P. Two such 
loops are said to be equivalent if they can be deformed into each other without 
crossing the lines of the knot under consideration. The loops are, however, allowed 
to have arbitrary self-intersections. The classes of equivalent knots form the knot 
group. Group multiplication is defined by running through any two loops of two 
equivalence classes successively. The class whose loops can be contracted into the 
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Figure 16.5 Inequivalent (compound) knots possessing isomorphic knot groups. The 
upper is the granny knot , the lower the square knot. They are stereoisomers characterized 
by the same Alexander polynomial [t 2 — t + l) 2 but different HOMFLY polynomials [see 
( 16 . 126 )]. 


point P is defined as the unit element e. Changing the orientation of the loops in a 
class corresponds to inverting the associated group element. 

In this way, the classification of knots can be related to the classification of all 
possible knot groups. Consider the trivial knot, the circle. Obviously, the closed 
loops through P fall into classes labeled by an integer number n. The associated 
knot group is the group of integers. Conversely, no nontrivial knot is associated with 
this group. 

Although this trivial example might at first suggest a one-to-one correspondence 
between the simple knots and their knot groups, there is none. Many examples 
are known where inequivalent knots have isomorphic knot groups. In particular, 
all mirror-reflected knots which usually are inequivalent to the original ones (such 
as the right- and left-handed trefoil), have the same knot group. Thus, the knot 
groups necessarily yield an incomplete classification of knots. An example is shown 
in Fig. 16.5. 

Fortunately, the degeneracies are quite rare. Only a small fraction of inequivalent 
knots cannot be distinguished by their knot groups. 

The easiest way of picturing a knot in 3 dimensions is by drawing its projection 
onto the paper plane. The lines in the projection show a number of crossings , 
and the drawing must distinguish the top from the bottom line. The knot is then 
deformed isotopically until the projection has the minimal number of crossings. In 
the projection, all isotopic deformations can be decomposed into a succession of 
three elementary types, the so-called Reidemeister moves shown in Fig. 16.6. 

A picture of all simple knots up to n — 8 is shown in Fig. 16.7. The numbers of 
inequivalent simple and compound knots with a given number n of minimal crossings 
are listed in Table 16.1. 

The projected pictures can be used to construct an important algebraic quantity 
characterizing the knot group, called the Alexander polynomial discovered in 1928. 
It reduces the classification of knot groups to that of polynomials. This type of work 
is typical of the field of algebraic topology. 
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Figure 16.6 Reidemeister moves in projection image of knot which do not change its 
class of isotopy. They define the movements of ambient isotopy. For ribbons, only the 
second and third movements are allowed, defining the regular isotopy. The first movement 
is forbidden since it changes its writhe [for the definition see Eq. (16.110)]. 


Table 16.1 Numbers of simple and compound knots with n minimal crossings in a pro¬ 
jected plane. 


n 

simple knots 

compound knots 

0 

1 

0 

1 

0 

0 

2 

0 

0 

3 

1 

0 

4 

1 

0 

5 

2 

0 

6 

3 

1 

7 

7 

1 

8 

21 

3 

9 

49 

5 

10 

166 

10 

11 

548 

37 

12 

- 

154 

13 

- 

484 

14 

- 
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We explain the construction for the trefoil knot. Attaching a directional arrow 
to the polymer and selecting an arbitrary starting point, we follow the arrow until 
we run into a first underpass. This point is denoted by 1. Now we continue to the 
next underpass denoted by 2, etc., up to n (see Fig. 16.8). The polymer sections 
between two successive underpasses i and i+ 1 are named ay+i. At each underpass 
from Xi to a?j + i, we record (see Table 16.2) whether the overpassing section Xk runs 
from right to left (type r) or from left to right (type /). We now set up a matrix 
Aij. Each underpass with label i defines a row A^, j = 1, 2, 3,... according to the 
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Figure 16.7 Simple knots with up to 8 minimal crossings. The number of crossings 
under each picture carries a subscript enumerating the equivalence classes. 
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Figure 16.8 Labeling of underpasses for construction of Alexander polynomial t 2 — t +1 
of the left-handed trefoil. 

Table 16.2 Tables of underpasses (under) and directions (dir) r or l ofoverpassing lines 
(over), for trefoil knot 3i and knot 4i of Fig. 16.7. 


4i : 


under 

over 

dir 

Xi 

x 3 

r 

X2 

X\ 

r 

x 3 

X2 

r 


under 

over 

dir 

Xi 

X 4 

r 

X2 

X\ 

l 

x 3 

X2 

r 

X 4 

x 3 

l 


following rules: Let Xk be the overpassing section. If Xk coincides with x t or x l+ \ 
the underpass is called trivial. In this, case the ith row of the matrix A tJ has the 
elements 

An = -1, A,i+r = 1- (16.103) 


All other row elements A^ vanish. If the underpass is nontrivial, the nonvanishing 
row elements are 


An 1 ) -A-ii+l 71 ik t 1 , 

71 a A^-f-i 1 , Aik t 1 > 


type r (right to left), 
type 1 (left to right). 


In this way, we find the matrix of the trefoil knot: 


Aij — 


V 


As another example, the knot 4i 


Aij 


( 1 
t — 
0 

V i 


l -t t -1 \ 

t -1 l -t I. 

-t t -1 l / 

in Fig. 16.7 has the matrix 

-t 0 t -1 \ 

1 -t 1 0 

t - 1 1 -t 

0 t - 1 -t 


(16.104) 

(16.105) 


(16.106) 


(16.107) 
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Table 16.3 Alexander, Jones, and HOMFLY polynomials for smallest simple knots up 
to 8 crossings. The numbers specify the coefficients; for instance, the knot 7\ has the 
Alexander polynomial A(t) = 1 — t + t 2 — f 3 + f 4 — t 5 + f 6 and the knot 8s has the Jones 
polynomial J(t) = t~ 3 ( 1 — t + 2 1 2 — t 3 + t 4 ). For the HOMFLY polynomial H(t, a), see 
the explanation on p. 1125. 



A ( t ) 

At ) 

H ( t , a ) 


3 i 

1-11 

( 0)1 

( [ 0 ] 2 1 ) ( [ 0 ] 1 ) 


4 i 

1-31 

(— 2)—1 

( 1 [- 1 ] 1 )([- 1 ]) 


5 i 

1 - 11-11 

( 0)1101 

([ 0 ] 03 — 2 )([ 0 ] 041 )([ 0 ] 01 ) 


52 

2-32 

( 0)101 

([ 0 ] 11 i )([ o ] 11 ) 


6i 

2-52 

(— 2 )— 10—1 

(1 [ 0 ]— 11 )([— 1 ]— 1 ) 


62 

1 - 33-31 

(- l )- ll-l 

([ 2 ] 21 )( 1 [ 3 ] 1 )([ 0 ] 1 ) 


63 

1 - 35-31 

(- 3 ) 1-11 

(— 1 [ 3 ] — 1 )( — 1 [ 3 ]— 1 )( 1 ) 

s 

7 i 

1 - 11 - 11-11 

( 0)1111101 

([ 0 ] 004 - 3 ) ([ 0 ] 0010 - 4 ) ([ 0 ] 006 — 1 ) ([ 0 ] 001 ) 


72 

3-53 

( 0)10101 

([ 0 ] 10 11 )([ 0 ] in ) 


7 s 

2 - 33-32 

( 0)110201 

(— 22 — 10 [ 0 ])(— 1330 [ 0 ])( 1100 [ 0 ]) 


7 4 

4-74 

( 0)10201 

( — 1020 [ 0 ] ) (121 [ 0 ] ) 


7 S 

2 - 45-42 

( 0 ) 1102-11 

([ 0 ] 020 — 1 )([ 0 ] 032 — 1 )([ 0 ] 011 ) 


7 e 

1 - 57-51 

(— 1 )— 12—11 

([!]_ 12 — !)([!]— 22 )([ 0 ] — l ) 


7 7 

1 - 59-52 

(- 3 ) 1 - 21-1 

(1 2 [ 2 ] )( 2 [ 2 ] 1 ) ( [ 1 ] ) 


81 

3-73 

(— 2 )— 10 — 10—1 

(i io [ o ] 1 ) ( 1 1 [ 1 ] ) 


82 

1 - 33 - 33-31 

( 1 ) 1 - 11-1 

( 1 33 [ 0 ] ) (3 74 [ 0])(1 51 [ 0 ])( 10 [ 0 ] ) 


83 

4-94 

(— 4 ) — 10 — 20—1 

( 10 [— 1 ] 01 )(— 1 [— 2 ]— 1 ) 

s 

84 

2 - 55-52 

(— 3 )— 10 — 21—1 

( 2 [— 2 ] 01 )( 1 [— 3 ]— 21 )([— 1 ] — 1 ) 


85 

1 - 34 - 55-31 

( 1 ) 1 - 21-1 

(2 54 [ 0 ]) (3 84 [ 0 ]) (1 51 [ 0 ]) ( 10 [ 0 ]) 


8e 

2 - 67-62 

(— 1 ) — 11—21 —1 

( 1 — 1 — 1 [ 2 ])( 1 — 2 — 2 [ 1 ])(— 1 — 1 [ 0 ]) 


87 

1 - 35 - 55-31 

(- 2 ) 1 - 12-11 

([— 1 ] 4 — 2 )([— 3 ] 8 — 3 )([— 1 ] 5 — 1 )([ 0 ] 1 ) 


88 

2 - 69-62 

(- 3 ) 1 - 12-11 

( 1 [ 2]1 1 ) ( 1 [ 2]2 1 )([ 1 ] 1 ) 


89 

1 - 35 - 75-31 

(— 4 ) — 11—21 —1 

( 2 [— 3 ] 2 )( 3 [— 8 ] 3 )( 1 [— 5 ] 1 )([— 1 ]) 

s 

810 

1 - 36 - 76-31 

(- 2 ) 1 - 13-11 

([— 2 ] 6 — 3 )([— 3 ] 9 — 3 )([— 1 ] 5 — 1 )([ 0 ] 1 ) 


811 

2 - 79-72 

(— 1 )— 12 — 21—1 

( 1 — 21 [ 1 ])( 1 — 2 — 1 [ 1 ])(— 1 — 1 [ 0 ]) 


812 

1 — 7 ( 13)—71 

(— 4 )— 11 — 31—1 

(1 1 [ 1 ] 11 ) ( 2 [ 1 ] 2 ) ([ 1 ]) 

s 

813 

2 — 7 ( 11)—72 

(- 3 ) 1 - 22-11 

([ 0 ] 2 1 ) ( 1 [ 1]2 1 )([ 1 ] 1 ) 


814 

2 — 8 ( 11)—82 

(— 1 ) — 12 — 22—1 

([!])(!— 1—1 [ 1 ]) ( 1—1 [ 0 ]) 


815 

3 — 8 ( 11)—83 

( 0 ) 1103 - 22-1 

( 1 — 4310 [ 0 ])(— 3520 [ 0 ])( 210 [ 0 ]) 


816 

1 - 48 - 98-41 

(- 2 ) 1 - 23-21 

([ 0 ] 2 — 1 )([— 2 ] 5 — 2 )([— 1 ] 4 — 1 )([ 0 ] 1 ) 


817 

1 — 48 —( 11 ) 8—41 

(— 4 ) — 12 — 32—1 

( 1 [ 1 ] 1 ) (2 [ 5 ] 2 ) (1 [ 4 ] 1 ) ([ 1 ]) 

s 

818 

1 — 5 ( 10 ) —( 13 ) ( 10)—51 

(— 4 ) — 13 — 33—1 

( 1 [ 3 ] 1)(1 [ 1 ] 1)(1 [ 3 ] 1 )([ 1 ]) 

s 

819 

1 - 1010-11 

( 0)11111 

( 1 — 5500 [ 0 ])(— 5 ( 10 ) 00 [ 0 ])(— 1600 [ 0 ])( 100 [ 0 ]) 


820 

1 - 23-21 

(- 1)101 

([— 1 ] 4 — 2 )([— 1 ] 4 — 1 )([ 0 ] 1 ) 


821 

1 - 45-41 

( 0 ) 1 - 11-1 

(1 33 [ 0 ] )(1 32 [ 0 ])( 10 [ 0 ]) 
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Figure 16.9 Exceptional knots found by Kinoshita and Terasaka (a), Conway (b), and 
Seifert (c), all with same Alexander polynomial as trivial knot [|A(t)| = 1]. 

Having set up the n x n-rnatrix Ay, we choose an arbitrary subdeterminant 
(minor) of order n — 1. It is a polynomial in t with integer coefficients. This 
polynomial is divided by a suitable power of t to make it start out with a constant. 
The result is the Alexander polynomial A{t). It is independent of the choice of the 
subdeterminant. 

For the left-handed trefoil, the matrix (16.106) yields 

A(t)=t 2 -t + 1. (16.108) 

For the knot 4i, we find from (16.107) 

A(t) = t 2 - 3t + 1. (16.109) 

The Alexander polynomials of the simple knots in Fig. 16.7 are shown in Table 16.3. 
Note that the replacement t —> 1/t leaves the Alexander polynomial invariant (after 
renormalizing it back by some power of t to start out with a constant). 

The Alexander polynomial of a composite knot factorizes into those of the simple 
knots it is composed of. If two knots are mirror images of each other, they have 
the same knot group and the same Alexander polynomials. Due to the factoriza¬ 
tion property, two composite knots whose simple parts differ by mirror reflection 
(stereoisomers ; see Fig. 16.5) have the same polynomial. Thus the Alexander poly¬ 
nomial cannot render a complete classification of inequivalent knots. This is true 
even after removing degeneracies of the above type. In Fig. 16.9, we give the sim¬ 
plest examples of knots with an Alexander polynomial A(t) = ±1 of the trivial knot. 
Up to 11 crossings, these are the only examples. Since the total number of simple 
knots up to n = 11 is 795, the exceptions are indeed very few. 

Recent years have witnessed the development of simpler construction procedures 
and more efficient polynomials for the classification of knots and links of several 
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knots, the Jones and the HOMFLY polynomials 3 and their generalizations. The 
former depend on one, the latter on two variables, one of which occurs also with 
inverse powers, i.e., in this variable the polynomials are of the Laurent type. Other 
polynomials found in the literature, such as Conway, X-, or Kauffman's bracket 
polynomials , are special cases of the HOMFLY polynomials. In addition, there exist 
a different type of Kauffman polynomials and of BLM/Ho polynomials F(a,z ) and 
Q(x), respectively, which are capable of distinguishing some knots with accidentally 
degenerate HOMFLY polynomials. They will not be discussed here. For their 
definition see Appendix 16B. 

The X-polynomial A" (a) is trivially related to the Jones polynomial J(t), to 
which it reduces after a variable change a = f 1//4 . The X-polynomial is closely 
related to the Kauffman polynomial K(a) by 

X(a) = (- a)~ 3w K(a ). (16.110) 

The number w is the cotorsion, also called twist number, Fait number, or writhe 
[6]. It is defined by giving the loop or link an orientation and attributing to each 
crossing a number 1 or —1 according to the following rule. At each crossing follows 
the overpass along the direction of orientation. If the underpass runs from right to 
left, the crossing carries the number 1, otherwise —1. The sum of these numbers is 

the cotorsion w. In the trefoil knot in Fig. 16.2 each crossing carries a —1 so that 

w = —3. 

The Kauffman polynomial is found by a very simple construction procedure. A 
set of n trivial loops is defined to have the Laurent polynomial 

K n (a) = -(a 2 + a~ 2 ) n -\ (16.111) 

Every knot or link can be reduced to such loops by changing the crossings recursively 
into two new configurations according to the graphical rule shown in Fig. 16.10. 



Figure 16.10 Graphical rule for removing crossing in generating Kauffman polynomial. 


The Erst configuration is associated with a factor a, the second with a factor a” 1 . 
The configuration receiving the factor a is most easily identified by approaching 
the crossing on the underpassing curve and taking a right turn. The two new 

3 The word “HOMFLY” collects the initials of the authors (Hoste, Ocneanu, Millet, Freyd, 
Lickorish, Yetter). The papers are quoted in Notes and References. 
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Figure 16.11 Kauffman decomposition of trefoil knot. The configuration 3 is the Hopf 
link. The calculation of the associated polynomials is shown in Table 16.4. 


Table 16.4 Kauffman polynomials in decomposition of trefoil knot. 


link 

bracket polynomial 

rule 

15 

—a 2 — a~ 2 

Eq. 16.111 

14 

1 

Eq. 16.111 

13 

1 

Eq. 16.111 

12 

— a 2 — a~ 2 

Eq. 16.111 

11 

1 

Eq. 16.111 

10 

—a 2 — a~ 2 

Eq. 16.111 

9 

—a 2 — a~ 2 

Eq. 16.111 

8 

—a 4 — 2 — a -4 

Eq. 16.111 

7 

-a" 3 

a(14) + a" 1 (15), Fig. 16.10 

6 

-a 3 

a(12) + a” 1 (13), Fig. 16.10 

5 

-a 3 

a(10) + a" 1 (ll), Fig. 16.10 

4 

a 5 + a 

a(8) + a _1 (9), Fig. 16.10 

3 

—a 4 — a -4 

a(6) + a _1 (7), Fig. 16.10 

2 

a 6 

a(4) + a -1 (5), Fig. 16.10 

1 

a 7 — a 3 — a -5 

a(2) + a _1 (3), Fig. 16.10 


configurations are processed further in the same way and so on until one arrives 
only at trivial loops. By applying these rules to a trefoil knot, we obtain a knot and 
a link known as the Hopf link. These are decomposed further as shown in Fig. 16.11. 
The Kauffman polynomials of each part are listed in Table 16.4. The polynomial of 
the trefoil knot is 


K(a ) = a 7 — a 3 — a 5 . 


(16.112) 
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Since w = —3, we obtain with the factor (—a) 3w = —a 9 the X-polynomial 

X (a) = -a 16 + a 12 + a 4 . (16.113) 

This corresponds to a Jones polynomial J(t) — t + t 3 — f 4 . 

For the Jones polynomials, there exists a simple direct construction. According 
to J.H. Conway, any knot can be related to lower knots or links by performing the 
skein operations shown in Fig. 16.12 on any crossing in the projection plane. Either 



Figure 16.12 Skein operations relating higher knots to lower ones. 

a crossing L + is transformed into and L + , or L + is transformed into L_ and L 0 . 
For knots related in this way one defines the Jones polynomial J(t) recursively by 
the skein relation 


1 

t 


JL+(t ) - tJ L _(t) 



(16.114) 


The circular loop is defined to have the trivial polynomial J(t) = 1. By applying the 
skein operations to two disjoint unknotted loops in Fig. 16.13, one finds the Jones 
polynomial 


J 2 (t) = -(Vi+l/Vi). (16.115) 

Upon carrying this procedure to n such loops, we find 

J n (t) = [-(Vi + 1 M)]”" 1 , (16.116) 

in agreement with (16.111). For the lowest knots, the Jones polynomials are listed 
in Table 16.3. Up to nine crossings, the Jones polynomials distinguish mirror- 
symmetric knots. 

Conway discovered the first skein relation in 1970 when trying to develop a 
computer program for calculating Alexander polynomials. He found the Alexander 
polynomials to obey modulo the normalization convention, the skein relation 

A L+ (t) - A L _(t) = (Vt-l/Vt)A Lo (t), (16.117) 

which eventually reduces the polynomials of all knots to the trivial one Ai(t) = 1. 
The skein relation simplifies the procedure so much that Conway was able to work 
out by hand all polynomials known at that time. Because of the simplicity of 
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Figure 16.13 Skein operations for calculating Jones polynomial of two disjoint unknotted 
loops. 



L + L_ L 0 


Figure 16.14 Skein operation for calculating Jones polynomial of trefoil knot. 



/.+ L _ Lq 

Figure 16.15 Skein operation for calculating Jones polynomial of Hopf link. 

this procedure, the Alexander polynomials are now often referred to as Alexander- 
Conway polynomials. 

Let us now calculate the Jones polynomial for the trefoil knot 3i of Fig. 16.7. 
First we apply the skein operation shown in Fig. 16.14. The loop is unknotted 
and has a unit polynomial. Thus we obtain the polynomial relation 

Jtrem(t)J L+ (t) =t 2 -1 + t(Vt - 1 /Vi)J Lo {t). (16.118) 

The configuration Lq is known as a Hopf link. It needs one more reduction 4 via the 
operation shown in Fig. 16.15, resulting in the relation 

7 Jl o (t) = tJ 2 (t ) + (Vt - 1/ Vt)Ji(t). (16.119) 

t + 

4 The Kauffman bracket polynomial of the Hopf link is AT 0 (a) = —a 4 — a -4 . Together with the 
cotorsion w = —2 , this amounts to an X-polynomial X(a) = —a 10 — a 2 and the Jones polynomial 
Jl 0 (t) = —v/t( 1 + t 2 ) as in (16.120). 
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Using (16.111), we find 

J Lo (t) = -Vi{l + t 2 ). (16.120) 

Inserting this into (16.118) leads to the Jones polynomial of the trefoil knot 

J trefoil = t + f 3 - f 4 . (16.121) 

It differs from the result found above for the left-handed trefoil by the substitution 
t —y t L 

The HOMFLY polynomials Hi{t,a) are obtained from a slight generalizations 
of the skein relation (16.114) of the Jones polynomials: The factor (y/t — 1/y/t) on 
the right-hand side is replaced by an arbitrary parameter a, leading to the skein 
relation 

jH L+ (t,a) - tH L _(t,a) = aH Lo (t,a). (16.122) 

The trivial knot is defined to have the trivial polynomial H\{t,a) = 1. For two 
independent loops, the relation yields 

H 2 (t, a) = (f _1 — t)a: _1 . (16.123) 

The HOMFLY polynomials H(t , a) transform under a mirror reflection of the knot 
into H{—t~ l ,a). Note that H 2 (t,a) is mirror-symmetric [Hi(t,a) is trivially so]. 5 
In general, the HOMFLY polynomials give reliable information on a possible mirror 
symmetry. There are, however, a few exceptions, i.e., mirror-related pairs of knots 
possessing the same HOMFLY polynomial. 6 
Examples for HOMFLY polynomials are 

#trefoil(rh) (t, Oi ) = ~t A + 2 f 2 + tV, 

#trefoii(ih)(£,aO = -t~ A + 2r' 2 + r 2 a 2 , 

JJHopf(rh) (U C>0 (t t )a + tOl , 

^knot 4 i (t, a) = r 2 - 1 + t 2 - a 2 . (16.124) 

Setting a = t 1 ^ 2 — t” 1 / 2 produces the Jones polynomials, while t —> 1, a —> fV 2 _r I/ 2 
leads, with appropriate powers of t as normalization factors, back to the Alexander- 
Conway polynomials. 

In Table 16.3, the HOMFLY polynomials are listed for knots up to 8 cross¬ 
ings. For mirror-unsymmetric knots, only one partner is recorded. The re¬ 
flected polynomial is obtained by the substitution t —> — f _1 . The meaning 
of the entries is best explained with an example: The knot 7\ has an entry 
([0]004 — 3)([0]00(10) — 4)([0]006 — 1)([0]001), which stands for the polynomial 

5 For the Kauffman polynomials F(a,x) defined in Appendix 16B, mirror reflection implies 
F(a,x) F(a~ 1 ,x). 

6 The first degeneracy of this type occurs for a link of 3 loops with 8 crossings. 
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H(t,a ) = (41 6 — 3 1 8 ) + (10t 6 — 4t 8 )a 2 + (6t 6 — t 8 )a 4 + t 6 a 6 . A bracket marks 
the position and coefficient of the zeroth power in f 2 ; the numbers to the right and 
the left of it specify the coefficients of the adjacent higher and lower powers of t 2 , 

respectively. Numbers with more than one digit are put in parentheses. The poly¬ 

nomial of the reflected knot is obtained by reflecting the numbers in parentheses on 
the associated bracket. The knots marked by an s are mirror-symmetric. 

The Alexander-Conway polynomials are special cases of the HOMFLY polyno¬ 
mials. A comparison with the skein relation (16.117) shows that they are obtained 
from them by setting t — 1 and replacing a by f 1 / 2 — t ~ 1//2 : 

A L (t) = H L (l ) t 1 ' 2 -r 1/2 ). (16.125) 

The reducible granny and square knots in Fig. 16.5 are distinguished by the 
Jones and the HOMFLY polynomials; the latter are 

H gran ny(t,a) = (2f 2 - t A + t 2 a 2 ) 2 , 

tfsquareM) = (2f 2 - f 4 + tV) {2t~‘ 2 - t~ A + tV) 5 (16.126) 

the former are obtained by inserting a = t 1 ! 2 — M 1 ^ 2 . 

Up to now, there exists no complete algebraic classification scheme. For example, 
the Jones polynomials of the knots with 10 and 13 crossings shown in Fig. 16.16 are 



Figure 16.16 Knots with 10 and 13 crossings, not distinguished by Jones polynomials. 

the same.' For further details, see the mathematical literature quoted at the end of 
the chapter. 

Even with the incomplete classification of knots, it has until now been impossible 
to calculate the probability distribution of the various equivalence classes of knots. 
Modern computers allow us to enumerate the different topological configurations for 
not too long polymers and to simulate their distributions by Monte Carlo methods. 
In Fig. 16.17 we show the result of a simulation by Michels and Wiegel, where they 
measure the fraction f n of unknotted polymers of N links. They fit their curve by 
a power law 


f N = Cp N N a , (16.127) 

' The HOMFLY polynomials have their first degeneracy for prime knots with 9 crossings. It was 
checked that up to 13 crossings (amounting to 12 965 knots) no polynomial of a nontrivial knot is 
accidentally degenerate with the trivial polynomial of a circle. 
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Figure 16.17 Fraction /tv of unknotted closed polymers in ensemble of fixed length 
L = No. 


with the parameters C « 1.026, /i « 0.99640, a ~ 0.0088. Thus /tv falls off expo¬ 
nentially in TV like [i N with // < 1. The exponent a is extremely small. A more 
recent simulation by S. Windwer takes account of the fact that the line elements are 
self-avoiding. It yields the parameters 8 

C « 1.2325, n « 0.9949, a « 0. (16.128) 

For a polymer enclosed in a sphere of radius R , the distribution has the finite-size 
dependence 

f N (R) = e- A{NPl/R) \ (16.129) 

where l is the length of a link. The “critical exponents” are (3 ~ 0.76 and 7 ~ 3. 

16.5 The Gauss Invariant of Two Curves 

For any analytic calculation of topological properties one needs a functional of the 
polymer shape which is capable of distinguishing the different knot classes. Initially, 

8 A first theoretical determination of these parameters has recently been given by mapping the 
problem onto a four-state Potts model. A presentation of this method which does not involve path 
integrals would go beyond the scope of this book. See the papers by A. Kholodenko quoted at the 
end of the chapter. 
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a hopeful candidate was the one-loop version of the contour integral introduced 
almost two centuries ago by Gauss for a pair of closed curves C and C'\ 

Gic ' c "> = s£i [(ix x dx>] ' (16130) 

Gauss proved this to be a topological invariant. In fact, we may rewrite (16.134) 
with the help of the 5-function ( 10 A. 8 ) as 

f dx r rfx> x (x - x') = _ f d , 3 \ f^ Ky! 0) x K] 

Jc Jc |x — x'l' 3 J [./ R' 6 j 

The second integral is recognized as the gradient of the multivalued field f2(x; C') 
defined by Eqs. (10A.18), which is the solid angle under which the contour C is 
seen from the point x, so that 

G(C, C') = j d 3 x 8 (x; C) ■ VO(x; C). (16.132) 

Inserting here Eq. (10A.27), where S' is any surface enclosed by the contour L', and 
using the fact that 

J d 3 x 5(x; C) • VO(x; S') = - J d 3 x V • 8 (x; C)Q(x; S') = 0 , (16.133) 

due to (10A.9) and the fact that Q(x; S) — 0 is single-valued, we obtain 

G(C, C') = - [ d 3 x 8 (x; C) ■ 8 (x; S'). (16.134) 

This is a purely topological integral. By rewriting it as 

G(C, C') = -<f dxi 5j(x; S'), (16.135) 

J c 

we see that G(C, C) gives the linking number of C and C' . It is defined as the 
number of times by which one of the curves, say C', perforates the surface S spanned 
by the other. 

Alternative expressions for the Gauss integral (16.134) are 

G(C, C') = f dn'(x'; C) = i dfi(x, C'), (16.136) 

47r Jc 47t Jc 

where where n'(x'; S) is the solid angle under which the curve C is seen from the 
point x'. 

The values of the Gauss integral for various pairs of linked curves up to 8 crossings 
are given in the third column of Table 16.5. All the intertwined pairs of curves 
labeled by 2 i, 7i, 72 , 87 , for instance, have a Gauss integral G(C, C) = ± 1 . 
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Let us end this section by another interpretation of the Gauss integral. According 
to Section 10A.1, the solid angle 12 is equal to the magnetic potential of a current 
47 T running through the curve C' . Its gradient is the magnetic field 

Bi = dii 2. (16.137) 


Hence we can write 


G(C, C') = -f dx i B i = - f dx\B[. (16.138) 

According to this expression, G(C, C') gives the total work required to move a unit 
magnetic charge around the closed orbit C in the presence of the magnetic held due 
to a unit electric current along C'. 

Unfortunately, there exists no such topologically invariant integral for a single 
closed polymer. If we identify the curves C and C 1 , the Gauss integral ceases to be 
a topological invariant. It can, however, be used to classify self-entangled ribbons. 
These possess two separate edges identified with C and C' . Such ribbons play 
an important role in biophysics. The molecules of DNA, the carriers of genetic 
information on the structure of living organisms, can be considered as ribbons. 
They consist of two chains of molecules connected by weak hydrogen bridges. These 
can break up thermally or by means of enzymes decomposing the ribbon into two 
single chains. 

16.6 Bound States of Polymers and Ribbons 

Two or more polymers may line up parallel to each other and form a bound state. 
The most famous example is the molecule of DNA. It is a bound state of two long 
chains of molecules which may contain a few thousand up to several billion links. 

o 

The distance d between the two chains is about 20A. In equilibrium, the two chains 

o 

are twisted up in the form of a double helix, rising by about 20A (i.e., about 10 
monomers) per turn (see Fig. 16.18). The DNA molecule may be idealized as an 
infinitesimally thin ribbon. The ribbon is always two-sided since the edges of the 
ribbon are made up of different phosphate groups whose chemical structure makes 
the binding unique. One-sided structures formed by a Mobius strip are excluded. 

Circular DNA molecules have interesting topological properties. In the double 
helix, one edge passes through the other an integer number of times. This is the 
linking number L k of the double helix. Being a topological invariant, it does not 
change if the two closed edges become unbound and distorted into an arbitrary 
shape. 

If the total number of windings N w in the DNA helix is different from the linking 
number L k, a circular helix is always under mechanical stress. It can relax by forming 
a supercoil (see Fig. 16.19). The number of excess turns 

t L\ ^ N w , 


(16.139) 
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provides a measure for the supercoiling density which is defined by the ratio 

<7=-h (16.140) 

■L'W 

In natural DNA, the supercoiling density is usually —o ~ 0.03-0.1. The negative 

sign implies that the natural twist of the double helix is slightly decreased by the 
supercoiling. The negative sign seems to be essential in the main biological process, 
the replication. It may be varied by an enzyme, called DNA gyrase. A cell has a 
large arsenal of enzymes which can break one of the chains in the helix and unwind 
the linking number L k by one or more units, changing the topology. Such enzymes 
run under the name of topoisomerases of type I. There is also one of a type II which 
breaks both chains and can tie or untie knots in the double helix of DNA as a whole. 

The biophysical importance of the supercoil derives from the fact that the stress 
carried by such a configuration can be relaxed by breaking a number of bonds 
between the two chains. In fact, a number 6 = —a of broken bonds leads to a 
complete relaxation. During a cell division, all bonds are broken. Note that this 
process would be energetically unfavorable if the supercoiling density were positive. 



Figure 16.18 Small section and idealized view of circular DNA molecule. The link 
number L k (defined as number of times one chain passes through arbitrary surface spanned 
by the other) is ss 9. 


r V 

W"' 


Figure 16.19 A supercoiled DNA molecule. This is the natural shape when carefully 
extracted from a cell. The supercoiling is negative. 
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Figure 16.20 Simple links of two polymers up to 8 crossings. 
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Just as for knots, no complete topological invariants are known for such types 
of links of two (or more) closed polymers. Historically, generalized Alexander poly¬ 
nomials were used to achieve an approximate classification of links. They are poly¬ 
nomials of two variables. To construct them, we take one of the two polymers and 
label all underpasses in the same way as for knots. The same thing is done for the 
other polymer. For each underpass, a row of the Alexander matrix A l} is written 
down with two variables s and t. The Alexander polynomial A(s,t ) is again given 
by any (n — 1) x (n — l)-subdeterminant of the n x n-matrix A ir The links up to 8 
crossings are shown in Fig. 16.20. The Alexander polynomials associated with these 
are listed in Table 16.5. Note that the replacements s —> 1 /s,t —> 1 /t, or both, 
leave the Alexander polynomial invariant (due to the prescription of renormalizing 
the lowest coefficients to an integer). For unlinked polymers one has A(s,f) = 0. 

There is no need to go through the details of the procedure since the more recent 
and powerful Jones and HOMFLY polynomials can be constructed for arbitrary links 
without additional prescriptions. The latter are tabulated in the fourth column of 
Table 16.5. In many cases, a change in the orientation of the second loop gives rise 
to an inequivalent link. Then the table shows two entries underneath each other. 
For the knot 72, the upper entry {—1}(1 * —1)(1 * 0 — 11)(* — 1 — 1) indicates the 
polynomial H(t, a) = a” 1 (t _1 —t) + a(t -1 — t 2 +t 3 ) + a 3 (—t — t 3 ). The curly bracket 
shows the lowest power of a and the star marks the position of the zeroth power of 
t. The coefficients of t, t 3 ,... stand to the right of it, those of ..., t~ 3 , t -1 to the left 
of it. 

For the special case of a circular ribbon such as a DNA molecule, the Gauss 
integral over the two edges, being a topological invariant, renders also a classification 
of the ribbon as a whole. As shown in Eq. (16.135), the Gauss integral yields precisely 
the linking number L k . 

It is useful to calculate G(C, C) for a ribbon in the limit of a very small edge- 
to-edge distance d. This will also clarify why the Gauss integral G(C, C') in which 
both C and C' run over the same single loop is not a topological invariant. We start 
with the Gauss integral for the two edges C, C' of the ribbon 


G(C,C') = X dV] . (16.141) 

and shift the two neighboring integration contours C, C' both towards the ribbon 
axis called C. Let e measure the distance between the two edges, and let n(r) be 
the unit vector orthogonal to the axis pointing from C to C '. Then we write 


G(C, C') = — <f> dr (f dr' [x(r) x (x(r') + erFr'))] • ^ 

47 t Jc Jc 


xr 


en r 


x(r) — x(r') — enfr')! 3 


(16.142) 


In the limit e —> 0, G(C, G') does not just become equal to G(G, C) [which then 
would be the same as G(C, C ) or G(C', C')\. A careful limiting procedure performed 
below shows that there is a remainder T w , 


L k = G(C,C) + T w . 


(16.143) 
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Table 16.5 Alexander polynomials A(s,t ) and the coefficients of HOMFLY polynomi¬ 
als H(t,a ) for simple links of two closed curves up to 8 minimal crossings, labeled as 
in Fig. 16.20. The value |A(1,1)| is equal to the absolute value of the Gauss integral 
\G{C, C')\ for the two curves. The entries in the last column are explained in the text. 
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The remainder is called the twist of the ribbon, defined by 

T w = 7T" / drx(r) • [n(r) x n(r)]/|x(r)|. (16.144) 

Ztt Jc 

Incidentally, this integral makes sense also for a single curve if n(r) is taken to be 
the principal normal vector of the curve. Then T w gives what is called the total 
integrated torsion of the single curve. The first term in (16.143), the Gauss integral 
for a single closed curve C, is called in this context the writhing number of the curve 


W r = G(C, C) 


1 

Ait 



dr' [x(t) x x(t') • 


x(r) - x(r') 
x(t) — x(r') | 3 


(16.145) 


Thus one writes the relation (16.143) commonly in the form 


Lk — W r + T w . 


(16.146) 


Only the sum W r + T w is a topological invariant, with T w containing the information 
on the ribbon structure of the closed loop C. This formula was found by Calagareau 
in 1959 and generalized by White in 1969. 

From what we have seen above in Eq. (16.136), the writhing number may also 
be written as an integral 

W r = l dft(x), (16.147) 

47r Jc 

where f2(x) is the solid angle under which the axis of the ribbon is seen from an¬ 
other point on the axis. When rewritten in the form (16.138), it has the magnetic 
interpretation stated there. 

This interpretation is relevant for understanding the spacetime properties of the 
dionium atom which in turn may be viewed as a world ribbon whose two edges 
describe an electric and a magnetic charge. We have pointed out in Section 14.6 
that for a half-integer charge parameter q, a dionium atom consisting of two bosons 
is a fermion. For this reason, a path integral over a fluctuating ribbon can be used 
to describe the quantum mechanics of a fermion in three spacetime dimensions [7]. 

Let us derive the relation (16.146). We split the integral (16.142) over r into two 
parts: a small neighborhood of the point r' , i.e., 

r E {t' — 6, t' + 5) (16.148) 


and the remainder, for which the integrand is regular. In the regular part, we can 
set the distance e between the curves C and C' equal to zero, and obtain the Gauss 
integral G(C, C), i.e., the writhing number W r . In the singular part, we approximate 
x(t) within the small neighborhood (16.148) by the straight line 

x(t) ~ x(r') + x(r / )(r — r'), 

x(r) ~ x(r / ). (16.149) 
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Figure 16.21 Illustration of Calagareau-White relation (16.146). The number of wind¬ 
ings around the cylinder is L^ = 2, while T w = L ^ — p/\/p 2 + R 2 , where p is the pitch of 
the helix and R the radius of the cylinder. 


Then the r-integral can be performed. For e C 5 C 1, we find 


T = 

1 w 


- (f dr' [n(r') x x(r')] • h(r')e 2 f dr - = 

ArJc Jt’-s ^/|x(t / )| 2 (t — t') 

fc dT ' x n( ^' h ( r/ )/i i ( r/ )i- 


2 + e 2 

(16.150) 


It is worth emphasizing that in contrast to the Gauss integral for two curves C, C, 
the value of the Gauss integral for C is not an integer but a continuous number. It 
depends on the shape of the ribbon, changing continuously when the ribbon is de¬ 
formed isotopically. If one section of the ribbon passes through the other, however, 
it changes by 2 units. The defining equation shows that W r vanishes if the ribbon 
axis has a center or a plane of symmetry. To give an example for a circular closed 
ribbon with an integer number L^ and an arbitrary writhing number W r we follow 
Brook-Fuller and Crick. A cylinder with a closed ribbon is wound flat around the 
surface of a cylinder, returning along the cylinder axis (see Fig. 16.21). While the 
two edges of the ribbon perforate each other an integer number of times such that 
Lk = 2, the ribbon axis has a noninteger Gauss integral W r depending on the ratio 
between pitch and radius, W r = 2 — p/\fp 2 + R 2 . 
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16.7 Chern-Simons Theory of Entanglements 

The Gauss integral has a form very similar to the Biot-Savart law of magnetostatics 
found in 1820. That law supplies an action-at-a-distance formula for the interaction 
energy of two currents /, I' running along the curves C and C: 

II' r r 1 

E — —— <p f dx • doc - - r , (16.151) 

c 2 Jc Jc |x — x'| 

where c is the light velocity. It was a decisive conceptual advance of Maxwell’s theory 
to explain formula (16.151) by means of a local field energy arising from a vector 
potential A(x). In view of the importance of the Gauss integral for the topological 
classification of entanglements, it is useful to derive a local field theory producing 
the Gauss integral as a topological action-at-a-distance. Imagine the two contours 
C and C carrying stationary currents of some pseudo-charge which we normalize at 
first to unity. These currents are coupled to a vector potential A(x), which is now 
unrelated to magnetism and which will be called statisto-magnetic vector potential: 

A e ,curr = —i j> dxA(x) — i j) dxA(x). (16.152) 

The action is of the Euclidean type as indicated by the subscript e (recall the relation 
with the ordinary action A = iA e ). We now construct a field action for A(x) so that 
the field equations render an interaction between the two currents which is precisely 
of the form of the Gauss integral. This field action reads 

A,cs = lj d3 x A • (V x A) (16.153) 

and is called the Chern-Simons action. It shares with the ordinary Euclidean mag¬ 
netic field action the quadratic dependence on the vector potential A(x), as well as 
the invariance under local gauge transformations 

A(x) —* A(x) + VA(x), (16.154) 

which is obvious when transforming the second vector potential in (16.153). The 
gauge transformation of the first vector potential produces no change after a partial 
integration. Also the coupling in (16.152) to the contours C and C' is gauge-invariant 
after a partial integration, since the contours are closed, satisfying 

V • dx = 0. (16.155) 

In contrast to the magnetic field energy, however, the action (16.153) is purely 
imaginary. The factor i is important for the applications in which the Chern-Simons 
action will give rise to phase factors of the form e l20c ( c - c "> _ 
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By extremizing the combined action, we obtain the held equation 


Its solution is 



(16.156) 


(16.157) 


where G'jj(x, x') is a suitable Green function solving the inhomogeneous held equa¬ 
tion (16.157) with a 5-function source instead of the current. Due to the gauge 
invariance of the left-hand side, however, there is no unique solution. Given a solu¬ 
tion Gjj(x, x'), any gauge-transformed Green function 


GGfx, x' 


-> Gjj(x, x') + V. t Aj(x, x') + VjAj(x, x') 


will give the same curl V x A. Only the transverse part of the vector potential 
(16.157) is physical, and the Green function has to satisfy 


e ijk WjGkfi-K, x') = 4 3) (x - x') T , 

(16.158) 

where 


4 } ( x x ') T =^ i v2 j )5 (3) (x x) 

(16.159) 

is the transverse 5-function. The vector potential is then obtained from (16.157) in 
the transverse gauge with 

V • A(x) = 0. 

(16.160) 


The solution of the differential equation (16.158) is easily found in the two- 
dimensional transverse subspace. The Fourier transform of Eq. (16.158) reads 

ie ijk pjG k i{ p) = 5u - fep, (16.161) 

and this is obviously solved by 

Gij{ p) = itikjPh^- (16.162) 

The transverse gauge (16.160) may be enforced in an action formalism by adding 
to the action (16.153) a gauge-fixing term 

A gf = ^-(V-A) 2 , (16.163) 

Za 

with an intermediate gauge parameter a which is taken to zero at the end. The held 
equation (16.158) is then changed to 

(e ijk Vj + ^V;Y/,) G w (x,x') = 5 jfc 5 (3) (x - x'), 


(16.164) 
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which reads in momentum space 

(i^P, - >») G«(P) = 

This has the unique solution 


Gik{ p) = ( l€ijkPj + IOL 


2 ’ 


(16.165) 


(16.166) 


P~ / P 

whose a —> 0 -limit is (16.162). 

Going back to configuration space, the Green function becomes 

r vi- /A p <pM)^ _ i v 1 - * z ^ ri6 i67i 

} J (2tt) 3 p 2 4 tt ^' Vfc |x-x'| 4 tt ^|x-xf ( 6 67) 


Inserting this into *4. e)Curr + v4. e ,cs yields the interaction between the currents 9 


-d-e.int 


i j> <J> dxidx'jGij( 


(16.168) 


Up to the prefactor — i, this is precisely the Gauss integral G(C, C') of the two curves 
C, C'. In addition there are the self-interactions of the two curves 


A,int = (J> c j c + j c/ dxidx'fitj (x, x'), (16.169) 

which are equal to —{i/2)[G{C, C) + G(C r , C')\. Due to their nontopological nature 
discussed earlier, these have no quantized values and must be avoided. 

Such unquantized self-interactions can be avoided by considering systems whose 
orbits are subject to appropriate restrictions. They may, for instance, contain only 
lines which are not entangled with themselves and run in a preferred direction from 
—oo to oo. Ensembles of nonrelativistic particles in two space dimensions have 
precisely this type of worldlines in three-dimensional spacetime. They are therefore 
an ideal field for the Chern-Simons theory, as we shall see below in more detail. 

Another way of avoiding unquantized self-interactions is based on a suitable lim¬ 
iting procedure. If the lines C and C' coincide, the Gaussian integral G(C, C') 
over C — C' may be spread over a large number N of parallel running lines 
C t (i = 1, ...,1V), each of which carries a topological charge 1/iV. The sum 
(1/iV 2 ) Yjij G(Ci, Cj) contains iV-times the same self-interaction and N(N — l)-times 
the same integer-valued linking number L t of pairs of lines. In the limit iV —y oo, 
only the number L t survives. The result coincides with the Gauss integral for the 
two frame lines C\ and Cn of the ribbon. The number L K may therefore be called 
the frame linking number. This number depends obviously on the choice of the 
framing. There is a preferred choice for which L k vanishes. This eliminates the 
self-interaction trivially. 

9 Compare this with the derivation of Eq. (3.247). 
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Although the limiting procedure makes the self-interaction topological, the ar¬ 
bitrariness of the framing destroys all information on the knot classes. This infor¬ 
mation can be salvaged by means of a generalization of the above topological action 
leading to a nonabelian version of the Chern-Simons theory. That theory has the 
same arbitrariness in the choice of the framing. However, by choosing the fram¬ 
ing to be the same as in the abelian case and calculating only ratios of observable 
quantities, it is possible to eliminate the framing freedom. This will enable us to 
distinguish the different knot classes after all. 

16.8 Entangled Pair of Polymers 

For a pair of polymers, the above problems with self-entanglement can be avoided by a slight 
modification of the Chern-Simons theory. This will allow us to study the entanglement of the pair. 
In particular, we shall be able to calculate the second topological moment of the entanglement, 
which is defined as the expectation value (m 2 ) of the square of the linking number m [8]. The 
self-entanglements will of the individual polymers will be ignored. 

The result will apply approximately to a polymer in an ensemble of many others, since these 
may be considered roughly as a single very long effective polymer. 

Consider two polymers running along the contours C\ and C 2 which statistically can be linked 
with each other any number of times m = 0,1, 2,... . The situation is illustrated in Fig. 16.22 for 
to = 2. The linking number (16.134) for these two polymers can be calculated with the help of 



Figure 16.22 Closed polymers along the contours C \, C 2 respectively. 

a slight modification of the Chern-Simons action (16.153) and the couplings (16.152). We simply 
introduce two vector potentials and the Euclidean action 


He — Ae,CS12 T Ae,curr, 


(16.170) 


where 


A. 


e,CS12 


= i d 3 x Ai • (V x A 2 


(16.171) 


and 


A 


e,curr 


® dxAi(x) 
JCt 


® dx.A-2 (x). 

JC 2 


(16.172) 


If we choose the gauge fields to be transverse, as in (16.160), we obtain with the same technique 
as before the correlation functions of the gauge fields 


C(x,x')E(^(x)i;(x')), b =1,2 


(16.173) 
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are 


d\\M 



(16.174) 


(16.175) 


The transverse gauge is enforced by adding to the action (16.171) a gauge-fixing term 


-4gf 


i-[(V-A 1 ) 2 + (V-A 2 ) 2 ], 


(16.176) 


and taking the limit a —> 0 at the end. Extremizing the extended action produces the Gaussian 
linking number — iG{C\,C 2 ) of Eq. (16.134). The calculation is completely analogous to that 
leading to Eq. (16.168). 

The partition function of the two polymers and the gauge fields is given by the path integral 


Z=f £>xi [ Vx 2 j V AiVA 2 e~ Ae ~ AGF . (16.177) 

J Cl J C“2 J 

Performing the functional integral over the gauge fields, we obtain from the extremum 

Z = const x j Vx 1 [ Ox 2 e iG(Cl ' ft) , (16.178) 

J Cl J C“2 

where the constant is the trivial fluctuation factor of the vector potentials. The Gaussian integral 
G(Ci, C 2 ) has the values m = 0, ±1, ±2,... of the linking numbers. 

In order to analyze the distribution of linking number in the two-polymer system we must be 
able to fix a certain linking number. This is possible by replacing the phase factor e lm in the path 
integral (16.178) by e mX , and calculating Z{n). An integral / dne~ lrnX Z (A) will then select any 
specific linking number m. But a phase factor e lmX is simply produced in the partition function 
(16.178) by attaching to one of the current couplings in the interaction (16.172), say to that of C 2 , 
a factor A, thus changing (16.172) to 


*4e,curr ,a = — * <Z> dx Ai(x) — iA ® dx A 2 (x). (16.179) 

J C i J C 2 

The A-dependent partition function is then 

Z{ A) = f £>xi j Vx 2 I X)AiVA 2 e~ Ae ’ csl2 ~ Ae ’ c,1IT ’ x ~ AGF 

J C l J C*2 w 

= const x [ Vx 1 [ Vx 2 e imX . (16.180) 

J C\ J C 2 

Ultimately, we want to find the probability distribution of the linking numbers m as a function 
of the lengths of Ci and C 2 . The solution of this two-polymer problem may be considered as an 
approximation to a more interesting physical problem in which a particular polymer is linked to 
any number N of polymers, which are effectively replaced by a single long “effective” polymer [9]. 
Unfortunately, the full distribution of m is very hard to calculate. Only a calculation of the second 
topological moment is possible with limited effort. This quantity is given by the expectation value 
( m 2 ) of the square of the linking number m. 

Let Pl 1 ,l 2 (xi,x 2 ;to) be the configurational probability to find the polymer C\ of length L 1 
with fixed coinciding endpoints at xi and the polymer C 2 of length L 2 with fixed coinciding 
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endpoints at x 2 , entangled with a Gaussian linking number m. The second moment (in 2 ) is given 
by the ratio of integrals 


(?n 2 ) = 


/ d 3 x 1 d 3 x 2 dm m 2 P Ll! L 2 (xi, x 2 ; m) 
f d 3 X\d 3 x 2 J^“dmf , L 1 , L2 (xi,x 2 ;m) 


(16.181) 


performed for either of the two probabilities. The integrations in d 3 x.\d 3 x 2 covers all positions of 
the endpoints. The denominator plays the role of a partition function of the system: 


/ /*+oo 

d 3 x\d 3 x 2 / dmPL 1 ,L 2 (xi,x 2 ;to). 

J —OO 


(16.182) 


Due to translational invariance of the system, the probabilities depend only on the differences 
between the endpoint coordinates: 

fz,i,z, 2 (xi,x 2 ;m) = Pl 1 ,l 2 (x 1 - x 2 ;m). (16.183) 

Thus, after the shift of variables, the spatial double integrals in (16.181) can be rewritten as 

J d 3 x 1 d 3 x 2 P LljL2 (x 1 ,x 2 ;m) = V J d 3 x P Ll , L2 (x;m), (16.184) 

where V denotes the total volume of the system. 


16.8.1 Polymer Field Theory for Probabilities 

The calculation of the path integral over all line configurations is conveniently done within the 
polymer field theory developed in Section 15.12. It permits us to rewrite the partition function 
(16.180) as a functional integral over two ^>“ 1 (xi) and il> 2 2 (x. 2 ) with ni and n 2 replica («i = 
1,..., ni, ol 2 = 1,..., n 2 ). At the end we shall take ni,n 2 —► 0 to ensure that these fields describe 
only one polymer each, es explained in Section 15.12. For these fields we define an auxiliary 
probability P=-(xi,x 2 ; A) to find the polymer C i with open ends at x-|,xj and the polymer C 2 with 
open ends at x 2 ,X 2 - The double vectors Xi = (x-[,xj ) and x 2 = (x 2 ,X 2 ) collect initial and final 
endpoints of the two polymers C\ and C 2 . The auxiliary probability P=-(xi, x 2 ; A) is given by a 
functional integral 

P ? (xi,x 2 ; A) = lim [ P(fields) (xi)^" 1 (x'i)^ 2 ( x 2 ) e ~ A > (16.185) 

n \ , 712—>-0 J 

where P(fields) indicates the measure of functional integration, and A the total action (16.180) 
governing the fluctuations. The expectation value is calculated for any fixed pair (a±, a 2 ) of replica 
labels, i.e., replica labels are not subject to Einstein’s summation convention of repeated indices. 
The action A consists of kinetic terms for the fields, a quartic interaction of the fields to account for 
the fact that two monomers of the polymers cannot occupy the same point, the so-called excluded- 
volume effect , and a Chern-Simons field to describe the linking number to. Neglecting at first the 
excluded-volume effect and focusing attention on the linking problem only, the action reads 

A = Acsi2 + Ae,curr + A po l + AgF, (16.186) 

with a polymer field action 

Apol = ]T J d 3 x [IDVil 2 + m 2 |4q| 2 ] . (16.187) 

i= 1 J 

They are coupled to the polymer fields by the covariant derivatives 


D‘ = V + i 7i A 8 , 


(16.188) 
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with the coupling constants 71.2 given by 

71 =1, 72 = A. (16.189) 

The square masses of the polymer fields are given by 

to- = 2 Mzi. (16.190) 

where M = 3/a, with a being the length of the polymer links [recall (15.79)], and z, the chemical 
potentials of the polymers, measured in units of the temperature. The chemical potentials are 
conjugate variables to the length parameters L\ and L 2 , respectively. The symbols T,; collect the 
replica of the two polymer fields 


(16.191) 

and their absolute squares contain the sums over the replica 

rii rii 

id%i 2 = e i^i 2 = e ( 16 - 192 ) 

Oti = l CX-i — 1 

Having specified the fields, we can now write down the measure of functional integration in 
Eq. (16.185): 


(fields) = J VA\VA{V'S> 1 V'S>\VA> 2 VA> *. (16.193) 

By Eq. (16.180), the parameter A is conjugate to the linking number to. We can therefore calculate 
the probability Pl 1 ,l 2 (x 1 , X 2 ; in) in which the two polymers are open with different endpoints from 
the auxiliary one Pgi^-i , x 2 ; A) by the following Laplace integral over z = (z\, Z\): 

^ > Li,l 2 (xi,X 2 ;to) = lim 

Xj-^Xj 
X 2-» X 2 

(16.194) 


nC-\-lOO 


Mdzi Mdz 2 

-< 

2ni 2ni 


,ZlLl+ 2 2 L 2 


dke 


—imX 


Pz (xi,x 2 ; A). 


16.8.2 Calculation of Partition Function 


Let us use the polymer field theory to calculate the partition function (16.182). By Eq. (16.194), 
it is given by the integral over the auxiliary probabilities 


cC+OO 


Z= drxidrx 2 lim / 

J X i- X l Jc-i 

X' ->Xo 


MdziMdz2 eZlLl+Z2 L 2 

2ni 2 ttI 


r +00 


dm 


dXe 


—imX 


Pz (xi,x 2 ; A). 


— OO J —OO 


(16.195) 


The integration over m is trivial and gives 27 t< 5(A), enforcing A = 0, so that 

/»c+ioo 


Z= [ d 3 Xl d 3 x 2 lim [ Md Zl Mdz 2 e z lLl +z 2 L 2p? (g 1; g 2 . 0 ). (16.196) 

J x i"» x l dc-ioo 27T* 


To calculate Pg (xi,x 2 ; 0), we observe that the action A in Eq. (16.186) depends on A only via the 
polymer part (16.187), and is quadratic in A. Let us expand A as 

A = A n + \A 1 + \ 2 A 2 , (16.197) 
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with the A-independent part 


Aq 


Alcsi2 + -4gf + 


d 3 x 


2 

|D 1 \E , 1 | 2 + |V4 , 2 | 2 + ^ l^i) 2 , 

»=1 


(16.198) 


a linear coefficient 


Ai = J d 3 x j 2 (x) ■ A 2 (x) 

containing a pseudo-current of the second polymer field 

j 2 (x) = i45(x)V4 2 (x), 

and a quadratic coefficient 

A 2 = i y d 3 x A^|4> 2 (x)| 2 . 

With these definitions we write with the help of (16.198): 

Pr(x i,x 2 ;0)= [ 2?(fields)e~‘ Ao 'i/'“ 1 (xi)^* Ql (xi)^> 2 2 (x 2 )^ 2 2 (x')- 


(16.199) 


(16.200) 


(16.201) 


(16.202) 


In the action (16.198), the fields 4/ 2 , are obviously free, whereas the fields , 4^ are apparently 
not because of the couplings with the Chern-Simons fields in the covariant derivative D 1 . This 
coupling is, however, without physical consequences. Indeed, by integrating out A\ in (16.202), we 
find from Acsi 2 the flatness condition: 


V x Ai = 0. 


(16.203) 


On a flat space with vanishing boundary conditions at infinity this implies Ai = 0. As a conse¬ 
quence, the functional integral (16.202) factorizes as follows [compare (15.370)] 


Pz (xi, x 2 ; 0) = G 0 (x 1 - x' 1 ; 2 i)G 0 (x 2 - x' 2 ;z 2 ), 
where Go(x.i — x'; zf) are the free correlation functions of the polymer fields: 

Go^-x'^nvf (xovrvj)- 

In momentum space, the correlation functions are 

1 


(^(k i )^r(k'))=^ 3 )(k i -k: ; ) 


k? + m 2 ’ 


such that 


and 


G 0 (xj - x'; Zi) = J 


d 3 k 

(2^p 


ikx 


k? 


’ 


(16.204) 


(16.205) 


(16.206) 


(16.207) 


rc+ioo yrjy. 

G 0 (xi - x'; Li) = / — —e ZiLi G 0 {xi - x'; z. t ) 

J c—ioo 


1 / M 


2 V4t xLi 


3/2 


0 ~M(x i -x' i )/2L i 


(16.208) 
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The partition function (16.196) is then given by the integral 

Z = 2ir d 3 xid 3 X 2 lim Go(xi — x^; Li)Go(x 2 — x 2 ; L 2 ). 

J X'l^Xi 

X 2^ X = 

The integrals at coinciding endpoints can easily be performed, yielding 

2t tM 3 V 2 


(16.209) 




(87r) 3 


-(L!L 2 )- 3 / 2 . 


(16.210) 


It is important to realize that in Eq. (16.195) the limits of coinciding endpoints x' —> x. ( and 
the inverse Laplace transformations do not commute unless a proper renormalization scheme is 
chosen to eliminate the divergences caused by the insertion of the composite operators \ip a (x.)\ 2 . 
This can be seen for a single polymer. If we were to commuting the limit of coinciding endpoints 
with the Laplace transform, we would obtain 


nc+ioo 


dz 


pc+ioo 


dz 


7T e lim G 0 (x — x'- z) = / — 1 -e zL G 0 {0, z) 


27T x'—>X 


27 xi 


where 

G 0 (0; z) = (|t/>(x)| 2 ). 

This expectation value, however, is linearly divergent: 

W(x)|2) = / wzr? -* °°- 

16.8.3 Calculation of Numerator in Second Moment 

Let us now turn to the numerator in Eq. (16.181): 


(16.211) 


(16.212) 


(16.213) 


N = / d 3 x\d 3 X 2 / dm m 2 Pl 1> l 2 (xi, x 2 ; ?77.). 

J J —OO 


(16.214) 


We shall set up a functional integral for N in terms of the auxiliary probability P?(xi, x 2 ; 0) 
analogous to Eq. (16.195). First we observe that 


N = 


d 3 xid 3 r 2 


dm m~ lim 

X' ->Xi 


Mdzi Mdz 2 
27 ri 27 ri 


x e 


/ OO 

dXe~ imX Pg(xi,x 2 ', A). 

-OO 


The integration in m is easily performed after noting that 


dm. m 2 e * mA P i -(x 1 ,x 2 ; A) = — 


dm 


( d 2 
VSA 2p 


imX 


P?(xi,x 2 ; A). 


(16.215) 


(16.216) 


After two integrations by parts in A, and an integration in m, we obtain 

, . . f c+io ° Mdz i Mdz 2 „ T 4 -, 7 

N = / d 3 x 1 d 3 x 2 lim (-1) / - - - -e ZlLl +^ L2 

J X W X 1 dc-ioo 

X 2 ^ X 2 

/•°° r a 2 

x / dA d(A) —P ? (xi,x 2 ; A) 


(16.217) 
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Performing the now the trivial integration over A yields 


X ^ X2 

To compute the term in brackets, we use again (16.197) and Eqs. (16.198)—(16.223), to find 


N= d 3 x\d 3 X2 lim 


MdziMdz2 eZiLi+Z2L2 
2ni 2i ti 


x J Z> (fields) exp(-Al 0 )|V’“ 1 ( x i)| 2 |' ! /’ 2 2 ( x 2 )| 2 


x|( /*A 2 .$*V$ 2 ] +^- I d 3 xA 2 2 \y-' 2 


(16.219) 


In this equation we have taken the limits of coinciding endpoint inside the Laplace integral over 
z i, Z' 2 - This will be justified later on the grounds that the potentially dangerous Feynman diagrams 
containing the insertions of operations like |\I/i| 2 vanish in the limit 711,712 —> 0. 

In order to calculate (16.219), we decompose the action into a free part 


A° 0 = A C s+[d 3 x |D 1 4' 1 | 2 + |VT 2 | 2 + ^2|T l | 2 , 
L i—1 


and interacting parts 


A° = J d 3 x j 1 (x)-A 1 (x), 


with a “current” of the first polymer field 


ji(x) = j$;(x)V$i(x), 


(16.220) 


(16.221) 


(16.222) 


A o = \J rf3x A il^i ( x )| 2 


Expanding the exponential 


= e A%+Al+Al = e A 0 1 -AL + { A SlL-A$ + ... 


(16.223) 


(16.224) 


and keeping only the relevant terms, the functional integral (16.219) can be rewritten as a purely 
Gaussian expectation value 


N = k~ d 3 xid 3 X 2 lim 


MdziMdz2 eZlLl+ZaLa 

2ni 2ni 


x J 2?(fields) exp(—„4 q)|V , “ 1 ( x i)| 2 |^2 2 ( x 2 >| 2 


d 3 x I d 3 x A 2 |Ti' 2 


d 3 x A 2 • 4*V4 2 ) + ^- I d 3 x A 2 |T 12 


(16.225) 
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Figure 16.23 Four diagrams contributing in Eq. (16.225). The lines indicate correlation 
functions of T,j-fields. The crossed circles with label i denote the insertion of |\Eh(xj)| 2 . 


Note that the initially asymmetric treatment of polymers C± and C 2 in the action (16.187) has led 
to a completely symmetric expression for the second moment. 

Only four diagrams shown in Fig. 16.23 contribute in Eq. (16.225). The first diagram is 
divergent due to the divergence of the loop formed by two vector correlation functions. This 
infinity may be absorbed in the four-U/ interaction accounting for the excluded volume effect which 
we do not consider at the moment. We now calculate the four diagrams separately. 


16.8.4 First Diagram in Fig. 16.23 

From Eq. (16.225) one has to evaluate the following integral 


/>c-\-ioo 


N, = 


lim 

■n-1 —►() 
” 2-*0 ' 


Mdzi Mdz2 
2ni 2 tt i 


—e Zlil+22i2 J d 3 x±d 3 X 2 J d 3 x' 1 d 3 x' 2 (16.226) 


x (|^(x 1 )| 2 |^ 2 (x 2 )| 2 (|vI/ 1 | 2 A 2 ) x/ (|T 2 | 2 A 2 ) x , 


As mentioned before, there is an ultraviolet-divergent contribution which must be regularized. The 
system has, of course, a microscopic scale, which is the size of the monomers. This, however, is not 
the appropriate short-distance scale to be uses here. The model treats the polymers as random 
chains. However, the monomers of a polymer in the laboratory are usually not freely movable, so 
that polymers have a certain stiffness. This gives rise to a certain persistence length £0 over which 
a polymer is stiff. This length scale is increased to £ > £0 by the excluded-volume effects. This is 
the length scale which should be used as a proper physical short-distance cutoff. We may impose 
this cutoff by imagining the model as being defined on a simple cubic lattice of spacing £. This 
would, of course, make analytical calculations quite difficult. Still, as we shall see, it is possible to 
estimate the dependence of the integral Ni and the others in the physically relevant limit in which 
the lengths of the polymers are much larger than the persistence length £. 

An alternative and simpler regularization is based on cutting off all ultraviolet-divergent con¬ 
tinuum integrals at distances smaller than £. 

After such a regularization, the calculation of N\ is rather straightforward. Replacing the 
expectation values by the Wick contractions corresponding to the first diagram in Fig. 16.23, and 
performing the integrals as shown in Appendix 16A, we obtain 

N . = EAh(i 1 t s )-ij( 1 <i»[(l -«)»]-* (16.227) 

X j\t [(1 - ()<]"* / ATjTp 


The variables x and y have been rescaled with respect to the original ones in order to extract the 
behavior of Ni in L\ and L 2 - As a consequence, the lattices where x and y are defined have now 
spacings £/y/~Li and £/\/T 2 respectively. 
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The x,y integrals may be explicitly computed in the physical limit Li,L 2 £, in which the 
above spacings become small. Moreover, it is possible to approximate the integral in x" with an 
integral over a continuous variable l and a cutoff in the ultraviolet region: 

F ~ < 16 ' 228 > 

After these approximations, we finally obtain 

Ni = (16-229) 


16.8.5 Second and Third Diagrams in Fig. 16.23 

Here we have to calculate 


cC+ZOO 


No = k 2, lim 


MdziMdz2 Li+Z 2 L 2 f 3 3 


d 3 Xid 3 X2 I d 3 x\d 3 x"d 3 x' 2 


n^-^O 
n 2 —>-0 ' 


oo 27 ri 

x (|V>r(x 1 )| 2 |V'2 2 (x2)| 2 (A 1 .vD-*VvE- 1 ) x ,(A 1 .^V^ 1 ) x ,,(A||^ 2 | 2 ) x ,). 


(16.230) 


The above amplitude has no ultraviolet divergence, so that no regularization is required. The Wick 
contractions pictured in the second Feynman diagrams of Fig. 16.23 lead to the integral 

71^3 r 1 pt 

N 2 = - 4 V 2 VL 2 ' L7 1 — / dt dt'C(t, t'), (16.231) 

7r> do Jo 

where C(t,t’) is a function independent of L\ and L 2 : 


COX) = [(1 - - 0] _3/2 j XxSyXze-^-^'CH-t) 

x (vj. 

As in the previous section, the variables x, y, z have been rescaled with respect to the original ones 
in order to extract the behavior in L\. 

If the polymer lengths are much larger than the persistence length one can ignore the fact that 
the monomers have a finite size and it is possible to compute analytically, leading to 


0 —My 2 /2t' 


')(’ 


-Mx 2 /2(i-t'A Z ■ (Z + X) - (2 + X ) 2 Zj\ 
/ |z| 3 |z + x| 3 


(16.232) 


VT~ 1/2 

N 2 = - 2 1 M 3/2 (16.233) 

(2tt) 6 v ' 

where K is the constant 


K 




+ \s 







197T 

384 


0.154, (16.234) 


and B(a,b) = T(a)T(b)/T(a + b) is the Beta function. For large L\ 00 , this diagram gives a 
negligible contribution with respect to N±. 

The third diagram in Fig. 16.23 give the same as the second, except that L\ and L 2 are 
interchanged. 


A 3 = N 2 \l 1 <+l 2 - 


(16.235) 
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16.8.6 Fourth Diagram in Fig. 16.23 

Here we have the integral 


N 4 = — 4 « 2 ^ lhn 


im f MdziMdz 2 Li+Z2L2 f d 3 d 3 f d 3 f d 3 ' d 3 n d 3 // 

\-%Jc-ioo 27Ti 2 tt* J 2 J 1 2 1 2 

x ( |V’? 1 (xi)| 2 |V’2(x^ 2 )| 2 (A 1 -^V4' 1 ) x ,(A 1 -4 , *V4' 1 ) x ,, 

x (A 2 -^Vtf 2 ) x , (A 2 • ^Vtf 2 ) x „ Y 


which has no ultraviolet divergence. After some analytic effort we find 
1 M 5 V 


N 4 = - 


16 (27r) 


li 


where 


C(s, s'; t, t') = [(1 - s)s'(s - s')]" 372 [(1 - t)t\t - t')} 


1-3/2 


d 3 p 

(2^)3 


p a pp p a pp 


(16.236) 


(LiLa)” 1 / 2 f ds f ds’ f dt [ dt'C(s,s' (16.237) 
Jo Jo Jo Jo 


(16.238) 


d 3 zWe“^ p(x '“ y,) e“ Mx ' 2/2(1 ~ 5) (v^e- My ' 2/2t ') (v^e- M(x “ y)2/2(s - s,) y 

dVdVe-*^ P(u'- V ') e -« V ' 2 / 2 (W) (v^e- Mu ' 2 /2t'^ ^ v fc /e -M(u'-v') 2 /2(t-i') j 


and x',y' are scaled variables. To take into account the finite persistence length, they should be 
defined on a lattice with spacing £/yTi". Similarly, u',v' should be considered on a lattice with 
spacing £/v / T 2 . Without performing the space integrations d 3 x'd 3 y'd 3 u'd 3 v', the behavior of N 4 
as a function of the polymer lengths can be easily estimated in the following limits: 

1. L\ /§> 1; L\ /§> L 2 


N 4 oc Ly x (16.239) 

2. L 2 1; L 2 /§> L\ 

N 4 oc L^ 1 (16.240) 

3. L 4 ,L 2 1, L 2 /L 1 = a = finite 

N 4 oc L~ 3/2 . (16.241) 

Moreover, if the lengths of the polymers are considerably larger than the persistence length, 
the function C(s, s' can be computed in a closed form: 

N 4 « j\sj\t{l-s){l~t){stf/ 2 

x [Lit(l-s) + L 2 (l-t)s]“ 1/2 . (16.242) 

It is simple to check that this expression has exactly the above behaviors. 
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16.8.7 Second Topological Moment 

Collecting all contributions we obtain the result for the second topological moment: 

. 2 . JVi + n 2 + n 3 + n 4 


(16.243) 


with N u N 2 , N 3 , N 4: Z given by Eqs. (16.210), (16.229), (16.233), (16.235), and (16.231). 

In all formulas, we have assumed that the volume V of the system is much larger than the size 
of the volume occupied by a single polymer, i.e., V L\ 

To discuss the physical content of the result (16.232), we assume C 2 to be a long effective 
polymer representing all polymers in a uniform solution. We introduce the polymer concentration 
l as the average mass density of the polymers per unit volume: 

(16.244) 


—. (16.245) 

a 


l = 


M 

V ’ 


where M is the total mass of the polymers 


N v 


M = ^ m a 


Here m a is the mass of a single monomer of length a, Lk is the length of polymer Ck, and N p is 
the total number of polymers. Thus Lk/a is the number of monomers in the polymer Ck■ The 
polymer C± is singled out as any of the polymers Ck, say Cj,, of length L i = Lj.. The remaining 
ones are replaced by a long effective polymer C 2 of length L 2 = a^^Lk- From the above relations 
we may also write 


L 2 


aVl 

m a 


(16.246) 


In this way, the length of the effective molecule C 2 is expressed in terms of physical parameters, the 
concentration of polymers, the monomer length, and the mass and volume of the system. Inserting 
(16.246) into (16.232), with N 4 , 7V 2 , N 3 , N 4 , Z given by Eqs. (16.210), (16.229), (16.233), (16.235), 
and (16.231). and keeping only the leading terms for V 1, we find for the second topological 
moment (m 2 ) the approximation 


(■ m 2 ) 


N 4 +N 2 

z 


and this has the approximate form 


al T C” 1 Li 2KL\ /2 

m a 27r 1 / 2 M 2 7r 4 M 3 / 2 ’ 


(16.247) 


(16.248) 


with I\ of (16.234). 

Thus we have succeeded in setting up a topological field theory to describe two fluctuating 
polymers C\ and C 2 , and calculated the second topological moment for the linking number m 
between C\ and C 2 . The result is used as an approximation for the second moment for a single 
polymer with respect to all others in a solution of many polymers. 

An interesting remaining problem is to calculate the effect of the excluded volume. 


16.9 Chern-Simons Theory of Statistical Interaction 

The Chern-Simons theory (16.153) together with the coupling (16.152) generates 
the desired topological interaction corresponding to the Gaussian integral between 
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pairs of curves C and C' . We now demonstrate that this topological interaction is 
the same as the statistical interaction introduced in Eq. (7.279) and encountered 
again in (16.26), where it governed the physics of a charged particle running around 
a magnetic flux tube. This observation will make the Gaussian integral and thus 
the Chern-Simons action relevant for the description of the statistical properties 
of nonrelativistic particle orbits. In contrast to the electromagnetic generation of 
fractional statistics for particle orbits in Section 16.2 via the Aharonov-Bohm effect, 
the field theory involving the statisto-magnetic vector potential has the advantage of 
removing the asymmetry between the particles, of which one had to carry a charge, 
the other one a magnetic flux. An arbitrary number of identical particle orbits 
can now be endowed with a fractional statistics, the same that was produced by 
topological interaction (7.279). 

To prove the equality between the two topological interactions in two space and 
one time dimension, consider an electron in a plane encircling an infinitely thin 
magnetic “flux tube” at the origin (the word flux tube stands between quotation 
marks since the “tube” is only a point in the two-dimensional space). In a Euclidean 
spacetime, the worldline of the electron C winds itself around the straight “flux tube” 
C along the r-axis. For this geometry, the integral over C in (16.134) can easily 
be done using the formula [7^. dt/-\/t 2 + d 2 = 2. The result is 

G(C,C') = J dr x(r)Vy?(x(r)) = J dr0(x(r)), (16.249) 

where <p(x(r)) denotes the azimuthal angle of the electron with respect to the “flux 
tube” at the time r 

Up to a factor 2 tt, the expression (16.249) agrees with the statistical interaction 
in (16.26) and (7.279). In two space and one time dimension, the behavior under 
particle exchange can be assigned to an amplitude at will by adding to the Euclidean 
action a Gaussian integral with a suitable prefactor. A phase factor e l6 is produced 
by the exchange when choosing the following Euclidean action-at-a-distance: 

A,int = i2h0G(C, C'). (16.250) 

This topological interaction is generated by the Chern-Simons action 

A.cs = ^j-Jd 3 x A • (V x A). (16.251) 

The phase angle 9 is related to the former parameter po of the statistical interactions 
(16.26) and (7.279) by 

9 = np 0 . (16.252) 

For p 0 = ±1, ±3, ±5,... , the particle orbits have Fermi statistics; for p 0 = 
0, ±2, ±4,... , they have Bose statistics. Fractional values of p 0 lead to fractional 
statistics. In contrast to the magnetic generation of fractional statistics, the Chern- 
Simons mechanism applies to any number of particle orbits. By one of the methods 
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discussed after Eq. (16.169) it must, however, be assured that the Gaussian “self¬ 
energy” does not render any undesirable nontopological contributions. 

To maintain the analogy with the magnetic interactions as far as possible, we 
write the Chern-Simons action for a gas of electrons in the form 

h^/ AAx(VxA) ' (16 - 253) 

and the coupling of the statisto-magnetic vector potential to the particle orbits as 

M e curr = —i~ dxA(x) — i-<f dxA(x). (16.254) 

c Jc cJc 

This looks precisely like the Euclidean coupling of an ordinary vector potential to 
electrons. For an arbitrary number of orbits we define the Euclidean two-dimensional 
current density 


j(x)=ecW dx a S^- 3 \x — x a ) (16.255) 

Q, J Cqc 

and write the interaction (16.254) as 

•Ae, curr = J dfx j (x) A(x). (16.256) 

The curl of the vector potential 

BeVxA (16.257) 

is referred to as a statisto-magnetic field. By varying (16.253) plus (16.256) with 
respect to A(x), we obtain the field equation 

B(x) = /i 0 —y- j(x). (16.258) 

e z 

With the help of the elementary flux quantum $o, this can also be written as 

B(x) = /xo<f>o-j(x). (16.259) 

e 

To apply the above formulas, we must transform them from the three-dimensional 
Euclidean spacetime to the Minkowski space, where the curves C a become particle 
orbits in two space dimensions whose coordinates xi = (x, y ) are functions of the 
time t. Specifically, we substitute the three coordinates (aq, x 2 , x 3 ) as follows: 


(x 1 ,x 2 ) -X xj_ = (x,y), 
X 3 —> ix o = ict. 
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The Euclidean field components ^ 1 , 2,3 go over into the Minkowskian statisto-electric 
potential<j) and two spatial components A x>y . The three fields £> 1 , 2,3 turn into the 
Minkowskian statisto-electric fields E y ,E x and a statisto-magnetic field B z : 

A 3 = i(j> = iA 0 , A 1 = A x , A 2 = A y , 

B 3 = iB z , Bi = —iE y , B 2 = iE x . (16.260) 

The Euclidean currents become, up to a factor i, the two-dimensional charge and 
current densities: 


k = ijo = icp(x.±), p(x) = e^)<5 (2) (x ± - x ±Q ), 

a 

ji = ijx(x. l) = e^i Q 5 (2) (x ± - x_|_ Q ), 

a 

j 2 = ij y (xj_) = e kb (2) (xj. - xj_„), (16.261) 


where p is the particle density per unit area. The motion of a particle in an external 
field (j), A x , A y is then governed by the interaction 


•Ant 


d,td 2 x 


pfi (,JxA x T j X Ay 
c 


(16.262) 


Conversely, particles with fractional statistics in a 2+1-dimensional spacetime 
generate Minkowskian statisto-electromagnetic fields following the equations 

B z = po $ 0 p, E x = /+_)*!+ ~jy > E y = Po^o^jx- (16.263) 

The electromagnetic normalization in Eq. (16.262) has the advantage that a 
charged particle cannot distinguish a statisto-magnetic field from a true magnetic 
field. This property forms the basis for a simple interpretation of the fractional 
quantum Hall effect as will be seen in Section 18.9. 


16.10 Second-Quantized Anyon Fields 


After the developments in Chapter 7, we should expect that the phase factor e* Mo7r , 
appearing in the path integral upon exchanging the endpoints of two anyonic orbits, 
can also be found in a second-quantized operator formulation. To verify this, we 
consider a free Bose field with the action (7.286) and couple it with a statisto- 
electromagnetic field subject to a Chern-Simons action. The resulting free anyon 
action reads 


Aanyon Acs T A] 


boson j 


(16.264) 


where 

A>o Son 


d 2 x dt|t/ ; *( x ^) 


ifi ( d t + i-0(x, t )) + ft 


V>(x,f) 


h 2 
2 M 


V-^A(x,() 


V’OM) 


(16.265) 
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The latter corresponds to the action (7.286) in the continuum limit with the deriva¬ 
tives replaced by covariant derivatives according to the usual minimal substitution 
rule (2.644): 

Po-^Po~-4>, P —^ P — -A. (16.266) 

c c 

The first field equation in (16.263) now reads 

B z {x, t ) = no® o^ f ( x , t), (16.267) 

so that the vector potential satisfies the differential equation 

d x A y (x, t) - d y A x (x, t) = no$o ^ f ( x , t). (16.268) 

It determines (A x ,A y ) up to the gauge freedom (d x A,d y A), where A(x, t) is an 
arbitrary single-valued function satisfying Schwarz’ integrability condition 

(Ar.dy ~ d y d x ) A(x, t) = 0. (16.269) 

In the present case, it is useful to allow for a violation of this condition by searching 
for a multivalued function a(x, t) whose gradient is equal to a given vector potential: 

(A x ,A y ) — (d x a,d y a). (16.270) 

This function must obey the differential equation (recall the discussion in Ap¬ 
pendix 10A) 

27r/zc 

(d x dy - dyd x )a(x , t) = t). (16.271) 

The Green function of this differential equation, which is the elementary building 
block for the construction of all multivalued functions in two dimensions, is the 
function used before in Eq. (16.249) [see also (10A.30)]: 

9 ?(x — x') = arcta n[(y — y')/(x — x')]. (16.272) 

It gives the angle between the vectors x and x' and violates the Schwarz integrability 
condition at the points where the vectors coincide [recall (10A.33)]: 

( d x d y — d y d x )(p{x — x') = 27 t<5 (2) (x — x'). (16.273) 

To satisfy this equation, the cut of the arctan in the complex plane must be avoided, 
which is always possible by deforming it appropriately. The function tp (x — x') has 
the important property 

<£>(x — x') — <p(x' — x) = 7r. (16.274) 

In the two terms on the left-hand side, the point x' is moved around the point x in 
the anticlockwise sense. 
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With the help of the multivalued Green function (16.272) we find immediately 
the solution of Eq. (16.271): 

Tic c , 

a(x, t) = p 0 — / d 2 xcp('x — x'W( x , t)ipix., t). (16.275) 

e J 

The relation (16.270) permits the elimination of the statisto-magnetic field from the 
action. Actually, this statement is true in general. One can always multiply the 
fields ^(x, t) by a phase factor 


exp 




dx! A(x', t) 


5 


where the contour integral is taken to x from any fixed point along some fixed path. 
In front of the transformed field 


T(x,f) = e -i(e / Rc ) / x *c' A ( x ',t ) ^( x>i ) j (16.276) 

the covariant derivatives 

A^(x, t) = (di t) (16.277) 

he 

become ordinary derivatives d t . Unfortunately, the new field T(x, t) depends on 
the vector potential in a complicated nonlocal way so that this transformation is in 
general not worthwhile. In the present case, however, the equation of motion for 
the vector potential is so simple that the transformation can be done explicitly. In 
fact, the nonlocality has precisely the desired property of changing the statistics of 
the fields from Bose statistics to any statistics. 

We show this by considering the field operators ^(x, t) which are canonically 
quantized according to Eq. (7.294). In the continuum limit they satisfy the commu¬ 
tation rules 


[V>(x,f),'0 t (x',f)] = <5 (2 ) (x-x), 

[V> t (x,f),'0 t (x / ,f)] = 0, (16.278) 

[-0(x,f),'0(x , ,t)] = 0. 

The transformed field operators satisfy the corresponding commutation rules mod¬ 
ified by a phase factor e* Mo7r : 

■0(x, £)^t(x', t) — e ,fWl ^(x', t)'0(x, t) = <5 (2 ^(x — x'), 
V> t (x,f)V> t (x / ,f)-e i7rM '0 t (x / ,f)V> t (x,f) = 0, (16.279) 

^(x,f)V>(x',t) - e i7rw ^(x / ,t)^(x,t), = 0. 

As in (16.274), the vector x' on the left-hand side has to be carried around x in 
the anticlockwise sense. Using the relation (16.270), the integral in the prefactor of 
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(16.276) can immediately be performed and the transformed fields are simply given 
by 

■0(x, t) = e - ^ a(x,t V(x. t), ^(x, t) = . (16.280) 

The same relations hold for the second-quantized held operators. This makes it 
quite simple to prove the commutation rules (16.279). We do this here only for the 
second rule which controls the behavior of the many-body wave functions under the 
exchange of any two-particle coordinates: 

(x, t (x', t) - e^ffi (x', t)ft (x, t) = 0. 


This amounts to the relation 


^(x, t)e* fic “ < - x '^'0^(x', t)e lhc 


_ e i7r/x 0 ,/,t 


, t)e* Rc “^ x, '*' ), 0^(x, t)e lhc 


-Q:(x,t) 


(16.281) 


The phase factors in the middle can be taken to the right-hand side by using the 
transformation formula 

e */d 2 x7(x , ,qy t ( x ,qy( x ,q^tj' x ^ (16.282) 


which follows from the Lie expansion [recall (1.297)] 

e iA Be~ iA = 1 + i[A, B] + '^ [A, [A, B}\ + ... . 

Setting /(x) equal to no v?(x — x'), Eq. (16.281) goes over into 
^ f (x, t)^ f (x, t) e iw>v(x-x') e <^[&(x ) t)+a(x',t)] 

= e^ w ^ t (x / ,t)^ t (x,t)e iw</,(x, ' x) e^ [ " (x, ’ t)+ " (x ^ )1 . 


(16.283) 


(16.284) 


The correctness of this equation follows directly from the property (16.274) of the 
<f(x) held and from the commutativity of the Bose holds ^qx, t) with each other. 
This proves the second of the anyon commutation rules (16.279). The others are 
obtained similarly. 

Note that we could just as well have constructed the anyon helds from Fermi 
holds by shifting the exchange phase by an angle n. 


16.11 Fractional Quantum Hall Effect 

If particles obeying fractional statistics move in an ordinary magnetic held, they 
are also subject to a statisto-magnetic field. As observed earlier, this acts upon 
each particle in the same way as an additional true magnetic held. This observation 
provides a key for the understanding of the fractional quantum Hall effect. The 
arguments will now be sketched. 

To measure the effect experimentally, a thin slab of conducting material (the 
original experiment used the compound Al x Gai_ x As) is placed at low temperatures 
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(« 0.5 K) in the xy -plane traversed by a strong magnetic field B z (between 10 and 
200 kG) along the z-axis. An electric field E x is applied in the x-direct ion and an 
electric Hall current j y per length unit is measured in the ^/-direction. Such a current 
is expected in a dissipative electron gas with a number density (per unit area) p, 
where the fields satisfy the relation 

E x = -^iyBz (16.285) 

(see Appendix 16E). The transverse resistance defined by 

R xv = — (16.286) 

pec 

rises linearly in B z . Its dimension is sec/cm. In contrast with this naive expectation, 
the experimental data for R xy rise stepwise with a number of plateaus whose resis¬ 
tance take the values h/e 2 z/, where v is a rational number with odd denominators: 

n = U,U,§,... . (16.287) 


We have omitted the observed number v — § since its theoretical explanation re¬ 
quires additional physical considerations (see the references at the end of the chap¬ 
ter). 

Similar plateaus had been observed at integer values of v. Those are explained 
as follows. 

In an ideal Fermi liquid at zero temperature, the electron orbits have energies 
p 2 /2 M. Their momenta fill a Fermi sphere of radius pp- The size of pp is determined 
from the particle number per unit area p via the phase space integral 


pL x Ly 2 x 


(Ipx dpy L x Ly 

(2n h) 2 


(16.288) 


where L x and L y are the lengths of the rectangular layered material in the x- and 
y-directions. The factor 2 accounts for the two spin orientations. The rotationally 
invariant integration up to Pf yields 


Pf = \j2Ttph. (16.289) 

By switching on a magnetic field B z , the rotational invariance is destroyed and 
the electrons circle with a velocity v = c or on Landau orbits around the ^-direction 
with the cyclotron frequency u = eB/Me. In quantum mechanics, the system corre¬ 
sponds to an ensemble of harmonic oscillators which in the gauge A = (0, Bx, 0) [see 
Eq. (9.93)] move back and forth in the x-direction and have a spectrum (n + l/2)Tua 
[see Eq. (9.100)]. The phase space integral in the x-direction / dp x L x j{2itK) be¬ 
comes therefore a sum over n. The center of oscillations is xq = p y /Muj [see 
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Eq. (9.95)], so that the remaining phase space integral / dp y L y /(2nh) can be in¬ 
tegrated to MuL x /(2nh). Thus (16.288) gives, for each spin orientation, 


P 


Mid 


1 

2 nh 


£• 


n =0 


(16.290) 


The number of filled levels is v — Uf + 1. In the vacuum, the levels of one ori¬ 
entation are degenerate with those of the opposite orientation at a neighboring n 
(up to radiative corrections of the order a ~ 1/137). This is due to the anoma¬ 
lous magnetic moment of the spin-1/2 electron being equal to one Bohr magneton 
p B = eh/2A / Ic ~ 0.927 x 10~ 20 erg/gauss (i.e., twice as large as classically expected, 
the factor 2 being caused by the relativistic Thomas precession). Due to the factor 
2 , the energy levels for the two orientations are split by c oh, which is precisely equal 
to the energy difference between levels of neighboring n. In a solid material, how¬ 
ever, the anomalous magnetic moment is strongly renormalized and the degeneracy 
is removed. There, every level has a definite spin orientation. 

According to Eq. (16.290), the highest level is occupied completely if each level 
has taken up a particle number corresponding to its maximal filling density 

Pmax = tt-t- (16.291) 

27TO 

At smaller magnetic fields, this density is small and the electrons are spread over 
many levels whose number v is given by 


P 


Min 

— tv. 

2 nk 


Expressing u in terms of B z leads to 


B z he 1 
p e v 


(16.292) 


(16.293) 


Using the flux quantum <f> 0 = /rc/e, this equation states that the magnetic flux per 
electron 


4> = — (16.294) 

P 

has the value 

<f> 1 

— = -. (16.295) 

$o v 


If the magnetic field is increased, the Landau levels can accommodate more electrons 
which then reside in a decreasing number v of levels. By inserting into Eq. (16.286) 
the values of B~ at which the highest level becomes depleted, one obtains precisely 
the experimentally observed quantized Hall resistances 


R 


xy ~ 


h_l 

e 2 v 


(16.296) 
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Figure 16.24 Values of parameter is, at which plateaus in fractional quantum Hall 
resistance h/e 2 u are expected theoretically. The right-hand side shows the values 
is cS /{2mis cS + 1), the left-hand side n cff /(2 mis cS — 1). The full circles indicate the values 
found experimentally. 

with integer values of is. The assumption of a statisto-magnetic interaction makes it 
possible to explain the fractional quantum Hall effect by reducing it to the ordinary 
quantum Hall effect. 

In the fractional quantum Hall effect, the magnetic field is so strong that even 
the lowest Landau level is only partially filled. This is why one did not expect any 
plateaus at all. According to a simple idea due to Jain, however, it is possible to 
relate the fractional plateaus to the integer plateaus. For this one assumes that 
the electrons in the ground state of the fractional quantum Hall effect carry an 
even statisto-magnetic flux —2m<ho due to the presence of a Chern-Simons action. 
For the wave function, this amounts to a statistical phase factor e* 2?rm under the 
exchange of two particle coordinates; it leaves the Fermi statistics of the electrons 
unchanged. Now one takes advantage of the observation made in the last section that 
the electrons cannot distinguish a statisto-magnetic held from an external magnetic 
held. They move in Landau orbits enforced by the combined held 

Bf = B Z - Bf a \ Hf at = 2m$ 0 p. (16.297) 

The cyclotron frequency of the electrons in their Landau orbits is 

w eff = eBf/Mc. (16.298) 

Since the effective held is now much smaller than the external held, the Landau 
levels possess a greatly reduced capacity. Thus the electrons must be distributed 
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over several levels in spite of the large magnetic field. The number decreases as the 
field grows further. The steps appear at those places where the effective magnetic 
field has its integer quantum Hall plateaus, i.e., at the effective magnetic fields 

Bf = ±p$ 0 /u eS , u eS = 1, 2, 3,... . (16.299) 

The values of z/ e ff are related to the //-values of the external magnetic field as follows: 

±-^ = - - 2m. (16.300) 

u eS v ’ 

From this one has 


2mz/ eff ± 1 

The resulting values of v on the integer-valued plane spanned by the numbers m 
and iv cS are shown in Fig. 16.24. Only odd denominators are allowed. The values of 
v found by this simple hypothesis agree well with those of the lower experimental 
levels (16.287). 

16.12 Anyonic Superconductivity 

At the end of Section 16.3 we have mentioned that an ensemble of particles with 
fractional statistics in 2+1 spacetime dimensions exhibits Meissner screening. This 
has given rise to speculations that the presently poorly understood phenomenon of 
high-temperature superconductivity may be explained by anyons physics. The new 
kind of superconductivity is observed in materials which contain pronounced layer 
structures, and it is conceivable that the currents move in these two-dimensional 
subspaces without dissipation. With some effort it can indeed be shown that in 2 +1 
dimensions a Chern-Simons action may be generated in principle 10 by integrating 
out Fermi fields. Accepting this, we can easily derive that an addition of this action 
to the usual electromagnetic field action gives the magnetic field a finite range, i.e., 
a finite penetration depth. The usual electromagnetic action reads 

A = [ dtd 3 x[ E 2 - (V x A) 2 ], (16.302) 

87 t J 

where E is the electric field 

1 f) \ 

E =- — — VA 0 . (16.303) 

c at 

In the Euclidean formulation with x 4 = ict, the action becomes 

Ae = f d 4 x[ E 2 + (V x A) 2 ]. 

10 See Notes and References at the end of the chapter. 


(16.301) 


(16.304) 
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To add the Chern-Simons action, we restrict the spacetime dimensionality to 3. 
The restriction is imposed by considering a system in 4 spacetime dimensions and 
assuming it to be translationally invariant along the fourth coordinate direction x 4 . 
Then there are no electric fields, and the Euclidean action becomes 

L f 

A e = - / d 3 x(V x A) 2 , (16.305) 

oTTC J 

where L denotes the length of the system in the ^-direction. To this, we now add 
the Chern-Simons action (16.253) and the current coupling (16.256). By extremizing 
the total action, we obtain the field equation: 

L e 2 1 

— Vx(VxA) + i - V x A = i — j. (16.306) 

47TC znAripo c z 

For the magnetic field B = V x A, the equation reads 

—(V x B-HA _1 B) = i4j, (16.307) 

47TC C l 

where the parameter A denotes the following length (a = e 2 /hc = fine-structure 
constant « 1/137): 

A s! w L = £ L - “ 

By multiplying (16.307) vectorially with V and using the equation once more, we 
obtain 

T-(_V 2 + A- 2 )B = ilv x j + Ia-'j . (16.309) 

In the current-free case, the magnetic field is seen to have only a finite penetration 
depth A into the material. In an ordinary superconductor, this phenomenon is 
known as the Meissner effect. There it can be understood as a consequence of the 
induction of supercurrents in an ideal (i.e., incompressible and frictionless) liquid of 
charged particles, which lowers the invading magnetic held according to Lenz’ rule. 
In the absence of friction, there is a complete extinction. 

Recall that a superconductor with time-dependent currents and fields is governed 
by the characteristic London equation (see Appendix 16D) 

VxjocB. (16.310) 

For a two-dimensional superconductor, this amounts to 

(V x j ± ) 2 c xB z . (16.311) 

The above anyonic system shows a similar induction phenomenon. In the absence 
of currents, Eq. (16.309) determines the magnetic held B z from the particle density 
by 

B z = p 0 $op. (16.312) 
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If there are currents in the xy-plane jj_ = (j x ,j y ), the magnetic field is increased by 
A B z in accordance with the equation 

t —(— V 2 + A“ 2 )A B z = I(V x j ± ) z . (16.313) 

47rc c z 

This is the desired relation between the magnetic field and the curl of the current 
which indicates the superconducting character of the system expressed before in the 
London equation (16.311). The contact with the London equation is established by 
a restriction to smooth held configurations in which the first term in (16.313) can 
be ignored. 

Thus we conclude that the currents and magnetic fields in a two-dimensional 
system of anyons show Meissner screening. This is not sufficient to make the system 
superconductive since it does not automatically imply the absence of dissipation. In 
a usual superconductor, the existence of an energy gap makes the dissipative part of 
the current-current correlation function vanish for wave vectors smaller than some 
value k c . This value determines the critical current strength above which super¬ 
conductivity returns to normal. In the anyonic system, the absence of dissipation 
was proved in an approximation. Recent studies of higher corrections, however, 
have shown the presence of dissipation after all, destroying the hope for an anyonic 
superconductor. 

16.13 Non-Abelian Chern-Simons Theory 

The topological field interaction (16.153) can be generalized to nonabelian gauge 
groups. For the local symmetry group SU (N) it reads 

A,cs = j d 3 xe ijk tr at (AiW jA k + ^ A i A j A i k ^j , (16.314) 

where A t are Hermitian traceless N x A-matrices and tr n denotes the associated 
trace. In the nonabelian theory, the gauge transformations are 

Ai ++ UAiU~ l + iidtU)^ 1 . (16.315) 

It can be shown that they transform M C) cs as follows [10]: 

A,cs —t A e ,cs + 2irinkh, n = integer. (16.316) 

Thus, the action is not completely gauge-invariant. For integer values of k, however, 
the additional 2ninkh does not have any effect upon the phase factor e~A,cs/ ? ' in the 
path integral associated with the orbital fluctuations. Thus there is gauge invariance 
for integer values of k (in contrast to the abelian case where k is arbitrary). 

In the nonabelian theory, gauge fixing is a nontrivial issue. It is no longer possible 
to simply add a gauge fixing functional of the type (16.163). The reason is that the 
volume in the field space of gauge transformations depends on the gauge held. For 
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a consistent gauge fixing, this volume has to be divided out of the gauge-fixing 
functional as was first shown by Fadeev and Popov [11], For an adequate discussion 
of this interesting topic which lies beyond the scope of this quantum-mechanical text 
the reader is referred to books on quantum field theory. 

As in the abelian case, the functional derivative of the Chern-Simons action with 
respect to the vector potential gives the field strength 

Bi = e ijk F jk , (16.317) 

where Fij is the nonabelian version of the curl: 

Fn = diAj - djAi - i[A, Aj], (16.318) 

In 1989, Witten found an important result: The expectation value of a gauge- 
invariant integral defined for any loop L, 

W L [ A] = tr jvW[A] = tr N Pe ,: i dxA , (16.319) 


the so-called Wilson loop integral , possesses a close relationship with the Jones poly¬ 
nomials of knot theory. The loop L can consist of several components linked in an 
arbitrary way, in which case the integral in W k [A] runs successively over all compo¬ 
nents. The operator P in front of the exponential function denotes the path-ordering 
operator. It is defined in analogy with the time-ordering operator T in (1.241): If 
the exponential function in (16.319) is expanded into a Taylor series, it specifies the 
order in which the N x A-matrices A (x), which do not commute for different x and 
i, appear in the products. If the path is labeled by a “time parameter”, the earlier 
matrices stand to the right of the later ones. The fluctuations of the vector potential 
are controlled by the Chern-Simons action (16.314). Expectation values of the loop 
integrals are defined by the functional integral 


(Wl[ A]) 


fVAie- A °’ cs / n W L [ A] 

/ VAie-W, cs A 


(16.320) 


To calculate the self-interaction of a loop, we proceed as described in the abelian 
case after Eq. (16.169) by spreading the line out into an infinitely thin ribbon of 
parallel lines. The borders of the ribbon are positioned in such a way that their 
linking number L k vanishes. If 0 denotes a circle, i.e., a trivial knot, one can show 
that 


(W 0 [A]) 


q N/2 _ g -N /2 
q l /2 _ ~ 1/2 ’ 


(16.321) 


with 


q = e ~ 2ni /( N + k )' 


(16.322) 


For an arbitrary link L one finds the skein relation (see Appendix 16C) 


q N/2 (W L+ [ A]) - q~ N/2 (W L _[ A]) = (g 1 / 2 - q~ l / 2 )(W Lo [A\). (16.323) 
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If N — 2, this agrees up to the sign of the right-hand side with the relation (16.114) 
for the Jones polynomials For general values of IV ^ 2, we obviously obtain 

with t = q~ N / 2 and a = q 1//2 — q~ x ! 2 = — [t l ^ N — t~ x ^ N ) the skein relations (16.122) 
of the HOMFLY polynomials. The important relation is 

= Hdt, t = e"/‘. (16.324) 

Since the second variable in H L (t,a ) appears only in even or odd powers, 
H L (t, —(t 1 / 2 — t -1 / 2 )) is a Jones polynomial up to a sign (—l) s+1 , where s is the 
number of loops in L. 

A favored choice of framing is one in which the self-linking number L k of each 
component is equal to the twist number or writhe w introduced in Eq. (16.110). 
Then the ribbon lies flat on the projection plane of the knot. This framing can easily 
be drawn on the blackboard by splitting the line L into two parallel running lines; 
it is therefore called the blackboard framing. Incidentally, each choice of framing 
can be drawn as a blackboard framing if one adds to the loop L an appropriate 
number of windings via a Reidemeister move of type I. These are trivial for lines 
and nontrivial only for ribbons (see Fig. 16.6). In the blackboard framing, each such 
winding changes the values L^ and w simultaneously by one unit. Thus L^ = w can 
be brought to any desired value. Take, for example, the trefoil knot in Fig. 16.2. In 
the blackboard framing it has the self-linking number = w = —3. This can be 
brought to zero by adding three windings via a Reidemeister move of type I. 11 

In the framing L ^ = w, the right-hand side of (16.324) carries an extra phase 
factor c w , where 

c = e -iM N2 ~PD N k' (16.325) 

For comparison: In the abelian Chern-Simons theory, the phase factor is c = 
e - 2 m/k^ an q the expectation (W k [A]) has the value c E ' 1 ^' Lk ‘ :i for a link of several 
loops labeled by i with vanishing individual self-linking numbers L^. In the framing 
Lki = Wi, the value is r •'•'•Aw; * 

The investigation of the properties of loops with nonabelian topological interac¬ 
tions is an interesting task of present-day research. 

Appendix 16A Calculation of Feynman Diagrams in 

Polymer Entanglement 

For the calculation of the amplitudes Ni,..., IV 4 in Eqs. (16.226), (16.230), (16.235), and (16.236), 
we need the following simple tensor formulas involving two completely antisymmetric tensors : 

e ijk e imn = 5f5l-5f5^, e ijk e^ l = 28 l k . (16A.1) 

The Feynman diagrams shown in Fig. 16.23 corresponds to integrals over products of the polymer 
correlation functions Go defined in Eq. (16.213), which have to be integrated over space and 

11 Mathematicians usually prefer another framing in which the ribbons lie flat on the so-called 
Seifert surfaces. 
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Laplace transformed. For the latter we make use of the convolution property of the integral over 
two Laplace transforms f(z) and g{z) of the functions /, g: 

rc+ioo wj , __ f-L 

/ — ~e zL f(z)g(z) = / dsf(s)g(L — S). (16A.2) 

J c—ioo 47T7, J 0 

All spatial integrals are Gaussian of the form 

J d 3 xe~ a * 2+2bx y = (27r) 3 / 2 a -3 / 2 e b2y2 /°, a > 0. (16A.3) 


Contracting the fields in Eq. (16.226), and keeping only the contributions which do not vanish in 
the limit of zero replica indices, we find with the help of Eqs. (16A.1) and (16A.2): 


rL 2 


Ni = J drxi,drx 2 J ds 


dt / d 3 x' 1 d 3 x ' 2 Gq(xi— x^; 5 )Gq(x / 1 — xi;Li — s) 


x G , o(x 2 -x' 2 ;t)Go(x' 2 -X 2 ;L 2 -i)pv 


■' 14 • 


Performing the changes of variables 

/ _ s _ t 

S ~ L X * ~ L 2 


x n — x: 


Xi — X, x 2 x 2 

x = —y = 


y/L l 


yfL-l 


(16A.4) 


(16A.5) 


and setting x" = x) — x 2 , we easily derive (16.227). 

For small £/vTi and we use the approximation (16.228). The space integrals can be 

done using the formula (16A.3). After some work we obtain the result (16.240). 

For the amplitude N 2 in Eq. (16.230) we obtain likewise the integral 


N 2 = J d 3 x\d 3 x 2 J d 3 x\d 3 x"d 3 x ’ 2 


ds / ds'Go (x^ - xi; Li - s) VA,G 0 (xi - x"; s')VG G 0 (x" - x^; s - s') 


x D ik (x' 1 - x 2 )D jk (x." - x 2 ) 


dt G 0 (x 2 - x 2 ; L 2 - t)Go(x 2 - x 2 ; t) 


(16A.6) 


where Dij(x, x') are the correlation functions (16.174) and (16.175) of the vector potentials. Setting 
x 2 = t/L^u + x 2 and supposing that Z/y/L^ is small, the integral over u can be easily evaluated 
with the help of the Gaussian integral (16A.3). After the substitutions x" = y/Lly + xi x^ = 
\fL\{ y — x) + xi, x 2 = V / Ai(y — x — z) + xi and a rescaling of the variables s, s' by a factor Lp , 
we derive Eq. (16.231) with (16.232). 

For small ^/y/Li^/y/L^, the spatial integrals are easily evaluated leading to: 


-yfWL~ x/2 L7 1 M-P‘ 1 f 1 f* , ,, f 

= -W-*‘ (1 -‘)V 


t-t' 

1 -t + t r 


(16A.7) 


After the change of variable t' —t t" = t — t'. the double integral is reduced to a sum of integrals 
the type 


:(n, m) = 


dtr 


dt't' 


1 -t r 


m, n = integers. 


These can be simplified by replacing t m by dt m+1 / dt(m + 1), and doing the integrals by parts. In 
this way, we end up with a linear combination of integrals of the form: 


f 1 f K +i / 3 1 \ 

L dt 7T = =t= B {'‘ + 2’2)- (16A8) 


The calculations of N 3 and N 4 are very similar, and are therefore omitted. 
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Appendix 16B Kauffman and BLM/Ho Polynomials 

The Kauffman polynomials are given by F(a,x ) = a~ w A(a,x), where w is the writhe and A (a,x) 
satisfies the skein relation 


A L+(a,x) + A L _(a,x) = x[A Lo (a,x) + A ioo (a,x)]. (16B.1) 

The subscripts refer to the same loop configurations as in Figs. 16.10 and 16.12. The trivial loop 
has 


A (a,x) = ——-1. (16B.2) 

z 

While the Kauffman polynomial is a knot invariant, the A-polynomial is only a ribbon invariant. 12 
If a winding Lt+ or Lt- is removed from a loop with the help of a Reidemeister move of type I 
in Fig. 16.6 (which for infinitely thin lines would be trivial while changing the writhe of a ribbon 
by one unit) then A (a,x) receives a factor a or a -1 , respectively (see Fig. 16.25). 




Figure 16.25 Trivial windings Lt+ and Lt -• Their removal by means of Reidemeister 
move of type I decreases or increases writhe w by one unit. 


The Kauffman polynomials arise from Wilson loop integrals of a nonabelian Chern-Simons 
theory, if the action (16.314) is SO(IV)- rather than SU(lV)-symmetric. A list of these polynomials 
can be found in papers by Lickorish and Millet and by Doll and Hoste quoted at the end of the 
chapter. 

The BLM/Ho polynomials are special cases of the Kauffman polynomials. The relation between 
them is Q(x) = F(l,x). 

Appendix 16C Skein Relation between Wilson Loop 

Integrals 

Here we sketch the derivation of the skein relation (16.323) for the expectation values of Wilson’s 
loop integrals (16.319). Let us decompose Ai in terms of the N 2 — 1 generators T a of the group 
SO{N): 


A t = J2 A ?Ta- (16C.1) 

a 

They satisfy the commutation rules 

[Ta,T b \ =ifabcT c . (16C.2) 

12 More precisely, F(a , a;) is invariant under the three Reidemeister moves which, in the projected 
picture of the knot in Fig. 16.6, define the ambient isotopy, whereas A changes under the first 
Reidemeister move, associated only with regular isotopy. whereas 
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For simplicity, we assume k to be very large so that we can restrict the treatment to the lowest 
order in 1/k. To avoid inessential factors of the constants e,c,h, we set these equal to 1. Under a 
small variation of the fields one has 


SW L [ A] 
M“(x) 


= ipj^dx'^ix - x!)T a {x!)W L [ A], 


(16C.3) 


where the path-ordering operator P arranges the expression to its right in such a way that T a is 
situated in Wl at the correct path-ordered place. To emphasize this, we have recorded the position 
of T a by means of an x-argument. More precisely, if we discretize the loop integral and write 


W l [A] = e M i( xl ) Al ie Ui (x 2 ) A:t i ... 


(16C.4) 


where x™ are the midpoints of the intervals Ax™, a differentiation with respect to one of the 
A;(x™)-fields replaces the associated factor e *A(xn)Ax™ by iT a e lAi< ' :x - n l A W. With the (5-function on 
a line L defined in Eq. (10A.8), we write (16C.3) as 


SW l [A] 

Mf(x) 


= iP5i (x, L)T a (x)Wl [A]. 


(16C.5) 


For simplicity, we assume x to be only once traversed by the loop L. 

If the shape of the loop is deformed infinitesimally by dS t = eijkdxid'xj , then Wl changes by 


SW L = idx l d , XjPF l a j {x)T a (x)W L , 

where F' A are the N 2 — 1 components of the nonabelian field strengths 

Fij = <),. 1 ; - djAi - i[Ai , Aj] 


(16C.6) 


(16C.7) 


and x the midpoints of the parallelograms spanned by dx and d'x. The derivation of Eq. (16C.6) 
is based on the observation that a change of the path by a small parallelogram adds to the line 
integral Wl a factor W |—|, which is a Wilson loop integral around the small parallelogram. The 
latter is evaluated as follows: 

_ e iAi(x.—d'x/2)dxi e iAj(x-\-dx/2)d' Xj e -iAi(x.-^-d , 'X./2)dxi e —iAj(x.—dx./2)d'xj 

fj\Ai(x.)dxi—dj Ai (xL)dxid' Xj +...] ( X )d' x 3-\-diAj (x.)dxid' Xj + ...] 


^ g— i[Ai ( x.)dxi~\~dj Ai (x)dxid'Xj + ...] i[Aj ( x.)d'xj —diAj (x.)dxid'Xj +...] 

giFij (x.)dxid'Xj 


(16C.8) 


The last line is found with the help of the Baker-Hausdorff formula e A e B = e A + B +[ A - B \/ 2 +--- (recall 
Appendix 2A). 

Let us denote the Cliern-Simons functional integral over lUz^A] by Wl- Their N x 5V-traces 
are ILl[A] and Wl- The latter differs from the expectation {Wl\ A]) in (16.320) by not containing 
the normalizing denominator, i.e., 


Wl= J VAe- A -- cs W L [A\. 

This changes under the loop deformation by 


(16C.9) 


SW r , = 


VA6W L [A}e~ Ae ’ cs 


= idxid'xj / VAF°-Ax)T a (x)W L [A]e 




(16C.10) 
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with the tacit agreement that a generator T a (x) written in front of the trace has to be evaluated 
within the trace at the correct path-ordered position. Now we observe that can also be obtained 
by applying a functional derivative to the Chern-Simons action (16.314): 


.47T &/4e,CS 

' t 


*?■(*)• 


(16C.11) 


This allows us to rewrite (16C.10) as 


47T 

T 


VA 


dSi 


Me,CS 

<5A“(x) 


T a (x)Wl [A] e _ ' 4e ’ cs 


and further as 


y j VAdS t T a (x)W L 
A partial functional integration produces 


n -A» 


<5A“(x) 

SW L [ A], 


k J J dSi a(x) SAf (x) 

which brings the variation to the form 

_ 4tT2 f 

5W L = / VAdSiSi(x, L)T 0 (x)T a (x)W / L[A]e 


(16C.12) 


The expectation of Wilson’s loop integral Wl changes under a deformation only if the loop crosses 
another line element. This property makes Wl, a ribbon invariant, i.e., an invariant of regular 
isotopy. 

For a finite deformation, the right-hand side has to be integrated over the area S across which 
the line has swept. Using the integral formula 

J/SMx-L) = { i } ifthe line L { (““ s ® } . (16C.13) 

we obtain for each crossing 

_ _ _ Ajrj r 

W L+ - W L _ = A W L = / VAT a ( X )T a (x)W L [A]e~ A ‘' cs . (16C.14) 


The two generators T a (x) lie path-ordered on the different line pieces of the crossing. To establish 
contact with the knot polynomials, the left-hand sides have been labeled by the loop subscripts 
L + and L_ appearing in the skein relations of Eq. 16.114. 

The product of the generators on the right-hand side is the Casimir operator of the N x N 
-representation of SO (IV): 



The second graph on the right-hand side can be decomposed into 
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Taking these two terms to the left-hand side of (16C.14), we obtain the skein relation 





(16C.16) 


We now apply this relation to the windings displayed in Fig. 16.25. They decompose into a 
line and a circle. Due to the trace operation in W l 0 , the circle contributes a factor N. Thus we 
obtain the relation 


(' - It) ~( 1 + ir k ) w -- = -ir N w<16CU7) 

Now we remove on the left-hand side the windings according to the graphical rules of Fig. 16.25. 
Under this operation, the Wilson loop integral is not invariant. Like BLM/Ho polynomials, it 
acquires a factor a or a -1 : 


Wl t+ = oWl to , W Lt _ = a X Wl to . 

To be compatible with (16C.17), the parameter a must satisfy 


(16C.18) 


771 




.-1 


7 n 


= i+ «< w - 1 )- 


(16C.19) 


Due to (16C.18), the Wilson loop integral is only a ribbon invariant exhibiting regular isotopy. A 
proper knot invariant which distinguishes ambient isotopy classes arises when multiplying W l by 
a~ w . The polynomials Hl = e~ w W l satisfy the skein relation 



a 


H l+ 


1 + 


Nk 



H l _ 



(16C.20) 


The prefactors on the left-hand side can be written for large k as 1 — 2 niN/k w q N / 2 and 1 + 
277iN/k ~ q~ N t 2 with q = 1 — 27rii7/k. The prefactor on the right-hand side is equal to q 1 / 2 — 
q~ 1 / 2 . To leading order in 1/k, we have thus derived the skein relation (16.323) for the HOMFLY 
polynomials Hl. 


Appendix 16D London Equations 

Consider an ideal fluid of charged particles. By definition, it is non-viscous and incompressible, 
satisfying V • v = 0. If the charge of the particles is e (which we take to be negative for electrons), 
the electric current density is 


j = pev, (16D.1) 

where p is the particle density. The current is obviously conserved. 

The equation of motion of the particles in an electric and magnetic field is governed by the 
Lorentz force and reads 


Mv = e 


E + -v x B 

c 


(16D.2) 
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Using the kinematic identity 


dv <9v 


9v 


U7 = lir + ( v -V)v = 1 - + V -v 2 -vx(Vxv) 


dt dt 


dt 


this leads to the partial differential equation for the velocity field v(x, t) 


„ r 3v 

M- + V 


M 


= eE + tfv • fv x v + . 

V Me ) 


Consider the time dependence of the vector field on the right-hand side 

e 


X = V x v 


Me 


-B. 


Using Maxwell’s equation 


we derive 


dt 


B = —cV x E, 


—X = Vx (V x X). 

dt y 


(16D.3) 


(16D.4) 


(16D.5) 


(16D.6) 

(16D.7) 


Suppose now that there is initially no B-field in the ideal fluid at rest which therefore has X = 0 
everywhere. If a magnetic field is turned on, Eq. (16D.7) guarantees that X remains zero at all 
times. This implies that 


VxJ= -|£ b ' (16D - 8) 

which is the first London equation. By inserting the first London equation into Eq. (16D.4), we 
find the second London equation 


dt 


M 


= eE. 


(16D.9) 


If the vector potential is taken in the transverse gauge V ■ A = 0 (which in this context is also 
called London gauge), then the first London equation can be solved and yields 


j = -^_A. 
J Me 


(16D.10) 


By inserting this equation into the Maxwell equation with no electric field E, we obtain 


_ _» 4tt . p47re 2 

VxB = t j = -W a - 


(16D.11) 


When rewritten in the form 


Vx (V x A) + A” 2 A = 0, 


with 


2 = d47re 2 

Me 2 ’ 


(16D.12) 


(16D.13) 


the equation exhibits directly the finite penetration depth A of a magnetic field into the fluid, 
the celebrated Meissner effect. It is the ideal manifestation of the Lenz rule, according to which 
an incoming magnetic field induces currents reducing the magnetic field in the present case to 
extinction. 
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Appendix 16E Hall Effect in Electron Gas 

A gas of electrons with a density p carries an electric current 

j = pew. (16E.1) 

In a magnetic field, the particle velocities change due to the Lorentz force by 

Mv = e ^E + -U x B ^ . (16E.2) 

If (Jo denotes the conductivity of the system without a magnetic held, the electric current is 
obviously given by 

j = (J 0 ^E + iv x 

= cr 0 [ E H—— j x B | . (16E.3) 

V P ec J 

The second term shows the classical Hall resistance (16.286). 
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17 

Tunneling 


Tunneling processes govern the decay of metastable atomic and nuclear states, as 
well as the transition of overheated or undercooled thermodynamic phases to a 
stable equilibrium phase. Path integrals are an important tool for describing these 
processes theoretically. For high tunneling barriers, the decay proceeds slowly and 
its properties can usually be explained by a semiclassical expansion of a simple 
model path integral. By combining this expansion with the variational methods of 
Chapter 5, it is possible to extend the range of applications far into the regime of 
low barriers. 

In this chapter we present a novel theory of tunneling through high and low 
barriers and discuss several typical examples in detail. A useful fundamental appli¬ 
cation arises in the context of perturbation theory since the large-order behavior of 
perturbation expansions is governed by semiclassical tunneling processes. Here the 
new theory is used to calculate perturbation coefficients to any order with a high 
degree of accuracy. 

17.1 Double-Well Potential 

A simple model system for tunneling processes is the symmetric double-well potential 
of Eq. (5.78). It may be rewritten in the form 

v ( x ) = ^( x ~ a ?( x + a ti (17.1) 

which exhibits the two degenerate symmetric minima at x — ±a (see Fig. 17.1). 
The coupling strength is 

g = u 2 /2 a 2 . (17.2) 

Near the minima, the potential looks approximately like a harmonic oscillator po¬ 
tential V±(x) = oo 2 (x =F a) 2 /2: 

2 

V(x) = y {x =F a) 2 (l ± + ...)= V ± {x) + AV ± {x) + ... . (17.3) 
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V(x) 



Figure 17.1 Plot of symmetric double-well potential V(x) = (x — a) 2 (x + a) 2 ix 2 /8a 2 for 
lo = 1 and a = 1. 


The height of the potential barrier at the center is 


hrnflY 



( 17 . 4 ) 


In the limit a —> oo at a fixed frequency u, the barrier height becomes infinite and 
the system decomposes into a sum of two independent harmonic-oscillator potentials 
widely separated from each other. Correspondingly, the wave functions of the system 
should tend to two separate sets of oscillator wave functions 

M^x ± ) (^) ' _ 1 —e-^ Ax ^/ 2n H n (Ax ±] /^/h), ( 17 . 5 ) 

where the quantities 


Ax± = x ± a 


( 17 . 6 ) 


measure the distances of the point x from the respective minima. 

A similar separation occurs in the time evolution amplitude which decomposes 
into the sum of the amplitudes of the individual oscillators 

a—>■ oo 

{Xbtb\%ata) ^ i^btb\^ata) — |*^a^a)_|_ (17.7) 

= j T>x{t) exp |— ^ dt-[x 2 — lu 2 (x + a) 2 ]^ + (a ^—a). 

For convenience, we have assumed a unit particle mass M — 1 in the Lagrangian of 
the system: 


L 


x 


V(x). 


2 


( 17 . 8 ) 
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If a is no longer infinite, a particle in either of the two oscillator wells has a 
nonvanishing amplitude for tunneling through the barrier to the other well, and the 
wave functions of the right- and left-hand oscillators are mixed with each other. 
Since the action is symmetric under the mirror reflection x —> —x, the solutions of 
the Schrodinger equation 

H^(x,t) = H(— id x , x)ip(x, t) = ihd t i)(x,t), (17.9) 


with the Hamiltonian 

2 

H(p,x) = ^ + V(x), 


(17.10) 


can be separated into symmetric and antisymmetric wave functions. As usual, the 
symmetric states have a lower energy than the antisymmetric ones since a smaller 
number of nodes implies less kinetic energy for the particles. 

If the distance parameter a is very large, then, to leading order in a —> oo, the 
lowest two wave functions coincide approximately with the symmetric and antisym¬ 
metric combinations of the harmonic-oscillator wave functions 


0s, a 



a) ± 0o(^ + a) . 


(17.11) 


Due to tunneling, the lowest two energies show some deviation from the harmonic 
ground state value 



(17.12) 


At a large distance parameter a, this deviation is very small. In quantum mechan¬ 
ics, the level shifts A E s ^ can be calculated in lowest-order perturbation theory by 
inserting the approximate wave functions (17.11) into the formula 




(17.13) 


Since the wave functions ^q{x ± a) of the individual potential wells fall off expo¬ 
nentially like e~ x A at large x , the level shifts AE S;a are exponentially small in the 
square distance a 2 . 

In this chapter we derive the level shifts A E s , A E a and the related tunneling 
amplitudes from the path integral of the system. For large a, this will be relatively 
simple since we can have recourse to the semiclassical approximation developed in 
Chapter 4 which becomes exact in the limit a —> oo. As long as we are interested 
only in the lowest two states, the problem can immediately be simplified. We take 
the spectral representation of the amplitude 

(x b t b \x a Q = jvx(t)7 ilh) T. d ^n- v ^ 

= (17.14) 
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to imaginary times t a ,b r a,b = TiL/2, where it becomes 

(x b L/2\x a -L/2) = J Vx{T)e~ m) f-^ dT[x ' 2/2+V{x)] (17.15) 

= Y^n{. x b)^ n (x a )e~ EnL,n , 
n 

with the notation x'{r) = dx{r)/dT. In the limit of large L, the spectral sum 
(17.15) is obviously most sensitive to the lowest energies, the contributions of the 
higher energies E n being suppressed exponentially. Thus, to calculate the small 
level shifts of the two lowest states, A E St& , we have only to find the leading and 
subleading exponential behaviors. Since the wave functions are largest close to the 
bottoms of the double well at x ~ ±a, we may consider the amplitudes with the 
initial and final positions x a and x b lying precisely at the bottoms, once on the same 
side of the potential barrier, 

(a L/2\a - L/2) = (-a L/2\ -a -L/ 2), (17.16) 

and once on the opposite sides 

(a L/2\-a -L/2) = (-a L/2\a -L/2). (17.17) 

For these amplitudes we now calculate the semiclassical approximation in the limit 
L —» oo. The results will lead to level shift formula in Section 17.7. 

17.2 Classical Solutions — Kinks and Antikinks 

According to Chapter 4, the leading exponential behavior of the semiclassical ap¬ 
proximation is obtained from the classical solutions to the path integral. The fluc¬ 
tuation factor requires the calculation of the quadratic fluctuation correction. The 
result has the form 


Y exp{—Ad/h} x F , (17.18) 

class, solutions 

where A c \ denotes the action of each classical solution and F the fluctuation factor. 

The amplitude (17.16), which contains the bottom of the same well on either 
side, is dominated by a trivial classical solution which remains all the time at the 
same bottom: 


x(t) = ±a. (17.19) 

Classical solutions exist also for the other amplitudes (17.17) which connect the 
different bottoms at —a and a. These solutions cross the barrier and read, in the 
limit L —y oo, 


x(t) = x^(r) = ±atanh[u;(r — tq)/2], 


(17.20) 
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T 



Figure 17.2 Classical kink solution (solid curve) in double-well potential (short-dashed 
curve with units marked on the lower half of the vertical axis). The solution connects the 
two degenerate maxima in the reversed potential. The long-dashed curve shows a solution 
which starts out at a maximum and slides down into the adjacent abyss. 


with an arbitrary parameter To specifying the point on the imaginary time axis where 
the crossing takes place. The crossing takes place within a time of the order of 2/a;. 
For large positive and negative r, the solution approaches ±a exponentially (see 

Fig. 17.2). Alluding to their shape, the solutions x^(t) are called kink and antikink 

solutions, respectively. 1 

To derive these solutions, consider the equation of motion in real time, 

x(t) = -V\x{t)), (17.21) 

where V'(x) = dV(x)/dx. In the Euclidean version with r = —it, this reads 

x"{t) = V\x(t)). (17.22) 

Since the differential equation is of second order, there is merely a sign change in 
front of the potential with respect to the real-time differential equation (17.21). The 
Euclidean equation of motion corresponds therefore to a usual equation of motion 
of a point particle in real time, whose potential is turned upside down with respect 
to Fig. 17.1. This is illustrated in Fig. 17.3. The reversed potential allows obviously 
for a classical solution which starts out at x = —a for r —> —oo and arrives at 
x = a for r —» +oo. The particle needs an infinite time to leave the initial potential 
mountain and to climb up to the top of the final one. The movement through the 
central valley proceeds within the finite time a; 2/c o. If the particle does not start 

Tn field-theoretic literature, such solutions are also referred to as instanton or anti-instanton 
solutions, since the valley is crossed within a short time interval. See the references quoted at the 
end of the chapter. 
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Figure 17.3 Reversed double-well potential governing motion of position x as function 
of imaginary time r. 


its movement exactly at the top but slightly displaced towards the valley, say at 
x = —a + e, it will reach x = a —e after a finite time, then return to x = —a + e, and 
oscillate back and forth forever. In the limit e —> 0, the period of oscillation goes to 
infinity and only a single crossing of the valley remains. 

To calculate this movement, the differential equation (17.22) is integrated once 
after multiplying it by x' = dx/dr and rewriting it as 


The integration gives 


1 d 

2 dr X 


12 


|l/(x(r)). 


,.J 2 

— + [—' V(x(t))] = const. 


(17.23) 


(17.24) 


If t is reinterpreted as the physical time, this is the law of energy conservation 
for the motion in the reversed potential —V{x). Thus we identify the integration 
constant in (17.24) as the total energy E in the reversed potential: 


const = E. 


(17.25) 


Integrating (17.24) further gives 


r 


t 0 = ± 


r x(r) 


dx 


V2Jx(r o) yjE + V(x) 


(17.26) 


A look at the potential in Fig. 17.3 shows that an orbit starting out with the particle 
at rest for r —>■ — oo must have E = 0. Inserting the explicit potential (17.1) into 
(17.26), we obtain for |x| < a 


±2a r x dx' 

co Jo (a — x'){x' + a) 

i 2 x 

= ±—arctanh—. 
u a 


, 1 . a + x 
log- 

co a — x 


T - T 0 


(17.27) 
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Thus we find the kink and antikink solutions crossing the barrier: 

x c i(t) — ±atanh[(r — t 0 )lo/2 ], 


(17.28) 


The Euclidean action of such a classical object can be calculated as follows [using 
(17.24) and (17.25)]: 


A c \ = 


dr 


x' 


,1 2 


+ E(x c i(t)) 


/ OO 

dr{x' 2 cl - E) 

-OO 


= —EL + r dxJ2[E + V(x)\. 

J—a 

The kink has E — 0, so that 

ij2{E+V(x)] = ^(a 2 -x% 
and the classical action becomes 

U j' a . 2 2 \ ^2 ^ 

A c i = — / dx(a 2 - x 2 ) = -ci 2 u) = —. 
2d J —a o So 


Note that for E = 0, the classical action is also given by the integral 

poo 

A c i = / dr x' cl 2 . 


(17.29) 


(17.30) 


(17.31) 


(17.32) 


There are also solutions starting out at the top of either mountain and sliding 
down into the adjacent exterior abyss, for instance (see again Fig. 17.3) 


T -To = =p 


2 a r°° 


dx' 


u Jx (. x ' — a) (. x ' + a) 


, 1. x + a 

= i log- 

u x — a 


(17.33) 


i 2 x 

= ±—arccoth—. 
u a 


However, these solutions cannot connect the bottoms of the double well with each 
other and will not be considered further. 

Being in the possession of the classical solutions (17.19) and (17.28) with a finite 
action, we are now ready to write down the classical contributions to the amplitudes 
(17.16) and (17.17). According to the semiclassical formula (17.18), they are 


and 


(a L/2|a - L/2) = 1 x F U (L) 


(a L/21 -a - L/2) = e~ A * /n x F cl (L). 


(17.34) 


(17.35) 


The factor 1 in (17.34) emphasizes the vanishing action of the trivial classical solution 
(17.19). The exponential e~ Ac d n contains the action of the kink solutions (17.28). 
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The degeneracy of the solutions in To is accounted for by the fluctuation factor 
F c i(L), as will be shown below. 

Actually, the classical kink and antikink solutions (17.28) do not occur exactly 
in (17.35) since they reach the well bottoms at x = ±a only at infinite Euclidean 
times t —> Too. For the amplitude to be calculated we need solutions for which x 
is equal to ±a at large but finite values r = ±L/2. Fortunately, the error can be 
ignored since for large L the kink and antikink solutions approach ±a exponentially 
fast. As a consequence the action of a proper solution which would reach ±a at 
a finite L differs from the action dl c i only by terms which tend to zero like e~ uL . 
Since we shall ultimately be interested only in the large-L limit we can neglect such 
exponentially small deviations. 

In the following section we determine the fluctuation factors F c \. 


17.3 Quadratic Fluctuations 


The semiclassical limit includes the effects of the quadratic fluctuations. These are 
obtained after approximating the potential around each minimum by a harmonic 
potential and keeping only the lowest term in the expansion (17.3). The fluctuation 
factor of a pure harmonic oscillator of frequency co and unit mass has been calculated 
in Section 2.3 with the result 



to 

2nh sinh c oL 





+ 0(e~ 3uL/2 ). 


(17.36) 


The leading exponential at large L displays the ground state energy co/2, while the 
corrections contain all information on the exited states whose energy is (n + l/2)o; 
with n — 1,2,3,... . 

Note that according to the spectral representation of the amplitude (17.15), the 
factor ■sjco/irh in (17.36) must be equal to the square of the ground state wave 
function T 0 (Aa;-i-) at the potential minimum. This agrees with (17.5). 

Consider now the fluctuation factor of a single kink contribution, ft is given by 
the path integral over the fluctuations y[r) = 5x(t) 


F d {L ) = JVy{r)e 


-TA) J// 2 , 2 dr(i/2)[ y ' 2 +v" dd (T))y 2 ] 


-L/2 


(17.37) 


where x c \ (r) is the kink solution, and y{r) vanishes at the endpoints: 


y(L/ 2) = y (-L/2) = 0. 


(17.38) 


Suppose for the moment that L = oo. Then the kink solution is given by (17.28) 
and we obtain the fluctuation potential 

V" (x c \(t)) = - ^u 2 = uj 2 (Jtanh 2 [uj(t - r 0 )/2] - ^ 


2 cosh 2 [o;(r — t 0 )/2] 


(17.39) 
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V(r) 



Figure 17.4 Potential (17.41) for quadratic fluctuations around kink solution (17.28) in 
Schrodinger equation. The dashed lines indicate the bound states at energies 0 and 3w 2 /4. 


Thus, the quadratic fluctuations are governed by the Euclidean action 


A 


o _ 
a — 



y' 2 + w 2 


3 1 \ 2 

2 cosh 2 [o;(r — r 0 )/2 ]) ^ 


(17.40) 


The rules for doing a functional integral with a quadratic exponent were explained in 
Chapter 2. The paths y(r) are expanded in terms of eigenfunctions of the differential 
equation 


dr 2 



2 cosh 2 [tc(r — r 0 )/2] _ 


Vn\T) 


Kynij ), 


(17.41) 


with \ n being the eigenvalues. This is a Schrodinger equation for a particle moving 
along the r-axis in an attractive potential well of the Rosen-Morse type [compare 
ref(14.135)(14.135) and see Fig. 17.4]: 
lab(14.124) 
est(14.158) 


V{t) 



3_I_V 

2 cosh 2 {(jj (r — r 0 ) /2 ]) 


(17.42) 


The eigenfunctions y n (r) satisfy the usual orthonormality condition 



dry n (T)y n f(r) 


6 


Tin' • 


(17.43) 


Given a complete set of these solutions y n (j) with n — 0,1, 2,... , we now perform 
the normal-mode expansion 


OO 

y i °’ a ’-(r) = J2^ny n (r). 


n=0 


(17.44) 


H. Kleinert, PATH INTEGRALS 



17.3 Quadratic Fluctuations 


1185 


After inserting this into (17.40), we perform a partial integration in the kinetic 
term and the r-integrals with the help of (17.43), and the Euclidean action of the 
quadratic fluctuations takes the simple form 

-I OO 

= (17.45) 

Z n =0 


With this, the fluctuation factor (17.37) reduces to a product of Gaussian integrals 
over the normal modes 


F cl (L) = A/"]} 


n =0 


d^ n 


Goo \[2Fh 


l X)n=0 GG/2?l _ J\J" 


vT \ n \r. 


(17.46) 


The normalization constant A f, to be calculated below, accounts for the Jacobian 
which relates the time-sliced measure to the normal mode measure. 

First we shall calculate the eigenvalues A„. For this we use the amplitude of the 
Rosen-Morse potential obtained via the Duru-Klcinert transformation (14.138) in 
Eq. (14.139). If the potential is written in the form 


V(t) = u 2 


Vo 

cosh 2 [m(r — To)] ’ 


(17.47) 


there are bound states for n — 0 , 1 , 2 ,..., n max < s, where s is defined by [2] 



-1 + 



(17.48) 


Their wave functions are, according to (14.141), and (14.143), 

Vn(r) = - n)T(l + 2s - n)—— - -cosh" _ '[m(r - r 0 )] 

V n\ v 1 (1 + s — n) 

x F(—n, 1 + 2s — n; s — n + 1; §(1 — tanh[m(r — To)])), (17.49) 

where F(a,b;c,z ) are the hypergeometric functions (1.453). In terms of s, the 
parameter Vq becomes 


Vo = m 2 s(s + 1). 

(17.50) 

The bound-state energies are 


\2 2 2/ \2 
\ = u — m (s — n) . 

(17.51) 


In the Schrodinger equation (17.41), we have m = cu/2, Vo = 3cn 2 /2, so that s = 2 
and there are exactly two bound-state solutions. These are 

^ ^ 8 cosh 2 [a; (t — tq)/2] 


ref(14.138) 

lab(xl4.160) 

est(14.161) 

ref(14.139) 

lab(8.1443ccca) 

est(14.162) 


ref(14.141) 

lab(xl4.164) 

est(14.164) 

ref(14.143) 

lab(xl4.166) 

est(14.166) 


(17.52) 
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and 


yi\T) = 



4 cosh [a; (r — r 0 )/2] 
3u sinh [uj (r — r 0 ) /2] 
4 cosh 2 [a;(r — r 0 )/2] 


F(-l, 4; 2; |(1 — tanh[a;(r - r 0 )/2])) 


(17.53) 


The negative sign in (17.52) is a matter of convention, to give yi(r) the same sign 
as x c \(r — To) in Eq. (17.89) below. The normalization factors can be checked using 
the formula 


f°° sinh ,i x 1 D( ,/x + 1 v — y, 
/o coslhTr _ 2 2 ’ 2 y 


(17.54) 


with B(x,y ) = T(x)T(y)/T(x + ?/) being the Beta function. The corresponding 
eigenvalues are 


A 0 = 0, Ai = 3 cc 2 /4. 


(17.55) 


The existence of a zero-eigenvalue mode is a general property of fluctuations 
around localized classical solutions in a system which is translationally invariant 
along the r-axis. ft prevents an immediate application of the quadratic approxi¬ 
mation, since a zero-eigenvalue mode is not controlled by a Gaussian integral as 
the others are in Eq. (17.46). This difficulty and its solution will be discussed in 
Subsection 17.3.1. 

In addition to the two bound states, there are continuum wave functions with 
A n > u 2 . For an energy 

A fc = w 2 + k 2 , (17.56) 


they are given by a linear combination of 

Ukij) oc Ae lkr F(s + 1, — s; 1 — ik/m ; §(1 — tanh[m(r — To)])) 


(17.57) 


and its complex-conjugate (see the end of Subsection 14.4.4). Using the identity for 
the hypergeometric function 2 

r(c)T(c-a —6) , 

F(a, b, c; z) = — -— b; a + b - c + T,l - z) 

f (c — a)f (c — 0 ) 

+ (1 - ^)~»-t r(c >r(-* + “ + i ’> F (e ~ a ,c-b;c-a-b+l-,l-z), (17.58) 

r (a)T(6) 

and F(a, 6; c; 0) = 1, we hnd the asymptotic behavior 


F 

F 


—> 1, (17.59) 

>-oo F(—ik/m)T(l — ik/m) _ 2ikT T(ik/m)T(l — ik/m) 


T{-s — ik/m)T{s + 1 — ik/m) 


r(-s)r(i + s) 


(17.60) 


2 M. Abramowitz and I. Stegun, op. cit formula 15.3.6. 
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These limits determine the asymptotic behavior of the wave functions (17.57). With 
an appropriate choice of the normalization factor in (17.57) we fulfill the standard 
scattering boundary conditions 




e ikr + R k e * fcT , r —> — oo, 
T k e lkr , r —> oo. 


(17.61) 


These define the transmission and reflection amplitudes. From (17.59) and (17.60) 
we calculate directly 


T k 

Rk 


T(-s — ik/m)Y(s + 1 — ik/m) 
Y(—ik/m)Y( 1 — ik/m ) 

Y(—s — ik/m)Y(s + 1 — ik/m) Y(ik/m) 
T(—s)T(l + s) Y(-ik/m) 


(17.62) 


Y(ik/m)Y(l — ik/m) 
k T(-s)T(l + s) 


. (17.63) 


Using the relation T(z) = n/ sin(7r^)T(l — z), this can be written as 


T k 

Rk 


r(s + 1 — ik/m) T(1 + ik/m) sin (ik/m) 
r(s + 1 + ik/m) T(1 — ik/m) sin(s + ik/m) ’ 


T k 


sin(7rs) 
sin (ik/m) 


The scattering matrix 


is unitary since 


S k 


T k R k \ 
Rk T k J 


R k T k + R k T k — 0, \T k \ 2 + \R k \ 2 — l- 


It is diagonal on the state vectors 


r 


i 

71 




(17.64) 

(17.65) 

(17.66) 

(17.67) 

(17.68) 


which, as we shall prove below, correspond to odd and even partial waves. The 
respective eigenvalues = e 2lS 7 define the phase shifts S k °, in terms of which 

T k = l( e 2 ^+e 2 ^), (17.69) 

R k = l( e 2 ^-e 2 ^). (17.70) 

Let us verify the association of the eigenvectors (17.68) with the even and odd partial 
waves. For this we add to the wave function (17.61) the mirror-reflected solution 


^ r (r) ->■ 


T k e lkT , t ->• -oo, 

e -ikr T —y OO, 


(17.71) 
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and obtain 


nn = *t) + # ( r) - {< 17 - 72 > 


Inserting (17.69), this can be rewritten as 

/e , . j e zS k[e l( ' kT ~ s k'> + g-h^-^)] — 2e 7<5 fc cos(/c|r| + 8 k ), r —>■ — oo, , , 

( r ) | e * ,5 fc[e _l ( fc T +' 5 fc) + e*( fcT+l5 fc)] = 2e lS fc cos(fc|r| + 5|), r —> oo. 


The odd combination, on the other hand, gives 

r gifcr + (i?fc _ Tk)e -ikr^ 


^°(r) = V’(t) - #(r) ->• s _ e _ ifcT 


and becomes with (17.69): 


r —» —oo, 


- (/4 - T k )e lkT , t -T oc. 


(17.74) 


e* 5 fc[e*( fer 5 fc) — e <*£)] = 2ie 7<5 fc sin(A:|r| + <5£), r —* — oo, 


(17.75) 


^ ^ ~^ j —e* 5 fc[e *( fer+5 fc) — e *( fc T+ i5 fc)] — — 2ie* 5 fc sin(/c|r| + ££), r —* oo. 

From Eqs. (17.69), (17.70) we see that 

|T fc | 2 = cos 2 (^ - 8° k ), \R k \ 2 = sin 2 (^ - 5°), (17.76) 

and further 

d TD* r r 

rri2 


e 2i(Sl+S°) = (Tfc + R ^ Tk _ Rk) = T l + 


T* 


T 2 + (l-T fc T*)^ = ^- (17.77) 

1 k 1 k 


From this we find the explicit equation for the sum of even and odd phase shifts 

(17.78) 


$t + s k = = ar s r fc- 


Similarly we derive the equation for the difference of the phase shifts: 

-ism[2(<S* - <®] = T t R' h - T' t R t = 2 T t R\ = -2^\T t \\ 


Tt 


(17.79) 


Dividing this by the first equation in (17.76), we obtain 


-*ta n(8t-8l) = -^ = 


R* k sinh (ik/m) 


Sill 7TS 


(17.80) 


and thus 


re ro x Sm{TTS 

8 k — 8 k = arctan . , , —rsin(7rs). 


sinh(fc/m) 


(17.81) 
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For s = integer, the even and odd phase shifts become equal, 

St = S° k = S k , (17.82) 

so that the reflection amplitude vanishes, and the transmission amplitude reduces 
to a pure phase factor T k = e 2l5k , with the phase shift determined from (17.78) to 

2S k = —ilogT k . (17.83) 

Now the wave functions have the simple asymptotic behavior 

y k (r) -> e^ kT±Sk \ r ->■ ±oo, (17.84) 

and (17.64) reduces for both even and odd phase shifts to 

e 2 is k = , 1 Y I '( s + 1 ~ ik / m ) r(l + ik/m) 

r(l - ik/m) T(s+l + ik/m)' 

For the Schrodinger equation (17.41) with s = 2, this becomes simply 

e 2 is k = 2 ~ ik /m 1 - ik/m 
2 + ik/m 1 + ik/m 

and hence 

S k = arctan[fc/m] + arctan[fc/2m]. (17.87) 

If we now try to evaluate the product of eigenvalues in (17.46), two difficulties 
arise: 

1) The zero eigenvalue causes the result to be infinite. 

2) The continuum states make the evaluation of the product of eigenvalues fin \/~Ki 
nontrivial. 

These two difficulties will be removed in the following two subsections. 


(17.85) 


(17.86) 


17.3.1 Zero-Eigenvalue Mode 


The physical origin of the infinity caused by the zero-eigenvalue solution in the 
fluctuation integral over £o in (17.46) lies in the time-translational invariance of the 
system. This fact supplies the key to removing the infinity. A kink at an imaginary 
time r 0 contributes as much to the path integral as a kink at any other time t' q . The 
difference between two adjacent solutions at an infinitesimal temporal distance can 
be viewed as a small kink fluctuation which does not change the Euclidean action. 
There is a zero eigenvalue associated with this difference. If there is only a single 
zero-eigenvalue solution as in the Schrodinger equation (17.41) its wave function 
must be proportional to the derivative of the kink solution: 


Vo 


Xcl(r - r 0 ) - Xd(r - Tj) 
To - Ti 
cllu/2 

Ol - TTZ -. 

cosh" u(t — to)/2 


= (t - To) 


To—>ri 


(17.88) 
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This coincides indeed with the zero-eigenvalue solution (17.52). The normalization 
factor a is fixed by the integral 


a = 



drx'd 



(17.89) 


With the help of (17.32) the right-hand side can also be expressed in terms of the 
kink action: 


a = 



(17.90) 


Inserting (17.2) and (17.31), this becomes 


a = ^3/2 a 2 uj = yj3g/co 3 (17.91) 

[the positive square root corresponding to the negative sign in (17.52)]. The zero- 
eigenvalue mode is associated with a shift of the position of the kink solution from 
To to any other place t' q . For an infinite length L of the r-axis, this is the source 
of the infinity of the integral over £ 0 in the product (17.46). At a finite L , on the 
other hand, only a r-interval of length L is available for displacements. Therefore, 
the infinite l/\/Ao should become proportional to L for large L : 

= const • L. (17.92) 

What is the proportionality constant? We find it by transforming the integration 
measure (17.46), 



a r 


dto 


n 




l-oo i/2vr h „ =1 [J-oo \/27r^J 

to a form in which the translational degree of freedom appears explicitly 


(17.93) 


n o L 


d£ r 


y/2irh 


OT 0 


(17.94) 


The Jacobian appearing in the integrand satisfies the identity 

1-961 


dr 0 J(6 


d Tn 


= 1. 


(17.95) 


Let us calculate this Jacobian using the method developed by Faddeev and Popov 
[3]. Given an arbitrary fluctuation y £^} ie parameter 6 may be recovered by 
forming the scalar product with the zero-eigenvalue wave function y 0 (r): 


/ OO 

dT/ oA ’ a ’-(r)y 0 (r). 

-OO 


(17.96) 
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Moreover, it is easy to see that the fluctuation O’fr>&,••• can b e replaced by the full 

path 


x €o,€i &,-( T ) _ x c \{t) + 
so that we can also write 

/ OO 

-OO 


(17.97) 


(17.98) 


This follows from the fact that the additional kink solution x c \ (r) does not have any 
overlap with its derivative. Indeed, 



dr x c \ (r 


^o)yo(T 


T 0 ) OC 

oc 



r oKi(r 


To) 


(17.99) 


With (17.98), the delta function <5(<Co) appearing in (17.95) can be rewritten in the 
form 

S{£o) = 5 (y dr^ oA ’ & ’-(T) 2 / 0 (r)j . (17.100) 

To establish the relation between the normal coordinate £o and the kink position To, 
we now replace by an alternative parametrization of the paths in which 

the role of the variable £ 0 is traded against the position of the kink solution, i.e., we 
rewrite the fluctuating path 

OO 

a 4o,£i,& ) -( T ) = x cl ( T ) + indnij) (17.101) 

n =0 

in the form 

OO 

= Xcl (j - r 0 ) + J2 inVn{r - To). (17.102) 

71=1 

By definition the point To = 0 coincides with £o = 0. Thus, if we insert (17.102) 
into (17.100) and use this 5-function in the identity (17.95), we find the condition 
for the Jacobian d^o/dTo'. 




d.T x To ^ 1 ’^ 2 ’"' (t)t/ 0 (t) 



(17.103) 


Since the 5-function has a vanishing argument at To = 0, we expand the argument 
in powers of r 0 , keeping only the lowest order. Writing yo(r) = ax' cl (r), we obtain 


/ oo poo °° r oo 

dTx n> ’^'-{T)y 0 {T) =-ar 0 / drx%+J2 £ n drx' cl y' n + O(r 0 2 ). 

-OO J — OO n _ i J — OO 


(17.104) 
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Using (17.32) and abbreviating the scalar products in the brackets as 

/ OO 

dr a 4 y' n , 

-CO 

we may express the right-hand side of (17.104) more succinctly as 


-ar 0 


A 


cl 


CO 

£,nTn 

n= 1 




Inserting this into (17.103), and using (17.90), we arrive at the Jacobian 

136 , 1 


dm 


= A c \^ 1 + Ac\ 1 ^2 £n 


(17.105) 


(17.106) 


(17.107) 


n =1 


As a consequence, the zero-eigenvalue modes contribute to the fluctuation factor 
(17.46) as follows: 


F cl (L)=^f[ 

n =1 
co 

= «'][ 


d^n 


'-oo \J2tI?1 


-{ 1/2 


l-oo \/2nh 


dt,0 e _(i/ 2 R){gAo 


n=l 




moo \J2ttU 


A P -(V2S)i;r=d» A " 


ro ° dm 


moo \/27T k 


A 


c, 1/2 ( 


1 + Al 1 ^ £,n r n ) 


n =1 


= AT 


A 


i A r 


2t\U J-c 


dm. 


(17.108) 


The linear terms in the large parentheses disappear at the level of quadratic fluc¬ 
tuations since they are odd in £. Thus we may use for quadratic fluctuations the 
simple mnemonic rule 

_<9£o = dx{r)/ <9tq = A c i(r) + ... _ 1 
dro dx(r)/d^ o a>x c \ (r) a 

where ... stands for the irrelevant linear terms in inside the integral (17.108). 

For higher-order fluctuations, the linear terms in the large parentheses cannot 
be ignored. They contribute an effective Euclidean action 


+ ... = y/AT-.., (17.109) 


Af = -n log 


1 + A 


-1 


cl 


'A. £n r n 

n= 1 


= —hiog 


1 + A\ 1 j dr x' c flr)y\r) 


, (17.110) 


which will be needed for calculations in Section 17.8. 

The integral over tq is now an appropriate place to impose the finiteness of the 
time interval r G (— L/2,L/2), namely 

[L/2 

/ dr 0 = L. (17.111) 

J—L/2 

A comparison of (17.108) with (17.46) shows that the correct evaluation of the 
formally diverging zero-eigenvalue contribution 1 /is equivalent to the following 
replacement: 


a/Aq J \f2ixh 


d& (l/27i)Ao£g 


Ac 


cL/2 


2nh J —L/2 


dr n = 


A 


cl 


2itU 


L. 


(17.112) 
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17.3.2 Continuum Part of Fluctuation Factor 


We now turn to the second problem, the calculation of the product of the continuum 
eigenvalues in (17.46). To avoid carrying around the overall normalization factor J\f 
it is convenient to factor out the quadratic fluctuations (17.36) in the absence of 
a kink solution. Let A° be the associated eigenvalues. Their fluctuation potential 
V"{x c \ (t)) = u 2 x 2 is harmonic [compare (17.39)] with a fluctuation factor known 
from (2.171). Comparing this with the expression (17.46) without a kink, we obtain 
for the normalization factor the equation 




u 

27ih sinh uL 





(17.113) 


Pulling this factor out of the product on the right-hand side of (17.46), we are left 
with a ratio of eigenvalue products: 


F d (L) = M- 


vTLA 




(17.114) 


As long as L is finite, the continuum wave functions are all discrete. Let dn/dk de¬ 
note their density of states per momentum interval. Then the ratio of the continuum 
eigenvalues can be written for large L as 



exp 





log A n 


(17.115) 


The density of states, in turn, may be extracted from the phase shifts (17.85). For 
this we observe that for a very large L where boundary conditions are a matter of 
choice, we may impose the periodic boundary condition 


y(r + L) = y{r). 

Together with the asymptotic forms (17.84), this implies 

gi(fcL/2+<5i ! ) _ g—i(fcL/2+<5i;) 

which quantizes the wave vectors k to discrete values satisfying 

kL + 2 5k = 27m. 

The derivative with respect to k yields the density of states 

dn L 1 d5k 

dk 2tt 7i dk 

Since the phase shifts vanish in the absence of a kink solution, this implies 

dn L 
dk o 27T ’ 


(17.116) 

(17.117) 

(17.118) 

(17.119) 

(17.120) 
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and the general formula (17.115) becomes simply 

d6 k 


/ n„ ao 


’ fin 

= exp 

cont 




(17.121) 


To calculate the integral for our specific fluctuation problem (17.41), we use the 
expression (17.85) to find the derivative of the phase shift for any integer value of s: 


dh 

dk 


1 

m 


+ ... + 


_4 + ( k/m ) 2 .s 2 + ( k/m) 2 

For s — 2, the exponent in (17.121) becomes 


2n ]- c 


dx 


1 + x 2 4 + x 2 


log ur( 1 + x m /uj ) 


(17.122) 


(17.123) 


The ta 2 -term in the logarithm can be separated from this using Levinson’s theo¬ 
rem [1], It states that the integral / 0 °° dk(dn/dk — dn/dk\ 0 ) is equal to the number 
of bound states: 


dk 


' dn dn 

dk dk 


1 r°° 
7r Jo 


dk d A- s 

dk 


(17.124) 


This relation is obviously fulfilled by (17.122). It is a consequence of the fact that a 
potential with s bound states has s states less in the continuum than a free system. 
Using this property, the integral (17.123) can be rewritten as 


, o r 00 d x 
log u 2 + — 


+ 


/-oo 27T V1 + X 2 4 + X 2 
The rescaled integral is calculated using the formula 
r°° dx log(l + p 2 x 2 ) 1 


log(l + x m /uj ). 


/—oo 27 t r 2 + s 2 x 2 


= —log (l +P-) . 
rs \ sj 


The result is 


m 


log uj + log 1 -|-1 + log 1 + 


UJ 


m. 


UJ 


When inserted into the exponent of (17.121), it yields 


lUnK 


FI)! ^r, 


= UJ 2 1 + 


cont 


m 


UJ 


m 

1 H-2 

UJ 


(17.125) 


(17.126) 


(17.127) 


(17.128) 


In our case with m — uj/ 2, this reduces to 3cu 2 . Including the bound-state eigenvalue 
Ai of Eq. (17.55) in the denominator, this amounts to 


UnK 


\ rin, A n ^3^2/4 


3w 2 = V12uj = A". 


(17.129) 
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Multiplying this with the zero-eigenvalue contribution as evaluated in Eq. (17.108), 
we arrive at the final result for the fluctuation factor in the presence of a kink or an 
antikink solution: 


F d (L) = F u (L)KL t 


with 


K = 


1 I A d 


\Ao L 


K' = 


27ih 


y/Vk 


w. 


(17.130) 


(17.131) 


17.4 General Formula for Eigenvalue Ratios 

The above-calculated ratio of eigenvalue products 


‘Yin A° 


rin Yf 


(17.132) 


cont 


of the Rosen-Morse Schrodinger equation appears in many applications with different 
potential strength parameters s. It is therefore useful to derive a formula for this 
ratio which is valid for any s. The eigenvalue equation reads 


d 2 


dr 2 


9 m 2 s(s + 1) 
+ u- - 


cosh m(r — tq) 


Vn(r ) = A n y n (r). 


(17.133) 


First we consider the case of an arbitrary integer value of s. Following the previous 
discussion, the ratio of eigenvalue products is found to be 


IllnK 


rin A r 


cont 


1 r°° „ d8 k , . 9 

= ex P I ~77~ / dk—flog(uj 2 + k 2 ) 
2n J o dk 


= exp d(k/m)i2 --- 2 

1 2vr Jo y ^ n 2 + ( k/mf 


(17.134) 

log[o; 2 + (. k/m) 2 m 2 } \ . 


The cu 2 -term in the logarithm is eliminated by the generalization of (17.124) to any 
integer .s: 


1 r°° 


7F J— OO 


d(k/m) ^2 


n 


n 2 + ( k/mY 


= s. 


Hence 


'n„A° 


rin A r. 


= u exp 


cont 


n 


1 poo s 

2n J-oo n 2 + x 2 


log(l + x 2 m 2 /uj 2 ^ 


(17.135) 


(17.136) 


The integrals can be done using formula (17.126), and we obtain 


IllnK 


ll/: A / 


="-n i+- 


cont 


n=l 


m 


-n 


UJ 


(17.137) 
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For s = 2, and m = ca/2, this reduces to the previous result (17.128). 

Only a little more work is required to find the ratio of all discrete and continuous 
eigenvalue products for a noninteger value of s. Introduce a new parameter z, let s 
be a parameter smaller than 1 so that there are no bound states, and consider the 
fluctuation equation 


+ m 2 ( z _ g ( g + 1 ) _ \ 

dr 2 \ cosh 2 m(r — r 0 ) J 


y n (r) = A n y n (r). 


(17.138) 


The general Schrodinger operator under consideration (17.133) corresponds to z — 
uj 2 /m 2 . Since there are no bound states by assumption, the first line in formula 
(17.134) now gives the ratio of all eigenvalues: 



exp 


1 

27T 



dk^- log (m 2 z + k 2 ) 
dk 


(17.139) 


Here 5k is equal to the average of even and odd phase shifts (5| + 8%)/2. For the 
same reason, we can replace log(m 2 2 + k 2 ) by log (2 + k 2 /m 2 ) without error [using 
the generalization of (17.124)]. After substituting k 2 —* u 2 e, we find 



exp 


1 

27T 


lc 


de 


ddoj^/e 

de 


log(z + e) , 


(17.140) 


where the contour of integration C encircles the right-hand cut clockwise in the 
e-plane. A partial integration brings this to 


exp 



de 


lc 


ly/e 


z + e 


(17.141) 


For z < 0, the contour of integration can be deformed to encircle the only pole at 
e = — z counterclockwise, yielding 



exp 


(17.142) 


Inserting for 5k the average of even and odd phase shifts from (17.78), we obtain 


/n„A 2 

r (\/z — s)r(i/2 + s +1) 

/ Tin A n 

r(VJ)r(yr+i) 


(17.143) 


In the fluctuation equation (17.41), the parameters m 2 and uj 2 = zm 2 are such as 
to create a zero eigenvalue at n — 0 according to formula (17.51). Then z = s 2 . In 
the neighborhood of this 2 -value, the eigenvalue 

A o = m 2 [z — s 2 ] (17.144) 


H. Kleinert, PATH INTEGRALS 




17.5 Fluctuation Determinant from Classical Solution 


1197 


is a would-be zero eigenvalue. Dividing it out of the product (17.143), we obtain an 
equation which remains valid in the limit z —> s 2 : 


Tin 

\| n; k . 


= m 


(V~z + s) 


r(v / i — s + + s + 1) 

r(Vi)r(Vi+i) , 


1/2 


(17.145) 


This can be continued analytically to arbitrary z and s, as long as z remains suffi¬ 
ciently close to s — 2. For s — 2 and z — 4 (corresponding to m — oj/2) we recover 
the earlier result (17.129): 



Vviu. 


(17.146) 


17.5 Fluctuation Determinant from Classical Solution 

The above evaluations of the fluctuation determinant require the complete know¬ 
ledge of the bound and continuum spectrum of the fluctuation equation. Fortunately, 
there exists a way to find the determinant which needs much less information, re¬ 
quiring only the knowledge of the large-r behavior of the classical solution and the 
value of its action. The basis for this derivation is the Gelfand-Yaglom formula 
derived in Section 2.4. According to it, the fluctuation determinant of a differential 
operator 


C> 


d 2 2 m 2 s(s +1) 

d.r 2 cosh 2 [m(r — r 0 )] 


(17.147) 


is given by the value of the zero-eigenvalue solution D(r) at the final r value r = L/2 


detO = J\fD{L/2), 


(17.148) 


provided that it was chosen to satisfy the initial conditions at r = —L/2: 

D(-L/ 2) = 0, D(-L/2) = 1. (17.149) 

The normalization factor A f is irrelevant when considering ratios of fluctuation de¬ 
terminants, as we do in the problem at hand. 3 To satisfy the boundary conditions 
(17.149), we need two linearly independent solutions of zero eigenvalue. One is 
known from the invariance under time translations. It is proportional to the time 
derivative of the classical solution [see (17.88)]: 

Vo(r) = ax' cl (r). (17.150) 

3 If the determinant is calculated for the time-sliced operator O with d/dr replaced by the 
difference operator V r , the normalization is A ( — 1/e where e is the thickness of the time slices. 
See Chapter 2. 
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In the above fluctuation problem (17.41) with s = 2 and m = u/2, the classical 
solution is x c \ (r) = arctanh[a;(r — r 0 )/2]. It has the asymptotic behavior 

yo(r) —■> — e ~ u for r —> ztoo, (17.151) 

with a symmetric exponential falloff in both directions of the r-axis. In the sequel 
it will be convenient to work with zero-eigenvalue solutions without the prefactor 
ca/2, which behave asymptotically like a pure exponential. These will be denoted 
by £(t) and r)(r), the solution £(t) being proportional to yo, i.e., 

£(t) —> e~ for t —> ±oo. (17.152) 

The second independent solution can be found from d’Alembert’s formula 
(2.236). Its explicit form is not required; only its asymptotic behavior is relevant. 
Assuming the Lagrangian to be invariant under time reversal, which is usually the 
case, this asymptotic behavior is found via the following argument: Since 4>q 2 \ t ) is 
linearly independent of (j>^\r), we can be sure that it has asymptotically the oppo¬ 
site exponential behavior (i.e., it grows with r) and the opposite symmetry under 
time reversal (i.e., it is antisymmetric). Thus r/ must behave as follows: 

77 (t) —>• ±e^ T ' for r —> ± 00 . (17.153) 

We now form the linear combination which satisfies the boundary conditions (17.149) 
for large negative r = — L/2: 

D(t) = A K(-L/2),(r) - ri(-L/ 2)f(r)], (17.154) 

where 

W = W[^(t)ti(t)\ = f (t)7)(t) - (17.155) 

is the Wronskian of the two solutions. It is independent of r and can be evaluated 
from the asymptotic behavior as 

W = 2u. (17.156) 

Inserting (17.152) and (17.153) into (17.154), we find the solution 

D(r) = A (t)] . (17.157) 

Even without knowing the solutions 2 ^(r) at a finite r, the fluctuation 

determinant at large r = L/2 can be written down: 

= w = b (17 - 158) 


H. Kleinert, PATH INTEGRALS 




17.5 Fluctuation Determinant from Classical Solution 


1199 


For fluctuations around the constant classical solution, the zero-eigenvalue solution 
with the boundary conditions (17.149) is 


D (0 \t) = — sinh[o;(r + L/2)\. 


It behaves for large r = L like 


D (0) (L/2) -)■ — e uL 
2u 


for large L. 


(17.159) 


(17.160) 


The ratio is therefore 


for large L. 


(17.161) 


D D(L/2) V' f ° r ‘ arge L - (17 ' 161) 

This exponentially large number is a signal for the presence of a would-be zero 
eigenvalue in D[Lf 2). Since the r-interval (— L/2,L/2) is finite, there exists no 
exactly vanishing eigenvalue. In the finite interval, the derivative (17.150) of the kink 
solution does not quite satisfy the Dirichlet boundary condition. If the vanishing 
at the endpoints was properly enforced, the particle distribution would have to 
be compressed somewhat, and this would shift the energy slightly upwards. The 
shift is exponentially small for large L, so that the would-be zero eigenvalue has an 
exponentially small eigenvalue Ao oc e~ uL . A finite result for L —» oo is obtained by 
removing this mode from the ratio (17.161) and considering the limit 


Tin 


= lim 

l~> oo D(L/2) 


(17.162) 


The leading e _wi -behavior of the would-be zero eigenvalue can be found per- 
turbatively using as before only the asymptotic behavior of the two independent 
solutions. To lowest order in perturbation theory, an eigenfunction satisfying the 
Dirichlet boundary condition at finite L is obtained from an eigenfunction 0o which 
vanishes at r = — L/2 by the formula 

0o ( r ) = 0o(t) + ^ dr' [f (t>7(t') - r/(r)^(r')] 0 o (t'). (17.163) 

The limits of integration ensure that 0o ( r ) vanishes at r = —L/2. The eigenvalue 
Ao is determined by enforcing the vanishing also at r = L/2. Taking for 0 O (r) the 
zero-eigenvalue solution D(t) 

Ao = - D(L/2)W k(L/ 2) dTrj(T)D(r)-rj(L/ 2) dr^T)D(r)} . (17.164) 

J-L/2 J—L/2 

Inserting (17.154) and using the orthogonality of £(r) and 77 (r) (following from the 
fact that the first is symmetric and the second antisymmetric), this becomes 

\ 0 = -D(L/2)W 2 £(—L/2)£(L/2) dr V 2 (t) + v (-L/2) V (L/2) * dr? {t) . 


(17.165) 
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Invoking once more the symmetry of £(r) and r) (r) and the asymptotic behavior 
(17.152) and (17.153), we obtain 


A 0 = -D{L/2)W 2 



(17.166) 


The hrst integral diverges like e wL ; the second is finite. The prefactor makes the 
second integral much larger than the hrst, so that we find for large L the would-be 
zero eigenvalue 

A„ = D(L/ 2)e-" L (17.167) 

Loo dT^{r) 


This eigenvalue is exponentially small and positive, as expected. Inserting it into 
(17.162) and using (17.156) and (17.160), we find the eigenvalue ratio 



lim 2u 

L—y oo 


1 

JZodreLY 


(17.168) 


The determinant D(L/2 ) has disappeared and the only nontrivial quantity to be 
evaluated is the normalization integral over the translational eigenfunction £(r). 

The normalization integral requires the knowledge of the full r-behavior of the 
zero-eigenvalue solution ^^(t); the asymptotic behavior used up to this point is 
insufficient. Fortunately, the classical solution x c \ (r) also supplies this information. 
The normalized solution is y 0 = ax' cl (r) behaving asymptotically like 2 aacoe~ u}T . 
Imposing the normalization convention (17.152) for 0o^(r), we identify 


= 


2aua 


“dW- 


Using the relation (17.32), the normalization integral is simply 

Ail 


/ OO 

d T L t ) 2 = 

-oo 


4a 2 ca 2 


With it the eigenvalue ratio (17.168) becomes 


UrX =2 j0 2 U 


n„ A n 


A 


cl 


(17.169) 


(17.170) 


(17.171) 


By inserting the value of the classical action A c i = 2a 2 cu/3 from (17.31), we obtain 

Ti n Li 


n n L 


= 12 A, 


(17.172) 


just as in (17.146) and (17.129). 

It is remarkable that the calculation of the ratio of the fluctuation determinants 
with this method requires only the knowledge of the classical solution x c \ (r). 
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17.6 Wave Functions of Double-Well 


The semiclassical result for the amplitudes 


(a L/2\a -Lf 2), (a Lj 2| -a -Lj 2), (17.173) 


with the endpoints situated at the bottoms of the potential wells can easily be 
extended to variable endpoints x b ^ a, x a ^ ±o, as long as these are situated near the 
bottoms. The extended amplitudes lead to approximate particle wave functions for 
the lowest two states. The extension is trivial for the formula (17.34) without a kink 
solution. We simply multiply the fluctuation factor by the exponential exp(— A c \/Tt) 
containing the classical action of the path from x a to Xb■ If x a and Xb are both near 
one of the bottoms of the well, the entire classical orbit remains near this bottom. 
If the distance of the orbit from the bottom is less than 1/ai/cJ, the potential can 
be approximated by the harmonic potential u 2 x 2 . Thus near the bottom at x = a, 
we have the simple approximation to the action 


w4. r 


u 


2 H sinh uL 


x n 


i) 2 + (Xb — a) 2 ] coshcuL — 2 (x b — a)(x a — a) j . 


(17.174) 


For a very long Euclidean time L , this tends to 

A c i « ^[(x 6 - a) 2 + (. x a - a) 2 ]. 
The amplitude (17.34) can therefore be generalized to 
(■ x b L/2\x a L/2) s 


(17.175) 



e —(u}/2h)[(xb—a)+(x a —a)] e —LjL/2h 


This can also be written in terms of the bound-state wave functions (17.5) for n — 0 
as 


(x b L/2\x a L/2) ^ ^ 0 (x b - a)^ 0 (x a - a)e uL / 2h . (17.176) 

For the amplitude (17.35) with the path running from one potential valley to the 
other, the construction is more subtle. The approximate solution is obtained by 
combining a harmonic classical path running from (x a , — L/2 ) to (a, —L/ 4), a kink 
solution running from (a,—L/4) to (a,L/ 4), and a third harmonic classical path 
running from (a, L/4) to (x b ,L/ 2). This yields the amplitude 

r^ e -(u/2Ti)(xb-a) 2 j^^ e -A c \/h e -[u>l‘2h){xa-a)‘ 2 ^ (17.177) 

V 7 rh 

Note that by patching the three pieces together, it is impossible to obtain a true 
classical solution. For this we would have to solve the equations of motion containing 
a kink with the modified boundary conditions x(—L/2) = x a , x(L/2) = x b - From 
the exponential convergence of x(r) —> ±a (like e~ uL ) it is, however, obvious that the 
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true classical action differs from the action of the patched path only by exponentially 
small terms. 

As before, the prefactor in (17.177) can be attributed to the ground state wave 
functions ^q{x), an d we find the amplitude for ay close to —a and x a close to a: 

{x b L/2\x a - L/2) » + a)M x a ~ a)KLe~ A « /h e-“ L/2h . (17.178) 


17.7 Gas of Kinks and Antikinks and 
Level Splitting Formula 

The above semi classical treatment is correct to leading order in e~ uL . This accuracy 
is not sufficient to calculate the degree of level splitting between the two lowest states 
of the double well caused by tunneling. Further semiclassical contributions to the 
path integral must be included. These can be found without further effort. For very 
large L, it is quite easy to accommodate many kinks and antikinks along the r-axis 
without a significant deviation of the path from the equation of motion. Due to the 
fast approach to the potential bottoms x = ±a near each kink or antikink solution, 
an approximate solution can be constructed by smoothly combining a number of 
individual solutions as long as they are widely separated from each other. The 
deviations from a true classical solution are all exponentially small if the separation 
distance At on the r-axis is much larger than the size of an individual kink (i.e., 
At 3> 1/a;). The combined solution may be thought of as a very dilute gas of kinks 
and antikinks on the r-axis. This situation is referred to as the dilute-gas limit. 
Consider such an “almost-classical solution” consisting of N kink-antikink solutions 
x c \(t ) = ±atanh[o;(r —r,)/2] in alternating order positioned at, say, iq 3> r 2 3> r 3 3> 
... 3> Tn and smoothly connected at some intermediate points t±, ..., fjv-i- hr the 
dilute-gas approximation, the combined action is given by the sum of the individual 
actions. For the amplitude (17.34) in which the paths connect the same potential 
valleys, the number of kinks must be equal to the number of antikinks. The action 
combined is then an even multiple of the single kink action: 


A 2n « 2nAd- 


(17.179) 


For the amplitude (17.35), where the total number is odd, the combined action is 


A. 2 n+i ~ (2n + l)A c i. 


(17.180) 


As the kinks and antikinks are localized objects of size 2/a;, it does not matter how 
they are distributed on the large-r interval [—L/2, L/2], as long as their distances 
are large compared with their size. In the dilute-gas limit, we can neglect the sizes. 
In the path integral, the translational degree of freedom of widely spaced N kinks 
and antikinks leads, via the zero-eigenvalue modes, to the multiple integral 



dr N 



d'T N _ i-.. 



L n 
N \' 


(17.181) 
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The Jacobian associated with these N integrals is [see (17.112)] 



(17.182) 


The fluctuations around the combined solution yield a product of the individual 
fluctuation factors. For a given set of connection points we have 




x ... x 



(17.183) 


where L, = t* — r,_i are the patches on the r-axis in which the individual solutions 
are exact. Their total sum is 

N 

L = Y J U (17.184) 

i =1 


We now include the effect of the fluctuations at the intermediate times fj where 
the individual solutions are connected. Remembering the amplitudes (17.176), we 
see that the fluctuation factor for arbitrary endpoints ay,ay_i near the bottom of 
the potential valley must be multiplied at each end with a wave function ratio 
i^o(x ± a)/'0o(O). Thus we have to replace 


VTIn K. 


-g 


0 (xi±a) 1 ^(xj_i±a) 

V’o(o) VTUK V’o(o) 


(17.185) 


The adjacent ay-values of all fluctuation factors are set equal and integrated out, 
giving 


1 


VU 


= / dxjy ■ ■ ■ dx 1 


tpo(x N -i - a)i/)o(x N -i - a) 


\Zrir) ^ 

X . . . X 


1^0 ( 0)1 

ipo(xi - a)^o( x i - a ) 


vn„ 


Ln-i 


IV’o(0)|- 


\/ l b/ 


L i 


. (17.186) 


Due to the unit normalization of the ground state wave functions, the integrals are 
trivial. Only the |"0o(6) | 2 -denominators survive. They yield a factor 


|'0o(O)| 2(JV-1) VttZi 


(17.187) 


It is convenient to multiply and divide the result by the square root of the product 
of eigenvalues of the harmonic kink-free fluctuations, whose total fluctuation factor 
is known to be 
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Then we obtain the total corrected fluctuation factor 


u e -uiL/2h 


lm 

1 

1 

L V^n'^An 

ti \/n'A„ 

/ n 


X . 


X 


L 2 


n n An 


(17.189) 


We now observe that the harmonic fluctuation factor (17.188) for the entire interval 
\jYln A° | L — \Jco / 7rh exp(—uj L/2h) can be factorized into a product of such factors 
for each interval f t , f t _\ as follows: 




~{N- 1) 



(17.190) 


The total corrected fluctuation factor can therefore be rewritten as 


/ U -uL/2h 

Yin A“ 

X 

V 

n„ a° 

\irh \ 

Yl'n An 

Li 

\ 

Tin A n 


Each eigenvalue ratio gives the Lj-independent result 


(17.191) 


K' 



5 

Li 


with K' of Eq. (17.131). Expressing K' in terms of K via 


IC 



K, 


(17.192) 


(17.193) 


the factors y A c i/2irh remove the Jacobian factors (17.182) arising from the posi¬ 
tional integrals (17.181). Altogether, the total fluctuation factor of N kink-antikink 
solutions with all possible distributions on the r-axis is 

^ e -"L/2n^_ K N e -NA cl /H' (mg4) 

Summing over all even and odd kink-antikink configurations, we thus obtain 

(a L/2\ ± a - L/2) = £ ^-(KLe~ A ^ n ) N . (17.195) 

V 7V 1 1 even ^ • 

odd 


This can be summed up to 


(a L/2| ± a 



—ujL/2Ti 


A ‘ l/n ) ± exp (-KLe 



(17.196) 
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As in the previous section, we generalize this result to positions x b , x a near the 
potential minima (with a maximal distance of the order of Using the classical 

action (17.175) and expressing it in terms of ground state wave functions, we can 
now add the contribution of the amplitudes for all possible configurations, arriving 
at 

(x b L/2\x a - If 2) = e -“ L /2?i (17.197) 

x |t/’o(^fe — a)'i/j 0 (x a — a)i exp(Ke~ Ac ^ n L) + exp (—Ke~ Ac ^ h L) 

+i>o(x b - a)i>o(x a - a)i exp(Ke~ Acl/h L) - exp (-Ke~ Acl/h L) 

+(x b -L -x b ) + (. x a -A -x a ) + (x b -> -x b ,x a -A -x a )|. 

The right-hand side is recombined to 

■^=[^o(xb ~ a) + ip 0 {x b + a)] x -^=[^ 0 (x a - a ) + ^ 0 (x a + o)] 


x exp - - Ke~ Acl/n ^J L 


1 1 

+ ^[Mx b -a) - i/j 0 (x b + a)] x —[ip 0 (x a - a) - ip 0 (x a + a)] 


x exp - + Ke~ Acl/h ^j L . 


(17.198) 


Here we identify the ground state wave function as the symmetric combination of 
the ground state wave functions of the individual wells 


*o(z) = ^=[^o(® - a) + ipo{x + a)]. 


(17.199) 


Its energy is 


£(°) = E (0) 


Ah® 


(u/2 - Ke~ A * /n ) h. 


(17.200) 


The first excited state has the antisymmetric wave function 


'JT(z) = ^=[^o(z - a) - M* + a)] 


and the slightly higher energy 


S {1) = E i0) + 


A h® 


(u/2 + Ke~ Acl/h ) h. 


(17.201) 


(17.202) 


The level splitting is therefore 


A E = 2Khe~ Acl/h . 


(17.203) 
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ref(5.78) 

lab(5.56) 

est(5.77) 


Inserting K from (17.131), we obtain the formula 

A E = 4^3 J ^hLue~ Acl/h , (17.204) 

V 27t n 

with Ad = (2/3) a 2 uj. When expressing the action in terms of the height of the 
potential barrier Wax = a 2 cu 2 /8 = 3axA c i/16, the formula reads 

A E = V3 J^^ huje ~ WVinax/3huJ - (17.205) 


The level splitting decreases exponentially with increasing barrier height. Note that 
Wa x is related to the coupling constant of the ^-interaction by Wax = ca 4 /16g. 

To ensure the consistency of the approximation we have to check that the as¬ 
sumption of a low density gas of kinks and antikinks is self-consistent. When looking 
at the series (17.195) for the exponential (17.196), we see that the average number 
of contributing terms is given by 


A f 1 

N « KLe~ Acl/h = —-L. 

2 n 


(17.206) 


The associated average separation between kinks and antikinks is 


A L = 2h/A E. 


(17.207) 


If we compare this with their size 2 /u, we hnd the ratio 


distance hu 

_ _ 

size A E 


(17.208) 


For increasing barrier height, the level splitting decreases and the dilution increases 
exponentially. Thus the dilute-gas approximation becomes exact in the limit of 
infinite barrier height. 


17.8 Fluctuation Correction to Level Splitting 


Let us calculate the first fluctuation correction to the level splitting formula (17.204). For this we 
write the potential (17.1) as in (5.78): 


U) 


V{x) = -' z r x 2 + |a: 4 + 


with the interaction strength 


1 

V 


9 = 


2a 2 ' 


(17.209) 


(17.210) 


Expanding the action around the classical solution, we obtain the action of the fluctuations y(r) = 
x(t) — x c i (r). Its quadratic part was given in Eq. (17.40) which we write as 


A)) = ^ J cirdr' j/(r)W(r, rOj/W), 


(17.211) 
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with the functional matrix 


O u {t, t') 



3_1_ 

2 cosh 2 [w(r — tq)/2] 


S(t 


(17.212) 


ref(14.136)associated with the Schrodinger operator for a particle in a Rosen-Morse potential (14.136). The 
lab(14.125)}rime indicates the absence of the zero eigenvalue in the spectral decomposition of O u (t, t'). Since 
est(14.159)the associated mode does not perform Gaussian fluctuations, it must be removed from y(r) and 
treated separately. At the semiclassical level, this was done in Subsection 17.3.1, and the zero 
eigenvalue appeared in the level splitting formula (17.204) as a factor (17.112). The removal gave 
rise to an additional effective interaction (17.110): 


^ ff = -?ilog 1 + A c\ J drx' cl (j)y'( t) . 

With (17.88)-(17.91), this can be rewritten after a partial integration as 

= —ft log 


1 V / dT y'o( T )y ( T ) 


The interaction between the fluctuations is 

-4fl nt = | f dT [/(r) +4x c i(r)j/ 3 (r)] . 


(17.213) 


(17.214) 


(17.215) 


In the path integral, we now perform a Taylor series expansion of the exponential + -A 

in powers of the coupling strength g. A perturbative evaluation of the correlation functions of the 
fluctuations y(r) according to the rules of Section 3.20 produces a correction factor to the path 
integral 


C = 


1 -(I 1 + I 2 + I 3 )±- + 0(g 2 ) 


(17.216) 


where 1 1 , I 2 , and I 3 are the dimensionless integrals running over the entire r-axis: 

= ^2 / dT{y 4 (T)) 0ul , 

3 r 

h = J drdT x c \(r)(y 3 (r)y 3 (t')) 0 ui x c i(t'), (17.217) 

^3 = J drdT y' 0 (T)(y(T)y 3 (T')) Oul x cl (T'). 

In order to check the dimensions we observe that the classical solution (17.28) can be written 
with (17.210) as x c \ (r) = y / aA/2gtanh[w(r — ro)/2], while y(r) and r have the dimensions y/U/t 0 
and 1/w, respectively. The Dirac brackets (■ • -)o u denote the expectation with respect to the 
quadratic fluctuations controlled by the action (17.211). Due to the absence of a zero eigenvalue, 
the fluctuations are harmonic. The expectation values of the various powers of y(r) can therefore 
be expanded according to the Wick rule of Section 3.17 into a sum of pair contractions involving 
products of Green functions 


g 'o u (t,t') = (y{T)y(T'))o„ = HO u} 1 (t,t'), 


where O w 1 (t, r') denotes the inverse of the functional matrix (17.212). 

The first term in (17.217) gives rise to three Wick contractions and becomes 


h 


3 w 3 r 
4ft 2 J 


(17.218) 


dT G'oS t ’ t )- 


(17.219) 
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The integrand contains an asymptotically constant term which produces a linear divergence for 
large L. This divergence is subtracted out as follows: 


r 3 to 3 w 3 

1 =i 16 + W. 


dr 


G 'oSTr)-^ 


(17.220) 


The first term is part of the first-order fluctuation correction without the classical solution, i.e., it 
contributes to the constant background energy of the classical solution. It is obtained by replacing 

G'oSt, r') HG u (t - t') = Ae-h-'l (17.221) 

Zuj 

[recall (3.304) and (3.249)]. In the amplitudes (17.195), the background energy changes only the 
exponential prefactor e -^ L l 2n to g-T+SgU/ie^ )u>L/2h all( j d oes no t contribute to the level splitting. 
The level splitting formula receives a correction factor 


C' = 


1 - Cl 


gh 


l-(/(+/'+/')^+ 0 ( ff 2 ) 


(17.222) 


in which all contributions proportional to L are removed. Thus I± is replaced by its subtracted 
part I[ = I\ — L3w/16. 

The integral I 2 has 15 Wick contractions which decompose into two classes: 


1-2 = hi + h 2 = — r / dr dr' 


2 h 3 j 

x x c \ (r) [6GqJt,t') + 9G' 0io (t,t)G' 0 ^(t,t')G' 0ui (t',t')\ x c \{t’). (17.223) 


Each of the two subintegrals hi and I 22 contains a divergence with L which can again be found 
via the replacement (17.221). The subtracted integrals in (17.222) are H 2l = hi + ojL/8 and 
I 2 2 = /22 + 3wL/ 16. Thus, altogether, the exponential prefactor e -“ L / 2?i i n the amplitudes (17.195) 
is changed to e -[ 1 / 2 +( 3 / 16 - 1 / 8 -9/ 16 )ff ?i / w3 ) wL / 2?i - = e -(i/‘2-gh/2u 3 )aiL/2h , j n a g reemen t with (5.258). 
To compare the two expressions, we have to set u> = \/2 since the present u> is the frequency at 
the bottom of the potential wells whereas the ui in Chapter 5 [which is set equal to 1 in (5.258)] 
parametrized the negative curvature at x = 0. 

The Wick contractions of the third term lead to the finite integral 


^3 = !' 3 = -3^2\/^§ f drdr'y' 0 (T)G' o (t,t')G' 0 (t 1 ,t')x c i{t'). (17.224) 

n V J 

The correction factor (17.216) can be pictured by means of Feynman diagrams as 



where the vertices and lines represent the analytic expressions shown in Fig. 17.5. 

For the evaluation of the integrals we need an explicit expression for G' 0 (r, r'). This is easily 
ref(14.139)found from the results of Section 14.4.4. In Eq. (14.139), we gave the fixed-energy amplitude 
lab(8.1443<(aq4^ 0 ).E TCA< ,.E T , r solving the Schrodinger equation 
est(14.162) 

' n 2 d 2 h 2 E vr 

2 gdx 2 KM + 2 f i cosh 2 ay 

(17.226) 


(xb IXa*) Ekm :^VT tflS^Xb X a ). 
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Inserting E-pj- = (h 2 /2p)s(s + 1), the amplitude reads for x b > x a 


(x b \x a ) EnM ,E VT = -r^-r (m(E nM ) - s)T(s + m{E nM ) + 1) 

x p-m(E nM ) ( tanh Xb )p-m(E nM ) (_ t&nh ^, 


(17.227) 


iti{Etim) = yl — 2pE'PM/L 2 ■ 


(17.228) 


After a variable change x = wr/2 and U 2 /g = w 2 /2, we set s = 2 and insert the energy Ekm = 
—3cu 2 /4. Then the operator in Eq. (17.226) coincides with O u (t, t') of Eq. (17.212), and we obtain 
the desired Green function for r > t' 


Go u (t, t') = — T(m — 2)T(m + 3) P 2 m (tanh —) P 2 m (— tanh — ), 
uj 2 2 


(17.229) 


with m = 2. Due to translational invariance along the r-axis, this Green function has a pole at 
Eum = — 3ur /4 which must be removed before going to this energy. The result is the subtracted 
Green function G'q (t, t') which we need for the perturbation expansion. The subtraction pro¬ 
cedure is most easily performed using the formula G’ 0 = (d/ dE'nM)E'R.M G o UJ \ETi M =-Zu' 2 /a- In 
terms of the parameter m, this amounts to 


g 'oS t ' t ')= ^(m 2 - 4 )G 0 jT,T') 
2m dm. 


(17.230) 


Inserting into (17.227) the Legendre polynomials from (14.143), 


P2 m W = 


T(1 + m) \ 1 — z 


1 l + m (1 ~ )+ (l+?n)(2 + m) (1 ^ 


the Green function (17.230) can be written as 


G 'oA T , T ') = fip'o(T>)yo(r<) + 2 /o(-t>)F 0 (-t<)] > 


(17.231) 


ref(14.143) 

lab(xl4.166) 

est(14.166) 


(17.232) 


where r> and r< are the greater and the smaller of the two times r and t' . respectively, and 
Do(t), Yq(t) are the wave functions 


2/o (t) = -2v / 6 ZjP 2 2 (- tanh 


3 w _ 1 _ 

8 cosh 2 


(17.233) 



Figure 17.5 Vertices and lines of Feynman diagrams for correction factor C in 
Eq. (17.225). 
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Mr) = 


1 1 


2 \/ 6 co 2 um ( 2 


dm. 


(m 2 — 4)F(m — 2)F(m + 3) 


/V 


( 


tanh ■ 


2 / 


+ \(m 2 — 4)r(m — 2)F(m + 3)1 -f— P 2 m (tanh — 

L J dm V 2 j 


m —2 


From (17.231) we see that 


dm 


p.; 


tanh ■ 


2 ) 


= Y^yo(' r )[ 6 ( 3-27 + wr)-e “ T (8 + e~ 


(17.234) 


(17.235) 


where 7 ss 0.5773156649 is the Euler-Mascheroni constant (2.469). Hence 


Mr) = 


12 w 2 


2/o(' r )[ e_a,T ( e_WT + 8) — 2(2 + 3 wt)]. 


For t = t' , the Green function is 


(17.236) 


G'oJr,r) = 


2 w cosh 4 *q 


. 4 wr 2 WT 11 

cosh —— + cosh —-— 


(17.237) 


Note that an application of the Schrodinger operator (17.212) to the wave functions Yo(t) and 
yo (r) produces —yo(r) and 0, respectively. These properties can be used to construct the Green 
function G' 0 (■r, r ') by a slight modification of the Wronski method of Chapter 3. Instead of the 
differential equation O u G(t,t') = Ti5(t — r'), we must solve the projected equation 

°L g 'o„( t t') = H[5{t - t') - yo{r)yo(r')\, (17.238) 

where the right-hand side is the completeness relation without the zero-eigenvalue solution: 

^2 yn(r)y n (r') = 5(t - t') - y 0 (r)y 0 {r'). (17.239) 

n /0 

The solution of the projected equation (17.238) is precisely given by the combination (17.232) of 
the solutions Yq(t) an< l Uo( T ) with the above-stated properties. 

The evaluation of the Feynman integrals I±, I 21 , 122 , H is somewhat tedious and is therefore 
described in Appendix 17A. The result is 


W _ 97 , _ _ 117 49 

1 560’ 21 420’ 22 560’ 3 20' 


These constants yield for the correction factor (17.222) 

71 gh 


C' = 




(17.240) 


(17.241) 


modifying the level splitting formula (17.204) for the ground state energy to 


A £ (0) = 4 VsJ ‘^fir-hue-" 3 /3sh-n g h/24^+... (17.242) 

V 27m 

This expression can be compared with the known energy eigenvalues of the lowest two double-well 
states. In Section 5.15, we have calculated the variational approximation IT 3 (xq) to the effective 
classical potential of the double well and obtained for small g an energy (see Fig. 5.24) which did 
not yet incorporate the effects of tunneling. We now add to this the level shifts ±AE^°I /2 from 
Eq. (17.242) and obtain the curves also shown in Fig. 5.24. They agree reasonably well with the 
Schrodinger energies. 
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Figure 17.6 Positions of extrema x ex in asymmetric double-well potential, plotted as 
function of asymmetry parameter e. If rotated by 90°, the plot shows the typical cubic 
shape. Between e> and e<, there are two minima and one central maximum. The branches 
denoted by “min” are absolute minima; those denoted by “rel min” are relative minima. 


17.9 Tunneling and Decay 


The previous discussion of level splitting leads us naturally to another important 
tunneling phenomenon of quantum theory: the decay of metastable states. Suppose 
that the potential is not completely symmetric. For definiteness, let us add to V (. x) 
of Eq. (17.1) a linear term which breaks the symmetry x — x: 


AV = -e 


x 


2 a 


For small e > 0, this slightly depresses the left minimum at x 
of the extrema are found from the cubic equation 


V'(x ex ) = 


u) 2 a 


x P 


x P 


a u> 2 a 2 


= 0 . 


(17.243) 
—a. The positions 

(17.244) 


They are shown in Fig. 17.6. For large e, there is only one extremum, and this is 
always a minimum. In the region where x ex has three solutions, say X-,Xq,x + , the 
branches denoted by “rel min.” in Fig. 17.6 correspond to relative minima which lie 
higher than the absolute minimum. The central branch corresponds to a maximum. 
As e decreases from large positive to large negative values, a classical particle at rest 
at the minimum follows the upper branch of the curve and drops to the lower branch 
as e becomes smaller than e<. Quantum-mechanically, however, there is tunneling 
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to the lower state before e<. Tunneling sets in as soon as e becomes negative, i.e., 
as soon as the initial minimum at x + comes to lie higher than the other minimum 
at x_. The state whose wave packet is localized initially around x + decays into the 
lower minimum around x_. After some finite time, the wave packet is concentrated 
around x_. 

A state with a finite lifetime is described analytically by an energy which lies in 
the lower half of the complex energy plane, i.e., which carries a negative imaginary 
part E im . The imaginary part gives half the decay rate T/2 h. This follows directly 
from the temporal behavior of a wave function with an energy E = E Te + iE im which 
is given by 

i{;(x)e- iEt/n = iP(x.)e~ iETet/h e Eiint/h = iP(x)e~ iEiet/n e- rt/2n . (17.245) 

The last factor leads to an exponential decay of the norm of the state 

J d 3 a#(x) | 2 = e- Tt/h , (17.246) 

which shows that Ti/T is the lifetime of the state. A positive sign of the imaginary 
part of the energy is ruled out since it would imply the state to have an exponentially 
growing norm. 

We are now going to calculate T for the lowest state. 4 If e has a small negative 
value, the initial probability is concentrated in the potential valley around the right- 
hand minimum x = x + ~ a. We assume the potential barrier to be high compared 
to the ground state energy. Then a semiclassical treatment is adequate. In this 
approximation we evaluate the amplitude 


(x + t b \x + t a ). 


It contains the desired information on the lifetime of the lowest state by behaving, 
for large t b — t a , as 

(x + t b \x + t a ) ~ V'o(0)V'o(0)e- lEre ^- t “)/ ft e- r ^- t “)/ 2ft . 

As before, it is convenient to work with the Euclidean amplitude with r a = —L /2 
and r b = L/ 2, 

(x + L/2\x + -L/2), (17.247) 

which behaves for large L as 

(x + L/2\x + - L/2) ~ MQ)M®)e~ EieL/n e irL/2n . (17.248) 

The classical approximation to this amplitude is dominated by the path solving the 
imaginary-time equation of motion which corresponds to a real-time motion in the 
reversed potential —V{x) (see Fig. 17.7). The particle starts out at x = x + for 

4 Due to the finite lifetime this state is not stationary. For sufficiently long lifetimes, however, 
it is approximately stationary for a finite time. 
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Figure 17.7 Classical bubble solution in reversed asymmetric quartic potential for e < 0, 
starting out at the potential maximum at x+, crossing the valley, and returning to the 
maximum. 


r = —L/2, traverses the minimum of —V(x) at some finite value r = To, and comes 
back to x + at r = L/2. This solution is sometimes called a bounce solution, because 
of its returning to the initial point. 

There exists an important application of the tunneling theory to the vaporization 
process of overheated water, to be discussed in Section 17.11. There the same type 
of solutions plays the role of critical bubbles triggering the phase transition. Since 
bounce solutions were first discussed in this context [4], we shall call them bubble 
solutions or critical bubbles. 

We now proceed as in the previous section, i.e., we calculate 

a) the classical action of a bubble solution, 

b) the quadratic fluctuations around a bubble solution, 

c) the sum over infinitely many bubble solutions. 

By following these three steps naively, we obtain the amplitude 


(x+ L/2\x + - L/2) 



exp 


\J Ac\/2nhK' Le~' Acllh 


(17.249) 


Here *A c i is the action of the bubble solution and K’ collects the fluctuations of all 
nonzero-eigenvalue modes in the presence of the bubble solution as in (17.192): 


K' 


n ( A 


\ n'A 


(17.250) 


The translational invariance makes the imaginary part in the exponent proportional 
to the total length L of the r-axis. 

From the large-L behavior of the amplitude (17.249) we obtain the ground state 
energy 


£(°) 




K' e ~ Ac '/ n 


(17.251) 


In order to deduce the finite lifetime of the state from this formula we note that, 
just like the kink solution, the bubble solution has a zero-eigenvalue fluctuation 
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associated with the time translation invariance of the system. As before, its wave 
function is given by the time derivative of the bubble solution 

y o( T ) = < 17 - 252 ) 

In contrast to the kink solution, however, the bubble solution returns to the initial 
position, implying that x c \ (r) has a maximum. Thus, the zero-eigenvalue mode 
oc x'j(r) contains a sign change (see Fig. 17.7). In wave mechanics, such a place 
is called a node of the wave function. A wave function with a node cannot be the 
ground state of the Schrodinger equation governing the fluctuations 


dr 2 


V"(x* (r)) 


Vn{r) 


^nDnir )• 


(17.253) 


A symmetric wave function without a node must exist, which will have a lower energy 
than the zero-eigenvalue mode, i.e., it will have a negative eigenvalue A_i < 0. The 
associated wave function is denoted by y_i(r). It corresponds to a size fluctuation of 
the bubble solution. The nodeless wave function y-i(r) is the ground state. There 
can be no further negative-eigenvalue solution [5]. 

It is instructive to trace the origin of the negative sign within the efficient cal¬ 
culation method of the fluctuation determinant in Section 17.5. In contrast to the 
instanton treated there, the bubble solution has opposite symmetry, with an anti¬ 
symmetric translational mode x' cl (r). From this we may construct again two linearly 
independent solutions to find the determinant D{r) to be used in Eq. (17.154). 

The negative eigenvalue A_i enters in the calculation of the functional integral 
(17.46) via a fluctuation integral 


/ 


dj i 

\Z2tiTl 


( 1/2 


(17.254) 


This integral diverges. The harmonic fluctuations of the integration variable take 
place around a maximum; they are unstable. At first sight one might hope to obtain 
a correct result by a naive analytic continuation doing first the integral for A_i > 0, 
where it gives 


f <%-i - 

J yj2irTt 


(i/2 


1 


(17.255) 


and then continuing the right-hand side analytically to negative A_i. The result 
would be 


f d £-i - 

J \Z2nh 


(i/2bt 2 d-i 



(17.256) 


From (17.250) and (17.251) we then might expect the formula for the decay rate to 
be 

= -2iJ ^±K'e- Acl/h (wrong), (17.257) 

n V 27t n 
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Figure 17.8 Action of deformed bubble solution as function of deformation parameter 
£. The maximum at £ = 1 represents the critical bubble. 


with 


K' = i\K' 


n°A n 

i 

\ rW),-lAn 

L\/ A-i 


(17.258) 


However, this naive manipulation does not quite give the correct result. As we 
shall see immediately, the error consists in a missing factor 1/2 which has a simple 
physical explanation. A more careful analytic continuation is necessary to find this 
factor [4], As a function of £, it behaves as shown in Fig. 17.8. 

For a proper analytic continuation, consider a continuous sequence of paths in 
the functional space and parametrize it by some variable £. Let the trivial path 


x[t) = x + (17.259) 

correspond to £ = 0, and the bubble solution 

x{t) = x c i (t) (17.260) 


to £ = 1. The action of the trivial path is zero, that of the bubble solution is A = A c 
As the parameter £ increases to values > 1, the bubble solution is deformed with a 
growing portion of the curve moving down towards the bottom of the lower potential 
valley (see Fig. 17.9). This lowers the action more and more. 

There is a maximum at the bubble solution £ = 1. The negative eigenvalue 
A_i < 0 of the fluctuation equation (17.253) is proportional to the negative curvature 
at the maximum. Since there exists only a single negative eigenvalue, the fluctuation 
determinant of the remaining modes is positive. It does not influence the process of 
analytic continuation. Thus we may study the analytic continuation within a simple 
model integral designed to have the qualitative behavior described above: 

Z= /°°^Le A ^ 2+a?3) . (17.261) 

Jo 

The parameter A stands for the negative eigenvalue A_i, whereas a is an auxiliary 
parameter to help perform the analytic continuation. For a > 0, the integral is 
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Figure 17.9 Sequence of paths as function of parameter £, starting out at £ = 0, with 
a constant solution in the metastable valley x(r) = x = x+, reaching the extremal bubble 
solution x(r) = x c \ (r) for £ = 1, and sliding more and more down towards the stable 
minimum for 1 < £ —>• oo. 


stable and well defined. For a < 0, the “Euclidean action” in the exponent A = 
—A(£ 2 + a£ 3 ) has a maximum at 


Sra 


2 

3a 


Near the maximum, it has the expansion 


A 



(£ — £m) + • • • 


(17.262) 


(17.263) 


The second term possesses a negative curvature A which represents the negative 
eigenvalue A_i. The parameter a 2 plays the role of Tt/(—\A c \) in the bubble discus¬ 
sion, and the semiclassical expansion of the path integral corresponds to an expan¬ 
sion of the model integral in powers of a 2 . We want to show that the lowest two 
orders of this expansion yield an imaginary part 


Im Z 


„A4/27a 2 


y/W 


(17.264) 


where the exponential is the classical contribution and the factor contains the fluc¬ 
tuation correction. To derive (17.264), we continue the integral (17.261) analytically 
from a > 0, where it is well defined, into the complex a-plane. It is convenient to 
introduce a new variable t = a£. Then Z becomes 


Z 




(t 2 +1 3 ) 


(17.265) 


Since A < 0 this integral converges for a > 0. To continue it to negative real values 
of a, we set a = \a\e lv> and increase the angle ip from zero to 7 t/ 2. While doing so, 


H. Kleinert, PATH INTEGRALS 







17.9 Tunneling and Decay 


1217 



Figure 17.10 Lines of constant Re (t 2 + t 3 ) in complex f-plane and integration contours 
Cj for various phase angles of a (shown in the insert) which maintain convergence of the 
integral (17.265). 


we deform the contour in the f-plane in order to maintain convergence. Thus we 
introduce an auxiliary real variable t' and set 

t = e i2 ‘ fi/3 t', t' e(0,oo). (17.266) 

The continued integral is then performed as / dt = e l2{p ^ 3 / 0 °° dt'. From the geometric 
viewpoint, the convergence is maintained for the following reason: For a > 0, the 
real part of the “action 1 ' —(A/a 2 )(f 2 + t 3 ) has asymptotically three mountains at 
azimuthal angles p> = 0, 27t/3, 47t/3, and three valleys at p> = 7t/3, ^ r, 57t/3 (see 
Fig. 17.10). As a is rotated by the phase e ltp , these mountains rotate with 2/3 of 
the angle tp anticlockwise in the f-plane. Since the contour keeps running up the 
same mountain, the integral continues to converge, rendering an analytic function 
of a. After a has been rotated to e m a = —cp the exponent in (17.265) takes back 
the original form, but the contour C runs up the mountain at tp = 2tt/3. It does 
not matter which particular shape is chosen for the contour in the finite regime. 
We may deform the contour to the shape C 2 shown in Fig. 17.10. Next we observe 
that the point —a can also be reached by rotating a in the clockwise sense with —99 
increasing to n. In this case the final contour will run like C 3 in Fig. 17.10. The 
difference between the two analytic continuations is 

AZ = Z(\a\e->’) - Z(\a\e") = T [ -ILexp (4 (* 2 + « 3 )j , (17.267) 

\a\ Jca V27t ( a 2 J 

where the contour C 4 = C 2 — C 3 connects the mountain at tp — 47t/3 with that at 
tp = 27r/3. The convergence of the combined integral is most rapid if the contour 
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C 4 is chosen to run along the line of steepest slope. This traverses the minimum at 
t — —1 vertically in the complex f-plane. 

The fact that A Z is nonzero implies that the partition function has a cut in 
the complex a-plane along the negative real axis. Since Z is real for a > 0, it is a 
real analytic function in the complex ct-plane and the difference A Z gives a purely 
imaginary discontinuity across the cut: 

AZ = disc Z = Z(— |a| — ir /) — Z(—\a\ + ir /). (17.268) 


Let us calculate the discontinuity in the limit of small a where the dominant 
contribution comes from the neighborhood of the point t — — 1. While the action at 
this point has a local maximum along the real f-axis, it has a local minimum along 
the vertical contour in the complex f-plane. For small a 2 , the integral can be found 
via the saddle point approximation calculating the local minimum in the quadratic 
approximation: 

disc Z « e A4/27 “ 2 f°° (17.269) 

J—ioo y 27T 

A4/27» 2 1 

a/—A' 


Due to the real analyticity of A, the imaginary part of A is equal to one half of this: 


Im Z(—\a 


=F ir/) = ±e A4/27< 


1 

2\/—X" 


(17.270) 


The contour leading up to the extremal point adds only a real part to Z. The result 
(17.270) is therefore the exact leading contributing to the imaginary part in the 
limit a 2 —> 0 , corresponding to the semi classical limit h —> 0 . 

The exponent in (17.270) is the action of the model integral at the saddle point. 
The second factor produces the desired imaginary part. For a sequence of paths in 
functional space whose action depends on £ as in Fig. 17.9, the result can be phrased 
as follows: 




a/27 rh 


Jo VM Ji y/2^ 

f 1 c -A(tj)/h + 1 c -A(i)/h 1 

J o /M 2 


(17.271) 


After translating this result to the form (17.254), we conclude that the integration 
over the negative-eigenvalue mode 


f d £-1 
J y/2nh 




(17.272) 


becomes, for A_i < 0 and after a proper analytic continuation, 


f <%-1 
j a/27T h 


■^_ 2 a_i /2 n 



(17.273) 
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It is easy to give a physical interpretation to the factor 1/2 appearing in this formula, 
in contrast to the naively continued formula (17.287). At the extremum, the classical 
solution, which plays the role of a critical bubble, can equally well contract or expand 
in size. In the first case, the path x(r) returns towards to the original valley and the 
bubble disappears. In the second case, the path moves more and more towards the 
lower valley at x — —X-, thereby transforming the system into the stable ground 
state. The factor 1/2 accounts for the fact that only the expansion of the bubble 
solution produces a stable ground state, not the contraction. 

The factor 1/2 multiplies the naively calculated imaginary part of the partition 
function which becomes 

Im Z(-\g\ - irj) « K'\Le~ Acl/h . (17.274) 

The summation over an infinite number of bubble solutions moves the imaginary 
contribution to Z into the exponent as follows: 

Re Z + lmZ = Re Z(1 + Im Z /Re Z) -> ReZe ImZ/ReZ (17.275) 

infinite sum 

as in Eqs. (17.195), (17.196). By comparison with (17.248), we obtain the correct 
semiclassical tunneling rate formula [rather than (17.257)]: 

Ir = \ ^\K'\e- A « /n , (17.276) 

n V 27 m 

where K’ is the square root of the eigenvalue ratios, with the zero-eigenvalue mode 
removed. The prefactor has the dimension of a frequency. It defines the bubble decay 
frequency 


k-btt 



(17.277) 


The exponential in (17.276) is a “quantum Boltzmann factor” which suppresses 
the formation of a bubble triggering the tunneling process via its expansion. The 
subscript indicates that the frequency plays the role of an attempt frequency by 
which the metastable state attempts to tunnel through the barrier into the stable 
ground state. 


17.10 Large-Order Behavior of Perturbation Expansions 

The above semiclassical approach of the decay rate of a metastable state has an 
important fundamental application. At the end of Chapter 3 we have remarked 
that the perturbation expansion of the anharmonic oscillator has a zero radius of 
convergence. This property is typical for many quantum systems. The precise form 
of the divergence is controlled by the tunneling rate formula (17.276), as we shall 


see now. 
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17.10.1 Growth Properties of Expansion Coefficients 

As a specific, but typical, example we consider the anharmonic oscillator with the 
action 

fL/2 

A = dr 

J-L/2 

and study the partition function as an analytic function of g. It is given by the path 
integral at large L (which now represents the imaginary time (3 = 1/ksT, setting 
h = 1 ) 

Z(g) = j Vx(r)e A . (17.279) 

The L-dependence of the partition function follows from the spectral representation 

Z(g) = Y j e~ E(n)(9]L , (17.280) 

n 

where E^ n \g) are the energy eigenvalues of the system. In the limit L —> oo, this 
becomes an expansion for the ground state energy E^\g). In the limit L —> oo, 
Z{g) behaves like 

Z{g) -> e - E( ° ){9)L , (17.281) 


x 


12 


U 


-x 


9 4 

r 


(17.278) 


exhibiting directly the ground state energy. 

Since the path integral can be done exactly at the point g — 0, it is suggestive 
to expand the exponential in powers of g and to calculate the perturbation series 

z(g) = Y.z-(^f ■ ( 17 ’ 282 ) 

As shown in Section 3.20, the expansion coefficients are given by the path integrals 



By selecting the connected Feynman diagrams in Fig. 3.7 contributing to this path 
integral, we obtain the perturbation expansion in powers of g for the free energy 
F. In the limit L oo, this becomes an expansion for the ground state energy 
E^\g), in accordance with (17.281). By following the method in Section 3.18, we 
ford similar expansions for all excited energies F^ ra )(g) in powers of g. For g = 0, 
the energies are, of course, those of a harmonic oscillator, Eq 1) = u(n +1/2). In 
general, we find the series 

00 , s / n\ k 

B'"'(j) = i:h" ) (l) ■ (17. 2 84) 

k =0 
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Most perturbation expansions have the grave deficiency observed in Eq. (3C.27). 
Their coefficients grow for large order k like a factorial k\ causing a vanishing radius 
of convergence. They can yield approximate results only for very small values of g. 
Then the expansion terms (g/4 ) k decrease at least for an initial sequence of k- 

values, say for k — 0,..., N. For large h-values, the factorial growth prevails. Such 
series are called asymptotic. Their optimal evaluation requires a truncation after 
the smallest correction term. In general, the large-order behavior of perturbation 
expansions may be parametrized as 

£ fe = 7/ +1 ^(-4a) fc (p&)! 1 + y+ ]§ + ••• > (17.285) 

where the leading term (pk)\ grows like 

(pk)l = _ [i + 0(1/*)]. (17.286) 

This behavior is found by approximating n\ via Stirling’s formula (5.204). It is easy 
to see that the kill term of the series (17.284) is minimal at 

k ~ kmin = P(a\g\y/P ‘ (17.287) 

This is found by applying Stirling’s formula once more to ( k\) p and by minimizing 
7 (/c!) p /c /3, (p p a|(yf|) fc with /?' — /3 + (1 — p)/2, which yields the equation 

plogk + \og(jfa\g\) + (/? + p/2)/k + ... = 0. (17.288) 

An equivalent way of writing (17.285) is 


E k - 7p(-4o)‘r(p k + P + 1) 1 + + (p * + + JZ !) +•••_• < 17 ’ 289 > 

The simplest example for a function with such strongly growing expansion coef¬ 
ficients can be constructed with the help of the exponential integral 

roo rtf 

E\(g) = / -e-*. (17.290) 

Jg t 

Defining 


E(g) = O/lEpi/g) = [’ 
a Jo 


dt -e 

1 + gt 


(17.291) 


this has the diverging expansion 


E(g) = 1 -g + 2 \g 2 - 3!^ 3 + ... + (-l^lV!^ + ... . (17.292) 


At a small value of g, such as g — 0.05, the series can nevertheless be evaluated 
quite accurately if truncated at an appropriate value of N. The minimal correction 
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is reached at N = 1/g = 20 where the relative error with respect to the true value 
E ~ 0.9543709099 is equal to A E/E ~ 1.14 • 10 -8 . At a somewhat larger value 
g = 0.2, on the other hand, the optimal evaluation up to N = 5 yields the much 
larger relative error « 1.8%, the true value being E « 0.852110880. 

The integrand on the right-hand side of (17.291), the function 

B(t) = (17.293) 

is the so-called Borel transform of the function E(g). It has a power series expansion 
which can be obtained from the divergent series (17.292) for E(g) by removing in 
each term the catastrophically growing factor k\. This produces the convergent 
series 


B{t) = 1 - t + t 2 - t 3 + ..., (17.294) 

which sums up to (17.293). The integral 

roc 

F(g) = / —e~ t/9 B{t) (17.295) 

Jo g 

restores the original function by reinstalling, in each term t k , the removed k\- factor. 

Functions F(g) of this type are called Borel-resummable. They possess a con¬ 
vergent Borel transform B(t) from which F(g) can be recovered with the help of the 
integral (17.295). The resummability is ensured by the fact that B(t) has no sin¬ 
gularities on the integration path t G [0, oo), including a wedge-like neighborhood 
around it. In the above example, B(t ) contains only a pole at t = —1, and the 
function E(g) is Borel-resummable. Alternating signs of the expansion coefficients 
of F(g) are a typical signal for the resummability. 

The best-known quantum field theory, quantum electrodynamics , has divergent 
perturbation expansions, as was first pointed out by Dyson [6]. The expansion 
parameter g in that theory is the fine-structure constant 

a = 1/137.035963(15) « 0.0073. (17.296) 

Fortunately, this is so small that an evaluation of observable quantities, such as the 
anomalous magnetic moment of the electron 

a e = — = -0.3284789657 f-V + 1.1765(13) f-) 3 +... , (17.297) 

H 2 7T \7T) \TT / 

gives an extremely accurate result: 

af eor = (1159 652 478 ± 140) • 10" 12 . (17.298) 

The experimental value differs from this only in the last three digits, which are 
200 ± 40. The divergence of the series sets in only after the 137th order. 
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A function E(g) with factorially growing expansion coefficients cannot be ana¬ 
lytic at the origin. We shall demonstrate below that it has a left-hand cut in the 
complex g- plane. Thus it satisfies a dispersion relation 


w s 1 , ,disc E(-g') 

E(9 = 77~ / dg' - 

2m Jo g + g 


where discE(g') denotes the discontinuity across the left-hand cut 


(17.299) 


discE(g) = E(g — ig) — E(g + irf). (17.300) 

It is then easy to see that the above large-order behavior (17.289) is in one-to-one 
correspondence with a discontinuity which has an expansion, around the tip of the 
cut, 

disc E{—\g\) =2m^{a\g\)~ [ - 13+ldp e~ l ^ a ^ P [1 + Ci(a\g\) l ^ p -\- c 2 (a|g|) 2//p + ...]. (17.301) 

The parameters are the same as in (17.289). The one-to-one correspondence is 
proved by expanding the dispersion relation (17.299) in powers of g/ 4, giving 

E ‘ = ( - 4) ‘f 5^ discB( - 9,) ' (17 ' 302) 

The expansion coefficients are given by moment integrals of the discontinuity with 
respect to the inverse coupling constant 1 /g. Inserting (17.301) and using the inte¬ 
gral formula 5 

J Q d 9^pi e ~ 1/{a ^ )(1,V) = a a pT(pa ), (17.303) 

we indeed recover (17.289). 

From the strong-coupling limit of the ground state energy of the 
oscillator Eq. (5.168) we see that the discontinuity grow for large g like 
case, the dispersion relation (17.304) needs a subtraction and reads 

q r°° dq' disc E(—q') . „ 

E{g) = E 0 + / 4 - 4 17.304 

2m Jo g g + g 

This does not influence the moment formula (17.302) for the expansion coefficients, 
except that the lowest coefficient is no longer calculable from the discontinuity. Since 
the lowest coefficient is known, there is no essential restriction. 


anharmonic 
g 1 / 3 . In this 


17.10.2 Semiclassical Large-Order Behavior 

The large-order behavior of many divergent perturbation expansions can be deter¬ 
mined with the help of the tunneling theory developed above. Consider the potential 

5 I.S. Gradshteyn and I.M. Ryzhik, op. cit ., Formula 3.478. 




1224 


17 Tunneling 


of the anharmonic oscillator at a small negative coupling constant g (see Fig. 17.11). 
The minimum at the origin is obviously metastable so that the ground state has only 
a finite lifetime. There are barriers to the right and left of the metastable minimum, 
which are very high for very small negative coupling constants. In this limit, the life¬ 
time can be calculated accurately with the semiclassical methods of the last section. 
The fluctuation determinant yields an imaginary part of Z(g) of the form (17.270), 
which determines the imaginary part of the ground state energy via (17.276), which 
is accurate near the tip of the left-hand cut in the complex g-plane. From this imag¬ 
inary part, the dispersion relation (17.302) determines the large-order behavior of 
the perturbation coefficients. 

The classical equation of motion as a function of r is 

x"(t) - V'(x(t)) = 0. (17.305) 


The differential equation is integrated as in (17.26), using the first integral of motion 

(17.306) 

from which we find the solutions for E = 0 


1/2 ^22 9 & T7> , 

—x - u x - x — E — const, 

2 2 4 


T 


t 0 = ±— / dx 

CO J 


1 - = T-arcosh 

xJl — (\g\/2co 2 )x 2 u 



or 


x(t) = x c i (r) = ±, 


2 co 2 


(17.307) 


(17.308) 


\ \g\ cosh[o/(T - To)] ' 

They represent excursions towards the abysses outside the barriers and correspond 
precisely to the bubble solutions of the tunneling discussion in the last section. The 
excursion towards the abyss on the right-hand side is illustrated in Fig. 17.11. The 
associated action is calculated as in (17.29): 


A c ] — 


,L/2 

l-L/2 


dr 


-x'*(t) + V(x c 1 (t)) 


= 2 


rL/2 

/ dr[x2(r)-E\ 

Jo 


= 2 


dx^2(E + V)~ EL , 
tion. Th 

dxVZY = 


(17.309) 


where x m is the maximum of the solution. The bubble solution has E = 0, so that 

4o/ 3 


Ac\ = 2 


%r 


(17.310) 


Inserting the fluctuating path x(r) = x c i (r) + y(r) into the action (17.278) and 
expanding it in powers of y(r), we find an action for the quadratic fluctuations of 
the same form as in Eq. (17.211), but with a functional matrix 

CUr,r') = --^ + uj 2 + 3gx 2 cl (r) 


dr 2 

dr 2 


5(t — t') 
6 


co 


cosir [u/(r — To)], 


5{t — t'). (17.311) 
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Figure 17.11 Potential of anharmonic oscillator (17.278) for small negative coupling 
g. The ground state centered at the origin is metastable. It decays via a classical solution 
which makes an excursion towards the abyss as indicated by the oriented curve. 


This is once more the operator of the Rosen-Morse type encountered in Eq. (17.138) 
with m — uj,z — 1, and s — 2. The subscript u on the operator symbol indicates 
the asymptotic harmonic form of the potential. The potential accommodates again 
two bound states with the normalized wave functions 6 and energies (see Fig. 17.12) 


Vo (t) 
y- i(t) 


3cj sinh[u;(r — r 0 )] 



4 cosh 2 [o;(r — r 0 )] 


with A 0 = 0, 


with A_i = —3a;' 


(17.312) 

(17.313) 


These are the same functions as in (17.52), (17.53), apart from the fact that m is 
now u rather than uj/2. However, the energies are shifted with respect to the earlier 
case. Now the first excited state has a zero eigenvalue so that the ground state has 
a negative eigenvalue. This is responsible for the finite lifetime of the ground state. 


The fluctuation determinant is obtained by any of the above procedures, for 
instance from the general formula (17.143), 


Tin A° _ r(y^ — g)T(y / i + s + 1) 

n« A n r(i/F)r(i/z +1) 


(17.314) 


6 The sign of y 0 is chosen to agree with that of x' c 1 (t) in accordance with (17.88). 
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Hr) 



Figure 17.12 Rosen-Morse Potential for fluctuations around the classical bubble solu¬ 
tion. 


by inserting the parameters z — 1 and s — 2. The zero eigenvalue is removed by 
multiplying this with (z — 1 )a; 2 , resulting in the eigenvalue ratio 



lim(v^ - l)(\/i + l )^ 2 

z—y 1 


T( v ^-2)r( x /i+3) 

r(Vi)r(Vi+i) 


—12a; 2 . (17.315) 


The negative sign due to the negative-eigenvalue solution in (17.313) accounts for 
the instability of the fluctuations. 

Using formula (17.274), we find the imaginary part of the partition function 


Im Z(—\g\ - irj) 


4a; 3 

\W\ 


a;Le _4w3/3|sl e“ wL/2 . 


(17.316) 


After summing over all bubble solutions, as in (17.275), we obtain the imaginary 
part of the ground state energy 


lmE (0) (-\g\ — irj)— — 


4a; 3 

\W\ ( 


-iu 3 /3\g\ 


(17.317) 


A comparison of this with (17.301) fixes the growth parameters of the large-order 
perturbation coefficients to 


a = 3/4o; 3 , j3 = 


u> 6 


2 ’ 


7 = 


TT \ TT 


-, p= 1. 


(17.318) 


Recalling the one-to-one correspondence between (17.301) and (17.289), we see that 
the large-order behavior of the perturbation coefficients of the ground state energy 
E^°\g) is 


4°> = 


a; 6 


7r V 7T 


3/co 3 ) k T(k + 1/2). 


(17.319) 
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It is just as easy to find the large-h behavior of the excited states. Their decay is 
triggered by a periodic classical solution with a very long but finite Euclidean period 
L, which moves back and forth between positions x < ^ 0 and x > < ^2u 2 /\g\. Its 
action is approximately given by 

A (jj^ 

A’ cl ^—(l-12 e -“ L ). (17.320) 

In comparison with the limit L —> oo, the Boltzmann-like factor e~ Acl of this solution 
is replaced by 

oo i on 

e~ A * = e~ Acl y A n cl —e~ nuL . (17.321) 

n! 

The exponentials in the sum raise the reference energies in the imaginary part of 
Z( — \g\ — ir]) in (17.316) from tu/2 to (u(n+l/2). The imaginary parts for the energies 
to the nth excited states become 

Irn£'”>(—Isl- <D)=- (17.322) 

implying an asymptotic behavior of the perturbation coefficients: 



u 

7r 


l~6 12 ” 

V 7r n! 


(—3/cu 3 ) k T(k + n + 1/2). 


(17.323) 


It is worth mentioning that within the semiclassical approximation, the disper¬ 
sion integrals for the energies can be derived directly from the path integral (17.279). 
This can obviously be rewritten as 


Z(g) = 

X 


r io ° d\ 
I—ioo 2iri 



(ga+Aa)/4 



(17.324) 


The integration over A generates a 5-function 4 S(f drx 4 (r ) — a) which eliminates 
the additionally introduced a-integration. The integral over a is easily performed. 
It yields a factor 1 /(A + g), so that we obtain the integral formula 

/ ioo d \ 1 

(17.325) 

-ioo 2m AT (j 

The integrand has a pole at A = — g and a cut on the positive real A-axis. We 
now deform the contour of integration in A until it encloses the cut tightly in the 
clockwise sense. In the semiclassical approximation, the discontinuity across the cut 
is given by Eq. (17.316), i.e., with the present variable A: 

ImZ(-|A| (17.326) 
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On the upper branch of the cut, \/A is positive, on the lower negative. Thus we 
arrive at a simple dispersion integral from A = 0 to A = oo: 

(i7 ' 327 > 

For the ground state energy, this implies 

= ~ 2 "f Tn /¥ e ^ V3A ' (17 ^ 28) 

Of course, this expression is just an approximation, since the integrand is valid only 
at small A. In fact, the integral converges only in this approximation. If the full 
imaginary part is inserted, the integral diverges. We shall see below that for large A, 
the imaginary part grows like A 1 / 3 . Thus a subtraction is necessary. A convergent 
integral representation exists for E^°\g) — E^°\0). With 77^(0) being equal to u/2, 
we find the convergent dispersion integral 


E(°\g)=^ + 2ug f 

2 Jo 


00 dX 1 
2 7r A(A + g) 


[g IAuj 3 

v^m e 


4a; 3 /3A 


(17.329) 


The subtraction is advantageous also if the initial integral converges since it sup¬ 
presses the influence of the large-A regime on which the semiclassical tunneling 
calculation contains no information. 

After substituting A —» 4g/3tu> 3 , the integral (17.329) is seen to become a Borel 
integral of the form (17.295). 

By expanding 1 /(A + g) in a power series in g 


1 

A + g 


£(-i)Va 


k =0 


-k -1 


(17.330) 


we obtain the expansion coefficients as the moment integrals of the imaginary part 
as a function of 1 /g: 

= -2. (-4)* f (17.331) 

This leads again to the large-A; behavior (17.319). 

The direct treatment of the path integral has the virtue that it can be generalized 
also to systems which do not possess a Borel-resummable perturbation series. As an 
example, one may derive and study the integral representation for the level splitting 
formula in Section 17.7. 


17.10.3 Fluctuation Correction to the Imaginary Part 
and Large-Order Behavior 

It is instructive to calculate the first nonleading term Cia|<?| in the imaginary part 
(17.301), which gives rise to a correction factor 1 + ci/k in the large-order behavior 
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(17.289). As in Section 17.8, we expand the action around the classical solution. 
The interaction between the fluctuations y(r) is the same as before in (17.215). The 
quadratic fluctuations are now governed by the differential operator 


a 


T, T — 


d 2 


dr 2 


+ or 1 


6 


cosh 2 u (r — r 0 ) 


8(t 


T 


(17.332) 


the prime indicating the absence of the zero eigenvalue. Its removal gives rise to the 
factor 


Af = -h log 



(17.333) 


After expanding, in the path integral, the exponential eAAi ll '+'A if )A in powers of 
the interaction up to the second order, a perturbative evaluation of the correlation 
functions of the fluctuations y[r) according to the rules of Section 3.20 yields a 
correction factor 


C 





+ 0(g 2 ) 


(17.334) 


with the same r-integrals as in Eqs. (17.217), (17.219), (17.223), and (17.224), after 
replacing g by \g\. The correction parameter C has again a diagrammatic expansion 
(17.225), where the vertices stand for the same analytic expressions as in Fig. 17.5, 
except for the third vertex, which is now 


,/3|<?l ,, , 

V 4^° W ' 

The lines represent the subtracted Green function 
G"o w (t,t') = (i£/( t)j/(t , )) 0 „ = 


(17.335) 


(17.336) 


where (9j 1 (r, r') is the inverse of the functional matrix (17.332). 

In contrast to the level splitting calculation in Section 17.8, only the integral I\ 
requires a subtraction, 


h = 


3u 3 
4 h 2 


' „, 2 / s r 3ca 3cu 3 

dr GJ (t, r) = L -1- ^ 

OuA > ) 16 4 ^2 


dr 


G 


12 


n 


2 1 


r, r 


4c o 2 


(17.337) 


and Eq. (17.334) assumes that I\ is subtracted, i.e., I\ should be replaced by I[ = 
1 1 — L3cu/16. The correction factor for the tunneling rate reads, therefore, 


C' 


i + (/; + h +/ 3 )hh + o(f) 

ijj A 


(17.338) 


The subtracted integral contributes only to the real part of the ground state 
energy which we know to be (1/2 + 3gh/16u 3 )huj. 
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As in Section 17.8, the explicit Green function G'q Jt, t') is found from the 
amplitude (17.227). By a change of variables x = lot and ft 2 /2n = ta 2 , setting s — 2, 
the Schrodinger operator in (17.226) coincides with that in (17.212), provided we 
set Ekm — 0- The amplitude (17.227) then yields the Green functions for r > r' 

Go u (t,t') = — r(m — 2)T(m + 3) x P 2 _m (tanha;r)P 2 " m (—tanliwr'), (17.339) 
Z(jJ 

with m — 1. Due to translational invariance along the r-axis, this Green function 
has a pole at Ek M = 0 [just like the Green function (17.229)]. The pole must be 
removed before going to this energy, and the result is the subtracted Green function 
given by 


m=1 


Using (17.231), we find the subtracted Green function 

G 'o u ( T ’ T ') = h i Y o( T >)yo(Tc) +2/o(-t>)D 0 (-t<)], 

with 


yo(r) = 2 



P 


- 1 / 


tanh cot) = 


13uj sinhcar 
2 cosh 2 tar' 


(17.340) 


(17.341) 

(17.342) 


Yn(r) = 



1 


3u> 8um 


_d_ 

dm 


(m 2 — l)T(m — 2)T(m + 3) 


P 2 m (tanh tar) 


(m 2 — l)T(m — 2 )T(m + 3) 


d 


3ta 3 


For r = t' 




4 cosh tar 

h l 


+ 


3 1 

'-tar 


dm 
sinhtar 


P 2 m (tanh tar) 

1 , 


8 7 cosh" tar 


-- o -(cosh" tar — 1) (cosh tar — 1/2). 

2ta cosh tar 


m= 1 

(17.343) 

(17.344) 


The evaluation of the integrals I[, I 2 i, I 22 , h proceeds as in Section 17.8 (per¬ 
formed in Appendix 17A), yielding [7] 


I[ = 


11 • 29 
2 4 • 5 • 7’ 


1 2 1 — 


71 


2 5 • 3 • 7’ 


1 22 — 


3-13 
2 4 • 7’ 


h = 


53 


2 4 • 5' 


The correction factor (17.338) is therefore 

95 3\g\h 


C' = 


72 4ta 3 


+ 0(g 2 


(17.345) 


(17.346) 


Using the one-to-one correspondence between (17.289) and (17.301), this yields the 
large-A; behavior of the expansion coefficients of the ground state energy: 


(o) _ ca / 6 


K’ = - 


71 \ IT 


(—3/ta 3 ) fe T(A; + 1/2)[1 - 95/72A; + 


(17.347) 
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17.10.4 Variational Approach to Tunneling. Perturbation 
Coefficients to All Orders 


The semiclassical calculations of tunneling amplitudes are valid only for very high 
barriers. It is possible to remove this limitation with the help of a variational 
approach [8] similar to the one described in Chapter 5. For simplicity, we discuss 
here only the case of an anharmonic oscillator at zero temperature. For the lowest 
energy levels we shall derive highly accurate imaginary parts over the entire left-hand 
cut in the coupling constant plane. The accuracy can be tested by inserting these 
imaginary parts into the dispersion relation (17.329) to recover the perturbation 
coefficients of the energies. These turn out to be in good agreement with the exact 
ones to all orders. 

For the path integral of the anharmonic oscillator 


Z(g) = J Vx(t) exp j- j ' dr 


/2 i x | 44 

2 1 + y x + r 


or 


(17.348) 


the variational energy (5.32) at zero temperature is given by 


IT, = 


tt 

2 


oj 2 — O 2 2 3 g , 

CL + - Cl 

4 


(17.349) 


ref(5.32) 

lab(5.36) 

est(5.43) 


with a 2 = 1/20. We have omitted the path average argument Xq since, by symmetry 
of the potential, the minimum lies at Xq = 0. The energy has to be extremized in 
O 2 . This yields the cubic equation O 3 — cu 2 Q — 3g/2 = 0. The physically relevant 
solution starts out with u at g — 0 and has two branches: For g e (—0) with 
gh ] ) — 4ca 3 /9y / 3 [compare (5.163)], it is given by 


Q = 


2 c jj 

—pz cos 

73 


71 

.3 


1 

-arccos 

3 


(~gh m ) 


(17.350) 


For large negative coupling constants g < — 7°), the solution is 

O re = -4= cosh( 7 / 3 ), O im = cusinh(7/3); 7 = arcosh (— g/g^). (17.351) 

v 3 


In this regime, the ground state energy acquires an imaginary part 

Im Wi = ifF(l - 1/|0| 2 ) - ^0 re 0 im /2|0| 4 . (17.352) 

This imaginary part describes the instability of the system to slide down into the 
two abysses situated at large positive and negative x. In this regime of coupling 
constants, the barriers to the right and left of the origin are no obstacle to the decay 
since they are smaller than the zero-point energy. 

In the first regime of small negative coupling constants g G (—g^°\ 0), the barriers 
are high enough to prevent at least one long-lived ground state from sliding down. 
Its energy is approximately given by the minimum of (17.349). It can decay towards 
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the abysses via an extremal excursion across the trial potential VPx 2 /2-\- gx A /A. The 
associated bubble solution reads, according to (17.308), 

x[T) = Xa(t) = (17 - 353) 

It has the action A c \ = 40 3 /311. Its fluctuation determinant is given by (17.315), if 
uj is replaced by the trial frequency 12. Translations contribute a factor j3 VL^JA c \/2t[. 
Thus, the partition function has an imaginary part 


Im Z(-\g\ 


ir})=pn\l~ t 


412 3 


\3|g| 


~/3Q/2-4n 3 /3|g| 


(17.354) 


In the variational approach, this replaces the semiclassical expression (17.316), which 
will henceforth be denoted by Z™ l (g). 

The expression (17.354) receives fluctuation corrections. To lowest order, they 
produce a factor exp(—(«4jft ot )o n ), where the action contains the interaction 

terms (17.215) and (17.213) of the fluctuations, with u replaced by 12, plus additional 
terms arising from the variational ansatz. They compensate for the fact that we are 
using the trial potential ZL 2 x 2 /2 rather than the proper u 2 x 2 /2 as the zeroth-order 
potential for the perturbation expansion. These compensation terms have the action 

^var = / dT——X 2 (t) 

J —oo Z 

rco — r)2 

= / dr --- [x 2 cl (r) + 2x cl {r)y{r) + y 2 (r)\. (17.355) 

J —co Z 


The expectations (.. ,)o n in the perturbation correction are calculated with respect 
to fluctuations governed by the operator (17.332), in which u is replaced by 12. As 
before, all correlation functions are expanded by Wick’s rule into sums of products 
of the simple correlation functions G' 0n (r, r') of (17.336). Using the integral formula 
(17.54), we have 


/ ^^ci(^) = 40/|^|. 

J —CO 

The expectation of J^dr y(r) 2 is found with the help of (17.344) as 


dr (y 2 {r))o n = L— + 


212 12 J - c 


dr 


1/2 


= L— — 


7 


212 612 2 ' 


(17.356) 


(17.357) 


The second term can be obtained quite simply by differentiating the logarithm of 
(17.314) with respect to 12 2 z. 

The linearly divergent term L/212 contributes to the earlier-calculated term pro¬ 
portional to L in the integral (17.337) (with u replaced by 12); together they yield 
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L-times W\ of (17.349). Thus we can remove a factor e~ LWl from ImZ, write Z as 
« R e Ze lmZ / ReZ = e ~ LWl + ImZ / ReZ [ as i n (17.275)], and deduce the imaginary part of 
the energy from the exponent. 

We now go over to the cumulants in accordance with the rules of perturbation 
theory in Eqs. (3.483)-(3.487) involving the integrals (17.217) (with g and u replaced ref(3.483) 
by \g\ and 12, respectively). Using (17.345) we find the correction factor e ~ A o- A i lab(2.42cd4) 
with ' est(3.175) 

ref(3.487) 


95 |<?| A 1 1 2 02^ ^412 


A _ 

0 96 12 3 ’ 


Al = -(^-W) — - 


7 


\g I 


(1 „ 58) Iab(3.fvers) 


If we want to hnd all terms contributing to the imaginary part up to the order 
g, we must continue the perturbation expansion to the next order. This yields a 
further factor 

ex P {^[Mfl£)o n - = exp (~A 2 -A 3 - A 4 ), 

with the integrals 

A 2 = -i(cu 2 - fi 2 ) 2 / dTdT'x cl (T)(y(T)y(T'))o Q x c i(T'), 


(17.359) 


A 3 = —(ur 


12 2 


im 

40 3 


dTdr'y' 0 (T)(y(T)y(T'))o Q x cl (T'), 


A 4 = (u 2 - 0 2 )\g\ J drdT 1 x c \{r)(y{r)y d ‘{r')) 0n x c \{r'). (17.360) 

Performing the Wick contractions in the correlation functions, the integrals are 
conveniently rewritten as 

A ^-^ 2 -^wr 

A 3 = — {u 2 — fl 2 )—a 3 , 

A 4 = (CU 2 - ^ 2 )^2°4) 

where a 2 ,a 3 , a 4 are given by 

a 2 = |#|12 J drdr' x c i(r)G' 0n (T,T')x c i{r'), 


(17.361) 


a 3 = 12 2 


IM 

412 3 


dr dr' y' Q {T)G' 0n {T, t')x c 1 (t') 


a 4 = 3\g\Q 2 J drdr' x c \(r)G' 0n {T, T')G' 0n (r\ t')x c \{t'). 
In terms of these, the imaginary part of the energy reads 


(17.362) 


ImU(— \g\ — ii 7 ) = —12i 


x exp 


u‘ 


4U 3 

\W\' 

- 12 2 / 412 7 


\g\ 6 f 2 2 


-4n 3 /3|g|-ci3|g|/4Q 3 


^a 3 -a 4 \ (lo 2 — 12 2 ) 2 
A “- I H XTTi 1- a 2 


12 2 


20\g\ 


(17.363) 
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evaluated at the 0-value (17.350). 

To best visualize the higher-order effect of fluctuations, we factorize (17.363) into 
the semiclassical part (17.317) and a correction factor £;(g), 


Im E(—\g\ - irj ) = 4oj3/%l £i (g), (17.364) 


where 


r n \ 5/2 

= ( - exp 

UJ J 


, _ . %l 

%| Cl 4fi3 


U 


2 - n 2 (40 7 


M 612 2 


2 Q 3 — a 4 j ^ (^ 


fi 2 ) s 


fi 2 


20 |^| 


-o 2 


(17.365) 


The calculation of the integrals (17.362) proceeds as in Appendix 17A, yielding 



Figure 17.13 Reduced imaginary part of lowest three energy levels of anharmonic oscil¬ 
lator for negative couplings plotted against g' = ( 7 /a; 3 . The semiclassical limit corresponds 
to £i = 1. The small-1 g' | branch is due to tunneling, the large-1 g' | branch to direct decay 
(sliding). Solid and dotted curves show the imaginary parts of the variational approxima¬ 
tions W\ and W 3 , respectively; dashed straight lines indicate the exactly known slopes. 


a 2 = —1,03 = 3/4,04 = 1/12. 

The result is shown in Fig. 17.13. The slope of £i(g) at g = 0 maintains the first- 
order value C]3/4 = 95/96, i.e., the additional terms in the exponent of (17.365) 
cancel each other to first order in g. 

There exists a short derivation of this result using the same method as in the 

ref(5.190) derivation of Eq. (5.190). We take the fluctuation-corrected semiclassical approxi- 
lab(5.r0) 
est(5.149) 


H. Kleinert, PATH INTEGRALS 





17.10 Large-Order Behavior of Perturbation Expansions 


1235 


mation at the frequency u 


Im£(-|<?| — irj) = —lu\ 


4ca 3 

\ W \ ( 


-4^ 3 /3|3|-3 Cl | 5 |/4a; 3 


(17.366) 


move the ca-dependent prefactor into the exponent with the help of the logarithm, 
replace everywhere u by \J ff 2 — (hi 2 — ta 2 ) = \J fl 2 — gr 2 /2 with r 2 = 2 ( 0 2 — u> 2 )/g, 
and expand the exponent in powers of g including all orders of g to which the 
exponent of (17.366) is known (treating r as a quantity of order unity). This leads 
again to (17.364) with (17.365). 

The imaginary part is inserted into the dispersion relation (17.329) and yields 
for positive g the energy 


E {0 \g) 


ca [°° d A 1 

i +2u H syrry 


IH /4ta 3 


4 “ 3 / 3A £i(A). 


(17.367) 


Expanding the integrand in powers of g gives an integral formula for the pertur¬ 
bation coefficients analogous to (17.331). Its evaluation yields the numbers shown 
in Table 17.1. They are compared with exact previous larger-order values (17.319) 
which follow from £i = 1. The improvement of our knowledge on the imaginary 
part of the energy makes it possible to extend the previous large-order results to 
low orders. Even the lowest coefficient with k — 1 is reproduced very well [9]. 

The high degree of accuracy of the low-order coefficients is improved further 
by going to the higher variational approximation IT 3 of Eq. (5.192) and extracting 
from it the imaginary part Irn I'E^O) at zero temperature [10]. When continuing the 
coupling constant g to the sliding regime, we obtain the dotted curve in Fig. 17.13. 
It merges rather smoothly into the tunneling branch at g ~ —0.24. Plotting the 
merging regime with more resolution, we find two closely lying intersections at g' = 
—0.229 and g' = —0.254. We choose the first of these to cross over from one branch 
to the other. After inserting the imaginary part into the integral (17.331), we obtain 
the fifth column in Table 17.1. For k — 1, the accuracy is now better than 0.05%. To 
make the approximation completely consistent, the tunneling amplitude should also 
be calculated to the corresponding order. This would yield a further improvement 
in the low-order coefficients. 

It is instructive to test the accuracy of our low-order results by evaluating the 
dispersion relation (17.367) for the ^-dependent ground state energy E^\g). The re¬ 
sults shown in Fig. 17.14 compare well with the exact curves. They are only slightly 
worse than the original Feynman-Klcinert approximation W\ evaluated at positive 
values of g. We do not show the approximation W 3 since it is indistinguishable from 
the exact energy on this plot. 

The approximation obtained from the dispersion relation has the advantage of 
possessing the properly diverging power series expansion and a reliable information 
on the analytic cut structure in the complex ry-plane. Also here, the third-order 
result -Evar 3 + disp based on the imaginary part of W 3 for g < 0 is so accurate that it 
cannot be distinguished from the exact ones on the plot. 
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Table 17.1 Comparison between exact perturbation coefficients, semiclassical ones, and 
those obtained from moment integrals over the imaginary parts consisting of (17.363) in 
the tunneling regime and the analytic continuation of the variational approximations W\ 
and W'i in the sliding regime. An alternating sign (—l) fc_1 is omitted and u is set equal 
to 1. 


k 

Ek 

Ef 

7-ivarl+disp 

7-ivar3+disp 

1 

0.75 

1.16954520 

0.76306206 

0.74932168 

2 

2.625 

5.26295341 

2.49885978 

2.61462012 

3 

20.8125 

39.4721506 

18.3870038 

20.7186128 

4 

241.289063 

414.457581 

205.886443 

240.857317 

5 

3580.98047 

5595.17734 

3093.38043 

3590.69587 

6 

63982.8135 

92320.4261 

57436.2852 

64432.5387 

7 

1329733.73 

1800248.43 

1244339.99 

1342857.03 

8 

31448214.7 

40505587.0 

30397396.0 

31791078.0 

9 

833541603 

1032892468 

822446267 

842273537 

10 

24478940700 

29437435332 

24420208763 

24703889150 


The strong-coupling behavior is well reproduced by our curves. Recall the lim¬ 
iting expression for the middle curve given in Eq. (5.77) and the exact one (5.226) 
with the coefficients of Table 5.9. 

The calculation of the imaginary part in the sliding regime can be accelerated by 
removing from the perturbation coefficients the portion which is due to the imaginary 
part of the tunneling amplitude. By adding the energy associated with this portion 
in the form of a dispersion relation it is possible to find variational approximations 
which for positive coupling constants are not only numerically accurate but which 
also have power series expansions with the correct large-order behavior [which was 
not the case for the earlier approximations W^(g)\. 

The entire treatment can be generalized to excited states. The variational ener¬ 
gies are then replaced by the minima of the expressions derived in Section 5.19, 


TjRn) 0 , w 2 -fl 2 

I'l' l — flu 2 H -—- 


n 2 , gn 4 


+ 


n 4fi 2 ’ 


(17.368) 


with 712 = 71 + 1/2 and n 4 = (3/2) (n 2 + 77 + 1/2). The optimal fl-values are given 
by the solutions (17.350), (17.351), with g replaced by = 2n 2 /3\/3n 4 . For 
g e (— g( n \0), the energies are real; for g < —g^ they possess the imaginary part 


Im Wi n) 




77 2 - -i™ im 
2 


'774 

w 


(17.369) 


For g E (—g^ n \ 0), the imaginary part arises from the bubble solution. In the 
semiclassical limit it produces a factor 12 + 4 .( 4 / 77 ! for 77 > 0 as in Eq. (17.322) (with 
u replaced by fl). Also here, the variational approach can easily be continued higher 
order approximations W 2 , If" 3 , .... 


H. Kleinert, PATH INTEGRALS 





17.10 Large-Order Behavior of Perturbation Expansions 


1237 



Figure 17.14 Energies of anharmonic oscillator as function of (/ = g/u > 3 , obtained 
from variational imaginary part, and the dispersion relation (17.328) as a function of the 
coupling constant g. Comparison is made with the exact curve and the Feynman-Kleinert 
variational energy for g > 0. 


To first order in g, the imaginary part is known from a WKB calculation [11], It 
reads 


12 r 


Im E^ n \—\g\ - irj)= - r u \ ~ 

n\ \ tt 


-1+2 n 


6 jufi -4w 3 /3|s|-4 n) 3|s|/4a) 3 

\ 3|^| 


with the slope parameter 


10 
c i — 


de\ 


(n) 


d(g/u 3 


95 29 


17 


= — + — n + — n u 


96 16 


16 


-3 


(17.370) 


(17.371) 


Following the procedure described after Eq. (17.366), we obtain from this a varia¬ 
tional expression for the imaginary part which generalizes Eq. (17.364) to any n: 


Im E^ n \—\g\ 


, 12" 6 

vg)= - r u \- A 

n\ V vr 


4ta 3 


-l+2n 


e-^ 3 / 3 \g\e[ n \g), 


(17.372) 


with a correction factor 


4”’(s) = (-) 

\(jjJ 


12 \ 3n+5/2 


exp 


, _ (n) 3Iff | 

S\9\ Cl 4123 
cu 2 — 12 2 (412 3n + 5/2 \ 
¥\~~ 


+ 2 -12 2 ) 2 l 
2121 <? | . 


2 


. (17.373) 
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Figure 17.15 Reduced imaginary part of ground state energy of anharmonic oscillator 
from variational perturbation theory plotted for small negative g against log(— g/4). The 
fat curve is the analytic continuation of the strong-coupling expansion (5.226) with the ex¬ 
pansion coefficients up to the 22nd order listed in Table 5.9. The thin curve is the divergent 
semiclassical expansion of the contribution of the classical solution in Eq. (17.374). 


Inserting for fl the optimal value 1 1^ n \ we obtain the solid curves shown in Fig. 17.13. 
Their slopes have the exact values (17.371). 

The sliding regime for the excited states can be obtained from an analytic con¬ 
tinuation of the variational energies. For n — 1,2 the resulting imaginary parts are 
shown as dotted curves in Fig. 17.13. They merge smoothly with the corresponding 
tunneling branches obtained from W\. 

If we extend the variational evaluation of the perturbation expansions to high 
orders in g , we find the imaginary part over the left-hand cut extending deeper 
and deeper into the regime dominated by the classical solution and the fluctuations 
around it [10]. This is shown in the double-logarithmic plot of Fig. 17.15. 

The result may be compared with the the divergent semiclassical expansion 
around the classical solution [13] 

loge 1 ^) = + A:i | + k 2 (£) +.... (17.374) 

also plotted in Fig. 17.15. The coefficients are listed in Table 17.2. 


Table 17.2 Coefficients k n of semiclassical expansion (17.374) around classical solution. 


1 

2 

3 

4 

5 

3.95833 

19.3437500 

174.2092014 

2177.286133 

34045.58329 

6 

7 

8 

9 

10 

632817.0536 

1.357206 x 10 Y 

3.2924 x 10 s 

8.92 x 10 9 

2.65 x 10 11 
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The inclusion of finite temperatures is possible by summing over the imaginary 
parts of the energies weighted by a Boltzmann factor with these energies. This opens 
the road to applications in many branches of physics where tunneling phenomena 
are relevant. 

It will be interesting to generalize this procedure to quantum field theories, where 
it can give rise to the development of much more efficient resummation techniques 
for perturbation series. One will be able to set up system-dependent basis functions 
in terms of which these series possess a convergent re-expansion. The critical expo¬ 
nents of the O (JV)-symmetric </? 4 -theory should then be calculable from the presently 
known five-loop results [14] with a much greater accuracy than before. 


17.10.5 Convergence of Variational Perturbation Expansion 

The knowledge of the discontinuity across the left-hand makes it possible to under¬ 
stand roughly the convergence properties of the variational perturbation expansion 
developed in Section 5.14. The ground state energy satisfies the subtracted disper¬ 
sion relation [compare (17.299)] 


p(o)/ 9 r°° W disc E^(g') 

^ *> 2m Jo " : 


9~9 


(17.375) 


where disc E^(g') denotes the discontinuity across the left-hand cut in the complex 
g-plane. An expansion of the integrand in powers of g yields the perturbation series 


N / \ k 

The associated variational energy has the form [compare (5.206)] 


(17.376) 


<(<?) = ^E 


do) ( 9 


(17.377) 


It is obtained from (17.376) by the replacement (5.188) and a re-expansion in powers 
of g. In the present context, we write this replacement as 


u -* 12(1 — erg) 1 / 2 , 

where g is the dimensionless coupling constant g/12 3 , and 

cr = 12(12 2 — 1 )/g 


(17.378) 


(17.379) 


[recall Eqs. (5.213) and (5.208)]. 

There is a simple way of obtaining the same re-expansion from the dispersion 
relation (17.375). Introducing the dimensionless coupling constant g = g/ cu 3 , the 
replacement (17.378) amounts to 


9(9) = 


(l-^) 3/2 ' 


(17.380) 
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Since Eq. (17.375) represents an energy, it can be written as to times a dimensionless 
function of g. Apart from the replacement (17.380) in the argument, it receives an 
overall factor Q/to = (1 — of)) 1 / 2 . We introduce the reduced energies 

E(g) = E{g)/n, (17.381) 


which depends only on the reduced coupling constant g, the dispersion relation 
(17.375) for E^\g) implies a dispersion relation for E^\g)\ 


E (0 \g) = (1 - ogf! 2 


1 I 9ia)_ [~°° d g' disc E^\g') 

2 2 m Jo g' g' - g(g) 


(17.382) 


The resummed perturbation series is obtained from this by an expansion in powers 
of g/A up to order N. 

It should be emphasized that only the truncation of the expansion causes a 
difference between the two expressions (17.375) and (17.382), since g and g are the 
same numbers, as can be verified by inserting (17.379) into the right-hand side of 
(17.380). 

To End the re-expansion coefficients we observe that the expression (17.382) 
satisfies a dispersion relation in the complex (/-plane. If C denotes the cuts in this 
plane and discc-E(g) is the discontinuity across these cuts, the dispersion relation 
reads 


E^(a) _ 1 | $ f d 9' disccE (0 \g') 

2 2 ni Jc g’ g’ — g 


(17.383) 


We have changed the argument of the energy from g to g since this will be the 
relevant variable in the sequel. 

When expanding the denominator in the integrand in powers of g/4, the expan¬ 
sion coefficients are found to be moment integrals with respect to the inverse 
coupling constant 1/g [compare (17.302)]: 


£ (0) - 


2 m 


<c g 


^disc c E {Q \g). 


(17.384) 


In the complex (/-plane, the integral (17.382) has in principle cuts along the contours 
Ci, Cy, C 2 , C 2 , and C 3 , as shown in Fig. 17.16. The first four cuts are the images of 
the left-hand cut in the complex 9 -plane; the curve C 3 is due to the square root of 
1 — erg in the mapping (17.380) and the prefactor of (17.382). 

Let D(g) abbreviate the reduced discontinuity in the original dispersion relation 
(17.375): 

D(g) = disc E^°\g) — 2ilmE^°\g — irj), g < 0. (17.385) 


Then the discontinuities across the various cuts are 


disc E (0 \g) = (1 - ag) 1/2 D(g(l - ag) 3/2 ), (17.386) 
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Figure 17.16 Cuts in complex ( 7 -plane whose moments with respect to inverse coupling 
constant determine re-expansion coefficients. The cuts inside the shaded circle happen to 
be absent due to the convergence of the strong-coupling expansion for g > g s . 


disc E<®(g) = -2i(ag- l ) 1 / 2 

O3 


f 00 dg' g(ag- 1 ) 3/2 = . 

/o 27 t g' 2 + g 2 (crg — l )” 3 1 y V 


(17.387) 


For small negative g, the discontinuity is given by the semiclassical limit (17.317): 


-2U* 


7 T V -3 g 


(17.388) 


We denote by e^\Ci) the contributions of the different cuts to the integral 
(17.384) for the coefficients. After inserting (17.388) into Eq. (17.386), we obtain 
from the cut along C\ the semiclassical approximation 


dg 1 l~6 \ 4(1 — ogfO 


e *( c ‘)“- 24 * ktwM-*- 

For the kt\i term Sk of the series this yields an estimate 

S k OC \ f —P /fc ( 7) 1 (rr?,\ k 


,4(1—<xg) 3 / 2 /3g 


'c-y 2n 


H), 


where fk(j) is the function of 7 = ag 


fk( 7 ) = - (k + 0 log(— 7 ) + ^(1 - 7 ) 3/2 . 


(17.389) 


(17.390) 


(17.391) 


For large k, the integral may be evaluated via the saddle point approximation of 
Subsection 4.2.1. The extremum of /*,( 7 ) satisfies the equation 

~k + = ^(1 - 7) 1/2 (1 + 37 ), 


(17.392) 




1242 


17 Tunneling 


which is solved by 


7 -> 7 k = -4a/3k. (17.393) 

k—t OO 

At the extremum, / fc (y) has the value 

fk - > k log(3A:/4ea) — 2a. (17.394) 

k—t OO 

The constant — 2cr in this limiting expression arises when expanding the second term 
of Eq. (17.391) into a Taylor series, (4cr/3y)(l — y ) 3 / 2 = 4a/3yfc — 2a + ... . Only 
the first two terms survive the large-A; limit. 

Thus, to leading order in k, the A;th term of the re-expanded series becomes 

St0 ^(dhy(|)\ (17.395) 

The corresponding re-expansion coefficients are 

4 0) oc e- 2 CT 4 0) . (17.396) 


They have the remarkable property of growing in precisely the same manner with 
k as the initial expansion coefficients E^, except for an overall suppression factor 
e~ 2a . This property was found empirically in Fig. 5.20b. 

In order to estimate the convergence of the variational perturbation expansion, 
we note that with 


fl(fl 2 - 1) 

a =- 

9 


(17.397) 


and g from (5.213), we have 

<79 = 1 - (17.398) 

For large Q, this expression is smaller than unity. Hence the powers ( ag) k alone 
yield a convergent series. An optimal re-expansion of the energy can be achieved 
by choosing, for a given large maximal order N of the expansion, a parameter a 
proportional to N: 


a pa uat = cN. 


M7) ~ N 


The extremum of this function lies at 

4c 


4c 

37 


k = N 

(17.399) 

(1-7 f 2 ■ 

(17.400) 


1 + —(1 -y) 1/2 (l + iy) = 0. 

3y 


(17.401) 
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The constant c is now chosen in such a way that the large exponent proportional 
to N in the exponential function e-^ 7 ' clue to the first term in (17.400) is canceled by 
an equally large contribution from the second term, i.e., we require at the extremum 

M7) = 0. (17.402) 

The two equations (17.401) and (17.402) are solved by 

7 =-0.242 964 029 973 520 ..., c = 0.186047272987975 ... . (17.403) 

In contrast to the extremal 7 in Eq. (17.393) which dominates the large-/? limit, 
the extremal 7 of the present limit, in which k is also large but of the order of N, 
remains finite (the previous estimate holds for k 3> N). Accordingly, the second 
term (4c/3y)(l — y) 3 / 2 in f^{ 7 ) contributes in full, not merely via the first two 
Taylor expansion terms of (1 — y) 3 / 2 , as it did in (17.394). 

Since /v(b) vanishes at the extremum, the iVth term in the re-expansion has the 
order of magnitude 

S N oc (cr N g N ) N = (l - . (17.404) 

According to (17.397) and (17.399), the frequency 12^ grows for large N like 

~ °n 3 9 1/3 ~ {cNg) 1/3 . (17.405) 


As a consequence, the last term of the series decreases for large N like 

T 1 

StfiCi) oc 1 - - -« e -W09) 2/3 ~ e -N^/(cgp/^ (17.406) 

( cr N g) 2/ \ 

This estimate does not yet explain the convergence of the variational perturba¬ 
tion expansion in the strong-coupling limit observed in Figs. 5.21 and 5.22. For 
the contribution of the cut C\ to Sn, the derivation of such a behavior requires 
including a little more information into the estimate. This information is supplied 
by the empirically observed property, that the best 12 jv- values lie for finite N on a 
curve [recall Eq. (5.211)]: 

^ ~ cN i 1 + |S) ■ < 17 ’ 407 ) 

Thus the asymptotic behavior (17.399) receives, at a finite N, a rather large cor¬ 
rection. By inserting this into /n{i) of (17.400), we find an extra exponential 
factor 
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This reduces the size of the last term due to the cut C\ in (17.406) to 

SffiCi) oc e ~[9-7 H c 9 )~ 2 / 3 ]nV^ (17.409) 


which agrees with the convergence seen in Figs. 5.21 and 5.22. 

There is no need to evaluate the effect of the shift in the extremal value of 7 
caused by the correction term in (17.407), since this would be of second order in 

1 /IV 2 / 3 . ” 

How about the contributions of the other cnts? For Ci, the integrals in (17.384) 
run from g = — 2/cr to — 00 and decrease like (—2/a)~ k . The associated last term 
Sn(Cj) is of the negligible order e _JvlogAr . For the cnts C 2 g, 3 , the integrals (17.384) 
start at g — 1 /a and have therefore the leading behavior 

4 0 ) (C'2,2,3)~^- (17.410) 


This implies a contribution to the TVth term in the re-expansion of the order of 

Sn(C 2X3 ) ~ (ag) N , (17.411) 


which decreases merely like (17.406) and does not explain the empirically observed 
convergence in the strong-coupling limit. As before, an additional information pro¬ 
duces a better estimate. The cuts in Fig. 17.16 do not really reach the point ag = 1. 
There exists a small circle of radius A g > 0 in which E^\g) has no singularities at 
all. This is a consequence of the fact unused up to this point that the strong-coupling 
expansion (5.231) converges for g > g s . For the reduced energy, this expansion reads: 


E l 0 ) (g) 



9 1 

4ta 3 (1 — ag ) 3 / 2 


-2/3 

+ a 2 


9 1 

4ta 3 (1 — ag ) 3 / 2 



(17.412) 


The convergence of (5.231) for g > g s implies that (17.412) converges for all ag in 
a neighborhood of the point ag — 1 with a radius 

/ - \ 2/3 / 1 \ 2/3 

A(<T 9 )~ — = — [1 + A( ff j)] , (17.413) 

V ~9s J { —O' ,9s J 

where g s = g s /u 3 - For large N, A (ag) goes to zero like l/(A|^s|c) 2 / 3 . Thus the 
integration contours of the moment integrals (17.384) for the contributions (C' t ) 
of the other cuts do not begin at the point ag — 1 , but a little distance A (erg) away 
from it. This generates an additional suppression factor 

(ag)~ N ~ [1 + A(a^)] _Ar . (17.414) 

Let us set —g s = |<? s | exp(i</? s ) and x s = (—g/g s ) 2 ^ 3 = — |x s | exp(i9), and introduce 
the parameter a = l/[|^ s |c] 2//3 . Since there are two complex conjugate contributions 
we obtain, for large N a last term of the re-expanded series the order of 

S N (C 2t 2 , 3 ) ^ e ~ Nl/3acose cos(N 1 / 3 asm 6 ). (17.415) 
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Figure 17.17 Theoretically obtained convergence behavior of TVth approximants for ao, 
to be compared with the empirically found behavior in Fig. 5.21. 



Figure 17.18 Theoretically obtained oscillatory behavior around exponentially fast 
asymptotic approach of ao to its exact value as a function of the order TV of the ap- 
proximant, to be compared with the empirically found behavior in Fig. 5.22, averaged 
between even and odd orders. 

By choosing 


\g s \ ~ 0.160, 0 -0.467, (17.416) 

we obtain the curves shown in Figs. 17.17 and 17.18 which agree very well with the 
observed Figs. 5.21 and 5.22. Their envelope has the asymptotic falloff e - 9 - 23Arl/3 _ 
Let us see how the positions of the leading Bender-Wu singularities determined by 
(17.416) compare with what we can extract directly from the strong-coupling series 
(5.231) up to order 22. For a pair of square root singularities at x s = — |a; s | exp(±7d), 
the coefficients of a power series X) Q> n x n have the asymptotic ratios R n = a n+ i/a n ~ 
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Figure 17.19 Comparison of ratios R n between successive expansion coefficients of 
strong-coupling expansion (dots) with ratios of expansion of superposition of two 
singularities at g = 0.156 x exp(±0.69) (crosses). 


F ( 0 ) G?) 



Figure 17.20 Strong-coupling expansion of ground state energy in comparison with 
exact values and perturbative results of 2nd and 3rd order. The convergence radius in 1/g 
is larger than 1/0.2. 
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R™ = — cos[(n + 1)6* + 5]/|x s | cos(n9 + 5). In Fig. 17.19 we have plotted these ratios 
against the ratios R n obtained from the coefficients a n of Table 5.9 . For large n, 
the agreement is good if we choose 

|x 8 | = 1/0.117, 9 = -0.467, (17.417) 

with an irrelevant phase angle 5 = —0.15. The angle 9 is in excellent agreement with 
the value found in (17.416). From |x s | we obtain |g s | = 4|l/a ; s | 3 / 2 = 0.160, again in 
excellent agreement with (17.416). 

This convergence radius is compatible with the heuristic convergence of the 
strong-coupling series up to order 22, as can be seen in Fig. 17.19 by comparing the 
curves resulting from the series with the exact curve. 

It is possible to extend the convergence proof to the more general divergent 
power series discussed in Section 5.17, whose strong-coupling expansions have the 
more general growth parameters p and q [15]. The convergence is assured for 1/2 < 
2/q < 1 [16]. If the interaction of the anharmonic oscillator is / dr x n (r) with n 4, 
the dimensionless expansion parameter for the energies is g/u n ^ 2+l rather than g/u 3 . 
Then q — n/ 2 + 1, such that for n > 6 the convergence is lost. This can be verified 
by trying to resum the expansions for the ground state energies of n — 6 and n — 8 , 
for example. For n — 6 , the cut in Fig. 17.16 becomes circular such that there is no 
more shaded circle C 3 in which the strong-coupling series converges. 

17.11 Decay of Supercurrent in Thin Closed Wire 

An important physical application of the above tunneling theory explains the tem¬ 
perature behavior of the resistance of a thin' superconducting wire. The supercon¬ 
ducting state is described by a complex order parameter fi>(z) depending on the 
spatial variable z along the wire. We then speak of an order field. The variable z 
plays the role of the Euclidean time r in the previous sections. We shall consider a 
closed wire where satisfies the periodic boundary condition 

'fi(z) ='fi(z +L). (17.418) 

The energy density of the system is described approximately by a Ginzburg-Landau 

expansion in powers of and its gradients containing only the terms 

e(z) = \d z fi>(z )\ 2 + m 2 \fi>(z)\ 2 + ||'0(-)| 4 - (17.419) 

The total fluctuating energy is given by the functional 

fL/2 

dzs(z), (17.420) 

J—L/2 

'A superconducting wire is called thin if it is much smaller than the coherence length to be 
defined in Eq. (17.425). 
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and the probability of each fluctuation is determined by the Boltzmann factor 
exp {—E['ijj*,'ijj]/k B T}. The parameter m 2 in front of \^{z)\ 2 is called the mass term 
of the held. It vanishes at the critical temperature T c and behaves near T c like 


2 2 
m « m 0 




(17.421) 


Below T c , the square mass is negative and the wire becomes superconducting. One 
can easily estimate, that each term in the Landau expansion is of the order of 
|1 — T/T c | 2 and any higher expansion term in (17.419) would be smaller than that 
by at least a power |1 — T/T c \ 1 /' 2 . 

The partition function of the system is given by the path integral 


Z = j V^*(z)V^(z)e~ E[r ^ /kBT . 


(17.422) 


If T does not lie too close to T c [although close enough to justify the Landau expan¬ 
sion, i.e., the neglect of higher expansion terms in (17.419) suppressed by a factor 
11 — T/Tel 1 / 2 ], this path integral can be treated semiclassically in the way described 
earlier in this chapter [17]. 

The basic microscopic mechanism responsible for the phenomenon of supercon¬ 
ductivity will be irrelevant for the subsequent discussion. Let us only recall the 
following facts: A superconductor is a metal at low temperatures whose electrons 
near the surface of the Fermi sea overcome their Coulomb repulsion due to phonon 
exchange. This enables them to form bound states between two electrons of opposite 
spin orientations in a relative s-wave, the celebrated Cooper pairs. 8 The attraction 
which binds the Cooper pairs is extremely weak. This is why the temperature has 
to be very small to keep the pairs from being destroyed by thermal fluctuations. 
The critical temperature T c , where the pairs break up, is related to the binding en¬ 
ergy of the Cooper pairs by A pair = k B T c . The field-theoretic process called phonon 
exchange is a way of describing the accumulation of positive ions along the path of 
an electron which acts as an attractive potential wake upon another electron while 
screening the Coulomb repulsion. The attraction is very weak and leads to a bound 
state only in the s-wave (the centrifugal barrier oc /(/ + l)/r 2 preventing the forma¬ 
tion of a bound state in higher partial waves). The potential between the electrons 
may well be approximated by a 5- function potential V(x) ~ —gS(r). The critical 
temperature T c , usually a few degrees Kelvin, is found to satisfy the characteristic 
exponential relation 

T c k B = pe~ l/9 . (17.423) 


The parameter // denotes the upper energy cutoff of the phonon spectrum T D k B , 
where T D is the Debye temperature of the lattice vibration. 

8 We consider here only with old-fashioned superconductivity which sets in below a very 
small critical temperature of a few-degree Kelvin. The physics of the recently discovered high- 
temperature superconductors is at present not sufficiently understood to be discussed along the 
same lines. 
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a 

Figure 17.21 Renormalization group trajectories in the g , p plane of superconducting 
electrons (< 7 =attractive coupling constant, / u=Debye temperature, ks = 1)- Curves with 
same T c imply identical superconducting properties. The renormalization group deter¬ 
mines the reparametrizations of a fixed superconductive system along any of these curves. 

An important result of the theory, confirmed by experiment, is that all In¬ 
dependent characteristic equilibrium properties of the superconductor near T c de¬ 
pend only on the single parameter T c . Thus, many quite different systems with 
different microscopic parameters p = T D and g will have the same superconducting 
properties (see Fig. 17.21). The critical temperature is an important prototype for 
the understanding of the so-called dimensionally transmuted coupling constant in 
quantum held theories, which plays a completely analogous role in specifying the 
system. In quantum held theory, an arbitrary mass parameter p is needed to define 
the coupling strength of a renormalized theory and physical quantities depend only 
on the combination 9 


M c = pe~ l,9 ^\ 


(17.424) 


The set of all changes p which are accompanied by a simultaneous change of g(p) 
such as to stay on a hxed curve with M c from the renormalization group. The curve 
p,g(p) is called the renormalization group trajectory [16]. 

If one works in natural units with U = ks = M = 1, the critical temperature 

o 

corresponds to a length of « 1000A. This length sets the scale for the spatial 
correlations of the Cooper pairs near the critical point via the relation 


m 


const. 

T 

± C 




1000A 1 


j ' \ - 1 / 2 

T c ) 


(17.425) 


9 In quantum chromodynamics, this dimensionally transmuted coupling constant is of the order 
of the pion mass and usually denoted by A. 
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The Cooper pairs are much larger than the lattice spacing, which is of the order of 
1A. Their size is determined by the ratio h 2 kF/m e iikBT c , where Af is the wave num¬ 
ber of electrons of mass m e on the surface of the Fermi sphere. The temperature T c 
in conventional superconductors of the order of 1 K corresponds to 1/11604.447 eV. 
Thus the thermal energy ksT c is smaller than the atomic energy Ep = 27.210 eV 
(recall the atomic units defined on p. 13.7) by a factor 2.345 x 10” 3 , and we find 
that h 2 /m e TikBT c is of the order of 10 2 a 2 H . Since an is of the order of l/kp, we 
estimate the size of the Cooper pairs as being roughly 100 times larger than the 
lattice spacing. 

This justifies a posteriori the 5-function approximation for the attractive poten¬ 
tial, whose range is just a few lattice spacings, i.e., much smaller than £(T). The 
presence of such large bound states causes the superconductor to be coherent over 
the large distance £(T). For this reason, £(T) is called the coherence length. 

Similar Cooper pairs exist in other low-temperature fermion systems such as 
3 He, where they give rise to the phenomenon of superfluidity. There, the interatomic 

o 

potential contains a hard repulsive core for r < 2.7A. This prevents the formation of 
an s-wave bound state. In addition it produces a strong spin-spin correlation in the 
almost fully degenerate Fermi liquid, with a preference of parallel spin configurations. 
Because of the necessary antisymmetry of the pair wave function of the electrons, 
this amounts to a repulsion in any even partial wave. For this reason, Cooper pairs 
can only exist in the p -wave spin triplet state. The binding energy is much weaker 
than in a superconductor, suppressing the critical temperature by roughly a factor 
thousand. Experimentally, one finds T c = 27mK at a pressure of p = 35 bar. Since 
the masses of the 3 He atoms are larger than those of the electrons by about the 
same factor thousand, the coherence length £ has the same order of magnitude in 

o 

both systems, i.e., 1/T C has the same length when measured in units of A. 

The theoretical description of the behavior of the condensate is greatly simplified 
by re-expressing the fundamental Euclidean action in terms of a Cooper pair field 
which is the composite field 


^pair(x) = i(x)^ e (x). 


(17.426) 


Such a change of field variables can easily be performed in a path integral formulation 
of the field theory. The method is very similar to the introduction of the auxiliary 
field <p(x) in the polymer field theory of Section 15.12. Since this subject has been 
treated extensively elsewhere 10 we shall not go into details. The partition function 
of the system reads 


Z = j Vfl* e (x) Vfl e (x) e ’A]. (17.427) 


10 The way to describe the pair formation by means of path integrals is explained in H. Klein- 
ert, Collective Quantum Fields, Fortschr. Phys. 26, 565 (1978) (http://www.physik.fu-ber- 
lin.de/“kleinert/55). 
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By going from integration variables to if) pa i r , we can derive the alternative pair 
partition function 

Z = /^; air (x)^ pair (x)e-^^ r ^ r l, (17.428) 


where V; pair is the Cooper pair held (17.426). 

In general, the new action is very complicated. For temperatures close to T c , 
however, it can be expanded in powers of the held ^pah- and its derivatives, leading 
to a Landau expansion of the type (17.419). For static helds the Euclidean held 
action is 


^pair^pair] = E/k B T 



(17.429) 


1 

k^r 


d 3 x 


io g £+4W, 12 

T g 2 


pair | "F 2 ji 2 l^' , P air l "t" ^IV^pairl +••• 


where the dots denote the omitted higher powers of ir and of their derivatives, 
each accompanied by an additional factor 1 /T c . 

Let us discuss the path integral (17.429) hrst in the classical limit. We observe 
that with the critical temperature (17.423), the mass term in the energy can be 
written as 

- log 4 IV’pairl 2 -(i - 4) IV’pairl 2 - (17.430) 

It has the “wrong sign” for T < T c , so that the held has no stable minimum at 
Impair = 0. It fluctuates around one of the infinitely many nonzero values with the 
hxed absolute value 


Impair, o| = T 4l- Y' (17.431) 

It is then useful to take a factor T c (1 — T/T c )^ 2 out of the held ^ pair , define 

V'(x) = ^pair(x) T ^ /2 , (17.432) 

and write the renormalized energy density as 

e(x) = |VV>| 2 - |-0| 2 + (17.433) 

Here we have made use of the coherence length (17.425) to introduce a dimensionless 
space variable x, replacing x —» x£. We also have dropped an overall energy density 
factor proportional to (1 — T/T c )' 2 T 2 . 

In the rescaled form (17.433), the minimum of the energy lies at |^o| — 1, where 
it has the density 


£ = £ c = -1/2. 


( 17 . 434 ) 
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The negative energy accounts for the binding of the Cooper pairs in the condensate 
(in the present natural units) and is therefore called the condensation energy. In 
terms of (17.433), the partition function in equilibrium can be written as 

Z = f T>^(x)T>^(x)e" (1/T) / d3a;£(x) . (17.435) 

We are now prepared to discuss the flow properties of an electric current of the 
system carried by the Cooper pairs. It is carried by the divergenceless pair current 
[compare ( 1 . 102 )] 


j( x ) = 77 ^*( x ) v V>( x ) (17.436) 

2 1 

associated with the transport of the number of pairs, apart from a charge factor of 
the pairs, which is equal to twice the electron charge. 

The important question to be understood by the theory is: How can this current 
become “super”, and stay alive for a very long time (in practice ranging from hours 
to years, as far as the patience of the experimentalist may last) [18]. To see this 
let us set up a current in a long circular wire and assume that the wire thickness is 
much smaller than the coherence length £(T). Then transverse variations of the pair 
field ^(x) are strongly suppressed with respect to longitudinal ones (by the gradient 
terms |V^(x )| 2 in the Boltzmann factor) and the system depends mainly on the 
coordinate z along the wire, so that the above formalism can be applied. If the 
cross section of the wire is absorbed into the inverse temperature prefactor in the 
Boltzmann factor in (17.435), we may simply study the partition function (17.435) 
for a one-dimensional problem along the z-axis. The energy density (17.433) is 
precisely of the form announced in the beginning in Eq. (17.419). It is convenient 
to decompose the complex field ^(z) into polar coordinates 

'ip(z) = p(z)e^ z \ (17.437) 

in terms of which the energy density reads 

e(z) = -p 2 + ^p 4 + p 2 z + p 2 7 *, (17.438) 

where the subscript z indicates a derivative with respect to z. The field equations 
are 


j(z) = p 2 (z)'y z (z) = const 


and 


Pzz 


-P + P 3 



(17.439) 


(17.440) 
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Figure 17.22 Potential V(p) = —p 2 + p 4 /2 — j 2 / p 2 showing barrier in superconducting 
wire to the left of po to be penetrated if the supercurrent is to relax. 

If z is reinterpreted as an imaginary “time”, the latter equation can be interpreted 
as describing the mechanical motion of a mass point at the position p(z) moving as 
a function of the “time” z in the potential 

-v(p) = p 2 - ip 4 + 4. (17.441) 

2 p- 

which is the potential shown in Fig. 17.22 turned upside down. 

Certainly, the time-sliced path integral in p would suffer from the phenomenon 
of path collapse described in Chapter 8. At the level of the semi classical approxi¬ 
mation to be performed here, however, this does not happen. There are two types 
of extremal solutions. The trivial solutions are 

7 (z) = kz , p{z) = po = Vl — k' 2 . (17.442) 

Since the wire is closed, the phase y(z) has to be periodic over the total length L of 
the wire. This implies the quantization of the wave number k, 

27r 

k n = —n, n = 0, ±1, ±2,... . (17.443) 

1j 

The current associated with these solutions is 

J = Po k = (! - k 2 ) k - 


(17.444) 
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Figure 17.23 The condensation energy as function of velocity parameter k n = 27r n/L. 

As a function of k, this has an absolute maximum at the so-called critical current 
3c i-e., 

bl<3cS 3V5 

No solution of the field equations can carry a larger current than this. The critical 
wave number is 

k = J_ 

c “ V3’ 

and the energy density: 

e c (fc) = U(p 0 ) = -1(1 - fc 2 ) 2 - (17.447) 

It is plotted in Fig. 17.23. Note that the /e-values (17.446) for which a supercurrent 
can exist between the turning points. The energy e c (k) represents the negative 
condensation energy of the state in the presence of the current. For k —> 0 it goes 
against the current-free value (17.434). 

We can now understand why all states of current j n smaller than j c are, in fact, 
“super” in the sense of having an extremely long lifetime. At each value of k n , the 
wire carries a metastable current which can only decay by a slow tunneling. To see 
this, we picture the held configuration as a spiral of radius p wound around the wire 
with the azimuthal angle representing the phase 7 (z) = k n z (see Fig. 17.24). At 
zero temperature, the size p of the order parameter is frozen at po and the winding 
number is absolutely stable on topological grounds. Then, each metastable state with 
wave number k n has an infinite lifetime. If the current is to relax by one unit of n 
it is necessary that at some place z, thermal fluctuations carry p(z) to zero. There 


(17.446) 


(17.445) 
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Figure 17.24 Order parameter A(z) = p(z)e il b) of superconducting thin circular wire 
neglecting fluctuations. The order parameter is pictured as a spiral of radius po and pitch 
dy(z)/dz = 27T n/L winding around the wire. At T = 0, the supercurrent is absolutely 
stable since the winding number n is fixed topologically. 


the phase becomes undefined and may slip by 27r. At the typical low temperatures 
of these systems, such phase slips are extremely rare. To have a local excursion of 
p(z) to p ~ 0 at one place z, with an appreciable measure in the functional integral 
(17.435), it must start from a nontrivial solution of the equations of motion which 
carries p(z) as closely as possible to zero. From our experience with the mechanical 
motion of a mass point in a potential such as —V(p) of Eq. (17.441), it is easily 
realized that there exists such a solution. It carries p(z) from p 0 = \/l — k 2 at 
z = — oo across the potential barrier to the small value p 1 = y/ 2 k and back once 
more across the barrier to p 0 at z — oo (see Fig. 17.25). Using the first integral of 



Figure 17.25 Extremal excursion of order parameter in superconducting wire. It corre¬ 
sponds to a mass point starting out at po, rolling under the influence of “negative gravity” 
up the mountain unto the point p\ — \f2k, and returning back to po, with the variable z 
playing the role of a time variable. 
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motion of the differential equation (17.440), the law of energy conservation 

\p 2 z -\v(p) = E = -\v(po) = ^Po(po + 2pi) (17.448) 

leads to the equation 


p, — \J2E + V(p). 


This is solved by the integral 


z — Z\ = v2 


pdp 


pi VP 6 - 2p 4 + 4 Ep 2 - 2 p 


1 fp 


dp 2 


^ \/(P 2 - Pi)(P 2 - Po) ’ 


yielding 


(17.449) 


(17.450) 


Z — Z\ = 


=arctanh 


Vo-Pi) 

Inverting this, we find the bubble solution 

pl(z) = l - k 2 - 


\ 


u 2 /2 


P 2 ~Pi 
Po - Pi' 


cosh 2 [a; (z — ^i)/2] ’ 


where 


(17.451) 


(17.452) 


a; = ^2(P§-P?) (17-453) 

is the curvature of V(p) close to po, be., 

I/(p) ^o; 2 (p-p 0 ) 2 + ... . (17.454) 

The extra energy of the bubble solution is 

Ed = I dz [e(p c i) - e c {k)] = = ^2(1 - 3k 2 ). (17.455) 

jo 3 3 v 

The explicit solution (17.452) reaches the point of smallest p at z i, where its 
value is 


Pi = p(z x ) = V2k. (17.456) 

This value is still nonzero and does not yet permit a phase slip. However, we shall 
now demonstrate that quadratic fluctuations around the solution (17.456) do, in 
fact, to reduce the current. For this, we insert the fluctuating order held 


p(z) = p d (z) + Sp{z) 


(17.457) 
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Figure 17.26 Infinitesimal translation of critical bubble yields antisymmetric wave func¬ 
tion of zero energy p' c] solving differential equation (17.509). Since this wave function has 
a node, there must be a negative-energy bound state. 


into the free energy. With p c \ being extremal, the lowest variation of E is of second 
order in 8 p(z) 


8 2 E = [ L dz 8p(z)[—d 2 + V"{p)\8p(z). (17.458) 

Jo 

This expression is not positive definite as can be verified by studying the eigenvalue 
problem 


-d 2 z + V"(p d )]ip n (z) 


-d 2 z - 1 + 3 p 2 x - 







(17.459) 


The potential V”(p c \(z)) has asymptotically the value u 2 . When approaching z = z\ 
from the right, it develops a minimum at a negative value (see Fig. 17.26). After 
that it goes again against u 2 . The energy eigenvalues Ao and A_i lie as indicated in 
the figure. The fact that there is precisely one negative eigenvalue A_i can be proved 
without an explicit solution by the same physical argument that was used to show 
the instability of the fluctuation problem (17.253): A small temporal translation of 
the classical solution corresponds to a wave function which has no energy and a zero 
implying the existence of precisely one lower wave function with A_i < 0 and no 
zero. 

The negative eigenvalue makes the critical bubble solution unstable against con¬ 
traction or expansion. The former makes the fluctuation return to the spiral classical 
solution (17.452) of Fig. 17.24, the second removes one unit from the winding num¬ 
ber of the spiral and reduces the supercurrent. For the precise calculation of the 
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decay rate, the reader is referred to the references quoted at the end of the chapter. 
Here we only give the final result which is [19] 

rate = const x Lu(k)e~ Ec ^ kBT , (17.460) 

with the 7-dependent prefactor 



Figure 17.27 Logarithmic plot of resistance of thin superconducting wire as function 
of temperature at current 0.2//A in comparison with experimental data (vertical axis is 
normalized by the Ohmic resistance R n = 0.5H measured at T > T c , see papers quoted at 
end of chapter). 


u(k) = 2|A'_ 1 


(1 - 3 k 2 ) 7/A 
(1 -fc2)V2 6XP 


3 V^k / v/1 — 3/c 2 Y 

, = arc tan -—- , 

Vl - 3 k 2 V V2k ) J 


where 



(1 + k 2 ) 2 + 3(1 



1/2 


(1 + 7 2 )| < 0 


(17.461) 


(17.462) 


is the negative eigenvalue of the fluctuations in the complex held ip{z) [which is 
not directly related to A_i of Eq. (17.459) and requires a separate discussion of the 
initial path integral (17.435)]. This complicated-looking expression has a simple 
quite accurate approximation which had previously been deduced from a numerical 
evaluation of the fluctuation determinant [20]: 

u(k) « (1 - v / 37) 15/4 (l + 7 2 /4). (17.463) 

Both expressions vanish at the critical value k = k c = l/\/3- 

The resistance of a thin superconducting wire following from this calculation is 
compared with experimental data in Fig. 17.27. 
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17.12 Decay of Metastable Thermodynamic Phases 


A generalization of this decay mechanism can be found in the first-order phase 
transitions of many-particle systems. These possess some order parameter with an 
effective potential which has two minima corresponding to two different thermo¬ 
dynamic phases. Take, for instance, water near the boiling point. At the boiling 
temperature, the liquid and gas phases have the same energy. This situation cor¬ 
responds to the symmetric potential. At a slightly higher temperature, the liquid 
phase is overheated and becomes metastable. The potential is now slightly asym¬ 
metric. The decay of the overheated phase proceeds by the formation of critical 
bubbles [4]. Their outside consists of the metastable water phase, their inside is 
filled with vapor lying close to the stable minimum of the potential. The radius 
of the critical bubble is determined by the equilibrium between the gain in volume 
energy and the cost in surface energy. If cr is the surface tension and e the difference 
in energy density, the energy of bubble solution depends on the radius as follows: 


E oc a AnR 2 — e—R 3 . 

o 


(17.464) 


A plot of this energy in Fig. 17.28 looks just like that of the action *4.(£) in Fig. 17.8. 
Thus the role of the deformation parameter £ is played here by the bubble radius R. 



Figure 17.28 Bubble energy as function of its radius R. 

At the critical bubble, the energy has a maximum. The fluctuations of the critical 
bubble must therefore have a negative eigenvalue. This negative eigenvalue mode 
accounts for the fact that the critical bubble is unstable against expansion and 
contraction. When expanding, the bubble transforms the entire liquid into the 
stable gas phase. When contracting, the bubble disappears and the liquid remains 
in the overheated phase. Only the first half of the fluctuations have to be counted 
when calculating the lifetime of the overheated phase. 

It is instructive to take a comparative look at the instability of a critical bubble 
to see how the different spatial dimensions modify the properties of the solution. 
We shall discuss first the case of three space dimensions. As in the case of super¬ 
conductivity, the description of the liquid-vapor phase transition makes use of a 
space-dependent order parameter, the real order field </?(x). The two minima of the 
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potential V(ip) describe the two phases of the system. The kinetic term x /2 in the 
path integral is now a held gradient term [(<9 x 9?(x)) 2 ] which ensures finite correla¬ 
tions between neighboring held configurations. The Euclidean action controlling the 
fluctuations is therefore of the form 

A[ip\= J d 3 x^[Vp{x )} 2 + EO)} , (17.465) 

where V{p) is the same potential as in Eq. (17.1), but it is extended by the asym¬ 
metric energy (17.243). Within classical statistics, the thermal fluctuations are 
controlled by the path integral for the partition function 

Z = j Vp(x)e~ A[lp]/T . (17.466) 

Here T is the temperature measured in multiples of the Boltzmann constant ks- 
The path integral / T>p(x.) is defined by cutting the three-dimensional space into 
small cubes of size e and performing one held integration at each point. 

The critical bubble extremizes the action. Assuming spherical symmetry, the 
bubble satisfies in D dimensions the classical Euler-Lagrange held equation 

(~TT ~ ~ -“T-) Tki + V'{ip A {r)) = 0. (17.467) 

Y dr z r drJ 

This differs from the equation (17.305) for the one-dimensional bubble solution by 
the extra gradient term — [(D — 1) /r]d r p c \{r). Such a term is an obstacle to an exact 
solution of the equation via the energy conservation law (17.306). The relevant 
qualitative properties of the solution can nevertheless be seen in a similar way as 
for the bubble solution. As in Fig. 17.11 we plot the reversed potential and imagine 
the solution p{r) to describe the motion of a mass point in this potential with — r 
playing the role of a “time”. Setting p c \ (r) = x(—t), the held equation (17.467) 
takes the form 

x(t ) — D t ~ x(t) — V'( x (t)) — 0- (17.468) 

In this notation, the second term, i.e., the term — \{D — 1)/r]d r p c \{r) in (17.467) 
plays the role of a negative “friction” accelerating motion of the particle along x(t). 
This effect decreases with time like 1/t. With our everyday experience of mechanical 
systems, the qualitative behavior of the solution can immediately be plotted qualita¬ 
tively as shown in Fig. 17.29. For D — 1, the energy conservation makes the particle 
reach the right-hand zero of the potential. For D > 1, the “antifriction” makes the 
trajectory overshoot. At r = 0, the solution is closest to the stable minimum (the 
maximum of the reversed potential) on the left-hand side. In the superheated water 
system, this corresponds to the inside of the bubble being filled with vapor. As r 
moves outward in the bubble, the state moves closer to the metastable state, i.e., 
it becomes more and more liquid. The antifriction term has the effect that the 
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Figure 17.29 







Qualitative behavior of critical bubble solution as function of its radius. 


point of departure on the left-hand side lies energetically below the final value of 
the metastable state. 

Consider now the fluctuations of such a critical bubble in D = 3 dimensions. 
Suppose that the field deviates from the solution of the field equation (17.467) by 
<5<p(x). The deviations satisfy the differential equation 


dr 2 


2 d 
r dr 



V"Mr)) 


M x ) 


A<V(x), 


(17.469) 


where L 2 is the differential operator of orbital angular momentum (in units h — 1). 
Taking advantage of rotational invariance, we expand 8ip(x) into eigenfunctions of 
angular momentum <p n i m , the spherical harmonics Y) m (x): 

0(x) = ^2(p n im(r)Yi m (x). (17.470) 

nlm 


The coefficients (p n im satisfy the radial differential equation 
d 2 2d /(/ +1) 


dr 2 


2 d 

r dr 


V"t}P*{r)) 




(17.471) 
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with 

n^cM) = - Y + |^vli(r). (17.472) 

One set of solutions is easily found, namely those associated with the translational 
motion of the classical solution. Indeed, if we take the bubble at the origin, 

^ci(x) = (fid (r), (17.473) 

to another place x + a, we find, to lowest order in a, 

9 ? d (x + a) = v? c i(x) + ad x (p d (x.) (17.474) 

= (pd(r) + akd r (p c i(r). 


But x is just the Cartesian way of writing the three components of the spherical 
harmonics Y lm (x). If we introduce the spherical components of a vector as follows 


we see that 


/ x 0 \ 

/ 

x \ 


V X-1 / 

V 


x 3 

(xi + ix 2 )/VZ 
-(xi - ix 2 )/V2 ) 


\ 



(17.475) 


(17.476) 


Thus, S<p(x) = a xd r (p(x) must be a solution of Eq. (17.469) with zero eigenvalue 
A. This can easily be verified directly: The factor x causes L 2 to have the eigen¬ 
value 2, and the accompanying radial derivative <5<p( x ) — d r (p c i(r ) is a solution of 
Eq. (17.471) for / = 1 and A n i = 0, as is seen by differentiating the Euler-Lagrange 
equation (17.467) with respect to r. Choosing the principal quantum number of 
these translational modes to be n = 1, we assign the three components of xd r ip c \ (r) 
to represent the eigenmodes Ti.x.m- 

As long as the bubble radius is large compared to the thickness of the wall, 
which is of the order 1/a;, the 1/r 2 -terms will be very small. There exists then 
an entire family of solutions tpii m (x) with all possible values of / which all have 
approximately the same radial wave function d r (p c i (r). Their eigenvalues are found 
by a perturbation expansion. The perturbation consists in the centrifugal barrier 
but with the l = 1 barrier subtracted since it is already contained in the derivative 
d r <Pci(r), he., 


Cpert = [/(/ + 1 ) - 2 ]/ 2 r 2 . 


(17.477) 


The bound-state wave functions (fum are normalizable and differ appreciably from 
zero only in the neighborhood of the bubble wall. To lowest approximation, the 
perturbation expansion produces therefore an energy 


A nl ~ 


l{l + 1 ) -2 


(17.478) 
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where r c is the radius of the critical bubble. As a consequence, the lowest l = 0 
eigenstate has a negative energy 

Aoo ~ (17.479) 

Tc 

Physically, this single l = 0 -mode corresponds to an infinitesimal radial vibration of 
the bubble. As already explained above it is not astonishing that a radial vibration 
has a negative eigenvalue. The critical bubble lies at a maximum of the action. 
Expansion or contraction is energetically favorable. Since loo( x ) is a constant, the 
wave function is proportional to ( d/dr)(p c \{r ) itself without an angular factor. This 
is seen directly by performing an infinitesimal radial contraction 

V? c i((l - e)r) = if c i(r) - erd r <p c i(r). (17.480) 

The variation rd r (p c \(r) is almost zero except in the vicinity of the critical radius r c , 
so that rd r ip c \(r) & r c d r (p c \{r ) which is the above wave function. Being the ground 
state of the Schrodinger equation (17.469), it should be denoted by <pooo( r )• Since 
it solves approximately the Schrodinger equation (17.471) with / = 1, it also solves 
this equation approximately with l = 0 and the energy (17.479). 

Finally let us point out that in D > 1 dimensions, the value of the negative 
eigenvalue can be calculated very simply from a phenomenological consideration of 
the bubble action. Since the inside of the bubble is very close to the true ground 
state of the system whose energy density lies lower than that of the metastable one 
by e, the volume energy of a bubble of an arbitrary radius R is 

E v = S D ^e, (17.481) 

where SpR D_1 is the surface of the bubble and SdR D /D its volume. The surface 
energy can be parametrized as 

E s = S d R d “V, (17.482) 

where cr is a constant proportional to the surface tension. Adding the two terms 
and differentiating with respect to R, we obtain a critical bubble radius at 

R = r c = (D — 1 )a/e, (17.483) 


with a critical bubble energy 


F = = S d 

c D R ° D(D- l) 


R?e=^(D- 1 ) 


S 


D , 


\D -1 


a 


D 


cD -1 


D e 

The second derivative with respect to the radius R is, at the critical radius, 


(17.484) 


d 2 E 


dR 2 


R=r c 


= ~DE r 


D 


(17.485) 
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Identifying the critical bubble energy E c with the classical Euclidean action A c \ we 
find the variation of the bubble action as 

5 2 Ai ~ -\{5R) 2 DA c (17.486) 
2 r r 2 

We now express the dilational variation of the bubble radius in terms of the normal 
coordinate of (17.470). The normalized wave function is obviously 

^ooo(r) = ? drlfiM . (17.487) 

yS d D x(d r ip c i) 

But the expression under the square root is exactly D times the action of the critical 
bubble 

J d D x(d r (p cl ) 2 = DA C \. (17.488) 


To prove this we introduce a scale factor s into the solution of the bubble and 
evaluate the action 

Ad = fd D x{\([8 r Msr)? + V(Msr))} 

= J d D x j| {d r ip cl (r)} 2 + V{ip A {r)) j . (17.489) 

Since A c \ is extremal at s — 1, it has to satisfy 


or 


Hence 


implying that 


J d D x | (77 - 2 )^[d r v c if + DV(ip cl (r)) } = 0. 
J d D xV(ip cl (r)) = J d D x^[d r <p cl (r)] 2 , 


Ad = J d D x[d r (p cl (r)] 2 

= J d D x[d r ip c i(r)} 2 . 

With (17.487), the </3 0 oo contribution to S<p(x) reads 

6(p(x) = ^ooo < 7’ooo(^) = £ooo 


(17.490) 


(17.491) 


(17.492) 


(17.493) 


(17.494) 
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and we arrive at 


SR 


£000 
V DA C \ 


(17.495) 


Inserting this into (17.486) shows that the second variation of the Euclidean ac¬ 
tion S 2 A C \ can be written in terms of the normal coordinates associated with the 
normalized fluctuation wave function <^ 0 oo as 

(17-496) 

From this relation, we read off the negative eigenvalue 


Aoo — 


D - 1 

2>1 


(17.497) 


For D = 3, this is in agreement with the D = 3 value (17.479). For general D, the 
eigenvalue corresponding to (17.479) would have been derived with the arguments 
employed there from the derivative term —[(D — 1 )/r]d/dr in the Lagrangian and 
would also have resulted in (17.497). 

All other multipole modes (p n im have a positive energy. Close to the bubble wall 
(as compared with the radius), the classical solutions (1 /r)<p n ; m (r) can be taken 
approximately from the solvable one-dimensional equation 


' _l(P_ 

2 dr 2 



3 1 

2 cosh 2 [a; (r 



~^Pnlm 


An -<Pnlm )■ (17.498) 


The wave functions with n = 0 are 


TO lr, 



8 cosh 2 [a;(r ■— r c )/2] ’ 


and have the eigenvalues 




1(1 + 1 ) -2 


2 r\ 


The n — 1 -bound states are 


Tllr 


with eigenvalues 


/3a; sinh[o;(r — r c )/2] 

4 cosh 2 [uj(r — r c )/2] ’ 


3 2 /(/ + 2) — 2 


Ai? ~ “"CJ “l - 


2' r c 


(17.499) 


(17.500) 


(17.501) 


(17.502) 
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Figure 17.30 Decay of metastable false vacuum in Minkowski space. It proceeds as a 
shock wave which after some time traverses the world almost with light velocity, converting 
the false into the true vacuum. 


17.13 Decay of Metastable Vacuum State 
in Quantum Field Theory 


The theory of decay presented in the last section has an interesting quantum field- 
theoretic application. Consider a metastable scalar field system in a D-dimensional 
Euclidean spacetime at temperature zero. At a fixed time, there will be a cer¬ 
tain average number of bubbles, regulated by the “quantum Boltzmann factor” 
exp(— Ad/h). If the bubble gas is sufficiently dilute (i.e., if the distances between 
bubbles is much larger than the radii), each bubble is described quite accurately 
by the classical solution. In Minkowski space, a Euclidean radius r = a/x 2 + c 2 r 2 
corresponds to r = Vx 2 — c 2 t 2 , where c is the light velocity. The critical bubble has 
therefore the spacetime behavior 

(f c \ (x, t) = (f ci (r = Vx 2 — c 2 t 2 ). (17.503) 


From the above discussion in Euclidean space we know that (p will be equal to the 
metastable false vacuum in the outer region r > r c , i.e., for 


- c 2 t 2 


> 'I'' 


The inside region 


- c 2 t 2 


< 


(17.504) 


(17.505) 


contains the true vacuum state with the lower energy. Thus a critical bubble in 
spacetime has the hyperbolic structure drawn in Fig. 17.30. Therefore, the Euclidean 
critical bubble describes in Minkowski space the growth of a bubble as a function of 
time. The bubble starts life at some time t = r c /c and expands almost instantly to 
a radius of order r c . The position of the shock wave is described by 

x 2 - c 2 t 2 = r 2 . (17.506) 
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This implies that a shock wave that runs through space with a velocity 


x| c 

t yjl — r’ljcH 2 


(17.507) 


and converts the metastable into the stable vacuum — a global catastrophe. A 
Euclidean bubble centered at another place x^, r b would correspond to the same 
process starting at x^ and a time 


tb = r c /c + r b . (17.508) 

A finite time after the creation of a bubble, of the order r c /c, the velocity of the 
shock wave approaches the speed of light (in many-body systems the speed of sound). 
Thus, we would hardly be able to see precursors of such a catastrophe warning us 
ahead of time. We would be annihilated with the present universe before we could 
even notice. 


17.14 Crossover from Quantum Tunneling to Thermally 
Driven Decay 

For completeness, we discuss here the difference between a decay caused by a 
quantum-mechanical tunneling process at T = 0, and a pure thermally driven de¬ 
cay at large temperatures. Consider a one-dimensional system possessing, at some 
place £*, a high potential barrier, much higher than the thermal energy ksT, with 
a shape similar to Fig. 17.10. Let the well to the left of the barrier be filled with 
a grand-canonical ensemble of noninteracting particles of mass M in a nearly per¬ 
fect equilibrium. Their distribution of momenta and positions in phase space is 
governed by the Boltzmann factor e~ l3 ^ p / 2M + V ( X )\_ The rate, at which the particles 
escape across the barrier, is given by the classical statistical integral 

r c i = Z ^ 1 J dx J ^e~ Plp2/2M+v{x)] 5(x - x*)jjQ(p), (17.509) 

where Z c \ is the classical partition function 

Zci = f dx [ ^L e -P\pv™+V{x)] (17.510) 

J J zttTi 

The step function @(p) selects the particles running to the right across the top of 
the potential barrier. Performing the phase space path integral in (17.509) yields 

y-\ 

T cl = (17.511) 

2v tU/ 3 y J 

If the metastable minimum of the potential is smooth, V{x) can be replaced ap¬ 
proximately in the neighborhood of Xq by the harmonic expression 


V(x) 




Y"S(x-x o) 2 . 


(17.512) 
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The classical partition function is then given approximately by 


Z c \ 


1 

h/3u 0 ’ 


and the decay rate follows the simple formula 


r c i 


e ~PV(x ,) 

2vr 


(17.513) 


(17.514) 


Let us compare this result with the decay rate due to pure quantum tunneling. 
In the limit of small temperatures, the decay proceeds from the ground state, and 
the partition function is approximately equal to 


Z ~ e -P(EW-ihr/2)' 


(17.515) 


The decay rate is given by the small imaginary part of the partition function: 


r 


2 Im Z 
t->o h/3 Re Z ’ 


(17.516) 


In contrast to this, the thermal rate formula (17.511) implies for the high- 
temperature regime, where T becomes equal to T c i, the relation: 


T-> 

T—>■ oo 


ta* Im Z c i 

7 t ReZ c i 


(17.517) 


The frequency cu* is determined by the curvature of the potential at the top of the 
barrier, where it behaves like 


V(x) 




(17.518) 


The relation (17.517) follows immediately by calculating in the integral (17.510) 
the contribution of the neighborhood of the top of the barrier in the saddle point 
approximation. As in the integral, this is done (17.261) by rotating the contour 
of integration which starts at x = x* into the upper complex half-plane. Writing 
x = x* + iy this leads to the following integral: 


Im Z. 


dy 


cl 


-y[v( x ,)+fuW 


2irh 2 (3/M 


2h/3co * 




(17.519) 


Since the real part is given by (17.513) we find the ratio 

Im ^ c -0V(x*) 

Re Z d 2cn* 


(17.520) 


so that (17.511) is equivalent to (17.517). 

The two formulas (17.516) and (17.517) are derived for the two extreme regimes 
T 3> T 0 and 7 <To, respectively, where T 0 denotes the characteristic temperature 
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associated with the curvature of the potential at the metastable minimum To = 
huo/ks■ Numerical studies have shown that the applicability extends into the close 
neighborhood of T 0 on each side of the temperature axis. The crossover regime is 
quite small, of the order 0(h 3 ^ 2 ). 

Note that given the knowledge of the imaginary parts of all excited states, which 
can be obtained as in Section 17.9, it will be possible to calculate the average lifetime 
of a metastable state at all temperatures without the restrictions of the semiclassical 
approximation. This remains to be done. 


Appendix 17A Feynman Integrals for Fluctuation 

Correction 

For the integral (17.219) we obtain with (17.237) immediately the result stated in Eq. (17.240) 

97 


T = 


560' 


(17A.1) 


To calculate the remaining three double integrals I 21 G 221 I 3 in (17.223) and (17.224) we observe 
that because of the symmetry of the Green function Gey, (r, t') in t,t' the measure of integration 
can be rewritten as 2 f°° dr I dr'. We further introduce the dimensionless classical functions 

J —oo J—oo 


x c i( t) = y ^J2 x d( r ) = tanh(r/2), 

2/o (t) = J ^-yo(r) = — ~ryr — 

V 3 w cosh (wr/2) 


(17A.2) 


use natural units with oj = l,g = 1, since these quantities cancel in all integrals, and define 

x g (t) = x c i (r) Go„ (t, t) 


xkg{t) = 


Xk3g(t) = 


I T r )xc(T')dT' 

J —OO 

f Gc lIll (r,T , )xG(T , )df , 

J —OO 


(17A.3) 


where the subscript A denotes the antisymmetric part in r. Because of the antisymmetry of x c \, 
the symmetric part gives no contribution to the integrals which can be written as 

/>00 

h 1 = 6/ drx c i(r)x K 3G{r) y (17A.4) 

Jo 

coo 

I22 = 9 / d,T xq (t)x K g (t ) 5 (17A.5) 

Jo 

cOO 

h = 24 / dTy' 0 (T)x kg(t). (17A.6) 

Jo 

When evaluating the integrals in (17A.3) the antisymmetry of yo{r) is useful. We easily find 

(17A.7) 


, , 1 12r + tanh(r/2) 

£kg(t) = -■ 


4 12cosh 2 (r/2) 

Inserting this into I 2 2 and I 3 we encounter integrals of two types 


dr sinh m (r/2)/cosh"(r/2) and 


rsinh m (r/2)/ cosh"(r/2). 
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The former can be performed with the help of formula (17.54), the latter require integrations by 
parts of the type 


J /( T / 2 ) tanh -dr = - J f (r/2) ln(2 cosh -) dr, 


(17A.8) 


which lead to a finite sum of integrals of the first type plus integrals of the type 


li 


logcosli(r/2) sinh m (r/2)/ cosh n (r/2). 

These, in turn, are equal to —<9„ / 0 °° dr sinh m (r/2)/ cosli !y+1 (r/2) so that it is evaluated again via 
(17.54). After performing the subtraction in I 22 we obtain the values given in Eq. (17.240). 

The evaluation of the integral I 21 is more tedious since we must integrate over the third power 
of the Green function, which is itself a lengthy function of r. It is once more useful to exploit the 
symmetry properties of the integrand. We introduce the abbreviations 


/ra /A ( r ) 

= \[H^{T)±Hl{-T)]yl- n {T), 



= f /® /A ('r')ici('r')rf'r', 

Jo 

(17A.9) 

N n 

/*oo 

= / FS(r) % 3 -"(r')^ci(r')rfr', 

Jo 




and find £k 3 G in the form 


ZK3G (t) 


/ 3 a (t)[IVo - F 0 s (r)] + 3 / A (r)[iVi - F?(r)] + 3 / a (t)[AT 2 - F 2 s (t)] 
+3/|(r)Fi A (r) + 3ff(r)F 2 A (r) + / 0 s (t)F a (t), (17A.10) 


with 


Explicitly: 



Ad 


J_ 203 log2 

128 ’ 2 512 2 


(17A.11) 


^’K3g(t) 


sech 7 ^ 
3 • 2 9 


3 r ( 58 cosh ^ — 27 cosh 4^- — 3 cosh -jj- 
2 2 2 


( T 3 "7” 5 7” 7 T 

753 sinh — + 48 sinh — + 22 sinh — —\- sinh — 

Z Z Z Z 

+ 36 cosh ^ ln(2 cosh ^) (6 r + 8 sinhr + sinh2r) 

— 108 cosh —if dr' r' tanh — ) . 

2 Wo 2 ) 


(17A.12) 


The integrals to be performed are of the same types as before, except for the one involving the last 
term which requires one further partial integration: 


t f T t' 1 f 

/ dTi c i(r)sech b — / dr'r'tanh— = - 

Jo W 2 J 0 2 3 ./o 

1 

3 


OO 7 

dr i- 


dr L 


sech 6 ^ 


dr 't tanh— 


/r /j- 1 

dr sech 6 —t tanh—=———. (17A.13) 

Z Z JL oO 


11 I.S. Gradshteyn and I.M. Ryzhik, op. cit Formulas 2.417. 
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After the necessary subtraction of the divergent term we find the value of I 21 given in Eq. (17.240). 

The final result for the first coefficient of the Taylor expansion of the subtracted fluctuation 
factor C' in Eq. (17.222) is therefore 

ci = ^ w 2.958. (17A.14) 

This number was calculated in Ref. [13] by solving the Schrodinger equation [21]. 

With the help of the WKB approximation he derived a recursion relation for the higher coef¬ 
ficients Cfc of the expansion of C': 


C' = 


, gh 
1 Cl r c 2 
ur 




From this he calculated the next nine coefficients 


C2 = 


315 

32" 


9.84376, c 3 


65953 

1152 


57.2509. 


Their large behavior is 


Ck 


9 
7r 



k 

fc![ln( 6 fc) + 7 ]. 


(17A.15) 


(17A.16) 


(17A.17) 
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18 

Nonequilibrium Quantum Statistics 


Quantum statistics described by the theoretical tools of the previous chapters is 
quite limited. The physical system under consideration must be in thermodynamic 
equilibrium, with a constant temperature enforced by a thermal reservoir. In this 
situation, partition function and the density matrix can be calculated from an ana¬ 
lytic continuation of quantum-mechanical time evolution amplitudes to an imaginary 
time tb — t a = —ik/ksT. In this chapter we want to go beyond such equilibrium 
physics and extend the path integral formalism to nonequilibrium time-dependent 
phenomena. The tunneling processes discussed in Chapter 17 belong really to this 
class of phenomena, and their full understanding requires the theoretical frame¬ 
work of this chapter. In the earlier treatment this was circumvented by addressing 
only certain quasi-equilibrium questions. These were answered by applying the 
equilibrium formalism to the quantum system at positive coupling constant, which 
guaranteed perfect equilibrium, and extending the results to the quasi-equilibrium 
situation analytic continuation to small negative coupling constants. 

Before we can set up a path integral formulation capable of dealing with true 
nonequilibrium phenomena, some preparatory work is useful based on the traditional 
tools of operator quantum mechanics. 

18.1 Linear Response and Time-Dependent Green 
Functions for T f= 0 

If the deviations of a quantum system from thermal equilibrium are small, the 
easiest description of nonequilibrium phenomena proceeds via the theory of linear 
response. In operator quantum mechanics, this theory is introduced as follows. 
First, the system is assumed to have a time-independent Hamiltonian operator H. 
The ground state is determined by the Schrodinger equation, evolving as a function 
of time according to the equation 

\* s {t)) = e- i6t \* s (0)) (18.1) 

(in natural units with h — 1, ks — 1). The subscript S denotes the Schrodinger 
picture. 
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Next, the system is slightly disturbed by adding to H a time-dependent external 
interaction, 

H -L H + H ext {t), (18.2) 

where H ext (t) is assumed to set in at some time to, he., H ext (t) vanishes identically 
for t <t 0 . The disturbed Schrodinger ground state has the time dependence 

\yf\t)) = e- iAt U H (t)\y s m, (18.3) 

where Unit) is the time translation operator in the Heisenberg picture. It satisfies 
the equation of motion 

= H°*(t)U H (t), (18.4) 

with 1 

H ex \t ) = e iflt H ex \t)e~ lflt . (18.5) 

To lowest-order perturbation theory, the operator Unit) is given by 

U H (t) = 1 -i dt' H cx \t') + • • • . (18.6) 

•ho 

In the sequel, we shall assume the onset of the disturbance to lie at to = — oo. 
Consider an arbitrary time-independent Schrodinger observable O whose Heisenberg 
representation has the time dependence 

0 H (t) = e iAt de~ iAt . (18.7) 

Its time-dependent expectation value in the disturbed state |\I/g st (f)) is given by 

~ (^s(0)| (l + * f ^ dt' Hf-(t') + • • •) 0 H (t) 

x (l -i J^dt'H^(t') + ..}j |T 5 (0)) (18.8) 

= {*H\d H {t)\*H)^i(*H\ f dt' \d H (t),H%\t')}\y H ) + ... . 

J — OO J 

We have identified the time-independent Heisenberg state with the time-dependent 
Schrodinger state at zero time in the usual manner, i.e., | v b h) = |Ts(0)). Thus the 
expectation value of O deviates from equilibrium by 

8(^s(t)\d\^s(t)) = (Tf t (t)|6(t)|Tf 1 (t))-(T 5 (t)|0(t)|T 5 (t)) 

= -if dt’{^ H \\d H (t),H^(t')}\^ H ). (18.9) 

J—oo L J 

1 Note that after the replacements H —> Hq, —> H} nt , Eq. (18.4) coincides with the equation 

for the time evolution operator in the interaction picture to appear in Section 18.7. In contrast to 
that section, however, the present interaction is a nonpernranent artifact to be set equal to zero 
at the end, and H is the complicated total Hamiltonian, not a simple free one. This is why we do 
not speak of an interaction picture here. 
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If the left-hand side is transformed into the Heisenberg picture, it becomes 

6(V s (t)\d\V s (t)) = 8(V H \d H (t)\V H ) = <^h| 80 H (t)\V H ), 

so that Eq. (18.9) takes the form 

= -1 f I \d H (t),H%\t') 1 (18.10) 

J —oo L J 

It is useful to use the retarded Green function of the operators On(t) and H H (t r ) in 
the state |4w) [compare (3.40)]: 

GoH(t’t') = ~ 0 H (t),H H (t') I'!/#). (18.11) 

Then the deviation from equilibrium is given by the integral 

/s r oo 

H\80H(t)\^> h) ——i j df Go H (t,t'). (18.12) 

J —oo 

Suppose now that the observable On(t) is capable of undergoing oscillations. 
Then an external disturbance coupled to On{t) will in general excite these oscilla¬ 
tions. The simplest coupling is a linear one, with an interaction energy 

H ex \t) = -d H (t)8j(t), (18.13) 

where j(t) is some external source. Inserting (18.13) into (18.12) yields the linear- 
response formula 

/s POO 

(*H\80 H (t)\* H ) = i / dH (18.14) 

J —oo 

where Gq 0 is the retarded Green function of two operators O: 

Gooft’t') = ~ t')(^ h\ OH(t),OH(t') (18.15) 

At frequencies where the Fourier transform of Goo(t,t') is singular, the slightest 
disturbance causes a large response. This is the well-known resonance phenomenon 
found in any oscillating system. Whenever the external frequency to hits an eigen- 
frequency, the Fourier transform of the Green function diverges. Usually, the eigen- 
frequencies of a complicated IV-body system are determined by calculating (18.15) 
and by finding the singularities in to. 

It is easy to generalize this description to a thermal ensemble at a nonzero 
temperature. The principal modification consists in the replacement of the ground 
state expectation by the thermal average 

,a, _ TV (e-«/ T Q) 

( >T Tr(e-»/T) ' 
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Using the free energy 

F = —T log Tr (e _ ^ /T ), 

this can also be written as 

(0) T = e F/T Tr (e” d/T 0). (18.16) 

In a grand-canonical ensemble, H must be replaced by H — pN and F by its grand- 
canonical version Fq (see Section 1.17). At finite temperatures, the linear-response 
formula (18.14) becomes 

/s r°° 

S(0{t)) T = i / dt'G* 0 (t,t')8j{t'), (18.17) 

where GQ 0 (t,t') is the retarded Green function at nonzero temperature defined by 
[recall (1.306)] 

Goo^i *') = G%o(t - t’) = 0(t - t’) e F,T Tv { e~ H/T 0 H (t), d H (f) } . (18.18) 

In a realistic physical system, there are usually many observables, say O l H {t) for 
i = 1, 2,..., /, which perform coupled oscillations. Then the relevant retarded Green 
function is some l x / matrix 

Gg(M') = a«(t-t') = e(i-fV F/7V ft {e-* /T [dpt),Opt)]}. (18.19) 

After a Fourier transformation and diagonalization, the singularities of this matrix 
render the important physical information on the resonance properties of the system. 

The retarded Green function at T ^ 0 occupies an intermediate place between 
the real-time Green function of held theories at T = 0, and the imaginary-time Green 
function used before to describe thermal equilibria at T ^ 0 (see Subsection 3.8.2). 
The Green function (18.19) depends both on the real time and on the temperature 
via an imaginary time. 

18.2 Spectral Representations of Green Functions for T )= 0 

The retarded Green functions are related to the imaginary-time Green functions of 
equilibrium physics by an analytic continuation. For two arbitrary operators O x Hl 
Ojj, the latter is defined by the thermal average 

G 12 (t, 0) = G 12 (t) = e F/T Tr e~ H,T f T 6 l H {T)6 2 H {fl) , (18.20) 

where Oh(t) is the imaginary-time Heisenberg operator 


O h (t) = e FT Oe~ FT . 


( 18 . 21 ) 
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To see the relation between G\ 2 (t) and the retarded Green function Gf 2 (t), we take 
a complete set of states |n), insert them between the operators O 1 , O 2 , and expand 
G 12 (t) for t > 0 into the spectral representation 

G 12 (t) — e F/IT Y] e~ En ^ T e( g "~ E n') r (n|Q 1 |n / ) (n'\Q 2 \n). (18.22) 

n,n' 


Since G\ 2 {t) is periodic under r —» r + 1/T, its Fourier representation contains only 
the discrete Matsubara frequencies ui m = 2'nmT : 


Gi 2 (uj m ) — 


rt/T 


dre iWmT G 12 (r) 


= e F ' T J2e~ En/T 


(l — e^ En (n\d 1 \n'){n'\d 2 \n) 


-1 


x 


itOm E n > -t- E n 


(18.23) 


The retarded Green function satisfies no periodic (or antiperiodic) boundary condi¬ 
tion. It possesses Fourier components with all real frequencies to: 


g? 2 m = 


= e F ' T 


dt e iut Q(t)e F/T TV {e~ F/T [d)j(t),d 2 H ( 0) 

pOO _ r 

/ dt e luJt Y. [ e~ En ^ T e t( ' En ~ En ^ t (n\0 1 \n')(n'\0 2 \n) 


=pe En ! T e £ ' n '^(n|0 2 |n , )(n / |0 1 |n) . (18.24) 


ref(3.84) 

lab(3.50) 

est(3.50) 


In the second sum we exchange n and n! and perform the integral, after having 
attached to to an infinitesimal positive-imaginary part it) to ensure convergence 
[recall the discussion after Eq. (3.84)]. The result is 


G 


to = 


e FI T Y, e - Er 


IT 


,(E n —E n i)/T 


(n|0 1 |n , )(n / |0 2 |n) 


x 


i 

to — E n i + E n + it] 


(18.25) 


By comparing this with (18.23) we see that the thermal Green functions are obtained 
from the retarded ones by replacing [1] 


i 

to — E n > T E n vq 


->• 


-1 


ItOr, 


En' 


E r 


(18.26) 


A similar procedure holds for fermion operators O l (which are not observable). 
There are only two changes with respect to the boson case. First, in the Fourier 
expansion of the imaginary-time Green functions, the bosonic Matsubara frequen¬ 
cies c o m in (18.23) become fermionic. Second, in the definition of the retarded Green 
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functions (18.19), the commutator is replaced by an anticommutator, i.e., the re¬ 
tarded Green function of fermion operators O l H is defined by 


Gg(t, t') = Gfj(t — t') = G{t- t')e F/T Tr 


-H/T 


O^n.O'ud') • (18.27) 


These changes produce an opposite sign in front of the e^ En ~ En '^ T -term in both of 
the formulas (18.23) and (18.25). Apart from that, the relation between the two 
Green functions is again given by the replacement rule (18.26). 

At this point it is customary to introduce the spectral function 


Pi2(u') 


(l =F e-'/r) 6 f/t 

x E n ,n> e~ En/T 2nd(io - E n , + E n )(n\d 1 \n')(n'\d 2 \n), 


(18.28) 


where the upper and the lower sign hold for bosons and fermions, respectively. Under 
an interchange of the two operators it behaves like 


Pi 2 (c/) — TPni—' w')- 


(18.29) 


Using this spectral function, we may rewrite the Fourier-transformed retarded and 
thermal Green functions as the following spectral integrals: 

r°° dco 1 
l-oo 2n 


G 


co = 


Pu(v') 


CO 


CO' + IT] 


(18.30) 


Gi2 (w m ) — 


f°° du' -1 

/ — P12[U)-. - 

l—oo 271 


ILOn 


CO' 


(18.31) 


These equations show how the imaginary-time Green functions arise from the re¬ 
tarded Green functions by a simple analytic continuation in the complex frequency 
plane to the discrete Matsubara frequencies, u —> iuj m . The inverse problem of re¬ 
constructing the retarded Green functions in the entire upper half-plane of u j from 
the imaginary-time Green functions defined only at the Matsubara frequencies o; m 
is not solvable in general but only if other information is available [2], For instance, 
the sum rules for canonical fields to be derived later in Eq. (18.66) with the ensuing ref(18.66) 
asymptotic condition (18.67) are sufficient to make the continuation unique [3]. lab(18.4l) 

Going back to the time variables t and r, the Green functions are est(18.59) 


g? 2 « = e« /_” 


G,o(t) = 


rOO rjr.j 1 


-1 


lUm — CO' 


(18.32) 


(18.33) 


The sum over even or odd Matsubara frequencies on the right-hand side of Gi 2 (t) 
was evaluated in Section 3.3 for bosons and fermions as 

, ~ 1 I /OT\ 1 




ICOm ~ CO 


= <ZAt) = e-"<—m 
= e wr (l + n u ) 


2 sm(co/2T) 


(18.34) 
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and 




Udm — tO 


= G a (r) = e 


_ -w(t-1/2T). 


2 cos(o;/2T) 


= e- UT (l -n u ), (18.35) 

with the Bose and Fermi distribution functions [see (3.93), (7.542), (7.544)] 

1 


n u , = 


^ T l’ 


(18.36) 


respectively. 


18.3 Other Important Green Functions 

In studying the dynamics of systems at finite temperature, several other Green 
functions are useful whose spectral functions we shall now derive. 

In complete analogy with the retarded Green functions for bosonic and fermionic 
operators, we may introduce their counterparts, the so-called advanced Green func¬ 
tions (compare page 38) 




—Q(t' — t)e F/T Tr 



'<%(*), OlrW 



(18.37) 


Their Fourier transforms have the spectral representation 



duo' 

27 


P12W) 



(18.38) 


differing from the retarded case (18.30) only by the sign of the irj- term. This makes 
the Fourier transforms vanish for t > 0, so that the time-dependent Green function 
has the spectral representation [compare (18.32)] 

/ OO r](. i 

^ — (18.39) 


By subtracting retarded and advanced Green functions, we obtain the thermal 
expectation value of commutator or anticommutator: 


Ci 2 (t, t') = e F/1 Tr 



H/T 


oUt), o 2 H (t') 




G*(t,t')-GUt,t')- (18-40) 


Note the simple relations: 


Gf 2 (M') = (18.41) 

Crn(t,t') = -QU -t)c 12 (t,t'). (18.42) 
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When inserting the spectral representations (18.30) and (18.39) of Gf 2 (f) and 


Gf 2 (f) into (18.40), and using the identity (1.328), 


= 2 - 


V 


= 2n8(uj -uj'), (18.43) 


UJ — uj' + IT] uj — u' — ip (cu — uj') 2 + p 2 

we obtain the spectral integral representation for the commutator function: 2 

du 


Cnit) — I — pi 2 (u)e rwt . 

J —oo Zll 


(18.44) 


Thus a knowledge of the commutator function C\ 2 {t) determines directly the spectral 
function pi 2 {uo) by its Fourier components 


C\ 2 (uj) — p\ 2 {uj). 


(18.45) 


An important role in studying the dynamics of a system in a thermal environment 
is played by the time-ordered Green functions. They are defined by 


G 12 (t,t') = G 12 (t - t') = e F G Tr e E/T fd l H (t)0' 2 H (t') 

Inserting intermediate states as in (18.23) we find the spectral representation 
G\ 2 (uj) = I™ dte iut Q(t) e F/T Tv {e-v^O^O^O)} 


(18.46) 


' —(X) 

r oo 


dte iujt Q(-t)e F/T Tr {e- E/T d 2 H (t)O l H ( 0)} 


= e F ' T 


dte iut J2 


{n\d l \n'){n'\d 2 \n) 


± e F ^ T f dte lut '^2,e En ^ T e ^ En E ™ ,)4 (n|0 2 |n , )(n'|0 1 |n) . (18.47) 

J — OO / 

n,n r 

Interchanging again n and n ', this can be written in terms of the spectral function 
(18.28) as 


G 


/ OO rj^y’ 

-co 2V Pl2<U,,) 


\2\pJ ~ 


+ 


1 =F e~ u '/ T to — uj' + ip 1 =f e w '/ T u — uj' — ip 


(18.48) 


Let us also write down the spectral decomposition of a further operator expres¬ 
sion complementary to Ci 2 {t) of (18.40), in which boson or fermion fields appear 
with the “wrong” commutator: 


A 12 {t - t') = e F/T Tr \ e H/T [O# (f), 0 2 H (t') 


± 


(18.49) 


2 Due to the relation (18.41), the same representation is found by dropping the factor @(t) in 
(18.32). 
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This function characterizes the size of fluctuations of the operators Ofl and 0 2 H 
Inserting intermediate states, we find 


A V2 (uo) = Idte iujt e F/T Tr <| e~ k/T [<%(*),(%(0) 

—E n /T i(E n —E n r)t 


= e F ' T 


dt e lult Y, e O l \n')(n'\0 2 \n) 


n,n' 


-[-p En/T g i(E n E n /)t i 


n\0 \n )(n \0 \n) . (18.50) 


In the second sum we exchange n and n! and perform the integral, which runs now 
over the entire time interval and gives therefore a ^-function: 


A 12 (to) = e F/T 


Ee 

n,n' 


-E n /T 


l±e ( ' En E n')/ T (ji\d l \n')(n'\d 2 \n) 
x 27r<5(o; — E n > + E n ). (18.51) 


In terms of the spectral function (18.28), this has the simple form 

/ QQ /'// / / / /I 

— tanh Tl —p 12 (uj') 2n8(uj - to') = tanh Tl —p 12 (uj). (18.52) 
-oo Ztt Zl Z1 

Thus the expectation value (18.49) of the “wrong” commutator has the time depen¬ 
dence 

A 12 (t,t') = A l2 (t -t')= I ^ pi 2 {uj ) tanh Tl ■^-e~ lU}{t ^ t ' ) . (18.53) 

J— oo Zn Zl 


There exists another way of writing the spectral representation of the various 
Green functions. For retarded and advanced Green functions G F 2 , G'f 2 , we decom¬ 
pose in the spectral representations (18.30) and (18.38) according to the rule (1.329): 


= i 


oo u' ± irj Leu — co 


V 


- =F iTtSipj — u') 


(18.54) 


where V indicates principal value integration across the singularity, and write 


GE' 


r 12 


CO = l 


r°° dco' 

/-oo 2n 


Pn(u') 


V 


co — to 


- =F iitdiuj — co') 


(18.55) 


Inserting (18.54) into (18.48) we hnd the alternative representation of the time- 
ordered Green function 


/ °o piN 

=-Pi 2 (0/) 

-oo ZlX 


— in tanh Tl -z^S(co — co') 


co — co' 


2 T 


(18.56) 


The term proportional to 5(co — co') in the spectral representation is commonly 
referred to as the absorptive or dissipative part of the Green function. The first 
term proportional to the principal value is called the dispersive or fluctuation part. 
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The relevance of the spectral function pi 2 (u/) in determining both the fluctua¬ 
tion part as well as the dissipative part of the time-ordered Green function is the 
content of the important fluctuation-dissipation theorem. In more detail, this may 
be restated as follows: The common spectral function p 12 (u/) of the commutator 
function in (18.44), the retarded Green function in (18.30), and the fluctuation part 
of the time-ordered Green function in (18.56) determines, after being multiplied by 
a factor tanh =Fl (a//2T), the dissipative part of the time-ordered Green function in 
Eq. (18.56). 

The three Green functions — iG 12 ( 0 ;), —iGfflco), and — iGffluo) have the same 
real parts. By comparing Eqs. (18.30) and (18.31) we found that retarded and 
advanced Green functions are simply related to the imaginary-time Green function 
via an analytic continuation. The spectral decomposition (18.56) shows this is not 
true for the time-ordered Green function, due to the extra factor tanh =Fl (o;/2 T) in 
the absorptive term. 

Another representation of the time-ordered Green is useful. It is obtained by 
expressing tan Tl in terms of the Bose and Fermi distribution functions (18.36) as 
tar A 1 = 1 ± 2 n u . Then we can decompose 


g 12 m 



du' , 
-^Pn(u) 


- ± 27m w 5(iO 

CO — CO 1 + vrj 



(18.57) 


18.4 Hermitian Adjoint Operators 


If the two operators Ofl(t), O 2 


H (t) are Hermitian adjoint to each other, 

OhA) = [o#(t)p, 


the spectral function (18.28) can be rewritten as 


Pi2(tJ r ) 


This shows that 


(l T e-“'/ T )e F / T 

x 53 e~ En,T 2Ti5(uj' - E n , + E n )\{n\d]j(t)\n')\\ 2 . 


pi 2 (co')co' > 0 


for bosons, 


pi 2 flj') > 0 


for fermions. 


(18.58) 


(18.59) 


(18.60) 


This property permits us to derive several useful inequalities between various diag¬ 
onal Green functions in Appendix 18A. 

Under the condition (18.58), the expectation values of anticommutators and 
commutators satisfy the time-reversal relations 


GUft') 

= TG 21 {f,ty , 

(18.61) 

dl2 (t, t') 

— id 2 i(t / , t)*, 

(18.62) 

C\2(t, t') 

= TC2i{t', t)*. 

(18.63) 

Gufl, t') 

= ±G 2 i(t / ,t)*. 

(18.64) 
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Examples are the corresponding functions for creation and annihilation operators 
which will be treated in detail below. More generally, this properties hold for any 
interacting nonrelativistic particle fields O l H (t) = 0 2 H [t ) = if p {f) of a specific 

momentum p. 

Such operators satisfy, in addition, the canonical equal-time commutation rules 
at each momentum 

V’p (*)»$>(*)]= 1 (18.65) 

(see Sections 7.6, 7.9). Using (18.40), (18.44) we derive from this spectral function 
sum rule: 

/ OO rjrj' 

—pi2{u') = 1. (18.66) 

-OO Zll 

For a canonical free field with pi 2 (o/) = 27 t5(u/— ui), this sum rule is of course trivially 
fulfilled. In general, the sum rule ensures the large-cu behavior of imaginary-time, 
retarded, and advanced Green functions of canonically conjugate held operators to 
be the same as for a free particle, i.e., 

Gr2(tOm) - > Gi2 R (to) -> —• (18.67) 

W m ->-00 (jJ m W-J-OO ta 

18.5 Harmonic Oscillator Green Functions for T f= 0 

As an example, consider a single harmonic oscillator of frequency or, equivalently, 
a free particle at a point in the second-quantized held formalism (see Chapter 7). 
We shall start with the second representation. 


18.5.1 Creation Annihilation Operators 

The operators O l H {t) and 0 2 H {t ) are the creation and annihilation operators in the 
Heisenberg picture 

a\j(t) = afe int , an{t) = ae~ lflt . (18.68) 


The eigenstates of the Hamiltonian operator 

H = — Cp 2 + fl 2 !; 2 ') = — (a 1 a + aa^) = u (ata ± -'j 

Zj Z \ Zt / 

are 



(18.69) 

(18.70) 


with the eigenvalues E n = (n ± 1/2)0 for n = 0,1, 2, 3,... or n = 0,1, if of and 
a commute or anticommute, respectively [compare Eq. (7.564)]. In the second- 
quantized held interpretation the energies are E n = nfl and the hnal Green functions 
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are the same. The spectral function pi 2 (uj') is trivial to calculate. The Schrodinger 
operator O 2 = fit can connect the state | n) only to (n + 1|, with the matrix element 
\Jn + 1. The operator O 1 = ci does the opposite. Hence we have 

oo,0 

Pi 2 (a/) = 2nS(u/ - n)(l =F e~ a/T )e FIT E e~ {n±1/m/T (n + 1). (18.71) 

n =0 

Now we make use of the explicit partition functions of the oscillator whose paths 
satisfy periodic and antiperiodic boundary conditions: 


00,1 


Z n = = y 


n =0 


(n±i/ 2 )Q/T _ f [2 sinh(f2/2T)] 
1 2cosh(Q/2T) 


for 


bosons 

fermions 


. (18.72) 


These allow us to calculate the sums in (18.71) as follows 

d 1' 


E e- ( " +1/2) ° /T (n + 1) = y—T e- F ' T = (l T e~ F ' T , 

E e -("-V 2 > n / r (n + 1) = e n / 2T = (l + e"^)" 1 e~ F ' T . (18.73) 


n =0 


The spectral function p 12 (o/) of the a single oscillator quantum of frequency fl is 
therefore given by 



to 

E 

to 

-1 

0 , 

E 

1 

JO 


(18.74) 

With it, the retarded and imaginary-time Green functions become 


G F (t,t') 

= <d(t - 


(18.75) 

G n (r, t') 

00 

— _ T ^—iuJm(r—r 

m=— 00 

') 1 

(18.76) 



f 1 ± n n 
= e~ n{T - T ) { 

{ ±n n 

for r — t', 

< ’ 

(18.77) 

with the average particle number tiq of (18.36). 
instance, is by (18.44) and (18.74): 

The commutation function, for 




(18.78) 


and the correlation function of the “wrong commutator” is from (18.53) and (18.74): 

A n (t, t') = tanh Tl ^e -W-V, (18.79) 

Of course, these harmonic-oscillator expressions could have been obtained di¬ 
rectly by starting from the defining operator equations. For example, the commu¬ 
tator function 


Cn(t,t') = e F/T Tr {e H/T [a H (t), ci ] H (t')] T } 


( 18 . 80 ) 
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turn into (18.78) by using the commutation rule at different times 

[a H (t),a^ H (t')} (18.81) 

which follows from (18.68). Since the right-hand side is a c-number, the thermody¬ 
namic average is trivial: 

e F/T Tv (e~ F/T ) = 1. (18.82) 

After this, the relations (18.41), (18.42) determine the retarded and advanced 
Green functions 

G%(t - t') = 0(t - t')e- <n (*-*'), G$(t - t') = -0(t' - t)e-* n( *- f,) . (18.83) 

For the Green function at imaginary times 

Gq(t, t') = e F/T Tr e~ F/1 f T a H {T)a) H {T') , (18.84) 

the expression (18.77) is found using [see (18.85)] 

cJ h (t) = e^ T a f e~^ T = aJe nT , 

clh(t) = e^ T ae~ Fr = ae~ nT , (18.85) 

and the summation formula (18.73). 

The “wrong” commutator function (18.79) can, of course, be immediately derived 
from the definition 

An(t — t') = e F//T Tr a//(f), a^(f') ± | (18.86) 

and (18.68), by inserting intermediate states. 

For the temporal behavior of the time-ordered Green function we find from 
(18.48) 

G n (ut) = (l T e~ n/T ) 1 G*(ut) + (l =f e n/T ) ^(w), (18.87) 

and from this by a Fourier transformation 

Gn(t, t') = (l =F e _Q/T ) 1 Q(t - t') e - in h-*') - (l =F e Q/T ) 1 @(f' - 

(18.88) 

= 0(t - t') ± (e n / T =f l)" 1 ] e- iQ{t -^ = [0(t - t') ± n n ] e^-^. 

The same result is easily obtained by directly evaluating the defining equation using 
(18.68) and inserting intermediate states: 

Gn(t,t') = G n (t - t') = e F/T Tr e~ F,T fa H {t)a ] H {t') 

= 0(t - t , )(aa t )e" iQ( ^' ) ± 0(t' - t)(a f 
= 0(t - t')( 1 ± n a )e“ in(t “ t ' ) ± 0(t' - t)n n e -<n(t_t,) , (18.89) 
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which is the same as (18.88). For the correlation function with a and a' interchanged, 
Gn(t,t') = G n (t - t’) = e F/T Tr e _i?/T fd ] H {t)d H {t') , (18.90) 

we find in this way 

G n (t,t') = Q(t~t')(d^ a)e- in ^~G ±Q(t'-t)(a^)e- in ^-G 

= 0(t - ± 0(t' - t)(l ± n a ) e - ffl(J -‘' ) , (18.91) 

in agreement with (18.64). 

18.5.2 Real Field Operators 

From the above expressions it is easy to construct the corresponding Green functions 
for the position operators of the harmonic oscillator x(t). It will be useful to keep 
the discussion more general by admitting oscillators which are not necessarily mass 
points in space but can be field variables. Thus we shall use, instead of x(t), the 
symbol <p(t), and call this a field variable. As in Eq. (7.295) we decompose the field 
as 

*(t) = [ae~ m + aV nt ] . (18.92) 

In this section we use physical units. The commutator function (18.40) is directly 
G(t,t') = ~^Q 2isinn ^ t ~ t '^ (18.93) 

implying a spectral function [recall (18.44)] 

iV) = 2tt [i(<y - Si) - <S(Si' + Si)]. (18.94) 

The real operator tp(t) behaves like the difference of a particle of frequency fl and 
— Q, with an overall factor 1/2 MQ. It is then easy to hnd the retarded and advanced 
Green functions of the operators <p(t) and 

GR<yt,t ') = GXm -G-n{tG')\ = (18.95) 

G A ( t ^) = 2^Q[ G a( t ^)-G- ^^0(f-f') 2 *sinn(f'-f). (18.96) 
From the spectral representation (18.53), we obtain for the “wrong commutator” 

A(t,t') = <[£(*), 0(OM = ^Xm coth±1 ^^2cosfI(t-f')- (18.97) 

The relation with (18.93) is again a manifestation of the fluctuation-dissipation 
theorem (18.53). 
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The average of these two functions yields the time-dependent correlation function 
at finite temperature containing only the product of the operators 

G p (t, t') = (<p(t)(p{t')) = [(1 ± 2nn) cos Q(t - t') - i sin Q(t - t')} , (18.98) 


with the average particle number tiq of (18.36). In the limit of zero temperature 
where uq = 0, this reduces to 

G p (t, f) = mm) = (18.99) 

The time-ordered Green function is obtained from this by the obvious relation 

G(t, t') = @(t — t')G p {t, t') ± ©(£' — t)G p (t', t) — - [A(t, t') + e(t — t')C(t , t')} , 

(18.100) 

where e(t — t') is the step function of Eq. (1.316). Explicitly, the time-ordered 
Green function is 

G{t,t') = ( T0(t)ip(t ')) = ^ [(1 ± 2 nn) cosQ| t - t'\ -isinQ\t - t'\] , (18.101) 

which reduces for T —> 0 to 

g ( m ') = ( fmm ) = (18.102) 


Thus, as a mnemonic rule, a finite temperature is introduced into a zero- 
temperature Green function by simply multiplying the real part of the exponential 
function by a factor 1±2 tiq. This is another way of stating the fluctuation-dissipation 
theorem. 

There is another way of writing the time-ordered Green function (18.101) in the 
bosonic case: 


G(t,t') = (T<p(t)(p(lf)) 


h cosh 
2 MVt 


-n 

.2 


(hfl — i\t 




(18.103) 


For t — t' > 0, this coincides precisely with the periodic Green function Gp(t, t') = 
G^[t — t') at imaginary-times r > r' [see (3.251)], if r and t' are continued analyti¬ 
cally to it and it', respectively. Decomposing (18.101) into real and imaginary parts 
we see by comparison with (18.100) that anticommutator and commutator functions 
are the doubled real and imaginary parts of the time-ordered Green function: 


A(t, t') = 2 ReG(t, t’), C{t, t') — 2i Im G(t, t 1 ). (18.104) 


In the fermionic case, the hyperbolic functions cosh and sinh in numerator and 
denominator are simply interchanged, and the result coincides with the analytically 
continued antiperiodic imaginary-time Green function (3.266). 
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The time-reversal properties (18.61)-(18.64) of the Green functions become for 
real fields 


G A (t, t') 

= T G R (t',t), 

(18.105) 

A(t,t') 

= ±A(t',t), 

(18.106) 

C(t,t ') 

= TC(t',t), 

(18.107) 

G{t,t') 

= ±G(t',t). 

(18.108) 


18.6 Nonequilibrium Green Functions 

Up to this point we have assumed the system to be in intimate contact with a 
heat reservoir which ensures a constant temperature throughout the volume. The 
disturbance in (18.3) was taken to be small, so that only a small fraction of the 
particles could be excited. If the disturbance grows larger, large clouds of excitations 
can be formed in a local region. Such a system leaves thermal equilibrium, and the 
response is necessarily nonlinear. The system must be studied in its full quantum- 
mechanical time evolution. In order to describe such a process theoretically, we 
shall assume an initial equilibrium characterized by some density operator [compare 
(2.367)] 


P = J2p n \ n ){ n l (18.109) 

n 

with eigenvalues 

Pn = e~ E - /T . (18.110) 

The disturbance sets in at some time to- If the initial state is out of equilibrium, 
the formalism to be described remains applicable, with only a few adaptations, if 
the initial state at to is still characterized by a density operator of type (18.109), 
but has probabilities p n different from (18.110). Of course, in the limit of very small 
deviations from thermal equilibrium, the formalism to be described reduces to the 
previously treated linear-response theory. 

We first develop a perturbation theory for the time evolution of operators in a 
nonequilibrium situation. This serves to set up a path integral formalism for the 
description of the dynamical behavior of a single particle in contact with a thermal 
reservoir. This description can, in principle, be extended to ensembles of many 
particles by considering a similar path integral for a fluctuating field. After the 
discussion in Chapter 7, the necessary second quantization is straightforward and 
requires no detailed presentation. 

The perturbation theory for nonequilibrium quantum-statistical mechanics to be 
developed now is known under the name of closed-time path Green function formal¬ 
ism (CTPGF). This formalism was developed by Schwinger [4] and Keldysh [5], 
and has been applied successfully to many nonequilibrium problems in statistical 
physics, in particular to superconductivity and plasma physics. 
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The fundamental problem of nonequilibrium statistical mechanics is finding the 
time evolution of thermodynamic averages of products of Heisenberg operators 
c pH{t )• For interesting applications it is useful to keep the formulation general and 
deal with relativistic fields of operators ^(x, t). As in Section 7.6, an extra spatial 
argument x allows for a different time-dependent operator (pit) at each point x in 
space. In order to prepare ourselves for the most interesting study of electromagnetic 
fields, we consider the simplest relativistically invariant classical action describing 
an observable field in D dimensions which has the form 

Aq = I dtd D x£ 0 (x-, £) = ^ J dtd D x j[0(x, t)] 2 — [V</?(x, t)} 2 — m 2 p 2 (x, t)j . (18.111) 

As in Section 7.6, we go over to a countable set of infinite points x assuming that 
space is a fine lattice of spacing e, with the continuum limit e —> 0 taken at the end. 
The associated Euler-Lagrange equation extremizing the action is the Klein-Gordon 
equation 

</3(x, t ) + (— d 2 + m 2 )<p(x, t) = 0. (18.112) 

This is solved by plane waves 

/ P (x, t) = / p (x, t) = -^Le^P* (18.113) 

^J2uj p V yWp V 

of positive and negative energy. As in Section 7.6, we imagine the system to be 
confined to a finite cubic volume V. Then the momenta p are discrete. The solutions 
(18.113) behave like an infinite set of harmonic oscillator solution, one for each 
momentum vector p, with the p-dependent frequencies 

u>p = y/p 2 + m 2 . (18.114) 

The general solution of (18.112) may be expanded as 

¥>(x, *)=£ ^77 («P e " !Wp+!pX + «;e^ t+?px ) . (18.115) 

p Zid p V 

The canonical momenta of the field variables (p(x.,t) are the field velocities 

7T (x,t) =p x (t) = <p(x,t). (18.116) 

The fields are quantized by the canonical commutation rules 

[7r(x, t), <p(x, t)} = -id xx /. (18.117) 

The quantum field is now expanded as in (18.115), but in terms of operators a p and 
their Hcrmitian adjoint operators dfi. These satisfy the usual canonical commutation 
rules of creation and annihilation operators of Eq. (7.294): 

[d p (t), hp/(t)] = <5 P p', [a f p (t),a f P '(t)] = 0, [a p (t), a p >(t)] = 0. (18.118) 
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The simplest nonequilibrium quantities to be studied are the thermal averages of 
one or two such field operators. More generally, we may investigate the averages of 
one or two fields with respect to an arbitrary initial density operator p, the so-called 
p-averages: 


{<Ph{x)) p 

(<p H (x)(p H (y)) p 


Tr [(p <p H (x )}, 

Tr \p <p H (x)ip H (y)}. 


(18.119) 


For brevity, we have gone over to a four-vector notation and use spacetime coordi¬ 
nates x = (x, t) to write Ph{*-, t) as < Ph(x ). 

In general, the fields < p(x.,t ) will interact with each other and with further fields, 
adding to (18.111) some interaction A mt . The behavior of an interacting field system 
can then be studied in perturbation theory. This is done by techniques related to 
those in Section 1.7. First we identify a time-independent part of the Hamiltonian 
for which we can solve the Schrodinger equation exactly. This is called the free part 
of the Hamiltonian Hq. For the field </?(x, t) at hand this follows from the action 
(18.111) via the usual Legendre transformation (1.13). Its operator version is 

H 0 = I d D x'Ho{^, t) = ^ J d D x {[<£(x, t)] 2 + [V<£(x, t)} 2 + m 2 <^ 2 (x, f)j . (18.120) 

The interaction A mt gives rise to an interaction Hamiltonian Then we 

introduce the field operators in Dirac’s interaction picture <p(x). These are related 
to the Heisenberg operators via the free Hamiltonian Ho, by 

<p(x) = e iAo{t - to) (p H (x,t 0 )e- iAo{t - to) . (18.121) 


The operators in the two pictures are equal to each other at a time to at which 
the density operator p is known. We also introduce the interaction picture for the 
interaction Hamiltonian 3 


Hf(t) = e ikt H m \t)e- iflt . (18.122) 

This operator is used to set up the time evolution operator in the interaction picture 


U(t, to) = T exp 


i / dt'Hfit') 


'to 


(18.123) 


It allows us to express the time dependence of the field operators <p(x) as follows: 

<Ph(x) = U {t 0 , t)0{x)U {t, t 0 ). (18.124) 


3 For consistency, the field operator (p{x) should carry the same subscript / which is, however, 
omitted to shorten the notation. 
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The p-averages of the Heisenberg fields in the interaction representation are therefore 


{<Ph{x)) p 

(<p H {x)(p H (x'))p 



P U(t o ,t)0(x)U(t,t o ) 


P U (t 0 , t)dp(x)U(t, t')(p(x')U (If, t 0 ) 
p U(to, t')0(x')U(t', t)ip(x)U(t, to) 


(18.125) 

t > t', 

(18.126) 

t' > t. 


Now, suppose that the interaction has been active for a very long time, i.e., we let 
to —» — oo. In this limit, (18.125) can be rewritten in terms of the scattering operator 
S = U (oo, — oo) of the system. 4 Using the time-ordering operator T of Eq. (1.241), 
we may write 


(<Ph(x)) p = Tr p S ] TStp(x) , (18.127) 

(fi H (x)tp H (y))p = Tr [p &fS<p(x)<p(y)] . (18.128) 

These expressions are indeed the same as those in (18.125) and (18.125); for instance 


(S<p(x)) 


U(—oo,t)U(t, oo)T [lJ(oo,t)(p(x)U(t, — cxd)^) 
U(—oo, t)<p(x)U(t, —oo). 


(18.129) 


For further development it is useful to realize that the operators in the expectations 
(18.127) and (18.128) can be reinterpreted time-ordered products of a new type, 
ordered along a closed-time contour which extends from t = —oo to t = oo and 
back. This contour is imagined to encircle the time axis in the complex t-plane as 
shown in Figure 18.1. The contour runs from t = — oo to t = oo above the real 



Figure 18.1 Closed-time contour in forward-backward path integrals. 

time axis and returns below it. Accordingly, we distinguish t values from the upper 
branch and the lower branch by writing them as t + and t_, respectively. Similarly 
we define x(t + ) = x + and x(t_) = When viewed as a function of the closed-time 
contour, the operator 

&T (, SQ(x )) (18.130) 

4 The matrix elements of S between momentum eigenstates form the so-called 5-matrix. 
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can be rewritten as 

fp (&S<p(x+)) , (18.131) 

where Tp performs a time ordering along the closed-time contour. The coordinate x 
lies on the positive branch of the contour, where it is denoted by x + . The operator 
Tp is called path-ordering operator. 

We can then write down immediately a generating functional for an arbitrary 
product of held operators ordered along the closed-time path: 

Tp js^exp i j dx j(x + )(p{x + ) j , (18.132) 

where dx is short for d 3 xdt. Functional differentiation with respect to j(x + ) produces 
c p(x + ) = (p(x). For symmetry reasons it is also useful to introduce the source j(x-) 
coupled to the held on the lower time branch (p[x _). Thus we shall work with the 
symmetric generating functional 

Z\j P \ = Tr (^p TpS^S exp ji J dx j(x+)(p(x+) + J dx j(x-)(p(x-) jj . 

It can be written as 

Z\j P ] — Tr jp TpS'^exp i J dx jp(x)(pp{x) j , (18.133) 

with the subscript p distinguishing the time branches. 

The path-ordering symbol serves to write down a useful formal expression for 
the interaction representation of the operator S^S: 5 

S^S = Tp exp -ij dtH^it) . (18.134) 

In terms of this, Z[jp\ takes the suggestive form 

Z[jp\ = Tr jpTpexp —i J dtHf*(t ) + i J dx jp{x)(pp{x) |. (18.135) 

To calculate the integrals along the closed-time contour p, it is advantageous to 
traverse the lower time branch in the same direction as the upper from t = — oo to 
oo (since we are used to integrating in this direction), and rewrite the closed-contour 
integral in the source term, 

r r f r oo r —oo 

/ dxjp(x)(pp(x) = d 3 x / dt j(x, t + )ip(x + )+ / dt j(x, tJ)(p{xJ) ,(18.136) 

,/p J L J—oo J OO 

5 Note that the left-hand side is equal to 1 due to S being unitary. However, this identity cannot 
be inserted into the path-ordered expressions (18.131)—(18.133), since the current terms require a 
factorization of S or at specific times and an insertion of field operators between the factors. 
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as 


p p poo 

J dxjp(x)0p(x) = I d 3x J dt\j(x,t + )Q(x + ) - j(x.,t-)0(x-)] . (18.137) 

Obviously, the functional derivative with respect to — j(x, t_) produces a factor 
(p{xJ). Correspondingly, we shall imagine the two helds <p(x + ), f(x_) as two com¬ 
ponents of a vector 


(p(x) = 


Q(x+) 

(p(x_) 


(18.138) 


3 [x) = 


with the associated current 

j(x+) 

-j(x-) 

In this vector notation, the source term reads 

[ dxj(x)<p(x), 


(18.139) 


(18.140) 


and all closed-time path formulas go directly over into vector or matrix formulas 
whose integrals run only once along the positive time axis, for example 


/ dx jp(x)Gp(x, x')jp(x') = J dxj(x)G(x,x')j{x'), 

where G(x,x r ) on the right-hand side denotes the 2x2 matrix 

G++(x,y) G+-(x,y) \ ( G(x + ,y+) G(x + ,y _) 


(18.141) 


G(x,y) = 


G-+(x,y) G — (x, y) 


G{x-,y+) G(x-,y _) 


(18.142) 


Since all formulas for jp and ftp hold also for j and if, we shall identify the closed¬ 
time path objects with the corresponding vectors and matrices. 

Differentiating the generating functional with respect to jp produces all Green 
functions of the theory. Forming two derivatives gives the two-point Green function 


Gp{x,y) = 


5 


6 


idjp(x) iSj P (y) 


z[n 


j p=o 


= Tr 


p TpS ] S fp(x)fp(y)] , (18.143) 


which we decompose according to the branches of the closed-time contour in the 
same way as the matrix (18.142): 


Gp{x,y) 


G++(x, y) G + _(x, y) 
G-+(x,y) G — (x, y) 


(18.144) 


The four matrix elements collect precisely the four physically relevant time- 
dependent Green functions discussed in the last section for the case of p being an 
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equilibrium density operator. Here they may be out of thermal equilibrium, formed 
with an arbitrary p-average rather than the thermal average at a given tempera¬ 
ture. Going back from the interaction picture to the Heisenberg picture, the matrix 
Gp(x,y) is the expectation 

Gp(x,y) = {fp(p H (xp)(p H (yp))p, (18.145) 

where xp can be x + or x_. Considering the different components we observe that 
the path order is trivial as soon as x and y lie on different branches of the time axis. 
Since y + lies always before x_, the path-ordering operator can be omitted so that 

G-+(x,y) = (<p H (x)<p H (y))p- (18.146) 

In the opposite configuration, the path order is opposite. When reestablishing the 
original order, a negative sign arises for fermion fields. Hence, 

G+-(x,y) = (<p H (y)<PH(x)) p = ±((p H {x)(p H (y))p- (18.147) 

In either case, a distinction of the upper and lower time branches is superfluous after 
an explicit path ordering. 

If both x and y lie on the upper branch, the path order coincides with the usual 
time order so that G ++ (x,y ) is equal to the expectation 

G++(x , y) = (T$ H {x)$ H {y))p = G(x , y), (18.148) 

i.e., the p-average of the usual time-ordered Green function. Similarly, if x and y 
both lie on the lower branch, the path order coincides with the usual anti-time order 
and 


G—(x, y) = (Tbp H (x)<p H (y)) p = G(x, y). (18.149) 

From these relations it is easy to see that only three of the four matrix elements of 
Gp(x,y) are linearly independent, since there exists the relation 

G ++ + G__ = G+_ + G_+. (18.150) 

This can be verified by writing out explicitly the time order and antiorder on the 
left-hand side. In the linear-response theory of Sections 18.1 and 18.2, the most 
convenient independent Green functions are the retarded and the advanced ones, 
together with the expectation of the anticommutator (the commutator for fermions). 
By analogy, we also define here, in the nonequilibrium case, 

G R (x,y) = Q(x^y)([<p H (x),0 H (y)] T ) p , 

G A (x,y) = -Q(y - x)([<p H (x),0 H (y)}^)p, 

A(x,y) = {[<PH(x),<p H (y)]±)p- 


(18.151) 

(18.152) 

(18.153) 
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As in (18.53), the last expression coincides with the absorptive or dissipative part 
of the Green function. The expectation of the commutator (the anticommutator for 
fermions), 


C{x,y) = ([<p H (x),(p H (y)] T ) p , (18.154) 

is not an independent quantity, ft is related to the others by 

C(x,y) = G R (x,y) -G A (x,y). (18.155) 


A comparison of the Fourier decomposition of the held (18.115) with (18.92) 
shows that the Green functions are simple plane-wave superpositions of harmonic 
oscillator of all momenta p and frequency = co p . The normalization factor h/M 
becomes 1/V. For instance 


G R (x,x') = £ 0 l n ,„ 


(18.156) 


In the continuum limit, where the sum over momenta goes over into an integral with 
the rule (7.571), this becomes, from (18.95), 

G R (x,x') = —Q(x — x') f —fTT . n e tk(x " x,) 2i sin ax, (f — t'). (18.157) 

J 2up(27t) 1J 

Similarly we find from (18.102) 

A(x,x') = j 2 ^ e tk(x ~ x,) 2 cos u> p (t - t'). (18.158) 

These and the other Green functions satisfy identities analogous to those formed 
from the position operator tp(t) of a simple harmonic oscillator in (18.105)—(18.108): 

G a (x,x') = =F G r (x',x), (18.159) 

A(x,x') = ±A(x',x), (18.160) 

C(x,x') = tC(x',x). (18.161) 

G(x,x') = ±G(x',x)*. (18.162) 


It is now easy to express the matrix elements of the 2x2 Green function Gp(x, y ) 
in (18.144) in terms of the three independent quantities (18.153). Since 

r iR _ r 1 r* _ n n 

LJ — Ur—1_ — Ur-— Lt_|—|_ — Ur ^, 

r^A _ ri c* _ r* r 1 

Ur — Ur_i— — Ur-— Ur_i—i_ — Ur—1_, 

(18.163) 

= G_+ + G+^ = G ++ + G__, 

_ /~i _ r*R r^A 

— Ur_|_ — Ur_|_— Ur — Lr , 


A 

C 


H. Kleinert, PATH INTEGRALS 




18.6 Nonequilibrium Green Functions 


1297 


we find 


G-+ = ~(A + C) = !,(A + G r ~G a ), 
G+- = l(A-C) = t(A-G R + G A ), 


(18.164) 


and 


G ++ = G R + G+. = \{A + G K + G A ), 

G__ = G+. + G.+ -G++ 

= A-G ++ = ±(A-Ct r -G a ). 
The matrix Gp(x,y) can therefore be written as follows: 

1 / A + G R + G A A-G R + G A 


(18.165) 


Gp = 


2 l A + G R - G A A-G R -G / 


(18.166) 


For actual calculations it is somewhat more convenient to use a transformation 
introduced by Keldysh [5]. It arises from the similarity transformation 


G = QGpQ l , with Q = 


1 

V2 


1 -1 

1 1 


= {Q 


T \-1 


(18.167) 


producing the simpler triangular Green function matrix 


G{x,y) = -y= 


1 / 1 -1 \ i / A + G R + G A A-G R + G 


A 


A + G r -G a A-G r -G / 


X 


1 1 
v^Ul 1 


0 G A 
G R A 


(18.168) 


Due to the calculational advantages it is worth re-expressing all quantities in the 
new basis. The linear source term, for example, becomes 


f P dxjp(x)cp P (x) = fdx(j(x+),-j(x-)) 
= f dxj(x)(f(x), 


c P(x+) 

<P( X -) 


(18.169) 


with the source vectors 

(p{x) = Q 

and the field vectors 

\ _ I A(x) 

j( x ) = I . , , 

3 2 \x) 


( f{ x +) \ = J_ / v( x +) - 0(x-) \ 

<p(x~) ) V% \ ( P( X +) + F’ix-) J ’ 


= Q 


j( x +) 


j( x +) +j( x ~) 


-j( x ~) ) y/z V j(x+) -j(x~) 


(18.170) 


(18.171) 
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The quadratic source term 

f dx dx' jp(x)Gp(x, x')jp(x') 


(18.172) 


= jdxdo'U(x + ),-}(x.)) 


G++ G+- 

G__ 


(x, x') 


J{x+) 

-j(x'_) 


becomes 


dx dx'j (x)G(x, x')j(x'). 


(18.173) 


The product 6 of two Green functions G ^ and G ^ has the same triangular form as 
each factor. The three nonzero entries are composed as follows: 


G 12 = G ( 1 ) G (2) = QG^Q-'QG^Q - 1 

( 0 GfG 2 \ 

{ GfG% G?A 2 + A,C4 ) ' 


(18.174) 


More details on these Green functions can be found in the literature [6]. 


18.7 Perturbation Theory for Nonequilibrium Green 
Functions 


The interaction picture can be used to develop a perturbation expansion for nonequi¬ 
librium Green functions. For this we go back to the generating functional (18.135) 
and assume that the interaction depends only on the field operators. Usually it will 
be a local interaction, i.e., a spacetime integral over an interaction density: 


exp 


-i / dtHfit) 
J p 


= exp 


i J dt J d 3 x t)) 


(18.175) 


The subsequent formal development applies also to the case of a more general non¬ 
local interaction 


exp jiAp^pjj . (18.176) 

To account for the interaction, we use the fact used in Section 3.18, that within the 
expectation (18.135) the field ftp can be written as a differential operator S/iSjp(x) 
applied to the source term. In this form, the interaction term can be moved outside 
the thermal expectation. The result is the generating functional in the interaction 
picture 

Z b’p] = exp { iA p* [8/i5jp\}z 0 [jp\, (18.177) 

6 The product is meant in the functional sense, i.e., 

(G^G^)(x,y) = / dzG^\x,z)G^\z,y). 
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where 


Zo[jp] = Tr | p Tp exp i j^dx <pp(x) j P (x 


(18.178) 


is the free partition function. 

To apply this formula, we have to find Z 0 [j P \ explicitly. By expanding the expo¬ 
nential in powers of iAfp X [8/i8jp\ and performing the functional derivatives 5/iSj P , 
we obtain the desired perturbation expansion for Z\j P \. 

For a general density operator p, the free partition function Z 0 [jp] cannot be 
written down in closed form. Here we give Z 0 [j p] explicitly only for a harmonic 
system in thermal equilibrium, where the p -averages (.. ,) p are the thermal averages 
(.. .)t calculated in Sections 18.1 and 18.2. Since the fluctuation terms in the held 
p(t) are quadratic, Z 0 [j p] must have an exponent quadratic in the sources jp. To 
satisfy (18.143), the functional is necessarily given by 


Z 0 [jp] = exp 



dxdy jp(x)Gp(x, y)j P (y ) 


Inserting the 4 x 4-matrix (18.166), this becomes 


Z 0 \j+,j-\ = exp 


1 

2 


r I 0 G / 

dx J dx (.)+, -j-)Q I gR ^ )Q 

{ - if dx J dx '[U+ + J-)(x)G A (x, x'){j + - j-){x') 


= exp 


J+ 

-J- 


+ (j+ ~ j-)(x)G R (x,x')(j + + j-)(x') 
+ (j+ - j-)(x)A(x,x')(j + - j-)(x')] }, 


(18.179) 


(18.180) 


where 


j+(x) = j(x + ), j.(x) = j{xJ). 


(18.181) 


The advanced Green functions are different from zero only for t < t'. Using relation 
(18.159), the second term is seen to be the same as the first. For the real held 
at hand, these terms are purely imaginary [see (18.156)]. The anticommutation 
function A(x,x') is symmetric by (18.160). We therefore rewrite (18.180) as 


Zo[j+,j-} = exp 



dx' @(a/ — x) 


(18.182) 


x 


U+ - J-)( X ) G ( x , x ')(j+ + j-)W) + {j+ - j-)(x)A(x,x')(j + - j-)(x') 


For any given spectral function, the exponent can easily be written down explic¬ 
itly using the spectral representations (18.44) and (18.53). 

As an important example consider the simple case of a single harmonic oscillator 
of frequency H. Then the held ip(x ) depends only on the time t, and the commutator 
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and “wrong” commutator functions are given by (18.93) and (18.102). Reintroducing 
all factors fi and ks, we have 


Z 0 [j+,j-] = exp | - ^2 J dt j dt'Q(t - t') (18.183) 

x\(j+ ~ 3 -)(t)C(t,t')(j+ +j-)(t') + (j+ - j-)(t)A(t,t')(j + - j-)(t')] 


or, more explicitly, 

z o\j+,j~] = exp | 


dt 


J dt' Q(t' — t) 


x 


2 MQh 

- (j+ ~ 3-){t) i sin n(t- t') (j+ + j-)(t') 

+ (j+ - coth cos n(t ~ t') (j+ - j-){t') 


(18.184) 


2 k B T 

We have taken advantage of the presence of the Heaviside function to express the 
retarded Green function for t > t' as a commutator function C(t,t') [recall (18.151), 
(18.154)]. Together with the anticommutator function A(t,t'), we obtain for t > t' 


n 


G(t,t')- -[A(t,t') + C(t,t')]- 2Mn 


cosh — [h/3 — i(t — t') 


sinh 


Uklfd 


(18.185) 


which coincides with the time-ordered Green function (18.101) for t > t 1 , and thus 
with the analytically continued periodic imaginary-time Green function (3.251). The 
exponent in this generating functional is thus quite similar to the equilibrium source 
term (3.221). 

The generating functional (18.180) can, of course, be derived without the previ¬ 
ous operator discussion completely in terms of path integrals for the harmonic oscil¬ 
lator in thermal equilibrium. Using the notation X(t) for a purely time-dependent 
oscillator field <p(x), we can take the generating functional directly from Eq. (3.168): 


(X b t b \X a t a y n = / VX{t) exp 


{rJ> 


M-(x 2 -n 2 x 2 ) + jx 


= eW^Fnjfata). 


(18.186) 


with a total classical action 


Acij 


1 MVL 

2 sin VL{tb — t a 

1 

sin Q(t b - t a ) 


(At + At) cos n{t b - t a )-2X b X a \ 

(*tb 

dt[X a sin n(t b — t) + X h sin 12 (t — 

ta 




(18.187) 


and the fluctuation factor (3.170), and express (18.187) as in (3.171) in terms of the 
two independent solutions D a (t) and D b (t) of the homogenous differential equations 
(3.48) introduced in Eqs. (2.228) and (2.229): 


A c \_j 


M 

2 D a {t b ) 


X b D a (t b )-X 2 D b (t a )-2X b X a 
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+ n 77 , [ dt[X b D a (t)+X a D b (t)]j(t). (18.188) 

T>a{tb) Jta 

The fluctuation factor is taken as in (3.172). Then we calculate the thermal average 
of the forward-backward path integral of the oscillator X (t) via the Gaussian integral 

Z 0 [j+,j-} = J dX b dX a (X b HP\X a 0)n (. X b t b \X a t a )£ (X b t b \X a t a ) J Q -*. (18.189) 

Here (X b hj3\X a 0)n is the imaginary-time amplitude (2.411): 

{XM\x a o) = , 1 

y 27 tU/M 

x eXP {“^itaF^!l l(X ‘ 2 + V5coshfi^- 2 X t W]}. (18.190) 

We have preferred deriving Z 0 [j +: j_\ in the operator language since this illuminates 
better the physical meaning of the different terms in the result (18.185). 

18.8 Path Integral Coupled to Thermal Reservoir 

After these preparations, we can embark on a study of a simple but typical problem 
of nonequilibrium thermodynamics. We would like to understand the quantum- 
mechanical behavior of a particle coupled to a thermal reservoir of temperature T 
and moving in an arbitrary potential V ( x ) [7]. Without the reservoir, the probability 
of going from x a , t a to x b , t b would be given by' 

r (it r M 11 ^ 

\(x b t b \x a t a )\ 2 = J Vx(t) exp |-y dt —x 2 ~V(x)'j . (18.191) 

This may be written as a path integral over two independent orbits, to be called 
x + (t) and X-(t): 

(x b t b \x a t a )(x b t b \x a ta)* = j Vx + (t)Vx-(t) (18.192) 

xexp {^/ dt T^+ _ _ - v ( x -)) } • 

In accordance with the development in Section 18.7, the two orbits are reinterpreted 
as two branches of a single closed-time orbit xp(t). The time coordinate ip of the 
path runs from t a to t b slightly above the real time axis and returns slightly below 
it, just as in Fig. 18.1. The probability distribution (18.191) can then be written as 
a path integral over the closed-time contour encircling the interval (t a ,t b ): 

\{x b t b \x a t a )\ 2 = j Vx P exp {-jr J p dt ^-xl-V(x P )^. (18.193) 

'In the sequel, we display the constants U and ks explicitly. 
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We now introduce a coupling to a thermal reservoir for which we use, as in the 
equilibrium discussion in Section 3.13, a bath of independent harmonic oscillators 
<Pi(t) of masses M, and frequencies in thermal equilibrium at temperature T. 
For simplicity, the coupling is assumed to be linear in <fi(t) and the position of 
the particle x(t). The bath contributes to (18.193) a factor involving the thermal 
expectation of the linear interaction 


\(x b t b \x a t a )\ 2 = j Vxp exp 


h J p 


dtt 


M 


Xp — V (x P ) 


x Tr < p T P exp 


h 


Y C * J p dt 0p(t) X P (t) 


(18.194) 


Here, <f>p(t) for i = 1,2,3,... are the position operators of the auxiliary harmonic 
oscillators. Since the oscillators are independent, the trace of the exponentials fac¬ 
torizes into a product of single-oscillator expressions 


Tr < j) T P exp 


—y) Cj 

h 4- 


dt (f>p(t)xp(t) 


= n Tr i p ^ ex p 


i 

in c ' 


dt 0p(t)xp(t) 

(18.195) 


The density operator p has the eigenvalues (18.110). 

Each factor on the right-hand side is of the form (18.178) with <p(t) = Ci(f l P (t)/h 
and j + - = x + -(t), so that (18.195) leads to the partition function (18.183), which 
reads here 


Zq[x + , X-] = exp | — J dt J dt' <d(t — t ') (18.196) 

x[(x+ - x_)(t)C h (t,t')(x + + x_)(t') + (x+ - x_)(t)A h (t,t')(x + -x_)(t')l 


where Cb(t,t') and Ab(t,t') collect the commutator and anticommutator functions 
of the bath. They are sums of correlation functions (18.93) and (18.102) of the 
individual oscillators of mass M % and frequency Q,;, each contributing with a weight 
c 2 . Thus we may write 

f)= y <$ ([&(*), <Pi(m T 

i 

A(t, t') = Y ({&(*), 

i 

where the ensemble averages at a fixed temperature T are now denoted by a subscript 
T, and 

Pb(cn') = 2? tY 2M-n- ^ U ' ~ ^ ^ + ^ (18.199) 

is the spectral function of the bath. It is the antisymmetric continuation of the 
spectral function (3.408) to negative u /. Since the spectral function of the bath p b(o/) 


/ OO (jj ./ 

Y~p h (u')i (18.197) 

-oo27T 

/ oo /7/ y h / y 

—Pb(^) coth —— cos(18.198) 

-oo Zll ZrC^l 
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of (18.199) is odd in u/, we can replace both trigonometric functions —ismco'(t — t') 
and cos co'(t — t') in (18.199) by the exponentials e~ luJ (t ~ t \ 

The expression in the exponent of (18.196) may be considered as an effective 
action in the path integral, caused by the thermal bath. We shall therefore write 

Z 0 [x + , x_] = exp ^A fv [x + , x_]| =exp jy (A^[x + , xfl\ + A™[x + , am]) | ,(18.200) 

where the effective action A h v [x + , am] consists of a dissipative part Affl [x + , am] and 
a fluctuation part *4j) v [a; + , am]. The expression Z 0 [a; + ,am] is the famous influence 
functional first introduced by Feynman and Vernon. 

Inserting (18.200) into (18.194) and displaying explicitly the two branches of the 
path Xp(t) with the proper limits of time integrations, we obtain from (18.194) the 
probability for the particle to move from x a t a to ay t b as the path integral 

\{x b t b \x a ta )\ 2 = J T>X+(t) j T>X-(t ) X 

{ ? r M l ? 'i 

— dt —(x 2 + — x 2 _) — (V(x + ) — V(x-)) + -A hV [x + , x-] >. (18.201) 

iL J ta . Z _ fL J 

For a better understanding of the influence functional, we introduce an auxiliary 
retarded function 

7 (* - 0 = 6 (t - t'A P O. (18,202) 

M J-oo 2 tt to 

Then we can write 


0(t — t')Cb(t,t') = — t') + i%M Auo 2 5{t — t'), 


(18.203) 


where the quantity 


a 2 __ f °° dca o~b (ca ) __ 1_ 

M J~o o 27r uo' M ^ Mflff 


(18.204) 


was introduced before in Eq. (3.420). Inserting the Erst term of the decomposi¬ 
tion (18.203) into (18.196), the dissipative part of the influence functional can be 
integrated by parts in t' and becomes 


A/f f^b ftb 

A^[x + , am] = —— / dt dt' (x + — xS)(t)^f{t — t'){x + + x_)(t') 

" J ta “ ta 

]V[ f^b 

+— / dt(x + - xJ)(t)^(t - t b )(x + + x_)(t a ). 

2 Jt a 


(18.205) 


The ^-function in (18.203) contributes to Affl[x + , am] a term analogous to (3.421) 


A.A l0 c[a; + ,am] = gy [ dtAu 2 (x 2 + - x 2 _)(t), 


(18.206) 
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which may simply be absorbed into the potential terms of the path integral (18.201), 
renormalizing them to 

f dt l V ren(x+) ~ 14m(a?-)] • (18.207) 

rtJta 

This renormalization is completely analogous to that in the imaginary-time formula 
(3.423). 

The odd bath function Pb{w') can be expanded in a power series with only odd 
powers of to'. The lowest approximation 

p b (a/) « 2M 1 u\ (18.208) 

describes Ohmic dissipation with some friction constant 7 [recall (3.427)]. For fre¬ 
quencies much larger than the atomic relaxation rates, the friction goes to zero. 
This behavior is modeled by the Drude form (3.428) of the spectral function 

p b (u/) « 2M 1 J ^ (18.209) 

COf) + 1 0 

Inserting this into Eq. (18.202), we obtain the Drude form of the function 7 (t): 

7 g(t) = 0 (t ) 7 u D e- UDt . (18.210) 

The superscript emphasizes the retarded nature. This can also be written as a 
Fourier integral 

7 SW = /_“ ^7g(V)e-<“\ (18.211) 

with the Fourier components 

7dM = 7 ,'4 ■ (18.212) 

The position of the pole in the lower half-plane ensures the retarded nature of the 
friction term by producing the Heaviside function in (18.210) [recall (1.312)]. 

The imaginary-time expansion coefficients of Eq. (3.431) are related to these 
by 


7„. = 7(V>U, K , m |, (18.213) 

by close analogy with the relation between the retarded and imaginary-time Green 
functions (18.30) and (18.31). 

In the Ohmic limit (18.208), the dissipative part of the influence functional sim¬ 
plifies. Then 7 ^(t) becomes narrowly peaked at positive t, and may be approximated 
by a right-sided retarded ^-function as 

7<**(*), (18-214) 
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whose superscript R indicates the retarded asymmetry of the ^-function. With 
this, (18.205) becomes a local action 

A 1 d[x + ,x-\ = J dt ( x +~ x -)( x + + x -) R ~ yt(s+ -Z-XO- (18.215) 

The right-sided nature of the function 5 R (t) causes an infinitesimal negative shift in 
the time argument of the velocities (x + + x~)(t) with respect to the factor (x + — 
X-)(t), indicated by the superscript R. It expresses the causality of the friction 
forces and will be seen to be crucial in producing a probability conserving time 
evolution of the probability distribution. 

The second term changes only the curvature of the effective potential at the 
initial time, and can be ignored. 

It is useful to incorporate the slope information (18.208) also into the bath cor¬ 
relation function A b (t,f) in (18.198), and factorize it as 

A b (t, 0 = 2 M^k B TK(t, t'), (18.216) 


where 


K(t, t') = K(t — t') = 




2M^k B T 

The prefactor in (18.216) is conveniently abbreviated by the constant 

w = 2 M^k B T, 

which is related to the so-called diffusion constant 

D = k B T/M 7 
by 

w = 2y 2 M 2 D. 

The Fourier decomposition of (18.217) is 

du’ 


with 


K{tJ) = I ^AV)e-^'\ 

J —oo Z7T 


AV) ^W Pb(iy) TO cotlW' 


2 My u' 2 k B T 2k B T 

In the limit of a purely Ohmic dissipation this simplifies to 

K{J) K° hm (co') = coth ■ huJ 


2 k B T 


2 k B T 


(18.217) 

(18.218) 

(18.219) 

(18.220) 

(18.221) 

(18.222) 


(18.223) 
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The function K{u') has the normalization K( 0) = 1, giving K(t — t ') a unit temporal 
area: 



dt K (t — t') 


1 . 


(18.224) 


In the classical limit h —> 0, the Drude spectral function (18.209) leads to 


TS cp, J\ ^D 

R d(u)= , )/2 ^, ,2 , 
D 


U> u + to 


(18.225) 


with the Fourier transform 


K%(t - t') = - 

2 U>D 


(18.226) 


In the limit of Ohmic dissipation, this becomes a 5-function. Thus K(t — t ') may be 
viewed as a 5-function broadened by quantum fluctuations and relaxation effects. 

With the function K(t,t '), the fluctuation part of the influence functional in 
(18.196), (18.200), (18.201) becomes 


^ Vr 


U! fN rh 

[x + , x_] = i— dt dt (x + — X-)(t) K(t, t ) (x + 
2 n Jt a Jt a 


x_)(t'). (18.227) 


Here we have used the symmetry of the function K(t,t') to remove the Heaviside 
function O (t — t') from the integrand, and to extend the range of if- integration to 
the entire interval (0,4). 

In the Ohmic limit, the probability of the particle to move from x a t a to Xbtb is 
given by the path integral 


\{xbtb\x a t a )\ 2 = J Vx+(t) J Vx-{t) 


i , 
x exp <— j dt 
. n Jta 


y(i+ -X 2 _) - (V(x + ) -V(x_)) 


rh M'y n 

x exp ^ — i / dt —— (x + — x-)(t)(x + + xJ) (t) 

J ta Zj f L 


— 2T^ It ^ It ^ ^ X+ ~ a '“)(^) -^ 0hm (^ 0 ( x + ~ a '-)(^ / )| • (18.228) 


This is the closed-time path integral of a particle in contact with a thermal reservoir. 

The paths x+(t),x-(t) may also be associated with a forward and a backward 
movement of the particle in time. For this reason, (18.228) is also called a forward- 
backward path integral. The hyphen is pronounced as minus, to emphasize the 
opposite signs in the partial actions. 

It is now convenient to change integration variables and go over to average and 
relative coordinates of the two paths x + , X-\ 


x = (x + + X-)/2, 

y = x + — X- . (18.229) 
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Then (18.228) becomes 
\(x b t b \x a t a )\ 2 = j Vx(t) J Vy(t) 
x exp 


{ — J J t dt M (-ijx + 7 yx R ^j + ^ + |) 

~ JJ 2 J dt l dt'y(t)K° h ™(t,t')y(t')y 


V 



(18.230) 


18.9 Fokker-Planck Equation 

At high temperatures, the Fourier transform of the Kernel K(t,t') in Eq. (18.223) 
tends to unity such that K(t,t') becomes a 5-function, so that the path integral 
(18.230) for the probability distribution of a particle coupled to a thermal bath 
simplifies to 

P(x b t b \x a t a ) = \(x b t b \x a t a )\ 2 = J Vx(t) j Vy(t ) 

( i ft'b vo 'i 

xexpj — — J dty[Mx + M^x R + V'(x)] — —2 J d.ty 2 j. (18.231) 

The superscript R records the infinitesimal backward shift of the time argument as 
in Eq. (18.215). The y- variable can be integrated out, and we obtain 

P(x b t b \x a t a ) =A f J Vx{t) exp| — —— ^ dt[Mx + M'yx 11 + V'(x)] 2 J (18.232) 

The proportionality constant A f can be fixed by the normalization integral 

J dx b P(x b t b \x a t a ) = 1. (18.233) 

Since the particle is initially concentrated around x a , the normalization may also be 
fixed by the initial condition 


lim P(x b t b \x a t a ) = 5(x b - x a ). 


(18.234) 


The right-hand side of (18.232) looks like a Euclidean path integral associated 
with the Lagrangian [ 8 ] 

L e = J—[Mx + M^x + V'(x)} 2 . (18.235) 

Zj UJ 

The result will, however, be different, due to time-ordering of the iA-term. 

Apart from this, the Lagrangian is not of the conventional type since it involves a 
second time derivative. The action principle 5A = 0 now yields the Euler-Lagrange 
equation 


= 0 . 


(18.236) 


dL d dL d 2 dL 
dx dt dx + dt' 2 dx 

This equation can also be derived via the usual Lagrange formalism by considering 
x and x as independent generalized coordinates x, v. 
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18.9.1 Canonical Path Integral for Probability Distribution 

In Section 2.1 we have constructed path integrals for time evolution amplitudes to 
solve the Schrodinger equation. By analogy, we expect the path integral (18.232) 
for the probability distribution to satisfy a differential equation of the Schrodinger 
type. This equation is known as a Fokker-Planck equation. As in Section 2.1, the 
relation is established by rewriting the path integral in canonical form. Treating 
v — x as an independent dynamical variable, the canonical momenta of x and v are 

[9] 

p = i^- = + M^x + V'(x)\ = [Mv + M'yv + V'(x)\, 

ox w w 

dL 1 

Pv = i^r = ~P- (18.237) 

ox 7 

The Hamiltonian is given by the Legendre transform 

2 dL c 

H(p,p v ,x,v) = L e (x,x) - V —^-Xi = L e (v,v) +ipv + ip v v, (18.238) 

dx i 


where v has to be eliminated in favor of p v using (18.237). This leads to 


H(p,p v ,x,v) 


w 

2M2 


P v ~ Wv 


l v + 


+ ipv. 


(18.239) 


The canonical path integral representation for the probability distribution reads 
therefore 

P(xMxM = / Vx j p / Vv / ^ 
x exp | f dt 


[i(px + p v v) - H(p } p v , x, v) 


(18.240) 


It is easy to verify that the path integral over p enforces v = x, after which the 
path integral over p v leads back to the initial expression (18.232). We may keep the 
auxiliary variable v(t) as an independent fluctuating quantity in all formulas and 
decompose the probability distribution P(xbtb\x a t a ) with respect to the content of 
v as an integral 

/ OO POO 

dv b / dv a P(x b v b t b \x a v a t a ). (18.241) 

-oo J —oo 


The more detailed probability distribution on the right-hand side has the path in¬ 
tegral representation 


P(x b v b t b \x a v a t a ) 


\{x b v b t b \x a v a t a )\ 2 = I Vx J ^ j Vv J ^ 
x exp dt 


[i(pi + p v v) - H(p,p v , x, v) 


(18.242) 
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where the endpoints of v are now kept fixed at v b = v(tb), v a = v(t a ). 

We now use the relation between a canonical path integral and the Schrodinger 
equation discussed in Section 2.1 to conclude that the probability distribution 
(18.242) satisfies the Schrodinger-like differential equation [10]: 

H(p,p v ,x,v)P(xvt b \x a v a t a ) = -d t P(xvt\x a v a t a ). (18.243) 

It is called the Klein-Kramers equation for the motion of an inert point particle 
with dissipation. It is a special case of a two-variable Fokker-Planck equation whose 
general version deals with N variables xaq,... ,xn collected in a vector x, and has 
the form 


d t P(xt\x a v a t a ) 


-diDi(x) + <);<), 


P(xt|x a u a t a ). 


The above equation (18.243) is a special case of this for N — 2; 


(18.244) 


d t P(x. f|f a x a ) = (-KijdiXj + Dijdidj) P(xt|t a x a ). (18.245) 

with the dijfusio7i matrix 

D = ( 0 w/2M 2 ) = ( 0 jk B lr/M ) = ( 0 -y 2 D ) ' < 18 246 > 

and 

-(rw/« ;')• < 18247 > 

It must be realized that when going over from the classical Hamiltonian (18.239) 
to the Hamiltonian operator in the differential equation (18.243), there is an operator 
ordering problem. Such a problem was encountered in Section 10.5 and discussed 
further at the end of Section 11.3. In this respect the analogy with the simple path 
integrals in Section 2.1 is not perfect. When writing down Eq. (18.243) we do not 
know in which order the momentum operator /),, must stand with respect to v. If 
we were dealing with an ordinary functional integral in (18.232) we would know 
the order. It would be found as in the case of the electromagnetic interaction in 
Eq. (11.89) to have the symmetric order —(p v v + vp v )/ 2. 

On physical grounds, it is easy to guess the correct order. The differential equa¬ 
tion (18.243) has to conserve the total probability 


J dx dvP(xvtb\x a v a t a ) = 1 


(18.248) 


for all times t. This is guaranteed if all momentum operators stand to the left of 
all coordinates in the Hamiltonian operator. Indeed, integrating the Fokker-Planck 
equation (18.243) over x and v, only a left-hand position of the momentum operators 
leads to a vanishing integral, and thus to a time independent total probability. We 
suspect that this order must be derivable from the retarded nature of the velocity 
in the term yx R in (18.231). This will be shown in the next section. 
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18.9.2 Solving the Operator Ordering Problem 

The ordering problem in the Hamiltonian operator associated with (18.239) does 
not involve the potential V{x). We may therefore study this problem most simply 
by considering the classical free Hamiltonian 

~ VO 

H 0 (p, p v , x, v ) = -p^/r. - iyp v v + ipv , (18.249) 

associated with the Lagrangian path integral 

Po( x bh\x a t a ) =Af j Vx(t) exp| — ——^ dt [Mx + Myx R ] 2 ^, (18.250) 

if we ignore the operator ordering problem. We may further concentrate our atten¬ 
tion upon the probability distribution with Xb = x a = 0 , and assume 4 — t a to be 
very large. Then the frequencies of all Fourier decompositions are continuous. 

In spite of the restrictions to large 4 — t a , the result to be derived will be valid 
for any time interval. The reason is that operator order is a property of extremely 
short time intervals, so that it does not matter, how long the time interval is on 
which we solve the problem. 

Forgetting for a moment the retarded nature of the velocity x, the Gaussian path 
integral can immediately be done and yields 


P 0 (0 4|0t a ) oc Det (-df - yd t ) 


oc exp 


~{t b - to) j log(u / 2 - iyu') 


(18.251) 


where 7 is positive. The integral on the right-hand side diverges. This is a con¬ 
sequence of the fact that we have not used Feynman’s time slicing procedure for 
defining the path integral. As for an ordinary harmonic oscillator discussed in detail 
in Sections 2.3 and 2.14), this would lead to a finite integral in which uj' is replaced 
by Cj' = (2 — 2 cos au')/a 2 : 


1 f°° du' 4 


1 


+ 7 2 ^' 2 ] = 7 


2 J-c 


du' _ /2 
— logo; 


1 

+ x 


du' , 2 
— log [a; 


+ 7 


— 1 - 


27t 2 J —00 2n 

(18.252) 

For a derivation see Section 2.14, in particular the first term in Eq. (2.485). The 
same result can equally well be obtained without time slicing by regularizing the 
divergent integral in (18.251) analytically, as shown in (2.504). Recall the discussion 
in Section 10.6 where analytic regularization was seen to be the only method that 
allows to define path integrals without time slicing in such a way that they are 
invariant under coordinate transformations [11]. It is therefore suggestive to apply 
the same procedure also to the present path integrals with dissipation and to use 
the dimensionally regularized formula (2.541): 



7 

2 ’ 


7 > 0. 


(18.253) 
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Applying this to the functional determinant in (18.251) yields 

Det(— d 2 — y<9 1 ) = Det(id t )Det(id t + ry) = exp [Tr log (id t ) + Tr \og(id t + iy)] 

= exp (■ t b —t a )| , (18.254) 

and thus 

Po(0t b \0t a ) oc exp ~{t b -t a )^ . (18.255) 

This corresponds to an energy 7 /2, and an ordering — i 7 (p.„u + up. !; )/2 in the Hamil¬ 
tonian operator. 

We now take the retardation of the time argument of x R into account. Specifi¬ 
cally, we replace the term 7 yx R in (18.230) by the Drude form on the left-hand side 
(18.214) before going to the limit Ur, —* 00 : 

7 yx R (t) ^ j dt'y(t)^(t - t')x(t'), (18.256) 


containing now explicitly the retarded Drude function (18.210) of the friction. Then 
the frequency integral in (18.251) becomes 

du' ( /2 u'u D \ f°° du r - , , . . . / /9 . , 

/ — log ta -7—— — =/ — -log(u; +IUJD) + log [u +iuJu D -'yu D ) , 

J -00 27r y t o’+iojd) o 27t l v 

(18.257) 

where we have omitted a vanishing integral over logo/ on account of (18.253). We 
now decompose 

log (u)' 2 + iuj'iu D — = log(a/+iu;i) + log(u/ +iuj 2 ), (18.258) 


^1,2 - — 1 ± i/1 ~ - > 


(18.259) 


and use formula (2.541) to find 


f ^ — log(k/+hue) + log + tt + -77 = ( 18 -260) 

The vanishing frequency integral implies that the retarded functional determinant 
is trivial: 


Det(— d 2 - ydf) = exp [Tr log(-,9 t 2 - 7 ^)] = 1, 


(18.261) 


instead of (18.254) obtained from the frequency integral without the Drude modifi¬ 
cation. With the determinant (18.261), the probability becomes a constant 


Po(0t b \0t a ) = const. 


(18.262) 
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This shows that the retarded nature of the friction force has subtracted an energy 
7/2 from the energy in (18.255). Since the ordinary path integral corresponds to a 
Hamiltonian operator with a symmetrized term —i(p v v + vp v )/ 2, the subtraction of 
7/2 changes this term to —irfp v v. 

Note that the opposite case of an advanced velocity term x A in (18.250) would 
be approximated by a Drude function 7^(f) which looks just like 7f>(£) in (18.212), 
but with negative c od- The right-hand side of (18.260) would then become 27 rather 
than zero. The corresponding formula for the functional determinant is 


Det(— d 2 — 'ydf) = exp Tr log(— d 2 


7<% a ) = exp [(t b - t a )i], 


(18.263) 


where 7<9 A stands for the advanced version of the functional matrix (18.256) in which 
Ur, is replaced by —ujd- Thus we would find 


P 0 (Ot b \Ot a ) oc exp [~(t b - f a )y], (18.264) 


with an additional energy 7/2 with respect to the ordinary formula (18.255). This 
corresponds to the opposite (unphysical) operator order —irfvp v in H 0 , which would 
violate the probability conservation of time evolution twice as much as the symmetric 
order. 

The above formulas for the functional determinants can easily be extended to 
the slightly more general case where V(x) is the potential of a harmonic oscillator 
V(x) = A / Ic0qX 2 /2. Then the path integral (18.232) for the probability distribution 
becomes 

Po(xhtb\x a t a ) =A f J Vx(t ) exp j — —— ^ dt[Mx + M^x r + 0 Jqx] 2 ^ (18.265) 

which we evaluate at x b = x a = 0, where it is given by the properly retarded 
expression 


P o (0t b \0t a ) oc Det 


-d 2 t 


oc exp 


7<9 t + ccq) 

-{t b -t a ) [ log(o;' 2 - ir/u' - uj%) 

J —00 Z 7 T 


(18.266) 


The logarithm can be decomposed into a sum log(a/ + iu 1) + log(c^; , + iw-p) with 


7 

Wi ' 2 - 2 




(18.267) 


We now apply the analytically regularized formula (2.541) to obtain 

[ TT" [log^ + ^i)+log(w' + iu 2 )}= ^ ^ = 7. ( 18 . 268 ) 

J— 00 ZlT Z Z 

Both under- and overdamped motion yield the same result. This is one of the situ¬ 
ations where our remarks after Eqs. (2.544) and (2.543) concerning the cancellation 
of oscillatory parts apply. For the functional determinant (18.266), the result is 


Det(— d 2 — 7 d t — Uq) = exp 


Tr log( d 2 - 7 d t - vjj) 


exp 


(tb 



(18.269) 
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Note that the result is independent of uq. This can simply be understood by forming 
the derivative of the logarithm of the functional determinant in (18.254) with respect 
to uJq. Since logDetM = Tr log M, this yields the trace of the associated Green 
function: 


r\ 

Tr log( d 2 - 7 dt -ul) = - J dt (-d 2 - yft - wjj) -1 (t, t). 

In Fourier space, the right-hand side turns into the frequency integral 

r du' 1 

J 2n (u/ + iu\){u' + iuji) 


(18.270) 


(18.271) 


Since the two poles lie below the contour of integration, we may close it in the upper 
half-plane and obtain zero. Closing it in the lower half plane would initially lead to 
two nonzero contributions from the residues of the two poles which, however, cancel 
each other. 

The Green function (18.270) is causal, in contrast to the oscillator Green function 
in Section 3.3 whose left-hand pole lies in the upper half-plane (recall Fig. 3.3). Thus 
it carries a Heaviside function as a prefactor [recall Eq. (1.305) and the discussion of 
causality there]. The vanishing of the integral (18.270) may be interpreted as being 
caused by the Heaviside function (1.304). 

The y-dependence of (18.269) can be calculated likewise: 

r\ 

— logDet<9i(-<9 f 2 -7 d t - w$) = - J dt [d t {-d 2 - ^d t - u^y 1 }^, t). (18.272) 


We perform the trace in frequency space: 


i 


du 1 u' 

2tt (o o' + + iuj\) 


(18.273) 


If we now close the contour of integration with an infinite semicircle in the upper half 
plane to obtain a vanishing integral from the residue theorem, we must subtract the 
integral over the semicircle % f du'/2nui / and obtain 1/2, in agreement with (18.269). 
Formula (18.269) can be generalized further to time-dependent coefficients 


Det 


-7-Y(i)d< - n 2 W] =exp{iv log - Si 2 («)]}= exp J 


r “*lW 


This follows from the factorization 


(18.274) 


Det 


-d 2 - ~/(t)d t - — Det[d t + fh(f)] Det[d* + Q 2 (t)], (18.275) 


with 


fli(f) + Q 2 (t) = 7 (t), 


dtkl 2 {t) + Qi(t)Q 2 (t) = 


(18.276) 
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and applying formula (3.134). 

The probability obtained from the general path integral (18.232) without retar¬ 
dation of the velocity term is therefore 


P 0 (Ot b \Ot a ) 


oc 


exp 




(18.277) 


as in (18.255). 

Let us now introduce retardation of the velocity term by using the ta'-dependent 
Drude expression (18.212) for the friction coefficient. First we consider again the 
harmonic path integral (18.265), for which (18.266) becomes 


P o (0t b \0t a ) oc exp 



ta) 



du' 

27 l0g 


U 


12 



(18.278) 


Rewriting the logarithm as — log(a/ + icon) + E/ =1 log(a/ + iu k ) with 


_ 7 

C ° 1 ' 2 ~ 2 




uj 3 = u D - 7 


(18.279) 


[recall Eq. (3.454) in the equilibrium discussion of Section 3.15], we use again formula 
(2.541) to find 



du 1 

~2rt 


3 

- log(u/ + iu D ) + l°g(V + iu k ) 

k= 1 


3 

-uj d + 


k= 1 


2 


0. (18.280) 


Thus 7 and Uq disappear from the functional determinant, and we remain with 


P 0 (Ot b \Ot a ) = const. (18.281) 

This implies a unit functional determinant [12] 

Det(<9 f 2 + i'ydf 1 + Uq) = 1, (18.282) 

in contrast to the unretarded determinant (18.269). The 7- independence of this can 
also be seen heuristically as in (18.270) by forming the derivative with respect to 7: 

-^-Det(— - 7 <9f -u%) = - j dt [d?(d 2 - 7 ^ - t ). (18.283) 

Since the retarded derivative carries a Heaviside factor (~)(t — t/) of (1.304), we find 
zero for t — t r . 

The result 1/2 of the unretarded derivative in (18.272) can similarly be under¬ 
stood as a consequence of the average Heaviside function (1.313) at t — t'. 

An advanced time derivative in the determinant (18.282) would, of course, have 
produced the result 

Det(<9 t 2 + i^fdf + = 7. (18.284) 
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By analogy with (18.275), the general retarded determinant is also independent 
of 7 (t) and Fl(t). 

Det [-d 2 t - 7 (t)df - fi 2 (f)] = 1. (18.285) 

In the advanced case, we would find similarly 

Det —<9 2 — 7 (t)df — Q 2 (t) = exp J dt^(t) . (18.286) 

By comparing the functional determinants (18.269) and (18.282) we see that 
the retardation prescription can be avoided by a trivial additive change of the La- 
grangian (18.235) to 

L e (x, x) = [x + M'yx + V'(x )] 2 — (18.287) 

Z UJ Z 

From this, the path integral can be calculated with the usual time slicing, and the 
result can be deduced directly from Ref. [ 8 ]. 

The Hamiltonian associated with this Lagangian is only slightly modified with 
respect to the naive form (18.249): 

w 2 7 

H 0 (p,p v , x , v) = ~^pP v - * 7 PvV + ipv - -. (18.288) 

The extra 7/2 ensures that the operator version of the Hamiltonian (18.239) has p v 
to the left of v. 

18.9.3 Strong Damping 

For 7 3> V"(x)/M, the dynamics is dominated by dissipation, and the Lagrangian 
(18.235) takes a more conventional form in which only x and x appear: 

1 9 1 T 1 1 2 

L e (x, x) — -— \M^x R + V'(x )] 2 = — x R + ’ (18.289) 

2w 1 J 4 D [ Tty 

where x R lies slightly earlier V'(x(t)). The probability distribution 

P(xbtf,\x a t a ) =A f f Vx exp — f dt L e (x,x R ) (18.290) 

J L Jt. a 

looks like an ordinary Euclidean path integral for the density matrix of a particle of 
mass M = 1/2 D. As such it obeys a differential equation of the Schrodinger type. 
Forgetting for a moment the subtleties of the retardation, we introduce an auxiliary 
momentum integration and go over to the canonical representation of (18.290): 

P(x b t b \x a t a ) = j Vx J ^ exp dt ipx - 2 Dy + ipj^-V'(x) j . (18.291) 
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This probability distribution satisfies therefore the Schrodinger type of equation 

H(p b ,x b )P(x b t b \x a t a ) = -d tb P(x b t b \x a t a ), (18.292) 

with the Hamiltonian operator 

H(p, x) = 2. D P -- ip^-V{x) = -D d x 8 X + ^f-V'ix) . (18.293) 

In order to conserve probability, the momentum operator has to stand to the left 
of the potential term. Only then does the integral over x b of Eq. (18.292) van¬ 
ish. Equation (18.292) is the overdamped Klein-Kramers equation, also called the 
Smoluchowski equation. It is a special case of ordinary Fokker-Planck equation. 

Without the retardation on x in (18.290), the path integral would give a sym¬ 
metrized operator —i\pV'(x) + V'{x)p]/2 in H. This follows from the fact that 
the coupling (l/2DM^)xV'{x) looks precisely like the coupling of a particle to a 
magnetic field with a “vector potential” A{x) = (l/2DM'y)V , (x) [see (10.171)]. 

Realizing this it is not difficult to account quite explicitly for the effect of retar¬ 
dation of the velocity in the path integral (18.289) Let us assume, for a moment, 
that w is very small. Then the path integral (18.290) without the retardation, 

P 0 (x b t b \x a t a ) =J\fJvx exp ^ dt [M'yx + V'(x )] 2 |, (18.294) 

can be performed in the Gaussian approximation resulting for x b = x a = 0 in the 
inverse functional determinant 

P 0 (Ot b \Ot a ) = Det -1 [dt + V"(x)/Mj] , (18.295) 

whose value is according to formula (3.134) 

Det [d t + V"(x)/M r y\ = exp J dt V”{x)/2M- i . (18.296) 

The retarded version of this determinant is trivial: 

Det [<9f + V n (x)/M'y] = 1, (18.297) 

as we learned from Eq. (18.285. The advanced version would be [compare (18.286)] 
Det[df+ V"(x)/M^] = exp jdtV"(x)/M 1 . (18.298) 

Although the determinants (18.296), (18.297), and (18.298) were discussed here 
only for a large time interval t b — t a , the formulas remain true for all time intervals, 
due to the trivial first-order nature of the differential operator. In a short time 
interval, however, the second derivative is approximately time-independent. For 
this reason the difference between ordinary and retarded path integrals (18.290) is 
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given by the difference between the functional determinants (18.296) and (18.297) 
not only if w is very small but for all w. Thus we can avoid the retardation of the 
velocity as in Eq. (18.287) by adding to the Lagrangian (18.289) a term containing 
the second derivative of the potential: 

i) = jb i + jjhv» - -f-r"(s). (18.299) 

From this, the path integral can be calculated with the same slicing as for the 
gauge-invariant coupling in Section 10.5: 

Po(x b t b \x a t a ) =J\f Jvx(t)exp -jf dt i+ ~M^ ~ | ■ ( 18 - 300 ) 

As an example consider a harmonic potential V(x) = MluqX 2 /2, where the La¬ 
grangian (18.299) becomes 

L e (x,x) =-^j(x + Kx) 2 (18.301) 

with the abbreviation k = c The equation of motion reads 

—x + n 2 x = 0, (18.302) 
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obtained from the integrals 8 


x(t b - ta) = {x(t b ~ to)) = 

poo 

/ X b P(x b t b \x a t a ), 

(18.308) 

{{x{t b - t a ) - x{t b - t a )f) = 

poo 

/ [x b -x(t b - t a )] 2 P(x b t b \x a t a ). 

J—oo 

(18.309) 


The canonical momentum associated with the Lagrangian (18.301) is p — 
(x + kx)/2D so that the Hamiltonian operator becomes, via the Euclidean Leg¬ 
endre transformation (2.340), and with the operator ordering fixed as discussed 
after Eq. (18.247): 

H(p,x ) = Dp 2 + inpx, p = — id x . (18.310) 

This is the same operator as in Eq. (18.293), and the Fokker-Planck equation 
(18.292) reads, for the harmonic potential: 

(~Ddl b + nd Xb x^j P(x b t b \x a t a ) = -d tb P(x b t b \x a t a ). (18.311) 

For t b —> t a , the probability distribution (18.306) starts out as a 5-function 
around the initial position x a . In the limit of large t b — t a , it converges against the 
limiting distribution 

( lim P( Xi tM = \/^exp {-^^} • (18-312) 


Replacing n again by (Ug/y = V"(0)/A'I r j, and D from (18.219), this becomes 

1 


lim P(x b t b \x a t a ) = 


I V"(0) 

2ttkBT 


exp 


k B T 


V(x b ) . 


(18.313) 


Thus, the limiting distribution of (18.290) depends only on x b . It is given by the 
Boltzmann factor associated with the potential V(x), in which the particle moves. 
This result can be generalized to a large class of potentials. 

An interesting related result can be derived by introducing an external source 
term j b x(t b ) into the Lagrangian (18.299). By repeated functional differentiation 
with respect to j b we find that the expectation values 


(x n ) = lim ( x n (t b )) = lim 

ifo —^OO tl j—^OO 


r- t\ nfj. \ ~ C b dtL e (x,x R ) 

J Vxx [t b )e Jt o- 


f Vxe 


- f* b dtL e (x,x R ) 


(18.314) 


have the large-time limit 


lim ( x n (t b )) = (x n ) = 


t(,—>oo 


/ dx x n e~ v ^ x ^ kBT 
J dx e~ v Py kBT 


(18.315) 


The generalization of this relation to quantum held theory forms the basis of stochas¬ 
tic quantization in Section 18.12. 

8 An alternative method for calculating such expectation values will be presented in Section 
18.15. 
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Consider the forward-backward path integral (18.230) for high 7 T. Then the second 
exponent limits the fluctuations of y to satisfy \y\ C |a;|, and K(t, t') will be assumed 
to take the Drude form (18.226), which becomes a 5-function for u>d —>■ 00 . Then 
we can expand 

v ( x +: l) _ v ( x ~ I) ~ yV ' {x) + k v '" (x) +• • • - (18 - 316) 

keeping only the first term. We further introduce an auxiliary quantity 77 (f) by 

77 (f) = Mx(t) + M^x R (t) + V\x{t)). (18.317) 


With this, the exponential function in (18.230) becomes after a partial integration 
of the first term using the endpoint properties 7 /( 4 ) = 7/(4) = 0: 


exp 



i / dt I dt' y(t)K(t,t')y(t') 
2h Jt a Jt a 


(18.318) 


The variable y can obviously be integrated out and we find a probability distribution 


P[rj\ oc exp 


2 tc / dt It dt,fl ^ K > 


(18.319) 


where the fluctuation width w was given in (18.218), and iC _ 1 (f,f / ) denotes the 
inverse functional matrix of K(t,t'). 

The defining equation (18.317) for //(f) may be viewed as a stochastic differential 
equation to be solved for arbitrary initial positions x{t a ) = x a and velocities x(t a ) = 
v a . The differential equation is driven by a Gaussian random noise variable 77 (f) 
with a correlation function 


( 77 (f))-? = 0, {rj(t)ri(t , )} v = wK(t-t'), (18.320) 

where the expectation value of an arbitrary functional of F[x] is defined by the path 
integral 

(F[x]) v = J\f f VxP[rj\F[x\. (18.321) 

Jx(ta)=X a 

The normalization factor J\f is fixed by the condition J\f f Vr/ P[q\ = 1, so that 
(1 ) r) — 1. In the sequel, this factor will always be absorbed in the measure X>?/. 

For each noise function 77 (f), the solution of the differential equation yields 
a path x v (x a ,Xb,t a ) with a final position Xb = x v (x a ,Xb,tb ) and velocity 77 = 
x v (x a ,Xb,tb), all being functionals of //(f). From this we can calculate the distri¬ 
bution P(xbVbtb\x a v a t a ) of the final Xb and 77 by summing over all paths resulting 
from the noise functions 77 (f) with the probability distribution (18.319). The re¬ 
sult is of course the same as the distribution (18.242) obtained previously from the 
canonical path integral. 
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It is useful to exhibit clearly the dependence on initial and final velocities by 
separating the stochastic differential equation (18.317) into two first-order equations 

Mv(t) + M^v R (t) + V\x(t)) = 77 (f), (18.322) 

x(t) = v(t), (18.323) 

to be solved for initial values x(t a ) = x a and x(t a ) = v a . For a given noise function 
77 (f), the final positions and velocities have the probability distribution 


P v (x b v b t b \x a v a t a ) = 5(x v (t) - x b )S(x v (t) - v b ). (18.324) 

Given these distributions for all possible noise functions 77 (f), we find the final prob¬ 
ability distribution P(x b v b t b \x a v a ta) from the path integral over all 77 (f) calculated 
with the noise distribution (18.319). We shall write this in the form 

P {x b v b t b \x a v a t a ) ^\P^{x b v b t b \x a v a ta) )^. (18.325) 


Let us change of integration variable from x(t) to 77 (f). This produces a Jacobian 
J[x] = Bet[6q(t)/Sx(t')} = det [Md 2 t + Mydf + V"{x(t))}. (18.326) 


In Eq. (18.285) we have seen that due to the retardation of d R , this Jacobian is 
unity. Hence we can rewrite the expectation value (18.321) as a functional integral 


(F[x}) 71 = J Vq P [ 77 ] F[x] 


x(ta)=X a 


(18.327) 


From the probability distribution P(x b v b t b \x a v a t a ) we find the pure position 
probability P(x b t b \x a t a ) by integrating over all initial and final velocities as in 
Eq. (18.241). Thus we have shown that a solution of the forward-backward path 
integral at high temperature (18.232) can be obtained from a solution of the stochas¬ 
tic differential equations (18.317), or more specifically, from the pair of stochastic 
differential equations (18.322) and (18.323). 

The stochastic differential equation (18.317) together with the correlation func¬ 
tion (18.320) is called semiclassical Langevin equation. The fluctuation width w in 
(18.320) was given in (18.218). The attribute semiclassical emphasizes the trun¬ 
cation of the expansion (18.316) after the first term, which can be justified only 
for nearly harmonic potentials. For a discussion of the range of applicability of the 
truncation see the literature [14]. The untruncated path integral is equivalent to an 
operator form of the Langevin equation, the so-called quantum Langevin equation 
[15]. This equivalence will be discussed further in Subsection 18.19. 

The physical interpretation of Eq. (18.320) goes as follows. For T —> 0 and 
ft —> 0 a,t k/T = const, the random variable 77 (f) does not fluctuate at all and 
(18.317) reduces to the classical equation of motion of a particle in a potential V (a;), 
with an additional friction term proportional to 7 . For T and % both finite, the 
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particle is shaken around its classical path by thermal and quantum fluctuations. 
At high temperatures (at fixed h), K(uj') reduces to 


lim K(ui') = 1 . 

T—>oo v ' 


(18.328) 


Then 77 (7) is an instantaneous random variable with zero average and a nonzero pair 
correlation function: 


(v(t))v = °> (v(t)v(t')) v — wS(t — t'), 


(18.329) 


All higher correlation functions vanish. A random variable with these characteristics 
is referred to as white noise. The stochastic differential equation (18.317) with the 
white noise (18.329) reduces to the classical Langevin equation with inertia [16]. 

In the opposite limit of small temperatures, K(u') diverges like 


AV) 


T—K) 2 knT' 


(18.330) 


so that w K (u/) has the finite limit 


lim wK(u') = M'yh\co , \. 


(18.331) 


To find the Fourier transformation of this, we use the Fourier decomposition of the 
Heaviside function (1.306) 


1 r 00 . / ? 

0(u/) — — / dte~ wt - 

2tt J -oo t + ir 


(18.332) 


to form the antisymmetric combination 


0(u/) - O(-co') = — [°° dt e~ iu>t ( —- + — 

2n 7-oo \ t + vn t — i 


- r dte-^. 

7 T J — oo t 


(18.333) 


A multiplication by uj f yields 


1 r°° / V 1 /*°° 

\u'\ = cn'[0(cn') - ©(—a; 7 )] =-/ dtd t e~ twt - = - / 

7T J —oo t 7T J —oo 

1 roo T) 

= — die 

7T 7-oo t z 


dte~ iu,,t d t — 


(18.334) 


By comparison with (18.331) we see that the pure quantum limit of K(t — t') can 
be written as 


wK{t — t) =- 7 -—. 

T =o 7r (7 - 7') 


(18.335) 
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Hence the quantum-mechanical motion in contact with a thermal reservoir looks just 
like a classical motion, but disturbed by a random source with temporally long-range 
correlations 

(18.336) 

The temporal range is found from the temporal average 

« A ‘»* - 

Apart from the negative sign (which would be positive for Euclidean times), the 
random variable acquires more and more memory as the temperature decreases and 
the system moves deeper into the quantum regime. Note that no extra normal¬ 
ization factor is required to form the temporal average (18.337), due to the unit 
normalization of K{t — t') in (18.224). 

In the overdamped limit, the classical Langevin equation with inertia (18.317) 
reduced to the overdamped Langevin equation : 

x(t ) = —V , (x(t))/M'y + r](t)/M r y. (18.338) 


At high temperature, the noise variable ?/(t) has the correlation functions (18.329). 
Then the stochastic differential equation (18.338) is said to describe a Wiener pro¬ 
cess. The Erst term on the right-hand side r x {x{t)) = —V'(x(t))/M 7 is called the 
drift of the process. 

The probability distribution of x(t) resulting from this process is calculated as 
in Eqs. (18.325), (18.321) from the path integral 

P(x b ta\x a t a ) = J Vr)P[r)\ 8(x v (t) - x b ), (18.339) 

and Thj is normalized so that / T>r)P[r)\ = 1. 

A path integral representation closely related to this is obtained by using the 
identity 

rx(t b )=x b 

/ Vx8[x — 77 ] = 5(x v (tt>) — x b ), (18.340) 

Jx(t a )=X a 

which can easily be proved by time-slicing the Fourier representation of the 8- 
functional 

8[x-rj\ = J Vp (18.341) 

and performing all the momentum integrals. This brings the path integral (18.339) 
to the form 


rx(t b )=x b r 

P(x b t b \x a t a ) = J ^ Vx J Vr) P[rj\ 8[x - rj}. 


Ix{t a )=Xa 


(18.342) 
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For a harmonic potential V{x) = Mu>qX 2 /2, where the overdamped Langevin equa¬ 
tion reads 

x(t ) = — Wq x{t)/M 7 + rj(t)/M 7 = —Kx{t)/M r ) + p(t), (18.343) 

where the noise variable f/(t) = rj(t)/M 7 has the correlation functions 

(#)> = 0, - t') = 2D5(t - t'), (18.344) 

the calculation of the stochastic path integral yields, of course, once more the prob¬ 
ability (18.306). 


18.11 Path Integral Solution of Klein-Kramers Equation 

For a free particle at finite temperature, there exists another way of representing 
the solution (18.440). Consider the original path integral for the probability in 
Eq. (18.240) with the Hamiltonian (18.288). Let us introduce the thermal velocity 
vt = y/ksT/M and write the action as [compare (2.340)] 


with 


A e 


dt [—i(px+p v v) + H(p,p v , V, x)], 


(18.345) 


H(p,p v ,v,x) 


7 Vt 



+ 


7 

AVt 


< vi > 

v + 2 i—p 

k 7 ) 


V'i ■ o 

+ — p 2 

7 


+ f 


(18.346) 


In the path integral (18.240), we may integrate out x(t), which converts the path 
integral over p(t) into an ordinary integral, so that we obtain the integral represen¬ 
tation 


P(x b v b t b \x a v a t a ) = f ^ P(^ 6 k„p a ) p e^- 3 : “)-^ 2 ^-^)/7, (18.347) 

where 

P p (v b tb\v a t a ) = I Vv j exp | £ dt [ip v v - H p (p v , u)] |, (18.348) 

with the p-dependent Hamiltonian governing p v and v: 

H p (p v , v) = jvt i^p v - + ^p( K v + _ 2' (18.349) 

In the associated Hamiltonian operator, the shift of p v by —ivj2v\ can be removed 
by a similarity transformation to 


Pp [p! 


y \ = e vpAv, 


T H p e 


= lv 2 Tp 2 + 


7 

Av\ 



1 

2 ' 


2 


(18.350) 
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Thus we can rewrite P p {v b t b \v a t a ) as 

P p (v b t b \v a t a ) = e~ v b /4v Tp p (v b t b \v a t a )e v2j4v T (18.351) 

where P p {v b t b \v a t a ) is the probability associated with the Hamiltonian H p (p v ,v). 
This describes a harmonic oscillator with frequency 7 around the p-dependent center 
at v p = — If we denote the mass of this oscillator by m = 1 / 274 ^, we 

can immediately write down the wave eigenfunctions as ip n (v — v p ) with - 0 ( x ) of 
Eq. (2.302). The energies are 717 . Thus we may express the probability distribution 
of x and v as a spectral representation 

P(x b v b t b \x a v a t a ) = f ^ Y^pn(v b -Vp)tl) n (v a -v p )e~ ni{ ' tb ~ ta) 

J 27T n=0 

x e ipQ b -Xa)-v^p 2 it b -t a )/'y Og 3^2) 


where 


Pn(v) = 


-e-PPpT Hn (v/V2v T ). 


(18.353) 


( 2 n n! y/tt) l P ( \/2vt) !/ 2 
In the limit of strong damping, only n — 0 contributes to the sum, and we find 

P(x b V b t b \x a V a t a ) = -=- / J-e~ [{vb ~ Vp) }Pv Te ip{x b -x a )-v T p (4-4)A 

V27 TVt J 27T 

Integrating this over v b leads to 


P(x b t b \x a v a t a ) =f £ e ^ b -^h)-P T p 2 (N-t a )h : 


yjATtvl/'i 


l(x h -x a -vg/l) 

e * v T (t t>~ ta) ,(18.354) 


where we have neglected terms of order 7 2 in the exponent. A compact expression 
for the general solution will be derived in (18.440) by stochastic calculus. 


18.12 Stochastic Quantization 

In Eq. (18.314) we observed that the expectation value of powers of a classical vari¬ 
able x in a potential V(x) can be recovered as a result of a path integral associated 
with the Lagrangian (18.299). From Eq. (18.339) we know that the path integral 
(18.314) can be replaced by the stochastic path integral: 

(. x n ) = lim ( x n (s )) = lim J Vrjx™(s)P[rj \, (18.355) 

where 

(18.356) 


P[rj\ = j V V e~ (1/4kBT) ^a ds ' v2(s ' ) 
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To simplify the equations, we have replaced the physical time by a rescaled parameter 
s = t/M'y. 

Equivalently we may say that we obtain the expectation values (18.355) by solv¬ 
ing the stochastic differential equation of the Wiener process 

x'(s) = -V\x) + ri(s), (18.357) 

where rj(s) is a white noise with the pair correlation functions 

(v( s ))t = 0, {r)(s)r)(s')) T = %k B T 8(s — s'), (18.358) 

and going to the large -s limit of the expectation values ( x n (s )). 

This can easily be generalized to Euclidean quantum mechanics. Suppose we 
want to calculate the correlation functions (3.298) 


(x(ti)x(t 2 ) ■ ■ -x{T n )) =Z 1 j Vx x(ti)x(t 2 ) ■ ■ -x{T n ) exp • (18.359) 


We introduce an additional auxiliary time variable s and set up a stochastic differ¬ 
ential equation 


d s x(r\s) = - ^ ° +rj(r-,s ), (18.360) 

where 77 (t; s) has correlation functions 

( 77 (r; s)) = 0, (? 7 (t; s)77(r / ; s')) = 2M(r — t')5(s — s 7 ). (18.361) 

The role of the thermal fluctuation width 2 ksT in (18.358) is now played by 2 h. The 
correlation functions (18.359) can now be calculated from the auxiliary correlation 
functions of x(t, s ) in the large -s limit: 

(x(ti)x(t 2 ) • • -x(T n )) = Jim (x(t 1 ,s)x(t 2 ,s) ■ ■ -x(T n ,s)). (18.362) 

Due to the extra time variable of stochastic variable x(r\ s) with respect to 
(18.357), the probability distribution associated with the stochastic differential equa¬ 
tion (18.379) is a functional P[xf,(r), s&; x a (r), s a ] given by the functional generaliza¬ 
tion of the path integral (18.300): 


P[x b (T b ),s;x a (r),s a } = J\fjvx(r;s) 


x e 




This satisfies the functional generalization of the Fokker-Planck equation (18.292): 


H[p(T),x(T)]P(x(T)s\x a (T)-,s a ) = -d s P(x(r)s\xa{ry, s a ), 


(18.364) 
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with the Hamiltonian 


H\p(r),x(r)' 



Up 2 {r) — ip{r ) 


Sx(t 


~A C 


(18.365) 


where p(r) = 5/Sx(t). We have dropped the subscript b of the final state, for 
brevity. Explicitly, the Fokker-Planck equation (18.364) reads 



M 

5 x(t) 


5A C 

Sx(t) 


P[x(r),s;x a (T),Sa 


-hd s P[x(r ), s; x a (r), s a ]. (18.366) 


For s —> oo, the distribution becomes independent of the initial path x a (r), and 
has the limit [compare (18.314)] 


lim 

s—> OO 


P[x(r),s;x a (r),Sa 


e -Ae[x\/h 


T>x[t) e~- Ae A/ h 


(18.367) 


and the correlation functions (18.378) are given by the usual path integral, apart 
from the normalization which is here such that (1) = 1. 

As an example, consider a harmonic oscillator where Eq. (18.360) reads 

d s x(r;s) = —M(—d 2 + u 2 )x{t] s) +?/( t ; s ). (18.368) 


This is solved by 

x(t; s ) = f ds' e -M(-a?+u, 2 )( s '- s w T; n _ (18.369) 

Jo 

The correlation function reads, therefore, 

< z ( t i; Sl )x(r 2] s 2 )) = f S1 ds[ [ S2 ds' 2 I-**) (nfa s[Ht 2 ; 4)). (18.370) 

Jo Jo 

Inserting (18.361), this becomes 


{x(ri]Si)x(r 2 ,s 2 )) — h / ds 


e -M(-d^+ui 2 )(s+\si-s 2 \) _ e -M(-d 2 +u 2 )(s+si+S2) 


,(18.371) 


or 


(x(ti, Si)x(t 2 , s 2 )) 


h l 

M —d 2 + u 2 


e -M(-a2 +aJ 2)| Sl _ S2 | ^ ^_M(-d 2 +CJ 2 )(s 1 +S2) 


(18.372) 


For Dirichlet boundary conditions (xi, = x a = 0) where operator (— d 2 + lo 2 ) has the 
sinusoidal eigenfunctions of the form (3.63) with eigenfrequencies (3.64), this has 
the spectral representation 


{x{rp Si)x[t 2 ] s 2 )) = 


x 


h 2 ” 

M tb ~ t a ^ 



sin v n (ri 


T a ) sin u n {r 2 


e - M (^n+^ 2 )bl-S2| _ e -M(-U 2 +U 2 )is 1 +S 2 ) 


Ta) 


(18.373) 
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For large S\,S 2 , the second term can be omitted. If. in addition, sq = S 2 , we obtain 
the imaginary-time correlation function [compare (3.69), (3.304), and (3.36)]: 


lim 

Si —52—^OO 


(x(ti;s)x(t 2 ;s)) 


(^0^)) = A_L_ (Tl , T2 ) 

ft sinho;(Tft — r>) sinha;(r < — r a ) 
M u sinha;(rb — r a ) 


(18.374) 


We can use these results to calculate the time evolution amplitude according to an 
imaginary-time version of Eq. (3.318): 


(x 6 r fe |x a r a ) = C(x b , x a )e~ Ae ^ Xb,Xa ' ,Tb ~ Ta ^ h e~^ ¥*i(**M*>*))/* t ( 18 . 375 ) 


where A e (x b ,x a ; T b — r a ) is the Euclidean version of the classical action (4.87). If the 
Lagrangian has the standard form, then 

(L efi (x b ,x b )) = y(<5xfe), (18.376) 

and we obtain the imaginary-time evolution amplitude in an expression like (3.318). 
The constant of integration is determined by solving the differential equation (3.319), 
and a similar equation for x a . From this we find as before that C(x bl x a ) is inde¬ 
pendent of x b and x a . 

For the harmonic oscillator with Dirichlet boundary conditions we calculate from 
this 

= ^£>cotho;(T fe - t 0 ). (18.377) 

Integrating this over r b yields h(D/2) log[2 sinho;(r fe — r a )], so that the second ex¬ 
ponential in (18.375) reduces to the correct fluctuation factor in the D-dimensional 
imaginary-time amplitude [compare (2.411)]. 

The formalism can easily be carried over to real-time quantum mechanics. We 
replace t —> —it and A e —> —iA , and find that the real-time correlation functions 
are obtained from the large-s limit 


{x{ti)x{t 2 ) ■ ■ -x(T n )) = lim o {x(t 1 ,s)x(t 2 ,s) ■ ■ -x(t n ,s)), (18.378) 

where x(t ; s ) satisfies the stochastic differential equation 

< 5.4 

hd s x(t]s) = i—— — -+rj(t;s), (18.379) 

ox(r, s) 

where the noise r][t\ s) has the same correlation functions as in (18.361), if we replace 
r by t. This procedure of calculating quantum-mechanical correlation functions is 
called stochastic quantization [17]. 
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18.13 Stochastic Calculus 

The relation between Langevin and Fokker-Planck equations is a major subject of 
the so-called stochastic calculus. Given a Langevin equation, the time order of the 
potential V{x) with respect to x and x is a matter of choice. Different choices 
form the basis of the ltd or the Stratonovich calculus. The retarded position which 
appears naturally in the derivation from the forward-backward path integral favors 
the use of the ltd calculus. A midpoint ordering as in the gauge-invariant path 
integrals in Section 10.5 corresponds to the Stratonovich calculus. 

18.13.1 Kubo’s stochastic Liouville equation 

It is worthwhile to trace how the retarded operator order of the friction term enters 
the framework of stochastic calculus. Thus we assume that the stochastic differential 
equations (18.322) and (18.323) have been solved for a specific noise function 77 (f) 
such that we know the probability distribution P v (x v t\x a v a t a ) in (18.324). Now 
we observe that the time dependence of this distribution is governed by a simple 
differential equation known as Kubo’s stochastic Liouville equation [18], which is 
derived as follows [19]. A time derivative of (18.324) yields 

d t P v (x v t\x a v a t a ) = x^S'ix^t) - x)S(x v (t) - v ) + x v {t)5(x ri (t) - x)5'(x v (t) - v). 

(18.380) 

The derivatives of the 5-functions are initially with respect to the arguments x v (t) 
and x v (t). These can, however, be expressed in terms of derivatives with respect to 
— x and —v. However, since x v (t) depends on x v (t) we have to be careful where to put 
the derivative —d v . The general formula for such an operation may be expressed as 
follows: Given an arbitrary dynamical variable z(t) which may be any local function 
(local in the temporal sense) of x(t) and x(t), and whose derivative is some function 
of z(t), i.e., z{t) = F(z(t )), then 

j t 8{z(t)-z) = z(t)^j8(z(t)-z) = —^[z(t)S(z(t)-z)} = - jr [F(z)S(z(t)~z)]. 

(18.381) 

To prove this formula, we multiply each expression by an arbitrary smooth test 
function g(z) and integrate over z. Each integral yields indeed the same result 
g(z(t)) = z(t)g'(z(t)) = F{z)g'{z{t)). Applying the identity (18.381) to (18.380), we 
obtain an equation for P v (xv t\x a v a t a ): 

^tPrji^X V t\x a V a t a ’) [<9r/(^) “b duX^{tLj^P^{x v t\x a v a t a ’). (18.382) 

We now express x v (t) with the help of the Langevin equation (18.317) in terms of the 
friction force —M^x^it), the force — V'{x ri {t)), and the noise 77(f). In the presence 
of the 5-function 8(x v (t) — v), the velocity x^it) can everywhere be replaced by v, 
and Eq. (18.382) becomes 

d t P v (xvt\x a v a ta) = - l^vd x + [77(f) + f(x,v)] | P v (x v t\x a v a t a ), (18.383) 
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where 


f(x,v ) = —M'yv — V\x) (18.384) 

is the sum of potential and friction forces. This is Kubo’s stochastic Liouville equa¬ 
tion which, together with the correlation function (18.218) of the noise variable and 
the prescription (18.325) of forming expectation values, determines the temporal 
behavior of the probability distribution P(xvt\x a v a t a ). 


18.13.2 From Kubo’s to Fokker-Planck Equations 

Let us calculate the expectation value of P v (x v t\x a v a t a ) with respect to noise fluc¬ 
tuations and show that P(xvt\x a v a t a ) of Eq. (18.325) satisfies the Fokker-Planck 
equation with inertia (18.243). First we observe that in a Gaussian expectation 
value (18.321), the multiplication of a functional F[rf\ by rj produces the same re¬ 
sult as the functional differentiation with respect to rj with a subsequent functional 
multiplication by the correlation function 


(v(t)F[v])n = / • (18.385) 

This follows from the fact that r)(t) can be obtained from a functional derivative of 
the Gaussian distribution in (18.321) as: 


■n(t)e-& f dtdt '^ K dt ' K u t >\^L^ e -'kJ dt dt'vm ,( 18 . 386 ) 

J °V\t) 


Inside the functional integral (18.321) over r](t), an integration by parts moves the 
functional derivative —6/Sr](t') in front of F[r)\ with a sign change. The surface terms 
can be discarded since the integrand decrease exponentially fast for large noises rj(t). 
Thus we obtain indeed the useful formula (18.385). 

With the goal of a Gaussian average (18.321) in mind, we can therefore replace 
Eq. (18.383) by 


d t P v (xvt\x a v a t a ) = -< 


vd x + —d v 
M 


w J dt'K(t,t')—— + }{x,v) 


>P v (xvt\x a v a t a ). 

(18.387) 


After this, we observe that 

£ 

-x)S(x v (t) -V) 


Sx v (t) 

5r](t') 


d x 


+ 


Wt>) 


§(x v (t) —x)S(x ri (t) —v). 

(18.388) 
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From the stochastic differential equation (18.317) we deduce the following behavior 
of the functional derivatives: 


Sx v (t) 

5r]{t') 

8x v (t) 

5q{t') 

SXrjjt) 


—8(t — t' ) — 7 0(f — t') + smooth function of t — t' , (18.389) 

- t!) + Q(t ~ (18.390) 

0{(t — t') 2 ). (18.391) 


Inserting (18.380) with (18.390) and (18.391) into (18.387), the functional derivatives 
(18.390) and (18.391) are multiplied by K(t,t') and integrated over t'. 

Consider now the regime of large temperatures. There the function K ( t , t') is 
narrowly peaked around t = t', forming almost a 5-function [recall the unit normal¬ 
ization (18.328)]. We shall emphasize this by writing = 8 e (t — t'), with the 

subscript indicating the width e of K(t, t') which goes to zero like h/ksT for large T 
[recall (18.337)]. In this limit, the contribution of the derivative (18.391) vanishes, 
whereas (18.390) contributes to (18.387) a term 


J dt'K (f , t ') ^ 5 (,x v (■ t )- x)5(x v (t) - v ) 

= -f dt'5 e {t-t') (xrj(t)—x)S(x v (t)- v) 


(18.392) 


1 

2 M 


d v S(x v (t)—x)8(x rj (t)—v). 


The factor 1/2 on the right-hand side arises from the fact that the would-be 5- 
function 8 e (t — t') is symmetric in t — t 1 , so that its convolution with the Heaviside 
function (~)(t — t') is nonzero only over half the peak. Taking the noise average 
(18.325), we obtain from (18.387) the Fokker-Planck equation with inertia (18.243): 


d t P(xvt\x a v a t a ) = \ -vd x + — d v 


w 

2 M 


d v - f(x,v) 


P(xvt\x a v a t a )- (18.393) 


Note that the differential operators have precisely the same order as in Eq. (18.239) 
as a consequence of formula, here (18.381). 

In the overdamped limit, the derivation of the Fokker-Planck equation becomes 
simple. Then we have to consider only the pure x-space distribution 

P v (xt\x a t a ) = j dv P v (xvt\x a v a t a ) = 8{x n (t ) -x), (18.394) 

whose time derivative is given by 


t\x a v a t a ^ QxXij t \x a v a t a ') 

= —rr d x [v(t) - V\x)}P ri (xt\x a v a t a 
ivi 7 

After treating the noise term 77 (f) according to the rule (18.385), 


(18.395) 


(18.396) 
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- x) = - X) 


(18.397) 


5x v (t) 1 

Sr](t') My 

Sx v (t ) 1 


-5(t — t ') + smooth function of t — t', 


8r)(t') My v ' v 
to find the overdamped Fokker-Planck equation (18.292): 

d t P(xt\x a t a ) = Dd 2 + ^—V\x) P(xt\x a t a ) 


(18.398) 


(18.399) 


The distributions P(xt\x a t a ) and P(x vt\x a v a t a ) develop from initial 5-function 
distributions P(xt a \x a t a ) = S(x — x a ) and P(xvt a \x a t a ) = S(x — x a )8{y — x a ). 

Let ns multiply these 5-functions with arbitrary initial probabilities P(x, t a ) and 
P(xv,t a ) and integrate over x and v. Then we obtain the stochastic path integrals 

P(x,t) = j Vr) dtdt ' P(x ai] (t) ? t a ), (18.400) 

P(xv,t) = y ^ ar? , 7), (18.401) 

where x ar] and v ar) are initial positions and velocities of paths which arrive at the 
final x and v following the equation of motion with a fixed noise 77 (f): 

x ar) (t) — x -=»'■ f dt'x(t'), v av (t) — x — j dt'v(t'). (18.402) 

J t a Jt a 

At high temperatures, the overdamped equation can be written with (18.338) as 
P(x ,t) = j Vr) e~( 1 / 2w ' > f dtrj2 ^ P dt' [rj(t') — V'(x(t’))} ,tj . (18.403) 


The time evolution equation (18.399) follows from this by calculating for a short 
time increment e: 

P(x,t + e)= [ Vrie-W 2w) f dtri2 V dt' [y(t') - V\x(t'))] d x 

J [ M 7 Jt 

1 rt-\-e pt-\-e ^ 

+ 2ii?vi "'I dt "Wt')-V'(x(t'))]{ri(n~V'(x(t"))]dl + ..j 

xP yw,L dt ' [n[t,) ~ rW(,))| • 4 ) - (18 ’ 404) 


We now use the correlation functions (18.329), ignore all powers higher than linear 
in e, and find in the limit e —> 0 directly the equation (18.399). 
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18.13.3 Ito’s Lemma 


An important tool for dealing with stochastic variables is suplied by Ito’s lemma. 
Let x(t) be a stochastic variable following a Wiener process with a drift r x (x(t),t) 
which is supposed to be a smooth function of x(t) and t [compare (18.338)], i.e., 
x(t) fluctuates harmonically with a white noise around its average (x(t)) = r x (x(t),t ) 
according to a stochastic differential equation 

x(t) = (x(t)) + rj(t) = r x + rj(t). (18.405) 


We shall omit the smooth dependence of r x on its arguments since this will be irrel¬ 
evant for the subsequent arguments. The white noise has zero average ( rj(t)) = 0, 
and its only nonzero correlation function is 

(q(t)q(t')) = cr 2 S(t — t'). (18.406) 

The value of x(t) at a slightly later time t + e is x(t + e) = x(t) + A x(t), where 

rt-\-e rt-\-e 

A x(t) = I dt' x(t') — er x + J dt'rj(t'). (18.407) 

Consider now an arbitrary function f(x(t)). Its value at the time t + e has the Taylor 
expansion 

f(x(t + e)) = f(x(t)) + f(x(t))Ax(t) 

+ ^f"(x(t))[Ax(t)] 2 + ^f (3) [Ax(t)} 3 + ... . (18.408) 

The linear term in A x(t) on the right-hand side of (18.408) has the average 

rt-\-e rt-\-e 

(A x(t)) = / dt'(x(t') + rj(t')) — / dt' {x(t')) ~ er x , (18.409) 

Jt Jt 

where we have omitted the arguments x(t) and t of r x (x(t),t), since the variation of 
r x (x(t),t ) in the small interval (t,t + e) can be neglected to lowest order in e. 

The average of the quadratic term ([Aa:(t)] 2 ) is 

rt-\-e rt-\-e 

([A x(t)Y) = dt! dt 2 ([(xih))+ri(t 1 )][(x(t 2 ))+v(t 2 )}) 

Jt Jt 

~ ^ r l + { v(ti)v(t 2 ))- 


The second term is of the order e due to the ^-function in the correlation function 
(18.406). Thus we find 

([A x(t)} 2 ) = ea 2 + 0(e 2 ). (18.410) 

The average of the cubic term ([Aa:(t)] 3 ) is given by the integral 


rt+e 


rt+e 


rt+e 


dt i 


dto 


dts (i(x(ti)) + *7(*i)] [(^(^)) + vfo)] [(x(t 3 )) + q(t 2 )}) 

i(ti))(i(t 2 ))(i(t 3 )) + {x(ti)){r}(t 2 )r}(t 3 )) 

+ {x(t 2 )){r}(ti)r}(t 3 )) + {x(t 3 )){r](t 1 )'n(t2)) 

= e 3 r 3 + 3e 2 r x a 2 = 0(e 2 ). 


rt+e rt+e rt+e 

= J dt\ J dt 2 J dt 3 


(18.411) 
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The averages of the higher powers [A x(t)] n are obviously at least of order e n / 2 . Thus 
we find in the limit e —> 0 the simple formula 

</(*(*))> = + y(/"(^)))- (18.412) 

Note that in a time-sliced formulation, f(x(t))x(t) has the form f(x n )(x n+ i — x n )/e, 
with independently fluctuating x n and x n+ i, so that we may treat x n and (x n+ i — 
x n )/e as independent fluctuating variables. In the continuum limit x(t) and x(t) 
become independent. 

The important point noted by ltd is now that this result is not only true for the 
averages but also for the derivative f(x(t )) itself, i.e., f(x(t )) obeys the stochastic 
differential equation 

f(x(t)) = f\x{t )) x(t) + y f"{x{t)), (18.413) 

which is known as Ito’s lemma. 

In order to prove this we must show that the omitted fluctuations in the higher 
powers [Ax(t)] n for n > 2 are of higher order in e than the leading fluctuation of 
A x(t) which is of order e. Indeed, let us denote the fluctuating part of [Aa;(t)] n by 
z n (t). For n = 1, 2, these are 

rt-\-e 

zi{t) = JI dtrj(t), z 2 (t) = [z 2 ,i(t) + z 2j2 (t)] , (18.414) 

where the two parts of z 2 (t) are 

rt- l~c 

Z 2 ,i{t) = 2J dt 1 {x(t 1 ))zi(t)fn2er x z 1 (t), z 2>2 {t) = [z 1 (t)] 2 . (18.415) 

The fluctuations of z 2 ^{t) are smaller than the leading ones of zi(t) by a factor e. 
They can therefore be ignored in the limit e —> 0. 

The size of the fluctuations z 2j2 (t) are estimated by calculating its variance 
([^ 2 , 2 (^)j 2 ) — i z 2 , 2 (t)) 2 - The first of the two expectation values is 

/ rt+e rt+e rt.+e rt+e 

\[*2,2(*)] ) = J dt 1 J dt 2 J dt 3 J dt A {n(ti)ri(t2)ri(t3)ri(t4)). (18.416) 

According to Wick’s rule (3.305) for harmonic fluctuations, the expectation value 
on the right-hand sid is equal to the sum of three pair contractions 

(v(h)v(h))(v(h)v(U)) + {v(h)v(t3))(v(t2)v(U))(v(ti)v(U))(v(t2)v(t3))- (18.417) 
Inserting (18.406) and performing the integrals yields 

(i z 2 , 2 (t)] 2 ) = 3eV 4 . 


(18.418) 
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The second term in the variance of z 2 ,2 (t) is 


M )) 2 = (zUt )) 2 




2 


dt 2 (ri{ti)rj(h)) 


__ ,-2 4 

— 6 (7 . 


(18.419) 


Hence we obtain for the variance of z 2)2 (£): 


([ z 2 , 2 (t )] 2 ) - (^ 2 , 2 (t)) 2 = 2<r 4 e 2 . 


(18.420) 


This must be compared with the variance of the leading fluctuations z\{t) in (18.413): 

rt+e rt+e 

<[^i(t)] 2 ) - (^i(t)) 2 = J dt 1 j dt 2 {v{ti)v(t2)) = ea 2 , (18.421) 

which implies that Z\(t) is of the order of ay/e. Thus the fluctuating part of [A x(t)] 2 
is by a factor yfe smaller than that of A x(t), so that it can be ignored in the 
continuum limit e —> 0. 

Thus we have proved that not only the expectation value ([Aa:(t)] 2 ) becomes 
equal to ecr 2 as stated in Eq. (18.410), but also the fluctuating quantity [Ax(t)] 2 
itself: 


[A x{t)} 2 = ea 2 + 0(e 2 ). (18.422) 

In a similar way we can derive the estimates [A x{t)] n = 0((ay/e) n ) for all higher 
fluctuations z n (t) in the Taylor expansion (18.408). These can all be neglected 
compared to Zi(t), thus proving Ito’s lemma (18.413). 

For an exponential function, Ito’s lemma yields 

^e Px = (px + e Px . (18.423) 

at \ 2 J 

This can be integrated to 

e Px = e fo dt ' Pi e p2a2t/2 . (18.424) 


The expectation value of this can also be formulated as a rule for calculating 
the expectation value of an exponential of an integral over a Gaussian noise variable 
with zero average: 

e p fi 


= e p 2 fo dt 'fo dt'WMt")) = P 2 * 2 t/2 


(18.425) 


This rule can also be derived directly from Wick’s rule (3.310). The right-hand side 
corresponds to the Debye-Waller factor introduced in solid-state physics to describe 
the reduction of the intensities of Bragg peaks by thermal fluctuations of the atomic 
positions [see Eq. (3.311)]. 


H. Kleinert, PATH INTEGRALS 




18.14 Solving the Langevin Equation 


1335 


There is a simple mnemonic way of formalizing this derivation of Eq. (18.413) in 
a sloppy differential notation. We expand 

f(x(t + dt)) = f(x(t) + xdt) = f(x(t )) + f'(x(t))x(t)dt + -f"(x(t))x 2 (t)dt 2 + ... , 

(18.426) 

and insert in the higher-order expansion terms x = (x) + 77 (f) where ( 77 (f)) = 0 and 
the expectation 


( 77 2 (f)) dt = a 2 , (18.427) 

which expresses infinitesimally the correct equation 

f dt'(rj(t')ri(t)) — I dt' a 2 5{t' — t) = a 2 . (18.428) 

Jt Jt 

The variable x 2 (t)dt 2 has an expectation value a 2 dt and a variance ([x 2 (t)dt 2 ] 2 — 
(x 2 (t)d.t) 2 ) = 2 cr 2 dt 2 , so that x 2 (t)dt 2 in (18.426) can be replaced as follows: 

x 2 (t)dt 2 —v a 2 dt/ 2. (18.429) 

A corresponding estimate holds for all higher powers: 

z n ~ 0((aV~e) n )- (18.430) 

or 

x n (t)dt n « 0((aVdt) n ). (18.431) 

These can all be omitted in the expansion (18.426), thus leading back to ltd’s rule 
(18.412). 

ft must be realized that Ito’s lemma is valid only in the limit e —» 0. For a 
discrete time axis with small but finite time intervals At = e, the fluctuations of 
z n {t) cannot strictly be ignored but are only suppressed by a small factor a\JAT. 
The discrete version of Ito’s lemma expands the fluctuating difference A f(x(t n )) = 
f(x(t n+ 1 )) - f(x(t n )) as follows: 

AEMi = ^ f"(x(t n )) + 0(0 VAi). (18.432) 

18.14 Solving the Langevin Equation 

In Eq. (18.306) we have found the probability distribution for the motion of a par¬ 
ticle with large dissipation by solving the path integral (18.300) for the harmonic 
oscillator potential V(x) = u>qX 2 /2. For completeness, let us calculated the same re¬ 
sult within stochastic calculus. The stochastic differential equation associated with 
the Lagrangian (18.301) is 


x{t) = - 


Kx(t) + ' 77 (f), 


(18.433) 




1336 


18 Nonequilibrium Quantum Statistics 


where 

(rj(t))ri „ {v(t)fj(lf))r, = 2 D5(t - f')- (18.434) 

This equation is solved by 

x(t) = x 0 e~ Kt + f dh (18.435) 

Jo 

so that we obtain (x(t)) v = xoe” 7< and 

(x(t)x(t')) 71 = xle~ K ' l ' t+tl ' , + 2D [ dti e-^-^ [ dt 2 — t 2 ) 

Jo Jo 

= xle~^ t+t,) + k- 1 D ( e -«l*-*T_ e -«C*+* / )) ) (18.436) 

and the mean-square deviation 

([x{t) - {x(t))] 2 ) v = k~ 1 D (l - e~ 2Kt ) . (18.437) 

From these expectation values we recover immediately the previous distribution 
function (18.306). 

This result can easily be generalized to a D-component Langevin equation 

x(f) = -Kx(i) + (18.438) 

where k, is a matrix, and fj (t) a noise vector. Its correlation functions may be 
expressed in terms of a diffusion matrix D as 

(il(t))=0, (ti(t)Ti r (t , )) T1 = 2JQ5(t-t'), (18.439) 

to be compared with the one-dimensional expressions (18.329). 

Then the probability (18.306) becomes 

, . , 1 1 
P(x fe f 6 |x a f a ) = D - D 

y^det [a 2 (t b - t a ) 



x exp {~\i x b - xitb-QYla^tb-ta)} 1 [x b - x(t b -t a )] 3 ^ 

> , (18.440) 

where 

x(t) = e~ nt x a , 

(18.441) 

and 

= {[x(t) - x{t)] l [x(t) - x(t)]% . 

(18.442) 

The probability (18.440) solves the Fokker-Planck equation (18.245) 



t|t a x a ) ( KijdiXj H - Dijdidj) 

(18.443) 
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The D-component result (18.440) allows us to solve the Langevin equation with 
inertia in Eq. (18.317). We simply rewrite the equivalent pair of equations (18.322) 
and (18.323) in the matrix form (18.438) with X\ = x and a ; 2 = v, and identify 


0 -1 


K = 


OJ n 


7 


T](f) = 


M 


0 

v(t) 


(18.444) 


so that the diffusion matrix takes the form (18.246). 

The eigenvalues of the nonhermitian matrix k, in (18.441) are /Ci . 2 = ^(7 ± 

^ 7 2 — ). The associated eigenvectors rh 1 - 2 ) satisfying = /ci j 2 u( 1,2 ) are 

(— 1 ,/Ci) and ( 1 , — /c 2 ), respectively, while those to the left satisfying v (1,2 ^k = 
K(i, 2 )V (1,2) are (/c 2 , l)/(/ci — /c 2 ) and (/ci, l)/(/ci — /c 2 ), respectively. The two sets of 
eigenvectors are mutually orthonormal and complete: = <W, Ylk v ^ u ^ = 

Sij. The matrix k, has then the spectral representation Kku\ k \j k \ and an 

exponential ( e~ nt )ij = ’^2 k e~ Kkt u^ v( j t \ which reads explicitly 


e~ Kt = 


Kl e — K2& m* 


g t _ g K,\t 


ftl - ft 2 


o/o(e Klt — e K2 *) /tie Klt — /c 2 e K2t 


The inverse matrix [cr 2 -(f b — f a )] 1 is given by 


>»,-(*)] = det cr- (f) 


i-i 


<^(t) 


(18.445) 


(18.446) 


where the matrix elements u 2 (t b —t a ) are calculated from the expectation values 
(18.442). This is done by expressing the solution of (18.438) as in (18.435) in the 
form 

(18.447) 


x(f) = e K 'x„ -j- [ dtr\(t), 
Jt a 


and using the correlation functions (18.439) to find 

7 2 D 


= 

ol(t) = 
<(t) = 


(«1 - /a ) 2 

7 2 P> 

(«1 - « 2) 2 
7 2 P> 


e - 2 «iA 




) + — (l-e~ 2K2t ) - 
' /c 2 v 7 


/Cl + K 2 


^ _ g-Kl+K 2 )l^ 


g —K11 g-K2i 


) 2 . 


(18.448) 


/ti 


(/Ci - /c 2 ) 2 
After a long time, these converge to 


(l - e - 2Klt ) + /c 2 (l - e" 2K2 *) - __ 1 (l - e ~ K1+K2)t ) 


a lx(t) Oxvit) 

/Ci/C 2 CCq 


7 A 


(18.449) 


so that the determinant det cr 2 (f) becomes 7 2 -D 2 /u/q, and the distribution (18.440) 
turns into the Boltzmann distribution 

lim P(z 6 u 6 t 6 |z a u a f a ) = = 


Mu 0 


tb~> OO 


2ti^D 


2nk R T 


e -M(vl+ulx 2 b )/2k B T ( 18 . 450 ) 
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The velocity shows the well-known Maxwell distribution : 

P(v b ) = 1 e -vl/^D = 1 e -Mvl/2k B T = 1 (18.451) 

V27T7 D y/27rk B T/M VZttvt 

which exhibits an average thermal velocity 


vt — JksT/M. 


(18.452) 


If we integrate the two-dimensional result P(x b v b t b \x a v a t a ) over all final velocities, 
we obtain 

P(x b t b I x a v a t a )=fdvb P(xbV b tb\x a v a t a ) = —j= 1 exp (-j- — 0 X j\ b }■ 

J y/2 7tal x (t b -t a ) l 2 <rL(tb-t a ) j 

(18.453) 

Note that this depends on v a via x(t b — t a ) = x a + 7 ~ 1 (1 — e~^ tb ~ ta l)v a . 

In the absence of an external potential, i.e. for uq = 0, the eigenvalues tc 1)2 are 
7 and 0, respectively, and the matrix e~ Kt reduces to 


e~ Kt = 


1 7 _1 (1 — e~ 7t ) 


(18.454) 


The matrix elements crb(f) are simply 9 

(T L( i ) = 7 “ 1 ^( 2 7 ^- 3 + 4 e" 7 t -e" 27 *), a 2 „(t) = Zl(l-e" 7i ) 2 , a 2 v (t) = 7 .D(l-e" 27i ), 

(18.455) 

whose determinant is 

det a 2 j(t) = D 2 [2 7 t(l - e _27t ) + (1 - e" 7 ‘) 2 (-4 - 2e" 7t + e" 37 *)] . (18.456) 

In the large-time limit, these become 

°L{t) -> 2 Dt, a 2 xv {t) -7 D, cr 2 v (t) -7 7 £>, deter 2 (t) -7 2 7 fT> 2 . (18.457) 

The last result can, of course, be derived by integrating the pair of Langevin equa¬ 
tions with inertia (18.322) and (18.323) for zero potential V(x) successively. First 
the equation for v(t) which reads v(t) = u 0 e _7t + Jq dt 1 e _ 7 ^ _tl ^(ti)/M, and yields 
(v(t)v(t')) v = vle~ l{ - t+tl) + 7 Z 1 using the white noise correlation 

functions (18.329). The equations for x(t) are obtained from these by integration 
over t. 

9 See Section 18.15 for an alternative method of calculating the expectation values (18.442). 
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It is possible to develop a Heisenberg operator description of the time dependence of thermal 
expectations. This goes by complete analogy with the development in Section 2.23 for the quantum- 
mechanical time evolution amplitude. Consider the thermal expectations of x and x 2 for a particle 
which sits at the initial time t = t a at x a . They are given by the integrals 


/ OO 

dx b x b P(x b t b \x a t a ), 

-OO 

/ OO 

dx b x^P{x b t b \x a t a ). 

-OO 


(18.458) 

(18.459) 


For simplicity, let us first look at the case of a dominant friction term. As in quantum mechanics, 
it is useful to introduce a bra-ket notation, but for the probabilities rather than the amplitudes, 

(x b t b \x a ta) = \{x b t b \x a t a )\ 2 ■ (18.460) 

The fact that this probability satisfies the Fokkcr-Planck equation implies that we can write it as 

(x b t b \x a t a ) = e~ ( ' tb ~ ta)H< ' Pb ’ Xb ' > 5(x b - x a ). (18.461) 

Thus we may introduce time-independent basis vectors \x a ) satisfying 

{x b \x a ) = S(x b - x a ). (18.462) 

On this basis, the operators p, x are defined in the usual way. They satisfy 

(x b \x = x b (x b \, 


(x b \p = -i-^—{x b \. 
ox b 


Then we may rewrite (18.461) in bra-ket notation as 

(x b t b \x a t a } = {x b \e~ H(p ' x)(tb ~ ta) \x a ). 
The expectation value of any function f(x) is calculated as follows 

/ OO 

dx b f(x b ){x b \e~ { - tb ~ ta)H(p ' x) \x a ) 


' —OO 
pOO 


dx b ( x b \f(x)e 


-( t b -ta)H(p,X ) 


ta) 


’ —OO 

poo 


/ OO 

dx{x b \e~ ( - th ~ ta)H{p ' x) \x){x\f{x(t b - t a ))\x a ). 

-oo 


In the last term we have introduced the time-dependent Heisenberg type of operator 


x{t) = e tH(p ’ x hie~ tH(p ’ x \ 

The probability P(x b t b \x a t a ) satisfies the normalization condition 


/ OO POO 

dx b P{x b t b \x a t a ) = / dx b (x b t b \x a t a ) 

-OO 0—00 

/ OO 

dx b (x b \ e -^-^ H ^\x a ) = 1. 

-OO 

Appliying this to the last line of (18.465), we arrive at the simple formula 


(18.463) 


(18.464) 


(18.465) 


(18.466) 


(18.467) 


(/( x)) = / dx b (x b \f(x(t b - t a ))\x a ). 


( 18 . 468 ) 
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For the Brownian motion of a point particle where 

L ' = W' H = Dp 2 ’ 

the Heisenberg operators are 

p(t) = p, x(t) = e^ t xe~^ It = x — i2Dpt, 

and 

x 2 (t) = x 2 - i2D ■ (px + xp)t - AD 2 ft 2 , 

= x 2 + 2Dt — i2D ■ 2xp — 4 D 2 p 2 t. 

It is easy to calculate the following matrix elements: 

/ OO 

dx b {x b \x\x a ) = X a , 
dx b {Xb \p\x a ) 

SO 

dx b (x b \x 2 \x a ) 
dx b {x b \p 2 \x a ) 
dx b (x b \px\x a } 


(18.469) 


(18.470) 


(18.471) 


— OO 
poo 


> —OO 

poo 


/•OO Q 

-i / dx b — S(x b - x a ) = 0, 

7-00 dx b 

/ OO 

dx b Xb 2 6(x b - Xa) = Xa 2 , 

-oo 


(18.472) 


dxb 


d 2 


S(x b - X a ) = 0, 




foo Q 

/ dx b - S(Xb - x a )x a = 0. 

7-00 dx b 


The vanishing integrals reflect the translational invariance of the integrated bra state f_ dx b (xb|, 
which is therefore annihilated by a translational operator p b on its right: 


/ dx b (x b \p = 0. 

• 7—00 

With the help of Eqs. (18.472), we obtain 

(x)=X a , (X 2 ) = X a 2 + 2D(t b - t a ), 

and 

((x - x a ) 2 ) = 2D(t b - to). 


(18.473) 


(18.474) 


(18.475) 


Clearly, a similar formalism can be developed for the general case with the Lagrangian con¬ 
taining x-terms. All we have to do is define time-dependent Heisenberg operators for both sets of 
canonical coordinates x, p , v, p v . For instance, consider the case of a free particle, where V(x) = 0 
and the Hamiltonian (18.239) reduces to 


H = 


w 

2 M 2 


Pv - *7 PvV + ipv. 


(18.476) 


If we want to calculate expectations (f(x,v)) for a particle initially at x a with an initial velocity 
Xa = v a , we now have to evaluate integrals of the form 

/ OO POO 

dx b / dv b f{x b ,v b )P(x b v b t b \x a v a ta) 

-oo J—oo 

/ OO POO 

dx b / dv b (x b Vh\f(x(t b -t a ),v(t b -ta))\x a Va). (18.477) 

-OO <7 —oo 
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Here we introduce basis vectors lari’) which diagonalize the operators x, v. The momentum opera¬ 
tors satisfy 


(xv\p = — — {xv\, {xv\p v = ~ — {xv\. 

Then we can write 

/ oo poo 

dx b / dv b (x b v b \x 2 (t b - t a )\x a v a ), 

-oo J — oo 

where x(t) is the Heisenberg operator defined by 

x(t) = . 

The Heisenberg equations of motions are 

p(t) = [H,p(t)\ = 0, 

Pv(t) = [H,p v {t)}='YPv{t)-p(t), 

x{t) = [H,x(t)\=v{t), 

• ~ w 

v(t) = [. H,v(t )] = 

According to the first equation, p(t) is a constant operator: 

p{t) = p= const. 

The second equation is solved by 

Pv(t) = p u e 7t - — p(e 7t - 1), 

7 


(18.478) 


(18.479) 


(18.480) 


(18.481) 


(18.482) 


where p v is the initial value of p v (t) at t = 0. With this, the fourth equation in (18.481) can be 
integrated to give 


v(t) = ve J dt>e 7(t t) Pv{t') 


= ve 7t — * 


w 

yM 2 


p v sinhyf-p(cosli 7 f — 1) 


(18.483) 


Inserting this into the third equation in (18.481) we obtain immediately 


1 


w 


x(t) = x + v-(l -e- 7t )-^ M2 


p v coshyt-^(sinhyt — yt) 

7 


(18.484) 


Using now the relations extending (18.473): 


dx b / dx 2 b (x b x 2b \ 


Pv 


= 0 


(18.485) 


to express the translational invariance of the integrated bra state, we find directly 

(x) = x a + (l - e _7(t!>_ta) ) , ( v) = v a e~ l{ - th ~ ta \ (18.486) 

in agreement with (18.441) and (18.454). The expectations values of the quadratic cumulants 
((x - (a;)) 2 ), ((x - (x))(v - (v))), ((v - (v)) 2 ) are found to be the same as in (18.457). 
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18.16 Supersymmetry 


An interesting new symmetry can be derived from the functional determinant (18.296) which causes 
the extra last term in the exponent of the path integral (18.300). Let us rewriting this implicitly 
as 


P 0 {Xbtb\x a ta) oc 


T>x(t) Det 



v"{ x y 

Mq 


exp 




(18.487) 

In this expression, the time ordering of the velocity x with respect to V'(x)/Mj is arbitrary. It 
may be quantum-mechanical (Stratonovich-like), but equally well retarded (Ito-like), or advanced, 
as long as the same ordering is used in both the Lagrangian and the determinant. 

The new symmetry arises if one generates the determinant with the help of an auxiliary fermion 
field c(t) from a path integral over c(t): 


det [ d t + V"{x{t))/Mq] oc J v C me~ f dtm ^ M7dt+v '' (x(t) ^ c(t) . (18.488) 


In quantum field theory, such auxiliary fermionic fields are referred to as ghost fields. With these we 
can rewrite the path integral (18.290) for the probability distribution as an ordinary path integral 


P^Xfib | X a ta) 



VcDc exp {—Apsl^r, c, c]} , 


(18.489) 


where Aps is the Euclidean action 

ApS = 2 £>Af 2 7 2 / dt {\ \ M ^ + V '( x )f + 5 W [Mjd t + V"{x(t))]c(t) |, (18.490) 

first written down by Parisi and Sourlas [20] and by McKane [21]. This action has a particular 
property. If we denote the expression in the first brackets by 

U x = MqdtX + V\x), (18.491) 


the operator between the Grassmann variables in (18.490) is simply the functional derivative of 
U x : 

CTJ 

U xy = -^- = Mqd t + V"{x). (18.492) 

Thus we may write 


Aps 



U X + c(t) U X y c(t) 


(18.493) 


where U xy c(t) is the usual short notation for the functional matrix multiplication f dt'U xy (t , t')c(t'). 
The relation between the two terms makes this action supersymmetric. It is invariant under 
transformations which mix the Fermi and Bose degrees of freedom. Denoting by e and e a small 
anticommuting Grassmann variable and its conjugate (see Section 7.10), the action is invariant 
under the field transformations 


Sx(t) = ec(t ) + c(t)e, 

(18.494) 

8c(t) = -sU x , 

(18.495) 

8c(t) = U x e. 

(18.496) 

The invariance follows immediately after observing that 

SUx — £UxyC(t ) + c(t^Uxy£ • 

(18.497) 
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Formally, a similar construction is also possible for a particle with inertia in the path integral 
(18.232), which is an ordinary path integral involving the Lagrangian (18.287). Here we can write 


P(xbtb\x a t a ) = Al r j T>x J[x] exp | — dt [Mx + Myx + V'{x)Y 

where J[x\ abbreviates the determinant 

J[x) = det [Md 2 + Myd t + V"{x(t))\, 


(18.498) 


(18.499) 


which is known from formula (18.274). The path integral (18.498) is valid for any ordering of the 
velocity term, as long as it is the same in the exponent and the functional determinant. 

We may now express the functional determinant as a path integral over fermionic ghost fields 


(18.500) 

(18.501) 


J[x] = det [Md 2 + Myd t + V"(x (i))] <x J p c pce _ / dt5(t) [ Ma ‘ 2+M7a ‘ +y " (x(t)) ] c(t) , 

and rewrite the probability distribution P(xbtb\x a t a ) as an ordinary path integral 
P{xbtb\x a t a ) oc J Vx J VcDcexp{— ^4. KS [re, >c]}, 

where A\x, s c] is the Euclidean action 

-4 KS [:r, jd] = ^ dt^-^[Mx+Myx+V'(x)} 2 + c(t) [ Md 2 + Myd t +V"(x(t ))] c(f) j . 

(18.502) 

This formal expression contains subtleties arising from the boundary conditions when calculating 
the Jacobian (18.500) from the functional integral on the right-hand side. It is necessary to factorize 
the second-order operator in the functional determinant and express the determinant of each first- 
order factor as a functional integral over Grassmann variables as in (18.488). At the end, the 
action is again supersymmetric, but there are twice as many auxiliary Fermi fields [22]. 

As a check of this formula, we may let the coupling to the thermal reservoir go to zero, 7 —> 0. 
Then the first factor in (18.501), 


exp ^ [Mx+Myx+V'(x)] 2 ^j 


becomes proportional to a J-functional 5[Mx + V'{x)\. The argument is simply the functional 
derivative of the original action of the quantum system in (18.191), so that we obtain in the limit 
5[8A/5x\. The functional matrix between the Grassmann fields in (18.501), on the other hand, 
reduces to 5 2 A/Sx(t)Sx(t'), and we arrive at the path integral 

P{xbtb\x a t a ) oc / Vx5[5A/5x\ 

7^0 J 

x jvcV-c^{-J t dt dt 1 c(t)5 2 A/dx(t)dx(t')c(t')^j . (18.503) 

Performing the integral over the Grassmann variables yields 

P(xbtb\x a t a ) oc^ J Vx5[5A/5x] Det \5 2 A/dx(t)dx{t')] . (18.504) 

The J-functional selects from all paths only those which obey the Euler-Lagrange equations of 
motion. With the help of the functional identity 

S[Mx + V'(x)] = 5[x — 271 ] x Det ~ 1 [Mx + V"(x)\, 


(18.505) 
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which generalizes identity < 5(f(x)) = S(x)/f'(x) if /(0) 


0, the above path integral becomes simply 


P{Xbtb\x a to) 


oc 

7—>-0 


j Vx5[x - JCci], 


(18.506) 


which is the correct probability distribution of classical physics. Note the important difference with 
respect to the classical amplitude in Eq. (4.96), where the concentration of the path integral on the 
classical path is enforced by a strongly oscillating complex expression requiring the semiclassical 
fluctuation factor in Eq. (4.97) for proper normalization. In the probability (18.506) this is achieved 
by a real ^-functional. 

Note that by a Fourier decomposition of the ^-functional (18.503) we obtain the alternative 
path integral representation of classical physics 


P(Xbtb\x a t a ) oc 

7—>-0 


r VxVXVcVc e“-C dtSA / Sx WM.t)-f^ dt f t b a dt'c(t)s 2 A/Sx(t)Sx(t’)c(t 0 ( 18 .5Q7) 


This is supersymmetric under the transformations 


6x = sc , Sc = 0, Sc=—e A, SX = 0, 


(18.508) 


as observed by Gozzi [23]. 

There exists a compact way of rewriting the action using superfields. We define a three- 
dimensional superspace consisting of time and two auxiliary Grassmann variables 0 and 0. Then 
we define a superfield 


X(t) = x(t) + i0c(t) — iQc(t ) — 9X(t). 


(18.509) 


We now consider the superaction 

A supei = J d0d0A[X] = J d9d9A[x + i9c - i9c - 99X] 

and expand the action into a functional Taylor series: 


(18.510) 


SA - l _ B 2 A 

d9d9 i A\x\ + -z—(i0c — Wc — 99X) + —{iOc — i9c — 99X )-—— ( i9c — idee — 98X) )■ . 
1 ox 2 oxox 1 


I 

Due to the nilpotency (7.375) of the Grassmann variables, the expansion stops after the second 
term. Recalling now the integration rules (7.378) and (7.379), this becomes 


G4 1__^4 

6x 2 SxSx 1 

which is precisely the short-hand functional notation for the negative exponent in the path integral 
(18.507). 


18.17 Stochastic Quantum Liouville Equation 

At lower temperatures, where quantum fluctuations become important, the forward backward path 
integral (18.230) does not allow us to derive a Schrodinger-like differential equation for the proba¬ 
bility distribution P(x v t\x a v a tt). To see the obstacle, we go over to the canonical representation 
of (18.230): 


\(x b t b \x a t a )\ = / VxVy j — 


Vp Vp y 


2n 2n 


exp h 


rtb 


dt [px + p v y - H t ] 


(18.511) 
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where 

Ht = Yi PyPx + 1PvV + v ( x + y / 2 ) ~ v ( x ~ v / 2 ) ~ (18.512) 

plays the role of a temperature-dependent quasi-Hamiltonian for an Ohmic system associated 
with the Lagrangian of the forward backward path integral (18.230). The notation K° hm y(t) 
abbreviates the product of the functional matrix K° hm (t, t') with the functional vector y(t') defined 
by K° hm y(t) = f dt'K ohm (t,t')y(t'). Hence is Ht a nonlocal object (in the temporal sense), and 
this is the reason for calling it quasi-Hamiltonian. 

It is useful to omit y-integrations at the endpoints in the path integral (18.511), and set up a 
path integral representation for the product of amplitudes 

E(Xb'ybtb\x a y a ta) = (Xb T yb /2 A Pa/2 ta){Xb Ub/2 Ua /2 t a ) • (18.513) 

Given some initial density matrix p(x+,x~\t) = p(x + y/2, a; — y/2;t) at time t = t a , which 
may actually be in equilibrium and time-independent, as in Eq. (2.367), the functional matrix 
U{xbybtb\x a yata) allows us to calculate p(x+,x-;t) at any time by the time evolution equation 

p(x + y/ 2 , x — y/2; t) = J dx a dy a U(x y t\x a y a t a ) p(x a + y a /2,x a - y a /2;t a ). (18.514) 

Recall that the Fourier transform of p(x + y/2,x — y/2;t) with respect to y is the Wigner function 
(1.224). 

When considering the change of U(x y t\x a y a t a ) over a small time interval e, the momentum 
variables p and p y have the same effect as differential operators —id Xb and —id Vbl respectively. The 
last term in Ht, however, is nonlocal in time, thus preventing a derivation of a Schrodinger-like 
differential equation. 

The locality problem can be removed by introducing a noise variable 77 (f) with the correlation 
function determined by (18.321): 

(r ] (t)r,(t'))T = ^\K 0hm }-\t,t / ). (18.515) 

Then we can define a temporally local 77 -dependent Hamiltonian operator 

^ v ~Jl (P x+ ^y')Py + V ( x + y/ 2 ') ~ V( y x -y/ 2 )~y i h (18.516) 

which governs the evolution of ? 7 -dependent versions of the amplitude products (18.513) via the 
stochastic Schrodinger equation 

ihd t U v (x y t\x a y a t a ) = H^ U v (xyt\x a y a t a ). (18.517) 

The same equation is obeyed by the noise-dependent density matrix p v (x,y,t). 

Averaging these equation over 77 with the distribution (18.321) yields for y a = Vb = 0 the same 
probability distribution as the forward-backward path integral (18.230): 

\{x b t b \x a t a )\ 2 = U(x b 0tb\x a 0t a ) = {U{xbhtb\x a y a t a )) ri . (18.518) 

At high temperatures, the noise averaged stochastic Schrodinger equation (18.517) takes the form 

ihdtU (x y t\x a y a t a ) = H T U(xy t\x a y a t a ), (18.519) 

where H is now a local (in the temporal sense) 

Ht= JjPyPx + ryp v + V(x + y/2) -V{x- y/2) - i-^y 2 , 


(18.520) 
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arising from the Hamiltonian (18.512) in the high-temperature limit A'° hm —► 1 [recall (18.223)]. 
In terms of the separate path positions x± = x ± y/2 where p x = d+ + d- and p y = (9+ — <9_)/2, 
this takes the more familiar form [24] 

^ t ~ 2 (P+-P-) + V ( x +) ~ v ( x ~) + ~x-)(p+ -p-) -i^{x+ -x-) 2 . 

(18.521) 

The last term is often written as —iKA(x+ — X-) 2 , where A is the so-called decoherence rate per 
square distance 


_ w M'yksT 
2 ¥ = h 2 


(18.522) 


It is composed of the damping rate 7 and the squared thermal length (2.353): 


A = 


27T7 

W)’ 


(18.523) 


and controls the decay of interference peaks [25]. 

Note that the order of the operators in the mixed term of the form yp v in Eq. (18.520) 
is opposite to the mixed term — ip v v in the differential operator (18.239) of the Fokker-Planck 
equation. This order is necessary to guarantee the conservation of probability. Indeed, multiplying 
the time evolution equation (18.519) by 8(y), and integrating both sides over x and y, the left-hand 
side vanishes. 

The correctness of this order can be verified by calculating the fluctuation determinant of the 
path integral for the product of amplitudes (18.513) in the Lagrangian form, which looks just like 
(18.230), except that the difference between forward and backward trajectories y(t) = x+(t) — x-(t) 
is nonzero at the endpoints. For the fluctuation which vanish at the endpoints, this is irrelevant. 
As explained before, the order is a short-time issue, and we can take tb — t a —■> 00 . Moreover, since 
the order is independent of the potential, we may consider only the free case V(x ± y/2) = 0. The 
relevant fluctuation determinant was calculated in formula (18.254). In the Hamiltonian operator 
(18.520), this implies an additional energy —* 7/2 with respect to the symmetrically ordered term 
'y{y,p v }/2, which brings it to 'yypy, and thus the order in (18.521). 


18.18 Master Equation for Time Evolution 

In the high-temperature limit, the Hamiltonian (18.521) becomes local. Then the evolution equa¬ 
tion (18.514) for the density matrix p(x+ a ,X-a\t a ) can be converted into an operator equation 

ihd t p(x + ,x--,t a ) = H T p(x+,X-;t a ), (18.524) 

where Ht is the operator version of the temperature-dependent Hamiltonian (18.521). Such an 
equation does not exist at low temperatures, due to the nonlocality of the last term in (18.512). 
Then one cannot avoid solving the stochastic Schrodinger equation (18.517) with the subsequent 
averaging (18.518). For moderately high temperatures, however, a Hamiltonian formalism can still 
be set up, although it requires solving a recursion relation. For this purpose we write down the 
quasi-Hamiltonian in D dimensions 

H r = ^ (?+ -P-) +^( x +) - ^(x_) + (x+ -x-)(x+ +x_) K 

- r(x + - x_)AT° hm (x + - x_), (18.525) 

where the Fourier transform of K 0 hm (t,t') is expanded in powers of u' [recall (18.223)] 

/<•«">') = 1 + I(J|F) 2 + .... (18-526) 
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Each power of u / 2 stands for the operator — . In this way we find for the last term the locally 

looking high-temperature expansion 

-z(x + -x_)/l° hm (x + -x_) = -z(k + -x _) 2 +? 24 ( ,^^ 2 (x + -x _) 2 + ... . (18.527) 


The expression is not really local, since the operator x is defined implicitly as an abbreviations for 
the commutator 

x=^[H t ,x\. (18.528) 

If the expansion (18.527) is carried further, higher derivatives of x arise, which are all defined 
recursively: 


x=^[H t ,x], x=^[if T ,x], .... (18.529) 

Thus Eq. (18.525) with the expansion (18.527) is a recursive equation for the Hamiltonian operator 
Ht■ For small 7 (and thus w = 2M^ksT), the recursion can be solved iteratively, in the first step 
by inserting x ss p/M into Eq. (18.530). 

It is useful to re-express (18.524) in the Dirac operator form where the density matrix has 
a bra-ket representation p(t) = J2 mn Pmn(t)\m) (n\. Denoting p 2 /2 M + V in (18.525) by H , we 
obtain with the expansion (18.527) the local master equation: 


ihdtp ~ Hr p = [7/3] + !h( 


xxp — pxx + xpx — xpxj 
2 

24(* s rjd*' + • ■ • • 


(18.530) 


The validity of the above iterative procedure is most easily proved in the time-sliced path 
integral. The final slice of infinitesimal width e reads 


[7(x +b ,x_ b ,t b |x +a ,x_ 0 ,f b - e) 

_ [ dp+(t b ) f dp-(t b )_ *{ p+ (t !) )[ x+ (t !( )- x+ (t !l -e)]-p-x_-ff T (t t )} 


(2t r) 3 


(27t) 3 


(18.531) 


Consider now a term of the generic form F + (x + (f))F_(x_(f)) in /4r(t). When differen¬ 
tiating t/(x +b , x_ b , t b \x +ai x_ 0 , t b — e) with respect to the final time t b , the integrand re¬ 
ceives a factor —HT(t b ). At t b , the term F + (x + (t))F_(x_(f)) in Hr(t) has the explicit form 
e ^ 1 [T+(x + (< b )) — F + (x + (t b — e))] F_(x_(f b )). It can be taken out of the integral, yielding 

e ” 1 [F+(x + (t b ))t/ - UF+(x+(t b - e))] F_(x_(t b )). (18.532) 


In operator language, the amplitude U is associated with U « 1 — ieHr/ft, such the term 
F+(x + (f))F_(x_(f)) in Ht yields a Schrodinger operator 


Ht, F + (x + ) 


F-(x-) 


(18.533) 


in the time evolution equation (18.530). 

For functions of the second derivative x we have to split off the last two time slices in (18.531) 
and convert the two intermediate integrals over x into operator expressions, which obviously leads 
to the repeated commutator of Ht with x, and so on. 

The operator order in the terms in the parentheses of Eq. (18.530) is fixed by the retardation 
of x± with respect to x± in (18.521). This implies that the associated operator x(f) has a time 
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argument which lies slightly before that of x±, thus acting upon p before x. This puts x(f) to the 
right of x, i.e., next to p. On the right-hand side of p, the time runs in the opposite direction such 
that x must lie to the left of x, again next to p. In this way we obtain an operator order which 
ensures that Eq. (18.530) conserves the total probability. 

This property and the positivity of p are actually guaranteed by the observation, that the 
master equation (18.530) can be written in the Lindblad form [26] 


dtp = 



with the two Lindblad operators [27] 


Li — 




(18.534) 


(18.535) 


Note that the operator order in Eq. (18.530) prevents the term xx/3 from being a pure diver¬ 
gence. If we rewrite it as a sum of a commutator and an anticommutator, [x, x]/2 + {x, x}/2, then 
the latter term is a pure divergence, and we can think of the first two y-terms in (18.530) as being 
due to an additional anti-Hermitian term in the Hamiltonian operator H , the dissipation operator 

Hj = 7m|[x, x ], (18.536) 


18.19 Relation to Quantum Langevin Equation 

The stochastic Liouville equation (18.517) can also be derived from an operator version of the 
Langevin equation (18.317), the so-called Quantum Langevin equation 

Mx(t) + Mqx{t) + V'(x(t)) = fj(t), (18.537) 

where fj(t) is an operator noise variable with the commutation rule 

ih 

[Vt, fit'] = w- — —d t S(t - t'), (18.538) 

k B l 

and the correlation function [28] 

\{[f)t,f)t'}+)f, = wK(t,t'). (18.539) 

The commutator (18.538) and the correlation function (18.539) are related to each other as required 
by the fluctuation-dissipation theorem: By omitting the factor coth(?ku /2k B T) in Eq. (18.223), the 
Fourier integral (18.221) for K(t, t') reduces to (h/2k B T)dtS(t — t'). A comparison with the general 
spectral representation (18.53) shows that the expectation value (18.539) has the spectral function 

p h {u') = 2M 1 hJ. (18.540) 

By inserting this into the spectral representation (18.53) we obtain the right-hand side of the 
commutator equation (18.538). 

A noise variable with the properties (18.538) and (18.539) can be constructed explicitly by 
superimposing quantized oscillator velocities of frequencies u> as follows: 

rj(t) = dn , y/W[an'e- iu ' t -al,e iu ' t ]. (18.541) 

It is worth pointing out that there exists a direct derivation of the quantum Langevin equation 
(18.537), whose noise operator fj(t) satisfies the commutator and fluctuation properties (18.538) 
and (18.539), from Kubo’s stochastic Liouville equation, and thus from the forward -backward path 
integral (18.230) [29]. 
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18.20 Electromagnetic Dissipation and Decoherence 

There exists a thermal bath of particular importance: atoms are usually observed at a finite tem¬ 
perature where they interact with a grand-canonical ensemble of photons in thermal equilibrium. 
This interaction will broaden the natural line width of atomic levels even if all major mechanisms 
for the broadening are removed. To study this situation, let us set up a forward -backward path 
integral description for a bath of photons, and derive from it a master equation for the density 
matrix which describes electromagnetic dissipation and decoherence. As an application, we shall 
calculate the Wigner-Weisskopf formula for the natural line width of an atomic state at zero tem¬ 
perature, find the finite-temperature effects, and calculate the Lamb shift between atomic s- and 
p- wave states of principal quantum number n = 2 with the term notation 2<S' 1 / 2 and 2 P\/ 2 - The 
master equation may eventually have applications to dilute interstellar gases or to few-particle 
systems in cavities. 

18.20.1 Forward—Backward Path Integral 

With the application to atomic physics in mind, we shall consider a three-dimensional quantum 
system described by a time-dependent quantum-mechanical density matrix p(x + ,x_;f). In con¬ 
trast to Eq. (18.514), we use here the forward and backward variables as arguments, and write the 
time evolution equation as 

p(x +b , x_ a ; t b ) = J dx +a dx_ a U (x +b , x_ b , t b |x +a , x_ a , t 0 )p(x +0 , x_ a ; t a ). (18.542) 

In an external electromagnetic vector potential A(x, t), the time-evolution kernel is determined by 
a forward backward path integral of the type (18.192), in which the forward and backward paths 
start at different initial and final points x +a ,x_ a and x +b ,x_ b , respectively: 

t/(x +b ,x_ b ,f b |x +a ,x_ 0 ,t 0 ) = (x +b ,f b |x +a ,f a )(x_ b ,£ b |x_ a ,£ a )* = J Vx + Vx^ 

XeXP {^/ Y ( x +- x -) - ^( x +)+ ^( x -) - ^x + A(x + ,t) -(- ^X-A(x-,t) j. 

(18.543) 

The vector potential A(x, t) is a superposition of oscillators Xk(t) of frequency Ok = c|k| in a 
volume V : 

, p i kx _ r rl3l.y 

A (*,()= X><*)X t ((), ^ = X = /w' < 18 ’ 544) 

At a finite temperature T, these oscillators are assumed to be in equilibrium, where we shall write 
their time-ordered correlation functions as 

= <T’*i(t),*i k ,(t')> = 5&?Gn k (t,t') = KyP^Gn k (t,t'). (18.545) 

The transverse projection matrix is the result of the sum over the transverse polarization vectors 
of the photons: 

P^ ij = e 4 ( k ' h)P*{k, h) = («5 13 - VkP/ k 2 ). (18.546) 

h=± 

The function Ga k (t, t') on the right-hand side of (18.545) is the Green function (18.185) of a single 
oscillator of frequency Ok- It is decomposed into real and imaginary parts, defining An k (t,t') and 
Cn k (t,t') as in (18.185), which are commutator and anticommutator functions of the oscillator at 
temperature T: Cn k (t,t r ) = ([A(t), X(t')])T and An k (£,£') = {[X(t),X(t')])T, respectively. 
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The thermal average of the evolution kernel (18.543) is then given by the forward backward 
path integral 


[/(x +6 ,x_ b ,f & |x +0 ,x_ a ,f a ) = J Vx + (t) J £>x_(f) 


x exp 


dt 


t a 


y(*+ -x 2 _) - (V(x+) - V(x_)) 


A b v [x + ,x_] 


(18.547) 


where exp{i_4 FV [x + ,x_]/7i} is the Feynman-Vernon influence functional defined in Eq. (18.200). 
The influence action A FV [x + ,x_] is the sum of a dissipative and a fluctuating part „4|) v [x + ,x_] 
and A FV [x + ,x_], whose explicit forms are now 


^ [x+,x_] = 


2 He 2 


dt J dt' 0(t — t') 


x+(t)C b (x+ t, x' + t')x + {t') - x + (f)C b (x + t, x'_ t')x-(t') 
— X_(f)C b (x_ t, x' + t')x + (t') + X_(f)Cb(x_ t, x'_ t')ji-(t') 


(18.548) 


and 


A F /[x + ,x_] = 


2 he 2 


dt J dt' 0(f — t') 


x + (f)A b (x+ t, x' + t')x + {t') + x + (f) A b (x+ t, x'_ t')x_ (<') 
+ x_(f)A b (x_ t, x' + t')x + (t r ) + x_(t)A b (x_ i, x'_ f , )x_(f / ) 


(18.549) 


with C b (x_ t, x'_ t') and A b (x_ t, x'_ t') collecting the 3x3 commutator and anticommutator 
functions of the bath of photons. They are sums of correlation functions over the bath of the 
oscillators of frequency fi k , each contributing with a weight c k (x)c_k(x') = e * k ( x ~ x )/2Q k V. 
Thus we may write, generalizing (18.197) and (18.198), 


C^{xt,x't') = ^c_ k (x)c k (x') ([Al k (t),i'^(t')]^ 


k 

= —ih 


dcu'd 3 k 


Pk^O-Pk *V k(x x,) sin u'(t - f')> 


, (2^) 4 

A(f(xt,xt') = ^c_ k (x)c k (x0({il k (f),Aj((O} 


(18.550) 


= H 


du}'d 3 k 


Pk(w')Pk 13 coth 


hu>' 


s ik ( x - x ')c 0 su>'(t-t'), (18.551) 


(2tt) 4 '' K 2 k B T 

where p k (u/) is the spectral density contributed by the oscillator of momentum k: 

O'TT 

Pk(w') = - ^k) - <5(w' + ^k)]- 


(18.552) 


At zero temperature, we recognize in (18.550) and (18.551) twice the imaginary and real parts 
of the Feynman propagator of a massless particle for t > t ’, which in four-vector notation with 
k = (w/c, k) and x = ( ct , x) reads 


G{x,x') = — [A (a:, a; 7 ) + C(x, a; 7 )] = 


d 4 fc 


0 ik{x—x r 


ih 


dojd 3 k 


ich 


(27r) 4 w 2 — fl? + irj 


I (27r) 4 k 2 + irj 

t')— k(x—x')] 


(18.553) 
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where is an infinitesimally small number > 0 . 

We shall now focus attention upon systems which are so small that the effects of retardation 
can be neglected. Then we can ignore the x-dependence in (18.551) and (18.552) and find 


Cb(xf-x'i') « Cg(t,t') = d t S(t - t'). (18.554) 

Z7TC O 

Inserting this into (18.548) and integrating by parts, we obtain two contributions. The first is a 
diverging term 


A„4i oc [x+,x_] 



£)(*), 


where 


AM = - 


duj'd 3 k cT k (uj') ijtI 
(2t r) 4 w' kk 


37r 2 c 3 


dk 


(18.555) 


(18.556) 


diverges linearly. This simply renormalizes the kinetic terms in the path integral (18.547), renor¬ 
malizing them to 


i 

h 



dt 


Mren 

2 


(4 - *-) ■ 


(18.557) 


By identifying M with M ren this renormalization may be ignored. 

The second term has the form [compare (18.205)] 

M r tb 

A£ v [x + ,x_] = - 7 y J t ^(x+-x_)(t)(x++k_) fl (t), (18.558) 


with the friction constant of the photon bath encountered before in Eq. (3.444): 

e 2 2 a 

^ 6nc 3 M 3 lom ’ 


(18.559) 


where a = e 2 /hc « 1/137 is the fine-structure constant (1.505) and u>m = Me 2 / h the Compton 
frequency associated with the mass M. Note once more that in contrast to the usual friction 
constant 7 in Section 3.13, this has the dimension 1/frequency. 

As discussed in Section 18.8, the retardation enforced by the Heaviside function in the exponent 
of (18.548) removes the left-hand half of the (^-function [see (18.214)]. It ensures the causality of the 
dissipation forces, which has been shown in Section 18.9.2 to be crucial for producing a probability 
conserving time evolution of the probability distribution [13]. The superscript R in (18.558) shifts 
the acceleration (x+ + x_)(f) slightly towards an earlier time with respect to the velocity factor 
(x+ -x_)(f). 

We now turn to the anticommutator function. Inserting (18.552) and the friction constant 7 
from (18.559), it becomes 


p 2 

—A h (xt,x't') » 2 7 k B TK° hm (t,t'), (18.560) 

c z 

as in Eq. (18.216), with the same function K° hm (t,t') as in Eq. (18.223), whose high-temperature 
expansion starts out as in Eq. (18.526). 

In terms of the function I\ ° hm (t, t'), the fluctuation part of the influence functional in (18.549), 
(18.548), (18.547) becomes [compare (18.227)] 

-4f V [x+,x_] dt dt ' (*+ -x_)(f) A'° hm (f,t') (x+ - x_)(£'). 


(18.561) 
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Here we have used the symmetry of the function K ohm (t,t') to remove the Heaviside function 
Q{t — t') from the integrand, extending the range of t'-integration to the entire interval (< a ,f b ). 
We also have introduced the constant 


w = 2MksT'y, 


(18.562) 


for brevity. 

In the high-temperature limit, the time evolution amplitude for the density matrix is given by 
the path integral 


t/(x + 6 ,x_ b ,t fc |x +a ,x_ a ,t a ) = J Vx + (t) J £>x_(t) 


x ex P h 


dt 


t a 


y (*+ - X?.) - (V(x+) - y(x_)) 


(18.563) 


r^b 


w 


x ex P 1 / dt (x+ - x_)(x+ + x_) K - —o / dt{x+- x_) 


2 n 


Ita 


2 r 


lt a 


where the last term is now local since K ° hm (t, t') —t 6(t — t'). In this limit (as in the classical limit 
h —> 0), this term squeezes the forward and backward paths together. The density matrix (18.563) 
becomes diagonal. The 7 -term, however, remains and describes classical radiation damping. 

At moderately high temperature, we should include also the first correction term in (18.526) 
which adds to the exponent an additional term 


w 

24 (k B T) 2 



k_) 2 . 


(18.564) 


The extended expression is the desired closed-time path integral of a particle in contact with a 
thermal reservoir. 


18.20.2 Master Equation for Time Evolution in Photon Bath 


It is possible to derive a master equation for the evolution of the density matrix p(x +a , x_ 0 ; t a ) 
analogous to Eq. (18.530) for a quantum particle in a photon bath. Since the dissipative and fluctu¬ 
ating parts of the influence functional in Eq. (18.555) and (18.561) coincide with the corresponding 
terms in (18.230), except for an extra dot on top of the coordinates, the associated temperature- 
dependent Hamiltonian operator is directly obtained from (18.525) with the expansion (18.527) by 
adding the extra dots: In the high-temperature limit we obtain 

u = ^(p+~p~) + y ( x +) - F ( x -) + ~y~ ( x +- x -)( x ++ x -) K - (*+- x -) 2 , 

( 18 .565) 

extended at moderately high temperatures by the Hamiltonian corresponding to (18.564): 

AATSi m!ky <i+ (18 - 566) 


The master equation corresponding to the Ohmic equation (18.530) reads now 
ihdtp = HTP = [H,p ]-\—— (^xxp — pxx + xpx — xpxj 

77/; ^ ^ 77/;fi ^ ^ 

- (18 - 567) 

The conservation of total probability and the positivity of p are ensured by the observation, that 
Eq. (18.567) can be written in the Lindblad form 


d t p 


H,p] - £ (\L n Llp+\pL n Ll - LtpLn) , 

n— 1 x ' 


(18.568) 
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with the two Lindblad operators 


Li = 



L 2 


\/3w f - h - \ 
2h \ 3k B T ) 


(18.569) 


As noted in the discussion of Eq. (18.530), the operator order in (18.567) prevents the term xx/5 
from being a pure divergence. By rewriting it as a sum of a commutator and an anticommutator, 
[x, x]/2 + {x, x}/2, the latter term is a pure divergence, and we can think of the first two 7 -terms 
in (18.567) as being due to an additional anti-Hermitian dissipation operator 

H 1 = 7 M ^ [x, x]. (18.570) 

For a free particle with V(x) = 0 and [H, p] = 0, one has x± = p ±/M to all orders in 7 , such 
that the time evolution equation (18.567) becomes 

~ %'W 

ihdtp = [H,p] - 2 jj^[P)[P,P]]- (18.571) 

In the momentum representation of the density matrix p = )Cpp' /°pp'Ip)(p , |) the l as t term sim¬ 
plifies to —zT = — iw(p — p ') 2 /2 M 2 % 2 multiplying p , which shows that a free particle does not 
dissipate energy by radiation, and that the off-diagonal matrix elements decay with the rate T. 

For small e 2 , the implicit equation Eq. (18.565) with the expansion term (18.566) can be solved 
approximately in a single iteration step, inserting x « p/M and x « — W /M. 


18.20.3 Line Width 


Let us apply the master equation (18.567) to atoms, where V (x) is the Coulomb potential, assuming 
it to be initially in an eigenstate |i) of H, with a density matrix p(0) = |i)(z|. Since atoms decay 
rather slowly, we may treat the 7 -ternr in (18.567) perturbatively. It leads to a time derivative of 
the density matrix 

dt(i\p{t)\i) = -j^{i\[H,p\pp(0)\i) = jj^2v if {i\p\f)(f\p\i) 

= Ix/d 2 , (18.572) 

/ 


where TiUif = Ei — Ef , and x/j = (/|x|i) are the matrix elements of the dipole operator. 
An extra width comes from the last two terms in (18.567): 


d t {i\p{t)\i) 


M 2 n■ 




■■''Ip ■’) - 


if 


1 + 


12 M 2 {k B T) 2 
hr in 


(z|p 2 |z) 


U if 


12 (k B T) 2 


I x fi 


(18.573) 


This time dependence is caused by spontaneous emission and induced emission and absorption. To 
identify the different contributions, we rewrite the spectral decompositions (18.550) and (18.551) 
in the x-independent approximation as 


or 


C b (t, t') + A b (t, t') 

47T f du'dr’k n 
= Y n J (27r) 4 2 Mn k 


11 + coth 


huj' 1 
2 k B T\ 


[*(«>' 


O k )-(5(w , + O k )]e- iaj ' (t - t ' ) , 


(18.574) 


C b (t, t') + A b (t, t') 

47 t f du}'d 3 k 7 r 

= i j (27r) 4 2 


25(u- O k ) + 


e hO] i /kBT_ ^ 


[5(u’ 


(18.575) 

O k ) + ^(w , + Hk)]|e" iaJ,(t " t ' ) . 




1354 


18 Nonequilibrium Quantum Statistics 


Following Einstein’s intuitive interpretation, the first term in curly brackets is due to spontaneous 
emission, the other two terms accompanied by the Bose occupation function account for induced 
emission and absorption. For high and intermediate temperatures, (18.575) has the expansion 


47t^ f din'd?k n 

i J (2?r) 4 2MO k 



fi k ) 


2 k B T lM2 k \ 

nn k + 6k^Tj 


[<V 


Q k ) T d(u>' + I2 k )] 


e -iw'(t-t') 


(18.576) 


The first term in curly brackets corresponds to the spontaneous emission. It contributes to the 
rate of change d t (i\p(t)\i) a term —2Mq |x/;| 2 . This differs from the right-hand side of 

Eq. (18.572) in two important respects. First, the sum is restricted to the lower states f < i with 
u>if > 0, since the (5-function allows only for decays. Second, there is an extra factor 2. Indeed, by 
comparing (18.574) with (18.576) we see that the spontaneous emission receives equal contributions 
from the 1 and the coih(huj'/2ksT) in the curly brackets of (18.574), i.e., from dissipation and 
fluctuation terms Cb(t,t') and A\>(t,t'). 

Thus our master equation yields for the natural line width of atomic levels the equation 

T = 2MqJ2 u} if l x /i| 2 , (18-577) 

f<i 

in agreement with the historic Wigner-Weisskopf formula. 

In terms of T, the rate (18.572) can therefore be written as 

d t {i\p(t)\i) = -r + My^u^lx/il 2 + \x fi \ 2 . (18.578) 

/<* f>i 

The second and third terms do not contribute to the total rate of change of {i\p(t)\i) since they 
are canceled by the induced emission and absorption terms associated with the —1 in the big 
parentheses of the fluctuation part of (18.576). The finite lifetime changes the time dependence of 
the state \i,t) from \i,t) = \i,0)e~ lEt to \i, 0)e~ lEt ~ rt / 2 . 

Note that due to the restriction to / < i in (18.577), there is no operator local in time 
whose expectation value is T. Only the combination of spontaneous and induced emissions and 
absorptions in (18.578) can be obtained from a local operator, which is in fact the dissipation 
operator (18.570). 

For all temperatures, the spontaneous and induced transitions together lead to the rate of 
change of (i\p(t)\i): 


d t {i\p(t)\i) = —2 Mq 


, U if 


<f<i 


/ 


1 


e huif/kBT _ ^ 


I x /i 


(18.579) 


For a state with principal quantum number n the temperature effects become detectable only 
if T becomes larger than — l/(n + l) 2 + 1/n 2 « 2/n 3 times the Rydberg temperature Tr y = 
157886.601/\. Thus we have to go to n > 20 to have observable effects at room temperature. 


18.20.4 Lamb shift 

For atoms, the Feynman influence functional (18.547) allows us to calculate the celebrated Lamb 
shift. Being interested in the time behavior of the pure-state density matrix p = |*)(*|, we may 
calculate the effect of the actions (18.548) and (18.549) perturbatively. For this, consider the 
dissipative part of the influence action (18.548), and in it the first term involving x+(£) and x + (£ / ), 
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and integrate the external positions in the path integral (18.547) over the initial wave functions, 
forming 


J dx +b dx- b J dx +a dx_ a (?;|x +h )(z|x_ fc ) 

x U (x +b ,x_ 5 , t b |x +a ,x_ a ,t a )(x +6 |«)(x_b|j). 


(18.580) 


To lowest order in 7 , the effect of the Cb-term in (18.548) can be evaluated in the local approxima¬ 
tion (18.554) as follows. We take the linear approximation to the exponential exp[J dtdt'0(t , t')\ ~ 
1 + J dtdt'0{t,t') and propagate the initial state with the help of the amplitude Uu t t'-,u,t a to the 
first time t' , then with Ufi t pji,t' to the later time t, and finally with Uu t t a -,u,t to the final time t b . 
The intermediate state between the times t and t' are arbitrary and must be summed. Details how 
to do such a perturbation expansion are given in Section 3.17. Thus we find 


^cDn^t b \ii,t a — i~ 


dtdt' Y J dx+ /dxV^ ; , )t (i|x + )x +( x + |/) 


2 h 2 c 2 Jt a 

J 

x[dtdt/C h (t,t')}Ufi^fi,t'{fW + )x' + (x' + \i)Uu t t'-ii,t a - 
Inserting Uu t t a -u,t = e^ lE h ta ~ t '>/ h e tc., this becomes 


(18.581) 




rib 


2 n 2 c 2 


dtdt' (i|x(t) [d t d t 'Cb(t, t ')] x(t')\i) 


2 h 2 c 2 


Y [ dtdt' e lulif(t t ' ) (i\±\f)C h (t,t')(f\x\i). (18.582) 

r Jt n . 


Expressing C^(t,t') of Eq. (18.554) in the form 


c l h j (t,t') = 

the integration over t and t' yields 


h 2 
27TC 3 


S ij 


du 

27r 


■ w e 




^cUn^t b -,ii,t a — "i 


e 2 2 f tb 


dui 


AttUc 3 3 


t a 


dt i -— i*/»r 

27T ^ U - OJif - IT) 


(18.583) 


(18.584) 


The same treatment is applied to the Ay, in the action (18.549), where the first term involving 
x + (f) and x + (f') changes (18.585) to 


A U, 




4ttHc 3 3 . 


[ tb dt [ py --- ( 1 + coth-^-) \± fi \ 2 . (18.585) 

J ta J 2^^w-w 4 / +*7? V 2 k B Tj l y 1 


u> — u>if + ir\ 


The cu-integral is conveniently split into a zero-temperature part 

f°° du x - 

and a finite-temperature correction 

AI T (u if ,T) = 2^ — Y ^ _ u . f + ^ e Ku /kB T _ 1 ■ 


(18.586) 


(18.587) 


Decomposing l/(wj/ — oj + irj) = V /(w — 07 /) — — u>), the imaginary part of the w-integral 

yields half of the natural line width in (18.572). The other half comes from the part of the integral 
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(18.548) involving x_(f) and x_ (t r ). The principal-value part of the zero-tenrperature integral 
diverges linearly, the divergence yielding again the mass renormalization (18.556). Subtracting 
this divergence from /(w,/, 0 ), the remaining integral has the same form as /(wj/, 0 ), but with u> 
in the numerator replaced by u>if = 0. This integral diverges logarithmically like (w,;// 7 r) log[(A — 
uJif)/\oJif\], where A is Bethe’s cutoff [30]. For A » the result (18.585) implies an energy 

shift of the atomic level |i): 

(18.588) 


which is the Lamb shift. 

Usually, the weakly varying logarithm is approximated by a weighted average L = log[A/(|a 7 /|)] 
over energy levels and taken out of the integral. Then contribution of the term (18.585) can be 
attributed to an extra term 

-Hls ~ -i— (18.589) 

7r 4 

in the Hamiltonian (18.567). In this form, the Lamb shift appears as a Hermitian logarithmically 
divergent correction to the operator (18.570) governing the spontaneous emission of photons. 

To lowest order in 7 , the commutator is for a Coulomb potential V(x) = —e 2 /r equal to 



M 2 


V 2 V(x) 


h 2 ca 

AP 


47n5^(x), 


(18.590) 


leading to 


Ai?! = ^{^ (3)(x)|l) - (18 - 591) 

For an atomic state of principal quantum number n with a wave function ip n (x), this becomes 

AEn = J^P aL IV, " ( ° )|2 - (18 - 592) 

Only atomic s-states can contribute, since the wave functions of all other angular momenta vanish 
at the origin. Explicitly, the s-states of the hydrogen atom (13.219) have the value at the origin 


V’n(O) 



(18.593) 


where an = h/Mca is the Bohr radius (4.376). If the nuclear charge is Z, then ae, is diminished 
by this factor. Thus we obtain the energy shift 


4a 2 7i 3 / AIca\ 3 L 
3 APc \ fi ) n 3 n 


For a hydrogen atom with n = 2, this becomes 

A E 2 = —a 2 Me 2 L. 
67r 


(18.594) 


(18.595) 


The quantity Ale 2 a 2 is the unit energy of atomic physics determining the hydrogen spectrum to 
be E n = -Mc 2 a 2 /2n 2 . Thus 


Ala 2 = 4.36 x 10 _11 erg = 27.21eV = 2 Ry = 2 • 3.288 x 10 15 Hz. (18.596) 


H. Kleinert, PATH INTEGRALS 




18.20 Electromagnetic Dissipation and Decoherence 


1357 


Inserting this together with a w 1/137.036 into (18.595) yields 10 

A E 2 « 135.6MHz x L. (18.597) 

The constant L can be calculated approximately as 

L « 9.3, (18.598) 


leading to the estimate 


A E 2 « 1261MHz. 


(18.599) 


The experimental Lamb shift 


Ai?Lamb shift ~ 1057 MHz 


(18.600) 


is indeed contained in this range. In this calculation, two effects have been ignored: the vacuum 
polarization of the photon and the form factor of the electron caused by radiative corrections. 
They reduce the frequency (18.599) by (27.3 + 51)MHz bringing the theoretical number closer to 
experiment. The vacuum polarization will be discussed in detail in Section 19.4. 

At finite temperature, (18.588) changes to 


A Ei = 


47rc 3 37 t 

/ 




log- 


A 

l w i/l 


k B T \ 2 / hujjf \ 

hcJij ) \ k B T) 


where J(z) denotes the integral 


J(z) 



V z' 

z' — ze z ' — 1 ’ 


(18.601) 


(18.602) 


which has the low-temperature (large-z) expansion J(z) = —7r 2 /6 — 2£(3 )/z + ... , and goes to 
zero for high temperature (small z) like — zlogz, as shown in Fig. 18.2. 



Figure 18.2 


Behavior of function 6J(z)/ir 2 in finite-temperature Lamb shift. 


The above equations may have applications to dilute interstellar gases or, after a reformulation 
in a finite volume, to few-particle systems contained in cavities. So far, a master equation has been 
set up only for a finite number of modes [31]. 


10 The precise value of the Lamb constant a A M/6ir is 135.641± 0.004 MHz. 
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18.20.5 Langevin Equations 

For high jT, the last term in the forward backward path integral (18.563) makes the size of 
the fluctuations in the difference between the paths y(t) = x+(f) — x_(t) very small. It is then 
convenient to introduce the average of the two paths as x(f) = [x+(t) + x_(t)] /2, and expand 

V (x + |) - V (x - |) ~ y • W(x) + 0 ( y 3 )... , (18.603) 

keeping only the first term. We further introduce an auxiliary quantity r|(t) by 


r ](t) = Mx(f) — Myx(£) + W(x(t)). 


With this, the exponential function in (18.563) becomes 


exp 




(18.604) 


(18.605) 


where w is the constant (18.562). 

Consider now the diagonal part of the amplitude (18.603) with x +b = x_ b = x b and x +a = 
x_ a = x a , implying that y b = y a = 0. It represents a probability distribution 


P(x b t b \x a t a ) = |(x b ,f & |x a ,f 0 )| 2 = U(x b ,x b ,t b \x a ,x a ,t a ). (18.606) 


Now the variable y can simply be integrated out in (18.605), and we find the probability distribution 


p [n] oc exp 



(18.607) 


The expectation value of an arbitrary functional of F[x\ can be calculated from the path integral 

<F[x])„ = Af J 2 ?xP[r|]F[x], (18.608) 

where the normalization factor M is fixed by the condition (1) = 1. By a change of integration 
variables from x{t) to 77 (f), the expectation value (18.608) can be rewritten as a functional integral 


<F[x])„ =Af J Vi\P[rft F[x], (18.609) 

Note that the probability distribution (18.607) is %- independent. Hence in the approximation 
(18.603) we obtain the classical Langevin equation. In principle, the integrand contains a factor 
J _ 1 [ x\, where J[x] is the functional Jacobian 

J[x] = Det [8rf{t)/8x j {t')\ = det [(M9 t 2 - Mqd? R ) % + V i V j H(x(£))]. (18.610) 

By the same procedure as in Section 18.9.2 it can be shown that the determinant is unity, due to 
the retardation of the friction term, thus justifying its omission in (18.609). 

The path integral (18.609) may be interpreted as an expectation value with respect to the 
solutions of a stochastic differential equation (18.604) driven by a Gaussian random noise variable 
r](t) with a correlation function 

{rf{t)rf■’(t'))T = 8 l ^w8{t — t'). (18.611) 

Since the dissipation carries a third time derivative, the treatment of the initial conditions is 
nontrivial and will be discussed elsewhere. In most physical applications 7 leads to slow decay 
rates. In this case the simplest procedure to solve (18.604) is to write the stochastic equation as 

Mx(t) + W (x(£)) = f)(£) + Myx(£), (18.612) 
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and solve it iteratively, first without the 7 -term, inserting the solution on the right-hand side, and 
such a procedure is equivalent to a perturbative expansion in 7 in Eq. (18.563). 

Note that the lowest iteration of Eq. (18.612) with r| = 0 can be multiplied by x and leads to 
the equation for the energy change of the particle 

i 2 + V(x) - Myxk = —Myx 2 . (18.613) 

The right-hand side is the classical electromagnetic power radiated by an accelerated particle. The 
extra term in the brackets is known as Schott term [32]. 

18.21 Fokker-Planck Equation in Spaces with Curvature 
and Torsion 

According to the new equivalence principle found in Chapter 10, equations of motion can be 
transformed by a nonholonomic transformation dx l = e l fi {q)dq ,J ‘ into spaces with curvature and 
torsion, where they are applicable to the diffusion of atoms in crystals with defects [33]. If we 
denote g llv <T by v lx , the Langevin equation (18.317) goes over into 

v» = F»{q, v) + e\{q)’q i (18.614) 

where F^(q, v) is the sum of all forces after the nonholonomic transformation: 

Ffi(q, v) = M \T v \^{q)v v v x - 'yv /J ] - d tl V{q). (18.615) 

In addition to the transformed force (18.384), F^q^v) contains the apparent forces resulting from 
the coordinate transformation. For a distribution 

Pr,(qvt\q a v a t a ) = S(q v (t) - q)S(q v - u M ) (18.616) 

one obtains, instead of (18.383), the Kubo equation 

d t P v (qvt\q a v a t a ) = j {q)v v - d* [e\{q)q l + F^(q,v)] j P v (qvt\q a v a t a ), 

(18.617) 

and from this the generalization of the Fokker-Planck equation (18.393) to spaces with curvature 
and torsion: 

d t P(xvt\x a v a ta) = ^--d^g fJv v v + ^5” - F fl {q 1 v) j P(xvt\x a v a t a ). (18.618) 

In the overdamped limit, the integrated probability distributions 

P{qt\q a t a ) = J d D vP{qvt\q a v a ta) (18.619) 

satisfies the equation [generalizing (18.399)] 

d t P(qt\q a t) = Dd^e^dve” +-^—dvg^Vvtq) P(qt\q a t), (18.620) 

AI 7 

where V„{q) = d v V{q). 

In the Fokker-Planck equations (18.617) and (18.620), the probability distributions 
P{q v t\q a v a ta) and P{qt\q a t) have the unit normalizations 


d_ \M_ 
dt 2 


d D qd D v P(qvt\q a v a t a ) = 1, 


d D qP(qt\q a t a ) = 1, 


( 18 . 621 ) 
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as can be seen from the definitions (18.616) and (18.619). For distributions normalized with the 
invariant volume integral f d D q^/g, to be denoted by P lnv (qt\q a t a ) = \[9~ X P{Qt\Qa.t), we obtain 
from (18.620) the following invariant Fokkcr-Planck equation: 


d t P inv (qt\q a t a ) 




d u + 2 S v + 


1 



P' nv (qt\q a t a ). 


(18.622) 


The first term on the right-hand side contains the Laplace-Beltrami operator (11.13). 

With the help of the covariant derivative P* defined in Eq. (11.96), which arises from D^ by 
a partial integration, this equation can also be written as 


d t P inv (qt\q a ta) = 


Dg^D^Dl + B-D^ Or) 


P inv (qt\q a t a ), 


(18.623) 


where D M is the covariant derivative (10.37) associated with the Christoffel symbol. 


18.22 Stochastic Interpretation of Quantum-Mechanical 
Amplitudes 

In the last section we have seen that the probability distribution \(xb, tb\x a , t a )\ 2 is the result of a 
stochastic differential equation describing a classical path disturbed by a noise term 77 (f) with the 
correlation function (18.320). It is interesting to observe that the quantum-mechanical amplitude 
(xb, tb\x a ,t a ) possesses quite a similar stochastic interpretation, albeit with some imaginary factors 
i and an unsatisfactory aspect as we shall see. Recall the path integral representation of the time 
evolution amplitude in Eq. (2.712). It involves the action A(x,t;x a ,t a ) from the initial point x a 
to the actual particle position x. Recalling the definition of the fluctuation factor F(xb, x a \tb~ t a ) 
in Eq. (4.97), we see that this factor is given by the path integral 


F[Xb,X a ,tb ta ) 


/ Vx exp 

\i f tb ,M r B 

- / dt— ( x - v) 

' (Xa,ta)^(xbM) 

Y n Jt a 2 J 


(18.624) 


where v(x,t) = (1 /M)d x A(x,x a ;tb — t a ) is the classical particle velocity. Up to a factor i and 
the absence of the retardation symbol, this path integral has the same form as the one for the 
probability (18.290) at large damping. As in (2.713) we introduce the momentum variable p{t) 
and obtain the canonical path integral 


F{Xb-,X ai tb fa) — 


Vx 




Dp (i/b.) J b dt{p(t)[x(t)—v(x(t),t)]— p 2 (t)/2M) 

2^n e 


(18.625) 


which looks similar to the stochastic path integral (18.290). The role of the diffusion constant 
D = ksT/Mq is now played by h/2. By analogy with the path integral of a particle in a magnetic 
field in (2.654), the fluctuation factor satisfies a Schrodinger-like equation 


fiL + Ii 


\2M 


+ -q{i>b , v b } F{x 6, X a ] tb - t a ) = iHF(x b , x a ; t b - t a ). 


(18.626) 


This can easily be verified for the free particle, where vi, = ( Xb — x a )/(tb — t a ), and the fluctuation 
factor is from (2.130) F(xb,x a ;tb — t a ) = sj2Trih(tb — t a )- Note the symmetric operator order of 
the product pv in accordance with the time slicing in Section 10.5, and the ensuing operator order 
observed in Eq. (11.88). By reordering the Hamiltonian operator on the left-hand side of (18.626) 
to position p to the left of the velocity, 


H 


2 M 


- pv 


-Vu. 


(18.627) 
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Without the last term, the path integral (18.625) would describe fluctuating paths obeying the 
stochastic differential equation analogous to the classical Langevin equation (18.338) [34]: 

x(t) — v(x(t),t) = p(t)/M. (18.628) 

The momentum variable p(t) plays the role of the noise variable ?y(f). Up to a factor i, this quantum 
noise has the same correlation functions as a white-noise variable: 

ip{t)p(t')) = —iMhS(t — t'). (18.629) 

The “Fokker-Planck equation” associated with this “process” would be the ordinary Schrodinger 
equation for the amplitude (x b tb\x a t a ). 

For a free particle, the ordering problem can be solved by noting that in the path integral 
(18.624), the constant v can be removed from the path integral leaving 

F(x b ,x a -,t b - t a ) = e~ lA( ' Xb ’ Xa '’ tb ~ ta ' )/h [ Vx exp (p[ dt^-x 2 ^] , (18.630) 

J {x a ,t a )^-*{Xb,tb) \ ^ J t a ^ / 

the right-hand factor being the path integral for the amplitude {xbtb\x a t a ) itself. This is iden¬ 
tical with the path integral for the probability distribution of Brownian motion, and quantum- 
mechanical fluctuations are determined by the process 

x(t)=p{t)/M , (18.631) 


with the quantum noise (18.629). 

But also in the presence of a potential, it is possible to specify a process which properly 
represents quantum-mechanical fluctuations, although the situation is more involved [35]. To find 
it we rewrite the action in (18.624) as 


„ f tb ,M 2 f tb , M 

A = / dt—(z-n) = / dt— 


( • \2 ih ,2 

(x-s) - —S 


Jt a * Jt a ^ 

with some as yet unknown function s(x). The associated Hamiltonian is now 

& ^h + 2 {f, ' s}+ins ' 2 = h +i,s ’ 


(18.632) 


(18.633) 


with the proper operator order. In order for (18.632) to hold, the function s(x) must satisfy the 
equations 


v = s', — ihs' 2 + s 2 = v 2 . (18.634) 

Recalling Eqs. (4.12) and (4.5) we see that the equations in (18.634) can be satisfied with the help 
of the full eikonal S(x): 


s(x) = S(x)/M. (18.635) 

The process which describes the quantum-mechanical fluctuations is therefore 

x{t) — S(x)/M = p(t)/M. (18.636) 

The analogy is, however, not really satisfactory, since the full eikonal contains information on all 
fluctuations. Indeed, by the definition (4.4), it is given by the logarithm of the amplitude (xt\x a t a ), 
or any superposition ip(x,t) = / dx a (xtlxat^ipixata) of it: 


S(x) = -ihlog(xt\x a t a )- 


(18.637) 
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For the fluctuation factor this implies 


s(x) - v(x) = Sv(x) = - — UF(xt\x a t a ). 


(18.638) 


The path integral representation (18.624) for the fluctuation factor which has maximal analogy 
with the stochastic path integral (18.300) is therefore 


F(x b t b , X a ta) 


I Vx exp ■ 


l 

h. 


t a 


tb , M 
dt~ 


1 2 


x - V + — h log F(x b t b , X a ta) 


(18.639) 


Since we have to know F(x b t b ,x a t a ) to describe quantum-mechanical fluctuations as a process, 
this representation is of little practical use. The initial representation (18.624) which does not 
correspond to a proper process can, however, be used to solve quantum-mechanical problems. 


18.23 Stochastic Equation for Schrodinger Wave Function 

It is possible to write a stochastic type of path integral for the Schrodinger wave function ^(x, t) 
in D dimensions. By close analogy with Eq. (18.403), it reads 

,, , S /' (i/n) r b dt[(M/ 2 )v 2 (t)-V(x v ( 4 ,t))] , ,. + \ 

V>(x b ,f b ) = Vve L ‘ip (x v {t b ,ta),ta), (18.640) 


where 


x v (t b , t) = x(i b ) — j dt' v(t') (18.641) 

is a functional of v(f') parameterizing all possible fluctuating paths arriving at the fixed final point 
x(tft) after having started from an arbitrary initial point x(t). They are Brownian bridges between 
the two points. The variables v(f) are the independently fluctuating velocities of the particle. The 
natural appearance of the velocities in the measure of the stochastic path integral (18.640) is in 
agreement with our observation in Eq. (10.141) that the time-sliced measure should contain the 
coordinate differences Ax„ as the integration variables rather than the coordinates themselves, 
which was the starting point for the nonholonomic coordinate transformations to spaces with 
curvature and torsion. 

We easily verify that (18.640) satisfies the Schrodinger equation by calculating the wave func¬ 
tion at a slightly later time t b + e, and expanding the right-hand side in powers of e. Using the 
correlation functions 


{v l (t)) = 0, (u® {t)yi(t 1 )) = ihd y S(t — t'), 

we find, via a similar intermediate step as in (18.404), the desired result: 


idtipfx., t) = 


- 7 T 77 ^x + ^(x) 
2 M x v ’ 


V>(x,t). 


(18.642) 


(18.643) 


One may also write down a corresponding path integral for the time evolution amplitude 

rtb 


(*.« *.(„>=/ dv e w *> /.: * 


x 0 -x b +y dtv(t)), (18.644) 


which returns the Schrodinger amplitude (18.640) after convolution with ipfx. a ,t a ) (and reduces to 
<5^(Xa — Xb) for tb t a , as it should). 
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The addition of an interaction with a vector potential is nontrivial. The electromagnetic 
interaction in (10.168) 


Am = [ dtA(x(t)) ■ x 


(18.645) 


cannot be simply inserted into the exponent of the path integral (18.640) since in the evaluation 
via the correlation functions (18.642) assumes the independence of the noise variables v(t). This, 
however, is not true in the interaction (18.645). Recall the discussion in Section 10.6 which showed 
that the time-sliced version of the interaction (18.645) must contain the midpoint ordering of the 
vector potential with respect to the intervals Ax to be compatible with the classical field equation. 
In Section 11.3 we have furthermore seen that this guaranteed gauge invariance. For the time-sliced 
short-time action, this implies that (18.645) has the form [see (10.179)] 


Am = A ( X ) • Ax - 


(18.646) 


In this expression, a variation of Ax changes also x, implying that in the sum over all sliced actions, 
the Ax are not independent. This is only achieved by the re-expanded postpoint interaction [see 
10.178]. In the continuum, we shall indicate the postpoint product as before in (18.231) by a 
retardation symbol R, and rewrite (18.645) as 


A cm — 


dt 


A(x(t))x*(i)-ie— V-A(x(t)) 


(18.647) 


In the theory of stochastic differential equations, this postpoint expression is called an ltd integral. 
The ordinary midpoint integral (18.645) is referred to as Stratonovich integral. 

The Ito integral can now be added to the action in (18.644) with x(t) replaced by v(f), and 
we obtain 


(x 6 £ b |x a £ a ) = J Vv exp 

rtb 


rtb 


dt 


M 


v 2 (£) + A (x v (t b ,t))v R (t) - V(x v (£&,£)) 


x exp 


f i f tb , 

< — dt 
[bJta 


~ ie dM V ' A ( Xv (*&’*)) 


W c >(: 


rtb 


JJ 


X a - X b 


+ / dtv(t)). (18.648) 


n a 


Expanding the functional integrand in powers of v(t) as in (18.403) and using the correlation 
functions (18.642) we obtain the Schrodinger equation 


id t (xt\-x a t a ) = 


~JM [V- a (x)] 2 + E(x) 


(xt|x a f a ). 


(18.649) 


The advantage of the Ito integral is that such a calculation becomes quite simple using the cor¬ 
relation functions (18.642). The integral itself, however, is awkward to handle since it cannot be 
modified by partial integration. This is only possible for the ordinary, Stratonovich integral. 


18.24 Real Stochastic and Deterministic Equation 
for Schrodinger Wave Function 

The noise variable in the previous stochastic differential equation had an imaginary correlation 
function (18.629). It is possible to set up a completely real stochastic differential equation and 
modify this into a simple deterministic model which possesses the quantum properties of a particle 
in an arbitrary potential. In particular, the model has a discrete energy spectrum with a definite 
ground state energy, in this respect going beyond an earlier model by’t Hooft [36], whose spectrum 
was unbounded from below. 
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Let u(x) = (u 1 (x),it 2 (x)) be a time-independent field in two dimensions to be called mother 
field. The reparametrization freedom of the spatial coordinates is fixed by choosing harmonic 
coordinates in which 


V 2 rt(x) = 0, (18.650) 

where V 2 is the Laplace operator. Equivalently, the components u 1 (x) and u 2 (x) may be assumed 
to satisfy the Cauchy-Riemann equations 

d^v? = e^e" a d p u a , (/x, v,... = 1, 2), (18.651) 

where e pl , is the antisymmetric Levi-Civita pseudotensor. The metric is 5 pill so that indices can 
be sub- or superscripts. 

18.24.1 Stochastic Differential Equation 

Consider now a point particle in contact with a heat bath of “temperature” ft. Its classical orbit 
x(£) is assumed to follow a stochastic differential equation consisting of a fixed rotation and a 
random translation in the diagonal direction n = (1,1): 

x(f) = U3 x x(£) + n 17 (f), (18.652) 

where OJ is the rotation vector of length ui pointing orthogonal to the plane, and 77 (f) a white-noise 
variable with zero expectation and the correlation function 

=hS(t- £'). (18.653) 

For a particle starting at x(0) = x, the position x(£) at a later time f is a function of x and a 
functional of the noise variable q{t') for 0 < t' < f: 

x(f) = X^(x, f). (18.654) 

As earlier in Section 18.13, a subscript 77 is used to indicate the functional dependence on the noise 
variable v. 

We now use the orbits ending at all possible final points x = x(f) to define a time-dependent 
field u(x; f) which is equal to u(x) at f = 0 , and evolves with time as follows: 

u(x; f) = u f [x; 77 ] = u (X 0 [f, x; 77 ]), (18.655) 

where the notation u f [x; 77 ] indicates the variables as in (18.654). 

As a consequence of the dynamic equation ( 20 A. 1 ), the change of the field u(x, £) in a small 
time interval from f = 0 to t = At has the expansion 

pAt 

Au,(x, 0) = Af [00 x x] • V u^(x, 0) + / dt' r](t') (n • V) u,,(x, 0) 

Jo 

-1 pA t pAt 

+ — / dt' dt" q{t')r]{t") (n • V ) 2 u, ; (x, 0) + ... . (18.656) 

2 Jo Jo 

The omitted terms are of order Af 3 / 2 . 

18.24.2 Equation for Noise Average 

We now perform the noise average of Eq. (20A.2), defining the average field 

u(x, f) = (u^(x, £)). (18.657) 
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Using the vanishing average of 77 (f) and the correlation function (18.653), we obtain in the limit 
At —>• 0 the time derivative 

<9 t u(x, t) = R u(x, t), at t = 0, (18.658) 

with the time evolution operator 

ft = {[ooxx]-V} + |(n- V) 2 . (18.659) 

The average over 77 has made the operator R time-independent. For this reason, the average field 
u(x, t) at an arbitrary time t is obtained by the operation 

u(x, f) = 7f(f)u(x, 0 ), (18.660) 

where IA (f) is a simple exponential 

U{t) = e™, (18.661) 

as follows immediately from (18.658) and the trivial property 'HU{t) =U(t)'H. 

Note that the operator H commutes with the Laplace operator V 2 , thus ensuring that the 
harmonic property (18.650) of u(x) remains true for all times, i.e., 

V 2 u(x, t) = 0. (18.662) 

18.24.3 Harmonic Oscillator 

We now show that Eq. (18.658) describes the quantum mechanics of a harmonic oscillator. Let us 
restrict our attention to the line with arbitrary x\ = 2 and 22 =0. Applying the Cauchy-Riemann 
equations (18.651), we can rewrite Eq. (18.658) in the pure 2 -form 

d t u 1 (x,t) = uxd x u 2 (x,t) — ^d 2 u 2 (x,t), (18.663) 

d t u 2 (x,t) = —ujxd x u 1 (x,t) + ^d 2 u 1 (x,t), (18.664) 

where we have omitted the second spatial coordinates 22 = 0. Now we introduce a complex field 

ip(x,t) = e~ ux ! 2n [u 1 ( 2 , t) T iu 2 ( 2 , t)] . (18.665) 

This satisfies the differential equation 

ihd t ip(x,t) = ^--^-3 2 + ~~ 2 2 - ip(x ,f), (18.666) 

which is the Schrodinger equation of a harmonic oscillator with the discrete energy spectrum 
E n = (n + n = 0,1,2,... . 

18.24.4 General Potential 

The method can easily be generalized to an arbitrary potential. We simply replace (18.652) by 

2 1 (f) = -3 2 /S' 1 (x(f)) + 71 1 77 (f), 

x 2 (f) = —di S 1 (x(f)) + n 2 77 (f), (18.667) 

where S(x) shares with u(x) the harmonic property (18.650): 

V 2 S(x) = 0, 


( 18 . 668 ) 
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i.e., the functions S^(x) with fi = 1,2 fulfill Cauchy-Riemann equations like u M (x) in (18.651). 
Repeating the above steps we find, instead of the operator (18.659), 

n = ~(d 2 S 1 )d 1 - (9i S 1 )^ + |(n • V) 2 , (18.669) 

and Eqs. (18.663) and (18.664) become: 

dti^ixQ.) = {d x S 1 )d x u 2 (x,t) - ^d 2 u 2 (x,t), (18.670) 

d t u 2 (x,t) = ~(d x S 1 )d x u 1 (x,t) + ^d 2 u 1 (x,t). (18.671) 

This time evolution preserves the harmonic nature of u(x). Indeed, using the harmonic property 
V 2 S(x) = 0 we can easily derive the following time dependence of the Cauchy-Riemann combina¬ 
tions in Eq. (18.651): 

dtidiu 1 — d 2 u 2 ) = 'Htdiu 1 — d 2 u 2 ) — d 2 d\S 1 {diu l — d 2 u 2 ) + d 2 S 1 ( d-zu 1 + dru 2 ), 
d t {d 2 u} + d\u 2 ) = ii{d 2 v} + din 2 ) — d 2 d\S 1 {d 2 u l + dru 2 ) — d 2 S 1 (diu 1 — d 2 u 2 ). 

Thus dru 1 — d 2 u 2 and d 2 vr + d\u 2 which are zero at any time remain zero at all times. 

On account of Eqs. (18.671), the combination 

ip(x, t) = e~ s [u 1 (x, t ) + iu 2 ( x , t )] (18.672) 

satisfies the Schrodinger equation 

- *-2 

ihd t ijj{x,t) = ——9 2 + U(:r) ip(x,t), (18.673) 

where the potential is related to S ’ 1 (a;) by the Riccati differential equation 

V(x) = S ' 1 (a ;)] 2 — |s 2 S' 1 ( x). (18.674) 

The harmonic oscillator is recovered for the pair of functions 

S , 1 (x) + i5 2 (x) = io(x 1 + ix 2 ) 2 /2. (18.675) 

18.24.5 Deterministic Equation 

The noise r](t) in the stochastic differential equation Eq. (18.667) can also be replaced by a source 
composed of deterministic classical oscillators q k (t), k = 1 , 2 ,... with the equations of motion 

qr = Pk, Pk = -w 2 .g fc , (18.676) 

as 

n(t) = ^2q k (t). (18.677) 

k 

The initial positions q k { 0) and momenta Pfc(0) are assumed to be randomly distributed with a 
Boltzmann factor e~^ Ho5C / h , such that 

<«k(0)«fc(0)> = h/u%, <Pfe(0)pfc(0)) = h. (18.678) 

Using the equation of motion 

q k (t) = Wfc 9 fc( 0 ) sinwfct+ Pfc(0) sinwfct, (18.679) 
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we find the correlation function 

( q k (t)q k (t ')) = u>l cosu k t cosu k t'(q k {0)q k (0)) + sin ui k t sin uj k t(p k {0)p k (0)) 

= cosuj k (t — t'). (18.680) 

We may now assume that the oscillators q k (t) are the Fourier components of a massless field, for 
instance the gravitational field whose frequencies are oj k = k , and whose random initial conditions 
are caused by the big bang. If the sum over k is simply a momentum integral f_ dk, then (18.680) 
yields a white-noise correlation function (18.653) for 77 (f). 

Thus it is indeed possible to simulate the quantum-mechanical wave functions i/>(x, t) and the 
energy spectrum of an arbitrary potential problem by deterministic equations with random initial 
conditions at the beginning of the universe. 

It remains to solve the open problem of finding a classical origin of the second important 
ingredient of quantum theory: the theory of quantum measurement to be extracted from the wave 
function ip(x,t). Only then shall we understand how God throws dice [37]. 


Appendix 18A Inequalities for Diagonal Green Functions 


Let us introduce several diagonal Green functions consisting of thermal averages of equal-time com¬ 
mutators and anticommutators of bosonic and fermionic field operators, elementary or composite. 
For brevity, we write 


(.. ,) T = Tr exp(-ff/T)... 


Tr 


exp (-H/T) = (.. ,) T 


(18A.1) 


and define the averages with obvious spectral representations 


c 


a 


([VbV ^]±)t = J ^pi2Mtanh Tl 


(18A.2) 


We shall also introduce a quantity obtained by integrating the imaginary-time Green function over 
a period r £ [0,1/T). This gives for boson and fermion fields the nonnegative expression [see 
(18.23)] 


9 


Dl T 

G{u>m = 0) = / dr (V , (t)V’ 1 '(0))t 
Jo 



duj 1 

2 ^ 12{w >u 


1 

tanh(w/2T) 


> 0 . 


(18A.3) 


Note that for fermion fields, the spectral weight in this integral is accompanied by an extra factor 
tanh(w/2T). This is due to the fact that ui m = 0 is no fermionic Matsubara frequency, but a 
“wrong” bosonic one. In fact, the sum (18.23) for G(w m ) contains a factor 1 — e^ En ~ En 'l/ T for 
both bosons and fermions, while pi 2 {co) in the spectral representation (18A.3) introduces, via 
(18.59), a factor 1 — e~ ul l T for bosons and a factor 1 + e“/ T for fermions, thus explaining the 
relative factor tanh(w/2T) in (18A.3). 

The integration over r leads to the factor 1/w in (18A.3). This factor is also found by integrat¬ 
ing the retarded Green function G\ 2 {t) and the commutator function Ci 2 (t) over all real times, 
resulting in the spectral representations 

/ OO 

dtQ(t){$(t),ft{0)\-_ f )t = /^pPi2(w)^, 

-OO 

/ OO 

dtQ{t){{4>(t),^{0)]±) T = /^Pi2H^tanh Tl 

-OO 


(18A.4) 
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Another set of thermal expectation values involves products of field operators with time deriva¬ 
tives rather than integrals. Their spectral representations contain an extra factor oj. For example, 
the r-derivative of the expectation value in (18A.3) leads to 

• C OO rl 

-(V , (0),^ t (0 )) T = J — Pi 2 (w)a;(l±n w ). (18A.5) 


The real-time derivatives of the expectation values in (18A.4) have the spectral integrals 


d = *([^(0),^ t (0)] T ) T = fZc 

e = i([^(0),^ t (0)]±) T = fZo |fpi 2 (w)wtanh Tl 


(18A.6) 


The expectation values c, a, g , d , e satisfy several rigorous inequalities. To derive these, we 
observe that 




11 

Pl2{U)- 
g Zir oj 


tanh(w/2T) 


(18A.7) 


is a positive function. This follows directly from (18.59), according to which pi 2 (w) at negative oj 
is negative for bosons and positive for fermions. Having divided out the total integral g defined in 
(18A.3), the integral over g(oj) is normalized to unity, 


/ OO 

dor g(gj) = 1, 

-OO 


for both bosons and fermions. Using g(oj), we form the following ratios: 


c 

9 

a 

9 

d 

9 

e 

9 


do: g(oj)oo | 
doj g(oj)oj | 
doj g{oj)oj 2 
do: g{oj)oj 2 


1 

coth(w/2T) 

coth(w/2T) 

1 


1 

coth(w/2T) 

coth(w/2T) 

1 


(18A.8) 

(18A.9) 

(18A.10) 

(18A.11) 

(18A.12) 


The inequalities to be derived are based on the Jensen-Peierls ineciuality for convex functions 
derived in Chapter [5]. Recall that a convex function f(oj) satisfies 


/ OJi + 0J 2 \ f{0Jl) + f{u>2) 

V 2 ) - 2 


(18A.13) 


which is generalized to 


\niUJi 


(18A.14) 


where /q is an arbitrary set of positive numbers with JA = 1- In the continuum limit, this 
becomes 


/( / doj g(oo)oj I < / doj g(oo) f (oj). 

\J — OO / J—OO 


(18A.15) 
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It is obvious that a similar Jensen-Peierls inequality holds also for concave functions with inequality 
sign in the opposite direction. 

The Jensen-Peierls inequality (18A.15) is now applied to the function 

/M = w coth (18A.16) 

which looks like a slightly distorted hyperbola coming in from infinity along the diagonal lines |w| 
and crossing the /-axis at w = 0, /(0) = 2 T. The second derivative of /(w) is positive everywhere, 
ensuring the convexity. The function (18A.16) appears in the integrand of the boson part of 
Eq. (18A.10). The right-hand side of (18A.15) can therefore be written as a/g. The left-hand side 
is obviously equal to ( c/g ) coth(c/2Tg). Hence we arrive at the inequality 

c coth —— < a. (18A.17) 

2 Tg 

In terms of the original field operators, this amounts to 


<^,^] + )T > —>TCOth- (18A.18) 

2T/ o 1/T dr<tKr)rM(0)) T 

In the special case that if) is a canonical interacting boson field of momentum p, the commutator 
is simply [ip,ip']- = 1, and the inequality becomes 

1 + 2(V , p0 P )r > coth(l/2Tg) = 1 + el/g l - i = 1 + 2n fl -i, (18A.19) 


i.e., 


(V'pV’p)t > el/g l _ 1 = n g - 1 , (18A.20) 

where n g -1 is the free-boson distribution function (18.36) for an energy g —1 . 

This is quite an interesting relation. The quantity g is the Euclidean equilibrium Green function 
G(w m , p) at tu m = 0. For free particles in contact with a reservoir, it is given by 

g- 1 = G(0, p ) _1 = ^ - P = £(P)> (18A.21) 

i.e., it is equal to the particle energy measured with respect to the chemical potential p. Moreover, 
we know that for free particles 


(V'pV'p)T = ri|( p), (18A.22) 

so that the inequality (18A.20) becomes an equality. The content of the inequality (18A.20) may 
therefore be phrased as follows: For any interaction, the occupation of a state with momentum p 
is never smaller than for a free boson level of energy g~ l = G(0,p). 

Another inequality can be derived from the concave function 


using y = w 2 and the measure 


f{y) = Vycoth^, 


(18A.23) 
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As argued before, concave functions satisfy the inequality opposite to (18A.15), from which we 
derive the inequality 


/ 


which can be rewritten as 


dy 


Vv 


dy 


—=ti{s/y)y > / -j=y(Vy)f(y), 


vr 


dui y(i>j)uj 2 ) > / rfwg(w)/(w 2 ). 


Again, the right-hand side is a/g , but now it is bounded from above by 


a Id (id 

- s -rr th [?fr« 


The combined inequality 


c coth —— < a < y/dg coth j 
Z1 g 


/ i 


\2ry 9 


(18A.25) 


(18A.26) 


(18A.27) 


(18A.28) 


may be used to derive further inequalities: 


c 2 

< 

dg, 

c coth(d/2Tc) 

< 

a, 

9 

< 

coth(c/2Ta), 

c 

< 

dtanh(c/2Ta’ 

c 

< 

a tanh(d/2Tc 


(18A.29) 


For fermion fields we see that an inequality like (18A.17) holds with c and a interchanged, i.e., 


a coth < c, 


which leads to 


<[^ f ]->T < ([V’) ^]+)t tanh- 


2T fo /T dT (^(T)^ f (0))T 


For canonical fermion fields with = 1, this becomes 

1 — 2 < tanh(l/2gT) = 1 — 


e 1 / gT + 1 ’ 


i.e., the fermionic counterpart of (18A.20): 

(V’pV’p)T < 


1 


e 1 ! gT + 1 


Uq-i , 


(18A.30) 


(18A.31) 


(18A.32) 


(18A.33) 


where n g - 1 is the free-fermion distribution function (18.36) at an energy g . As in the Bose case, 
free particles fulfill 


(V'pV'p )t =n a p), 


(18A.34) 


with g 1 = ^(p), so that the inequality (18A.33) becomes an equality. The inequality implies 
that an interacting Fermi level is never occupied more than a free fermion level of energy g = 
Gtdpr 1 . 

Also the second inequality in (18A.29) can be taken over to fermions which amounts to 
(18A.30), but with a and d replaced by c and e. 
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Appendix 18B General Generating Functional 

For a field operator a(t) of frequency Cl and its Hermitian conjugate a'(t), the retarded and 
advanced Green functions and the expectation values of commutators and anticommutators were 
derived in Eqs. (18.68)-(18.77): 


Gn(t>t') 

= ©(t-tOe - ^ 4- * 0 , 


Ga(t,t') 

= —Q(t' — 


Ca(t,t') 

— e 


An(t, t') 

= (ta„hE)” e -‘“l'-0. 

(18B.1) 


Introducing complex sources 77 (f) and ry(t) associated with these operators, the generating func¬ 
tional for these functions is 


z oVlP, Vp] = Tl ' j P t p exp 




— l 


dt{a) 77 + rfa) 


)t a 


(18B.2) 


The complex sources are distinguished according to the closed-time contour branches by a subscript 
P. The generating functional can then be written down immediately as 


ZoIvpivU =exp J dt j dt'r]l(t)Gp(t,t')r]p(t')^ , 


generalizing (18.179), where the matrix 


G P = v 


1 f An + Gq + Gq Aq, — Gq + G, 


2^4 + G^-Gd An-G*~Gi 

contains the following operator expectations on the two time branches: 


(18B.3) 


(18B.4) 


G p (t,t') = 


(TpaH{t + )a* H {t' + ))T (fpa ff (f + )a^(f'_)) T 

(' T-pdH(t-)a) H (t' + ))T (fndH{t-)a) H {t'_))T 

(Ta ff (f + )a^(f' + ))T ±(a* H {t'_)a H (t. + )) T \ 


*H\°+ 

A 


(a ff (i_)a^(i' + )) T (Ta ff (f_)a^(<'_)) T 


(18B.5) 


Note that a,H{t+), dj tf (t+) and a#(t_), a^(f_) obey the Heisenberg equations of motion with the 
Hamiltonians 


H + = 


il_ = -- 


Cl r 

2 r H 
ci 


a\ I {t + )a H (t + ) A a H (t + )a l H {t + ) 


2 L 

In the second-quantized field interpretation, they read 

Cl 


a^(t_)a ff (f_) ± a H (f_) 4 /(M 


(18B.6) 


H+ = -a‘ H (t + )a H (t+), 

Cl 


H- = --a]^{t-)a H {t-). 

The explicit time dependence of the matrix elements of Gp(t,f') in Eq. (18B.5) is 

r (+ - „—»«(*—*') ( &{t-t')Ann 

Gp(M) - e V !±nn 0(t' 


Ana 

— t) Ann 


(18B.7) 
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with n n = (e n / T ± I)" 1 . 

This Green function can, incidentally, be decomposed as 

G%{t,t')+G${t,t'), (18B.8) 

where Gp(t,t r ) is the Green function at zero temperature, i.e., the expression (18B.7) for no = 0. 
The matrix G N {t,t') contains the expectations of the normal products: 

(Na H (t+)a\ I (t , + ))T {Na H (t + )cA H (t'_))T 
{Na H (t-)d\j (t' + )) T {Na H ( f_)) T 

(a^(t , +)aff(4))T (a \j{t'_)a H (t + )) T 
(«lf (t+)d H ( t~)) T (4 {t'_ )a H (t-)) T 


G$(t,t') = 


= ± 


(18B.9) 


For an arbitrary product of operators, the normal product N(. . .) is defined by reordering the 
operators so that all annihilation operators come to act first upon the state on the right-hand 
side. At the end, the product receives the phase factor (—) F , where F is the number of fermion 
permutations to arrive at the normal order. A similar decomposition exists at the operator level 
before taking expectation values. For any pair of operators Aft), B{t') which are linear combinations 
of creation and annihilation operators, the time-ordered product can be decomposed as 


TA(t)B(t') = (fA(t)B(t')) o + NA{t)B(t’), 


(18B.10) 


where (.. .)o = Tr (|0)(0|...) denotes the zero-temperature expectation. This decomposition is 
proved in Appendix 18C, where it is also generalized to products of more than two operators. 

Let us also go to the Keldysh basis here: 


Vp = Qvp = 


1 


( 1 - 1 


1 


Vp- 


V2\ 1 

Then the generating functional becomes [instead of (18.180)]: 

0 


(18B.11) 


Zo [bp ) Vp] = exp 


dt J dt' {q+,-rfL)Q 


G8 



= exp < - 


{~\ J dt j dt ' [(vX-V-)(t)G%{t-t')(q++ri-){t') 


(v+ + V-){t)G£{t - t')(i 7+ - t)-)( t') 


+ (v*- - V*-)(t)An(t - t')fq+ - V-)(t')] j, (18B.12) 


where we have used the notation 

V+(t) = v(.t+), r}-(t) = r](t-). 


(18B.13) 


Expression (18B.12) can be simplified [as before (18.180)] using the time reversal relation (18.62) 
in the form 


An(t,t') = Q(t,t')A n {t,t')±e{t'-t)A n {t',t), 


(18B.14) 


leading to 


Zo[Vp,Vp] = exp<^ - - 


dt 


dt' 


x [{V+ ~V-)*{t)Gg{t,t')(r] + +V-){t') 

- (V+ ~ V-)(t)Gn(t,t')*(v+ + V-)*(t') 
+ (V+ - V-)*(t)An(t,t')(r}+ - V-W) 

+ (V+ ~ V-)(t)An(t,t')*{r} + - V-)*(t’) 


(18B.15) 
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For the case of a second-quantized field, this is the most useful generating functional. 

The expression (18B.15) can be used to derive the generating functional for correlation func¬ 
tions between one or more ip(t) and the associated canonically-conjugate momenta. As an example, 
consider immediately a harmonic oscillator with <p(t) = x{t) and the momentum pit). We would 
like to find the generating functional 

Z\j P , k P ] = Tr (^p f P exp J dx [jp{t)x P {t) + fcp(t)pp(t)]|^ . (18B.16) 

The position variable x(t) is decomposed as in (18.92) into a sum of creation and an annihilation 
operators: 


^ \/ 2 MSI 


ae~ iQt + dte^l 


The inverse of this decomposition is 


= [MCI (p ± ip) / V2MSIH, 


(18B.17) 


(18B.18) 


and there is an analogous relation of the complex sources: 

| | = (j ± iMSL k) /y/2MSlh. 

Inserting these sources into (18B.15), we obtain the generating functional 

Zo\jp,k P ] = exp | - dt J dt' (j + — j~){t) 

x {[ReAn(t,t') + ilmG^{t,t')]j+(t') 

- [R ei fi (M') - HmGg{t,t')\j-{t')} 

1 f°° f* 

~2 J dt J dt' [k+ - k-)(t) {[Imifi(f,t') - iReG${t,t')]j+(t') 

- [ImAn(f,t') + iReG^{t,t')]j-(t')} + {j <-> kMSl) }>. 
Here it is useful to introduce the quantities 

[R eAn{t,t')+HmGg{t,t')] , 

0(M') = [Im A u {t,t') -iReGg{t,t')] ■ 


(18B.19) 


(18B.20) 


(18B.21) 


Then the generating functional reads 


z o\j+,j-,k+,k-\= expj- f dt f dt' (j + -j_)(t) [a(t,t')j+{t')-a*{t,t')j-(t')} + (j kMSl) 

L J — oo J —oo 

-MSI f dt f dt' [k + -k-)(t) lp{t,t')j+{t')-^*{t,t')j-{t')} + (J kMSl)\. 

J —oo J— oo J 


(18B.22) 


If the oscillator is coupled only to the real source j, i.e., if its generating functional reads 


Z\jp\ = Tr 


|/5 Tp exp 


dxj P (t)xp{t) 


(18B.23) 
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we can drop all but the first line in the exponent of (18B.22) and have 

Zo\j+, j-] = expj- f dt f dt' (j+- j-){t)[a{t,t')j+{t')-a*{t,t')j-{t')} 

L J — oo J — oo 

(18B.24) 

Since (18B.22) and (18B.24) contain only the causal temporal order t > t', the retarded Green 
function G^{t,t') in (18B.21) can be replaced by the expectation value of the commutator [see 
(18.40), (18.41), and (18.42)]. Thus, for t > t', the functions a{t,t') and /3(t,t') are equal to 11 


a(t,t') = 

f3{t,t') = 


2 MQ 
1 

2MQ 


[ReAn(t,t') + , t>t\ 

[Imifi(f,f') - iReCn(t,t')}, t>t'. 


(18B.25) 


For a single oscillator of frequency f l, we use the spectral function (18.74) properties (18.44) 
and (18.53) of Aa(t,t') and Cn(t,t'), and find the simple expressions: 


a(t,t') = 


1 




2MQ 

1 

2 MSI 
1 

2 mq 
1 

~2MQ 


Re e -mt-n 
cos Q(t — t') < 

sin O (t — t') { 


C ° tll2 | l+ilme-^-*') 

tanh 


2 T 


coth^p 1 „ „ 

0 > — isinfKf — t) 

tanh ^ J 

C ° th f l-iRee-**-*') 

tanh J 

coth 1 , „ 

+ i cos fl(t — t ) 


(18B.26) 


tanh 


_o_ 

2 T 


(18B.27) 


Note that real and imaginary parts of the functions a(t—t') can be combined into a single expression 

(0 = 1 /T) 


a(t — t') = 


cosh[fI(/3/2 — i(t — t')] 

_ sinh(fI/3/2) 

2 MQ ) sinh[fl(/3/2 — i(t — t’)\ 
cosli(f2/3/2) 


for 

bosons, 

for 

fermions 


(18B.28) 


The bosonic function agrees with the time-ordered Green function (18.101) for t > t 1 and continues 
it analytically to t < t'. 

In Fourier space, the functions (18B.26) and (18B.27) correspond to 


a(iv') = 

W) =~ 


7T 


2 Mn 

in / 

2Nin I 


^cotli "*" 1 ^ + lj [<5(w' - Q) - <S(w' + fi)], 
+ l) [<5(u/ - n) + 5{to' + fi)]. 


coth 


2 T 


Let us split these functions into a zero-temperature contribution plus a remainder 

«(<*>') = ik ~ 0) ± e n/r T ! W ~ ») + W + »)]}. 

W) = ^ {<V - n) ± en/T 1 - - [6{u/ -Q)- 5{u' + fi)] j. 

11 Note that = (x(t)x(t'))T- 
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On the basis of this formula, Einstein first explained the induced emission and absorption of 
light by atoms which he considered as harmonically oscillating dipoles in contact with a thermal 
reservoir. He imagined them to be harmonically oscillating dipole moments coupled to a thermal 
bath consisting of the Fourier components of the electromagnetic field in thermal equilibrium. Such 
a thermal bath is called a black body. The first purely dissipative and temperature-independent 
term in a(u>') was attributed by Einstein to the spontaneous emission of photons. The second term 
is caused by the bath fluctuations, making energy go in and out via induced emission and absorption 
of photons. It is proportional to the occupation number of the oscillator state nn = (e~ n '' 1 =F 1) _1 . 
The equality of the prefactors in front of the two terms is the important manifestation of the 
fluctuation-dissipation theorem found earlier [see (18.53)]. 

Appendix 18C Wick Decomposition of Operator Products 

Consider two operators A(t) and B{t) which are linear combinations of creation and annihilation 
operators 

A(t) = a\d{t) + a2(i\t), 

B(t) = fa (18C.1) 

We want to show that the time-ordered product of two operators has the decomposition quoted in 
Eq. (18B.10): 

TA{t)B{t) = (TA(t)B(t)) o + NA(t)B(t ). (18C.2) 

The first term on the right-hand side is the thermal expectation of the time-ordered product at 
zero temperature; the second term is the normal product of the two operators. 

If A and B are both creation or annihilation operators, the statement is trivial with {TAB )o = 
0 . If one of the two, say A{t), is a creation operator and the other, B(t), an annihilation operator, 
then 


Ta(t)a*{t') = 0(< — t')d{t)ad{t') ± ®{t' — t)d\t')d{t) 

= Q(t — ± (A(t')a(t). (18C.3) 

Due to the commutator (anticommutator) the first term is a c-number. As such it is equal to the 
expectation value of the time-ordered product at zero temperature. The second term is a normal 
product, so that we can write 

Ta{t)a) {t') = (Td(t)d\t')}o + IVa(t)a^(^ , ). (18C.4) 

The same thing is true if a and a 1 are interchanged (such an interchange produces merely a sign 
change on both sides of the equation). The general statement for A{t)B{t') follows from the 
bilinearity of the product. 

The decomposition (18C.2) of the time-ordered product of two operators can be extended to 
a product of n operators, where it reads 


TA{tx)... A{t n ) = Y, NA(t i)... A(ti)... A(t n ). (18C.5) 

i=2 

A common pair of dots on top of a pair of operators denotes a Wick contraction of Section 3.10. It 
indicates that the pair of operators has been replaced by the expectation (TA{t{)A(ti))o, multiplied 
by a factor (—) F , if F = fermion permutations were necessary to bring the contracted operator to 
the adjacent positions. The remaining factors are contracted further in the same way. In this way, 
any time-ordered product 


f A(h) ■ ■ ■ A(t n ) 


(18C.6) 
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can be expanded into a sum of normal products of these operators containing successively one, 
two, three, etc. pairs of contracted operators. 

The expansion rule can be phrased most compactly by means of a generating functional 

/TL J^dtdt'j(t)(fA(t)A(t'))oj(t') ^ r fj /n, dtA(t)j{t) 


(18C.7) 


Differentiations with respect to the source j (t) on both sides produce precisely the above decom¬ 
positions. 

By going to thermal expectation values of (18C.7) at a temperature T, we find 




-f [ dtdt'j(t)G(t,t')j(t') 

— e , 

T 


(18C.8) 


with 


G{t, t') = (f A(t)A(t ')) 0 + {. NA(t)A(t')) T ■ (18C.9) 

The first term on the right-hand side is calculated at zero temperature. All finite temperature 
effects reside in the second term. 
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Relativistic Particle Orbits 


Particles moving at large velocities near the speed of light are called relativistic 
particles. If such particles interact with each other or with an external potential, 
they exhibit quantum effects which cannot be described by fluctuations of a single 
particle orbit. Within short time intervals, additional particles or pairs of particles 
and antiparticles are created or annihilated, and the total number of particle orbits 
is no longer invariant. Ordinary quantum mechanics which always assumes a fixed 
number of particles cannot describe such processes. The associated path integral 
has the same problem since it is a sum over a given set of particle orbits. Thus, even 
if relativistic kinematics is properly incorporated, a path integral cannot yield an 
accurate description of relativistic particles. An extension becomes necessary which 
includes an arbitrary number of mutually linked and branching fluctuating orbits. 

Fortunately, there exists a more efficient way of dealing with relativistic particles. 
It is provided by quantum field theory. We have demonstrated in Section 7.14 
that a grand-canonical ensemble of particle orbits can be described by a functional 
integral of a single fluctuating held. Branch points of newly created particle lines 
are accounted for by anharmonic terms in the held action. The calculation of their 
effects proceeds by perturbation theory which is systematically performed in terms 
of Feynman diagrams with calculation rules very similar to those in Section 3.18. 
There are again lines and interaction vertices, and the main difference lies in the 
lines which are correlation functions of fields rather than position variables x(t). 
The lines and vertices represent direct pictures of the topology of the worldlines of 
the particles and their possible collisions and creations. 

Quantum held theory has been so successful that it is generally advantageous 
to describe the statistical mechanics of many completely different types of line-like 
objects in terms of fluctuating holds. One important example is the polymer held 
theory in Section 15.12. Another important domain where held theory has been 
extremely successful is in the theory of line-like defects in crystals, superhuids, and 
superconductors. In the latter two systems, the defects occur in the form of quan¬ 
tized vortex lines or quantized magnetic hux lines, respectively. The entropy of their 
classical shape fluctuations determines the temperature where the phase transitions 
take place. Instead of the usual way of describing these systems as ensembles of 
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particles with their interactions, a held theory has been developed whose Feynman 
diagrams are the direct pictures of the line-like defects, called disorder field theory 

[1] - 

The most important advantage of held theory is that it can describe most eas¬ 
ily phase transitions, in which particles form a condensate. The disorder theory 
is therefore particularly suited to understand phase transitions in which defect-, 
vortex-, or hux-lines proliferate, which happens in the processes of crystal melting, 
superhuid to normal, or superconductor to normal transitions, respectively. In fact, 
the disorder theory is so far the only theory in which the critical behavior of the 
superconductor near the transition is properly understood [2], 

A particular quantum held theory, called quantum electrodynamics describes 
with great success the electromagnetic interactions of electrons, muons, quarks, and 
photons. It has been extended successfully to include the weak interactions among 
these particles and, in addition, neutrinos, using only a few quantized Dirac holds 
and a quantized electromagnetic vector potential. The inclusion of a nonabelian 
gauge held, the gluon held, is a good candidate for explaining all known features of 
strong interactions. 

It is certainly unnecessary to reproduce in an orbital formulation the great 
amount of results obtained in the past from the existing held theory of weak, electro¬ 
magnetic, and strong interactions. The orbital formulation was, in fact, proposed 
by Feynman back in 1950 [3], but never pursued very far clue to the success of 
quantum held theory. Recently, however, this program was revived in a number of 
publications [4, 5]. The main motivation for this lies in another held of fundamental 
research: the string theory of fundamental particles. In this theory, all elementary 
particles are supposed to be excitations of a single line-like object with tension, and 
various difficulties in obtaining a consistent theory in the physical spacetime have 
led to an extension by fermionic degrees of freedom, the result being the so-called 
superstring. Strings moving in spacetime form worldsurfaces rather than worldlines. 
They do not possess a second-quantized held theoretic formulation. Elaborate rules 
have been developed for the functional integrals describing the splitting and merg¬ 
ing of strings. If one cancels one degree of freedom in such a superstring, one has a 
theory of splitting and merging particle worldlines. As an application of the calcu¬ 
lation rules for strings, processes which have been known from calculations within 
the quantum held theory have been recalculated using these reduced superstring 
rules. In this textbook, we shall give a small taste of such calculations by evaluating 
the change in the vacuum energy of electromagnetic fields caused by fluctuating 
relativistic spinless and spin-1/2 particles. 

It should be noted that since up to now, no physical result has emerged from 
superstring theory, 1 there is at present no urgency to dwell deeper into the subject. 

By giving a short introduction into this subject we shall be able to pay tribute to 
some historic developments in quantum mechanics, where the relativistic generaliza- 

lr This theory really deserves a price for having the highest popularity-per-physicality ratio in 
the history of science, enjoying a great amount of financial support. The situation is very similar 
to the geocentric medieval picture of the world. 
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tion of the Schrodinger equation was an important step towards the development of 
quantum held theory [6]. For this reason, many textbooks on quantum held theory 
begin with a discussion of relativistic quantum mechanics. By analogy, we shall 
incorporate relativistic kinematics into path integrals. 

It should be noted that an esthetic possibility to give a path Fermi statistics is 
based on the Chern-Simons theory of entanglement of Chapter 16. However, this 
approach is still restricted to 2 + 1 spacetime dimensions [7], and an extension to 
the physical 3 + 1 spacetime dimensions is not yet in sight. 


19.1 Special Features of Relativistic Path Integrals 

Consider a free point particle of mass M moving through the 3 + 1 spacetime dimen¬ 
sions of Minkowski space at relativistic velocity. Its path integral description is con¬ 
veniently formulated in four-dimensional Euclidean spacetime where the fluctuating 
worldlines look very similar to the fluctuating polymers discussed in Chapter 15. 
Thus, time is taken to be imaginary, i.e., 

t = —it = —ix 4 /c, (19-1) 

and the length of a four-vector x = (x, x 4 ) is given by 

x 2 = x 2 + (x 4 ) 2 = x 2 + c 2 t 2 . (19.2) 


If a+(A) is an arbitrarily parametrized orbit, the well-known classical Euclidean 
action is proportional to the invariant length of the orbit in spacetime: 


S = 



(19.3) 


and reads 


Ac l,e = M cS, 


or, explicitly, 


v4cl,e 



(19.4) 


(19.5) 


with 


ds(X) = dX \Jx' 2 { X) = dX \Jyd 2 { X) + c 2 r ,2 (A). (19.6) 

The prime denotes the derivative with respect to the parameter A. The action is 
independent of the choice of the parametrization. If A is replaced by a new parameter 

A->A = /(A), (19.7) 
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then 


x' 2 ->■ — x' 2 

X ^ ft 2 X ’ 

dX —> dX /', 


(19.8) 

(19.9) 


so that d.s and the action remain invariant. 

We now calculate the Euclidean amplitude for the worldline of the particle to run 
from the spacetime point x a = (x a , cr a ) to x^ = (x&, CTb). For the sake of generality, 
we treat the case of D Euclidean spacetime dimensions. Before starting we observe 
that the action (19.5) does not lend itself easily to a calculation of the path integral 
over e~ Acl ’ e / n . There exists an alternative form for the classical action that is more 
suitable for this purpose. It involves an auxiliary held h(X) and reads: 


A c 



Me 

2h(X) 


x ,2 (X) + h{ A) 


Me 

~Y 


(19.10) 


This has the advantage of containing the particle orbit quadratically as in a free 
nonrelativistic action. The auxiliary held h(X) has been inserted to make sure that 
the classical orbits of the action (19.10) coincide with those of the original action 
(19.5). Indeed, extremizing A e in h(X) gives the relation 


h(\) = yWT 

Inserting this back into A c renders the classical action 



(19.11) 


(19.12) 


which is the same as (19.5). 

At this point the reader will worry that although the new action (19.10) describes 
the same classical physics as the original action (19.12), it may lead to a completely 
different quantum physics of a relativistic partile. With a little effort, however, it 
can be shown that this is not so. Since the proof is quite technical, it will be given 
in Appendix 19A. 

The new action (19.10) shares with the old action (19.12) the reparametrization 
invariance (19.7) for arbitrary fluctuating path configurations. We only have to 
assign an appropriate transformation behavior to the extra held h( A). If A is replaced 
by a new parameter A = /(A), then x' 2 and dX transform as in (19.8) and (19.9), 
and the action remains invariant, if h( A) is simultaneously changed as 


h h/f. 


(19.13) 


We now set up the path integral of a relativistic particle associated with the 
action (19.10). First we sum over the orbital fluctuations at a fixed h( A). To End 
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the correct measure of integration, we use the canonical formulation in which the 
Euclidean action reads 


r^b 

A e [p, x] — I d\ 


. , h{ A) 
- IPX + 2 We 


(p 2 + M 


2 c 2 


(19.14) 


This must be sliced in the length parameter A. We form N + 1 slices as usual, 
choosing arbitrary small parameter differences e n = \ n — A n _i depending on n, and 
write the sliced action as 


N +1 

\P, X] = E 

n= 1 L 


• / \ i Pi , Me 

~tPn\p^n 3'n—l) 4“ Gh /( 2 ]/£q ^ r ' n 2 


(19.15) 


This path integral has a universal phase space measure [recall (2.28)] 


V D x 


V u p 


Ae\p,x\/% 


Nr , n N +1 

D 


(27 tk) 


D 


n 

n —1 


d X r 


n 

n —1 


d v p 


( 2ith ) 


a_ e -x.?\p,x\/h 


D 


(19.16) 


The momentum variables p n are integrated out to give the configuration space in¬ 
tegrals (setting Atv+i = A&, Hn+i = hb) [compare (2.79)] 


1 N 

, n U 

yJ2ithebhb/Mc n=1 


d D x r 


D 


^J27the n h n /Mc 
with the time-sliced action in configuration space 


exp ( ~j-A?[x 


(19.17) 


= E 


N+1 r Me . 2 , Me 

— (/ \x n ) T € n h n — 

2ll n 6r: 2 


n= 1 


(19.18) 


The Gaussian integrals over x n in (19.17) can now be done successively using For¬ 
mula (2.75), and we End [as in (2.80)] 


\j2rthS/Mc 


exp 


Me (. Xb — x a ) 2 Me 

~2h 


2 h 


S 


s 


(19.19) 


where S is the total sliced length of the orbit 

N+l 

S = ) ] ^ n h >> - 

n= 1 


whose continuum limit is 


5 = 


r A;, 


dXh(X). 


(19.20) 


(19.21) 


The result (19.19) does not depend on the function h( A) but only on S, this 
being a consequence of the reparametrization invariance of the path integral. While 
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the total A-interval changes under the transformation, the total length S of (19.21) 
is invariant under the joint transformations (19.7) and (19.13). This invariance 
permits only the invariant length S to appear in the integrated expression (19.19), 
and the path integral over h( A) can be reduced to a simple integral over S. The 
appropriate path integral for the time evolution amplitude reads 

(x b \x a ) = M j™ dS jvh$[h] f V D xe~ Ae/h : (19.22) 

where M is some normalization factor and $[/i] an appropriate gauge-fixing func¬ 
tional. 

19.1.1 Simplest Gauge Fixing 

The simplest choice for the gauge-fixing functional is a ^-functional, 


$[h\=5[h- 1], (19.23) 

which fixes h( A) to be equal to the light velocity everywhere, and relates 

S = X b - A a . (19.24) 

This Lorentz-invariant length parameter is the so-called proper length of special 
relativity, equal to c times the proper time. By analogy with the discussion of 
thermodynamics in Chapter 2 we shall then denote \ b — X a by cUfi and write (19.24) 
as 


S — X b — X a = ch/3. 


(19.25) 


If we further use translational invariance to set A a = 0, we arrive at the gauge-fixed 
path integral 

(x b \x a ) = McU J™ dfie- m<?12 J V D xe~ Ao ’° /h , (19.26) 

with 

rW M „ 

Ae= d.X—x 2 . (19.27) 

Jo 2 

ffere we have gone to a timelike paramter r = A/c und therefore used a dot to denote 
the derivative: x(r) = dx(X)/dr. Remarkably, the gauge-fixed action coincides with 
the action of a free nonrelativistic particle in D Euclidean spacetime dimensions. 
Having taken the trivial term Jq 13 dr Me 2 /2h out of the action (19.14), the expression 
(19.26) contains a Boltzmann weight e.~P Mc ! 2 for each particle orbit of mass M. 
The solution of the path integral is then given by 


r oo 

( Xb\x a ) =Mck / d(3 
Jo 


n 2 p/M D 


exp 


M{x b -x a ) 2 Me 2 
P o 


2 n hfi 


(19.28) 
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By Fourier-transforming the x-dependence, this amplitude can also be written as 

/*oo 0 (• rfD t. ft 2 h 2 

(x b \x a ) = Ncft d(3 e~ pMc /2 J —— exp ik(x b - x a ) - * (19.29) 

and evaluated to 

{xiK) = M 2 -ff- { (19.30) 
Upon setting A f = A^/2, where 

X% = h/Mc, (19.31) 

is the well-known Compton wavelength of a particle of mass M [recall Eq. (4.377)], 
this becomes the Green function of the Klcin-Gordon held equation in Euclidean 
time: 


(~d b + M 2 c 2 /n 2 )(x b \x a ) = 5 {D \x b - x a ). (19.32) 

In the Fourier representation (19.30), the integral over k [or the integral over (3 
in (19.28)] can be performed with the explicit result for the Green function 

1 ( M \ D/2_1 

(xb\x a ) = ( 27T )D/2 f K °! 2 -i ( Mc ^/ h ) 1 (19.33) 

where K u (z) denotes the modified Bessel function and x = x b — x a . In the nonrela- 
tivistic limit c —* oo, the asymptotic behavior K u (z ) —> /2ze~ z [see Eq. (1.357)] 
leads to 

(x b \x a ) = (x b r a |x a r a ) - j^; e ~ Mc2(Tb ~ Ta)/h (x 6 T 6 |x a T a ) Schr , (19.34) 

with the usual Euclidean time evolution amplitude of the free Schrodinger equation 

t | 1 [ M(x 6 -x a ) 2 ] 

(x b T b |x a T a ) S chr = ; J>_ 1 exp < - \ . (19.35) 

yj2irh(T b - r a )/M l 2Tl n ~ Ta > 

The exponential prefactor in (19.34) contains the effect of the rest energy Me 2 
which is ignored in the nonrclativistic Schrodinger theory. 

Note that the same limit may be calculated conveniently in the saddle point 
approximation to the /3-integral (19.28). For c —> oo, the exponent has a sharp 
extremum at 


\x b -x a ) 2 

eft 


(Xfr —X a ) 2 + C 2 (Tfr —Tq) 2 ^ r b T a (x b -X a ) 2 
eft c -^°° ft 2 C 2 fl(T b — T a ) 


+ ... ,(19.36) 


and the /3-integral can be evaluated in a quadratic approximation around this value. 
This yields once again (19.34). 
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19.1.2 Partition Function of Ensemble of Closed Particle Loops 

The diagonal amplitude (19.26) with x/ } = x a contains the sum over all lengths and 
shapes of a closed particle loop in spacetime. This sum can be made a partition 
function of a closed loop if we remove a degeneracy factor proportional to 1 /L from 
the integral over L. Then all cyclic permutations of the points of the loop are 
counted only once. Apart from an arbitrary normalization factor to be fixed later, 
the partition function of a single closed loop reads 

Z x = [°°— e~P Mc2/2 [V D xe- Ao ’° /h . (19.37) 

jo p J 


Inserting the right-hand integral in (19.29) for the path integral (with Xb = x a ), this 
becomes 


Zi = 



dfi —fSMc 2 /2 

P 


d U k 


(2vr; 


D 


exp —/3 


h 2 k 2 ' 

~2M 


(19.38) 


where Vo is the total volume of spacetime. This can be evaluated immediately. The 
Gaussian integral gives for each of the D dimensions a factor 1 / 2nh 2 f3 / M , after 
which formula (2.498) leads to 


Z^Vd 


dfi ~/3 Mc 2 /2 

P 


^2nh 2 /3/M D 


V D T(1 — D/2) 
X c m D (4tt) D ! 2 ’ 


(19.39) 


where is the Compton wavelength (19.31). With the help of the sloppy formula 
(2.506) of analytic regularization which implies the minimal subtraction explained 
in Subsection 2.15.1, the right-hand side of (19.38) can also be written as 


Z\ 



log ( k 2 + M 2 c 2 /n 2 ). 


(19.40) 


The right-hand side can be expressed in functional form as 

Z, = -Tr log {-d 2 + M 2 c 2 /H 2 ) = -Tr log ( -h 2 d 2 + M 2 c 2 ) , (19.41) 

the two expressions being equal in the analytic regularization of Section 2.15, since 
a constant inside the logarithm gives no contribution by Veltman’s rule (2.508). 

The partition function of a grand-canonical ensemble is obtained by exponenti¬ 
ating this: 

Z = e Zl = e~ Tr H ~ h2d2 + M2c2 ). (19.42) 


In order to interprete this expression physically, we separate the integral 
/ d D k/{2n) D into an integral over the temporal component k D and a spatial re¬ 
mainder, and write 


k 2 + M 2 c 2 /h 2 = (k D ) 2 + col/c 2 , 


( 19 . 43 ) 
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with the frequencies 


uj k = c^k 2 + M 2 c 2 /h 2 . 


Recalling the result (2.505) of the integral (2.491) we obtain 


— 



d D 1 k hu! k 
(2n) D - 1 2c ' 


(19.44) 


(19.45) 


The exponent is the sum of two ground state energies of oscillators of energy hu k /2 , 
which are the vacuum energies associated with two relativistic particles. In quantum 
field theory one learns that these are particles and antiparticles. Many neutral 
particles are identical to their antiparticles, for example photons, gravitons, and the 
pion with zero charge. For these, the factor 2 is absent. Then the integral (19.38) 
contains a factor 1/2 accounting for the fact that paths running along the same 
curve in spacetime but in the opposite sense are identified. 

Comparing (19.42) with (3.559) and (3.622) for j — 0 we identify — Z]Ti with 
—W[0] and the Euclidean effective action T of the ensemble of loops: 


-z x = ~w[o\/h = v e /n. 


(19.46) 


19.1.3 Fixed-Energy Amplitude 


The fixed-energy amplitude is related to (19.22) by a Laplace transformation: 


(xfe|x a ) £ = 



d,T b e E(Tb Ta)/h (x b \x a ), 


(19.47) 


where T b , r a are once more the time components in x b , x a . As explained in Chapter 9, 
the poles and the cut along the energy axis in this amplitude contain all information 
on the bound and continuous eigenstates of the system. The fixed-energy amplitude 
has the reparametrization-invariant path integral representation which reads with 
the conventions of Eq. (19.10): 


(x fe |x a ) E = 


h 


2 Me Jo 


dL I Vh<&[h\ / V D xe~ Ae ’ E/n , 


with the Euclidean action 

_ Mi, 


•A c ,e — dX 

J Xa 


Me , 2 E 2 Me 

"X (A) - + h ( x ) — 


2h(\y 


(19.48) 


(19.49) 


To prove this, we write the temporal a^-part of the sliced D -dimensional action 
(19.18) in the canonical form (19.15). In the associated path integral (19.16), we 
integrate out all x E -variables, producing N 5-functions. These remove the integrals 
over N momentum variables p E , leaving only a single integral over a common p D . 
The Laplace transform (19.47), finally, eliminates also this integral making p D equal 
to —iE/c. In the continuum limit, we thus obtain the action (19.49). 

The path integral (19.48) forms the basis for studying relativistic potential prob¬ 
lems. Only the physically most relevant example will be treated here. 
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19.2 Tunneling in Relativistic Physics 

Relativistic harbors several new tunneling phenomena, of which we want to discuss 
two especially interesting ones. 

19.2.1 Decay Rate of Vacuum in Electric Field 

In relativistic physics, an empty Minkowski space with a constant electric field E 
is unstable. There is a finite probability that a particlc-antiparticle pair can be 
created. For particles of mass M, this requires the energy 

E pair = 2 Me 2 . (19.50) 

This energy can be supplied by the external electric field. If the pair of charge ±e 
is separated by a distance which is roughly twice the Compton wavelength = 
h/Mc of Eq. (19.31), it gains an energy 2|E|A^-e. The decay will therefore become 
significant when 


E| > E c 


M 2 c 3 
eh 


(19.51) 


Euclidean Action 

In Chapter 17 we have shown that in the semiclassical limit where the decay-rate 
is small, it is proportional to a Boltzmann-like factor e~ Acl ’ e ^ n , where A c i j6 is the 
action of a Euclidean classical solution mediating the decay. Such a solution is easily 
found. We use the classical action in the form (19.12) and choose the parameter A 
to measure the imaginary time A = t = it = x 4 /c. Then the action takes the form 


^4-cl,e 


[ dr Mc 2 y^TH-l^(r)/c^ — e E • x(r) 

J T n . 


(19.52) 


This is extremized by the classical equation of motion 

d x(r) 


M- 


= — eE, 


d' T \Jl + x 2 (r)/c 2 

whose solutions are circles in spacetime of a fixed E-dependent radius l E - 


(19.53) 


(x x 0 ) +c (r — t 0 ) = l E = 


Me 2 

~eE 


E = I EL 


(19.54) 


To calculate their action we parametrize the circles in the E — r -plane, where E is 
the unit vector in the direction of E, by an angle 9 as 


x(9) = I e E cos9 + x 0 , r(9) — —sind + r 0 . 

c 


(19.55) 
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A closed circle has an action 

7„ r2ir r 1 1 R 

Ade — Mc 2 — / ddcosd -— cosd — McIeK — h — TT. (19.56) 

c Jo Lcosn J E 

The decay rate of the vacuum is therefore proportional to 

T oc e~* Ec/E . (19.57) 

The circles (19.54) are, of course, the space-time pictures of the creation and the 
annihilation of particle-antiparticle pairs at times r 0 — Ie/c and r 0 + Ie/c and 
positions x 0 , respectively (see Fig. 19.1). A particle can also run around the circle 

(x 0 , CTq + Ie) 



(x 0 , CTq — l E ) 

Figure 19.1 Spacetime picture of pair creation at the point xo and time tq — Ie/c and 
annihilation at the later time tq + Ie/c. 

repeatedly. This leads to the formula 

OO 

T ocJ2 F ne~ nnEc/E , (19.58) 

n= 1 

with fluctuation factors F n which we are now going to determine. 

Fluctuations 

As explained above, fluctuations must be calculated with the relativistic Euclidean 
action (19.10), in which we have to include the electric field by minimal coupling: 

— A/[ Mr r 

Ae = .L dX 2hiX) X ' 2{X) + h{X) ~ ~i~ A (xW)AX) ■ (19.59) 

The vacuum will decay by the creation of an ensemble of pairs which in Euclidean 
spacetime corresponds to an ensemble of particle loops. For free particles, the par¬ 
tition function Z was given in (19.42) as an exponential of the one-loop partition 
function Z\ in (19.37). The corresponding Z\ in the presence of an electromagnetic 
field has the one-loop partition function 

Zi = r^E-PMP/2 j £>4 se -le/fi ( ( 19 . 60 ) 

Jo p J 
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with the Euclidean action 

- /■fy3 r A/f e 

A c = dr —x' 2 {T) — i-A(x(T))x'(T) . (19.61) 

J o L 2 c 

The equations of motion are now 

x" = (i-E-ix'xB), x"a = — y~r x' • E. (19.62) 

If both a constant electric and a constant magnetic held are present, the vector 
potential is A M = —F^ w x u /2 and the action (19.61) takes the simple quadratic form 

- A/3 r ]\T p 

A e = dr —x' 2 - i — F jlv x lL x w , (19.63) 

JO z zc 

and the equations of motion (19.62) are 

x" 11 = ~i~ with Fij = -e ijk B k , F {4 = (19.64) 

In a purely electric held, the solutions are circular orbits: 

x(t) = E A cos — t 0 ) + c 2 , x 4 (r) = Asino;f(r — r 0 ) + c 4 , (19.65) 


with the electric version of the Landau or cyclotron frequency (2.648) 


(19.66) 


The circular orbits are the same as those in the previous formulation (19.55). If E 
points in the ^-direction, the action (19.63) decomposes into two decoupled quadratic 
actions A^ 12 ' 1 + A ^ 34 - ) for the motion in the x 1 — x 2 and x 3 — x 4 -planes, respectively, 
and the one-loop partition function (19.60) factorizes as follows: 


Zx = 


d£ e -/3McV 2 j V 2 X (12) e - 4 12) /ft J V 2 x m e -Ai 3i) /n 

[°° — e“ /3Mc2/2 Z (12) (0)Z (34) (E). 

/ o (3 


(19.67) 


The path integral for Z^ 12 )(0) collecting the huctuations in the x l — x 2 -plane have 
the trivial action 


A^ 2) = f + 

Jo 2 


(19.68) 


with the trivial huctuation determinant Det (—<9 2 ) = 1, so that we obtain for Z (12 ^(0) 
the free-particlc partition function in two dimensions 


Z (12) (0) = AxiAx 2 


2nfi 2 f3 


(19.69) 
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The factor AxiAx? is the total area of the system in the x l — x 2 -plane. Note that 
upper and lower indices are the same in the present Euclidean metric. 

For the motion in the x 3 — x 4 -plane, the quadratic fluctuations with periodic 
boundary conditions have a functional determinant 


Det 


-d 2 -ufd T 
tofd T -d 2 


Det (—(c^) x Det (~9 2 — a;f 2 ) 


sin hmf(3/2 
huf/3/2 


(19.70) 


leading to the partition function 


Z {34 \E) = Ax 3 Ax 4 


M 2 sin hujf/3/2 
2t rh 2 f3 hufjP/2 ’ 


(19.71) 


This result can, of course, also be obtained without calculation from the observation 
that the Euclidean electric path integral is completely analogous to the real-time 
magnetic path integral solved in Section 2.18. Indeed, with the E-field pointing in 
the ^-direction, the action (19.63) becomes for the motion in the x 3 — x 4 -plane 



+ x ' 4 2 + -E{x 3 X 4 - x 4 x' 3 ) 


(19.72) 


This coincides with the magnetic action (2.635) in real time, if we insert there the 
magnetic vector potential (2.636) and replace B by E. The equations of motion 
(19.62) reduces to 


x 3 = UJlX' 4 , 


x'i = 


-UJt X 


3 > 


(19.73) 


in agreement with the magnetic equations of motion (2.672) in real time. Thus the 
motion in the x 3 — x 4 -plane as a function of the pseudotime r is the same as the 
real-time motion in the x — y -plane, if the magnetic field B in the ^-direction is 
exchanged by an E-field of the same size pointing in the a^-axis. The amplitude can 
therefore be taken directly from (2.668), — we must merely replace the real time 
difference tb — t a by %f3. Anyhow, it is zero for any closed orbit. 

Yet another way of obtaining the result (19.71) is by summing over the imaginary- 
time Boltzmann factors e ll3£m of the energies £ m = (m + of the Hamiltonian 

associated with the Euclidean action (19.72): 


Z i34 \E ) = Ax 3 Ax 4 



m=0 


e -i(m+\)hu f 


(19.74) 


Inserting (19.69) and (19.71) into (19.67), we obtain the partition function of a 
single closed particle orbit in four Euclidean spacetime dimensions: 


Z 1 = Ax 4 V Y- 



M ufh/3/2 


2nh 2 f3 smco^h/3/2 


/3Mc 2 /2 


(19.75) 
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where V = AaqAa^Aa^ is the total spatial volume. We now go over to real times 
by setting Ax 4 = icAt. By exponentiating the subtracted expression (19.75) as in 
Eq. (19.42), we go to a grand-canonical ensemble, and may identify Z\ with i times 
the effective electromagnetic action caused by fluctuating ensemble of particle loops 

Z 1 = iAA eS /h = iAt V AC cS /U. (19.76) 


The integral over (3 in (19.75) is divergent. In order to make it convergent, we 
perform two subtractions. In the subtracted expression we change the integration 
variable to the dimensionless Q = f3Mc 2 /2, and obtain the effective Lagrangian 
density 


A£ cff 


(Mc\ 

I 4 1 , 

f°°dC 

r ec/e c i i 

V h ) 

1 4(2v t) 2 J 

o C 3 

sin EQ/E c 6 



(19.77) 


The Erst subtraction has removed the divergence coming from the l/£ 3 -singularity 
in the integrand. This produces a real infinite field-independent contribution to the 
effective action which can be omitted since it is unobservable by electromagnetic 
experiments. 2 After subtracting this divergence, the integral still contains a loga¬ 
rithmic divergence. It can be interpreted as a contribution proportional to E 2 to 
the Lagrangian density 


AC 


eff 

div 


he 


/Mc\ 4 1 

VXj 24(2vr) 2 



r d A e ~ c = _sl r —e^ 

Jo C 247 T Jo Q 


(19.78) 


which changes the original Maxwell term E 2 /2 to Z^E 2 /2 with 


z ^ 1+ Jk!~T eH - (19 ' 79) 

According to the rules of renormalization theory, the prefactor is removed by renor¬ 
malizing the held strength, replacing E —> E/Z 1 / 2 , and identifying the replaced held 
with the physical, renormalized held E/Z ][ 2 = E R . 

Due to the presence of the affective action, the vacuum is no longer time in¬ 
dependent, put depends on time like Thus the decay rate of the 

vacuum per unit volume is given by the imaginary part of the effective Lagrangian 
density 


^ = ^ImA£ eff . (19.80) 

In order to calculate this we replace EC,lE c by 2 in (19.77), and expand in the 
integrand 


z 

sin z 


1+2B-1)' 


71=1 


z 2 — n 2 n 2 


2 0 - 1 )’ 


71=1 


C 2 -C 


, _ E c 
Cn = n-K — 


(19.81) 


2 This energy would, however, be observable in the cosmological evolution to be discussed in 
Subsection 19.2.3. 
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Adding to the poles the usual infinitesimal ir/-sliifts in the complex plane (see p. 115), 
we replace with the help of the decomposition (1.329) 


c 


->• 


c 


v 


c 2 - a ' c 2 - a +tv ' 2 <s(c+c ” ) ‘ 2 ,(c Cn)+c c 2 - a' 


(19.82) 


The 5-functions yield imaginary parts and thus directly the decay rate 

p O / 71 /T„\ 4 / TP \ 2 


V 


^r* = c ffl7l 1 


h 

87T 3 he 


£ 2 E 

n= 1 


V / \£ c / 47T 3 2 “ 

-i) 


1 1 OO 

1 _ 1 \ r -nnE c /E 


n 


n—l 


0 —nnE c /E 


rr 


The principal values produce a real effective Lagrangian density 

r°°dC( E(/E c i E 2 C 2 ' 


A Cf = he 


(Mc\ 4 1 r~dC/ 

\ h ) 4(27t) 2 Jo C 3 \ 


,-C 


sin E( / Ac 


6E 2 


If we expand 


z 1 z 2 7 4 31 6 

-- — 1 + 7T + WcR Z + , r 1 9f A + • • • 

sm ^ 6 360 15120 


and perform the integrals over (, we find 

Mc\ 4 1 
h ) 4(27t) 2 


A£ eff = he 


7 /h\ 4 31 /E\ 6 

360 VEJ + 2520 VEJ + 


or 


£ cff = £ { E 2 + 


7a 2 (he) 3 „„ 317TQ; 3 

180 (Me 2 ) 4 


E 4 + 


315 


(he) 


(Mc : 


.214 


E b + 


(19.83) 


(19.84) 


(19.85) 


(19.86) 


(19.87) 


The subscript V of £ has been omitted since the imaginary part of the effective 
Lagrangian density (19.83) has a vanishing Taylor expansion. Each coefficient in 
(19.87) is exact to leading order in a. 

The extra expansion terms in (19.87) imply that the physical vacuum has a 
nontrivial E-dependent dielectric constant e(E). This is caused by the virtual cre¬ 
ation and annihilation of particle-antiparticle pairs. Since the dielectric displacement 
D(E) is obtained from the first derivative of £ cff , the dielectric constant is given by 
e(E) = D{E)/E = <9£ eff /EdE . From (19.87) we find the lowest expansion terms 


<E) 


1 + 


7c* 2 (he) 3 2 

90 (Me 2 ) 4 


3l7ra 3 (he) 3 
105 [(Me 2 ) 4 


E 4 + ... . 


(19.88) 


Such a term gives rise to a small amplitude for photon-photon scattering in the 
vacuum, a process which has been observed in the laboratory. 
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Another way of evaluating (19.83) is based on the representation (19.74) of the 
partition function in terms of the energy eigenvalues £ rn = (m + \)hujf of the 
Hamiltonian associated with (19.72). Then Z\ is given by 


Zx 


Ax d V 


d/3\ 


M 


2nh 2 (3 


LU 


oo 

E h V e~ i(jl+ ^ nL0 ^^ 


n =0 


(19.89) 


Then the integral representation (19.77) becomes (before the subtraction) 


A£f g = he [ 


A C cS = he ( 


/Mc\ 4 


(Mc\ 

4 1 

1 

a. 

fcq 

- 1 

virj 

2(2vr) 2 7 

0 C 2 E c [ 


i(m+\)2E(^/E c 


,m =0 


,-c 


(19.90) 


This can be rewritten as 

i 


\ h ) 2(2vr) 2 


(-I )* 72 " 1 mi-, ^k-i(E\ k 


fc=5,... (k-l)(k-2) 


( 2 1_ — 1)((1 — k)2 k ~ l (-J 


a=l 

(19.91) 


Expanding the terms in the sum in powers of E/E c yields two divergent terms plus 
a regular series 


A£ 


eff 

reg 


X 



E 

771=0 


Mc\ 4 i 

IT/ 2(2vr) 2 


(_l)fc/2-i 

a k 


(- 1 ) 



fc/2 “ 1 [(m + i)] fc - 1 


2 fc_1 



(19.92) 


Performing the sum over m using Riemann’s zetafuntions (2.521), this becomes 


A£ 


eff 

reg 


he 


Mc\‘ 
h 


J 2(2tt) 


f- (- 1)*/ 3 - 1 ,_ t 


iK(i-fc)2 s - 1 (T) 


k ~I 


(19.93) 

Ot= 1 


and coincides with the previous result (19.87). 


Including Constant Magnetic Field parallel to Electric Field 

Let us see how the decay rate (19.83) and the effective Lagrangian (19.77) are 
influenced by the presence of an additional constant B-field. This will at first be 
assumed to be parallel to the E-field, with both fields pointing in the ^-direction. 
Then the action (19.68) for the motion in the x 1 — x 2 -plane becomes 



+ x' 2 2 H— iB(xix'o — X 2 X () 
c 


(19.94) 


The partition function in the x 1 — x 2 -plane will therefore have the same form as 
(19.71), except with u E replaced by ico E : 

Z {12 \B) = Z {u \iB). 


(19.95) 
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Thus the R-held changes the partition function (19.89) of a single closed orbit to 

-4 


Z\ = Aaq V 


d/3 


M 


U L h(3/2 U L flf3/2 ^-/3Mc 2 /2 


/o (3 V 2irh 2 /3 sin caf ft/3/2 sinh cuf ft/3/2 

and the effective Lagrangian (19.77) becomes 


(19.96) 


A£ cff = he 


(Mc\ 

r 1 i 

[°°<K 

r E(/E c B(/E c (E 2 -B 2 )C] 

vxJ 

1 4(2vr) 2 J 

o C 3 

sin EQ / E c sinh BQ / E c 6E 3 


-C 


(19.97) 

In the subtracted free-held term (19.78), the term E 2 is changed to the Lorentz- 
invariant combination E 2 — B 2 . The decay rate (19.83) is modified to 


r 2 . „ pff (Mc\ 4 (E\ 

— = — Im A£ ff = c ( —— ) — 


1 1 


i-i 1 rntB/E E 


v h 


V h ) \E C ) 4tt 3 2^ 


° ^ ^ ^ n 2 sinh mrB /E 


/E 


(19.98) 


In Eqs. (7.521)-(7.525) we have shown that all results derived for parallel con¬ 
stant electric and magnetic holds remain valid if we replace E —> S, B —>• B, where 
£ and B are given in Eq. (7.524). After this we may expand the integrand in (19.97) 
in powers of £ and f3 using Eq. (19.85), 


1 e/3r eer 


t 3 sine/dr sinh eer r 3 6r 


^ b 2 - P) + ^ ~ i»e 2 l3 2 + 7/? 4 ) 


r 


1520 


(31e 6 - 49 e A (3 2 + 49 £ 2 /3 4 - 31/3 6 ) + ... . (19.99) 


and obtain the effective Lagrangian the helds generalizing (19.87): 


£ cff = 


(E 2 - B 2 ) + E 2 


180 (Me 2 ) 4 


B 


2\2 


317ra 3 
315 


(he) 


(Me 


2U 


(E 2 - B 2 )[2(E 2 - B 2 ) 2 - 4(EB) 2 ] + 


,(19.100) 


For strong holds, a saddle point approximation to the generalized version of the 
integral (19.97) yields the asymptotic form 


C cS = 


192vr 2 


(E 2 - B 2 ) log 


-4e 2 


(he) 3 

(Me 2 ) 4 


(E 2 - B 2 


+ ... . 


(19.101) 


Spin-1/2 Particles 

We anticipate the small modification which is necessary to obtain the analogous re¬ 
sult for spin-1/2 fermions: The tools for this will be developed in Subsections 19.5.1- 
19.5.3. The relevant formula has actually been derived before in Eq. (7.520). Ex¬ 
tending that equation to a constant held tensor that contains both magnetic and 
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electric fields, and going to imaginary time r = A/c and antiperiodic boundary 
conditions in the interval 4 — t a — ih{3, we find the functional determinant 


4 Det 1/2 (^—g^w d\ + * 



4 det 1/2 



Me ^ 2 ) ’ 


(19.102) 


with an ordinary determinant of the 4 x 4-dimensional matrix of the cosin on the 
right-hand side. According to Eqs. (7.520) and (7.525), the result is 


4 Det 1/2 (- 9 u,v d\ + = 4cosh(/r s S/3/2) cos(n B S/3/2). (19.103) 


where //# = eh/Me is the Bohr magneton (2.649), and B and £ are defined in 
Eq. (7.525) 

For a purely electric held, the right-hand side becomes 4 cos( / u s E'/3/2) = 
4 cos(ujfh(3/2) [recall (19.66)]. Multiplying the cos-factor into the expansion (19.81), 
this is modified to 


cos z 

z - 

sin z 


1 + 2 


OO 

1+2 


71=1 


— n% 2 


= 2E 


c 2 


W2 _ V2’ 

=1S S>71 


, _ Ec 

Cn = nn— . 


(19.104) 


Performing now the singular integral over ( in (19.77), we obtain for the decay 
rate the same formula as in (19.83), except that the alternating signs are absent. 
The factor 4 in (19.103) reduces to a factor 2 in the effective action. The resulting 
effective Lagrangian density for spin-1/2 fermions is therefore 


A£ cff i 

spin^ 


/Mc\ 4 1 f™d(( E(/E c 

V1T ) 2(2tt) 2 Jo C \ttmE£/E c 


E 2 C\ 

1 + tef ) 6 ’ 


(19.105) 


a result hrst derived by Heisenberg and Euler in 1935 [8]. Its imaginary part yields 
the decay rate of the vacuum due to pair creation 


1 spin | 

V 



(19.106) 


The reason for the reduction from 4 to 2 is that the sum over bosonic paths has to be 
first divided by a factor 2 to remove their orientation, before the fermionic factor 4 is 
applied. This procedure is not so obvious at this point but will be understood later 
in Subsection 19.5.2. The remaining factor 2 accounts for the two spin orientations 
of the charged particles. 

The Taylor series 


z 




tan z 


(19.107) 
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in the integrand of (19.105) leads to the expansion 


A£ cff 


he 



1 (E\ a 4 /£\ 6 
45 \E C ) + 315 \E C ) + 


so that 


£ cff 



4a 2 M 3 f4 
45 (Me 2 ) 4 


647ra 3 (he) 3 

315 [(Me 2 ) 4 



(19.108) 


(19.109) 


The term proportional to a 2 -term implies a small amplitude for photon-photon 
scattering which can be observed in the laboratory [9]. 

As in the boson result (19.100), each coefficient is exact to leading order in a, and 
the virtual creation and annihilation of fermion-antifermion pairs gives the physical 
vacuum a nontrivial Independent dielectric constant 


e(E) 


1 d£° a 
E d E 


1 + 


8a 2 (he) 3 o 
45 (Me 2 ) 4 + 


647ra 3 (he) 3 

105 [(Me 2 ) 4 


E 4 + ... . (19.110) 


If we admit also a constant B-field parallel to E, the formulas (19.106) and 
(19.105) for the spin-1 -particles are modified in the same way as the bosonic for¬ 
mulas (19.83) and (19.84), except that the determinant (19.102) in spinor space 
introduces a further factor cosh (eB/Mc). Thus we obtain 

E(/E c B(/E c _ (E 2 -i? 2 )C 2 l e _ c 

tanE(/E c tanh B(/E c 3 E 3 

(19.111) 


A£ eff 1 = -hc 

spm^ 


^ Me ^ 


1 r°° d,( 

h j2(2n) 2 Jo C 3 


For a general combination of constant electric and magnetic fields, we simply ex¬ 
change E and B by the Lorentz invariants e and f3. From the imaginary part we 
obtain the decay rate 


■p 

1 spini 

V 


-ImAAfLi 


spirir 



-4 e-^.(19.112) 

n z tanh imp je 


For strong helds, a saddle point approximation to the generalized integral 
(19.105) yields the asymptotic form 


£ cff = 


487T 2 


)E 2 — B 2 ) log 


—4e 2 


(he) 


(Me 


,2U 


fE 2 - B‘ 


+ ... 


(19.113) 


19.2.2 Birth of Universe 

A similar tunneling phenomenon could explain the birth of the expanding uni¬ 
verse [10]. 
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As an idealization of the observed density of matter, the universe is usually 
assumed to be isotropic and homogeneous. Then it is convenient to describe it 
by a coordinate frame in which the metric is rotationally invariant. To account 
for the expansion, we have to allow for an explicit time dependence of the spatial 
part of the metric. In the spatial part, we choose coordinates which participate in 
the expansion. They can be imagined as being attached to the gas particles in a 
homogenized universe. Then the time passing at each coordinate point is the proper 
time. In this context it is the so-called cosmic standard, time to be denoted by t. We 
imagine being an observer at a coordinate point with dx l /dt = 0, and measure t by 
counting the number of orbits of an electron around a proton in a hydrogen atom, 
starting from the moment of the big bang (forgetting the fact that in the early time 
of the universe, the atom does not yet exist). 

Geometry 

With this time calibration, the component g 0 o of the metric tensor is identically 
equal to unity 


9 oo(x) = 1, (19.114) 

such that at a fixed coordinate point, the proper time coincides with the coordinate 
time, dr = dt. Moreover, since all clocks in space follow the same prescription, there 
is no mixing between time and space coordinates, a property called time orthogo¬ 
nality, so that 


goi(x) = 0. (19.115) 

As a consequence, the Christoffel symbol Too M [recall (10.7)] vanishes identically: 

V = -g AU/ (<9 o9ou + do9ov ~ 9oo) = 0. (19.116) 

This is the mathematical way of expressing the fact that a particle sitting at a coor¬ 
dinate point, which has dx l /dt = 0, and thus dx 11 / dt = u} 1 = (c, 0, 0, 0), experiences 
no acceleration 

= —fooV = 0. (19.117) 

dr 

The coordinates themselves are trivially comoving. 

Under the above condition, the invariant distance has the general form 

ds 2 = c 2 dt 2 — ^ g i j{x)dx l dxT (19.118) 

We now impose the spatial isotropy upon the spatial metric g t] . Denote the spatial 
length element by dl, so that 


dl 2 = ® gij(x)dx z dx j . 


( 19 . 119 ) 
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The isotropy and homogeneity of space is most easily expressed by considering the 
spatial curvature ® Rij k 1 calculated from the spatial metric ® gtj(x ). The space 
corresponds to a spherical surface. If its radius is a, the curvature tensor is, according 
to Eq. (10.161), 


(3) R ijk i(x) 


(3) 9u{x) (3) g jk (x) - (3) gik{x) {3) 9ji(x) 


(19.120) 


The derivation of this expression in Section 10.4 was based on the assumption of a 
spherical space whose curvature K = 1/a 2 is positive. If we allow also for hyperbolic 
and parabolic spaces with negative and vanishing curvature, and characterize these 
by a constant 


k 


1 

0 

- 1 


spherical 
parabolic > 
hyperbolic 


universe, 


(19.121) 


then the prefactor 1/a 2 in (19.120) is replaced by K = k/a 2 . For k — — 1 and 0, the 
space has an open topology and an infinite total volume. 

The Ricci tensor and curvature scalar are in these three cases [compare (10.163) 
and (10.156)] 

{3) Ru = k- 2 9il (x), (3) i? = k 4- (19.122) 

a z a z 

By construction it is obvious that for k — 1, the three-dimensional space has a 
closed topology and a finite spatial volume which is equal to the surface of a sphere 
of radius a in four dimensions 


4 S a = 2t r 2 a 3 . (19.123) 

A circle in this space has maximal radius a and a maximal circumference 2na. A 
sphere with radius r 0 < a has a volume 

r2 tt riv rr 

( 3 )R“ = c bp (16 sin 6 / dr . (19.124) 

Jo Jo Jo ^/l- r 2/ a 2 



For small ro, the curvature is irrelevant and the volume depends on tq like the usual 
volume of a sphere in three dimensions: 

A ' JT 

(3) Ko « K 0 = yr 0 2 . (19.125) 

For r 0 —* a, however, ^14“ approaches a saturation volume 2ita 3 . 

The analogous expressions for negative and zero curvature are obvious. 
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Robertson-Walker Metric 

In spherical coordinates, the four-dimensional invariant distance (19.118) defines the 
Roberts on-Walker metric. 

ds 2 = c 2 dt 2 — dl 2 (19.126) 

/7<r* 2 

dl 2 = - + r 2 (dd 2 + sin 2 6d(p 2 ). (19.127) 

1 — kr 2 /a 1 

It will be convenient to introduce, instead of r, the angle a on the surface of the 
four-sphere, such that 

r = a sin a. (19.128) 

Then the metric has the four-dimensional angular form 

ds 2 = c 2 dt 2 — a 2 (t)[da 2 + f 2 (a)(dd 2 + sin 2 Odtp 2 )], (19.129) 

where for spherical, parabolic, and hyperbolic spaces, f(a) is equal to 

{ sin a k — 1, 

a k = 0, (19.130) 

sinh a k = — 1. 


In order to have maximal symmetry, it is useful to absorb ait) into the time and 
define a new timelike variable r) by 

cdt = a(rj) dr), (19.131) 

so that the invariant distance is measured by 

ds 2 = a 2 (rj)[drf — da 2 — f 2 (a)(d0 2 + sin 2 6d(f 2 )\. (19.132) 

Then the metric is simply 




(19.133) 



(19.135) 
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We now calculate the 00-component of the Ricci tensor: 

Roo = - do V - W + W (19.136) 

Inserting the Christoffel symbols (19.134) we find 

d,,rj l - d 0 r ilO ' 1 = -doTij = —3-y-— = -34 (a m a - a 2 ) , (19.137) 

CLT1 CL CL 

r.o^o/ = r 00 0 r 0 o 0 + r 00 T 0i ° + r j:o °rv + rvry = f-4 + 3 (^4, (i9.i38) 

V a J \ a J 

W = r 0 o 0 r 0 o 0 + r 00 °rv + r 0 oT OJ 0 + r 00 r ki k = (^) + 3 (^) , ( 19 . 139 ) 

Vo/ V aJ 


so that 


-Roo o ( tto. r jri oL)> -Ro 17 -Rqo (oo^jj n„) 


2 V r} 


4 


(19.140) 


The other components can be determined by relating them to the three-dimensional 
curvature tensor ^-Rp- which has the simple form (19.120). So we calculate 


E> _ E> JA _ TD .k \ TD 

1 Hj 1 ^kii i 1 *4 


■kij ' -*M )ij 

_ (3) p p Op A: j p Op k i L> 0 

^ kj L 20 i -L iji J- /cO i -ttOij • 


(19.141) 


Inserting 

R(>/ = « 9 0 rp° - diToj 0 - r 0 /r«° - r 0 /r i0 ° + ryr 0 *° + rVr 00 °, (19.142) 


= k 


">■] n „'2-7o 


and the above Christoffel symbols (19.134) gives 


^ (2 hd H - Ct^ + CLCirjr]^)Qv 
CL 


(19.143) 


(19.144) 


and thus a curvature scalar 


R = i/ 00 -R 00 + g^Rij = —2 

a 2 


—(aa m — a~) - -(2 ka 2 + a 2 + act w ) 

CL CL 


( tt'fj'f-j + ka). 


(19.145) 


Action and Field Equation 

In the absence of matter, the Einstein-Hilbert action of the gravitational held is 
/. f ,— f 1 


A= J d 4 xy/^g C= J d 4 xy/ ZI g(R + 2A), 


(19.146) 
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were k is related to Newton’s gravitational constant 

Gn ~ 6.673 • ICC 8 cm 3 g -1 s -2 


(19.147) 


by 


1 

K 


8hGn 


(19.148) 


A natural length scale of gravitational physics is the Planck length, which can 
be formed from a combination of Newton’s gravitational constant (19.147), the light 
velocity c~3x 10 10 cm/s, and Planck’s constant h fa 1.05459 x 10~ 27 : 


l c 3 \' 1/2 

l P = —— « 1.615 x 10 -33 cm. 

\G N hJ 


(19.149) 


It is the Compton wavelength Ip = h/mpc associated with the Planck mass 


mp 


(Ch \ 1/2 

— fa 2.177 x 10“ 5 g = 1.22 x 10 22 MeV/c 2 . 
\Gn J 


(19.150) 


The constant 1/k in the action (19.146) can be expressed in terms of the Planck 
length as 


1 _ ft 

k 8nl'p 


(19.151) 


If we add to (19.146) a matter action and vary to combined action with respect 
to the metric g /JU , we obtain the Einstein equation 

^ (r^lv ~ T^gpvR ~ A = T llu , (19.152) 

where is the energy-momentum tensor of matter. The constant A is called the 
cosmological constant. It is believed to arise from the zero-point oscillations of all 
quantum fields in the universe. 

/ 

A single field contributes to the Lagrangian density £ in (19.146) a term —A = 
— X/k which is typically of the order of H/lp. For bosons, the sign is positive, for 
fermions negative, reflecting the filling of all negative-energy in the vacuum. A 
constant of this size is much larger than the present experimental estimate. In the 
literature one usually finds estimates for the dimensionless quantity 

f!j 0 = 2A. (19.153) 

6H 0 

where H 0 is the Hubble constant, whose inverse is roughly the lifetime of the universe 


H, 


-l 




14 x 10 9 years. 


(19.154) 
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Present fits to distant supernovae and other cosmological data yield the estimate 

[ 11 ] 


Qxo ~ 0.68 ±0.10. (19.155) 

The associated cosmological constant A has the value 

\ — Q. n f^o ~_ ^ A0 _~_ ^ A0 _~_ ^ A0 _ fig i 561 

0 c 2 (6.55 x 10 27 cm) 2 (6.93 x 10 9 ly) 2 (2.14 R universe ) 2 ' 1 f 

Note that in the presence of A, the Schwarzschild solution around a mass M has the 
metric 


ds 2 = B(r)c 2 dt 2 — B 1 dr 2 — r 2 d0 2 — r 2 sin 2 ddrf) 2 , (19.157) 


with 


B{r) 


2MG n _ 2 2 _ _ M l P _ 2^ r 2 

c 2 r 3 r fflpr 3 A0 (2.14 i? universe ) 2 ’ 


(19.158) 


The A-term adds a small repulsion to Newton’s force between mass points, if the 
distances are the order of the radius of the universe. 

The value of the constant A associated with (19.155) is 



K 


3 Hill 


10 


-122 


h 

W 


(19.159) 


Such a small prefactor can only arise from an almost perfect cancellation of the 
contributions of boson and fermion fields. This cancellation is the main reason for 
postulating a broken supersymmetry in the universe, in which every boson has a 
fermionic counterpart. So far, the known particle spectra show no trace of such 
a symmetry. Thus there is need to explain it by some other not yet understood 
mechanism. 

The simplest model of the universe governed by the action (19.146) is called 
Friedmann model or Friedmann universe. 


19.2.3 Friedmann Model 

Inserting (19.140) and (19.145) into the 00-component of the Einstein equation 
(19.152), we obtain the equation for the energy 


4 (a 2 + ka 2 ) - A = kT 0 ° 


(19.160) 


In terms of the cosmic standard time t, the general equation reads 


- +k- 

a 2 


Ac 2 = c 2 nT n °. 


(19.161) 


H. Kleinert, PATH INTEGRALS 




19.2 Tunneling in Relativistic Physics 


1405 


The simplest Friedmann model is based on an energy-momentum tensor To 0 of 
an ideal pressure-less gas of mass density p: 


T” = cpu^u u , 


(19.162) 


where u^ are the velocity four-vectors u M = ( 7 , 7 v/c) of the particles whose compo¬ 
nents are u 11 = (7,7 v/c) with 7 = 1/^1 — v 2 /c 2 if the four components transform 
like (da ; 0 = exit, dx). The gas is assumed to be at rest in our comoving coordinates, 
so that only the To°-component is nonzero: 


T 0 ° = cp. 


(19.163) 


This component is invariant under the time transformation (19.131). 

As a fortunate accident, this component of the Einstein equation has no a m a 
term. Thus we may simply study the first-order differential equation 


( a 2 + ka 2 ^) — A = cnp. 


(19.164) 


Since the total volume of the universe is 2no 3 , we can express p in terms of the total 
mass M as follows 


27r 2 a 3 

In this way we arrive at the differential equation 


■(o„ T ka ) — A — 


kMc 4G^M 
2ir 2 a 3 nc 2 a 3 


(19.165) 


(19.166) 


This equation of motion can also be obtained in another way. We express the 
action (19.146) in terms of a{rj) using the equation (19.180) for R. We use the 
volume (19.123) and the relation (19.131) to rewrite the integration measure as 


J d 4 x\f^g = j dt ■ 4 hS ,a = 2n 2 j dr) a 4 (rj), 


(19.167) 


so that 

/ 2t r 2 

A = - 

2/7 


J dr) 6a(a m + ka) A 2Xa 4 = — —J dr) —3a 2 + 3ka 2 — Xa 4 .(19.168) 


The second expression arises from the first by a partial integration and ignoring the 
boundary terms which do not influence the equation of motion. The above matter 
is described by the action 


/ i 4 /- 2/7 1V1 ( / \ 

= - j d x xj-gcp = -27t Jdr] — a{ri). 
Variation with respect to a yields the Euler-Lagrange equation 


(19.169) 


6 {a m + ka) — 4A a 3 


(19.170) 
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Note that in terms of the Robertson-Walker time t [recall (19.131)], the equation of 
motion reads 


A 1 kMc 
3 6 2n 2 a 2 


(19.171) 


As one should expect, the cosmological expansion is slowed down by matter, due to 
the gravitational attraction. A positive cosmological constant, on the other hand, 
accelerates the expansion. At the special value 


A 


A 


Einstein — 


kMc 
2n 2 a 3 


AG^M AnG^p 

7 rc 2 a 3 c 


(19.172) 


the two effects cancel each other and there exist a time-independent solution at a 
radius a and a density p. This is the cosmological constant which Einstein chose 
before Hubble’s discovery of the expanding universe to agree with Hoyle’s steady- 
state model of the universe (a choice which he later called the biggest blunder of his 
life). 

Multiplying (19.170) by a v and integration over rj yields the pseudo-energy con¬ 
servation law 


2 2 4 KMc 

3(a + ka ) — Aa ——^-a = cons R 

2tt 2 

in agreement with (19.166) for a vanishing pseudo-energy. 
This equation may also be written as 


where 


“I ~ kd ^max 


a — —a 4 = 0, 


_ kMc _ AG n M 
6n 2 3nc 2 


(19.173) 


(19.174) 


(19.175) 


This looks like the energy conservation law for a point particle of mass 2 in an 
effective potential of the universe 


V univ (a) = ka 2 


A 4 

3 ’ 


(19.176) 


at zero total energy. The potential is plotted for the spherical case k — 1 in Fig. 19.2. 


Friedmann neglects the cosmological constant and considers the equation 


a^ + ka~ — Umax 0 — 0. 


(19.177) 


The solution of the differential equation for this trajectory is found by direct inte¬ 
gration. Assuming k = 1 we obtain 


V = 



da 

\J~ ( a ~~ a max/2) 2 + O'max/4 


2 a 

= — arccos- 

^max 


(19.178) 
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Figure 19.2 Potential of closed Friedman universe as a function of the reduced radius 
q/fl ma ; for Aa j a i = 0.1. Note the metastable minimum which leads to a possible solution 
a = ao- A tunneling process to the right leads to an expanding universe. 


With the initial condition a(0) = 0, this implies 

dig]) = r/l “ ax (1 — cost/). (19.179) 

Integrating Eq. (19.131), we find the relation between ■/? and the physical (=proper) 
time 

t — - [ dr)a(r ?) = — — [ dr) (1 — cost?) = —— (r? — sin /?). (19.180) 

c J 2c J 2c 

The solution a(t) is the cycloid pictured in Fig. 19.3. The radius of the universe 
bounces periodically with period t 0 = tt o max /c from zero to a max . Thus it emerges 
from a big bang, expands with a decreasing expansion velocity due to the gravita¬ 
tional attraction, and recontracts to a point. 



t/t 0 


Figure 19.3 Radius of universe as a function of time in Friedman universe, measured in 
terms of the period to = vra max /c. (solid curve=closed, dashed curve=hyperbolic, dotted 
curve =parabolic). The curve for the closed universe is a cycloid. 


Certainly, for high densities the solution is inapplicable since the pressure-less 
ideal gas approximation (19.163) breaks down. 
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Consider now the case of negative curvature with k — — 1. Then the differential 
equation (19.177) reads 

— a 2 — a max a — ^-a 4 = 0. (19.181) 

o 

In order to compare the curves we shall again introduce a mass parameter M and 
rewrite the density as in (19.165), although M has no longer the meaning of the 
total mass of the universe (which is now infinite). The solution for A = 0 is now 

0(77) = -^-(coshrj — 1), (19.182) 

t = ^^(sinhr? — rj). (19.183) 

2c 

The solution is again depicted in Fig. 19.3. After a big bang, the universe expands 
forever, although with decreasing speed, due to the gravitational pull. The quantity 
a m ax is no longer the maximal radius nor is t 0 the period. 

Consider finally the parabolic case k = 0, where the equation of motion (19.177) 
reads 


Z 4 _ rv 

CLrj ^max^ 7^ Cl U, 


(19.184) 


where M is a mass parameter defined as before in the negative curvature case. Now 
the solution for A = 0 is simply 


V = 



which is inverted to 


a (v) 


CL max 



Now we solve (19.131) with 


^max 3 
- ’ 


so that 



(19.185) 


(19.186) 


(19.187) 


(19.188) 


This solution is simply the continuation of leading term in the previous two solutions 
to large t. 
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19.2.4 Tunneling of Expanding Universe 

It is now interesting to observe that the potential for the spherical universe in 
Fig. 19.2 allows for a time-independent solution in which the radius lies at the 
metastable minimum which we may call o 0 . The solution a = a 0 is a time- 
independent universe. We may now imagine that the expanding universe arises 
from this by a tunneling process towards the abyss on the right of the potential 
[10]. Its rate can be calculated from the Euclidean action of the associated classical 
solution in imaginary time corresponding to the motion from ao towards the right 
in the inverted potential — E umv (a). 

Observe that this birth can only lead to universe of positive curvature. For a neg¬ 
ative curvature, where the a 2 -term in (19.176) has the opposite sign, the metastable 
minimum is absent. 


19.3 Relativistic Coulomb System 


An external time-independent potential V (x) is introduced into the path integral 
(19.48) by substituting the energy E by E — V(x). In the case of an attractive 
Coulomb potential, the second term in the action (19.49) becomes 


A mt 



(E + e 2 /r) 2 
2 Me 3 ’ 


(19.189) 


where r = |x|. The associated path integral is calculated via a Duru-Kleinert 
transformation as follows [12]. 

Consider the three-dimensional Coulomb system where the spacetime dimension 
is D = 4. Then we increase the three-dimensional space in a trivial way by a dummy 
fourth component x 4 , just as in the nonrelativistic treatment in Section 13.4. The 
additional variable x 4 is eliminated at the end by an integral / dx\/r a = / dy a , as 
in (13.120) and (13.127). Then we perform a Kustaanheimo-Stiefel transformation 
(13.106) dx ,A = 2 A{u)^ v du v . This changes x ,fl2 into 4 u 2 u' 2 , with the vector symbol 
indicating the four-vector nature. The transformed action reads: 



4 Mcu 2 _ /2 hi A) 

2h(X) { J 2Mc 3 u 2 


(M 2 c 4 — E 2 )u 2 —2Ee 2 — — 

u- 


(19.190) 


We now choose the gauge h( A) = 1, and go from A to a new dimensionless parameter 
s via the path-dependent time transformation d.X = fds with f = u 2 . Result is the 
DK-transformed action 


ref(13.120) 

lab(13.re) 

est(13.114) 

ref(13.127) 

lab(13.3d) 

est(13.121) 

ref(13.106) 

lab(13.diffe) 

est(13.101) 


A 


DK _ 

e,E ~ 



AMc 2 


-u 


1 2 


(s) + 


1 

2 Me 2 





(19.191) 


It describes a particle of mass /j = AM moving as a function of the “pseudotime” s 
in a harmonic oscillator potential of dimensionless “frequency” 


u = 


1 

2 Me 2 


VM 2 c 4 - E 2 . 


(19.192) 
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The oscillator possesses an additional attractive potential —e 4 /2 Mc 2 u 2 , which is 
conveniently parametrized in the form of a centrifugal barrier 

Kxtra = (19.193) 

2/rrr 

whose squared angular momentum has the negative value 

C„=-4cV (19.194) 


Here a denotes the fine-structure constant a = e 2 /he ~ 1/137. In addition, there is 
also a trivial constant potential 


lb tnsl 


E 


Me 2 


(19.195) 


If we ignore, for the moment, the centrifugal barrier Kxtra> the solution of the path 
ref(13.127)integral can immediately be written down [see (13.127)]: 
lab(13.3d) 

(xft | x «)e = “*^“4 / dS e e2ES/Mc ~ h f dja (u b S\u a 0) , (19.196) 

2Mc 16 Jo Jo 


where (u b S\u a 0) is the pseudotime evolution amplitude of the four-dimensional har¬ 
monic oscillator. 

There are no time slicing corrections for the same reason as in the three- 
dimensional case. This is ensured by the affine connection of the Kustaanhcimo- 
Stiefcl transformation satisfying 


(see the discussion 
Performing the 


r/ A = ^ W* = 0 

in Section 13.6). 

integral over y a in (19.196), we obtain 


(19.197) 


(x 6 |x, 


a E ~ 


h Mk r 1 g 
-Iznrz -— / dg 


2 Me nh Jo 


x exp 


(1 - £) 2 
l + o 
'l- e 


{^ K yz^\j ('PTa + X 6 X a )/2^ 


— K- 


(n + r a ) 


(19.198) 


with the variable 


and the parameters 


v 


K 


h = 


~ e~ 2uS , 


_e^_ E_ _ a 

2uh Mc 2 y jM 2 c 4 /E 2 - 1 ’ 


/ren 

2 h 


1 _ E cy 

— \jM 2 c 4 — E 2 = —. 
he he v 


(19.199) 


(19.200) 

(19.201) 
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ref(13.203)As in the further treatment of (13.203), the use of formula (13.207) 
lab(13.nl) 

ref(13.207) M z cos(9/2)) = - £(2 1 + 1)P*(cos0)/ 2/+ i(£) 

lab(13.n5) " ' =0 

est(13.197 )p r0 (4es us with a partial wave decomposition 


(x 6 |x, 


a E ~ 


1 °° 2/ + 1 

J2( r b\ r a)E,l A _ Pl(c OS 9) 


nr a ^ 


47T 


2 oc l 

= - ^2(n\r a ) E ,i J2 Y i™(xb)Y* m (k a ). 

nr* nr* • • 

' b ' a 1=0 m=—l 

The radial amplitude is normalized slightly differently from (13.210): 




.2 M 


dy 


sinh y 


3 2 vy 


x exp [—Kcoth y(r b + r a )] I 2 i+ 1 2 Ky/r b r a — 


(19.202) 


(19.203) 


(19.204) 


sinh y J 

At this place, we incorporate the additional centrifugal barrier via the replace¬ 
ment 


2/ + 1 —> 2/ + 1 = yj(2l + l) 2 + / 2 xtra , (19.205) 


as in Eqs. (8.146) and (14.223). The integration over y according to (9.29) yields 
(■ n\r a ) E ,i = (2 an) M ul+1/2 (2 nr a ). (19.206) 

This expression possesses poles in the Gamma function whose positions satisfy 
the equations v — l — 1 = 0,1, 2,... . These determine the bound states of the 
Coulomb system. To simplify subsequent expressions, we introduce the small posi¬ 
tive /-dependent parameter 

2 

Si = 1-1 = 1 + 1/2 - yj(l + l/2) 2 -a 2 « -p— + 0(a 4 ). (19.207) 

2/ | f 

Then the pole positions satisfy v = hi = n — Si, with n — l + 1, l + 2, l + 3,,., . 
Using the relation (19.200), we obtain the bound-state energies: 


ryil 


= ±Mc 2 

1 + 

a 2 

3 

1 

cy 

to 

1_ 


- 

_ 2 ^ 4 

« ±Mc 2 

1 - 

a a 


2 n 2 n 3 


- 1/2 


2 / + 1 


3 

8 n 


+ 0(a e 


(19.208) 


ref(13.210) 

lab(13.n9) 

est(13.201) 


ref(8.146) 

lab(x8.146) 

est(19@8.146) 

ref(14.223) 

lab(14.239) 

est(14.239) 

ref(9.29) 

lab(intf3) 

est(9.52) 


Note the appearance of the plus-minus sign as a characteristic property of energies in 
relativistic quantum mechanics. A correct interpretation of the negative energies as 
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positive energies of antiparticles is straightforward only within quantum field theory, 
and will not be discussed here. Even if we ignore the negative energies, there is poor 
agreement with the experimental spectrum of the hydrogen atom. The spin of the 
electron must be included to get more satisfactory results. 

To find the wave functions, we approximate near the poles v ph hf. 


F(-u + l + 1) « 
1 

_ 

v - hi 


(_)n r 1 

n r \ v — hi' 

2 h 2 K 2 ( E \ 2 2 Me 2 

fh TM vMcV E 2 - E 2 nl ’ 
E 11 
Mc 2 an hi ’ 


(19.209) 


with the radial quantum number n r = n —l — 1. By analogy with the nonrclativistic 
ref(13.213)equation (13.213), the last equation can be rewritten as 
lab(13.nll) 

est(13.203) K _ - (19.210) 

a H v 

where 

Me 2 

a H = an T? (19.211) 

denotes a modified energy-dependent Bohr radius [compare (4.376)]. It sets the 
length scale of relativistic bound states in terms of the energy E. Instead of being 
1/a ~ 137 times the Compton wavelength of the electron h/Mc , the modified Bohr 
radius is equal to 1/a times ftc/E. 

Near the positive-energy poles, we now approximate 


—ir (—v + l + 1) 


M 

hn 


nprir 


an \Mc 2 J 


2Mc 2 ih 


E 2 


Eh 


(19.212) 


ref(9.48) 

lab(9.for) 

est(9.73) 

ref(9.50) 

lab(x9.75) 

est(9.75) 


Using this behavior and formula (9.48) for the Whittaker functions [together with 
(9.50)] we write the contribution of the bound states to the spectral representation 
of the fixed-energy amplitude as 


(r b \r a ) 




2Mc 2 iK 

E 2 - Ki 


Rnl(r b )Rnl(r a ) + • • • • 


(19.213) 


A comparison between the pole terms in (19.206) and (19.213) renders the radial 
wave functions 


Rnl(r) 


1 1 {ni + l)\ 

ajfhi (21 + 1)!\| (n-Z-1)! 

x(2 r/hia H ) l+1 e- rlhl ~ aH M(-n + 1 + 1,21 + 2, 2 r/hi~a H ) (19.214) 



A \ j .4 )! e-- /M »(2r/nia„) l ' +1 £gt;- 1 (2r/n,a g ). 

(n +1)\ 
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The properly normalized total wave functions are 


V’nim(x) = -Rnl(r)Yi m (k). 
r 


(19.215) 


The continuous wave functions are obtained in the same way as from the non- 
relativistic amplitude in formulas (13.221)-(13.229). 

19.4 Relativistic Particle in Electromagnetic Field 


ref(13.221) 

lab(xl3.210) 

est(13.210) 

ref(13.229) 


lab(xl3.218) 

Consider now the relativistic particle in a general spacetime-dependent electromag- est(13.218) 


netic vector field A^(x). 


19.4.1 Action and Partition Function 

An electromagnetic field A^ix) is included into the canonical action (19.14) in the 
usual way by the minimal substitution (2.644): 

A e \p, x] = j x d.X l^-ipx + (p - ^A^j + M 2 c 2 |, (19.216) 

and the amplitude (19.22): 

AK) = 2 ^ l°°dS jvhm J V D xe~^\ (19.217) 

with the minimally coupled action [compare (2.706)] 

— r^b A/f c p A/f c 

Ae= d\——x 2 (\)+t-x(\)A(x(\)) + h(\)—, (19.218) 

J\ a [2n\X) c 2 

which reduces in the simplest gauge (19.23) to the obvious extension of (19.26): 

/*oo 0 r 

( x b \ x a) jjj l dt3e-? Mc ' 2 J V A xe~ A % (19.219) 

with the action 

rh/3 [M e 1 

A = A,o + A.int = / d.T — -x 2 (t) + i-x{r)A(x{T)) . (19.220) 

jo L 2 c 

The partition function of a single closed particle loop of all shapes and lengths in 
an external electromagnetic field is from (19.37) 

Z\ = [°°^i e -dMP/2 I v D xe -A e /h _ (19.221) 

Jo p J 

As in (19.45) and (19.46) this yields, up to a factor 1/fi the effective action of an 
ensemble of closed particle loops in an external electromagnetic field. 
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19.4.2 Perturbation Expansion 

Since the electromagnetic coupling is rather small, we can split the exponent e~ A / h 
into e - Ao/n e~ Aint/n and expand the second factor in powers of ^4 int : 


,-A in t/h _ ( ie /^ c ) 


n =0 


n\ 


i =1 


r h/3 


dTiX(Ti)A(x(Ti )) 


(19.222) 


If the noninteracting effective action implied by Eqs. (19.39), (19.37), and (19.46) is 
denoted by 


\o = _Z 1 = _ f°°^E e -PMc 2 /2 


V D 


V D 


h 


0 P 


r T(l-D/2), (19.223) 


yXX J/M D X m D ( 4?r ) D/2 

with the Compton wavelength of Eq. (19.31), we obtain the perturbation ex¬ 
pansion 

d/3 E n SA(-ie/c3 n /JL r rW 


£e _ r c ,Q — f°°up ^_p Mc 2 / 2 


x D 


h h Jo p 


y (-Wc) 1 / T-r 

n! \th 


dTiX(Ti)A(x(Ti)) 


(19.224) 


where (... )o denotes the free-particle expectation values [compare (3.483)—(3.486)] 
taken in the free path integral with periodic paths with a fixed (3 [compare (19.38) 
and (19.41)]: 


//nr _ lx _ JV D xO[x\e A ^ o/h 

j vDxe - Ae , o/ h ■ 


(19.225) 


The denominator is equal to Vp/ J2itTi 2 (3/M . 

The free effective action in the expansion (19.224) can be omitted by letting the 
sum start with n = 0. 

The evaluation of the cumulants proceeds by Fourier decomposing the vector 
fields as 

A(x) = I ^e >kx m, (19-226) 


(2t r] 


and rewriting (19.224) as 


e _ -L e,0 

X ~~ ~X~ 


d/3 


/3Mc 2 /2 _ 


V D 


1 0 /3 


^(-ie/hc) n A 

X ^ X 11 


^ 2 ? th 2 p/M 
f dPk. 


D 


(2t r] 


D 


A^(h 


n =1 i= 1 L' 

First we evaluate the expectation values 

[x(ri)e 


n 

\i= 1 


rW 


dTiX^irAe*^ 


ikix(n) . . . x(t )e iknX ( T 0 


.(19.227) 


(19.228) 
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Due to the periodic boundary conditions, we separate, as in Section 3.25, the path 
average xq = x{r) [recall (3.807)], writing 

x(r) = xq + 5x(t), (19.229) 


and factorize (19.228) as 


^ e i(ki+...+kn)x ^i( ri ) e a 'i fe (n) ... Sx(r n )e ikn5x{Tn . (19.230) 

The hrst average can be found as an average with respect to the x 0 -part of the path 
integral whose measure was given in Eq. (3.811). It yields a 5 function ensuring the 
conservation of the total energy and momenta of the n photons involved: 

/ e i(k 1+ ...+kn)x o\ = 1 ( 2n) D 5^ D \k 1 + ... + k n ). (19.231) 

' '0 V£) 

The denominator comes from the normalization of the expectation value which has 
an integral / d D x o in the denominator. 

The second average is obtained using Wick’s theorem. The correlation function 
( 8x^{ti)5x v {t2)) g , is obtained from Eq. (3.842) in the limit D —y 0 for Ti,t 2 G (0,/3). 
It is the periodic propagator with subtracted zero mode: 


(5x»(t 1 )6x v (t 2 )) 0 = S^G( n , r 2 ) = r 2 ), (19.232) 

where A(ti — r 2 ) is the subtracted periodic Green function G^ e (r — r') of the 
differential operator — d 2 T calculated in Eq. (3.254) in the short notation of Subsection 
10.12.1 [see Eq. (10.565)]. In the presently used physical units it reads: 

— — (t — t — T f TlB 

A(r,r') = A(r-r') = —^- — + —,, re[0,h(3\. (19.233) 

The time derivatives of (19.233) are from (10.566): 


A(r, t') 


-A(r, t') 


t — t' e(r — t') 
2 


r, t' G [0, U/3]. 


(19.234) 


With these functions it is straightforward to calculate the expectation value using 
the Wick rule (3.310) for j{r) = X)" kiS(r — r,): 


D ik\Sx(r\) 


Jk n 8x(T„) 


_ e -hJ2i,j=i k i k i G ( T i’ T i) 


(19.235) 


By rewriting the right-hand side as 


YGi,j=1 kikjG(Ti,Tj) _ = l k i k A G in,Tj)-G{Ti,Ti)]-\(Y™ =1 ki) 2 G(Ti,Ti ) 


(19.236) 


we see that if the momenta /q add up to zero, Y^= i h = 0, we can replace (19.235) 
by 


(e <fclfa(71 ) • • • e iknSx ^) Q = exp - ± Tj ) - G(r u n)] . (19.237) 


1<J 
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It is therefore useful to introduce the subtracted Green function 

G'{T U Tj) = G(T h Tj) - G(T h Ti). 

Recall the similar situation in the evaluation (5.377). 

An obvious extension of (19.235) is 

i[fci5x(n)+?i*(n)] . .. e i[knSx(T n )+qnx(T n )]\ 

1 0 


(19.238) 


(19.239) 

_ e ~\ J 2 i , j= i kikjGiruTj)-^ (Hkj'G{Ti,Tj)-\ )TW=i k iqj G'(-ri,T,-)-± ][W=i <mi' G \n,Tj) 


where the dots have the same meaning as in (10.395). 


19.4.3 Lowest-Order Vacuum Polarization 

Consider the lowest nontrivial case n = 2. By differentiating (19.237) with respect 
to iqi and iq 2 , and setting q t = 0, we obtain for k 2 = —k\ = — k: 


i .( Ti ) e ^(r 1 ) i .( T 2 ) e -^(r 2 )\ [• G - (ri , T 2 ) + A; 2 -G ( T 1 ,T 2 ) G- ( T 1 ,T 2) 


0 fc 2 [G(ri,r 2 )-G(ri,ri)] 

(19.240) 

Inserting this into (19.227) after factorization according to (19.230), we obtain the 
lowest correction to the effective action 


Ah 


3 d/3 


/3Mc 2 /2_ 


2hc 2 Jo /3 

r h/3 rhp 

dr i / 

/ o Jo 




d D ki 


(2tt; 


D 


(27t) D 5^ D \k 1 +k 2 )A^k 1 )A u (k 2 


rhp rhp 2 

x/ dn dT 2 [G-(r U T 2 )5^+ WG'(Ti,r 2 )G'-(ri,r 2 )]e felG(Tl ’ r2 ), (19.241) 

JO JO 


where we have displayed the proper vector indices. A partial integration over T\ 
brings the second line to the form 


rh/3 rrip , . „ 

- jf dn J dr 2 (fc^ - A;^) G (n, r 2 ) G>i, r 2 ) ( ri ’ r2 >. (19.242) 

Expressing <S"(ti, r 2 ) as ( %/M) A(ti — r 2 ) — A(0) and using the periodicity in r 2 , 
we calculate the integral 


r h,/3 


- kfkf) A; 2 (r)e“i M [ A p (r) " A p (0) ]. (19.243) 

We now introduce reduced times u = T/hfi and rewrite the Green functions for 
r G (0, h/3), u G (0,1) as 


A(r x - r 2 ) 


A(ti - r 2 ) 




u) 



(19.244) 

(19.245) 
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such that the integral in (19.243) becomes 

I [' 

4 Jo 

Inserting this into (19.241) and dropping the irrelevant subscript of k\ we arrive at 


f 1 du (2 u - i) 2 e-^ 2fe N(i-“)/ 2M 
Jo 


(19.246) 


at p = 


‘d/3 


/3Mc 2 /2_ 


d D k 


2hc 2 Jo (3 <j2nh 2 p/M J ^ 

h 4 p 2 /•! 


D 


A^{k)A v (-k) 


x ( k 2 5^ - kW) j du (2 u - \ ( 19 .247) 

After replacing h 2 /3/2M —> /3, the integral over /3 can easily be performed using the 
formula (2.498) with the result 


AT P = 




x r (2 - D/2 ) jT 1 du (2 u - l) 2 [u(l - u)k 2 + M 2 c 2 /n 2] ° /2 2 


(19.248) 


In the prefactor we recognize the fine structure constant a = e 2 /Tic [recall (1.505)]. 
The momentum integral can be rewritten as 


\j 

where 


d u k 


(2V, 


D 


A t *(k)A u (-k) {k 2 8 llv - Ffcj 


d u k 


(2tt 


D F flu (-k)F^ u (k), (19.249) 


Fp,(x) = d^A v (x) - duA^x) 


(19.250) 


is the tensor of electromagnetic field strengths. We now abbreviate the integral over 
u as follows: 


n (AT) = a 


47T 


T(2-D/2) / du[2u-lf u(l - u)k 2 + M 2 c 2 /h 2 


(■ 4ti ) d / 2 


D/2-2 


This allows us to re-express (19.248) in configuration space: 

1 


A T P = 


167rc. 


d^xF^xM-d^F^x), 


'.(19.251) 


(19.252) 


where F jiv {x) is the Euclidean version of the gauge-invariant 4-dimensional curl of 
the vector potential: 


F f _ iu (x) = d^A v (x) - d v An(x). (19.253) 

In Minkowski space, the components of F IJV are the electric and magnetic fields: 

F 0i = —F 0i = -d°A i + &A° = -d 0 A 1 - cU° = -E\ (19.254) 

Fij = F ij = d i A j + d j A i = -8iA J + 8jA l = -e ijk B k . (19.255) 
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This is in accordance with the electrodynamic definitions 

E = —-A — V0, BeVxA, (19.256) 

c 

where A°{x) is identified with the electric potential (p(x). 

In terms of F fll/ (x), the Maxwell action in the presence of a charge density p{x) 
and a electric current density j(x) 

A em = j dtd 3 x^-^~ E 2 (x) — B 2 (x) — p(x)4>(x) — -j(x) • A(x) |, (19.257) 

can be written covariantly as 

A em = - j' d 4 x g^F^(x) + ^f{x)Afx) , (19.258) 

where 

iff = (cp(x),j(x)) (19.259) 

is the four-vector formed by charge density and electric current. 

By extremizing the action (19.258) in the vector field A^(x) we find the Maxwell 
equations in the covariant form 

d v F v Hx) = - fix), (19.260) 

c 

whose zeroth and spatial components reduce to the time-honored laws of Gauss and 
Ampere: 

V • E = 47rp (Gauss's law), (19.261) 

47 r 

V x B = —j (Ampere’s law). (19.262) 

c 

Expressing E(x) in terms of the potential using Eq. (19.256) and inserting this into 
Gauss’s law, we obtain for a static point charge e at the origin the Poisson equation 

—V 2 </>(x) = 47reh (3) (x). (19.263) 

An electron of charge —e experiences an attractive mechanical potential E(x) = 
—e0(x). In momentum space this satisfies the equation reads 

k 2 G(k) = -4vre 2 . (19.264) 

From this we find directly the Coulomb potential of a hydrogen atom 

G(x) = (V 2 )- 1 4vreh (3) (x) = - j ^ = ~7’ r = l x l> (19.265) 
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where e 2 can be expressed in terms of the fine-structure constant a as e 2 = he a. 
(1.505). 

The Euclidean result (19.252) implies that a fluctuating closed particle orbit 
changes the Erst term in the Maxwell action (19.258) to 

All = - J d°x -^—F llv (x) [l + n(-o> 2 )] F^(x). (19.266) 

The quantity II(— d 2 ) is the self-energy of the electromagnetic held caused by the 
fluctuating closed particle orbit. 

The self-energy changes the Maxwell equations (19.261) and (19.262) into 

l + II(-<9 2 )] V E = 4ttp, 

1 A/jr 

l + n(-c) 2 ) V x B = — j. (19.267) 

L J c 

The static equation (19.264) for the atomic potential changes therefore into 

1 + n(k 2 )] k 2 C(k) = -47re 2 . (19.268) 

Since hl(k 2 ) is of order a ~ 1/137, this can be solved approximately by 

VTk) = -4yre 2 [l - n(k 2 )l (19.269) 

L J K 2 

In real space, the attractive atomic potential is changed to lowest order in a as 

Oi r , o.i oi 

— -)• - [l - n(V 2 )] -. (19.270) 

Set us calculate this change explicitly. For small e and k 2 , we expand the self¬ 
energy (19.251) in D = 4 — e dimensions as 


n (k 2 ) 


a 

247T 



M 2 c 2 e 7 ' 

47rh 2 


ah 2 k 2 f k 2 \ 

160t tM 2 c 2 + V ’ M 2 c 2 /h 2 J ' 


(19.271) 


Inserting this into (19.269), or into (19.269) and using the Poisson equation —V 2 x 
l/r = 47t<5®(x), we see that the self energy changes the Coulomb potential as 
follows: 


a 

-> 

r 


- "i-n(v 2 


- 1 - 


2 M 2 c 2 e 1 11 oi 

-l +Xog ^¥~ 17 


mM 2 c 2 


(19.272) 

The Erst term amounts to a small renormalization of the electromagnetic coupling 
by the factor in curly brackets, which is close to unity for finite e since a is small. We 
are, however, interested in the result in D = 4 spacetime dimensions where e —> 0 and 
(19.272) diverges. The physical resolution of this divergence problem is to assume 
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the initial point charge eo in the electromagnetic interaction to be different from the 
experimentally observed e to precisely compensate the renormalization factor, i.e., 


e n = e < 1 + 


a 


24n 2 


2 M 2 c 2 e 7 

-i +log ^p~ 


(19.273) 


Thus, the result Eq. (19.272) is really obtained in terms of eo, i.e., with a replaced 
by a o- Then, using (19.273), we find that up to order a 2 , the atomic potential is 

E eff (x) = --- > 3) (x). (19.274) 

v ; r 40M 2 c 2 v ’ y ’ 

The second is an additional attractive contact interaction. It shifts the energies of 
the s-wave bound states in Eq. (19.208) slightly downwards. 


19.5 Path Integral for Spin-1/2 Particle 

For particles of spin 1/2 the path integral formulation becomes algebraically more 
involved. Let us first recall a few facts from Dirac’s theory of the electron. 


19.5.1 Dirac Theory 

In the Dirac theory, electrons are described by a four-component field in 

spacetime parametrized by = (ct, x) with /x = 0,1,2,3. The field satisfies the 
wave equation 

(ihfi - Me) tp(x) = 0, (19.275) 

where (j) is a short notation for and are 4x4 Dirac matrices satisfying the 
anticommutation rules 

where g^ w is now the Minkowski metric 

/I 0 0 0 \ 

0 -1 0 0 

<hiv “0 0-1 0 

V 0 0 0 -1 / 


(19.276) 


(19.277) 


An explicit representation of these rules is most easily written in terms of the 
Pauli matrices (1.448): 


7 


o 




7 


0 a 1 \ 

-a [ 0 J ’ 


(19.278) 


where <r° is a 2 x 2 unit matrix. The anticommutation rules (19.276) follow directly 
from the multiplication rules for the Pauli matrices: 


rrV = S ij + ie ijk a k . 


(19.279) 
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The action of the Dirac field is 

A — J d 4 xf>(x) (ih<jH — Mc)'tp(x), (19.280) 

where the conjugate field ^(x) is defined as 

/){x) = ^ (x)'y 0 . (19.281) 

It can be shown that this makes 'ijj(x)'if(x) a scalar field under Lorentz transforma¬ 
tions, , i/(x)'y fJ "i/(x) a vector field, and A an invariant. If we decompose ip{x) into its 
Fourier components 

^)=E4 e!kX W), (19.282) 

k vf 

where V is the spatial volume, the action reads 

A— f \ihd t — H(tik)] , 0k(^), (19.283) 

Jt a k 

with the 4x4 Hamiltonian matrix 

H (p) = 7 °~y p c + 7 °Mc 2 . (19.284) 

This can be rewritten in terms of 2 x 2-submatrices as 

"(pH (40 <***> 

Since the matrix is Hermitian, it can be diagonalized by a unitary transformation 
to 

" d (P) = ( _° k ) . (19-286) 

where 

£ k = cypMElW (19.287) 

are energies of the relativistic particles of mass M and momentum p. Each entry in 
(19.286) is a 2 x 2-submatrix. 

This is achieved by the Foldy- Wouthuysen transformation 

H d = e iS He -iS ? (19.288) 

where 


S = —• C/2, C = arctan (v/c), 


v = p/M = velocity. (19.289) 
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The vector C, points in the direction of the velocity v and has the length ( = 
arctan (v/c ), such that 


. Me 

cosC_ VWTW?’ 


sinC 


IPI 

i/p 2 + M 2 c' 2 


(19.290) 


A function of a vector v is defined by its Taylor series where even powers of v are 
scalars v 2n = v 2n and odd powers are vectors v 2n+1 = v 2n w. If v denotes as usual 
the direction vector v = v/|v|, the matrix 7 - v has the property that all even powers 
of it are equal to a 4 x 4 unity matrix up to an alternating sign: (7 • v) 2 " = (—l) n . 
Thus S = • v£ and the Taylor series of e lS reads explictly 


AS 


= E 

n=0,2,4,... 


(- 1 )” (i 


n\ 


- + (7 • v 

2 y 1 


E 


(-i) 


n —i 


n=l,3,5,... 


n! 


( 2 ) =COS 2 + 1 '^ sin 2 ' ^ 19 - 291 ) 


Now, S commutes trivially with ^ • p = -y • CIp|> while anticommuting with 7 0 
due to the anticommutation rules (19.276). Hence we can move the right-hand 
transformation in (19.288) simply to the left-hand side with a sign change of S, and 
obtain 


H d = e 2 iS H (19.292) 

It is easy to calculate e 2 . we merely have to double the rapidity in (19.291) and 
obtain 

e 2iS = cos C + 1 ■ v sin C = -j=^=== (1 + 1 • p /Me ). (19.293) 

Hence we obtain 

H d = e 2iS H = , } Mc „ (1 + 7 • p /Me) M c 2 y 0 (1 + 1 ■ p/Mc) . (19.294) 

VP + M z c z 

Taking the right-hand parentheses to the left of 7 0 changes the sign of 7 . The 
product (1 + 7 • p /Me) (1 — 7 • p /Me) is simply 1 + p 2 /M 2 c 2 , such that 

H d = c\j p 2 + M 2 c 2 7 0 = fk 7 ° = ^cuk 7 °. (19.295) 

Remembering 7 0 from Eq. (19.278) shows that H d has indeed the diagonal form 
(19.286). 

Going to the diagonal fields y/’k(/) = e *’ S 't/ , k(^), the action becomes 


^1 = 


ch 


't a 




ihdt-H d (hk) tp d (t). 


(19.296) 


Thus a Dirac field is equivalent to a sum of infinitely many momentum states, each 
being associated with four harmonic oscillators of the Fermi type. The path integral 
is a product of independent harmonic path integrals of frequencies ±cuk- 
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It is then easy to calculate the quantum-mechanical partition function using the 
result (7.419) for each oscillator, continued to real times: 


z qm = II { 2 cosh 4 [a ; k (4 - 


(19.297) 


This can also be written as 


Z QM = exp ^4^log {2cosh[w k (4 - t a )/ 2]}^J , (19.298) 


or as 


Zqm = exp 


4 Tr log (ihdt - huj k ) 


= exp \ Tr l°g ta - H d (hk)] \ . (19.299) 


Since the trace is invariant under unitary transformations, we can rewrite this as 


Zqm = exp Tr log - H(hk)] j, 


(19.300) 


or, since the determinant of 7 0 is unity, as 


Zqm = exp < ^2 Tr log[i^7 0 <9i-7°i7 d (^k) 

l k 


= exp IT, Tr log\ih^°d t — hc^k—Mc 2 


If we include the spatial coordinates into the functional trace, this can also be written 
as 

Zqm = exp Tr log (i,hj°d t — ihc^'V — Mc 2 ^ = exp {Tr log [c (ificj) — Me)]} . 

In analytic regularization of Section 2.15, the factor c in the tracelog can be dropped. 
Moreover, there exists a simple algebraic identity 


(iU(j) + Mc)(ih(/) — Me) = —h 2 d 2 — M 2 c 2 . 


(19.301) 


The factors on the left-hand side have the same functional determinant since [com¬ 
pare (7.338) and (7.420)] 

Det (ih@ - Me) = e Tr log W-Mc) = v*f = g V 4 /^Tri og (-^- m c ) 

= Det(— iftlf) — Me). (19.302) 

This allows us, as a generalization of (7.420), to write 

Det(i^ - Mc) = Det (ih@ + Me) = yW (~h 2 d 2 - M 2 c 2 ) l 4x4 , (19.303) 

where l 4 X 4 is a 4 x 4 unit matrix. In this way we arrive at the quantum-mechanical 
partition function 


Zqm = exp 


4 x - Tr log(— Ti 2 d 2 — M 2 c 2 ) 


= e ir o/ n . 


(19.304) 
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The factor 4 comes from the trace in the 4x4 matrix space, whose indices have 
disappeared in the formula. The exponent determines the effective action T of the 
quantum system by analogy with the Euclidean relation Eq. (19.46). 

The Green function of the Dirac equation (19.275) is a 4 x 4 -matrix defined by 


(ihfi - M c) a0 ( x\x a ) 01 = iU5 {D) (x - x a )8 ai . 
Suppressing the Dirac indices, it has the spectral representation 


(xb\x a ) = 


d A p 


ik 


D —ip(x b —x a )/fr 


(2ithY ]f — Me + irj 
This can be written more formally as a functional matrix 

ih 


(x b \x a ) = (x b \- 


I X a ), 


'ih$ - Me 1 

which obviously satisfies the differential equation (19.305). 


(19.305) 


(19.306) 


(19.307) 


19.5.2 Path Integral 

It is straightforward to write down a path integral representation for the amplitude 
(19.307): 


(x b \Xa) = dS 


poo rxi=x(\b) /• 


V*x 


0 Jxa=x(Xa) 


V 4 p 
(27 rh) 4 


jA/h 


with the action 


r s 

A[x,p] — dX [—px + (if — Me)). 

Jo 


(19.308) 


(19.309) 


As in Section 19.1, the parameter A is a lcngthalong the orbits, but in contrast to 
that section we shall work here with real time t, and A is related t by A = ct. and 
S is the total reparametrization-invariant length. The dot denotes the derivative 
x = dx{X)/d\. The path integral over x(X) ensures that the momentum is A- 
independent, so that the path integral over p( A) reduces to an ordinary Fourier 
integral [compare Eq. (2.41)]: 


rx b =x(\ b ) r X> 4 P 

Xa=x(\ a ) X J (27 th) 4 


Y_P_ ip(xh-x a )+iS(tf —Mc)/h 

(2irh) 4 


(19.310) 


Performing the integral over S in (19.308) leads to 


(x b \x a ) = 


d A p 
( 27 thy 


0 iy{x b -Xa) _ 


ih 


i> - Me 


(19.311) 


in agrrement with the amplitude (19.307). The minus sign in front of px is necessary 
to have the positive sign for the spatial part px in the Minkowski metric (19.277). 
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The action (19.309) can immediately be generalized to 

fS 

A[x,p] = / dX [—px + h(X) (j/> — Mc )\, (19.312) 

Jo 

with any function h( A) > 0. This makes it invariant under the reparametrization 

A—>/(A), h(X) —> h(X)/f(X). (19.313) 

The path integral (19.308) contains then an extra functional integration over h( A) 
with some gauge-fixing functional 4>[/i], as in (19.22), which has been chosen in 
(19.309) as 4> [h] = S[h — 1]. 

The path integral alone yields an amplitude 

(x\e iS ^~ Mc)/n \x a ), (19.314) 

and the integral over S in (19.308) produces indeed the propagator (19.307). In 
evaluating this we must assume, as usual, that the mass carries an infinitesimal 
negative imaginary part vrj. This is also necessary to guarantee the convergence of 
the path integral (19.308). 

Electromagnetism is introduced as usual by the minimal substitution (2.644). In 
the operator version, we have to substitute 

d/ -+ (19.315) 

Thus we obtain the gauge-invariant action 


fS 

A[x,p] — I dX 
Jo 


—px + h( A) 


eh 

c 


■4 - Me 


(19.316) 


Another path integral representation which is closer to the spinless case is ob¬ 
tained by rewriting (19.307) as 

ifl 

(x\x a ) = {ih<f) + Me) {A _ h 2 d 2 _ M 2 ^ \ Xa ^ (19.317) 

where we have omitted the negative infinitesimal imaginary part —ih of the mass, 
for brevity, and used the fact that 

{ihp + Me)(ih/) - Me) = -h 2 d 2 - M 2 c 2 , (19.318) 

on account of the anticommutation relation (19.276). By rewriting (19.317) as a 
proper-time integral 

(x\x a ) = - 3 - (ih? + Me) [°° dS(x\e iS (- n2d2 - M2c2 V 2Mcn \ Xa ), (19.319) 

ZMc J o 

we find immediately the canonical path integral 

I r oo rx=x(\b) r Ty^r) 

(x\x a ) = - (ih? + Me) / dS / V A x / —^rje iA/n , (19.320) 

v 1 2 Mc y Y ’Jo Jx a =x( \ a ) J (2vr h) 4 ’ V ’ 




1426 


19 Relativistic Particle Orbits 


with the action 

rS r 1 / \1 

A[x,p\ = d.X — px + (p 2 — M 2 c 2 ) . (19.321) 

The suppressed Dirac indices of the 4x4 -amplitude on the left-hand side, (x\x a ) a p, 
are entirely due to the prefactor (ihij) + Mc) a/3 on the right-hand side. 

As in the generalization of (19.309) to (19.309), this action can be generalized to 

A[x,p\ = dX -px + [p 2 - M 2 c 2 ) , (19.322) 

with any function h( A) > 0, thus becoming invariant under the reparametrization 
(19.313), and the path integral (19.308) contains then an extra functional integration 
/ T>h{X) <h[/i]. The action (19.322), is precisely the Minkowski version of the path 
integral of a spinless particle of the previous section [see Eq. (19.14)]. 

Introducing here electromagnetism by the minimal substitution (19.315) in the 
prefactor of (19.317) and on the left-hand side of (19.318), the latter becomes then 

(ihp - e -i + Me) (ihfi - e -i - Me) = k 2 (id - ^a) 2 - - M 2 c 2 , 

(19.323) 

where 

YT' = (19.324) 

are the generators of Lorentz transformations in the space of Dirac spinors. For any 
fixed index p, they satisfy the commutation rules: 

[E M ", E MK ] = igwY VK . (19.325) 

Due to the antisymmetry in the two indices, this determines all nonzero commutators 
of the Lorentz group. 

Using Eqs. (19.254), we can write the last interaction term in (19.323) as 

YTF^ = ~2E'/i' + 2E 0,: £\ (19.326) 

where E* are the generators of rotation 

V = = i ( o' ®, ) . (19.327) 

and 

S o* = ia i = i7 oy = i ^ ° j (19.328) 


are the generators of rotation-free Lorentz transformations. Thus 


= 


cr(B + iE) 0 

0 <t(B — /E) 


(19.329) 
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19.5.3 Amplitude with Electromagnetic Interaction 

The obvious generalization of the path integral (19.320) which includes minimal 
electromagnetic interactions is then 


1 


(x x n 


2 M 

with the action 


ih@ - -J^j+Mc fdS Jvh(X) $[h\ j' 


x=x(\ b ) r X? 4 r, „ 

V 4 x / —^rrTe lA/h , 

x a =x(\a) J ( 2 nh ) 4 

(19.330) 


A{x,p} = /d\Lpi+/A (p-‘a) 


he 


E - M 2 c 2 


(19.331) 


The symbol T is the time-ordering operator defined in (1.241), now with respect to 
the proper time A, which has to be present to account for the possible noncommu¬ 
tativity of F / ,j y E / " y /2 at different A. Integrating out the momentum variables yields 
the configuration-space path integral 






x=x(\ b ) 
X a = X(\ a ) 


V 4 x Te iA/n ,{ 19.332) 


f s 

A[x] = dX 
Jo 

The coupling to the magnetic field adds to the rest energy Mc 2 an interaction energy 

Tic 

H int = -—a-B. (19.334) 

Me 

From this we extract the magnetic moment of the electron. We compare (19.334) 
with the general interaction energy (8.316), and identify the magnetic moment as 

he 

u, = —— cr. (19.335) 

Recall that in 1926, Uhlcnbeck and Goudsmit explained the observed Zeeman split¬ 
ting of atomic levels by attributing to an electron a half-integer spin. However, the 
magnetic moment of the electron turned out to be roughly twice as large as what 
one would expect from a charged rotating sphere of angular momentum L, whose 
magnetic moment is 

P = Pbj-, (19.336) 

where /i# = he/Adc is the Bohr magneton (2.649). On account of this relation, it is 
customary to parametrize the magnetic moment of an elementary particle of spin S 
as follows: 

S 

9 — 9Pbj-- 


Me 9 e . , he , .,,Mc 

— p-x-x 2 - xA — h(X)—XT F, w — h( A)- 

2h(X) c v 2Mc 2 M K J 2 


(19.333) 


(19.337) 
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The dimensionless ratio g with respect to (19.336) is called the gyromagnetic ratio 
or Lande factor. For a spin-1/2 particle, S is equal to <r/2, and comparison with 
(19.335) yields the gyromagnetic ratio 

g = 2, (19.338) 

the famous result found first by Dirac, predicting the intrinsic magnetic moment ft 
of an electron to be equal to the Bohr magneton /i^, thus being twice as large as 
expected from the relation (19.336), if we insert there the spin 1/2 for the orbital 
angular momentum. 

In quantum electrodynamics one can calculate further corrections to this Dirac 
result as a perturbation expansion in powers of the fine-structure constant a [recall 
(1.505)]. The first correction to g due to one-loop Feynman diagrams was found by 
Schwinger: 

g = 2x(l + |^)^2xl.001161, (19.339) 

where a is the fine-structure constant (1.505). Experimentally, the gyromagnetic 
ratio has been measured to an incredible accuracy: 

g = 2 x 1.001159652 193(10), (19.340) 

in excellent agreement with (19.339). If the perturbation expansion is carried to 
higher orders, one is able to reach agreement up to the last experimentally known 
digits [14]. 

In the literature, there exist other representations of path integrals for Dirac 
particles involving Grassmann variables. For this we recall the discussion in Sub¬ 
section 7.11.3 that a path integral over four real Grassmann fields n — 0,1, 2, 3 

j V A 0 exp ^dt , (19.341) 

generates a matrix space corresponding to operators 9 M with the anticommutation 
rules 

{>,r} = 2 g^ u , (19.342) 

and the matrix elements 

= (757*%* , ft a = 1,2, 3,4. (19.343) 

It is then possible to replace path integral (19.332) by 

M*-> = 2 sf dS 7 mtw 

x J V X $[x] J V A 6 j Vx J £ e i{A[x]+A G [erA])/n^ ( 19 . 344 ) 
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with the action of a relativistic spinless particle [the action (19.333) without the 
spin coupling] 

A[x,p\ = dX S^-px + (p - - M 2 c 2 |, (19.345) 

and an action involving the Grassmann fields 6 G 

A G \e\A] = j/dX PAe r (\)^(\) + . (19.346) 

This follows directly from Eq. (7.513). The function h( A) is the same as in the 
bosonic actions (19.14) and the path integral (19.22) guaranteeing the reparametriza- 
tion invariance (19.13). 

After integrating out the momentum variables in the path integral (19.344), the 
canonical action is of course replaced by the configuration space action (19.218). In 
the simplest gauge (19.23), the total action reads 


4*, n = [ dX \-^x 2 - e -(xA- j jO,(r)r(r) . 

(19.347) 

The Grassmann variables can be integrated out using formula (19.103), which reads 
here [compare (7.501)]: 

y^ 4 6 »ei= 4Det 1/2 -iS^dt + ^F^ixi A)) . (19.348) 

For a constant field tensor F /t „ and with the usual antiperiodic boundary condi¬ 
tions in the interval ct = A G (OjA), the right-hand side has been given before in 
Eq. (19.103). In the present case it reads: 


4Det' /2 (-i<,„„S A + i^F^) =4co S (^|)c°sh(-^j£|). (19.349) 


e 
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The factor 2 may be thought of as 4 x 1/2 where the factor 4 comes from the free 
path integral over the Grassmann field, 

j V D 6e~ AeAe]/n = 4. (19.352) 


counts the four components of the Dirac field. Recall that by (19.286), the Dirac field 
carries four modes, one of energy hu k, with two spin degrees of freedom, the other 
of energy —ku^ with two spin degrees. The latter are shown in quantum field theory 
to correspond to an antiparticle with spin 1/2. The path integral over x (A) which 
counts paths in opposite directions with the ground state energy (19.39) describes 
particles and antiparticles [recall the remarks after Eq. 19.45]. This explains why 
only the spin factor 2 remains in (19.351). 

By including the vector potential via the minimal substitution p —> p—(e/c)A, we 
obtain the Euclidean effective action from Eq. (19.221), and thus obtain immediately 
the path integral representation 


f f 

e 

h 


2 f °° e ~/3Mc 2 /2 

Jo (3 


V D xe 


Ae/U 


(19.353) 


with the Euclidean action (19.220). 

This is not yet the true partition function T e of the spin-1/2 particle, since the 
proper path integral contains the additional Grassmann terms of the action (19.347). 
In the Euclidean version, the full interaction is 


r-hft p r j 

Ae, intM] = l d\- [i^(A)^(x(A)) - — F ta ,(x(\))e»(\)e i '(\) 


. (19.354) 


Thus we obtain the path integral representation 

— = 2 ^ g—/3 Mc 2 /2 f v d x j v d q e -M e ,oM]+A,intM]}A (19.355) 

h Jo (3 J J 

where the free part of the Euclidean action is 

rhf3 A/T rhf) 1) 

A e ,o[x,d] = A e ,o[x] +A e ,o[6\ = dT—x 2 (r)+ dr -0 m (t)0 m (t). (19.356) 

Jo 2 jo 4 


19.5.5 Perturbation Expansion 

The perturbation expansion is a straightforward generalization of the expansion 
(19.224): 


k 


r f 

1 e,0 


+ 


>df3 


f)Mc 2 /2 _ 


2V d 


h Jo f3 


I -— D Z - 

\j2nU 2 (3/M n= 


E- 

=i 


-ie/c) 7 


ni 


x 


n 

\i=l 


r np 


dTi 


h 


x^A^xiTi)) - -^-F^ixiTi^ir^e^Ti 


(19.357) 
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The leading free effective action coincides, of course, with the n — 0 -term of the 
sum [compare (19.351)]. 

The expectation values are now defined by the Grassmann extension of the Gaus¬ 
sian path integral (19.225): 


< 0 M])„ = 


/ V D x J V D e 0[x,e] e-V»Ml/'> 

J 6 •Ae,o[%]/fi' J Q g—^4 e ,o[0]/^ 


(19.358) 


where the denominator is equal to (1 / 2)Vp / \j2Trh 2 fd / M x 4. 

There exists also an expansion analogous to (19.227), where the vector potentials 
have been Fourier decomposed according to (19.226). Then we obtain an expansion 
just like (19.227), except for a factor —2 and with the expectation values replaced 
as follows: 


n 

\i= 1 


r hp 




-(n 


W =1 


rh/3 


d.Tj 


x^in) + 


ill 

2 Me 




JkiXpi) 


. (19.359) 


The evaluation of these expectation values proceeds as in Eqs. (19.228)-(19.239), 
except that we also have to form Wick contractions of Grassmann variables which 
have the free correlation functions 


(^(r)r(r')) = 2<W'G^ e (r - r'), (19.360) 

where 

Gu,e( r ~ T> ) = ^ e ( r )’ r G n P) (19.361) 

is the Euclidean version of the antiperiodic Green function (3.109) solving the inho¬ 
mogeneous equation 

= 6{t). (19.362) 

Outside the basic interval [—h/3, Tifd) the function is to be continued antiperiodically. 
in accordance with the fermionic nature of the Grassmann variables. 

In operator language, the correlation function (19.360) is the time-ordered ex¬ 
pectation value {T0{t)6[t'))q [recall (3.299)]. By letting r —>■ r' once from above 
and once from below, the correlation function shows agreement with the anticom¬ 
mutation rule (19.342). In verifying this we must use the fact that the time ordered 
product of fermion operators is defined by the following modification of the bosonic 
definition in Eq. (1.241): 

f(d n (t n )---d 1 (t 1 )) = epd in (t in )---O il (t ll ), (19.363) 

where t in ,... , are the times t n , ..., ti relabeled in the causal order, so that 

tin > *»„_! > ••• > t h . (19.364) 

The difference lies in the sign factor ep which is equal to 1 for an even and —1 for 
an odd number of permutations of fermion variables. 
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19.5.6 Vacuum Polarization 

Let us see how the fluctuations of an electron loop change the electromagnetic field 
action. To lowest order, we must form the expectation value (19.359) for n — 0 and 
k\ = — k 2 = k: 

< 


i Ml ( r i) + 


ih 


2 Me 


r^n^Ti) 


0 ik8x{ri) 


x^ 2 (t 2 )- 


ih 


2 Me 


r 2 ^ 2 (r 2 )^ 2 (r 2 ) 


ik5x(T2)\ 

/ 0 

(19.365) 


From the contraction of the velocities id 11 (ri) and x^ 2 (r 2 ) we obtain again the spinless 
result (19.240) leading in (19.242) to the integrand 


( kl8^ - k?h?) 'G 2 (t 1 ,t 2 ) = ( k{5^ - k^) ^(u - 1/2) 2 . (19.366) 

In addition, there are the Wick contractions of the Grassmann variables: 


h 


2 Me 


k ui e u \r i)0 w (n) 


0 ik8x(r\) 


ih 

2 Me 


k U2 9 U2 (T 2 )9^{T 2 ) 


^—ikSxfo) 


), 


Since e 2 (Ti — r 2 ) = 1, this changes the spinless result (19.366) to 


(19.367) 


( kfS^ - W 2 ) 'G 2 (t 1 ,t 2 ) = (A;^ 1 " 2 - A^Aif ) ^[(u-1/2) 2 -1/4], (19.368) 

Remembering the factor —2 in the expansion (19.358) with respect to the spinless 
one, we find that the vacuum polarization due to fluctuating spin-1/2 orbits is 
obtained from the spinless result (19.251) by changing the factor 4 (u — 1/2) 2 = 
(2 u — l) 2 in the integrand to —2 x 4 u[u — 1) = 8w(l — u). The resulting function 
II(A; 2 ) has the expansion 


U(k 2 ) 


1 2 
37 t e 


log 


M 2 c 2 e 1 

4nh 2 


U 2 k 2 { k 2 \ 

15nM 2 c 2 ^ y ’ M 2 c 2 /h 2 ) 


(19.369) 


The first term produces a renormalization of the charge which is treated as in the 
bosonic case [recall (19.271)-(19.274)], which causes an additional contact interac¬ 
tion 


a a 

- y - 




Aa 2 U 2 
15 M 2 c 2 


5 (3) (x). 


(19.370) 


There, the vacuum polarization has the effect of lowering the state 2 Si/ 2 , which is 
the s-state of principal quantum number n = 2, against the p-state 2 P x / 2 by 27.3 
MHz. The experimental frequency shift is positive ~ 1057 MHz [recall Eq. (18.600)], 
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and is mainly due to the effect of the electron moving through a bath of photons as 
calculated in Eq. (18.599). 

The effect of vacuum polarization was first calculated by Uehling [13], who as¬ 
sumed it to be the main cause for the Lamb shift. He was disappointed to find only 
3% of the experimental result, and a wrong sign. 

The situation in muonic atoms is different. There the vacuum polarization does 
produce the dominant contribution to the Lamb shift for a simple reason: The other 
effects contain in a factor M/M 2 , where M 2 is the mass of the muon, whereas the 
vacuum polarization still involves an electron loop containing only the electron mass 
M, thus being enhanced by a factor (M^/M) 2 « 210 2 over the others. 

The calculations for the electron in an atom have been performed to quite high 
orders [14] within quantum electrodynamics. We have gone through the above 
calculation only to show that it is possible to re-obtain quantum field-theoretic 
result within the path integral formalism. More details are given in the review 
article [5], 

As mentioned in the beginning, the above calculations are greatly simplified 
version of analogous calculations within superstring theory, which so far have not 
produced any physical results. If this ever happens, one should expect that also 
in this held a second-quantized held theory would be extremely useful to extract 
efficiently observable consequences. Such a theory still need development [15]. 

19.6 Supersymmetry 

It is noteworthy that the various actions for a spin-1/2 particle is invariant under 
certain supersymmetry transformations. 


19.6.1 Global Invariance 


Consider hrst the fixed-gauge action (19.347). Its appearance can be made somewhat 
more symmetric by absorbing a factor tJTi/2M into the Grassmann variables 0 A ‘(r), 
so that it reads 


A[x, 0 M ] — dr 


M -x 2 - - (xA + l -F^e v 


44 + 


. (19.371) 


The correlation functions (19.360) of the 0-variables are now 

(0^7)0-(t')) = V-G'(t, t') = ( T _ T ' )t (19.372) 

with Aq(t — r') = e(r — r')/ 2. In this normalization, G f (r, t') coincides, up to a 
sign, with the hrst term in the derivative G(r, t') of the bosonic correlation function 
[recall (19.232) and the hrst term in (19.234)]. 

Let us apply to the variables the inhnitesimal transformations 


8x^(r) = M0 M (r), 59^ (r) = ax^(r). 


(19.373) 
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where a is an arbitrary Grassmann parameter. For the free terms this is obvious. 
The interacting terms change by 

—ia J (fx - (>A M + . (19.374) 

Inserting F /w x , - 1 (r) = dA v (x(r))/dr — d I/ [A M (a;(r))i; /i (r)], the hrst term cancels and 
the second is a pure surface term, such that the action is indeed invariant. 

Supersymmetric theories have a compact representation in an extended space 
called superspace. This space is formed by pairs (r, £), where ( is a Grassmann 
variable playing the role of a supersymmetric partner of the time parameter r. The 
coordinates x^{r) are extended likewise by defining 

X»(t) = x»{t) + <^(r). (19.375) 

A supersymmetric derivative is defined by 

DX*{t) = (J^ + i(-^J X*{t) = i^(r) + iC^(r). (19.376) 

If we now form the integral, using the Grassmann formula (7.379), 

[ iX^r)DX^( t ) = [dr^f-i [i(r)+iC0 /i (r)| [i6^(j) + iCi^r)], (19.377) 
J Art J An 1 

we find 

J dr ( -x 2 + , (19.378) 

which proportional to the free part of the action (19.347). As a curious property of 
differentiations in superspace we note that 

D 2 X^(t) = ii^(r) - C ^(t), D 3 X^(t) = *01*(t) - (x(t), (19.379) 

such that the kinetic term (19.377) can also be written as 

^/dr^A / ,(r)D 3 A /i (r). (19.380) 

The interaction is found from the integral in superspace 
; / d T ^^(X(T))DX(T) 

— if dr'ff- [^(xfr)) + id^A tl (x(r))$ l '(r)] [ i8^(t) + iCir(r )], (19.381) 
J Alt 

which is equal to 

- f dr A»(t)x(t)+ 1 -F^ 1 (t)6 u (t) , 

thus reproducing the interaction in (19.347). The action in superspace can therefore 
be written in the simple form 

A[X] =i [dr ^ \-E X ^( t )D 3 X^{t) + -A>*(X(t))DX(t)} . (19.382) 

J Ztt L Z c 


H. Kleinert, PATH INTEGRALS 




19.6 Supersymmetry 


1435 


19.6.2 Local Invariance 

A larger class of supersymmetry transformations exists for the action without gauge 
fixing which is the sum of the free part (19.345) and the interacting part (19.346). 
Absorbing again the factor yJh/2M into the Grassmann variable 0 M (r), and rescaling 
in addition h(r) by a factor 1/c, the reparametrization-invariant action reads 

A x ,P, 9, h] = j dr | -px + (p - - M 2 c 2 

+ y^( r )^‘( r ) - ih(r)^F /ii/ (x(r))6> /i (T)6> iy (r)|. (19.383) 

Let us now compose the action from invariant building blocks. For simplicity, we 
ignore the electromagnetic interaction. In a first step we also omit the mass term. 
The extra variable h{r ) requires an extra Grassmann partner y(r) for symmetry, 
and we form the action 

A[x, p, 9, h, x) = J dr j-px + yyp 2 + y^( r )^( r ) + ^x(r)9 fl (t)p„(t) j. (19.384) 

This action possesses a local supersymmetry. If we now perform r-dependent versions 
of the supersymmetry transformations (19.373) 

5x M = ia(r)9^\ 59 M = a(r)p , 5p = 0, 

5h = ia(r)x, 5x = 2 d(r). (19.385) 

If we integrate out the momenta in the path integral, the action (19.384) goes over 
into 

A 1 [x, 6 ,h,x\=J dr|" : 2h^ + Y i ^( T )^( T ) + 2h(7) X ( T )^( T ) i;/i ( T )j ’ ( 19 ‘ 386 ) 

where a term proportional to y 2 (r) has been omitted since it vanishes due to the 
nilpotency (7.375). This action is locally supersymmetric under the transformations 

6x " = ia(r)9 **, 59 ** = ^4 \x - ~x H , 

h{T) [ 2 

5h = ia(r)x, $X — 2 d(r). (19.387) 

We now add the mass term 

Am = ~ 2 J dr h(r)Mc 2 . (19.388) 

This needs a supersymmetric partner to compensate the variation of A rn under 
(19.387). 

A = ~J dr 9 5 (t)9 5 (t) + Mc-x(T)9 b (T) . 


( 19 . 389 ) 
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Indeed, add to (19.387) the transformation 

59 5 = Mca(r), 


(19.390) 


we see that the sum Am + A 5 is invariant. Adding this to (19.384), we obtain the 
locally invariant canonical action 


A[x, p, 9, 0 5 , h, x] = jdri -px + 


h(r ) M. 

—~^Mc 9 -* 

2 2 


+ 2 *( r ) [^( t )a( t ) + Mc ^>(r)] [>• 


0 M (r)0 At ( r ) + ^5 (t)0 5 (t 

(19.391) 


Appendix 19A Proof of Same Quantum Physics of 

Modified Action 


Consider the sliced path integral for a relativistic point particle associated with the original action 
(19.12). If we set the initial and final paramters A a and A& equal to Ao and Ajv+i, and slice the 
A-axis at the places A„ (n = 1,2,..., 2V), the action becomes 

JV+l 

■4 c i,e = Me Y, \x n - ar n _i|, (19A.1) 

n=l 

where \x n — x n -\\ = \J(x n — x n -i) 2 are the Euclidean distances [recall (19.2)]. The Euclidean 
amplitude for the particle to run from x a = Xq to Xb = Xn+i is therefore given by the product of 
integrals in D spacetime dimensions 


e- Wc D»=il*-- x »- 1 l/ R . (19A.2) 

As a consequence of the reparamterization invariance of (19.12), this expression is independent of 
the thickness A n — A„_i of the slices, which we shall denote by rename as = h n e, where e is some 
fixed small number. 

We now factorize the exponential of the sum into a product of iV+1 exponentials and represent 
each factor as an integral [using Formulas (1.347) and (1.349)] 


( x b \x a ) =U 


d D a 


D — Mc\Xn—X n — i \/K _ 


eMc 

2nh 


dh h~ 1 / 2 ^~ efl ri.M c /'2h—Mc(x n —x„-i) 2 /2h n eh 


(19A.3) 


Absorbing constants in the normalization factor A7, we arrive at 

e - M « S n7>„/2 


N +1 

(xb\ Xa) = N ]^[ 

n=l 


dh n h& 1)/2 


1 


-D 


N 

n 


\]2i:ehN+i/Mc „=i \J sj2ixeh n /Mc 


d D i 


-D 


3 -McS) , + 1 1 (x„-i n _i) 2 /2k„e 


(19A.4) 


The second line contains only harmonic integrals over x n , which can all be done with the help of 
the formulas of Appendix 2B, with the result 


(z b SM) = 1 -Mc(x b -x a r/2SK' (19A.5) 

x/2irSTi/Mc 
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where S is the total parameter length 

AT+l 

S = eh n , (19A.6) 

n= 1 


Replacing (19A.5) by its Fourier representation [compare with (1.333) and (1.341)], we can rewrite 
(19A.4) as 

N+l 

{Xb\xa) = AT PI 

71=1 


dh n hP 3 1)/2 


-McS/2h I d P —Sp 2 /2Mc+ip(xb—Xa)/h 

J (2 nh) D 


(19A.7) 


Thus we are left with the product of integrals over h n . Before we can perform these, we must 
make sure to respect the sum (19A.6). This is done by inserting an auxiliary unit integral that 
separates out an integral over the total length S: 

i = d9A.s) 


where Ac is the Compton wavelength (19.31). Then the product of integrals over h n in the brackets 
of (19A.7) can be rewritten as follows: 


r°° ds 
Jo 2 Ac 



da crS/2\c 

27ri 


N+l r 

n 

71=1 


dh n h^- 1)l2 e- aehn ^ Xc 


e -S/2\ c 


Setting h n = r 2 , we treat the curly backets as 


(19A.9) 



, JV+1 

fff_aS/2\c TT 
2 7T* 


dr n r® e _<TCI ™/ 2Ac 


27tAc 


1 AT+l pioo 


T(D + l)e 


da 

2ni 


e *S/2\ C(T -(N+l)(D+l)/2. 


(19A.10) 


For large N, the integral over er can be approximated by the Gaussian integral around the neigh¬ 
borhood of the saddle point at a = (N + 1 )(D + 1)A c/S: 



flf_ e crS/2\c a -(N+l)(D+l)/2 

2tt i 


large N 


y/2^ 


n (JV+l)(D+l)/2 


(N + 1)(D + 1)A C 


(19A.11) 


While letting N tend to infinity, we keep S/(N + 1) = e fixed. Then we may write the right-hand 
side as an exponential 




(D + 1)A C 


-S{D+ l)/2g 




,-zS/2\ c 


(19A.12) 


where 


z = vlogv with v = {D + \)\c/e (19A.13) 

is a large number. Inserting (20.246) back into the curly brackets of (19A.9), the constant z can be 
absorbed into the mass of the particle by replacing M by the renormalized quantity M\ = M(l+z). 
With this, (19A.9) becomes 


r M-SM 1C /2H 

Jo 2A c 


(19A.14) 
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and the path integral (19A.4) reduces to 

(x b \x a ) = U" J™ e ~ MlcS/2h J e -Sr 2 3 4 /2Mc+ip(x h - Xa )/h ; (19A.15) 

where all irrelevant factors are contained in the normalization factor A f". The remaining integral 
over S can now be done and yields 


{x b \x a ) 


d D k _ 1 

{2ir) D k 2 + M^/h 2 


e ik(xb—Xa) 


where Mr is the renomalized mass 


Mr = M(1 + 2 ) 1/2 . (19A.16) 

If we choose the normalization factor Af" = 1, this is exactly the same result as that obtained 
before in Eq. (19.30) from the modified action (19.10), if we use in the original action (19.12) the 
mass M/( 1 + z) 1 ^ 2 rather than M for the calculation. 
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Path Integrals and Financial Markets 


An important field of applications for path integrals are financial markets. The 
prices of assets fluctuate as a function of time and, if the number of participants 
in the market is large, the fluctuations are pretty much random. Then the time 
dependence of prices can be modeled by fluctuating paths. 

20.1 Fluctuation Properties of Financial Assets 

Let S(t) denote the price of a stock or another financial asset. Over long time 
spans, i.e., if data recording frequency is low, the average over many stock prices 
has a time behavior that can be approximated by pieces of exponentials. This is 
why they are usually plotted on a logarithmic scale. This is best illustrated by a 
plot of the Dow-Jones industrial index over 60 years in Fig. 20.1. The fluctuations 
of the index have a certain average width called the volatility of the market. Over 



Figure 20.1 Logarithmic plot of Dow Jones industrial index over 80 years. There are 
four roughly linear regimes, two of exponential growth, two of stagnation [1], 


1440 










20.1 Fluctuation Properties of Financial Assets 


1441 



1984 1986 1988 1990 1992 1994 1996 


Figure 20.2 (a) Index S&P 500 for 13-year period Jan. 1, 1984 — Dec. 14, 1996, recorded 
every minute, and (b) volatility in time intervals 30 min (from Ref. [2]). 


long times, the volatility is not constant but changes stochastically, as illustrated by 
the data of the S&P 500 index over the years 1984-1997, as shown in Fig. 20.2 [3]. 
In particular, there are strong increases shortly before a market crash. 

The theory to be developed will at first ignore these fluctuations and assume 
a constant volatility. Attempts to include them have been made in the literature 
[3]—[79] and a promising version will be described in Section 20.4. 

The volatilities follow approximately a Gamma distribution, as illustrated in 
Fig. 20.3. 



Normalized volatility 


Figure 20.3 Comparison of best Gaussian, log-normal, and Gamma distribution fits 
to volatilities over 300 min (from Ref. [80]). The normalized log-normal distribution has 
the form D log-norma i(z) = {2TU7 2 z 2 )~ l / 2 e~^ logz ~^ 2 / 2a ". The Gamma distribution will be 
discussed further in Subsection 20.1.5. 
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An individual stock will in general be more volatile than an averge market index, 
especially when the associated company is small and only few shares are traded per 
day. 


20.1.1 Harmonic Approximation to Fluctuations 

To lowest approximation, the stock price S(t) satisfies a stochastic differential equa¬ 
tion for exponential growth 


S(t) 


r s + v(t)i 


( 20 . 1 ) 


where r$ is the growth rate, and 77 (f) is a white noise variable defined by the corre¬ 
lation functions 


( 77 (f)) = 0, ( V (t) V (t')) = a‘ 2 5(t-t l ). (20.2) 

The standard deviation a is a precise measure for the volatility of the stock price. 
The squared volatility v = a 2 is called the variance. 

The quantity dS(t)/S(t) is called the return of the asset. From financial data, the 
return is usually extracted for finite time intervals Af rather than the infinitesimal 
dt since prices S(t) are listed for certain discrete times t n — t 0 + nAt. There are, 
for instance, abundant tables of daily closing prices of the market S(t n ), from which 
one obtains the daily returns AS(t n )/S(t n ) = [S^fn+i) — S(t n )]/S(t n ). The set of 
available S(t n ) is called the time series of prices. 

For a suitable choice of the time scales to be studied, the assumption of a white 
noise is fulfilled quite well by actual fluctuations of asset prices, as illustrated in 
Fig. 20.4. 



Figure 20.4 Fluctuation spectrum of exchange rate DM/USS as function of frequency 
in units 1/sec, showing that the noise driving the stochastic differential equation (20.1) is 
approximately white (from [13]). 
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Figure 20.5 Behavior of logarithmic stock price following the stochastic differential 
equation (20.3). 


The finite differences A x(t n ) = x(t n+1 )—x(t n ) and the corresponding differentials 
dx are called log-returns. 

The extra term a 2 /2 in (20.5) is due to Ito’s Lemma (18.413) for functions of a 
stochastic variable x(t). Recall that the formal expansion in powers of dt: 

, , . dx . 1 d 2 x . 

= ds dS ® + 2dS* dS ( i ) + "‘ 

S(t) 2 [S(t) 

may be treated in the same way as the expansion (18.426) using the mnemonic rule 
(18.429), according to which we may substitute x 2 dt —> ( x 2 )dt = a 2 , and thus 

dt —> x 2 (t)dt = a 2 . (20.7) 

The higher powers in dt do not contribute for Gaussian fluctuations since they carry 
higher powers of dt. For the same reason the constant rates rs and r x in S(t)/S(t) 
and x(t) do not show up in [S(t)/S(t)] 2 dt= x 2 {t)dt. 

1 To form the logarithm, the stock or asset price S(t) is assumed to be dimensionless, i.e. the 
numeric value of the price in the relevant currency. 
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In charts of stock prices, relation (20.5) implies that if we fit a straight line 
through a plot of the logarithms of the prices with slope r x , the stock price itself 
grows on the average like 

(S(t)) = S(0) e rst = S(0)(e rxt+ fo dt '^) = S(0 ) e ^ +a2/2)t . (20.8) 

This result is, of course, a direct consequence of Eq. (18.425). 

The description of the logarithms of the stock prices by Gaussian fluctuations 
around a linear trend is only a rough approximation to the real stock prices. The 
volatilities depend on time. If observed at small time intervals, for instance every 
minute or hour, they have distributions in which frequent events have an exponen¬ 
tial distribution [see Subsection 20.1.6]. Rare events, on the other hand, have a 
much higher probability than in Gaussian distributions. The observed probabil¬ 
ity distributions possess heavy tails in comparison with the extremely light tails of 
Gaussian distributions. This was first noted by Pareto in the 19th century [18], 
reemphasized by Mandelbrot in the 1960s [19], and investigated recently by several 
authors [20, 22], The theory needs therefore considerable refinement. As an inter¬ 
mediate generalization we shall introduce, beside the heavy power-like tails, also 
the so-called semi-heavy tails, which drop off faster than any power, such as e~ x<1 x b 
with arbitrarily small a > 0 and any b > 0. We shall see later in Section 20.4 that 
semi-heavy tails of financial distribution may be viewed as a consequence of Gaus¬ 
sian fluctuations with fluctuating volatilities. Before we come to these we may fit 
the data phenomenologically with various non-Gaussian distributions and explore 
the consequences. 


20.1.2 Levy Distributions 

Following Pareto and Mandelbrot we may attempt to approximately fit the distri¬ 
butions of the price changes A S n = S(t n+ 1 ) — S(t n ), the returns A S n /S(t n ), and the 
log-returns Ax n = x(t n+ 1 ) — x(t n ) for a certain time difference At = t n+i — t n with 
the help of Levy distributions [19, 22, 24, 23]. For brevity we shall, from now on, use 
the generic variable z to denote any of the above differences. The Levy distributions 
are defined by the Fourier transform 



2vr 


lA 


ip), 


with 


La -2 (p) = exp 


— (aV) A/2 /2 . 


(20.9) 


( 20 . 10 ) 


For an arbitrary distribution D(z), we shall write the Fourier decomposition as 


D(z) 




( 20 . 11 ) 
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and the Fourier components D(p) as an exponential 

Dip) = e~ H{p \ (20.12) 

where H(p) plays a similar role as the Hamiltonian in quantum statistical path 
integrals. By analogy with this we shall also define H{z) so that 

D(z) = e~ S{z \ (20.13) 

An equivalent definition of the Hamiltonian is 



zjo zjo 


Figure 20.6 Left: Levy tails of the S&P 500 index (1 minute log-returns) plotted 
against z/5. Right: Double-logarithmic plot exhibiting power-like tail regions of the S&P 
500 index (1 minute log-returns) (after Ref. [23]) 



(20.14) 


For the Levy distributions (20.9), the Hamiltonian is 

Hip) = \(<J 2 P 2 ) X/2 . (20.15) 

The Gaussian distribution is recovered in the limit A —>• 2 where the Hamiltonian 
simply becomes a 2 p 2 /2 . 

For large z, the Levy distribution (20.9) falls off with the characteristic power-law 

L X z( z ) -t Av 2 |_| 1+A - (20.16) 

This power falloff is the heavy tail of the distribution discussed above. It is also 
called power tail, Paretian tail, or Levy tail). The size of the tails is found by 
approximating the integral (20.9) for large z, where only small momenta contribute, 
as follows: 



^P e ipz 

2tt 



X 

fl+A’ 


(20.17) 
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with 


cr A r°° 


d P' 

- r 

2A Jo it 


At 2 = —— / p" cosp' = 


o 

2 nX 


sin(7rA/2) T(1 + A). 


(20.18) 


The stock market data are fitted best with A between 1.2 and 1.5 [13], and we 
shall use A = 3/2 most of the time, for simplicity, where one has 


A% 2 = 


1 a 3 / 2 

4 V2tF' 


(20.19) 


The full Taylor expansion of the Fourier transform (20.10) yields the asymptotic 
series 


E 


(-i)' 


n =0 


n\ Jo 7T 


^^=£(=^r(l + n A)^.(20,0) 


n =0 


n\ 2 n it 


\Z 


This series is not useful for practical calculations since it diverges. In particular, it 
is unable to reproduce the pure Gaussian distribution in the limit A —> 2. 

There also exists an asymmetric Levy distribution whose Hamiltonian is 


H\,<jAp) = \\ a P\ X t 1 “ */3e(p)F A><T (p)], 
where e(p) is the step function (1.316), and 


F\ Ap) 


tan(7rA/2) for A ^ 1, 
—(1/7r) logp 2 for A = 1. 


( 20 . 21 ) 


( 20 . 22 ) 


The large-1^| behavior of this distribution is again given by (20.17), except that the 
prefactor (20.18) is multiplied by a factor (1 + (3). 


20.1.3 Truncated Levy Distributions 

Mathematically, an undesirable property of the Levy distributions is that their fluc¬ 
tuation width diverges for A < 2, since the second moment 


cr 


= (z ) = / dz z 2 L a 2 (^) = 


d 2 


djr 


T x 


(p) 


(20.23) 


p=0 


is infinite. If one wants to describe data which show heavy tails for large log-returns 
but have finite widths one must make them fall off at least with semi-heavy tails 
at very large returns. Examples are the so-called truncated Levy distributions [22], 
They are defined by 


L 


(A,a) 


J-oo 2tt 6 ff2 ^ 1-00 2-k 


(20.24) 
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with a Hamiltonian which generalizes the Levy Hamiltonian (20.15) to 


H{p) = 


a 2 a 2 x 


2 A(1 - A) + ip ^ + ( a " ip ^ ~ 2a) 
2 (a 2 + p 2 ) xp2 cos[A arctan(p/o;)] — a x 


= f ' ' • o^A(l-A)- " -' (2a25) 

The asymptotic behavior of the truncated Levy distributions differs from the 
power behavior of the Levy distribution in Eq. (20.17) by an exponential factor e~ az 
which guarantees the finiteness of the width a and of all higher moments. A rough 
estimate of the leading term is again obtained from the Fourier transform of the 
lowest expansion term of the exponential function e~ H 

dp 


L ( i’ a) 


{z) « e 2so,X r e ipz f 1 - s f(a + ip) x + (a - ip) x ] } 

J-oo 2 n t L J > 


-A e 2sa r(l + A) 


sin(7rA) e 


7T 


I 1+A ; 


where 


a 2 a 2_A 


s = 


2 A(1 - A)' 

The integral follows directly from the formulas [25] 


f°° dp inz / • \ a B(z) e 

J-oo 2^ 6 ~( a + rpy - r(-A) ^ 1+A ’ J-oo 2^ 

and the identity for Gamma functions 2 

1 


dp e ¥z {a _ ip) \ = 


©(— z) e 

r(-A) M 1+A 


r (--) 


= —T(1 + z) sin{nz)/n. 


(20.26) 


(20.27) 


,(20.28) 


(20.29) 


The full expansion is integrated with the help of the formula [26] 


dp 


l-oo 2n 

= (2a) x/2+u/2 


e ipz (a + ip) x (a — ip) 1 


12(1l+A/2+^/2 


T(-A) 

1 

rM 


W^ xw+x+v)/2 {2az) z > 0, 

for 

W(A-i/)/2,(1+A+i/)/2(2 olz) z < 0, 


(20.30) 


where the Whittaker functions H / ( i/ _a)/2,(i+a+^)/2(2q;^) can be expressed in terms of 
Hummer’s confluent hypergeometric function 1 E\(a;6;x) of Eq. (9.45) as 

WsAx) = 1/2 + k-S-,2 k + 1-,x) 

1 (1/2 — K — o) 


T(2k 


T{1/2 + k-5) 


-——x _ ' t+1/2 e _a:/2 iFi(l/2 — K — 6 ] — 2k + 1; x), (20.31) 


2 M. Abramowitz and I. Stegun, op. cit., Formula 6.1.17. 




1448 


20 Path Integrals and Financial Markets 


as can be seen from (9.39), (9.46) and Ref. [27]. For v — 0, only z > 0 gives a 
nonzero integral (20.30), which reduces, with W_ a/ 2 ,i/ 2 +a/ 2 (^) = z~ x ^ 2 e~ z ^ 2 , to the 
left equation in (20.28). Setting A = u we find 

/_” e*» (« 2 + P 2 r = (2a)"/ 2 ^i s;f 4^lV„, 1 , 2+ „(2 a |^|). (20.32) 

Inserting 


2 z 

Wo, 1 / 2 +i/(x) = d—K 1/2+v {x/2), 


we may write 


[°° ^ (a 2 + p 2 )" = ^ 

I —oo 27T 


l/2+i2 


*1/ 


A'i/ 2 +i,(akl)- 


(20.33) 


(20.34) 


For v — — 1 where K_i/ 2 (x) = Ki/ 2 (x) = ^jit/2xe x , this reduces to 


dp 




= — e~“l z L 


J-oo 2i r a 2 + p 2 2 ck 

Summing up all terms in the expansion of the exponential function 




J2sa A 


apt 


n =1 


n\ 


(a + ip) x + (a - tp) ; 




(20.35) 


(20.36) 


yields the true asymptotic behavior 


V£r\z) -* + \)i ^ s e '“ w 


7T 


1+A : 


(20.37) 


which differs from the estimate (20.26) by a constant factor (see Appendix 20A for 
details) [28]. Hence the tails are semi-heavy. 

In contrast to Gaussian distributions which are characterized completely by their 
width er, the truncated Levy distributions contain three parameters er, A, and a. Best 
fits to two sets of fluctuating market prices are shown in Fig. 20.7. For the S&P 500 
index we plot the cumulative distributions 

/ z poo 

dz'L^ a \z') y P>(z) = / dz'L ( £ a \z') = l-P < (z), (20.38) 

-oo j z 


for the price differences z = AS over At = 15 minutes. For the ratios of the changes 
of the currency rates DM/$ we plot the returns z = A S/S with the same At. The 
plot shows the negative and positive branches P<(— z), and P>(z) both plotted on 
the positive z axis. By definition: 


(20.39) 


P<(-oo)=0, P<(0) = 1/2, P<(oo) = 1, 
P>(-oo) = 1, P>(0) = 1/2, P>(oo) = 0. 
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Figure 20.7 Best fit of cumulative versions (20.38) of truncated Levy distribution to 
financial data. For the S&P 500 index, the fluctuating variable z is directly the index 
change AS every At=15 minutes (fit with o 2 = 0.280 and k = 12.7). For the DM/US$ 
exchange ratio, the variable z is equal to lOOAS'/S' every fifteen minutes (fit with o 2 = 
0.0163 and k = 20.5). The negative fluctuations lie on a slightly higher curve than the 
positive ones. The difference is often neglected. The parameters A and a are the size 
and truncation parameters of the distribution. The best value of A is 3/2 (from [13]). 
The dashed curves show the best fits of generalized hyperbolic functions (20.117) (l.h.s. 
A = 1.46, a = 4.93, /3 = 0, <5 = 0.52; r.h.s. A = 1.59, a = 32.1, /3 = 0, <5 = 0.221). 


The fits are also compared with those by other distributions explained in the figure 
captions. A fit to most data sequences is possible with a rather universal parameter 
A close to A = 3/2. The remaining two parameters fix all expansion coefficients of 
Hamiltonian (20.25): 

H(p) = ^c 2 p 2 - + i c 6 p 6 ~^c 8 p 8 + .... (20.40) 

The numbers c 2n = — (— l) n H^ 2n \0) are the cumulants of the truncated Levy dis¬ 
tribution [compare (3.587)], also denoted by ( z n ) c . Here they are equal to 

(z 2 ) c = c 2 = a 2 , 

(z 4 ) c = c 4 = a 2 (2 — A) (3 — A)a~ 2 , 

(z 6 ) c = c 6 = a 2 (2 — A) (3 — A) (4 — A)(5 — A)a” 4 , 




(20.41) 
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The first cumulant C 2 determines the quadratic fluctuation width 


(4 = 


dz z 2 LQ a \z) = 


d 2 


dp 2 


-Hip) 


= C 2 = CT , 


(20.42) 


p=0 


the second the expectation of the fourth power of z 


P) = J^dzz'LSrkz) = d2e-»^> 


— C 4 + 3 C 2 , 


(20.43) 


p =0 


and so on: 

(z 6 ) = c 6 + 15c 4 c 2 + 154 (z 8 ) = c 8 + 28c 6 c 2 + 35c 4 + 210c 4 c^ + 1054.... (20.44) 

In a first analysis of the data, one usually determines the so-called kurtosis , which 
is the normalized fourth-order cumulant 


_ _ _ Q _ {Z 4 ) c _ (Z 4 ) c 

K - Cl -c r<zrr v* 

It depends on the parameters a, A, a as follows 

(2 —A)(3—A) 

K = - T~2 -' 

cHcr 


(20.45) 


(20.46) 


Given the volatility a and the kurtosis k, we extract the Levy parameter a from the 
equation 


a = 


1 / (2 — A) (3 — A) 


a 


K 


In terms of k and A, the normalized expansion coefficients are 


(20.47) 



Figure 20.8 Change in shape of truncated Levy distributions of width a = 1 with 
increasing kurtoses k = 0 (Gaussian, solid curve), 1, 2,5, 10. 
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- - _ 2 (5-A)(4-A) _ _ 2 (7 — A )(6 — A)(5 — A)(4 — A) 

4 ’ 6 (3 — A) (2 — A)’ 8 (3 — A) 2 (2 — A ) 2 


- = ,„/ 2 —i r(n — A)/r(4— A) 

(3-A)"/2- 2 (2-A)"/ 2 - 2 ' 

For A = 3/2, the second equation in (20.47) becomes simply 

i nr 


2V < 7 2 k ’ 


(20.48) 


(20.49) 


and the coefficients (20.50): 


— _ — _ 2 — _ r 'Til 2 

C 4 = K, Cq = —— K , Cs — 5 • 7 • 11 K , 
o 


r(n-3/2)/r(5/2) /2 -r 

3 n/ 2-2/2n-A 


(20.50) 


At zero kurtosis, the truncated Levy distribution reduces to a Gaussian distribution 
of width cr. The change in shape for a fixed width and increasing kurtosis is shown 
in Fig. 20.8. 

From the S&P and DM/USS data with time intervals At = 15 min one extracts 
a 2 = 0.280 and 0.0163, and the kurtoses n = 12.7 and 20.5, respectively. This implies 
a ~ 0.46 and a ~ 1.50, respectively. The other normalized cumulants (c 6 ,Cs,...) 
are then all determined to be (1881.72, 788627.46,...) and (—4902.92, 3.3168 x 10 6 
,...), respectively. The cumulants increase rapidly showing that the expansion needs 
resummation. 

The higher normalized cumulants are given by the following ratios of expectation 
values 


hi _ 15 ifl + 30 

(.2)3 15 (.2)2 + dU - 


(z 4 ) 2 (z 4 ) 

+ 42( W 


630,... . 


(20.51) 


In praxis, the high-order cumulants cannot be extracted from the data since they 
are sensitive to the extremely rare events for which the statistics is too low to fit a 
distribution function. 

20.1.4 Asymmetric Truncated Levy Distributions 

We have seen in the data of Fig. 20.7 that the price fluctuations have a slight 
asymmetry: Price drops are slightly larger than rises. This is accounted for by an 
asymmetric truncated Levy distribution. It has the general form [24] 


r(A,a,/3) 

-^2 


(p) = 


(20.52) 
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with a Hamiltonian function 


H{p) = 


a 2 a 2 ~ x 


~2 \[\ - A) [( a + + P) + ( a ~ i P) A ( 1 - P)~ 2(yX 

2 (a 2 + p 2 ) A / 2 {cos[A arctan(p/a:)] + i/3 sin[A arctan(p/o;)]} — a x 


a x ~ 2 A(1 - A) 


(20.53) 


This has a power series expansion 


H{p) = ic\p + ic 2 p 2 - i~yC 3 p 3 - ~yC 4 p 4 + i^c 5 p 5 + ... . (20.54) 


There are now even and odd cumulants c n = —i n H ( - n \ 0) with the values 

2 T(n — A) 2 _ n f 1 , n = even, 


c n = a —- —a 

T(2 - A) 


o for n 

p n — odd. 


(20.55) 


The even cumulants are the same as before in (20.41). Similarly, the even expecta¬ 
tion values (20.42)-(20.44) are extended by the odd expectation values: 

{z)= r dzzL^\z) = = c H 


(z 2 )= dzz 2 L^\z)=-^-e 


=c 2 + c 2 , 


(z 3 ) = [ dz z 3 L ( ^ a ' P \z) = -i-^-e H(p) = c 3 + 3c 2 ci + c 3 , 
J-oo a p p=0 

poo ^74 I 

/? 4 \ = rl~ y 4 T—n.Z-Ar„r,-i-‘Xr‘ 2 ‘-\-< 


{z ^ Ldzz < L ^. [z) =- e 


— C4 + 4C3C1 + 3 c 2 + 6C2C-L + c l5 


(20.56) 


The inverse relations are 


Ci = (z) c = {z), 

c 2 = (z 2 ) c = {z 2 ) - (z) 2 = ({z - (z ) c )) 2 , 
c 3 = {z 3 ) c = (z 3 ) - 3 (z){f) + 2(z) 3 = ((z - (^) c )) 3 , 
c 4 = ( z 4 ) c = ( z 4 ) - 3(z 2 ) 2 - 4<z)(^ 3 ) + 12(^) 2 (^ 2 ) - 6 {z) A 
= {{z - (z) c )Y - 3(^ 2 - (,) 2 ) 2 = ((z - (z) e )) 4 - 3c 2 . (20.57) 

These are, of course, just simple versions of the cumulant expansions (3.585) and 
(3.587). 

The distribution is now centered around a nonzero average value: 

H=(z) = c 1 . (20.58) 
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The fluctuation width is given by 

u 2 = (z 2 ) - (z) 2 = ((z - (z)) 2 ) = c 2 . (20.59) 


For large z, the asymmetric truncated Levy distributions exhibit semi-heavy 
tails, obtained by a straightforward modification of (20.28): 


L^( z ) ~ — e ipz 

^ J-oo 2 tt 


u 2 a 2 ~ x 


-A a 2 e 2s ° X r(l + A) 

z—t oo 7T 


2 A(l-A) L 
sin(7rA) e~ a ^ 


(a + ip) x (l+/3) + (a — ip) x (l—/3) — 2a } 


I l+A 


W + P sgn(z);. 


(20.60) 


In analyzing the data, one uses the skewness 


_ <(* - (^)) 3 ) , c 3 

s = --- — c 3 — 


<7° 


3/2 ' 

C 2 


(20.61) 


It depends on the parameters a, A, (5, and a or k as follows 



Figure 20.9 Change in shape of truncated Levy distributions of width a = 1 and 
kurtosis k = 1 with increasing skewness s = 0 (solid curve), 0.4, 0.8. The curves are 
centered around ( z ). 


(2 - \)P 

aa 

The kurtosis can also be defined by [compare (20.45)] 3 

^ = C4 = (A, = (^ = ((Z~(Z))*) 

4 C 2 (z 2 ) 2 e O' 4 U 4 

From the data one extracts the three parameters volatility a, skewness s, and kur¬ 
tosis k, which completely determine the asymmetric truncated Levy distribution. 

3 Some authors call the ratio {(z — ( z))) 4 /a 4 in (20.63) kurtosis and the quantity k the excess 
kurtosis. Their kurtosis is equal to 3 for a Gaussian distribution, ours vanishes. 


(20.63) 


(20.62) 
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The data are then plotted against z — (z) = z — ft, so that they are centered at the 
average position. This centered distribution will be denoted by L^ a ’^\z), i.e. 

L$ a ' p \z) = L$ a ’P\z - p). (20.64) 

The Hamiltonian associated with this zero-average distribution is 


H{p) = H{p) - H'(0)p , 


(20.65) 


and its expansion in power of the momenta starts out with p 2 , i.e. the first term in 
(20.54) is subtracted. 

In terms of cr, s, and n, the normalized expansion coefficients are 


c n = t c"/ 2 - 1 


T(n - A)/T(4 - A) 

(3 - A)”/2-2(2 - A)"/ 2 " 2 


1 n — even, 

_ for (20.66) 

(3 — A) / (2 — X)tis n — odd. 


The change in shape of the distributions of a fixed width and kurtosis with increasing 
skewness is shown in Fig. 20.9. We have plotted the distributions centered around 
the average position z = (ci) which means that we have removed the linear term 
ic\p from H(p) in (20.52), (20.53), and (20.54). This subtracted Hamiltonian whose 
power series expansion begins with the term C 2 p 2 /2 will be denoted by 

Hip) = Hip ) - H'(0)p = i c 2 p 2 - i^c 3 p 3 - -jjc 4 p 4 + i-^c 5 p 5 + ... . (20.67) 


20.1.5 Gamma Distribution 

For a Hamiltonian 

H + (p) = v log (1 — ip/p) (20.68) 

one obtains the normalized Gamma distribution of mathematical statistics: 

~ 1 r°° ~ 

D°™"™(z) = dzD°—(z) = 1, (20.69) 

which is restricted to positive variables z. 

Expanding H + (p) in a power series — i n vii~ n p n /n = — i n c n p n /n\, we 
identify the cumulants 


c n = (n — l)\v / p n , (20.70) 

so that the lowest moments are 

z = v/p, a 2 = v/p 2 , s = 2/y/u, k — 6 /u. (20.71) 

The maximum of the distribution lies slightly below the average value z at 

z max = (v-l)/p = z-l/p. (20.72) 
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The Gamma distribution was seen in Fig. 20.3 to yield an optimal fit to the 
fluctuating volatilities when is it is plotted as a distribution of the volatility cr = yfz: 

D™(<r) = 2<rD°r m *(^), / da D^(a) = 1. (20.73) 

As a normalized distribution of the volatility a rather than the variance v = a 2 , one 
calls this function a Chi distribution. 

In the limit v —» oo at fixed z = u/p, the Gamma distribution becomes a Dirac 
5-function: 

£>““(*-) -7 s ( 7 -Q. (20.74) 

If we add to H + (p) the Hamiltonian 

H_ (p) = z/log(l + ip/p) (20.75) 

we obtain the distribution of negative ^-values: 

^ < o. ( 20 . 76 ) 

By combining the two Hamiltonians with different parameters p one can set up a 
skewed two-sided distribution. 


20.1.6 Boltzmann Distribution 

The highest-frequency returns AS of NASDAQ 100 and S&P 500 indices have a 
special property: they display a purely exponential behavior for positive as well as 
negative z, as long as the probability is rather large [32], The data are fitted by the 
Boltzmann distribution 


S&P500 2004-05 (lmin) NASDAQ100 2001-02 (lmin) 




Figure 20.10 Boltzmann distribution of S&P 500 and NASDAQ 100 high-frequency 
log-returns recorded by the minute. 


B(z) 


J - p -\*\/T 

2 T 


(20.77) 
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We can see in Fig. 20.10, that only a very small set of rare events of large \z\ does 
not follow the Boltzmann law, but displays heavy tails. This allows us to assign 
a temperature to the stock markets [33]. The temperature depends on the volatil¬ 
ity of the selected stocks and changes only very slowly with the general economic 
and political environment. Near a crash it reaches maximal values, as shown in 
Fig. 20.11. 

It is interesting to observe the historic development of Dow Jones temperature 
over the last 78 years (1929-2006) in Fig. 20.12. Although the world went through 
a lot of turmoil and economic development in the 20th century, the temperature 
remained almost a constant except for short heat bursts. The hottest temperatures 
occurred in the 1930’s, the time of the great depression. These temperatures were 
never reached again. An especially hot burst occurred during the crash year 1987. 
Thus, in the long run, the market temperature is not related to the value of the 
index but indicates the riskiness of the market. Only in bubbles, high temperatures 
go along with high stock prices. An extraordinary increase in market temperature 
before a crash may be useful to investors as a signal to go short. 

The Fourier transform of the Boltzmann distribution is 


B(p) 



d Z e W* — e -\*\/T 

2 T 


1 = P -H{p) 

1 + (Tpf 


(20.78) 


so that we identify the Hamiltonian as 


H(p) = log[l + (Tp) 2 }. 


(20.79) 


This has only even cumulants: 

c 2n = -(-l) n H {2n) (0) = 2(2n-l)!T 2n , n = 1 , 2 ,.... (20.80) 

S&P500 index 1990-2006 NASDAQ100 index 1990-2006 






year year 


Figure 20.11 Market temperatures of S&P 500 and NASDAQ 100 indices from 1990 to 
2006. The crash in the year 2000 occurred at the maximal temperatures Ts&P 500 ~ 2x 10~ 4 
and Tnasdaq ~ 4 x 10 ~ 4 . 
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year 

Figure 20.12 Dow Jones index over 78 years (1929-2006) and the annual market tem¬ 
perature, which is remarkably uniform, except in the 1930’s, in the beginning of the great 
depression. An other high extreme temperature occurred in the crash year 1987. 


The Boltzmann distribution is a special case of a two-sided Gamma distribution 
discussed in the previous subsection. It has semi-heavy tails. 

We now observe that the Fourier transform can be rewritten as an integral [recall 
(2.499)] 

B(p) = e ' Uir] = TTT7T = f— V) ' (2a81) 

This implies that Boltzmann distribution can be obtained from a superposition of 
Gaussian distributions. Indeed, the prefactor of p 2 is equal to twice the variance 
v = a 2 of the Gaussian distribution. Hence we change the variable of integration 
from t to a 2 , substituting r = cr 2 /2T 2 , and obtain 


2 T 2 


-crV/2 


B(p) = e~ H{p) 


OO 


da 2 e-° 2 ' 2T2 e 


(20.82) 
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The Fourier transform of this is the desired representation of the Boltzmann distri¬ 
bution as a volatility integral over Gaussian distributions of different widths: 

= 2 (20 - 83) 

The volatility distribution function is recognized to be a special case of the Gamma 
distribution (20.69) for ft = 1/2T 2 , v — 1. 


20.1.7 Student or Tsallis Distribution 


Recently, another non-Gaussian distribution has become quite popular through work 
of Tsallis [58, 59, 60]. It has been proposed as a good candidate for describing heavy 
tails a long time ago under the name Student distribution by Praetz [61] and by 
Blattberg and Gonedes [62], This distribution can be written as 


D s (z) 



where Ng is a normalization factor 

VST (1/8) 

‘ r(i/< 5 —1/2)’ 


(20.84) 


(20.85) 


and (7k = cry 1 — 35/2, where o is the volatility of the distribution. The function 
eg(z) is an approximation of the exponential function called 5-exponential: 

e z 5 = (1 — Sz)~ 1/s . (20.86) 


In the limit 5 —» 0, this reduces to the ordinary exponential function e z . 

Remarkably, the distribution of a fixed total amount of money W between N 
persons of equal earning talents follows such a distribution. The partition functions 
is given by 


Z N (W) = 


' N r w 

n L d N 

,n=l JU 


5(-uq + .. ,+w N — W). 


(20.87) 


After rewriting this as 
r°° dX 

l-oo 27 T 


Z N (W) = £ 


■ N w 

m dw - 

n=l 


e — i\(wi+...+wisr) e iXW 


r °° dX ( e~ iXW - l) N e iXW 
J-oo 27r (—iX + e) N 

( 20 . 88 ) 


where e is an infinitesimal positive number, and a binomial expansion of (e lXW 
l)V e iAw, we can p er f orm the integral over A, using the formula 4 


r°° dX 1 
J-oo 27r (—iX + e) v 


P 


V — 1 


r(0 


o~ e P 


0(p), 


4 See I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 3.382.7. 


(20.89) 
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where 0(z) is the Heaviside function (1.304), we obtain 


(/ J (N- k - u»- (20.90) 


The sum over binomial coefficients adds up to unity, due to a well-known identity 
for binomial coefficients 5 , so that 

W N ~ X 

Zn(W) = JujyT- (20.91) 

If we replace W by W — w n , this partition function gives us the unnormalized 
probability that an individual owns the part w n of total wealth. The normalized 
probability is then 


Pn(w u ) 



(W - w n ) N ~ 2 
T{N - 1) 


N-l 

W 



N—2 


(20.92) 


Dehning w = W/(N— 2), which for large N is the average wealth per person, P/v(u> n ) 
can be expressed in terms of the 5-exponential (20.86) as 


Pn(w u ) 


tv- a 

w 



W r 


(. N-2)w 


N -2 


N 1 ^ — W n /W 

w 


(20.93) 


In the limit of infinitely many individuals, this turns into the normalized Boltzmann 
distribution w^ 1 e~ Wn P’. 

The Student- Tsallis distribution (20.84) is simply a normalized 5-exponential. 
Instead of the parameter 5 one often uses the Tsallis parameter q — 5 + 1. A plot of 
these functions for different 5-values is shown on the left hand of Fig. 20.13. From 
Eq. (20.86) we see that the Student-Tsallis distribution with 5 > 0 has heavy tails 
with a power behavior 1 /z l P = 1 /z l ^ q ~ l \ A fit of the log-returns of 10 NYSE 
top-volume stocks is shown in Fig. 20.13. 

Remarkably, the 5-exponential in (20.84) can be written as a superposition of 
Gaussian distributions. With the help of the integral formula (2.499) we find 


e s 


1 l 00 cG 1/r _ - S( 5 Z 2 / 2(T 2 

r(i/5) io s 


After a change of variables this can be rewritten as 


-PP -I 

e 5 




h = CTs/t- 


(20.94) 


(20.95) 


This is a superposition of Gaussian functions e ~ vz2 / 2 whose inverse variances v = 
1 /cr 2 occur with a weight that is precisely the Gamma distribution of the variable v 
with v — 1/5: 

i 

fS Gamma / \ _ _ 1/8 v -fiv 

Wei fs — r (i/5)^ ‘ 

5 See I.S. Gradshteyn and I.M. Ryzhik, op. cit ., Formula 0.154.6. 


(20.96) 
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Figure 20.13 Left: Logarithmic plot of the normalized 5-exponential (20.84) (Student- 
Tsallis distribution) for 5 = 0 (Gaussian), 0.2, 0.4, 0.6, all for a = 1. Right: Fit of the 
log-returns of 20 NYSE top-volume stocks over short time scales from 1 to 3 minutes by 
this distribution (after Ref. [60]). Dotted line is Gaussian distribution. 

20.1.8 Tsallis Distribution in Momentum Space 

When fitting the volatility distributions of the S&P 500 index in Fig. 20.3, we 
observed that the best fit was obtained by a Gamma distribution. Inspired by the 
discussion in the last section we observe that the 5-exponential (20.86) in momentum 
space 

e ~ H sAp) = e jPp 2 / 2 = (l + (56p 2 /2y l/5 , (20.97) 

has precisely such a decomposition. We simply rewrite it by analogy with (20.94) 
as 

e P r ‘ /2 = 777777 r ~ , j} = ,,/n= 1/tf, (20.98) 

i ( 1 / 0 ) Jo s 

and change the variable of integration to obtain 

ef p2/2 = r — v v e- pv e ~ vp2/2 , u = 1/5, /t = v/p = 1/(35. (20.99) 

I (v) Jo V 

This is a superposition of Gaussian distributions whose variances v = a 2 are 
weighted by the Gamma distribution (20.69): 

-/3p 2/ 2 = f°° dy L) Gamma( v ) e -V /2 ) v = 1 U g, = V /ft = 1 /(35. (20.100) 

Jo 

The average of the Gamma distribution is v = u//j = (3 [recall (20.71)], so that the 
left-hand side can also be written as ej vp ^ 2 . 

The lowest cumulants in the Hamiltonian H^(p) = ^ c 2 p 2 — ^c 4 p 4 + ... are 

c 2 = -, c 4 = 3-^, Cg = —2 (2 + 3z/-2z/ 2 -z/ 3 ) , c 8 = -^ (2 + z/-3z/ 2 + z/ 3 +rar 4 ) .(20.101) 

/i /i f-L fi 
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For p = 1/2 T 2 and v — 1, these reduce to those of the Boltzmann distribution in 
Eq. (20.80). 

The superposition (20.99) can immediately be Fourier transformed to 

OwO) = -F7TTFT / - ' 2 ” , M = 1//35. (20.102) 

1 (l/d>) Vo v \/2irv 

which is a superposition of Gaussians whose variances v = a 2 follow a Gamma 
distribution (20.69) centered around v = 1/5 p of width (v — v ) 2 = 1/5p 2 . Hence 5 
is given by the ratio 5 — (v — v) 2 /v 2 . Recalling Eq. (20.71) we see that <5 determines 
the kurtosis of the distribution to be k = 65. 

The integral over v in (20.102) can be done using Formula (2.559), yielding 

F.d(z) = r // js) [jr] 2jr 1/s _ 1/2 (v^), A = 1//3<5.(20.103) 

For <5 = 1 and p = 1/2T 2 , we use (1.349) and recover the Boltzmann distribution 
(20.83) 

The small- z behavior of K v {z) is (l/2)T(z/) (z/2)~ v for Rez/ > 0 [recall 
Eq. (1.351)]. If we assume <5 < 2, we obtain from (20.103) the value of the dis¬ 
tribution function at the origin: 


Ds,p{ 0 ) 


VjnW^-i/2) 

F(l/5) 


(20.104) 


The same result can, of course, be found directly from Eq. (20.102). This value 
diverges at 5 = 2/(1 — 2n) (n = 0,1, 2,...). 


20.1.9 Relativistic Particle Boltzmann Distribution 


A physically important distribution in momentum space is the Boltzmann distri¬ 
bution e~ /3E ( p ' > of relativistic particle energies E(jp) = \/p 2 + M‘ 2 , where /3 is the 
inverse temperature l/ksT. The exponential can be expressed as a superposition of 
Gaussian distributions 

e -/y p 2+M2 _ r dvujp(v)e- pvip2+M2)/2 (20.105) 

J 0 

with a weight function 


Ufi(v) 



(20.106) 


This is a special case of a Weibull distribution 

Dw(x) = -±—x a - l e- xb , (20.107) 

1 (a/b) 

which has the simple moments 


(x n ) = T{(a + n)/b)/T{a/b). 


( 20 . 108 ) 
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20.1.10 Meixner Distributions 

Quite reasonable fits to financial data are provided by the Meixner distributions [34, 35] which 
read in configuration and momentum space: 


M(z) = 


[2 cos(6/2)] 


2d 


-|T (d + iz/a ) | 2 exp \bz/a ], 

2d 


2aTrT(2d) 

„,. . f cos(6/2) 'l" 

= \ cosh [(ap — ib)/2] J 

They have the same senri-heavy tail behavior as the truncated Levy distributions 

M{z) C±\z\ p e - a± ^ for z — y ztoo, 

with 


(20.109) 

( 20 . 110 ) 

( 20 . 111 ) 


*>=M -1, - Or ± »/*■ (20.112) 

The moments are 

g = adtan(6/2), a 2 = a 2 d/2cos 2 (b/2), s = v / 2sin(6/2)/v / d, k = [2 — cos b\/d, (20.113) 
such that we can calculate the parameters from the moments as follows: 


= a 2 (2 k — 3s 2 ) , d = —— 2 , 6 = 2 arcsin (sy/dj2j . 


(20.114) 


As an example for the parameters of the distribution, a good fit of the daily Nikkei-225 index 
is possible with 


a = 0.029828, 6 = 0.12716, d = 0.57295, (z) = -0.0011243. (20.115) 


The curve has to be shifted in 2 by A 2 to make Az + /./, equal to ( 2 ). Such a Meixner distribution 
has been used for option pricing in Ref. [35]. 

The Meixner distributions can be fitted quite well to the truncated Levy distribution in the 
regime of large probability. In doing so we observe that the variance a 2 and the kurtosis k are 
not the best parameters to match the two distributions. The large-probability regime of the 
distributions can be matched perfectly by choosing, in the symmetric case, the value and the 
curvature at the origin to be the same in both curves. This is seen in Fig. 20.14. 

In the asymmetric case we have to match also the first and third derivatives. The derivatives 
of the Meixner distribution are: 


M( 0) 
M'{ 0) 
M"{ 0) 


M (3) ( 0) 


M (4) ( 0) 


2 2d - 1 r 2 (d) 

7raT(2c?) ! 

2 2d " 1 r 2 ((i) [1 -dip(d)} 

na 2 T(2d) 

2 2d T 2 (d)ip(d) 
na 3 T(2d) 

b 2 2d F 2 (d) [ 6 ijj(d) — 6di/j 2 (d) — (d)\ 

~2 7ra 4 r(2d) 

2 2d r 2 (d) [6 ip 2 (d)+i/jW(d)\ 

Tra 5 r(2d) 


(20.116) 


where ip^ n \z) = d n+1 logT{z)/dz n+1 


are the Polygamma functions. 
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Figure 20.14 Comparison of best fit of Meixner distribution to truncated Levy distri¬ 
butions. One of them (short dashed) has the same volatility a and kurtosis k. The other 
(long-dashed) has the same size and curvature at the origin. The parameters are <r 2 = 0.280 
and k = 12.7 as in the left-hand cumulative distribution in Fig. 20.7. The Meixner distri¬ 
bution with the same a 2 and k has parameters a = 2.666, d = 0.079, b = 0, the distribution 
with the same value and curvature at the origin has a = 0.6145, d = 1.059, 6 = 0. The very 
large cr-regime, however, is not fitted well as can be seen in the cumulative distributions 
which reach out to z of the order of lOcr in Fig. 20.7. 


20.1.11 Generalized Hyperbolic Distributions 

Another non-Gaussian distributions proposed in the literature is the so-called generalized hyperbolic 
distributions .. 6 As the truncated Levy and Meixner distributions, these have simple analytic forms 
both in and p-space: 


H g {z) 


(7 2 -/3 2 ) A/2 e /3z 1^2 _ 2 -| A/2-1/4 AA- 1/2 (7 V6 2 +Z 2 ) 

7 a -W V^F * Kx (<Vl 2 - P 2 ) 


and 


G(p) = 


(sy/i 2 - k >~ - (/3+'i?o 2 ) 


Kx 




hh 2 - W + ipY 


the latter defining another Hamiltonian 

Hg{p) = - log G(p). 


(20.117) 


(20.118) 


(20.119) 


But in contrast to the former, this set of functions is not closed under time evolution. The 
distributions at a later time t are obtained from the Fourier transforms e~ H d > '> t . For truncated Levy 
distributions and the Meixner distributions the factor t can simply be absorbed in the parameters 
of the functions (a 2 —> ter 2 in the first and d —> td in the second case). For the generalized 


6 See the publications [36]-[74]. 
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hyperbolic distributions, this is no longer true since e~ Ha ^ t = [G(p)]* involves higher powers of 
Bessel functions whose analytic Fourier transform cannot be found. In order to describe a complete 
temporal evolution we must therefore close the set of functions by adding all Fourier transforms 
of e ^ Hc ^ t . In praxis, this is not a serious problem — it merely leads to a slowdown of numeric 
calculations which always involve a numeric Fourier transformation. 

The asymptotic behavior of the generalized hyperbolic distributions has semi-heavy tails. From 
the large -2 behavior of the Bessel function K v (z) —> j2ze~ z we find 


Hg{z) 


-( 7 2 _ /3 2)A /2 e ^ 


27 yA V 2 < 5 A yj2 7T 


z x ~ 1 e~ lz . 


( 20 . 120 ) 


Introducing the variable C = S^/j 2 — (3 2 , this can again be expanded in powers of p as in 
Eq. (20.54), yielding the first two cumulants: 


ci = /3 


C2 = 


Using the identity 


the latter equation can be expressed entirely in terms of 

Ki+x(0 


J 2 ^ 1 +a(C) 

P c Kx( 0 ’ 

( 20 . 121 ) 

s 2 k 1+x (C) P 2 6 4 Ik 2+x (C) [A4 + a(C)1 2 1 

C K X (C) c 2 [ K X ( 0 [ K X (C) J J ' 

( 20 . 122 ) 

K v+ i{z) - K u _i{z) = —K v {z), 

(20.123) 


as 


P = p{ C) = ^TT7^ (20+24) 

C2 = [C + 2(1 + A)p-Cp 2 ] • (20.125) 

Usually, the asymmetry of the distribution is small implying that c\ is small, implying a small (3. 
It is then useful to introduce the symmetric variance 


and write 


= S p/C, 


id 4 S 2 

Cl = j3cr s , c 2 = <j‘ 2 = a; + f3 2 | — + 2 (1 + A) —^a s - a 2 


(20.126) 

(20.127) 


The cumulants C 3 and C 4 are most compactly written as 

C 3 = (3 


QA 4 X2 

—+ 6 (l + A)-n 2 -3a 4 


and 


+ P 3 j 2 (2 +A) ^4 + [4 (1+A) (2 +A) - 2£ 2 ] tj(7 2 - 6 (1 + A) — ct 4 + 2<r® j (20.128) 


C4 = kct = 


365^ 

c 2 + c 2 


(1 + A) CT 2 — 3crf 

+ 6f3 2 1 2 ( 2 +A) T 4 + [4 (1 + A) (2 +A) - 2 £ 2 ] tjcx 2 — 6 (1 + A) ^ a t + 2 cr®| 

+ P 4 | [4 (2 +A) (3 + A) — C 2 ] ^ + [4 (1 + A) (2 +A) (3 + A) — 2 (5 + 4A) £ 2 ] ^g-cr 2 

- 2 [(1 + A) (11 + 7A) - 2C 2 ] ^a 4 + 12 (1 + A) ^ a 6 s - 3af J . (20.129) 
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The first term in C 4 is equal to cr£ times the kurtosis of the symmetric distribution 

"W 4 6 A 2 

k ^7TT + 7T ^( 1 + A )- 3 - (20.130) 

C 2 <t 4 ( 2 crj 

Inserting here cr 2 from (20.126), we find 

Ks ~ + ( 1 + _3 ‘ (20.131) 

Since all Bessel functions K u (z) have the same large-z behavior K„(z) —> \JttI 2ze~ z and the 
small -z behavior K v {z) —> T{v)/2(z/2) v , the kurtosis starts out at 3/A for £ = 0 and decreases 
monotonously to 0 for / —> 00 . Thus a high kurtosis can be reached only with a small parameter 
A. 

The first term in C 3 is /3K s crf, and the first two terms in C 4 are K s crf + 6 ( 03 //? — K s crf). For a 
symmetric distribution with certain variance a 2 and kurtosis k s we select some parameter A < 3 /k s , 
and solve the Eq. (20.131) to find (. This is inserted into Eq. (20.126) to determine 

S 2 = ^r. (20.132) 

P{Q 

If the kurtosis is larger, it is not an optimal parameter to determine generalized hyperbolic dis¬ 
tributions. A better fit to the data is reached by reproducing correctly the size and shape of the 
distribution near the peak and allow for some deviations in the tails of the distribution, on which 
the kurtosis depends quite sensitively. 

For distributions which are only slightly asymmetric, which is usually the case, it is sufficient 
to solve the above symmetric equations and determine the small parameter /3 approximately by 
the skew s = C 3 /a 3 from the first line in (20.128) as 

fi « (20.133) 


This approximation can be improved iteratively by reinserting j3 into the second equation in 
(20.127) to determine, from the variance a 2 of the data, an improved value of a 2 . Then Eq. (20.129) 
is used to determine from the kurtosis k of the data an improved value of k s , and so on. 

For the best fit near the origin where probabilities are large we use the derivatives 


G( 0) 

G'{ 0) 

G"(0) 

G ( 3 ) (0) 



A—'4/2 

C X k_, 


/3G( 0), 



fc_, 


(20.134) 

(20.135) 


(20.136) 


where we have abbreviated 


. 1 K x±1/2 (5'y) 

K\(5j) 


(20.137) 


The generalized hyperbolic distributions with A = 1 are called hyperbolic distributions. The 
option prices following from these can be calculated by inserting the appropriate parameters into 
an interactive internet page (see Ref. [51]). Another special case used frequently in the literature 
is A = —1/2 in which case one speaks of a normal inverse Gaussian distributions also abbreviated 
as NIGs. 
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20.1.12 Debye-Waller Factor for Non-Gaussian Fluctuations 

At the end of Section 3.10 we calculated the expectation value of an exponential 
function ( e Pz ) of a Gaussian variable which led to the Debye-Waller factor of Bragg 
scattering (3.311). This factor was introduced in solid state physics to describe the 
reduction of intensity of Bragg peaks due to the thermal fluctuations of the atomic 
positions. It is derivable from the Fourier representation 

<e p *> = I dz-^e^'^e^ = [ dz [ ^ e -V/ 2 e .p--+P. = e ' a '”/ 2 . (20.138) 
J \j2Tto 2 J J 2tt 

There exists a simple generalization of this relation to non-Gaussian distributions, 
which is 

(e Pz ) = J dz J ^ e -H(p) e i P z+Pz = e -H(iP)' (20.139) 

20.1.13 Path Integral for Non-Gaussian Distribution 

Let us calculate the properties of the simplest process whose fluctuations are dis¬ 
tributed according to any of the general non-Gaussian distributions. We consider 
the stochastic differential equation for the logarithms of the asset prices 

x(t) = r x + 77 (f), (20.140) 

where the noise variable 77 (f) is distributed according to an arbitrary distribution. 
The constant drift r x in (20.140) is uniquely defined only if the average of the noise 
variable vanishes: ( 77 (f)) = 0. The general distributions discussed above can have a 
nonzero average (x) = c\ which has to be subtracted from 77 (f) to identify r x . The 
subsequent discussion will be simplest if we imagine r x to have replaced c\ in the 
above distributions, i.e. if the power series expansion of the Hamiltonian (20.54) is 
replaced as follows: 

H(jp) —>■ H rx (p ) = H(p) - H'(0)p + ir x p = H(p) + ir x p 

= ir x p+ ^c 2 p 2 - i^c 3 p 3 - ^jC 4 P 4 + p 5 + ... . (20.141) 

Thus we may simply work with the original expansion (20.54) and replace at the 
end 

Ci — y r x . (20.142) 

The stochastic differential equation (20.140) can be assumed to read simply 

x(t) — 77 (f). (20.143) 

With the ultimate replacement (20.142) in mind, the probability distribution of the 
endpoints Xb = x(tb ) for the paths starting at a certain initial point x a = x(t a ) is 
given by a path integral of the form (18.342): 

r ptb ~ 

P(x b t b \x a t a ) = jDri Vxexp — dtH(r}(t )) S[x — 77 ]. (20.144) 

J Jx(t a )=X a L Jt a J 
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The function H(rj) is the negative logarithm of the chosen distribution of log-returns 
[recall (20.13)] 


H{rj) = — log D(rj). 


(20.145) 


For example, H{rj) is given by — log (r/) of Eq. (20.24) for the truncated Levy 
distribution or by — log B(rj) of Eq. (20.77) or the Boltzmann distributions. 

In the mathematical literature, the measure in the path integral over the noise 

Vp = VrjP[rj\ = Vq e~-C dtH W)) (20.146) 

of the probability distribution (20.144) is called the measure of the process x(t ) = 
77 (f). The path integral 

rx(t b )=x b 

/ Vx8[x-q\ (20.147) 

Jx{t a )=X a 

is called the filter which determines the distribution of Xb at time tb for all paths 
x(t) starting out at x a at time t a . 

A measure differing from (20.146) only by the drift 


(20.148) 


Vp' = VqP[q - r] = Vq e -C dt H(n(t) r) 
is called equivalent measure. The ratio 

Vp'/Vp = eF C [ H (v-r)-H( v )\ (20.149) 

is called the Radon-Nikodym derivative. For a Gaussian noise, this is simply 

Vp'/Vp = e C M^ 2 * 72 ]. (20.150) 

If one wants to calculate the expectation value of any function f(x(t)), one has 
to split the filter into a product 

"1 T /»: r.(f/\=cr. "I 

(20.151) 

and perform an integral over f(x) with this filter in the path integral (20.146). Going 
over to the probabilities P(xbtb\x a t a ), we obtain the integral 


rx{t b )=x b 


l'x(t)=x 

/ Vx8[x — 77 ] 

X 

/ Vx8[x — 77 ] 

J x(t)=X 


Jx{ta)=X a 


{f(x(t))) = / dxP(x b t b \xt)f(x)P(xt\x a t a ). 


(20.152) 


The correlation functions of the noise variable 77 (f) in the path integral (20.144) 
are given by a straightforward functional generalization of formulas (20.56). For this 
purpose, we express the noise distribution P[q] = exp — f/f dt Lf ( 77 (f)) in (20.144) 
as a Fourier path integral 


p[v] = J §- ex P 


Pb 


'ta 


dt \ip{t)q{t) - H(p(t))\ \ , 


(20.153) 
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and note that the correlation functions can be obtained from the functional deriva¬ 
tives 


(v(h) ■ ■ -V{tn)) = H) n / V, 1 j 


6 


Sp(t i) Sp(t n ) 

After n partial integrations, this becomes 


& J L tbdt P( t Mt) 

- e Jt a 


e Jt a 


<»(<!)• • •»(*»)> = 


= l 


_ 6 _ e -Sl b a dtH W)) 

Sp(t i) Sp(t n ) 


(20.154) 


p(t )=o 


By expanding the exponential e J) a dt j n a p Qwer series (20.54) we hnd i 
diately the lowest correlation functions 


lmrne- 


(v(ti)) = z - 1 
(v(ti)v(h)) = Z- 1 


i) exp 


rh 


't a 


dt H(r)(t )) 


= 0, 


i)v (t 2 ) exp 


rh 


dt H(r)(t )) 


— C 2 $ {t\ — G) + c\, 


(20.155) 


(20.156) 


(v(ti)v(t2)v(t3)) = Z 1 


)v(t 2 )r](t 3 ) exp 


pb 


dt H(r)(t )) 


(20.157) 


- f dtH(rj(t )) 
Jt a 


= c 3 5(t 1 -t 2 )8(ti-t 3 ) 

+ C 2 C 1 [<5 (t 3 ^ 2 ) + d(t 2 —t 3 )+S(ti—t 3 )} + c?, 
(v{ti)v{t 2 )v{h)v{U)) = Z~ l j Viro(ti}d{t 2 }d(t 3 }ri(t 4 ) exp 

= c 4 A(ti—t 2 )A(ti—t 3 )A(ti—1 4 ) 

+ C 3 Ci[< 5 (ti — t 2 )d{t\ —1 3 ) + 3 cyclic perms] 

+ C\[5{ti — t2)5{t 3 — t4)+5{ti—t 3 )5[t2—t4)+5{ti—t4)5{t2 — t 3 )\ 
+ C 2 < 4 [< 5 (fi — ^ 2 ) + 5 pair terms] + cf, (20.158) 


where 


Z = / 2>// exp 


Pb 


dt H(r](t)) 


(20.159) 


The higher correlation functions are obvious generalizations of (20.44). The different 
contributions on the right-hand side of (20.156)-(20.262) are distinguishable by their 
connectedness structure. 

Note that the term proportional to C 3 in the three-point correlation function 
(20.158) and the terms proportional to C 3 and to c 4 in the four-point correlation 
function (20.262) do not obey Wick’s rule (3.305) since they contain contributions 
caused by the non-Gaussian terms —ic 3 p 3 /3\ — C 4 p 4 / 4 ! in the Hamiltonian (20.141). 
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20.1.14 Time Evolution of Distribution 

The ^-functional in Eq. (20.144) may be represented by a Fourier integral leading 
to the path integral 

P(x b t b \x a t a )=j Vrjj T>x j exp dt ip(t)x(t)-ip(t)rj(t)-H(rj(t)) |. (20.160) 

Integrating out the noise variable 77 (f) amounts to performing the inverse Fourier 
transform of the type (20.24) at each instant of time. Then we obtain 

P(x b t b \x a t a ) = j Vx J^ ex p[J t dt[ip(t)x(t ) - if(p(t))]j . (20.161) 

Integrating over all x(t) with fixed endpoints enforces a constant momentum along 
the path, and we remain with the single momentum integral 

/ °° dv 

77 - exp [ip(x b - x a ) - (t b - t a )H(p)\ . (20.162) 

-OO ZlT 

Given an arbitrary noise distribution D(z) extracted from the data of a given fre¬ 
quency 1/At, we simply identify the Hamiltonian H(p) from the Fourier represen¬ 
tation 

D(z) = r ^-e ikz ~H(p) r (20.163) 

4—oo 27T 

and insert H(p ) into (20.170) to find the time dependence of the distribution. The 
time is then measured in units of the time interval At. 

For a truncated Levy distribution, the result is 

P(x b t b \x a t a ) = L^ b _ ta) {x b - x a ). (20.164) 

This is a truncated Levy distribution of increasing width. The result for other 
distributions is analogous. 

Since the distribution (20.170) depends only on t — t b — t a and x = x b — x a , we 
shall write it shorter as 

P(x, t) = I exp [ipx — tH(p )]. (20.165) 

J -00 27T 

20.1.15 Central Limit Theorem 

For large t, the distribution P(x, t) becomes more and more Gaussian (see Fig. 20.18 
for the Boltzmann distribution). This is a manifestation of the central limit theorem 
of statistical mechanics which states that the convolution of infinitely many arbitrary 
distribution functions of finite width always approaches a Gaussian distribution. 
This is easily proved. We simply note that after an integer number t of convolutions, 
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a probability distribution D(z) with Hamiltonian H(p) has the Fourier components 
[D(p)Y = e~ tH<J> \ so that it is given by the integral 


D(z, t) = [ ^e ipz e~ tH{p \ 
J Z7T 


(20.166) 


For large t, the integral can be evaluated in the saddle point approximation (4.51). 
Denoting the momentum at extremum of the exponent by p z , which is determined 
implicitly by tH'(p z ) = iz, and setting a 2 = H"(p z ), we obtain the Gaussian distri¬ 
bution 


D(z,t) ->■ e 

t large 


P rim oip Z Z — tH(p z ) 

,ip z z-tH(p z ) f a P J(p-p z )z-to 2 (p-p z ) 2 /2 _ -z 2 /2ta 2 


2vr 


v27 to 2 


e ° 2 P 2 z/2-tH(p z ) 


J — (z—ta 2 p z ) 2 /2t(j 2 


\/2 


7T(T Z 


(20.167) 


The same procedure can be applied to the integral (20.165). 

The transition from Boltzmann to Gaussian distributions is shown for the S&P 
500 index in Fig. 20.15. 

If a distribution has a heavy power tail oc with A < 2, so that the volatility 

cr is infinite, the Hamiltonian starts out for small p like |p| A , and the saddle point 
approximation is governed by this term rather than the quadratic term p 2 . For 
an asymmetric distribution, the leading terms in the Hamiltonian are those of the 
asymmetric Levy distribution (20.21) plus a possible linear term irp accounting for 
a drift, and the asymptotic ^-behavior will be given by Eq. (20.17) with an extra 
factor (1 + 0) [211. 





Figure 20.15 Fits of Gaussian distribution to S&P 500 log-returns recorded in intervals 
of 60 min, 240 min, and 1 day. 


If a distribution has no second moments, the central limit theorem does not 
apply. Such distributions tend to another limit, the so-called Pareto-Levy-stable 
distribution. Their Hamiltonian has precisely the generic form (20.21), except for a 
possible additional linear drift term [21]: 

H[p) = -irp + Hx, ff ,p{p). (20.168) 
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In this context, the Levy parameter A is also called the stability parameter. The 
parameter a has to be in the interval (0,2], The parameter f3 is called skewness 
parameter. For plots of D(z, 1) see Ref. [75]. 

The convergence of variable with heavy-tail distributions is the content of the 
generalized central limit theorem. 


20.1.16 Additivity Property of Noises and Hamiltonians 

At this point we make the useful observation that each term in the Hamiltonian 
(20.141) can be attributed to an independent noise term in the stochastic differential 
equation (20.140). Indeed, if this differential equation has two noise terms 

x(t) =r x + 771 (f) + 772 (f) (20.169) 


whose fluctuations are governed by two different Hamiltonians, the probability dis¬ 
tribution (20.144) is replaced by 


P(xbtb\x a t a ) = j Vi ?! J Vr] 2 j Vx exp 


Pb 


dt[Hi ( 77 i(f)) +H 2 (r] 2 (t)) 


5[x- 


- 771 - 772 ]. 


After a Fourier decomposition of the ^-functional, this becomes 

P{x b t b \x a t a ) = j V Pl jv P2 fVi h fv V2 Jvx jv pe -tt dtMi - r *- m -' 12)] 
x exp 


Pb 


dt [Hi(pi) - ipprjiit) + H 2 (p 2 ) - ip 2 p 2 (t)] 


after which the path integrals over / 71 (f), / 72 (f) lead to 


P(x b t b \x a t a )= j Vp j XArexpj^ dt [ipx - ir^-H^p)-H 2 (p)]j . (20.170) 


This is the integral representation Eq. (20.161) with the combined Hamiltonian 
H(p) = ir x p + Hi(p) + H 2 (p), which can be rewritten as a pure integral (20.170). 
By rewriting this integral trivially as 


P {x b t b | x a t a ) 


f°° dP 1 dP 2 cipiixb-Xci-itb-tAHrxP+Hijp!)] c ip 2 (xc-Xa)-(t h -t a )H 2 (p2) 171) 
J —oo 27T 27T 


we see that the probability distribution associated with a sum of two Hamiltonians 
is the convolution of the individual probability distributions: 

/ oo 

dxdx c Pi (x b t b \x c t a )P 2 (x c t b \x a t a ). (20.172) 

-oo 


Thus we may calculate the probability distributions associated with the noises i]i(p) 
and 772 ( 70 ) separately, and combine the results at the end by a convolution. 
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20.1.17 Levy-Khintchine Formula 

It is sometimes useful to represent the Hamiltonian in the form of a Fourier integral 

H(p) = [ dze ipz F(z). (20.173) 


Due to the special significance of the linear term in H(p) governing the drift, this is usually 
subtracted out of the integral by rewriting (20.173) as 

H r (p) = irp + J dz ( e ipz — 1 — ipz ) F(z). (20.174) 

The first subtraction ensures the property H r ( 0) = 0 which guarantees the unit normalization of 
the distribution. This subtracted representation is known as the Levy-Khintchine formula , and 
the function F(z) is the so-called Levy weight of the distribution. Some people also subtract out 
the quadratic term and write 

2 r 

H r (p) = irp + —p 2 + dz (e ipz - l) F{z). (20.175) 

They employ a weight F(z) which has no first and second moment, i.e., f dzF(z)z = 
0, / dzF(z)z 2 = 0, to avoid redundancy in the representation. 

Note that according to the central limit theorem (20.167), the large-time probability distribu¬ 
tion of x will become Gaussian for large t. Thus, in the Levy-Khintchine decomposition (20.175) 
of the Hamiltonian H(p), only the first two terms contribute for large t leading to the distribution: 


P{x,t) 


0 —(x—tr) 2 /2tcr 2 


t large 


V27 


(20.176) 


The Levy measure has been calculated explicitly for many non-Gaussian distributions. As an 
example, the generalized hyperbolic case has for A > 0 a Levy measure [76] 


F{z) 



1 f°° dy e — v/j/+7 2 I*1 

^Jo 7 Jl(5Vy) + Y?(5Vy) 


+ \e~' 1 



(20.177) 


where J\(z) and Y\(z) are standard Bessel functions. 

The decomposition of the Hamiltonian according the Levy-Khintchine formula and the addi¬ 
tivity of the associated noises form the basis of the Lvy-Ito theorem which states that an arbitrary 
stochastic differential equation with Hamiltonian (20.175) can be decomposed in the form 


x = r x t + ??g + V<i + ??>i, 


where ??g is a Gaussian noise 



(20.178) 


(20.179) 


a superposition of discrete noises called Poisson point process with jumps smaller than or equal to 
unity, and 



(20.180) 


a noise with jumps larger than unity. 

Consider the simplest noise of the type p<i arising from a Levy weight Fz{z) = tz5{z + Z) 
with 0 < Z < 1 in (20.179) so that the Hamiltonian is Hzip) = Tz{e~ lZp — 1). The associated 
distribution function Dz{z) is, according to (20.11), 


Dz{z) 


dp 
27r 


e ipz e T Z (e ,pZ - 1) 


(20.181) 
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Expanding the last exponential in powers of e lpZ , we obtain 

/ j OO yi OO yi 

— e ipz Y e- TZ YT^e~ ipnZ = V e~ TZ Ys{z - nZ). (20.182) 

Z7r ' n! ' n! 

n=0 n=0 

This function describes jumps by nZ (n = 0,1, 2, 3,...) whose probability follows a Poisson dis¬ 
tribution 

r n 

P(n,T Z )=e~ TZ Y , (20.183) 

n! 

which is properly normalized to unity: P(n,T Z ) = 1- The expectation values of powers of 

the jump number are 

<» n k ) = Y n k P(n,T Z ) = e~ TZ {r z d Tz ) k e TZ Y P(n,r z ) = e~ TZ (r z d Tz ) k e TZ = 

n —0 n —0 ' 

(20.184) 

Thus (n) = X z , (n 2 ) = X Z (X Z + 1), ( n 3 ) = Az(A^ +l)(Az + 2), (?r 4 ) = X Z (X Z + 1)(X Z +2)(X Z +3), 
so that ct 2 = X z , s = 2/\fX z , and k = 6/Az- 

As typical noise curve is displayed in Fig. 20.16. An arbitrary Levy weight F(z) in ??<i may 



Figure 20.16 Typical Noise of Poisson Process. 

always be viewed as a superposition F{z) = dZ F(Z)5(z — Z) so that the distribution function 
becomes a superposition of Poisson noises: 

r 1 00 _n 

D(z)= dZF(Z)Y e ~ TZ Y$(z-nZ). (20.185) 

•T-i n! 


20.1.18 Semigroup Property of Asset Distributions 

An important property of the probability (20.144) is that it satisfies the semigroup 
equation 


/ OO 

dx b P(x c t c \x b t b )P(x b t b \x a t a ). (20.186) 

-OO 

In the stochastic context this property is referred to as Chapman-Kolmogorov equa¬ 
tion or Smoluchowski equation. It is a general property of processes which a without 
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memory. Such processes are referred to a Markovian [12]. Note that the semigroup 
property (20.186) implies the initial condition 

P(x c t a \Xat a ) = S(x b - X a ). (20.187) 

In Fig. 20.17 we show that the property (20.186) is satisfied reasonably well by 
experimental asset distributions, except for small deviations in the low-probability 
tails. 

10 ° 


10 '' 


10" 2 

P>(z) 

< 

10- 3 


10 ' 


io ' 5 

Figure 20.17 Cumulative distributions obtained from repeated convolution integrals 
of the 15-rnin distribution (from Ref. [13]). Apart from the far ends of the tails, the 
semigroup property (20.186) is reasonably well satisfied. 

One may verify the semigroup property also using the high-frequency distribu¬ 
tions of S&P 500 and NASDAQ 100 indices in Fig. 20.10 recorded by the minute, 
which display the Boltzmann distribution (20.77). If we convolute the minute distri¬ 
bution an integer number t times, the result aggress very well with the distribution 
of t-minute data. Only at the heavy tails of rare events do not follow this pattern 
Note that due to the semigroup property (20.186) of the probabilities one has 
the trivial identity 

(f(x(t b ),t b )) = Jdx b f(x b ,t b )P(x b t b \x a t a ) 

= Jdx j dx b f(x b ,t b )P(x b t b \xt) P(xt\x a t a ). (20.188) 

In the mathematical literature, the expectation value on the left-hand side of 
Eq. (20.188) is written as 

E[f(x(t b ),t b )\x a t a ] = J dx b f(x b ,t b )P(x b t b \x a t a ). (20.189) 
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With this notation, the second line can be re-expressed in the form 

j dx E[f(x b ,t b )\xt]P(xt\x a t a ) = E[E[/ (x b , t b )\x t\ I x a t a \ , (20.190) 

so that we obtain the property of expectation values 

E[f(x(t b ,t b ))\x a t a ] = E[E[f(x b ,t b )\xt]\x a t a }. (20.191) 

In mathematical finance, this complicated-looking but simple property is called the 
towering property of expectation values. 

Note that since P(x b t b \x a t a ) is equal to S(x b — x a ) for t a = t b , the expectation 
value (20.189) has the obvious property 

E[f(x(t a ),t a )\x a t a \ = f{x a ,t a ) (20.192) 


20.1.19 Time Evolution of Moments of Distribution 


From the time-dependent distribution (20.165) it is easy to calculate the time 
dependence of the moments: 

/ OO 

dx x n P(x,t) (20.193) 

-OO 


Inserting (20.165), we obtain 

(x n )(t) = r^ e - tH(p) r dxx n e ipx = r dpe- tH{p \-id p ) n 5(p). (20.194) 

J oo 2jTX J— oo J oo 

After n partial integrations, this becomes 


(x n )(t) = {id p ) n e~ tH{p) 


(20.195) 


All expansion coefficients c n of H(p) in Eq. (20.141) receive the same factor t, so 
that the cumulants of the moments all grow linearly in time: 

(x n ) c (t) = -tH^ n \ 0) = t{x n ) c { 1) = tc n . (20.196) 




Figure 20.18 Gaussian distributions of S&P 500 and NASDAQ 100 weekly log-returns. 
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20.1.20 Boltzmann Distribution 

As a an example, consider the Boltzmann distribution (20.77) of the minute data. 
The subsequent time-dependent variance and kurtosis are found by inserting the 
cumulants Eq. (20.80) into (20.196), yielding 

(x 2 ) c (t) = 1 2T 2 , K (t) = ^ = j . (20.197) 

iC 2 t 

The first increases linearly in time, the second decreases like one over time, which 
makes the distribution more and more Gaussian, as required by the central limit 
theorem (20.167). The two quantities are plotted in Figs. 20.19 and 20.20. The 
agreement with the data is seen to be excellent. 
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Figure 20.19 Variance of S&P 500 and NASDAQ f00 indices as a function of time. 
The slopes (x 2 ) c (t)/t are roughly 1.1/20 x 1/60 min and 18.1/20 x 1/60 min, respectively, 
so that Eq. (20.198) yields the temperatures Tspsoo ~ 0.075 and Tnasdaqioo ~ 0.15. The 
right-hand side shows the relative deviation from the linear shape in percent. 

Note that if the minute data are not available, but only data taken with a 
frequency 1 /t 0 (in units 1/min) and an expectation ( x 2 ) c (t 0 ), then we can find the 
temperature of the minute distribution from the formula 

T = yf{.x 2 ) c (t 0 )/2t 0 . (20.198) 

Since k goes to zero like 1/t, the distribution becomes increasingly Gaussian as 
the time grows, this being a manifestation of the central limit theorem (20.167) of 
statistical mechanics according to which the convolution of infinitely many arbitrary 
distribution functions of finite width always approaches a Gaussian distribution. 


NASDAQ100 2001-02 


deviation in % 


S&P500 2004-2005 
deviation in % 


S&P500 2004-2005 



NASDAQ100 2001-02 



H. Kleinert, PATH INTEGRALS 










20.1 Fluctuation Properties of Financial Assets 


1477 


S&P500 2004-2005 



S&P500 2004-2005 


20 

10 

0 


-10 


-20 


deviation in % . 


0 5 10 15 20 


Time lag t (hours) 


NASDAQ100 2001-02 



NASDAQ100 2001-02 

10 

5 

0 

-5 

-10 

0 5 10 15 20 


deviation in % 


Time lag t (hours) 


Figure 20.20 Kurtosis of S&P 500 and NASDAQ 100 indices as a function of time. The 
right-hand side shows the relative deviation from the l/t behavior in percent. 


This result is in contrast to the pure Levy distribution in Subsection 20.1.2 with 
A < 2, which has no finite width and therefore maintains its power falloff at large 
distances. 

If we omit the time argument in the cumulants (x Tl ) c (l), for brevity, and insert 
these into the decompositions (20.56) we obtain the time dependence of the mo¬ 
ments: 

(x)(t)=t(x) c , 

(x 2 )(t)=t(x 2 ) c + t 2 (x) 2 c , 

(x 3 )(f) =t(x 3 ) c + 3 t 2 (x) c (x 2 ) c + C(x)l, 

(x 4 )(t) =t(x 4 ) c + 3 t 2 (x 2 )l — 4 t 2 (x) c (x 3 ) c + 6 t 3 (x) 2 c (x 2 ) c + t 4 (x) 4 , (20.199) 


Let us now calculate the time evolution of the Boltzmann distribution (20.77) of 
the minute data. The Hamiltonian H(p) was identified in Eq. (20.79), so that 


p -tH( P ) = 1 

"[1 + (W 


( 20 . 200 ) 


The time-dependent distribution is therefore given by the Fourier integral 


dp ipx-tHb) = d P 1 ivx 

J-oo 2tt 7-oo 2n (1 + T 2 p 2 y 


P(x,t) 


( 20 . 201 ) 
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The calculation proceeds most easily rewriting (20.200), by analogy with (20.81) 
and using again formula (2.499), as an integral 


P ~tH(p) = 1 = _L f°° — 

[i + {Tp ) 2 ) 1 r (t) Jo t 


( 20 . 202 ) 


The prefactor of p 2 is equal to tv 2 = tv a Gaussian distribution in rc-space. We 
therefore change the variable of integration from r to v, substituting r = tv/2T 2 , 
and obtain [compare (20.82)] 


-tH(p) = (J_ V 1 f°° <J///_ v t e -tv/2T 2 e -tvp 2 /2 

\2T 2 J T(t) Jo v 


(20.203) 


The Fourier transform of this yields the time evolution of the Boltzmann distribu¬ 
tion as a time-dependent superposition of Gaussian distributions of different widths 
[compare (20.83)]: 


P{x,t) = f * V f°° — iU~ tv/2T2 — r =e~ x2/2tv . (20.204) 

v , ) \2T 2 J T(t)J o v V2^> 

The integral can be performed using the integral formula (2.559), and we find the 
time-dependent distribution 


/ OO 

-oo 


dP ipx-tH(p) 

2tt 




AVi/ 2 (M/T), 


(20.205) 


where t is measured in minutes. 

For t — 1, we reobtain the fundamental distribution (20.77), recalling the explicit 
form of Ki/ 2 (z) in Eq. (1.349). 

In the limit of large t, the integral over v in (20.204) can be evaluated in the 
saddle-point approximation of Section 4.2. We expand the weight function in the 
integrand around the maximum at v m = 2T 2 (1 — 1/t) as 


v t-i e -u,/zi* = 


2T 2 (1 - 1/t) 


t -i 


e -(t-l) e -t^ 2 /2[2T 2 (l-l/t)] 2 


1 + 0(5v 3 ) ,(20.206) 


where Sv = v — v m , and 0(Sv 3 ) is equal to — tSv 3 /3[2T 2 (1 — 1/t)] 3 . Then we observe 
that for large t, the Gaussian can be expanded into derivatives of 5-functions as 
follows: 


3 -te 2 / 2 


1 + -z 6 + ... 


= y/torjt 6(z) + ^S H (z) + ^S'(z)... 


t 2 


(20.207) 


This can easily be verified by multiplying both sides with f(z) = /(0) + zf( 0) + 
z 2 f"( 0)/2 + ... and integrating over z. Thus we find to leading order 


e -t8v 2 /2[2T\l-l/t)p _^ 



2 T 2 (1 - l/t)S(Sv). 


(20.208) 
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Using the large-i limit (1 — 1 jt) 1 —» e x , and including the first correction from 
(20.207), we obtain 


t-l-tv/2T 2 . fE(nrri2\t p -t 


(2T 2 ) t e~ t { S(Sv) + 


[2T 2 (1 - l/t)] s 


■<$"(<5u) + 


(20.209) 


If we now employ Stirling’s formula (17.286) to approximate t f /Y(t) ^Jt/Zire*, 
we see that the integral (20.204) converges for large t against the Gaussian distri¬ 
bution e~ x / 2tVm / \l2ntv m with the saddle point variance v m —> 2T 2 . 

The behavior near the peak of the distribution can be calculated from the small-z 


expansion 


KJz) = 


i + yiixrLh + 0 (z‘ z 2 n 

+ l!r(2 - v) 4 1 ’ ' 


\2J w 2sinvn/r(l - v) [ l!T(2 - v) 4 v ’ 7 

For large v and small z, this can be approximated by [recall (20.29)] 


^ KJz) 


no 


z 2 /4(t-3/2) 


( 20 . 210 ) 


( 20 . 211 ) 


We now use Stirling’s formula (17.286) to find the larg e-t limit Y(t — 1/2)/T(t) —* 1, 
leading to the Gaussian behavior near the peak: 


P(x,t) « . --e 

\ / ii i i /r\ r\m O < 


small | a; | ^2n 2TH 


-x 2 /2 2T 2 (t—3/2) 


( 20 . 212 ) 


This corresponds to the approximation of the Fourier transform (20.200) by e~ tT2p “. 
The Gaussian shape reaches out to x ~ T\ft. For very large t, it holds everywhere, 
as it should by virtue of the central limit theorem (20.167). 


20.1.21 Fourier-Transformed Tsallis Distribution 

For the Hamiltonian defined in Eq. (20.97), the time evolution is given by the Fourier 
transform 

e -tHsAp)=\i - (35p 2 /2r t/ ‘ ) = —I™ — s^ s e- s e-^ Sp2/2 : P = - = - 4 ,( 20 . 213 ) 

L J I (t/o) Jo s p pO 

which can be rewritten, by analogy with (20.99), as 

e ~ tH sAp) = ^°° ^ ^/<5 e -^ e -V /2 ? ^ = 1 ^ 5 (20.214) 

Taking the Fourier transform of this yields the time-dependent distribution function 

P »A X , t) = tZjtjtz / - v‘/ s e-^^=e- ' 2 \ p = l/« (20.215) 

T (t/o) Jo v V 2ttv 

7 M. Abramowitz and I. Stegun, op. cit., Formulas 9.6.2 and 9.6.10. 
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which becomes with the help of Formula (2.499): 

t/jj / 2 \ i/25—1/4 _ 

PsAXrt) = /(t/6)V2^\2p) 2K t/5-t/2{\fa4, V = (20.216) 

For 5 = 1 and /i = 1/2T 2 , this reduces to the time-dependent Boltzmann distribution 
(20.205). At the origin, its value is [compare (20.104)] 

PsA 0, t) = AJlT(t/5 - l/2)/Y{t/8). (20.217) 


20.1.22 Superposition of Gaussian Distributions 

All time-dependent distributions whose Fourier transforms have the form e~ tH pos¬ 
sess a path integral representation (20.161) and which obeys the semigroup equation 
(20.186). In several examples we have seen that the Fourier transforms can 

be obtained from a superposition of Gaussian distributions of different variances 
e~ vp / 2 with some weight function w(v): 


e- H {p) 



dvw(v)e~ vp2/2 . 


(20.218) 


This was true for the Boltzmann distribution in Eq. (20.81), for the Fourier- 
transformed Tsallis distribution in Eq. (20.100), and for the Boltzmann Distribution 
of a relativistic particle in Eq. (20.105). In all these cases it was possible to write a 
similar superposition for the time-dependent distributions: 


/>OQ POO 

e -tH(p) _ / dv'w t (v')e - v ' p2/2 = / dvu t (v)e~ tvp2/2 , 
Jo Jo 

where we have introduced the time-dependent weight function 


(20.219) 


(jj t {v) =tw t (vt). (20.220) 

See Eqs. (20.202), (20.214), and (20.105) for the above three cases. 

The question arises as to general property of the time dependence of the weight 
function w t (v) which ensures that that the Fourier transform of the superposition 
(20.219) obtained as in Eq. (20.164) satisfies the semigroup condition (20.186) [52], 
For this, the superposition has to depend on time as 


e ~(t2+ti)H(p) _ e -t2H(p) e ~tiH(p) 


or e tH ^ p) = [e H ( p )y. This implies that the weight factor w t (y) has the property 
J dv 12 Wt 1+ t 2 (v 12 )e~ Vl2p2/2 = I dv 2 w t2 (v 2 )e~ V2p2/2 J dv 1 Wt 1 (y 1 )e~ Vlp2/2 . (20.221) 

For the Laplace transforms Wtiy) of Wt(v) 

w t (p v ) = J dv e~ PvV w t (v) (20.222) 
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this amounts to the factorization property 


Wti+t 2 (Pv) =w t2 (p v )w tl (p v ), 
which is fulfilled by the exponential 

wtipv) = e~ tHv{jpv \ 


(20.223) 

(20.224) 


with some Hamiltonian H v (p v ). Since the integral over v in (20.222) runs only over 
the positive w-axis, the Hamiltonian H v (p v ) is analytic in the upper half-plane of p v . 

It is easy to relate H v (p v ) to H(p). For this we form the inverse Laplace trans¬ 
formation, the so-called Bromwich integral [53] 

w t (v)= r +l °° e PvV ~ tHv(pv \ (20.225) 

J'y—ioo 2ni 

in which 7 is some real number larger than the real parts of all singularities in 
e -p v v-tH v (p v ) i nser ting this into (20.219) and performing the u-integral yields 


g -tH(p) _ f + '°° dpv ^ e ~tH v (p v ) 

J-y-ioo 2nip 2 /2 — p v 


(20.226) 


Closing the integral over p v in the complex -plane and deforming the contour to 
an anticlockwise circle around p v = p 2 /2 we find the desired relation: 


H v (p 2 / 2 ) = H{p). 


(20.227) 


The time-dependent distribution associated with any Hamiltonian H(p) via the 
Fourier integral (20.170) can be represented as a superposition of Gaussian distri¬ 
butions with the help of Eq. (20.219) if we merely choose H v (p v ) = H(^/2p v ). 

Recalling the derivation of the Fourier representation (20.165) from the path 
integral (20.153) and the descendence of that path integral from the stochastic dif¬ 
ferential equation (20.140) with the noise Hamiltonian H(p) we conclude that the 
Hamiltonian H v {ip v ) governs the noise in a stochastic differential equation for the 
volatility fluctuations. 

Take, for example, the superposition of Gaussians (20.105). The Laplace trans¬ 
form of the weight function ujp(v) is 

Q p ip v ) = f dve~ vpv up{v) = J dve~ vp ” J= e ~v^. (20.228) 


The Laplace transform of wp{v) is related to this by 

Jdv'e- v ' Pv w p {v') =jdv e- pvpv ojg{v) = Cjp{f3p v ). (20.229) 

Hence it is given by wp{p v ) =e~h^ 2 pf = e -P H v(j>v) , ^ieh satisfies the relation (20.223). 
Moreover, H v [p 2 / 2) is equal to Hip) = \/jP, as required by Eq. (20.227) and in 
accordance with Eq. (20.105) for M = 0. 

Note that instead of the Bromwich integral (20.226) it is sometimes more con¬ 
venient to use Post’s Laplace inversion formula [54] 


u>t(v) = lim ■ 

k—} OO 


-i y 


k\ 


■X' 


k +1 


d k Co, 


t(x) 


dx k 


(20.230) 


x=k/v 
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20.1.23 Fokker-Planck-Type Equation 

From the Fourier representation (20.170) it is easy to prove that the probability 
satishes a Fokker-Planck-type equation 


dtP{pCbtb\Xata) 7/( id x ) P (Xbt[,\x a t a 


(20.231) 


Indeed, the general solution ip(x,t) of this differential equation with the initial con¬ 
dition ip(x, 0) is given by the path integral generalizing (20.144) 


ip(x,t) = / Vq exp 


rh 


~ / dtH(q(t )) 


ip (x — dt'rj(t') 
Jt a 


(20.232) 


This satishes the Fokker-Planck-type equation (20.231). To show this, we take 
ip(x, t ) at a slightly later time t + e and expand 


ip(x,t + e) = J Vqexp 
= / Vq exp 


>t a 

rh 


ip \ X - 

ip (x 


dt'rjpt') 


dt'rjpt') 


dt H(rj(t)) 
dt H(rj(t)) 

— ip' (x — dt'q(t')j £ dt'rjpt') 

+ ]^P" { x ~j t dd' r l{t')j j dtidt 2 q(tiyq(t 2 ) 

'-'ip" 1 (x - jt dt'rj(t')J dtidt 2 dt 3 r}(ti)rj(t 2 )ri(t 


dt'rjpt 1 ) ) . 


(20.233) 


1 

3! 

1 

4! 




(4) 


X 


>ta 


dt'q{t') 


rt+e 


dtidt 2 dtsdt±r)(ti)r){t 2 )r)(tz)r)(ti) + ... 


Using the correlation functions (20.155)-(20.262) we obtain 

r4 


ip(x, t + e) — / Vq exp 


dt H(rj(t)) 


x 


1 1 

-ec\d x + (ec 2 + e 2 Cij —d 2 — (ec 3 + 3e 2 c 2 cij —d 3 


(20.234) 


+ ( ec 4 + e 2 4c 3 ci + e 2 3c?2 + e 3 c 2 c 2 + e 4 cfj -jy<9 3 + ... ip (x — dt'q(t')^j . 

In the limit e —> 0, only the linear terms in e contribute, which are all due to the 
connected parts of the correlation functions of 77 (f). The differential operators in the 
brackets can now be pulled out of the integral and we find the differential equation 


dtip(x,t) = 


- c ,g -l C -1q 2 _ c Aq 3 + y±d 4 + 

C\u x -T 2| U x 3! x ^ 41 p x'--- 


Ip(x,t). (20.235) 


We now replace c\ —> r x and express using (20.141) the differential operators in 
brackets as Hamiltonian operator —H rx (—id x ). This leads to the Schrodinger-like 
equation [55] 


d t ip(x, t) = —H rx (—id x ) ip (x,t). 


(20.236) 
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Due to the many derivatives in H{id x ), this equation is in general non-local. This 
can be made explicit with the help of the Levy-Khintchine weight function F(x) in 
the Fourier representation (20.173). In this case, the right-hand side 

—H(—id x )'i/j(x,t) = J dx' e~ x ' dx F(x')^(x, t) = J dx' F(x')il)(x — x 1 , t), (20.237) 


and the Fokker-Planck-like equation (20.236) takes the form of an integro-differential 
equation. Some people like to use the subtracted form (20.175) of the Levy- 
Khintchine formula and arrive at the integro-differential equation 


d t ip(x,t) 


-cid x - jd 2 x 




dx' F(x') / ip(x — x', t). 


(20.238) 


The integral term can then be treated as a perturbation to an ordinary Fokker- 
Planck equation. 

The initial condition of the probability is, of course, always given by (20.187), 
as a consequence of the semigroup property (20.186). 


20.1.24 Kramers-Moyal Equation 

The Fokker-Planck-type equation (20.231) is a special case of the most general time 
evolution equation satisfied by a probability distribution P(x b ,t b , | x a t a ) which fulfills 
the Chapman-Kolmogorov or Smoluchowski equation (20.186). For a short time 
interval t c — 4 = e, that equation can be written as 

/ OO 

dx b P(x c t b + e\x b t b )P(x b t b \x a t a ). (20.239) 

-OO 

We now re-express P(x c t b + e\x b t b ) as a trivial integral 

P(x c t b +e\x b t b ) — J dx S(x—x b +x b —x c )P(xt b +e\x b t b ), (20.240) 

and expand the 5-function in powers of x — x b to obtain 


P(x c t b +e\x b t b/ 


= dx J2 

J n =0 


(X 


x b y 


n\ 


P(xt h +e\x b t b ) d x 5(x b - x c ). (20.241) 


Introducing the moments 

C n (x b t b ) = J dx (x - x b ) n d th P(xt b \x b t b ), (20.242) 

and inserting (20.241) into Eq. (20.239) the right-hand side reads 

P(x c t b \x b t b ) +eJ2 [ dx b ^^^-[d Xb S(x b - x c )}d tb P(x b t b \x a t a ) + 0(e 2 ). (20.243) 

»i=i J n - 
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Taking the n — 0 -term to the left-hand side of (20.239) and going to the limit 
e —* 0, we obtain the Kramers-Moyal equation-. 

d tb P(x b t b \x a t a ) = -H(-id Xb ,x b ,t b )P(x b t b \x a t a ). (20.244) 

with the Hamiltonian operator 

H(-id n ,x b ,h) = - (20.245) 

71=1 U - 

which is the generalization of the Hamiltonian operator in Eqs. (20.235) and 
(20.231). 

There is a simple formal solution of the time evolution equation (20.244) with 
the initial condition (20.187). It can immediately be written down by recalling the 
similar time evolution equation (1.233): 

P(x b t b \x a t a ) = fe-fc dtH( - id ^ Xb ' t] 5(x b - x a ), (20.246) 

where T is the time-ordering operator (1.241). Using Dirac bra-ket states ( x b \ and 
| x a ) with the scalar product ( x b \x a ) = 5(x b — x a ) as in Eq. (18.462), and the rules 
(18.463), we can rewrite (20.246) as 

P(x b t b \x a t a ) = (x b \Te~ dtH P idx b’ Xt >P\x a ). (20.247) 

Due to the initial condition (20.187), the moments (20.242) can also be calculated 
from the short-time limit 

C n {xt ) = Q - J dx (x' — x) n P(x't+e\xt) ~([x(t+e) — x(t)] n ), n> 1. (20.248) 
Another way of writing the expectation value on the right-hand side is 

^ rt-\-e rt-\-e 

C n {xt) = - dti--- dt n (x(ti) ■ ■ ■ x(t n )}, n > 1. (20.249) 

£->o e Jt Jt 

If x{t) follows the Langevin equation (20.169) with the correlation functions 
(20.155)-(20.262), we obtain 

C n (xt) = c n , (20.250) 

and the Kramers-Moyal equation (20.248) reduces to out previous Fokker-Planck- 
type equation (20.231). 

For a Langevin equation 

x{t ) = r(x, t ) + cr(x, t)rj(t ), (20.251) 

with a white noise variable r/it), we find instead 

Ci(xt) = a(x, t) +b\x, t)b(x, t) =a(x, t)+ x ^ —-, C^xt) = b 2 (x, t). (20.252) 

According to a theorem due to Pawula [56], the positivity of the probability in 
the Kramers-Moyal equation (20.244) requires that the expansion (20.245) can only 
be truncated after the first or second terms, or must go on to infinity. 
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20.2 Ito-like Formula for Non-Gaussian Distributions 

By a procedure similar to that in Subsection 18.13.3 it is possible to derive a gen¬ 
eralization of the Ito-like expansions (18.412) and (18.432) for the fluctuations of 
functions containing non-Gaussian noise. 


20.2.1 Continuous Time 

As in (18.408) we expand f(x(t + e)): 

f(x(t + e)) = f(x(t)) + f'(x(t))Ax(t) 

+ \f"( x (t))[Ax(t)} 2 + ^/ (3) [Aa;(f)] 3 + ... . (20.253) 

where x(t) = r)(t) is the stochastic differential equation with a nonzero expectation 
value (rj(t)) = c\. In contrast to the expansion (18.426), which for e —* 0 had to 
be carried only up to the second order in A x(t) = f t t+e dt' x(t'), we must now keep 
all orders. Evaluating the noise averages of the multiple integrals on the right- 
hand side with the help of the correlation functions (20.155)-(20.262), we find the 
time dependence of the expectation value of an arbitrary function of the fluctuating 
variable x(t) 


(f(x(t+e))) = {f(x(t))) + </'(s(t))>ec 1 + -</"(x(f))>(ec 2 +e 2 c?) 


3! 

= (f(x(t)))+e 


(f( 3 \ x (t )))( ec 3 + + e 3 c 3 ) + ... 


(20.254) 


cid x + c 2 -<9 2 + C 3 —<9 3 + ... 


<. f(x(t)))+0(e 2 ). 


After the replacement Ci —> r x , the function f(x(t)) obeys therefore the following 
equation: 


(f( x (t))) = - H r x {id x )(f(x(t))). (20.255) 

Separating the lowest-derivative term, this takes a form generalizing Eq. (18.412): 

if( x (t))) = (f'( x (t)))( x (t)) ~ H rx {id x )(f{x{t))). (20.256) 

This might be viewed as the expectation value of the stochastic differential equation 

= f{x(t))x(t) - H rx (id x )f(x(t )), (20.257) 

which, if valid, would be a simple direct generalization of Ito’s Lemma (18.413). 
However, this conclusion is not allowed. The reason lies in the increased size of the 
fluctuations of the higher expansion terms [A x(t)] n for n > 2. In the harmonic case 
of Subsection 18.13.3, these were negligible in comparison with the leading term 
Zi(t) in Eq. (18.413). Let us see what happens in the present case, where all higher 
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cumulants c n in the Hamiltonian (20.141) may be nonzero. For the argument we 
proceed as in Eq. (18.405) by working with the stochastic differential equation 


x(t) = (x(t)) + rj (t) = ci + rj(t). (20.258) 

rather that (20.169). Then the correlation functions of rj(t) consist only of the 
connected parts of (20.155)-(20.262): 

( 77 (H)) = ci, (20.259) 

( 77 ^ 1 ) 77 (^ 2 )) = c 2 S(ti -t 2 ) (20.260) 

( 77 (H) 77 (H) 77 (H)) = C 3 S(t 1 -t 2 ) 8 (t 1 -t 3 ), (20.261) 

(rj(ti)r)(t 2 )r)(t 3 )r)(t 4 )) = c A 5{ti-t 2 )5{ti-h)5{ti-t A ) (20.262) 


+ C 2 [ 8 (tl—t 2 )S(t 3 — t 4 ) + S(ti — t 3 ) 8 (t 2 — t 4 ) + 8 (ti — t 4 )S(t 2 —t 3 ) . 


We now estimate the size of the fluctuations z n of [Aa:(t)] n . The first contribution 
z 2 ,i to z 2 defined in Eq. (18.415) is still negligible since it is smaller than the leading 
one Z\(t) = jj +e dt' rj(t') by a factor e. The second contribution z 2j3 to z 2 defined 
in Eq. (18.415), however, has now a larger variance, due to the C 4 -term in (20.262), 
which contains one more (5-function than the c^-term, so that 

/ o\ rt-\-e rt-\-e 

\[z 2 , 2 (t)] )=J dt\J dt 2 J dt 3 J dt 4 ( 77 ^ 1 ) 77 (^ 2 ) 77 (^ 3 ) 77 (^ 4 )) = ec 4 +e 2 C2- (20.263) 

This is larger than the harmonic estimate (18.420) by a factor 1/e, which makes 
z 2 g(t), in general, as large as the leading fluctuation z\(t) of x\(t). It can therefore 
not be ignored. The subtraction of the second term {z 2 j 2 (t )) 2 = e 2 C 2 in the variance 
does not help since that is ignorable. 

A similar estimate holds for the higher powers. Take for instance [Aa;(f)] 3 : 

[Aa;(t)] 3 = e 3 c 3 + 3e 2 clz 1 (t) + eci[zi(t)] 2 + [^i(t)] 3 , (20.264) 

and calculate the variance of the strongest fluctuating last term in this: 
({[^i(^)] 3 } 2 ) — ([^i(t)] 3 ) 2 )- The first contribution is equal to 

rt-\-e rt-\-e rt-\-e rt-\-e rt-\-e rt-\-e 

/ dt 1 / dt 2 / dt 3 / dt 4 / dt 5 / dt e (v(ti)v(h)rj(h)rj(U)r)(h)r)(t 6 ))r 
Jt Jt Jt Jt Jt Jt 

(20.265) 

and becomes, after an obvious extension of the expectation values (20.155)-(20.262) 
to the six-point function: 

({[*1 (t)f} 2 ) = ec 6 + 0 (e 2 ). (20.266) 

The second contribution ([^i(t)] 3 ) 2 in (20.264) is equal to e 2 c| and can be ignored 
for e —>• 0. Thus, due to (20.266), the size of the fluctuations [^i(t)] 3 is of the same 
order as of the leading one X\{t) [compare again (18.421)]. 
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This is an important result which is the reason why we cannot derive a direct 
generalization (20.257) of the ltd formula (18.413) to non-Gaussian fluctuations, but 
only the weaker formula (20.256) for the expectation value. 

For an exponential function f(x) = e Px this implies the relation 




P(x(t)) -H r .(iP) 



(20.267) 


and it is not allowed to drop the expectation values. 

A consequence of the weaker Eq. (20.267) for P = 1 is that the rate rg with 
which the average of the stock price S(t) = e x ^ grows is given by formula (20.1), 
where the rate r x is related to rg by 


r s = r x - H(i) = r x - [H(i ) - iH'( 0)] = -H rx (i), (20.268) 

which replaces the simple ltd relation rg — r x + o 2 /2 in Eq. (20.5). Recall the 
definition of H(p) = H(p) — H'(0)p in Eq. (20.141). The corresponding version of 
the left-hand part of Eq. (20.4) reads 


( 



(x{t)) - H(i ) = (x{t)) - [H(i) - iH\ 0)] = (x(t)) - r x - H rx (i). (20.269) 


The forward price of a stock must therefore be calculated with the generalization of 
formula ( 20 . 8 ), in which we assume again 77 (f) to fluctuate around zero rather than 
r x : 


(, S(t)) = S( 0)e rst = S( 0)(e r * t+ -fo dt ' r >(t')) = S( 0) e -^ (i)t 
If 77 (f) fluctuates around r x this takes the simpler form 


S (0) e ^ rxt ~ [-^ 6 )-® H '(°)]i} _ 

(20.270) 


(S(t)) = S{0)e rst = S( 0)(efo dt '^) = S(0)e~ Hr * (i)t . (20.271) 


This result may be viewed as a consequence of the following generalization of the 
Gaussian Debye-Waller factor (18.425): 

^ e p fo dt '= e ~ H rAiP)t (20.272) 

Note that we may derive the differential equation (20.255) of an arbitrary func¬ 
tion f(x(t)) from a simple mnemonic rule, expanding sloppily [similar to Eq. (18.426) 
but restricted to the expectation values] 

(f(x(t + dt))) = (f(x(t))) + (f(x(t))) (x(t)) dt + ^ (f"(x(t))) ( x 2 (t )) dt 2 

+ ^(/ (3} (x(f)))(i: 3 (f))dt 3 + ... , (20.273) 

and replacing 

(x(t))dt —y Cidt, (x 2 (t))dt 2 —>■ c 2 dt, (x 3 (t))dt 3 —y c 3 dt,... . (20.274) 

In contrast to Eq. (18.429), this replacement holds now only on the average. 

For the same reason, portfolios containing assets with non-Gaussian fluctuations 
cannot be made risk-free in the continuum limit e —> 0, as will be seen in Section 20.7. 
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20.2.2 Discrete Times 

The prices of financial assets are recorded in the form of a discrete time series 
x(t n ) in intervals At = t n+1 — t n , rather than the continuous function x(t). For 
stocks with a large turnover, or for market indices, the smallest time interval is 
typically At = 1 minute. We have seen at the end of Section 18.13.3 that this makes 
Ito’s Lemma (18.413) an approximate statement. Without the limit At —> 0, the 
fluctuations of the higher expansion terms in (20.253) no longer disappear but are 
merely suppressed by a factor Gy/ At n . In quiet economic periods this is usually 
quite small for At = 1 minute, so that the higher-order fluctuations can usually be 
neglected after all. 

While this approximate validity is a disadvantage of the discrete time series 
over the continuous one, it is an advantage with respect to processes with non- 
Gaussian noise, at least as long as the financial markets are not in turmoil. Then 
the non-Gaussian higher-order fluctuations of the expansion terms in (20.253) are 
suppressed by the same order ayfAt as the corrections to Ito’s rule in the Gaussian 
case [recall (18.432)]. As a typical example, take the Boltzmann distribution (20.77). 
Its cumulants c n carry a factor T n [see Eq. (20.80)] where the market temperature T 
is a small number of the order of a few percent in the natural time units of one minute 
used in this context [see Fig. (20.11)]. The smallness of T is, of course, a consequence 
that the minute data do not usually possess large volatility, except near a crash. In 
the natural units of minutes, the time interval e in the calculations after Eq. (20.257) 
is unity, so that powers of e can no longer be used for size estimates. This role is 
now taken over by T. In fact, since c n is of order T", the fluctuations of z n (t ) are 
of the order T n . Thus, in non-Gaussian fluctuations of a discrete time series, the 
smallness of T leads to a suppression of the higher fluctuations after all. Moreover, 
the suppression is just as good as for time series with Gaussian fluctuations, where 
the corrections are of the order ( ay/At )” -1 for z n (t ) with n > 2. These have the size 
of T n ~ l for the Boltzmann distribution [recall (20.198)]. A similar estimate holds 
for all non-Gaussian noise distributions with semi-heavy tails as defined on at the 
end of Subsection 20.1.1. 

For all semi-heavy tails for which the cumulants c n decrease with power T n of a 
small parameter such as the temperature T, we may drop the expectations values 
of the ltd-like expansion (20.256), and remain with an approximate ltd formula for 
the fluctuating difference Af(x(t n )) = f{x(t n+ 1 )): 

Af{x{t n )) = f'(x(t n ))Ax(t n ) - Hr x {id x )f{x{t n )) + 0(a\fAt), (20.275) 

which is a direct generalization of the discrete version (18.432) of Ito’s Lemma 
(18.413). 

A characteristic property of the Boltzmann distribution (20.77) and others with 
semi-heavy tails is that their Hamiltonian possesses a power series in p 2 of the type 
(20.141) with finite cumulants c n of the order of a n , where a is the volatility of the 
minute data. This property is violated only by power tails of price distributions 
which do exist in the data (see Fig. 20.10). These do not go away upon multiple 
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convolution which turns the Boltzmann distribution more and more into a Gaussian 
as required by the central limit theorem (20.167). These heavy tails are caused by 
drastic price changes in short times observed in nervous markets near a crash. If 
these are taken into account, the discrete version (18.432) of Ito’s Lemma (18.413) 
is no longer valid. This will be an obstacle to setting up a risk-free portfolio in 
Section 20.7. 

20.3 Martingales 

In financial mathematics, an often-encountered concept is that of a martingale. The 
name stems from a casino strategy in which a gambler doubles his stake each time a 
bet is lost. A stochastic variable m(t ) is called a martingale, if its expectation value 
is time-independent. 

A trivial martingale is provided by any noise variable m(t) = rj(t). 

20.3.1 Gaussian Martingales 

For a harmonic noise variable, the exponential m(t ) = e$o dt ri(J ' > ~ a t ^ 2 is a nontrivial 
martingale, due to Eq. (20.8). For the same reason, a stock price S(t) = e x with 
x(t) obeying the stochastic differential equation (20.140) can be made a martingale 
by a time-dependent multiplicative factor associated with the average growth rate 
r s, i-e., 

e~ rst S(t) = e~ rst e x{t) = dt ' ^ (20.276) 

is a martingale. The prefactor e~ rst is referred to as a discount factor with the 
rate rg. If we calculate the probability distribution (20.170) associated with the 
stochastic differential equation (20.140), which for harmonic fluctuations of standard 
deviation a corresponds to a Hamiltonian 

2 

H (p) = ir x p + y p 2 , (20.277) 

The integral representation (20.170) for the probability distribution, 

P rx (x b t b \x a t a ) = j y exp ip ( Xb ~ Xa ) - ^ (f rx P + a V/ 2 ) (20.278) 

with At = t b — t a has obviously a time-independent expectation value of e~ rst S(t) = 
e~ rst e x< ' t \ Indeed, the expectation value at the time t b is given by the integral over 
x b 

e~ rstb J dx be Xb P rx ( Xb t b \ Xa t a ) = e - rstb J dx be Xh J ^ exp ip(x b —x a ) — Ata 2 p 2 /2 , 
which yields 

e ~ rstb r —5(p - i) e -iP x « e A t<T 2 p 2 /2 = e -r s t e Xa e (r x -^/2)At = ^rsta^a, (20.279) 
J —oo 2n 
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where we have used the Ito relation rs = r x + a 2 /2 of Eq. (20.5). The result implies 
that 

(. e~ rstb S{t b )) rx = ( e - rstb e xM ) rx = e~ rsta S(t a ). (20.280) 

Since this holds for all t b we may drop the subscripts b, thus proving the time 
independence and thus the martingale nature of e~ rst S(t). 

In mathematical finance, where the expectation value in Eq. (20.280) is written 
according to the definition (20.189) as E[e _rs ' < '* 6_)t “^e a;i ’|a; a t a ], the martingale property 
of e -rs< ^ 6- * [ dS'(t) is expressed as 

E[e- rs ^-^S(t b )\x a t a ] = S(t a ) (20.281) 

or as E.[e~ rs( ' tb ~ ta ' ) e Xb \x a t a ] = e Xa . 

For the martingale f(x b ,t b ) = e~ rs( ' tb ~ ta ' ) e Xb , the expectation values on the right- 
hand side of the towering formula (20.191) reduces with the help of (20.281) and 
(20.192) to 

E[E[f(xb,t b )\xt]\x a t a ] = E[E[f(x,t)\xt}\x a t a ] = E[f(x,t)\x a t a ]. (20.282) 

Using once more the relations (20.281) and (20.192) to leads to 

E[E[f(x b ,t b )\xt]\x a t a ] = f(x a ,t a ). (20.283) 

Performing the momentum integral in (20.278) gives the explicit distribution 

jyrr, * | 1 [ [Xb-X a -r x (t b -t a )} 2 \ 

P X (x b t b \x a t a ) = —j= exp \ - - -—->. (20.284) 

y/2na*(t h - t a ) l 2 a 2 (t b -t a ) J 

We may incorporate the discount factor e~ rs ^ tb ~ t P into the probability distribution 
(20.284) and define a martingale distribution for the stock price 

P {M ' r *\x b t b \x a t a ) = e~ rs ^ ta) P rx {x b t b \x a t a ), (20.285) 

whose normalization falls off like e~ rs( ' tb ~ ta \ If we define expectation values with 
respect to P M ' r *(x b t b \x a t a ) by the integral (without normalization) 

(f(x b )) (M,rx) = J dx b f(x b )P (M ’ r P(x b t b \x a ta), (20.286) 

then the stock price itself is a martingale: 

( ( a x b )(M,r x ) = e x°' (20.287) 


Note that there exists an entire family of equivalent martingale distributions 


P (M ’ r \x b t b \x a t a ) = e 


—rAt 


dp 


exp [ ip(x b — x a 


At Hr 


(20.288) 


J—oo 27T 

with an arbitrary rate r and r x = r + H{i). Indeed, multiplying this with e Xb and 
integrating over x b gives rise to a 5-function 5(p — i) and produces the same result 
e Xa for any time difference A t = t b — t a . Performing the integral yields 


P {M ’ r \ Xb t b \x a t a ) = 


0 -r{t b -ta) 


2t ra 2 (t b - t a ) 


exp 


[x b -x a - r(t b - t a )Y 


2cr 2 (t b - t a ) 


(20.289) 


These martingale distributions are called risk-neutral. 
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20.3.2 Non-Gaussian Martingale Distributions 

For S(t) = e x ^ with an arbitrary non-Gaussian noise r)(t), there are many ways of 
constructing distributions which make the stock price a martingale. 

Natural Martingale Distribution 

The relation (20.268) allows us to write down immediately the simplest martingale 
distribution. It is given by an obvious generalization of the Gaussian expression 
(20.276): 

e~ rst S(t) = e - rst e rxt+ fo dt '^ (20.290) 

where rs and r x are related by rs = r x — H(i) = —H rx (i). It is easy to prove 
this. The distribution function associated with the stochastic differential equation 
(20.140) with non-Gaussian fluctuations is given by 

P rx {x b t b \x a t a ) = I Vi] J Vx exp j- ^ dtH rx (j](t)) j <5[x - r x (t b - t a )rj\, (20.291) 

where At = (t b — t a ) and r x = rg + H{i). As explained in Subsection 20.1.23, the 
path integral is solved by the Fourier integral [compare (20.170)] 

P rx (x b t b \x a t a ) = / ^ exp [ip(x b - x a ) - At H rx (p)\ . (20.292) 

Using this distribution we can again calculate the time independence of the expecta¬ 
tion value (20.280), so that P M,rx (x b t b \x a t a ) = e~ rs ^ tb ~ ta ^P Tx {x b t b \x a t a ) is a martin¬ 
gale distribution which makes the stock price time-independent, as in Eq. (20.287). 
Note that there exists an entire family of equivalent martingale distributions 

P {M ' r \x b t b \x a t a ) = e~ rAt f ^ exp [ip(x b - x a ) - A t H rx (p)\ , (20.293) 

J —oo Z7V 

with an arbitrary rate r and r x = r + H{i). Indeed, multiplying this with e Xb and 
integrating over x b gives rise to a 6- function 8(p — i) and produces the same result 
e Xa for any time difference At = t b — t a - 

For non-Gaussian fluctuations there exists an infinite set martingale distributions 
for the stock price of which we are now going to dicuss the one proposed by Esscher. 

Esscher Martingales 

In the literature on mathematical finance, much attention is paid to another family 
of equivalent martingale distributions. It has been used a long time ago to estimate 
risks of actuaries [67] and introduced more recently into the theory of option prices 
[68, 69] where it is now of wide use [70]—[76]. This family is constructed as follows. 
Let D(z ) be an arbitrary distribution function with a Fourier transform 
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and H( 0) = 0, to guarantee a unit normalization / dzD(z) = 1. We now introduce 
an Esscher-transformed distribution function. It is obtained by slightly tilting the 
initial distribution D(z ), multiplying it with an asymmetric exponential factor e . 

D e {z ) = e H{ie) e dz D(z). (20.295) 

The constant prefactor e H ^ is necessary to conserve the total probability. This 
distribution can be written as a Fourier transform 

D\z) = r ^ e - H9{p) e ipz , (20.296) 

J —oo 2 7T 

with the Esscher-transformed Hamiltonian 


H e (p ) = H(p + *0) - tf(i0). (20.297) 

Since //^(O) = 0, the transformed distribution is properly normalized: / dzD 9 (z) = 
1. We now define the Esscher-transformed expectation value 

(. F(z )} 0 = J dzD e (z)F(z). (20.298) 

It is related to the original expectation value by 

(. F(z)) 0 = e H{i9) (e 0z F(z)). (20.299) 

For the specific function F(z) = e z , Eq. (20.299) becomes 


(e 2 ) e = e~ H °^ = e H<>{ie) {e^ e+l)z ) = e H0 W)-H B {ie+i) 


(20.300) 


Applying the transformation (20.296) to each time slice in the general path 
integral (20.144), we obtain the Esscher-transformed path integral 

P 9 (x b t b \x a t a ) = e- rsAt e Hrx (' ld)At Jvr] Jv-xexp j^" dt 6rj(t) - H rx (rj(t)) j> A [a; — 77 ], 

(20.301) 

where A t = t b — t a is the time interval. This leads to the Fourier integral [compare 
(20.293)] 

P e (x b t b \x a t a ) = e -rs&t e H rx (id)At j exp [ip(x b — Xa ) — At H rx (p + i&)\. (20.302) 

J—00 ZlT 

Let us denote the expectation values calculated with this probability by ( ... ) e . 
Then we End for S(t) = e x ^ the time dependence 

(S(t)) d = e - H °* {i)t . (20.303) 
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This equation shows that the exponential of a stochastic variable x(t) can be made 
a martingale with respect to any Esscher-transformed distribution if we remove the 
exponential growth factor exp(r e Af) with 

r 6 = -H e rx (i) = -H rx {i + iff) + H rx (i9). (20.304) 

Thus, a family of equivalent martingale distributions for the stock price S(t ) = e x ® 

is 


P M6 (x b t b \x a t a ) = e r<>t P 9 (x b t b \x a ta), (20.305) 

for any choice of the parameter 0. 

For a harmonic distribution function (20.284), the Esscher martingales and the 
previous ones are equivalent. Indeed, starting from (20.284) in which r$ = r x + a 2 /2, 
the Esscher transform leads, after a quadratic completion, to the family of natural 
martingales (20.284) with the rate parameter r = r x + 6a 2 . 


Other Non-Gaussian Martingales 

Many other non-Gaussian martingales have been discussed in the literature. Mathe¬ 
maticians have invented various sophisticated criteria under which one would be 
preferable over the others for calculating financial risks. Davis, for instance, has 
introduced a so-called utility function [77] which is supposed to select optimal mar¬ 
tingales for different purposes. There exists also a so-called minimal martingale [83], 
but the mathematical setup in these discussions is hard to understand. 

For the upcoming development of a theory of option pricing, only the initial 
natural martingale will be relevant. 

20.4 Origin of Semi-Heavy Tails 

We have indicated at the end of Subsection 20.1.1 that semi-heavy tails of the type 
used in the previous discussions may be viewed as a phenomenological description 
of a nontrivial Gaussian process with fluctuating volatility. This has been confirmed 
in Subsection 20.1.22 where we have expressed a number of non-Gaussian distribu¬ 
tions as a superposition of Gaussian distributions. We have further seen that the 
weight functions w t {y) for the superpositions can be Laplace-transformed to find a 
Hamiltonian H v (p v ) from which we can derive which governs the noise distribution 
a stochastic differential equation for the volatility whose noise distribution is which 
governed by H v [ip v ). 

There exist a simple solvable model due to Heston [78] which shows this 
explicitly. 8 


8 The discussion in this section follows a paper by Dragulescu and Yakovenko [79]. 
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20.4.1 Pair of Stochastic Differential Equations 

Starting point is a coupled pair of ordinary stochastic differential equations with 
Gaussian noise, one for the fluctuating logarithm x(t) of the stock price, and one 
for the fluctuating time-dependent variance <r 2 (f). Since this will appear frequently 
in the upcoming discussion, we shall name it v(t). For simplicity, we remove the 
growth rate of the share price. Replacing a 2 in the stochastic differential equation 
(20.4) by the time-dependent variance v(t) we obtain 

x(t) = + yjv(f)v(t)r (20.306) 

where the noise variable 77 (f) has zero average and unit volatility 

(v(t)) = 0, (v(tW)) = S ( t - 0- (20.307) 

The variance is assumed to satisfy an equation with another noise variable rj v (t) [7] 

v(t) = - 7 [v(t) - v\ + £yjv(t)r} v (t). (20.308) 

The time in \Jv(t) is supposed to he slightly before the time in the noise r] v (t). The 
parameter £ determines the volatility of the variance. The parameter v will become 
the average of the variance at large times, ft is proportional to the variance cr 2 of 
the Gaussian distribution to which the distribution converges in the long-time limit 
by the central limit theorem. The precise relation will be given in Eq. (20.363). 

In general, the noise variables 77 (f) and rj v (t) are expected to exhibit correlations 
which are accounted for by introducing an independent noise variable rj'(t) and 
setting 


77 u (f) = pi 7(f) + VWV(f). (20.309) 

The pair correlation functions are then 

= S(t - f'), (77(f)77„(f')) = p5(t - f'), {nv{t)p v (t')) = 5(t - f'). (20.310) 

20.4.2 Fokker-Planck Equation 

If T|(f) denotes the pair of noise variables ( 77 (f), rj v (t)), the probability distribution 
analogous to (18.324) for paths x(t), v(t) starting out at x a ,v a and arriving at x,v 

is 


Pifxvt \x a v a t a ) = S(x v (t) - x)S(v Vv (t) - v). (20.311) 

The time evolution of this is calculated using the differentiation rule (18.381) as 

d t Pr\{xvt l^a^afa) [ , 9a;*tr)(t) T 9 v Vjj v (t^ Pyfxvt I^Ta^afa); (20.312) 
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or more explicitly 

d t P r] (xvt\x a v a t a ) = ^d x 
+ d v 

We now take the noise average (18.325) with the distribution 


^7T “ V^O 'KO 
7 (v(t) - v) - £y/v(t)rj v (t) | P^(xvt\x a v a t a ). (20.313) 


P[rd =exp \ -- J dt [v 2 (t)+r]' 2 (t) 


= exp 


1 — p 2 


dt 


V 2 (t)+rfi(t)-2 prm v 


(20.314) 

Applying the rules (18.385) and (18.386), we may replace 77 (f) and rj v (t) on the 
right-hand side of (20.313): 

77 (f) —» —5/Sr){t)—p8/8r) v {t) (20.315) 

Vv(t) -t —p8/8r]{t) — 8/8rj v (t). (20.316) 


The functional derivatives are evaluated by analogy with (18.388) as 


8 


~x)8(v Vv (t) -v) = 


Sx *®d ,+ 


8(x v (t) -x) 8 (v nv (t) - v ), 


8rj(t') 8r)(t') 

(20.317) 

with a similar equation for 8/8r] v (t). Under the above-made assumption that \Jv(t) 
lies before rj v (f), we find the evolution equation 


d t P(xvt \x a v a t a ) = -H P(xvt\x a v a t a ), 
where H is the Hamiltonian operator 

H = ~i%v- i d x v - —dl v - 7 d v (y - v) - ped x d v v. 


The probability distribution can thus be written as a path integral 

Vp f^.. f V Pv 

c 
2 

fib 


P(x b V b t b \x a V a t a ) = jVxJ^jVvj 


2tt 


(20.318) 


(20.319) 


x exp | ^ dt [i(px + p v v) - H(p,p v , u)] |, (20.320) 

with the Hamiltonian 

1 p 2 3e 2 x 

H(p,p v ,v) = -v-i-pv +e 2 y v-iyp v {y - v)+pepp v v - —ip v - ~ - -pep. (20.321) 


The last two terms arise from the fact that the order of the operators in H obtained 
from the path integral is always symmetric in v and p v , such that the order in 
Eq. (20.319) is reached only after the replacement of p v v —» (1/2 ){p v ,v} — PvV + i/2 
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in the fourth and fifth terms of (20.321). Recall the discussions in Sections 10.5, 
11.3, and Subsection 18.9.2. 

The third-last term in (20.321) is present to ensure the appearance of the operator 
dl v in (20.319) with no extra d v due to operator ordering. The term p^v in (20.321) 
can be understood as a kinetic term g^p^p" in a one-dimensional Riemannian space 
with a metric g = 5^ v /v. According to Subsection 11 . 1 . 1 , this turns into the 
Laplace-Beltrami operator A = y/vd^ y/vd v — vd% + \d v = d x v — §<9„. The extra d v 
is canceled by the third-last term in (20.319). 

The stochastic differential equation (20.308) can, in principle, lead to negative 
variances. Since this would be unphysical, we must guarantee that this does not 
happen. The condition for this is that the fluctuation width of the variance is 
sufficiently small, satisfying 


2yu 


< 1 . 


(20.322) 


Then an initially positive v(t) will always stay positive. Indeed, consider the partial 
differential equation (20.318) for v = 0: 


{p t + ad v ) P(xvt\x a v a t a ) = (7 + ped x ) P(xvt\x a v a t a ), 
where a = r yv — £ 2 /2. It is solved by some function 


(20.323) 


P(xvt \x a v a t a ) = f(v — at, x), (20.324) 

which shows that a nonvanishing / for positive v can never propagate to negative -?;. 9 
The time dependence of the variance is given by the integral 

P(vt\v a t a ) = j dx P(xvt\x a v a t a ). (20.325) 

It satisfies the equation 


d_ 

dt 


P(vt\v a t a ) 


dyV + jd v 


v — v\ 


P(vt\v a t a 


(20.326) 


which follows from (20.318) by integration over x. After a long time, the solution 
becomes stationary and reads 

P*(v) = where \i = v = ptv. (20.327) 

1 (u) £ z 

This is the Gamma distribution found in Fig. 20.3. Hence the pair of stochastic 
differential equations (20.306) and (20.308) produces precisely the type of volatility 
fluctuations observed in the previous financial data. 

The maximum of P*(v) lies slightly below v at u max = (^ — l)/g = v — £ 2 /2y 
[recall (20.72)]. If we define the w of P*{y ) by the curvature at the maximum, we 

9 See also p. 67 in the textbook [8]. 
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find w = J‘ i) max £ 2 / 27 . The shape of P*(v) is characterized by the dimensionless 
ratio 


— = - 1. (20.328) 

The size of the fluctuations of the variance are restricted by the condition (20.322) 
which guarantees positive v(t) for all times. The distribution (20.327) is plotted in 
Fig. 20.21. As a cross check, we go to the limit e 2 /2yv —> 0 where the fluctuations 
of the variance are frozen out. The ratio ti msx /w diverges and the distribution P*{y) 
tends to 8{v — v), as expected. 



Figure 20.21 Stationary distribution (20.327) of variances for parameters of fits to the 
Dow-Jones data in Fig. 20.22 listed in Table 20.1. Compare with Fig. 20.3. 


20.4.3 Solution of Fokker-Planck Equation 

Since the Hamiltonian operator (20.319) does not depend explicitly on x, we can 
take advantage of translational invariance and write P{xvt\x a v a t a ) as a Fourier 
integral 


P(xvt\x a v a t a ) = J ^e w{x Xa) P p (vt \v a t a ). (20.329) 

The fixed-momentum probability satisfies the Fokker-Planck equation 

d t P p {yt \v a t a ) = 

This partial differential equation is of second-order. The variable v occurs only 
linearly. It is therefore convenient to go to Fourier space also in v and write 


d . , p~ — ip d e 2 d 2 

- — v - ' p£p d^, v 


Pp(vt\v a t a ). (20.330) 


P p {vt\v a t a ) 


dP v JPvV 
2vr 


Pp(Pv t 


(20.331) 
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which solves the first-order partial differential equation 

Pp(Pv t\v a ta) = —i^fvp v Pp(p v 1 1 v a t a ), (20.332) 

where we have used the abbreviation 

T(p) = 7 + ipep. (20.333) 

Since the initial condition for P p (vt \v a t a ) is 8{y — v a ), the Fourier transform has the 
initial condition 


d ( i£ 2 2 ip 2 +p 

Wt + rp ” + T p ” + 



Pp(PvtaKQ = e-*”’"-. (20.334) 

The solution of the first-order partial differential equation (20.332) is found by the 
method of characteristics [9]: 


P p (Pvt\v a t a ) = exp 


-IP; 


<(t a )v a — i'yv / dt'p v (t!) 


’ta 


(20.335) 


where the function p v (t) is the solution of the characteristic differential equation 


= r (p)p v (t) + YPv(t) + 7}(P 2 - W), (20.336) 

with the boundary condition p v (t b ) = p v . The differential equation is of the Riccati 
type with constant coefficients [ 10 ], and its solution is 


-... _ Mp) i , . r(p)-n(p) 

1 ' e 2 ((p, p v )e fl ( p ' ) ( tb - t ') — 1 £ 2 


where we introduced the complex frequency 


(20.337) 


fl(p) = \Jt 2 (p) + £ 2 (p 2 - ip), 

and the coefficient are 


C (P,Pv) 


1 



2 n( P ) 

i[T(p) - fi(p)]' 


(20.338) 


(20.339) 


Taking the Fourier transform we obtain the solution of the original Fokker-Planck 
equation (20.318): 


P(xvt\x a v a t a ) = jj 


2tt 2n 


r+ °° dIp dpv e i px + ipvV 
x exp l-ip v (t a )v a + 


2qn ^ C(p,Pv)~ e n ^ At 
n QiPPPv) ~ 1 


(20.340) 


where At = t — t a is the time interval. 
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20.4.4 Pure ^-Distribution 

We now show that upon averaging over the variance we obtain a non-Gaussian 
distribution of x with semi-heavy tails of the type observed in actual financial data. 
Thus we go over to the probability distribution 

r+oo 

P(xt \XaVoto) = / dvP(xvt \x a V a t a ), (20.341) 


where the final variable v is integrated out. The integration of (20.340) over v 
generates the delta-function S(p v ) which enforces p v = 0. Thus we obtain 


P(xt \x a V a t a ) = f + —e px r+ S 2coth(^At/2)^ + ^ iAt ^!n(cosh n f + r si nh n f)^ ^0.342) 
J— oo 27 T 


where we have omitted the arguments of T(p) and Q(p), for brevity. As a cross 
check of this result we consider the special case £ = 0 where the time evolution of 
the variance is deterministic: 


v(t) — v + (v a - v)e lAt . 

Performing the integral over p in Eq. (20.342) we obtain 


P(xt \x a t a Va) = 


: exp 


x + v(t)(t - t a )/2Y 


'27 r(t - t a )v(t) 
where v(t) denotes the time-averaged variance 


2 v(t) 


(20.343) 


(20.344) 


(20.345) 


The distribution becomes Gaussian in this limit. The same result could, of course, 
have been obtained directly from the stochastic differential equation (20.306). 

The result (20.342) cannot be compared directly with financial time series data, 
because it depends on the unknown initial variance v a . Let us assume that v a has 
initially a stationary probability distribution P*{y a ) of Eq. (20.327). 10 Then we 
evaluate the probability distribution P(xt \x a t a ) by averaging (20.342) over v a with 
the weight P*(v a ): 


poo 

P(xt\x a t a )= dv a P*(v a ) P(xt \x a t a v a ). (20.346) 

Jo 

The final result has the Fourier representation 

P(xt\x a t a )= [ +OC ^ e ipAx-AtH( P ,At) , (20.347) 

J- oo 27T 

10 For a determination of the empirical probability distribution of volatilities for the S&P 500 
index see Ref. [2]. 
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where Ax = x — x a and H(p, At) is the Hamiltonian 

H(p, At) 


, yT(p)v 2^v , 

- V +—rrT- In 


£ 2 A t 


Q(p)At Q 2 (p)—T 2 (p)+2'yT(p) Q(p)At 
cosh- 1 - — - -smh 


27^ (p) 


2 

(20.348) 


In the absence of correlations between the fluctuations of stock price and variance, 
i.e. for p = 0, the second term in the right-hand side of Eq. (20.348) vanishes. The 
simplified result is discussed in Appendix 20B. 

The general Hamiltonian (20.348) vanishes for p — 0. This guarantees the unit 
normalization of the distribution (20.347) at all times: / dxP{xt \x a t a ) = 1. The 
first expansion coefficient of H(p, At) in powers of p is [recall the definition in 
Eq. (20.54)] 


Ci(Ai) = - V - - JL (1 _ e -iAi) (20.349) 

We have added the argument At to emphasize the time dependence. By adding 
ic\(At)p to H(p, At), we obtain the Hamiltonian H(p, At) which starts out quadrat- 
ically in p in accordance with our general definition in Eq. (20.65): 


H(p, At) = H(p , At) — ici(At)p = H(p, At) + i 


v . P 
2 eAt 


(l - e~^ At ) 


p. (20.350) 


The distribution P(x t, \x a t a ) is real since Re H is an even function and ImH is an 
odd function of p. 

In general, the integral in (20.347) must be calculated numerically. The inter¬ 
esting limit regimes At 3 > 1 and x 1, however, can be understood analytically. 
These will be treated in Subsections 20.4.5 and 20.4.6. In Fig. 20.22, the calcu¬ 
lated distributions P(xt \x a t a ) with increasing time intervals are displayed as solid 
curves and compared with the corresponding Dow-Jones data indicated by dots. 
The technical details of the data analysis are explained in Appendix 20C. The fig¬ 
ure demonstrates that with a fixed set of the Eve parameters 7 , v, e, /i, and p , the 
distribution (20.347) with (20.348) reproduce extremely well the data for all time 
scales At. In the logarithmic plot the far tails of the distributions fall off linearly. 


20.4.5 Long-Time Behavior 

According to Eq. (20.308), the variance approaches the equilibrium value v within 
the characteristic relaxation time I/ 7 . Let us study the limit in which the time 
interval At is much longer than the relaxation time: 7 At 3 > 1. According to 
Eqs. (20.333) and (20.338), this condition also implies that fl(p)At 3 > 1. Then 
Eq. (20.348) reduces to 


Hip, At) an — [fi(p) - T(p)]. 


(20.351) 
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Dow'Jones'data,'1982-2001 



Figure 20.22 Probability distribution of logarithm of stock price for different time scales 
(from Ref. [79]). For a better comparison of the shapes, the data points for increasing At 
are shifted upwards by a factor 10 each. The unshifted positions are shown in the insert. 


The Fourier integral (20.347) can easily be performed after changing the variable of 
integration to 


P = Cp + ipo, 


(20.352) 


where 


C = 


UJ 0 




Then the integral (20.347) takes the form 


P(xt\x a t a ) = —e 


C ■ . . roo 


_ _ poAx+AAt 


7T 


dp cos ( Ap) e 


-By/ 1+^2 


where 


and 


yv 


A = C [ Ax + p—At , B = 


£ 2 


At, 


A = 


yv 2y — pe 

2? l - p 2 • 


(20.353) 


(20.354) 

(20.355) 

(20.356) 


The integral in (20.354) is equal to 11 A 2 + B 2 )/\/A 2 + B 2 , where K\(y) is a 

modified Bessel function, such that the probability distribution (20.347) for 7 A t 1 
can be represented in the scaling form 


P{xt\x a t a ) = N(At) e~^ x F\y), F*(y) = K^/y, 

11 See I.S. Gradshteyn and I.M. Ryzhik, op. cit., Formula 3.914. 


(20.357) 
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with the argument 


y = yj A 2 + B 2 


(U 0 


1 


(Ax + p^vAt/e) 2 /jvAt\ 


P z 


+ 




■ 


(20.358) 


and the time-dependent normalization factor 

N(At) = At e AAt . (20.359) 

Tt£ 6 y/1 — p 2 

Thus, up to the factors N(At) and e~ poAx , the dependence of P(xt\x a t a ) on the 
arguments Ax and At is given by the function F* (y) of the single scaling argument 
y. When plotted as a function of y, the data for different Ax and At should collapse 
on the single universal curve F*(y). This does indeed happen as illustrated in 
Fig. 20.23, where the Dow-Jones data for different time differences At follows the 
curve F*(y ) for seven decades. 


Dow-Jones'data,'1982-2001 



Figure 20.23 Renormalized distribution function P(xt\x a t a )e p ° Ax /N(At) plotted as a 
function of the scaling argument y defined in Eq. (20.358). The solid curve shows the 
universal function F*(y ) = K\ (y)/y (from Ref. [79]). 

In the limit y 1, we can use the asymptotic expression K\ (y) ~ e~ y yjn/2y 
and find the asymptotic behavior 

P(xt\x a t a ) , on 

11 N(At) ~ ~PoAx - y. (20.360) 

Let us examine this expression for large and small |Ax|. In the first case |Ax| 
"fvAt/e, and Eq. (20.358) shows that y ~ u 0 \Ax\/ey/l — p 2 , so that (20.360) be¬ 
comes 

hi P^tAt)^ ~ ~ PoAx ~ c l Ax l- (20.361) 
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Figure 20.24 Solid curve showing slope — d\ogP{xt \x a t a )/dx of exponential tail of 
distribution as a function of time. The dots indicate the analytic short-time approximation 
(20.369) to the curve (from [79]). 


This shows that the probability distribution P(xt\x a t a ) has exponential tails 
(20.361) for large |Ax|. Note that in the present limit 7 At 1 the slopes of 

the exponential tails are independent of At. The presence of po causes the slopes 
for positive and negative Ax to be different, so that the distribution P{xt \x a t a ) is 
not up-down symmetric with respect to price changes. From the definition of po in 
Eq. (20.353) we see that this asymmetry increases for a negative correlation p < 0 
between stock price and variance. 

In the second case |Ax| -C yvAt/e, by Taylor-expanding y in (20.358) near its 
minimum and substituting the result into (20.360), we obtain 


P(xt\x a t a ) 
ln JV'(Ai) 


—poAx — 


u 0 (Ax + pyvAt/e ) 2 
2(1 — p 2 )yvAt 


(20.362) 


where N'(At) = N(At) exp(— uj^yvAt/e 2 ). Thus, for small |Ax|, the probability 
distribution P{xt \x a t a ) is a Gaussian, whose width 


u 0 


grows linearly with At. The maximum of P(xt \x a t a ) lies at 


(20.363) 


Ax m (f) 


Ar s At, 


with 


A r s = 


yv 

2cuq 


1 + 2 P -A - t) 
£ 


(20.364) 


The position moves with a constant rate A r$ which adds to the average growth rate 
rs of S(t) removed at the beginning of the discussion. The true final growth rate of 
S(t) is f s = r s + Ar s . 
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The above discussion explains the property of the data in Fig. 20.22 that the 
logarithmic plots of P(xt | x a t a ) are linear in the tails and quadratic near the peaks 
with the parameters specified in Eqs. (20.361) and (20.362). 

As time progresses, the distribution broadens in accordance with the scaling form 
(20.357) and (20.358). In the limit At —» oo, the asymptotic expression (20.362) is 
valid for all Ax and the distribution becomes a pure Gaussian, as required by the 
central limit theorem [22], 

It is interesting to quantify the fraction /(At) of the total probability contained in 
the Gaussian portion of the curve. This fraction is plotted in Fig. 20.25. The precise 
way of defining and calculating the fraction /(At) is explained in Appendix 20B. 
The inset in Fig. 20.25 illustrates that the time dependence of the probability density 
at the maximum x m approaches At -1 / 2 for large time, a characteristic property of 
evolution of Gaussian distributions. 



Figure 20.25 Fraction /(At) of total probability contained in Gaussian part of 
P(xt \x a t a ) as function of time interval At. The inset shows the time dependence of the 
probability density at maximum P(x m t \x a t a ) (points), compared with the falloff oc At -1 / 2 
of a Gaussian distribution (solid curve). 


20.4.6 Tail Behavior for all Times 

For large |Ax|, the integrand in (20.347) oscillates rapidly as a function of p , so that 
the integral can be evaluated in the saddle point approximation of Section 4.2. As 
in the evaluation of the integral (17.9) we shift the contour of integration in the 
complex p-plane until it passes through the leading saddle point of the exponent 
ip Ax — AtH(p, At). To determine its position we note that the function H(p,At) 
in Eq. (20.348) has singularities in the complex p-plane, where the argument of the 
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Re p 


Figure 20.26 Singularities of H(p,At) in complex p-plane (dots). Circled crosses in¬ 
dicate the limiting positions Aiq^f of the singularities for 7 A t 3> 1. The cross shows the 
saddle point p s located in the upper half-plane for Ax > 0. The dashed line is the shifted 
contour of integration to pass through the saddle point p s . 

logarithm vanish. These points are located on the imaginary p-axis and are shown 
by dots in Fig. 20.26. The relevant singularities are those lying closest to the real 
axis. They are located at the points pf and p{, where the argument of the second 
logarithm in (20.348) vanishes. Near these zeros, we can approximate H(p, At) by 
the singular term: 

H(p, At) « log(p - pf). (20.365) 

With this approximation, the position of the saddle point p s = p s ( Ax) is determined 
by the equation 

1 

Ps-Pi' 

Ps-Pi 1 

The solutions are indicated in Fig. 20.26 by the cross. The approximation (20.366) 
is obviously applicable since for a large |Ax| satisfying the condition \Axpf \ 
yv/e 2 , the saddle point p s is very close to one of the singularities. Inserting the 
approximation (20.366) into the Fourier integral (20.347), we obtain the asymptotic 
expression for the probability distribution 

( p—^ x it Ax > 0 

P(xt x a t a ) ~ { IA ’ ^ (20.367) 

V J \ e ~l Ax K , Ax < 0, V ; 


iAx = At 


dH(p , At) 


dp 


2yv 


x 


P=Ps 


Ax > 0 , 


Ax < 0. 


(20.366) 
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where qf = =F wf{t) are real and positive. Thus the tails of the probability dis¬ 
tribution P(xt\x a t a ) for large |Ax| are exponential for all times t. The slopes of 
the logarithmic plots in the tails q ± = =F dlog(xt \x a t a )/dx are determined by the 
positions pf of the singularities closest to the real axis. 

These positions pf depend on the time interval At. For times much shorter 
than the relaxation time (yt <C 1 ), the singularities lie far away from the real axis. 
As time increases, the singularities approach the real axis. For times much longer 
than the relaxation time ( 7 At 3 > 1 ), the singularities approach the limiting points 
pf —> Aiqf, marked in Fig. 20.26 by circled crosses. The limiting values are 

q± - ±p 0 + 9 for yAf»l. (20.368) 

£\J 1 - p 2 

The slopes q ± (At) approach these limiting slopes monotonously from above. The 
behavior is shown in Fig. 20.24. The slopes (20.368) are of course in agreement with 
Eq. (20.361) in the limit 7 A t 3 > 1. In the opposite limit of short time ( 7 At <C 1), 
we find the analytic time behavior 

g ± (At) « ±p 0 + ^pl + ^p ip 2 )At for 1 At ^ L (20.369) 

This approximation is shown in Fig. 20.24 as dots. 


20.4.7 Path Integral Calculation 


Instead of solving the Fokker-Planck equation (20.330) we may also study directly 
the path integral for the probability distribution using the Hamiltonian (20.321). 
Note the extra two terms at the end in comparison with the operator expression 
(20.319). They account for the symmetric operator order implied by the path inte¬ 
gral. The distribution P p (vb, tb\v a t a ) at fixed momentum introduced in Eq. (20.329) 


has the path integral representation 


Pp(vb,tb\v a ta) = J^v e Ap[Pv ’ v] , 

(20.370) 

with the action 


Pb 

A p \p v , v}= dt [ip v v - H (p, p v , v)]. 

Jta 

(20.371) 


The path integral (20.370) sums over all paths p v (t) and v(t) with the boundary 
conditions v(t a ) = v a and v(tb) = Vi ,. 

It is convenient to integrate the Erst term in the (20.371) by parts, and to 
separate H (p,p v ,v) into a v-independent part i^vp v — iy/2 — ipep/2 and a linear 
term [dH (p,p v ,v) /dv]v. Thus we write 


A p \p v ,v 


i\Pv(t b )vb - Pv(ta)v a \ - i^V 



to) 



ipvit) + 


d H 
dv(t) 


v(t). 


(20.372) 
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Since the path v(t) appears linearly in this expression, we can integrate it out to 
obtain a delta-functional S [p v (t) — p v (t)\, where p v (t) is the solution of the Hamilton 
equation p v (t) = idH/dv(t). This, however, coincides exactly with the characteristic 
differential equation (20.336) which was solved by Eq. (20.337) with a boundary con¬ 
dition p v (t b ) = p v . Taking the path integral over Vp v removes the delta-functional, 
and we find 


+°o 

Pp(v b ,t b \v a t a ) = f (20.373) 

J 2n 


where J denotes the Jacobian 


J = Det 1 id t + 


d 2 H(p,p v ,v) 

dp v dv 


(20.374) 


From (20.321) we see that 


d 2 H(p,p v ,v) 


= —i'y + pep. 


dp v dv 

According to Formula (18.254), this is equal to 

J — e -(.'y-ipep)(t b -ta)/2, 


(20.375) 


(20.376) 


thus canceling the last term in the exponent of the integrand in (20.373). The result 
for P p (v b , t b \v a t a ) is therefore the same as the one obtained from the Fokker-Planck 
equation in Eq. (20.331) with the Fourier transform (20.335). 


20.4.8 Natural Martingale Distribution 

Let us calculate the natural martingales associated with the Hamiltonian (20.348). 
Reinserting the initially removed drift rg, the total Hamiltonian reads 

H to \p, At) = H(p, At) + ir s p. (20.377) 


To construct the martingale according to the rule of Subsection 20.1.11, we need to 
know the value of H(p, At) at the momentum p = i. The expression is somewhat 
complicated, but the analysis of the Dow-Jones data in Appendix 20C shows that 
the parameter p determining the strength of correlations between the noise functions 
77 (f) and 77 v (t) [see (20.310)] is small. It is therefore sufficient to find only the first 
two terms of the Taylor series of H(i, At) in powers of p: 


H(i, At) ra 


v 

eAt 



v 

4yA t 


3 - 2e~' lAt (I+ 27 A t) - e~ 2lAt 


p 2 . (20.378) 


From this we obtain 


H(i, At) = H(i, At) + ci(At). 


(20.379) 
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The analog of the martingale (20.291) is given by a Fourier integral (20.292) with 
H rx (p ) replaced by H^ At ^(p, At) of Eq. (20.350): 


P^ rs \x b t b \x a t a ) = e~ r ^ At 


dp 

2^ eXP 


ip(x b 


Xn 


A t It 


tot 


; At) (p,At) .(20.380) 


The linear term ir x (At)p in At ) (p, At) is now time-dependent: 

r x (At) = rs + Ci(At) + H(i, At). (20.381) 


This makes the rate in the exponential prefactor, by which the distribution becomes 
a martingale distribution, a time-dependent quantity: 

r(At) = r s + Ci (At). (20.382) 

By analogy with (20.293), there exists again an entire family of natural martingales, 
which is obtained by replacing rs by an arbitrary growth rate r in which case r(At) 
becomes equal to r + Ci(At). 


20.5 Time Series 


True market prices are not continuous functions of time but recorded in discrete time 
intervals. For stocks which have a low turnover, only the daily prices are recorded. 
For others which are traded in large amounts, the prices change by the minute. 
They are listed as time series S(t n ). In the year 2003, Robert Engle received the 
Nobel prize for his description of time series with the help of the so called ARCH 
models (autoregressive conditional heteroskedasticity model) and its generalization 
proposed by Tim Bollcrslcv [85], the GARCH models. The first contains an inte¬ 
ger parameter q and is defined by a discrete modification of the pair of stochastic 
differential equations (20.306) and (20.308) for log-return and variance 
,- « 

•V(t n ) yjv(t n -i)rj(t n ), v(t n ) Uo T ^ ] C^kitn—k)^ [tn—k)i (20.383) 

k= 1 

with a white noise variable r)(t n ). The drift is omitted so that (x(t n )) = 0. This 
is called the ARCH(g) model. The second is a generalization of this in which the 
equation for the variance contains extra terms involving the past p values of a 2 : 

q p 

v(t n ) =v 0 + J2 a k (t n -k)x 2 {t n - k ) + /3k(t n -k)v(t n - k ). (20.384) 

k=l k= 1 


The ARCH(l) process has the time-independent expectations of variance and 
knrtosis 

( x A (t n )) c 6a? 


o- = (v(t n )) = 


Vo 


K = 


l -Oil " (x 2 {t n )) 2 c 

For the GARCH(1,1) process, these quantities are 

Vo .. ( x 4 (t n )) c 


a = (v(t n )) = 


1 — a i — di 


k = 


1 — 3af 

6a^ 


(x 2 {t n )) 2 c 1 - 3a? - 2ai/3i - A 2 


(20.385) 


(20.386) 
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Figure 20.27 Left: Comparison of GARCH(1,1) process with vq = 2.3 x 10 —5 , a\ = 
0.091, (5 = 0.9 with S&P 500 index (minute data). Right: Comparison of GARCH(1,1), 
Heston model, and Gaussian of the same o with daily market data. Parameters of GARCH 
process are vq = 7.7 x 10 —6 , a\ = 0.07906, i = 0.90501 and of Heston model 7 = 
4.5 x 10" 2 , v = 8.62 x 10" 8 , r s = 5.67 x 10~ 4 , e = 10.3 x 10" 3 [79, 81, 82], 

20.6 Spectral Decomposition of Power Behaviors 

Plots of the log return curves taken over short time intervals reveal a richer structure 
than the simple model functions discussed so far. In fact, it seems reasonable to 
distinguish different types of stocks according to the characters of the investors. For 
instance, the bubble of the computer stocks was partly caused by quite inexperienced 
people who were not investing mainly to develop an industry but who wanted to earn 
fast money. There was, on the other hand also a substantial portion of institutional 
investors who poured in money more steadily. It appears that one should distinguish 
the sources of noise coming from the different groups of investors. 

We therefore improve the stochastic differential equation (20.4) by extending it 
to 


x(t) = r x + J2v\i.t), 

A 


(20.387) 


where the sum runs over different groups of investors, each producing a different a 
noise rj\(t) with Levy distributions falling off with different powers |:r| _1 ~ Ai . Their 
probability distributions are 


P\[Vx\ = ex P 


rh 


dt H\(r]\(t)) 


Vp 

27T 


exp 


rh 


with a Hamiltonian [compare (20.10)] 


HAP) , 


dt[ip(t)rjx(t) — H\(p(t))}j , 

(20.388) 

(20.389) 


The probability (20.144) of returns becomes now 


P(x b t b \x a ta) = n 

A 


Prjx 


TH exp 



dt H\(rj\(t)) 


d[x~J2dx\- (20.390) 

A 






1510 


20 Path Integrals and Financial Markets 


If we insert here a Fourier representation of the 5-functional, we obtain 

P(x b t b \x a t a ) = [°° — TilfVrjx] 

J — OO 271" ^ \-J J J 

(20.391) 

Performing the path integrals over r)\(t), this becomes 

P(x b t b \x a t a ) = [°° 'RP [ Vx e r t b a dt[i P {t)x(t)-Hx{p)} ^ (20.392) 

J -oo 2 tt j 

where the Hamiltonian is the sum of the group Hamiltonians 

if(p) = £if A (p). (20.393) 

A 

The continuous generalization of this is 

/•OO 

H(p) = H{\p\)= d\al\p\\ (20.394) 

Jo 

The spectral function must be extracted from the data by forming the integral 

* = r*» 2f2J p -> H(p) . ( 20 . 395 ) 

J —ioo Z7TZ 

20.7 Option Pricing 

Historically, the most important use of path integrals in financial markets was made 
in the context of determining a fair price of financial derivatives, in particular 
options. 12 Options are an ancient financial tool. They are used for speculative pur¬ 
poses or for hedging major market transactions against unexpected changes in the 
market environment. These can sometimes produce dramatic price explosions or 
erosions, and options are supposed to prevent the destruction of large amounts of 
capital. Ancient Romans, Grecians, and Phoenicians traded options against outgo¬ 
ing cargos from their local seaports. In financial markets, options are contracted 
between two parties in which one party has the right but not the obligation to do 
something, usually to buy or sell some underlying asset. Having rights without obli¬ 
gations has a value, so option holders must pay a price for acquiring them. The 
price depends on the value of the associated asset, which is why they are also called 
derivative assets or briefly derivatives. Call options are contracts giving the option 
holder the right to buy something, while put options entitle the holder to sell some¬ 
thing. The price of an option is called premium. Usually, options are associated 
with stock, bonds, or commodities like oil, metals or other raw materials. In the 
sequel we shall consider call options on stocks, to be specific. 

Modern option pricing techniques have their roots in early work by Charles 
Castelli who published in 1877 a book entitled The Theory of Options in Stocks 

12 An introduction is found on the site http: //bradley .bradley. edu/~arr/bsm/model. html. 
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and Shares. This book presented an introduction to the hedging and speculation 
aspects of options. Twenty three years later, Lonis Bachelier offered the earliest 
known analytical valuation for options in his dissertation at the Sorbonne [86]. Re¬ 
markably, Bachelier discovered the treatment of stochastic phenomena five years 
before Einstein’s related but much more famous work on Brownian motion [87], and 
twenty-three years before Wiener’s mathematical development [88]. The stochastic 
differential equations considered by him still had an important defect of allowing 
for negative security prices, and for option prices exceeding the price of the under¬ 
lying asset. Bachelier’s work was continued by Paul Samuelson, who wrote in 1955 
an unpublished paper entitled Brownian Motion in the Stock Market. During that 
same year, Richard Kruizenga, one of Samuelson’s students, cited Bachclicr’s work 
in his dissertation Put and Call Options: A Theoretical and Market Analysis. In 
1962, a dissertation by A. James Boness entitled A Theory and Measurement of 
Stock Option Value developed a more satisfactory pricing model which was further 
improved by Fischer Black and Myron Scholes. In 1973 they published their famous 
Black and Scholes Model [89] which, together with the improvements introduced by 
Robert Merton, earned them the Nobel prize in 1997. 13 

As discussed before, the Gaussian distribution severely underestimates the prob¬ 
ability of large jumps in asset prices and this was the main reason for the catastrophic 
failure in the early fall of 1998 of the hedge fund Long Term Capital Management , 
which had Scholes and Merton on the advisory board (and as shareholders). The 
fund contained derivatives with a notional value of 1,250 Billion US$. The fund 
collected 2% for administrative expenses and 25% of the profits, and was initially 
extremely profitable. It offered its shareholders returns of 42.8% in 1995, 40.8% 
in 1996, and 17.1% even in the disastrous year of the Asian crisis 1997. But in 
September 1998, after mistakenly gambling on a convergence in interest rates, it 
almost went bankrupt. A number of renowned international banks and Wall Street 
institutions had to bail it out with 3.5 Billion US$ to avoid a chain reaction of credit 
failures. 

In spite of this failure, the simple model is still being used today for a rough but 
fast orientation on the fairness of an option price. 

20.7.1 Black-Scholes Option Pricing Model 

In the early seventies, Fischer Black was working on a valuation model for stock 
warrants and observed that his formulas resembled very much the well-known equa¬ 
tions for heat transfer. Soon after this, Myron Scholes joined Black and together 
they discovered an approximate option pricing model which is still of wide use. 

The Black and Scholes Model is based on the following assumptions: 

1. The returns are normally distributed. 

The shortcomings of this assumption have been discussed above in Sec¬ 
tion 20.1. The appropriate improvement of the model will be developed below. 

13 For F. Black the prize came too late - he had died two years earlier. 
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2. Markets are efficient. 

This assumption implies that the market operates continuously with share 
prices following a continuous stochastic process without memory. It also im¬ 
plies that different markets have the same asset prices. 

This is not quite true. Different markets do in general have slightly different 
prices. Their differences are kept small by the existence of arbitrage dealers. 
There also exist correlations over a short time scale which make it possible, in 
principle, to profit without risk from the so-called statistical arbitrage. This 
possibility is, however, strongly limited by transaction fees. 

3. No commissions are charged. 

This assumption is not satisfied. Usually, market participants have to pay a 
commission to buy or sell assets. Even floor traders pay some kind of fee, 
although this is usually very small. The fees payed by individual investors is 
more substantial and can distort the output of the model. 

4. Interest rates remain constant and known. 

The Black and Scholes model assumes the existence of a riskfree interest rate 
to represent this constant and known rate. In reality there is no such thing 
as the riskfree rate. As an approximation, one uses the discount rate on U.S. 
Government Treasury Bills with 30 days left until maturity. During periods of 
rapidly changing interest rates, these 30 day rates are often subject to change, 
thereby violating one of the assumptions of the model. 

5. The stock pays no dividends during the option’s life. 

Most companies pay dividends to their share holders, so this is a limitation 
to the model since higher dividends lead to lower call premiums. There is, 
however, a simple possibility of adjusting the model to the real situation by 
subtracting the discounted value of a future dividend from the stock price. 

6 . European exercise terms are used. 

European exercise terms imply the exercise of an option only on the expiration 
date. This is in contrast to the American exercise terms which allow for this 
at any time during the life of the option. This greater flexibility makes an 
American option more valuable than the European one. 

The difference is, however, not dramatic in praxis because very few calls are 
ever exercised before the last few days of their life, since an early exercise 
means giving away the remaining time value on the call. Different exercise 
times towards the end of the life of a call are irrelevant since the remaining 
time value is very small and the intrinsic value has a small time dependence, 
barring a dramatic event right before expiration date. 
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Since 1973, the original Black and Scholes Option Pricing Model has been im¬ 
proved and extended considerably. In the same year, Robert Merton [90] included 
the effect of dividends. Three years later, Jonathan Ingersoll relaxed the assumption 
of no taxes or transaction costs, and Merton removed the restriction of constant in¬ 
terest rates. In recent years, the model has been generalized to determine the prices 
of options with many different properties. 

The relevance of path integrals to this held was recognized in 1988 by the theoret¬ 
ical physicist J.W. Dash, who wrote two unpublished papers on the subject entitled 
Path Integrals and Options I and II [91]. Since then many theoretical physicists 
have entered the held, and papers on this subject have begun appearing on the Los 
Alamos server [13, 92, 93]. 

20.7.2 Evolution Equations of Portfolios with Options 

The option price 0(t) has larger fluctuations than the associated stock price. It usu¬ 
ally varies with a slope dO(S(t),t)/dS(t ) which is commonly denoted by A (S(t),t) 
and called the Delta of the option. If A (S(t),t) depends only weakly on S(t) and 
t it is possible, in the ideal case of Gaussian price fluctuations, to guarantee a 
steady growth of a portfolio. One merely has to mix a suitable number N$(t ) 
stocks with No(t ) options and short-term bonds whose number is denoted by N B (t). 
As mentioned before, these are typically U.S. Government Treasury Bills with 30 
days left to maturity which have only small price fluctuations. The composition 
[Ns(t), N 0 (t), N B (t)] is referred to as the strategy of the portfolio manager. The 
total wealth has the value 

W{t) = N s {t)S(t) + N 0 (t)0(S, t) + N B {t)B{t). (20.396) 

The goal is to make W(t) grow with a smooth exponential curve without fluctuations 

W{t) ~ r w W(t). (20.397) 

As an idealization, the short-term bonds are assumed to grow deterministically 
without any fluctuations: 

B(t) ~ r B B(t). (20.398) 

The rate r B is the earlier-introduced riskfree interest rate encountered in true mar¬ 
kets only if there are no events changing excessively the value of short-term bonds. 

The existence of arbitrage dealers will ensure that the growth rate r-w is equal 
to that of the short-term bonds 


r w cs r B . (20.399) 

Otherwise the dealers would change from one investment to the other. 

In the decomposition (20.396), the desired growth (20.397) reads 

N s (t)S(t) + N 0 (t)0(S,t) + N B (t)B(t) + N s (t)S(t ) + N 0 (t)0(S,t ) + N B (t)B(t ) 

= [N s (t)S(t) + N 0 (t)0(S, t ) + N B (t)B(t)\ . (20.400) 
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Due to (20.398) and (20.399), the terms containing N B (t) without a dot drop out. 
Moreover, if no extra money is inserted into or taken from the system, i.e., if stocks, 
options, and bonds are only traded against each other, this does not change the total 
wealth, assuming the absence of commissions. This so-called self-financing strategy 
is expressed in the equation 

Ns(t)S{t) + No(t)0{S, t) + N B (t)B(t) = 0. (20.401) 

Thus the growth equation (20.397) translates into 

W{t) = N s S + N 0 0 + N b B = r w ( N s S + N 0 0 + N b B) . (20.402) 

Due to the equality of the rates rw = t b and Eq. (20.398), the entire contribution 
of B(t) cancels, and we obtain 

N s S + N 0 0 = r w ( N s S + N a O ). (20.403) 


The important observation is now that there exists an optimal ratio between the 
number of stocks N B and the number of options No, which is equal to the negative 
slope A (S(t),t): 


N s (t ) 
No(t) 

Then Eq. (20.403) becomes 


-A (S(t),t) 


dO(S(t),t) 

dS(t) 


N s S + N 0 0 


N 0 r w 



(20.404) 


(20.405) 


The two terms on the left-hand side are treated as follows: First we use the relation 
(20.404) to rewrite 


N s S 


N dO(S, t) ■ 


-N 0 


dO{S,t) S 
dx S' 


(20.406) 


In the second term on the left-hand side of (20.405), we expand the total time 
dependence of the option price in a Taylor series 


dO 

dt 


1 r 

dt L 
dO 
dt 


0(x(t ) + x(t) dt, t + dt) — 0(x(t),t) 


DO 

dx 


1 d 2 0 


x 


x 2 dt + 


2 dx 2 


i d 3 o 

3! dx 3 


x 3 dt 2 + ... 


(20.407) 


We have gone over to the logarithmic stock price variable x(t) rather than S(t) 
itself. In financial mathematics, the lowest derivatives on the right-hand side are 
all denoted by special Greek symbols. We have already introduced the name Delta 
for the slope dO/dS. The curvature T = d 2 0/dS 2 = ( d 2 0/dx 2 — dO/dx)/S 2 is 
called the Gamma of an option. Another derivative with a standard name is the 
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Vega V = 30/do. The partial time derivative 30/dt is denoted by 0. The set of 
these quantities is collectively called the Greeks [94], 

In general, the expansion (20.407) is carried to arbitrary powers of x as in 
(20.273). It is, of course, only an abbreviated notation for the proper expansion 
in powers of a stochastic variable to be performed as in Eq. (20.273). After insert¬ 
ing (20.407) and (20.406) on the left-hand side of Eq. (20.405), this becomes 


N s S + N 0 0 = — N ( 


o 


30_S 
dx S 


30 30 


+ No ww + tt - x + — 


dt dx 


+ + ■■ •) (20 - 408) 


= N, 


o 


30 

~3t 


+ 


( S 

x ~s. 


30 1 3 2 0 2 , 1 3 3 0 , , 

+ 2dJ X * + * + 


Replacing further the left-hand side by the right-hand side of (20.405) we obtain 


30 

~3t 


-r w O 


x 


S 

S 


+ r w 


30_ 

dx 


1 3 2 0 


2 dx 2 


xrdt 


1 d 3 0 

3! dx 3 


x 3 dt + ... 


0. (20.409) 


The crucial observation which earned Black and Scholes the Nobel prize is that 
for Gaussian fluctuations with a Hamiltonian H(p) = cr 2 p 2 / 2, the equation (20.409) 
becomes very simple. First, due to the ltd relation (20.4), the prefactor of —30/3x 
becomes a constant 

2 

r w — ~2 = r x W i (20.410) 

where the notation r Xw is chosen by analogy with r x in the ltd relation (20.5). Thus 
there are no more fluctuations in the prefactor of 30/dx. 

Moreover, also the fluctuations of all remaining terms 

_1^G 2 l^O 3 2+ (20 411) 

2 3x 2 6 3x 3 J 


can be neglected dne to the result (18.429) and the estimates (18.431), which make 
truncate the expansion (20.411) and make it equal to —(a 2 /2)3 2 0/3x 2 . Thus 
Eq. (20.409) loses its stochastic character, and the fair option price 0(x,t ) is found 
to obey the Fokker-Planck-like differential equation 


30 „ 30 a 2 3 2 0 

~3t~ rw Txw lte ~2~d^ } 


(20.412) 


At the same time, the total wealth (20.402) loses its stochastic character and 
grows with the riskfree rate rw following the deterministic Eq. (20.398). The can¬ 
cellation of the fluctuations is a consequence of choosing the ratio between options 
and stocks according to Eq. (20.404). The portfolio is now hedged against fluctua¬ 
tion. 
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The Fokker-Planck equation (20.412) can be expressed completely in terms of 
the Greeks of the option, using the relation (20.410): 


0 = r w O- 


-r Xw S A- 


o^( dO 2 cPO' 
2 \ dS dS 2 


cr 


= r w O—r w SA — —S 2 T. (20.413) 


The strategy to make a portfolio riskfree by balancing the fluctuations of Ns 
stocks by No options to satisfy Eq. (20.404) is called Delta-hedging. Hedging is of 
course imperfect. Since A (S(t),t) depends on the stock price, a Delta hedge requires 
frequent re-balancing of the portfolio, even several times per day. After a time span 
St, the Delta has changed by 


SA 


dd 2 0(S(t),t) 
dt dS{t) 


'd dO(S(t),t) d 2 0(S(t),t)~ 

St = 

[—+ r| 

dt dS(t) + dS(t) 2 


as 


(20.414) 


So one has to readjust the ratio of stocks and options in Eq. 


(20.404) by 


As 

N 0 


-SA 



St. 


(20.415) 


This procedure is called dynamical A-hedging. Since buying and selling costs money, 
St cannot be made too small, otherwise dynamical hedging becomes too expensive. 

In principle it is possible to buy a third asset to hedge also the curvature Gamma. 
This procedure is not so popular, again because of the transaction costs. 

For non-Gaussian noise, the differential equation (20.409) is still stochastic due 
to remaining fluctuations in the expansion terms (20.411). This is an obstacle to 
building a riskfree portfolio with deterministically growing total wealth W(t). As in 
Eq. (20.255) we can only derive the equation of motion for the average value 

^T^ ±2dt + \^^ dt2 + ") = (20.416) 


Hence a fair option price can only be calculated on the average from the Fokker- 
Planck-like differential equation 


d_ 

dt 


(O) 


d_ 

dx 


rw 4 -r Xw — + H{id x 


(O), 


(20.417) 


where we have defined, by analogy with (20.268) and (20.410), an auxiliary rate 
parameter 


r Xw = r w + H[i). (20.418) 

However, as pointed out in Subsection 20.2.2, this limitation is not really strin¬ 
gent for discrete short-time data if the tails of the noise distribution are non-Gaussian 
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with semi-heavy tails. Then the higher expansion terms in Eq. (20.411) are sup¬ 
pressed by a small factor ay/At, and the expectation values in Eqs. (20.416) and 
(20.417) can again be dropped approximately. 

For Gaussian fluctuations, the Fokker-Planck equation (20.412) can easily be 
solved. If we rename t —» t a , and x —> x a , for symmetry reasons, the solution which 
starts out, at some time tb , like 5(x a — Xb), has the Fourier representation 


P {M ’ rx \x b t b \x a t a )=e 


— e - r wOb-ta) 


dP ip(x h -x a ) -(<r 2 P 2 /2+ir Xw p)(t b -t a ) 

2tt 


(20.419) 


A convergent integral exists for t b > t a . 

For non-Gaussian fluctuations with semi-heavy tails, there exists an approximate 
solution whose Fourier representation is 

p( M ’ r *\x b t b \x a t a ) = e- rw d >’- t «) r ^ e ^b-xa) e -[m+ir, w p]{t b -t a )^ (20.420) 

l-oo 27T 


with H(p) of Eq. (20.141). 

Recalling the discussion in Section 20.3, this distribution function is recognized 
as a member of the equivalent family of martingale distributions (20.293) for the 
stock price S(t) = e x ^. It is the particular distribution in which the discount factor 
r coincides with the riskfree interest rate r\y. 


20.7.3 Option Pricing for Gaussian Fluctuations 

For Gaussian fluctuations where H(p) = cr 2 p 2 / 2, the integral in (20.419) can easily 
be performed and yields for t b > t a the martingale distribution 


P {M ’ rx \x b t b \x a t a ) = 


g—rwOb—ta) 

2ira 2 {t b - t a ) 


: exp 


[■ x b x a t' Xw it b t a ) 

2o 2 {t b - t a ) 


This is the risk-neutral martingale distribution of Eq. (20.289) for r = r x 
This distribution is obviously the solution of the path integral 

P (M ’ rx \x b t b \x a t a ) = e~ rw(t6 ~ ta) J Vx exp J t ~ r x w ] 2 } • 


(20.421) 


(20.422) 


An option is written for a certain strike price E of the stock. The value of the 
option at its expiration date t b is given by the difference between the stock price on 
expiration date and the strike price: 


0(x b ,t b ) = <d(x b - x E )(e Xb - e XE ), 


(20.423) 


where 


x E = log A. 


(20.424) 
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The Heaviside function in (20.423) accounts for the fact that only for S b > E it is 
worthwhile to execute the option. 

From (20.423) we calculate the option price at an arbitrary earlier time using 
the time evolution probability (20.421) 


/ oo 

dx b 0(x h , t b ) P [M ' rw \x b t b \x a t a ). 

-OO 

Inserting (20.423) we obtain the sum of two terms 

0{x a , t a ) Os(x a , t a ) 0 E (^X a , t a ), 

where 


O s (x a ,t a ) = 


and 


0 —rw(tb—ta) 


\J2lUJ 2 (t b -t a ) ' X E 


dx b e Xb exp 


[x b -Xq- T Xw {t b - tq)f 
2a 2 (t b - t a ) 


(20.425) 


(20.426) 


, (20.427) 


0 E {x a ,t a ) = Ee- rw ^-^ 


2'Ko' 2 (t b — t a ) Jxe 


dx b exp 


\_X b X a t’ Xw (t b 4). 


2a 2 (t b - t a ) 


In the second integral we set 

x~ = x a + r xw (t b - t a ) =x a + (r w - (t b - t a ), 


and obtain 


Oe(Xcl) ta) E 


o~ r wOb~ta) /*0O 


2vrcr 2 (4 - t a ) Jx e-x- 


dx b exp 


t .2 

x b 


2 cr 2 (t b - to) 


(20.428) 


(20.429) 


(20.430) 


After rescaling the integration variable x b —» —£cr\/t b — t a , this can be rewritten as 


0 E (x a ,t a ) = e- r ^ tb ~ t “ ) EN(y_), 
where N(y) is the cumulative Gaussian distribution function 


N(V) = j 


d£ 


en - 


—oo V2^ 


1+erf (^j 


(20.431) 


(20.432) 


evaluated at 

_ x- ~ x E _ log[S(t a )/E\ + 1 xw ( 7 /> t (L ) 
\](j 2 (t b ~ t a ) \JU 2 (t b - to) 

log [S(t a )/E] + (r w - io- 2 ) (4 - t a ) 

(7 2 {t a ~ t b ) 


(20.433) 
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The integral in the first contribution (20.427) to the option price is found after 
completing the exponent in the integrand quadratically as follows: 

_ [Xb -X a ~ r Xw (t b - tq)} 2 

Xh 2 a 2 (t b - to) 

[x b -x a - (: r xw + a 2 )(t b - t a )] 2 - 2 r w a 2 (t b - t a ) - 2 x a cr 2 (t b - t a ) frtn Ao n 
“ + \ .fzU.4o4J 

2 d (t b t a ) 


Introducing now 

x + = x a + (r xw + a 2 ) (t b - t a ) = x a + (r w + ^ a 2 ^j (t b - t a ), (20.435) 
and rescaling x b as before, we obtain 


O s (x a ,t a ) = S(t a )N(y+), 


(20.436) 


with 


y+ 


X+ - x E _ \og[S(tq)/E] + (r Xw + a 2 ) (t b - t a ) 

\J(T 2 (ta - t b ) \Jc 2 (t a - t b ) 

log [S(ta)/E] + (r w + |o- 2 ) (t b - ta) 

\J(T 2 (t a - t b ) 


(20.437) 


The combined result 


0(x a , t a ) = S{t a )N{y + ) - e-^to-^E N(y_) (20.438) 


is the celebrated Black-Scholes formula of option pricing. 

In Fig. 20.28 we illustrate how the dependence of the call price on the stock price 
varies with different times to expiration t b — t a and with different volatilities a. 

Floor dealers of stock markets use the Black-Scholes formula to judge how ex¬ 
pensive options are, so they can decide whether to buy or to sell them. For a given 
riskfree interest rate rw and time to expiration t b — t a , and a set of option, stock, 
and strike prices O, S, E, they calculate the volatility from (20.438). The result is 
called the implied volatility , and denoted by S(x — xe)- As typical plot as a function 
of x — Xe is shown in Fig. 20.29. 

If the Black-Scholes formula were exactly valid, the data should lie on a horizontal 
line E(x — Xe) = cr. Instead, they scatter around a parabola which is called the 
smile of the option. The smile indicates the presence of a nonzero kurtosis in the 
distribution of the returns, as we shall see in Subsection 20.7.8. 

It goes without saying that if the integral (20.427) is carried out over the entire 
x b axis, it becomes independent of time, due to the martingale character of the 
risk-neutral distribution P ( - M ' rw \x b t b \x a t a )■ 
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Figure 20.28 Left: Dependence of call price O on stock price S for different times 
before expiration date (increasing dash length: 1,2,3,4, 5 months). The parameters are 
E = 50US$, a = 40%, rw = 6% per month. Right: Dependence on the strike price E for 
fixed stock price 35US$ and the same times to expiration (increasing with dash length). 
Bottom: Dependence on the volatilities (from left to right: 80%, 60%, 20%, 10%, 1%) at a 
fixed time t b — t a = 3 months before expiration. 



Figure 20.29 Smile deduced from options (see [13]). 


20.7.4 Option Pricing for Asian Option 

In an Asian option one does not bet on an option price at the expiration date but 
on an average option price over the option life. The calculation is very simple if we 
recall the time amplitude amplitude (3.200) of a particle at a fixed average xq. The 
stochastic version of the quantum-mechanical expression (3.200) is 


P{Xbtb\x a tc 


\*0 . 


V3 


7 T<7 2 (t b ~t a ) 


exp< 


2 a 2 (t b -t a ) 


(x b -x a ) 2 + l2 (x 0 


x b +x 0 


(20.439) 
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For the growth rate rw, the associated martingale becomes 


P (M ' r °\x b t b \x a t a ) X0 = e- rw{tb - ta) 


ncr 2 (t b -t a ) 


x exp 


{~ 2a 2 {t b -t ) ( Xb ~ Xa ~ r ^( ft ~ ta )) 2+ 12 (»o- ^ ) |, (20.440) 


whose integral over xq yields back the previous martingale distribution (20.421) 


/ OO 

rfx 0 P (M,r!,:) (x 6 4|x o i a ) X0 = P (M ’ rx \x b t b \x a t a ). 

-OO 

Instead of (20.423), the option price at expiration is now 
0(x b ,t b ) = @(x fe - xoXe* 6 - e 10 ), 
so that stead of (20.426) is replaced by the difference between 

/ OO p OO 

dxo / dz & e Xb P (M ’ rx) (£ 6 4|£ a 4X°, 

-OO Jxo 

which is the same as (20.427), due to (20.441), and 

/ OO poo 

dx 0 e xo / da; b P (M ’ ra:) (^b4ka4) a;o , 

-OO j XC\ 


(20.441) 


(20.442) 


(20.443) 


(20.444) 


which replaces (20.430). Since both expressions involve integrals over errorfunctions 
it is useful to represent the 5-function in (20.442) as a Fourier integral and rewrite 
the option price at t a as 

/ OO fg'O'b X 0 )t 

-oo2m t-i-q 

/ OO poo 

dx 0 dx b (e x » -e X0 )P {M ' r *\x b t b \x a t a ) X0 , (20.445) 

-oo J —oo 


The result of the double integral in the second line is simply 


e -A(t) _ e -A 0 (t) 


(20.446) 


... , . % ( a 2 \ , . cr 2 t 2 (t b - t a ) 

A(t) = —r w (t b — t a ) - - yw+Y) Ktb-ta) H-g-: 


A 0 (t)= -r w + 


v 2 \t b -t a i ( a2 \ ,u , \ . cr 2 t 2 (t b -t a ) 


- - r w -—\t{t b -t a ) + 


Now we use the integral formula 


/■<*> dt e - aH2/2+ibt 
Poo i t — ir] 


= N[b/a], 


(20.447) 


(20.448) 
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and find [95] 


0(x a , t a ) = S(t a )[N(z +) - e -(^+^/6)(4-*.)/2 n(z_)], 


where 


= 



= 


'3(f b - t a ) 


4<r 2 



(20.449) 


(20.450) 


20.7.5 Option Pricing for Boltzmann Distribution 

The above result can easily be extended to price the options for assets whose returns 
obey the Boltzmann distribution (20.204). Since this is a superposition of Gaussian 
distributions, we merely have to perform the same superposition over the Black- 
Scholes formula (20.438). Thus we insert (20.438) into the integral (20.204) and 
obtain the option price for the Boltzmann-distributed assets of variance a 2 : 



(20.451) 


where O v (x a , t a ) is the Black-Scholes option price (20.438) of variance v. The super¬ 
script indicates that the variance a 2 in the variables of y + and y- in (20.433) and 
(20.437) is now exchanged by the integration variable v. 

Since the Boltzmann distribution for the minute data turns rapidly into a Gaus¬ 
sian (recall Fig. 20.15), the price changes with respect to the Black-Scholes formula 
are relevant only for short-term options running less than a week. The changes can 
most easily be estimated by using the expansion (20.209) to write 

0 B (x a ,t a ) = O v (x a ,t a ) + [2T2{1 ~ 1/t)]2 d 2 v O v (x a ,t a ) + ... . (20.452) 


20.7.6 Option Pricing for General Non-Gaussian Fluctuations 

For general non-Gaussian fluctuations with semi-heavy tails, the option price must 
be calculated numerically from Eqs. (20.425) and (20.423). Inserting the Fourier 
representation (20.419) and using the Hamiltonian 

H r xw ip) = H(p) + ir xw p (20.453) 

defined as in (20.141), this becomes 

/•OO 

0(x a ,t a ) = / dx b (e Xb - e XE )P(x b t b \x a t a ) 

Jx E 

= e~ rw(tb ~ ta) [°° dx b (e Xb - e XE ) [ °° ^e^-xa)-^ (p)(t„-*«)_ ( 2a454 ) 
Jx E J—oo 27T 
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The integrand can be rearranged as follows: 


0(x a ,t a ) = e rw{tb ta) [ dx b 


>X E 


r°° dp r 
l-oo 2n 


i e Up-i)(.x b -x a ) _ e XE e ip(x b -i 


-Hr 


.(p)(tb-t a ) 


(20.455) 

Two integrations are required. This would make a numerical calculation quite time 
consuming. Fortunately, one integration can be done analytically. For this purpose 
we change the momentum variable in the first part of the integral from p to p + % 
and rewrite the integral in the form 


0(x a , t a ) = [°° dx b [°° % ip ^~ x ^f(p), (20.456) 

Jxe J —oo ZlX 

with 

f( P ) = e Xa e -H rxw (p+i)(t b -t a ) _ e X Ee -H rxw (p){t b -t a )_ (20.457) 


We have suppressed the arguments x a , Xe, U — t a in f(p), for brevity. The integral 
over x b in (20.456) runs over the Fourier transform 

f(x b - x a ) = f ^e ip ^-^f(p) (20.458) 

J —oo Zll 


of the function f(p). It is then convenient to express the integral dx b in terms 
of the Heaviside function Q(x b — xe) as f^dx b Q(x b — xe) and use the Fourier 
representation (1.312) of the Heaviside function to write 

f dx b f(x b -x a )=[ dx b f ^— l -e~ iq{:Xb ~ XE) f(x b -x a ). (20.459) 

Jx E J — oo J —oo 2ir q + IT) 

Inserting here the Fourier representation (20.458), we can perform the integral over 
x b and obtain the momentum space representation of the option price 

0(x a ,t a ) = e- rw{ - tb ~ ta) —e ip ( XE ~ Xa ) —-— f(p). (20.460) 

J -oo 27 t p + irj 

For numerical integrations, the singularity at p = 0 is inconvenient. We therefore 
employ the decomposition (18.54) 


1 

p + irj 


— — inS(p), 

p 


to write 


0(x a , t a ) 


— £-~ r wOb — ta) 


j/( 0 )+ * 



dp e ip( x B — /(o) 

27 t p 


(20.461) 


(20.462) 


We have used the fact that the principal value of the integral over 1/p vanishes to 
subtract the constant /(0) from e Lp< ' XE ~ Xa \f(p). After this, the integrand is regu¬ 
lar and does not need any more the principal-value specification, and allows for a 
numerical integration. 
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Figure 20.30 Difference between call price 0(S,t ) obtained from truncated Levy distri¬ 
bution with kurtosis k = 4 and Black-Scholes price C>Bs(S,t) with a 2 = v as function of 
stock price S for different times before expiration date (increasing dash length: 1, 2, 3,4, 5 
months). The parameters are E = 50US$, a = 40%, rw = 6% per month. 


For x a very much different from xe, we may approximate 
foo dpe ip{ - XE ~ Xa) f(p) - f( 0) 1 

L - p -“ 2 e<X “ " XE)i{0) ’ 

where e(x) = 20(x) — 1 is the step function (1.315), and obtain 


0{x a ,t a 


3 — rwOb—ta) 


[1 + 0(x a - x E )] /(0). 


(20.463) 


(20.464) 


Using (20.418) we have e Hr ' x w b) — e r w ; anc f since e Hrx w^ = 1 we see that 
0(x a ,t a ) goes to zero for x a —r —oo and has the large-x a behavior 

0(x a , t a ) « e Xa - e XE e~ rw(tb ~ ta) = S(t a ) - e - rw{tb ~ ta) E. (20.465) 


This is the same behavior as in the Black-Scholes formula (20.438). 

In Fig. 20.30 we display the difference between the option prices emerging from 
our formula (20.462) with a truncated Levy distribution of kurtosis k — 4, and the 
Black-Scholes formula (20.438) for the same data as in the upper left of Fig. 20.28. 

For truncated Levy distributions, the Fourier integral in Eq. (20.454) can be 
expressed directly in terms of the original distribution function which is the Fourier 
transform of (20.52): 


L 


(W),) 


/*°° a 1 !’! 

J —oo 27T 


(20.466) 


By inspecting Eq. (20.53) we see that the factor t b — t a multiplying H r (p ) in 
(20.454) can be absorbed into the parameters a, A,a,(3 of the truncated Levy dis¬ 
tributions by replacing 


u 2 ->■ cr 2 (t b - t a ), r xw ->■ r xw (t b - t a ). (20.467) 


Let us denote the truncated Levy distribution with zero average by # a ’^\x). It 
is the Fourier transform of e~ H ^: 




J —OO 27T 


(20.468) 
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The Fourier transform of e H ( p )( tb ta '> is then simply given by Lg/pfll )(x). The 
additional term r xw in the exponent of the integral (20.454) via (20.453) leads to a 
drift r xw in the distribution, and we obtain 


f°° dp c ipx-\H(p)+ir Xw p](t h -ta) 
J —oo 27T 


r(A.a,/3)) 
^ <T 2 {%—ta) 


(.X 


p xw (G 


to))- 


(20.469) 


Inserting this into (20.419), we find the riskfree martingale distribution to be inserted 
into (20.454): 

P(x b t b \x a t a ) = e~ rw{th ~ ta) L^ 2 ’( t f\ a) (x b -x a - r xw (t b - t a )). (20.470) 

The result is therefore a truncated Levy distribution of increasing width and uni¬ 
formly moving average position. Since all expansion coefficients c n of H(p) in 
Eq. (20.40) receive the same factor t b — t a , the kurtosis k = Ci/c\ decreases inversely 
proportional to t b — t a . As time proceeds, the distribution becomes increasingly 
Gaussian, this being a manifestation of the central limit theorem of statistical me¬ 
chanics. This is in contrast to the pure Levy distribution which has no finite width 
and therefore maintains its power falloff at large distances. 

Explicitly, the formula (20.454) for the option price becomes 

0(x a , t a ) = e ~ rw{tb ~ ta) [ dx b (e Xb - e XB )L^ t f\ Jx b -x a - r xw (t b - G)). (20.471) 

Jxe 

This and similar equations derived from any of the other non-Gaussian models lead 
to fairer formulas for option prices. 


20.7.7 Option Pricing for Fluctuating Variance 


If the fluctuations of the variance are taken into account, the dependence of the price 
of an option on v(t) needs to be considered in the derivation of a time evolution 
equation for the option price. Instead of Eq. (20.407) we write the time evolution 


—= — 1 0(x(t) + x(t) dt, v(t) + v(t) dt, t + dt) — 0(x(t),v(t),t) 

dO dO 1 d 2 0 2 , d 2 0 , ld 2 0 2l , 

x 2 dt + ———— xv dt + -ttvt v 2 dt + . .. . (20.472) 


as 


dO 

1 r 

dt 

dt - 


dO 


~ ~dt 


■ x 


dx ^ ' dv 2 dx 2 ~ ' dxdv ^ '2 dv 2 

The expansion can be truncated after the second derivative clue to the Gaussian 
nature of the fluctuations. We use Ito’s rule to replace 


x 


->■ v(t), v 2 -> e 2 u(t), xv -* pev(t). 


(20.473) 


These replacements follow directly from Eqs. (20.306) and (20.308) and the correla¬ 
tion functions (20.310). Thus we obtain 

—— = — 0{x{t ) + x(t) dt, v(t) + v(t) dt, t + dt) — 0(x(t),i 

CLL (AiL 

1 d 2 0 d 2 0 1 d 2 0 


dO dO dO 

lF + dii x + ~d^ v 


2 dx 2 


dxdv 


pev 


2 dv 2 


e 2 v. 


(20.474) 
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This is inserted into Eq. (20.403). If we adjust the portfolio according to the rule 
(20.404), and use the ltd relation S/S — x + v/2, we obtain the equation [compare 
(20.409)] 


Ar / dO „\ AT dO 
No r w — 77 —b O — — N q — 

V ox I ox 


= N 


o 


v^dO dO. 
2 dx dv 1 



+ N q O 


v + 


d 2 Q 

dxdv 


pev + - 


1 d 2 0 


2 dv 2 


e 2 v + 


(20.475) 


As before in Eq. (20.409), the noise in x has disappeared. In contrast to the single- 
variable treatment, however, the noise variable r/„ remains in the equation. It can 
only be removed if we trade a financial asset V whose price is equal to the variance 
directly on the markets. Then we can build a riskfree portfolio containing four assets 


W{t) = N s (t)S(t) + N 0 (t)0(S, t) + N v (t)V(t) + N B {t)B{t), (20.476) 


instead of (20.396). Indeed, by adjusting 

N v (t) _ dO(S(t),v(t),t) 

N Q (t) dv(t) 


(20.477) 


we could cancel the term v in Eq. (20.475). There is definitely need to establish 
trading in such an asset. Without this, we can only reach an approximate freedom 
of risk by ignoring the noise rj v (t) in the term v and replacing v by the deterministic 
first term in the stochastic differential equation (20.308): 


v(t) -> — j[v(t) — v . 


(20.478) 


In addition, we can account for the fact that the option price rises with the variance 
as in the Blaek-Scholes formula by adding on the right hand side of (20.478) a 
phenomenological correction term —\v called price of volatility risk [78, 11]. Such 
a term has simply the effect of renormalizing the parameters 7 and v to 


7 * = 7 + A, and v* = 7 ^/ 7 *. (20.479) 

Thus we find the Fokker-Planck-like differential equation [compare (20.417)] 


dO 

~dt 


( v\dO „ r dO v d z O 

= r w O - (r w - 5 )^+7 Ht) P ev 


dO v d 2 0 


d 2 Q 

dxdv 


e v 


d 2 0 


2 dv 2 
(20.480) 

On the right-hand side we recognize the Hamiltonian operator (20.319), with 7 and 
v replaced by 7 * and v*, in terms of which we can write 


dO 


-?jj~ — r w (O — d x O) + ( H* + 7 * + ped x + e^d v "j O. 


(20.481) 


The solution of this equation can easily be expressed as a slight modification of 
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the solution P(x b ,v b ,t b \x a v a t a ) in Eq. (20.340) of the differential equation (20.318). 
Since it contains only additional first-order derivatives with respect to (20.318), we 
simply find, with x = x a and t = t a , the solution P v (x b , v b , t b \x a v a t a ) satisfying the 
initial condition 

P v (x b ,v bl t b \x a v a t a ) = 8(x b - X a )8(v b - v a ) (20.482) 

as follows: 

P v (x b , v b , t b \xaV a ta) = e~ (rw+r)At P sh (x b , v b , t b \x a v a t a ), (20.483) 

where the subscript sh indicates that the arguments x b — x a and v b — v a are shifted: 

x b - Xa X b - x a - (r w - pe), v b - v a ->■ v b ^ v a - e 2 . (20.484) 

The distribution (20.482) may be inserted into an equation of the type (20.425) 
to find the option price at the time t a from the price (20.423) at the expiration date 
t b . If we assume the variance v a to be equal to v, and the remaining parameters to 
be 


7 * = 2, v = 0.01, e = 0.1, r w = 0, (20.485) 

the price of an option with strike price E = 100 one half year before expiration 
with the stock price S = E (this is called an option at-the-money ) is 2.83 US$ for 
p = —0.5 and 2.81 US$ for p = 0.5. The difference with respect to the Black-Scholes 
price is shown in Fig. 20.31. 


0(S,v,t) - 0 BS (S,t) 



Figure 20.31 Difference between option price 0(5, v, t ) with fluctuating volatility and 
Black-Scholes price Obs(5, t) with a 2 = v for option of strike price 100 US$. The param¬ 
eters are given in Eq. (20.485). The noise correlation parameter is once p = —0.5 and 
once p = 0.5. For an at-the-money option the absolute value is 2.83 US$ for p = —0.5 and 
2.81 US$ for p = 0.5 (after Ref. [78]). 
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20.7.8 Perturbation Expansion and Smile 

A perturbative treatment of any non-Gaussian distributions D(x ), which we assume to be sym¬ 
metric, for simplicity, starts from the expansion 


D(JP) = 


04 4 06 g Cs s 

1 + ¥ p + si p ------ 




where 

04 = C4, 06 = C6, 08 = Cs + 35cl, Oio = Cio + 210C4C6, . . . 

which can also be expressed as a series 


D(p) = 


1 + i 2 


£4 2 ( JM 2 I ££?3 (JL\ 5 , ££ o4 (JM 


\da 2 J 6! \da 2 


+ 8 ! 2 


\da 2 J 


,-° 2 p 2 !2 


(20.486) 

(20.487) 

(20.488) 


By taking the Fourier transform we obtain the expansion of the distributions in x-space 
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(20.489) 


The quantities c n contain the kurtosis k, in the case of a truncated Levy distribution with the 
powers e"/ 2-1 . If the distribution is close to a Gaussian, we may re-expand all expressions in powers 
of the higher cumulants. In the case of a truncated Levy distribution, we may keep systematically 
all terms up to a certain maximal power of e and find 

ji 


D{x) = 


1 - 
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.,6 / 
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where we have introduced the modified width 
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The prefactor can be taken into the exponent yielding 
D{x) = exp l — I 1 
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(20.491) 
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Introducing a second modified width 


-2 _ 2 

(T 2 = (T 
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the exponential can be brought to the form 
D{x) = exp 
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The exponential can be re-expressed compactly in the quasi-Gaussian form 


D(x) = 


1 


y/2naf 


exp 


2E 2 (x) 


(20.494) 


(20.495) 


where we have defined an ^-dependent width 
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(20.496) 

For small x the deviation of E 2 (;r) from a constant a 2 is dominated by the quadratic term. If 
one plots the fluctuation width S(x) for the logarithms of the observed option prices one finds the 
smile parabola shown before in Fig. 20.29. On the basis of the expansion (20.488) it is possible to 
derive an approximate option price formula for assets fluctuating according to the truncated Levy 
distribution. We simply apply the differential operator in front of the Gaussian distribution 

2 _ / a \ 3 _ / ci \ 4 


0 = 
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£4 2 f _d_ 

4! \<9ct 2 


6 ! 


d 
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£8„4 
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—V 
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(20.497) 


to the Gaussian distribution (20.421). For A = 3/2, the coefficients are 

5 • 7e 2 


a 4 = 


5 • 7e 2 5 -7- lie 2 

«6 - 07, ^ ) a 8 - 


M 2 ’ D 3 M 3 
5 2 • 7 -11 • 13 e 4 


M 4 

2 2 • 5 - 7 - 17e 4 


M 4 


° 10 3M 5 + 3 M 5 ’ " ‘ (20.498) 

The operator O winds up in front of the Black-Scholes expression (20.438), such that we obtain 
the formal result 

0 L (x a ,t a ) = 00(x a ,t a ) = O [s(t a )N(y+) - e~^+^ /a)(* 6 -*-) E lV(y_)] , (20.499) 

where we have used (20.418) to exhibit the full er-dependence on the right-hand side. This expres¬ 
sion may now be expanded in powers of the kurtosis n. The term proportional to a 4 yields a first 
correction to the Black-Scholes formula, linear in e, 


Oi(x a ,t a ) = j (Se~ v +t 2 - e-^-^Ee-y -' 2 ) 


Vn 


\[2/KtJ 2 


_ p-rw(t b -ta) (f _ 


(t b - t a )EN{y _) 


(20.500) 
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The term proportional to ae adds a correction proportional to £. 

0 2 (x a ,t a ) = g 2 5 { Se~ v + /2 (y+y 2 _ -3 y+ + A^a 2 (t b - t a )^j 

- e-^^-^Ee-y-/ 2 (;yt - 3y_ - 2 a 2 (t b - t a )y _) 

+ e~ rw( ' tb ~ ta \t b - t a ) 2 EN(y _)} . (20.501) 

The next term proportional to as adds corrections proportional to £ 2 and £ . 

^ ^ 385£ 3 + 35£ 2 1 

3 \X a ) t a ) - ^4 2 6 • 3 2 • 5 • 7 

x | Se~ v + /2 (-y-yl + Qy-yl +yl- 15 y+ + 18 + y/a 2 (t b - t a )(12y_y + + 18)) 

- e- rw ^- ta ^Ee- y -/ 2 (y 5 _ - 10 y 3 _ + 15y_ + a 2 (t b - t a ){3y 3 _ - 9y_) 


+a 4 (t b - t a ) 2 Sy^\ J- +e rw(ti> ta) (4 - t a ) 3 EN(y_) 1. 

/ J \J2ira K> ) 


(20.502) 


Since the expansion is asymptotic, an efficient resummation scheme will be needed for practical 
applications. 


Appendix 20A Large -x Behavior of Truncated 

Levy Distribution 

Here we derive the divergent asymptotic expansion in the large-a; regime. Using the variable 
y = p/a and the constant a = — soA, we may write the Fourier integral (20.24) as 


L { X\x)=. 


dy 

2n 


e iayx e a[(l-iy) x +(l+iy ) x ]. 


(20A.1) 


Expanding the last exponential in a Taylor series, we obtain 
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containing binominal coefficients. Changing the order of summations yields 
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This can be written with the help of the Whittaker functions (20.30) as 


CO n n 


n—0 m=0 


(20A.2) 


(20A.3) 


iS'-A) = ae- E J E C) (20A.4) 
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After converting the Gamma functions of negative arguments into those of positive arguments, 
this becomes 


00 n oAn 


££ a V)=--e- 2a 5> n E 


2 A "/ 2 r(l + Am) sm(n\m) 


7 r z —' (ax) 1+Xn / 2 m\(n — m)\ Xn ^ 2 Am >A n + 1 )/ 2 

n=l m=0 v ' v ' 


( 2ax ). 


(20A.5) 


The Whittaker functions W\ n (x) have the following asymptotic expansion 

{ 00 k I 

1+ E ^IIE-(a-j + i/2) 2 ] 

fc=i ■ j=i ) 

For 7 = (An + l)/2 and A = A (n — 2m)/2, the product takes the form 
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(20A.7) 


Inserting this into (20A.6) and the result into (20A.5), we obtain the asymptotic expansion for 
large x: 
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(20A.8) 


We have raised the initial value of the index of summation to by one unit since sin( 7 rA?n) vanishes 
for to = 0. If we define a product of the form ._i... to be equal to unity, we can write the term 
in the last bracket as 


£ Tytry Hi + A ™>(i - Am - j + \n). 

k —0 v J j=1 


(20A.9) 


Rearranging the double sum in (20A.8), we write L^’ a \x) as 
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and further as 
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7 r 
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(20A.11) 


The last sum over n in this expression can be re-expressed more efficiently with the help of a 
generating function 

= (20A.12) 

ay K 

whose Taylor series is 
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leading to 
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(20A.15) 


Thus we obtain the asymptotic expansion 



Figure 20.32 Comparison of large-* expansions containing different numbers of terms 
(with K = 0, 1, 2, 3, 4, 5, with increasing dash length) with the tails of the truncated 
Levy distribution for A = \[2. a = 0.5, a = 1. 
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... . p -2 a -otx °° AS’ (—q) m 

L a 2 (x) = — — y] -4 fc B km xXm+k , 

k —0 m =1 


where 


(—s) fc / A /( fc )(—s( 2a) A ) 
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T(1 + Am + k) sin(7rAm) 


(20A.16) 


(20A.17) 


We shall denote by L^’ a ^ K \x) the approximants in which the sums over K are truncated after 
the Kth term. To have a definite smallest power in \x\, the sum over m is truncated after the 
smallest integer larger than (K — k + A)/A. The leading term is 


= (A,a)(0) 


(*) = r(l + A)sin(xA)(—,) 

7r x 1+A 

e a x s(2-2 x ) r(l + A) sin(TrA) _ ax 


(20A.18) 


The large-a; approximations L^’ a ^ 0 \x) are compared with the numerically calculated truncated 
Levy distribution in Fig. 20.32. 

Appendix 20B Gaussian Weight 

For simplicity, let us study the Gaussian content in the final distribution (20.347) only for the 
simpler case p — 0. Then we shift the contour of integration in (20.347) to run along p + i/2, and 
we study the Fourier integral 


P{xt \x a t a ) = e *-/»/ 


0 ipAx—H(p,At) 


where 


- r/ . v n rvt 2^vv .fit tl 2, + r 
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(20B.1) 


(20B.2) 


fl = \J"i 2 + n 2 (p 2 + 1/4). 


(20B.3) 


The function H(p,At) is real and symmetric in p. The integral (20B.1) is therefore a symmetric 
function of Ax. The only source of asymmetry of P(xt\x a t a ) in Ax is the exponential prefactor 
in (20B.1). 

Let us expand the integral in (20B.1) for small Aa:: 

P(xt\x a t a )*e- Ax ' 2 go ~ 7^2 (Ax ) 2 ^ p 0 e- Ax / 2 e~^ A ^ 2 / 2 ^, (20B.4) 


where the coefficients are the first and the second moments of exp [H(p, At)] 

+oo +oo 

»(At)= / A e - s <»- a *>, w(Ai)= f 


(20B.5) 


If we ignore the existence of semi-heavy tails and extrapolate the Gaussian expression on the right- 
hand side to Aa: G (—oo, oo), the total probability contained in such a Gaussian extrapolation will 
be the fraction 


+°o /— 

/(At) = J dAx go e - Ax/2 ~^ Ax212110 = 


(20B.6) 
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This is always less than 1 since the integral (20B.6) ignores the probability contained in the semi¬ 
heavy tails. The difference 1 — /(At) measures the relative contribution of the semi-heavy tails. 
The parameters go (At) and ^(At) are calculated numerically and the resulting fraction /(At) 
is plotted in Fig. 20.25 as a function of At. For At —> oo, the distribution becomes Gaussian, 
whereas for small At, it becomes a broad function of p. 

Appendix 20C Comparison with Dow-Jones Data 

For the comparison of the theory in Section 20.4 with actual financial data shown in Fig. 20.22, 
the authors of Ref. [79] downloaded the daily closing values of the Dow-Jones industrial index for 
the period of 20 years from 1 January 1982 to 31 December 2001 from the Web site of Yahoo 
[110]. The data set contained 5049 points S(t n ), where the discrete time variable t n parametrizes 
the days. Short days before holidays were ignored. For each t n , they compiled the log-returns 
A x(t n ) = lnS'(t n +i)/5'(t„). Then they partitioned the x-axis into equally spaced intervals of 
width Ax and counted the number of log-returns Ax(t n ) falling into each interval. They omitted 
all intervals with occupation numbers less than five, which they considered as too few to rely on. 
Only less than 1% of the entire data set was omitted in this way. Dividing the occupation number 
of each bin by A?’ and by the total occupation number of all bins, they obtained the probability 
density for a given time interval At = 1 day. From this they found pl DJ \xt \x a t a ) by replacing 
Aa; — > Ax — rsAt. 

Assuming that the system is ergodic, so that ensemble averaging is equivalent to time 
averaging, they compared P^ DJ \xt \x a t a ) with the calculated P(xt\x a t a ) in Eq. (20.347). 
The parameters of the model were determined by minimizing the mean-square deviation 
^2Ax At I log P l ' DJ \xt \x a t a ) — log P{xt\x a t a )\ 2 , with the sum taken over all available Ax and 
over At = 1, 5, 20, 40, and 250 days. These values of At were selected because they represent 
different regimes: 7 A t <C 1 for t = 1 and 5 days, 7 A t « 1 for t = 20 days, and 7 A t 1 for t = 40 
and 250 days. As Figs. 20.22 and 20.23 illustrate, the probability density P(xt\x a t a ) calculate 
from the Fourier integral (20.347) with components (20.348) agrees with the data very well, not 
only for the selected five values of time t, but for the whole time interval from 1 to 250 trading 
days. The comparison cannot be extended to At longer than 250 days, which is approximately 
1/20 of the entire range of the data set, because it is impossible to reliably extract P^ DJ \xt\x a t a ) 
from the data when At is too long. 

The best fits for the four parameters 7 , v, e, g are given in Table 20.1. Within the scattering 
of the data, there are no discernible differences between the fits with the correlation coefficient 
p being zero or slightly different from zero. Thus the correlation parameter p between the noise 
terms for stock price and variance in Eq. (20.310) is practically zero. This conclusion is in contrast 
with the value p = —0.58 found in [111] by fitting the leverage correlation function introduced in 
[112]. Further study is necessary to understand this discrepancy. All theoretical curves shown in 
the above figures are calculated for p = 0 , and fit the data very well. 

The parameters 7 , v, e, p have the dimensionality of 1/time. One row in Table 20.1 gives their 
values in units of 1/day, as originally determined in our fit. The other row shows the annualized 
values of the parameters in units of 1 /year, where one year is here equal to the average number 
of 252.5 trading days per calendar year. The relaxation time of variance is equal to I /7 = 22.2 
trading days = 4.4 weeks ss 1 month, where 1 week = 5 trading days. Thus one finds that the 
variance has a rather long relaxation time, of the order of one month, which is in agreement with 
an earlier conclusion in Ref. [111]. 

Using the numbers given in Table 20.1, the value of the parameter £ 2 / 27 f is ss 0.772 thus 
satisfying the smallness condition Eq. (20.322) ensuring that v never reaches negative values. 

The stock prices have an apparent growth rate determined by the position x m (t) where the 
probability density is maximal. Adding this to the initially subtracted growth rate rs we find 
that the apparent growth rate is fg = rs — = 13% per year. This number coincides with 

the apparent average growth rate of the Dow-Jones index obtained by a simple fit of the data 
points St n with an exponential function of t n . The apparent growth rate fg is comparable to the 
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Table 20.1 Parameters of equations with fluctuating variance obtained from fits to Dow- 
Jones data. The fit yields p ~ 0 for the correlation coefficient and 1/7 = 22.2 trading days 
for the relaxation time of variance. 


Units 

7 

V 

£ 

V 

1/day 

4.50 x 10" 2 

8.62 x 10 -5 

2.45 x 10" 3 

5.67 x 10" 4 

1/year 

11.35 

0.022 

0.618 

0.143 


average stock volatility after one year cr = y/d = 14.7%. Moreover, the parameter (20.328) which 
characterizes the width of the stationary distribution of variance is equal to v max /w = 0.54. This 
means that the distribution of variance is broad, and variance can easily fluctuate to a value twice 
greater than the average value v. As a consequence, even though the average growth rate of the 
stock index is positive, there is a substantial probability of dAxP(x t \x a t a ) ~ 17.7% to have 

negative growth for At = 1 year. 

According to (20.368), the asymmetry between the slopes of exponential tails for positive 
and negative Ax is given by the parameter po , which is equal to 1/2 when p = 0 [see also the 
discussion of Eq. (20B.1) in Appendix 20B]. The origin of this asymmetry can be traced back 
to the transformation from S(t)/S(t) to x(t) using Ito’s formula. This produces a term v(t )/2 in 
Eq. (20.306), which leads to the first term in the Hamiltonian operator (20.319). For p = 0 this 
is the only source of asymmetry in Ax of P(xt | x a t a )- In practice, the asymmetry of the slopes 
Po = 1/2 is quite small (about 2.7%) compared to the average slope qf w uo/e = 18.4. 


Notes and References 

Option pricing beyond Black and Scholes via path integrals was discussed in Ref. [113], where 
strategies are devised to minimize risks in the presence of extreme fluctuations, as occur on real 
markets. See also Ref. [114]. 

Recently, a generalization of path integrals to functional integrals over surfaces has been proposed 
in Ref. [115] as an alternative to the Heath-Jarrow-Morton approach of modeling yield curves (see 
http://risk.ifci.ch/00011661.htni). Applications of the Duru-Kleinert transformation to fi¬ 
nancial markets are described in Ref. [21] of Chapter 14. 
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